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In three dimensions, every known A = 4 supermultiplet has an off-shell completion. However, there is
no off-shell N' = 4 formulation for the known extended superconformal Chern-Simons (CS) theories with
eight and more supercharges. To achieve a better understanding of this issue, we provide N = 4 superfield
realizations for the equations of motion which correspond to various N' = 4 and N = 6 superconformal
CS theories, including the Gaiotto-Witten theory and the Aharony-Bergman-Jafferis-Maldacena (ABJM)
theory. These superfield realizations demonstrate that the superconformal CS theories with N > 4 (except
for the Gaiotto-Witten theory) require a reducible long N = 4 vector multiplet, from which the standard
left and right A = 4 vector multiplets are obtained by constraining the field strength to be either self-dual
or antiself-dual. Such a long multiplet naturally originates upon reduction of any off-shell NV > 4 vector
multiplet to N/ = 4 superspace. For the long N = 4 vector multiplet we develop a prepotential formulation.
It makes use of two prepotentials being subject to the constraint which defines the so-called hybrid
projective multiplets introduced in the framework of N =4 supergravity-matter systems in
arXiv:1101.4013. We also couple N = 4 superconformal CS theories to N = 4 conformal supergravity.
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I. INTRODUCTION

Since the 2004 work by Schwarz [1], much progress has
been achieved in the construction of extended supercon-
formal Chern-Simons-matter (CS) theories in three dimen-
sions (3D). The famous CS theories with N = 8 [2-4],
N =6 [5-7] and N = 4 [8,9] supersymmetry have been
proposed.

All superconformal CS theories with A/ > 3 can be

realized as special off-shell N -extended Chern-Simons-
matter systems, where A/ < 3. In such realizations in terms
of N-extended superfields, ' — N supersymmetries are

hidden. Of course, the N/ = 3 realization [10] is the most
powerful, since it allows one to keep manifest the maximal
amount of supersymmetry. The special feature of the three
cases N =1, N =2 and N =3 is that the off-shell
supersymmetric pure CS action exists for any gauge group.
However, no N >4 supersymmetric CS action can be
constructed (for a recent proof, see [11]), although Abelian
N = 4 BF-type couplings are abundant [12]. In this regard,
especially paradoxical is the situation with A" = 4 super-
symmetry. Every 3D N = 4 supermultiplet admits an off-
shell realization. There exist off-shell formulations for
various 3D N =4 supersymmetric theories, including
the Yang-Mills theories with Poincaré [13,14] and anti-
de Sitter supersymmetry [15], the most general o-models
with Poincaré [16] and anti-de Sitter supersymmetry [17],
and general supergravity-matter systems [18]. However, it
is impossible to construct a A/ = 4 supersymmetric CS
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action, at least in terms of the standard vector multiplets and
hypermultiplets.

Since there is no way to realize the known N >4
superconformal CS theories in terms of N = 4 superfields
off the mass shell, in this paper we would like to analyze a
simpler problem. We will only formulate the equations of
motion for A/ > 4 superconformal CS theories in A = 4
superspace. Similar on-shell realizations in A/ =6 and
N = 8 superspaces have been given in [19-21].

This paper is organized as follows. In Sec. I we consider
general NV = 4 superconformal CS theories and show that
the hypermultiplet equations of motion require consistency
conditions which impose nontrivial constraints on the
gauge group and its representation to which the hyper-
multiplet belongs. In Secs. Il and IV we present the N = 4
superfield equations of motion for the Gaiotto-Witten and
ABIM theories, respectively. For these models we also
construct their supercurrents and other conserved current
multiplets. Section V is devoted to the prepotential formu-
lation for the large A = 4 vector multiplet. In conclusion,
we discuss the structure of the long A/ = 4 vector multiplet
from N = 3 superspace perspective. In Appendix A we
give a proof that the constraints on the gauge group derived
in Sec. II are equivalent to the fundamental identity of
Gaiotto and Witten [8]. In Appendix B we review the
structure of the A-extended vector multiplet coupled to
conformal supergravity.

II. N = 4 SUPERCONFORMAL CS THEORIES

The N' = 4 Minkowski superspace can be parametrized
by coordinates z = (x*,6%). Here x¥ = x(@) are the
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bosonic coordinates, where «, =1, 2 are spinor
.. 1 . .
indices.” The Grassmann coordinates 92’1 carry two iso-

spinor indices, i = 1, 2 and i=1, 2, which correspond
to the subgroups SU(2); and SU(2)y of the N =4
R-symmetry group SU(2); x SU(2)g. The spinor covar-

iant derivatives Dﬁ; satisfy the anticommutation relations
{Di, D‘/’;,j} = iV el 0.

To describe a non-Abelian N/ = 4 vector multiplet, we
introduce gauge covariant derivatives D4 = (D,4. Di}) =
D +iV 4, where D4 = (0,5, DY) denotes the covariant
derivatives of N =4 superspace. The gauge connection
V 4 takes its values in the Lie algebra of the gauge group G.
Given a matter multiplet ¢ belonging to some representa-
tion of the gauge group, the gauge transformation laws of
V 4 and @ are as follows:

D) =e"D e, (2.1a)

O =", (2.1b)
Here the Lie-algebra-valued gauge parameter 7(z) is
Hermitian, zF = 7, but otherwise unconstrained.

In 3D N -extended supersymmetry, one can impose a
universally looking constraint to describe a vector multi-
plet, see Appendix B. In the N' =4 case the constraint
amounts to

(D, Dé;} = 2ie I Dyy + £4p /W + £45 Wi, (2.2)

The field strengths W = W) and Wii = W) are
Hermitian in the sense that WY)" = W;; = eye; W,
and similarly for W, They are subject to the Bianchi
identities

DWW = o, (2.3a)

DIWIk) =0, (2.3b)
The vector multiplet described by the constraint (2.2) is
reducible and, therefore, will be called “long.” There exist
two irreducible off-shell ' = 4 vector multiplets [12—14],
which are obtained from (2.2) by imposing additional
constraints. Following the terminology of [18], the left
vector multiplet is subject to the additional constraint

'"The variables x® are related to the coordinates x™ of
Minkowski space M3 by the rule x* = x"(y,,)%, with (y)*
the gamma-matrices with upper spinor indices The partial
derivatives J,y are defined similarly, 9,5 = (y") 30, such that
Dpx?® = =268,75;%). Our two-component spinor notation and

conventions, including the definition of the gamma-matrices,
follow [16,18].
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Wii = 0. (2.4a)
The right vector multiplet is obtained by setting
Wil = 0. (2.4b)

In what follows, we will work with the long vector multiplet
(2.2) due to the following two reasons: (i) as will be shown
below, it naturally corresponds to the NV > 4 superconfor-
mal CS theories; and (ii) it is obtained by reducing the off-
shell N > 4 vector multiplets to N = 4 superspace.
Similar to the left and right vector multiplets, there are
two inequivalent ' =4 hypermultiplets, left and right
ones. In this paper, we will be interested in on-shell
hypermultiplets. The left hypermultiplet is described by
aleftisospinor ¢' = (g’,) (which is viewed in this section as
a column vector) and its conjugate g; = (¢')". The right
hypermultiplet is described by a right isospinor ¢’ = (¢t)
and its conjugate g; = (¢')". Both the left and right
hypermultiplets are assumed to interact with the long
vector multiplet. In general they belong to different
representations of the gauge group G, with the generators

(T4),” and (T,);", respectively. The hypermultiplet equa-
tions of motion have the form
Di'g) =0,

Dligh = o, (2.5a)

Dligh =0, Dlg) =0, (2.5b)
and are similar to the constraints introduced by Sohnius
[22] to describe the A/ = 2 hypermultiplet in four dimen-
sions. The crucial difference of these equations from their
N =3 counterparts is that they require the following
consistency conditions

Wligh =0,  Wiigh =o. (2.6)
In the case of N/ =3 superconformal CS theories with
matter, no restriction on the gauge group and its repre-
sentation occur, see [10] for more details.

Up to now, our consideration was completely general. In
what follows we restrict ourselves to superconformal
theories. In this case the gauge multiplet cannot have
independent degrees of freedom as the Yang-Mills coupling
in not permitted. On the equations of motion the field
strengths should be expressed in terms of hypermultiplets.
A large family of superconformal theories is described by
the equations of motion for the field strengths which are
bilinear in hypermultiplets

W = ikgapgTBq), (2.7a)

Wix; = i’?QAB@GTB(]}), (2.7b)
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where k and k are some dimensionless coefficients and g4p
is an invariant quadratic form on the Lie algebra of the
gauge group G. The consistency conditions (2.6) lead to the
following equations

—a(i J k c __
Gl gt gan(TH) P (TB) = 0, (2.82)

70 qlqY gan(T);2(T%)77 = 0. (2.8b)

These equations require the generators to obey the relations

gAB(TA>a(b<TB)dC) =0, (2.9a)

gan(T (T30 = 0, (2.9)
which are strong constraints on the possible gauge group G
and its representations. These relations are, in fact, equiv-
alent to the fundamental identity for the generators of the
gauge group derived in [8] (see Appendix A for the proof).

The dynamical system under consideration is charac-
terized by the supercurrent (compare with [23])

J =394 — g4, (2.10)
which obeys the conservation equation [11,23,24]
piipy = o, (2.11)

as a consequence of the equations of motion (2.5) and (2.7).

III. THE EQUATIONS OF MOTION FOR
THE GAIOTTO-WITTEN THEORY

In the previous section we have provided the N =4
superfield description for the general N/ = 4 superconfor-
mal CS theories studied in [9]. The Gaiotto-Witten theory
[8] is a special member of this family. This theory has only
one type of hypermultiplets, ¢’, and no right hypermultip-

lets, ¢' = 0. Then we should also have W'/ =0, as a
consequence of (2.7b), and the vector multiplet becomes
short, the left one. The remaining superfields ¢ and WV
obey the equations of motion (2.5a) and (2.7a). Now we
will show that the constraint (2.9a) is satisfied for the
Gaiotto-Witten theory [8]. - -
This theory has two field strengths W¢ and Wi
associated with a gauge group of the form G = Gg X
Gx that possesses a representation compatible with
Eq. (2.92) (see also the discussion in Appendix A). One
admissible choice is G = U(M) x U(N), and the hyper-
multiplet transforms in the bi-fundamental representation
of G. Only this case is considered in the present section.
The gauge transformation laws of these superfields are
(3.1a)

q/i — eirgqie—i‘rm , q/i — eiry qie—irg’
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Wy =emWiem, Wyl =emWileT ™, (3.1b)
where the gauge parameters 7¢(z) and 7 (z) are Hermitian
matrices taking their values in the Lie algebras of the gauge
groups Gg and Gy, respectively.

The equations of motion for the hypermultiplets (2.5a)
and the vector multiplet (2.7a) become
Di'g) =0,

Dligh =0, (3.2a)

Wy =ixqlg), Wy, =ixgiq).  (3.2b)

Here the covariant derivatives act on the hypermultiplet
superfields by the rule
Diig/

Dllq]_|_ V” qj qJVERa’

Diigl = Diigl + Vi gl —ig/Vii , (3.3)

in accordance with the transformation laws (3.1a). For the
equations of motion (3.2a), the consistency conditions (2.6)
take the form

(ij
"W Wm gk W

W' g¥ (3.4)

and are identically satisfied for the
strengths (3.2b).

In concluding this section we construct the N =4
supercurrent J and U(1) flavor current multiplet L” in

the Gaiotto-Witten theory

superfield

J=u(g'g).  LV=iu(q"q") (3.5)
which obey the conservation equations (see [23] for more
details)

piiply =0, DLW =0,  (3.6)
as a consequence of the equations of motion (3.2). Of
course, the flavor current multiplet is nontrivial only for the
gauge group which possesses the U(1) factor. The two- and
three-point correlation functions of the supercurrent and
flavor current multiplets in general A~ = 4 superconformal
field theories were studied in [23].

IV. THE EQUATIONS OF MOTION FOR
THE ABJM THEORY

Before presenting our N = 4 superfield realization for
the A/ = 6 superconformal CS theory proposed in [5] and
known as the ABJM theory, we would like to make some
preliminary comments. In three dimensions, the N-
extended vector multiplet can be formulated in A/ -extended
superspace and is off-shell [21] (see also [25]). A brief
review of the N -extended vector multiplet coupled to
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conformal supergravity is given in Appendix B. In the flat
case, every N > 4 vector multiplet can be reduced to N =
4 Minkowski superspace, resulting in the long N =4
vector multiplet coupled to several additional constrained
superfields. In particular, it can be shown that the N/ =
6 — N = 4 reduction for the field strength W = —W/!
of the N = 6 vector multiplet® [with 1,J being SO(6)
indices, see Appendix B] leads to the following N =4
superfields

Wil Wii, i, Zi, S. (4.1
It may be shown that the A" = 6 Bianchi identity (B6) is
equivalent to the following constraints on the above N' = 4
superfields:

Di(iwjk) —0. DQ(ZW}'/?) =0, (4.2a)
pliyih —o,  Dilizih =0,  (4.2b)
palitipi) g — e, Zh). (4.2¢)

The constraints (4.2b) tell us that )" and Z are examples
of the so-called hybrid supermultiplets introduced for the
first time in [18] in the framework of general N =4
supergravity-matter systems. Equation (4.2c) may be inter-
preted as the condition that S is a hybrid linear superfield.
Unlike the theory studied in Sec. III, now we consider
the case when both hypermultiplets ¢’ and ¢’ have non-
trivial dynamics. Here we assume that the hypermultiplets
transform in the bifundamental representation of the gauge

group G = Gg X Gg = U(M) x U(N),
q/i — eiﬂtgqie—i‘rm7 E]/i — eifm qie—irg,

(4.3a)

q/; — ei’fg q;e—ifg‘ , q/? — eiry q;e—iTg , (43b)
where the gauge superfield parameters 7g(z) and 7 (z) are
Hermitian and otherwise unconstrained.

Due to the structure of the gauge group, G = Gg X Gg,
there are two long N =4 vector multiplets and the

corresponding field strengths. We have the field strengths
Wg and Wi{ which take values in the Lie algebra of the
gauge group Gg¢ and similar ones, Wg and W4/, which
correspond to the gauge group Gy. They transform in the
adjoint representations of these groups

lij _ irg YA\ amit R TIR
Wy = e Wgae™™, We! = Wde ™, (4.4a)

*Using the isomorphism SU(4) = SO(6)/Z,, the N =6
vector multiplet can be described in the SU(4) notation [20].
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Wil = eimWilemiom | Wi = eimWileTim | (4.4b)
The natural generalization of the equations of motion (3.2)

reads

Dligh =0, Dligh=o, (4.5a)
Wi = ixq'ig!, Wy, = ixglig?,
WY =ikglg), Wi =ikglg). (4.5b)

The consistency conditions (2.9) are automatically satisfied
for these equations,
WEgh—qtwill =0, WElgh —gtwWi =0.  (4.6)
The ABIM theory is N' = 6 superconformal. Therefore,
there should exist hypermultiplet composites that realize

the superfields ), Z¥ and S in (4.1) on the mass shell.
Since we have two gauge groups, Gg and Gg, the number
of superfields (4.1) is doubled. We will distinguish them by
attaching the subscripts & and R to them. It is clear that
they should be expressed in terms of the hypermultiplet

superfields. Indeed, the expressions for YW/ and Wii are
given by (4.5b). For the remaining superfields we find

¢=2ik(¢'qd' +4'7). Vg=2i(7'q'+7'qd). (47a)
Zi=2(4'7'-4'7), Zi=2x(7'q'-74¢).  (47v)
Se =x(4'3, — 4'7;). S = k(39" — G:q"). (4.7¢)

These superfields do satisfy the A/ = 6 Bianchi identities
(4.2b) and (4.2c) on the hypermultiplet equations of
motion (4.5a).

Since the ABJM theory is A/ = 6 superconformal, it
should possess a number of conserved currents which form
the N =6 supercurrent multiplet J/ = —J/I [24-26].
Upon reduction to N = 4 superspace, the N' = 6 super-
current may be shown to lead to the following constrained
N = 4 multiplets: (i) the ' = 4 supercurrent J; (ii) two
U(1) flavor current multiplets L and L'/; (iii) two SO(4)
vectors A’ and B¥. In the ABJM theory, these multiplets
should be given as hypermultiplet composites. Their
explicit form is as follows:

(i) the N' = 4 supercurrent

J=t(q'g;) - t(q'q;) (4.8)

obeying the conservation equation (2.11);
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(ii) the U(1) flavor current multiplets

Li=it(qlg)), Li=iu(gig)) (4.9)
obeying the conservation laws
Gpib =0,  DULID =0; (4.10)
(iii) the SO(4) vectors
AT =iu(q'q) +iu(g'q),
BT =(q'q) ~(q'q). (4.11)
which obey the same conservation equations
DA =0, DB =0. (412

The hypermultiplet composites (4.8), (4.9) and (4.11) are
the components of the N =6 supercurrent. They are
conserved as a consequence of the equations of motion
(4.5). It is interesting to note that these objects are obtained
from the composites in (4.5b) and (4.7) by taking the
matrix trace.

V. PREPOTENTIALS FOR THE LONG
N =4 VECTOR MULTIPLET

For the left and right V" = 4 Yang-Mills supermultiplets,
there exist prepotential formulations. The harmonic super-
space formulation was given by Zupnik [13,14] in the case
of N' = 4 Poincaré supersymmetry. The projective super-
space formulation was given in [15] for the left and right
Yang-Mills supermultiplets coupled to N/ =4 conformal
supergravity (the case of Abelian vector multiplets was
described in [18]. In this section we present a prepotential
formulation for the long vector multiplet as a natural
generalization of Zupnik’s construction [13,14]. A prepo-
tential formulation for the long vector multiplet coupled to
N =4 conformal supergravity may be obtained as a
natural generalization of the formulation developed in
[15], but we will not elaborate on this here.

Let uf and v be standard harmonic variables for the

SU(2), and SU(2)g.

Vi— - s i -
utuy —uTtul =5, ut =u;y, (5.1a)
v“v; - v"b]+ = 5;;, vt =0, (S.1b)

The harmonics carry the labels £ which correspond to
charges with respect to certain U(1) subgroups of SU(2),
and SU(2)g, respectively. We will use these harmonics
to parametrize smooth superfields on the harmonic
superspace

PHYSICAL REVIEW D 92, 105007 (2015)
M3 > [SU(2)/U(1)] x [SU(2)/U(1)]g.  (5.2)

Any superfield ®(7%)(z, u*, v*) defined on this superspace
is labeled by two integer U(1) charges p and ¢ defined by
q)(p-q)(z’eiiaui’eiiﬂyi) — eilpa+ah) p(r.a) (Z, u*, vi), for
real parameters a and f. It is useful to introduce left
invariant vector fields for the groups SU(2); and SU(2)y

DO = yf (%_, D20 =y %,
p0.0) — f% —uy 8%; (5.3a)
D2 = yf a%;—’ DO = pz %,
OO = ai* _ ;—8% (5.3b)

The operators within each of these sets obey the standard
SU(2) commutation relations

[D(0,0)’D(:i:Z,O)] — :|:2D(i2’0), [D(Z‘O),D(_Z’O)] — D<0'0);

(5.4a)
(DO pO£2)] = £2p0+2) [pO2) pO-2)] = HO),
(5.4b)

Any two operators from the different sets commute with
each other.

We will work with matter multiplets ®(»9)(z, u*, v*)
that transform under the gauge group as in Eq. (2.1). Since
the gauge parameters 7(z) in (2.1) are harmonic indepen-
dent, we now have a larger set of covariant derivatives

Dy = (D, DF20) p0.0), D(o,iz)’@(o.o))

= (D4, DF20)_ p00) p0.£2) b(o,o)) (5.5)
possessing the gauge transformation
D= "D e, (5.6)

We introduce a new basis for the spinor gauge covariant
derivatives® Di; and the gauge covariant field strengths YW/
and W as follows:

D’a' , pELED

= u,ivf‘D’a’ (5.7a)

3Switching off the gauge multiplet in (5.7a) defines the new
basis for the ordinary spinor covariant derivatives DY.
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Wi = (W0 W(=20) ))(00)) — (u i uy o uy )WY,
(5.7b)

Wi = (W(0-2> W02, W(0,0))
J

(5.7¢)
Then the anticommutation relation (2.2) leads to
1,1 11
(D", Dy} =0, (5.8a)
(DY DF Y = 21D, — ey WO — g, VOO,
(5.8b)

(DD ptly

B _2iDaﬁ + Saﬁw(o’o) - g(I/JVV(O.O),

(5.8¢)

as well as to several additional relations which can be
obtained from (5.8) by making use of the identities

(D20, Pl = o, (5.9a)

[D(-20) D((ll.il)] :Dg—l,il) [DO-2) Dg{:tl,l)] :D((lil.—l)

(5.9b)
in conjunction with the relations
DROWO0) = W20 - pROWE =0, (5.10a)
DODWOO — 20— pOWO2 =, (5.10b)
In particular, one obtains
{Dal 1) ’ /(,l —l)} _ —€aﬁW(2‘O),
(DY DFY = — W02, (5.11a)
(DY, DY) = —e, W02
(DY DY = —e W20 (5.11b)
The Bianchi identities (2.3) imply the analyticity

constraints

,D&l,il)w(z,o) —0. D((lil,l)W(O,z) =0. (5.12)

Remarkably, all information about the field strengths is
encoded in the following equations:
DWW —o,  DROWR) —o DO — .

(5.13a)

(v od o7 PV v v YW

PHYSICAL REVIEW D 92, 105007 (2015)

DO2)(02) — .
(5.13b)

DUIDW02) —o DWW —

Indeed, the third equation in (5.13a) tells us that W29 is
independent of »*, that is W20 = W20 (7 y*). The
second equation in (5.13a) tells us that W0 is indepen-
dent of the harmonics u; and has the form (5.7b). Finally,
the first equation in (5.13a) tells us that W/ obeys the
Bianchi identity (2.3).

Equation (5.8a) has two nontrivial implications. First, it

allows one to introduce covariantly semianalytic super-
fields ®79)(z, u*, v*) constrained by

DYV era) = 0. (5.14)
Such multiplets are rigid-superspace analogues of the
covariant hybrid multiplets introduced in [18] in the
framework of N = 4 supergravity. Second, the constraint
(5.82) has the following general solution

Pl — e-iepllgia. Q=000 (515)

for some bridge superfield Q(z, u*, vi) which takes its
values in the Lie algebra of the gauge group.

Switching off the vector multiplet in (5.14) defines
semianalytic superfields,

piMpra =o. (5.16)

In complete analogy with the harmonic superspace
approach [27,28], for such multiplets one can define a
modified conjugation that maps every semianalytic
superfield 479 (z,u™, v*) into a semianalytic one,
$PD(z, u*, vF), of the same U(1) charge. We will refer
to it as “‘smile-conjugation.” The smile-conjugation has the

property

5‘5([’-’1) (Z, I/ti

) = ()PP (2, o),
Thus in the case that (p + ¢q) is even, real semianalytic
superfields may be introduced.

The introduction of Q leads to a new gauge freedom, in
addition to the 7 gauge symmetry (2.1). The gauge trans-
formation of Q is

(5.17)

iQ’ 1A AIQ A —iT

et = elteiQeir A= 200) (5.18a)

where the new gauge parameter A(z, u™, v*) is constrained

to be semianalytic,

(5.18b)
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and is real with respect to the smile-conjugation. The bridge
Q in (5.15) may be chosen Hermitian with respect to the
operations of transposition and smile-conjugation.

Making use of the bridge allows us to introduce a new
representation for the covariant derivatives D 4 and matter
multiplets (79 with the property that no z-gauge freedom
is left. It is obtained by applying the transformation:

Dy — V4 =eDye ™, (5.19a)
dra) - ¢(M) = elpra), (5.19b)

in particular
WPa) o Wwpa) = e QW(P.a)e-iQ, (5.19¢)

for the field strengths (5.7b) and (5.7c¢). The resulting
A-representation is characterized by two important proper-

ties. First, the covariant derivative V((xl"l) has no gauge
connection,

v = pih. (5.20)

Second, the harmonic covariant derivatives acquire gauge
connections,

V(0£2) — p0.£2) 4 jy(0.£2),
(5.21)

V(£20) — p(E20) 4 jy(£20),

Under the A-gauge transformation, the gauge connections in
(5.21) change as
(V/(H20) = i (Y(F20)gid)  j|r(0.42) = ¢id(V(042) ity

(5.22)

’

In the A-representation, the equations (5.9a) mean that the
gauge prepotentials V20 and V(©2) are semianalytic,
pveo —o,  plMve —o.  (5.23)
The above consideration in this section concerns the
long vector multiplet. As discussed in Sec. II, the left
and the right vector multiplets are obtained from the long
one by imposing the additional constraints (2.4a) and
(2.4b), respectively. This leads to important specific
features, which we now analyze. It suffices to consider
only the left multiplet for which W/ =0, and hence
W02 = WO-2) = WO — 0 the case of the right vector
multiplet is analogous. Since the right-hand sides of
Egs. (5.8) and (5.11) are independent of the »* harmonics,
the bridge 2 in (5.15) can also be chosen to be independent
of these harmonics, Q = Q(z, u*). The gauge parameter 1
in (5.18b) also becomes independent of the »* harmonics,
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A = A(z,u*), and the semianalyticity constraint (5.18b)
turns into the analyticity conditions Dfll‘il)/l = 0. These
results have two important corollaries: (i) the harmonic
connections V(©#2) in (5.21) vanish, V(®*2) = 0; (ii) the
connections V*20) are independent of the »* harmonics,
VE20) = yE20) (7 y*). As a result, the first equation in
(5.23) obeys the stronger analyticity conditions
DYV = 0, which agrees with Zupnik’s approach
[13,14].

The zero-curvature conditions (5.4a) and (5.4b) in the
A-frame are

DROY(-20) _ p(-20)y(20) 4 j[y(20) y(-20] =0, (5.24a)

D02y (0-2) _ pO-2)y(02) 1 j[y(02) yO-2]=0. (5.24b)

They allow one to express the superfields V(=29 and
V(=2 in terms of V(29 and V(©2) respectively,

y(=20) — V(—z,o)[v(z,o)]’ y(0.-2) — y(0.-2) [V(°’2>]. (5.25)
Explicitly, these solutions are given as series over harmonic
distributions presented in [29]. We point out that the
superfields V(=20 and V(®=2) live in the full superspace
in contrast to the prepotentials V(2% and V(®2) subject to
the constraints (5.23). _
In the case of the left vector multiplet, for which W'/ =
0 and V(0+2) = (, the prepotential V> is real analytic but
otherwise unconstrained. For the long vector multiplet, we
have two semianalytic prepotentials V(>%) and V(®2). The
constraints (5.23) are not the only conditions they obey.
They are also related to each other by the zero-curvature
condition
DOV 02 — pOyE0) +jly20 yOI] =0,  (5.26)
Using the algebra of spinor covariant derivatives in the A-
frame it is possible to express the field strengths W) and
W2 in terms of the gauge prepotentials V(>~2) and
V(=20)_ The resulting expressions are

W(Z,O) _ %D(l,l)aD((lH)V(O,—Z)’

W2) = 2 pllepi (20, (5.27)
These superfields transform covariantly under the A-gauge
group,

W/20) — gidy(20)=i2  Wr(02) — gidpy(02)g-id, (5.28)
These results show that the long vector multiplet is

completely described in terms of the two real semianalytic
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prepotentials V29 and V(02 subject to the zero-curvature
condition (5.26).

As discussed above, all information about the off-shell
long vector multiplet is encoded in the equations (5.13). It
is interesting that the on-shell hypermultiplets are described
by analogous equations:

D((xl~l)q(l,0) =0,

DRO G0 — o PO24010) —

(5.29a)

DiVg0n =,  DROGON =g DO =,

(5.29b)

For example, consider the left hypermultiplet. The third
equation in (5.29a) tells us that (') is independent of v*,
that is (19 = ¢(19)(z, u™). The second equation in (5.29a)
tells us that ¢('% is independent of the harmonics u; and
has the functional form ¢('*) = uq'. Finally, the first
equation in (5.29a) tells us that g’ obeys the constraint
(2.52). In summary, the on-shell hypermultiplets in
harmonic superspace are described by the superfields

1,0) 0.1)

"0 =ufq', ¢V =uvlq" (5.30)

In conclusion of this section let us briefly discuss the
equations of motion for the ABJM theory in N =4
harmonic superspace. This theory is described by the
hypermultiplet superfields ¢(®") and ¢('% in the bifunda-

mental representation of the gauge group G¢ x Gg. There

are also superfield strengths Wg'()), Wg’()), Wg)’z) and ng’z)

which take values in the Lie algebras of the gauge groups
Gg¢ and Gg. These superfields obey the equations (5.13)
and (5.29). The field strengths are expressed in terms of the
hypermultiplets as

W(2’O) _ qu(l,o)(—](l,o)’ W%’O) _ iK.é(l,O)q(l,O)’

by
W;O‘Z) = ikg® gD, W(g({)‘z) = kgD gD, (5.31)

It would be interesting to find a superfield Lagrangian
reproducing this set of equations.

VI. CONCLUSION

We have shown that the N = 4 superfield realizations
for superconformal CS theories with A > 4 require the
long N' = 4 vector multiplet. The structure of the long
N = 4 vector multiplet turns out to be the main reason for
problems with constructing off-shell actions in N =4
superspace for supersymmetric CS theories with eight
and more supercharges. The simplest way to see this is
to look at N =4 — N =3 superspace reduction of
large N' = 4 vector multiplet. In A" = 3 superspace, this
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multiplet is described by gauge covariant symmetric iso-
spinors W9 and W" in the adjoint representation of the
gauge group. One of them, WY, is the field strength of
the N = 3 vector multiplet [13,30]. In terms of the gauge
covariant derivatives DY in V' = 3 superspace, it originates
as follows

{D. DY} = —2ie'*eDiD,, + Eeaﬁ(g“kww + &/lwhi)
(6.1)

and obeys the Bianchi identity

DLW = 0. (6.2)
The other object, WY, is a Lie-algebra-valued matter
multiplet subject to the same constraint as W/,

DW= 0. (6.3)

Each of W/ and W is a linear combination of the A" = 4
field strengths Y9 and W/ in (2.2) projected to N = 3
superspace. On the mass shell, W/ and WY become
composites constructed from N = 3 hypermultiplets ¢’
and their conjugates g;. Symbolically, we have W =
3T,q”) and WY = l'T,q"). The former equation can
always be realized as the equation of motion for the vector
multiplet in some A = 3 superconformal Chern-Simons-
matter theory formulated in harmonic superspace [10].
However, there is no systematic way to realize the latter
constraint as a Euler-Lagrange equation, except for the
Abelian case.

The results of this paper can naturally be generalized to
supergravity. The equations of motion for a general N = 4
superconformal CS theory coupled to N = 4 conformal
supergravity are

Vi(iqj) —0. Vé,(;qj) =0, (6.4a)

1 i - —(iB i 1 ij_ ~(i7B ,j

WA =043 TP, =W =943 T"q).  (6.4b)
1 P R

— W =3q4' — ;9" (6.4¢)

KsG

where W is the A/ = 4 super-Cotton scalar (see [25] for
more details). The torsion and curvature tensors in N = 4
conformal superspace are completely determined in terms
of W and its covariant derivatives. The super-Cotton scalar
obeys the Bianchi identity [25]

veliiviw = o, (6.5)
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and the same equation is obeyed by each term on the right
of (VL4c). The gauge-covariant derivative V in Eq. (6.4a) is
defined in Appendix B, Eq. (B1). In this paragraph as well
as in Appendix B, we use the notation V 4 for the covariant
derivatives in conformal superspace. These should not be
confused with the gauge covariant derivative in the
A-frame (5.19).
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APPENDIX A: CONSISTENCY CONDITION
IN A =4 CS THEORIES

As shown in Sec. II, the N/ = 4 supersymmetric gauge
theories are subject to the consistency conditions (2.6). In
the case of superconformal CS theories, these conditions
imply the equations (2.9) for the generators of the gauge
group. Here we demonstrate that these equations are
equivalent to the fundamental identity for the generators
of the gauge group found in [8]. For simplicity, here we
consider only the left hypermultiplet ¢’ and field strength
Wii; the analysis for the right multiplets ¢ and W'/ is
absolutely identical.

We can view the hypermultiplet ¢' = (¢}), a = 1,...,n,
as a n-vector in some representation of the gauge group G
so that g' = (g'*) form the conjugated representation. It is
convenient to combine them into one 2n-dimensional
vector Q' = (0Q%) = (¢!, —q*)", where a = 1, ..., 2n, cor-
responds to the Sp(2n) group such that

0f =0, =e,Q"0},  0i=(0))=(.qu). (A1)
where Q45 = —QP4 s the invariant tensor of Sp(2n),
0 1,
Q. ;= . A2
a=(5 0 (2

The gauge group G acts on Q' by symplectic transforma-

tions. Denoting by (T*),? the generators of G in which Q%
transforms, the field strength is
Wi = WHITA, (A3)

In this notation, the integrability condition (2.6) can be
rewritten as
ij b Ak
WY (14,70} =o. (A4)

In the superconformal CS theories considered in Sec. II,
the field strength W) becomes the hypermultiplet
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composite operator given by (2.7a). In the notation (Al),
Eq. (2.7a) reads
i

Wy = —KQABQa(i(TB)@EQ{),

. (A3)

where the generator (T4),? has the following block
diagonal form

N TA b 0
- (V) ) e
0 —(T4),"
The consistency condition (A4) now reads
945070 Q] 05 (T, (TF) 4 = 0. (A7)

This equation implies the following constraint on the
generators of the gauge group

A B _
gABTa(i;TaZi) =0,

(A8)
where we have assumed that the hypermultiplet indices,
a, b, ..., are raised and lowered using the symplectic metric
Q%% and its inverse Q, j, Q. ; Q"¢ = 5¢. For the generators
with lower indices, T2 5= (T*),¢, we have

(0 <TA>f)
™= (s o ) 49
With this block matrix representation of the generators it
becomes obvious that Eq. (A8) is equivalent to (2.9a),

gABT;g(ngg;i) =0« gAB(TA>a(b(TB)cd) =0. (AIO)

The equation (A8) was first derived in [8] where the
formulation in terms of A" = 1 superfields was developed
for N' = 4 superconformal CS theories. Equation (A8) was
necessary for the construction of consistent interaction
Lagrangians for N' = 4 superconformal CS theories. As
demonstrated in our paper, in N’ = 4 superspace Eq. (A8)
naturally arises as the consistency condition of the hyper-
multiplet equations of motion.

In [8], the equation (A8) was called the fundamental
identity since it imposes nontrivial constraints both on the
gauge group and the matter representation. In the same
paper it was demonstrated that the fundamental identity is
satisfied for those Lie groups which allow for super-
extensions. The typical examples of such gauge groups
are UM) x U(N) and O(M) x Sp(2N) which are the
bosonic bodies of U(M|N) and OSp(M|2N), respectively.
The matter hypermultiplets belong to the bifundamental
representations of these gauge groups.
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APPENDIX B: N-EXTENDED VECTOR
MULTIPLET

To describe a Yang-Mills multiplet in the 3D
N -extended conformal superspace M3V of [25], para-
metrized by coordinates zM = (x™, 8/), we introduce gauge
covariant derivatives

Vi=(V,, V)=V 1 +iVy, I=1,...N, (Bl)
where V 4 are the supergravity covariant derivatives [25].
The algebra of gauge covariant derivative is

V4. Vs} =iF 5+ . (B2)
where the ellipsis denotes the purely supergravity terms.
The field strength F 45 satisfies the Bianchi identity

ViaFsey + Tas” Fipey = 0. (B3)
where T ABD is the torsion tensor, see [25] for more details.
The field strength is subject to a covariant constraint
to describe a vector multiplet. For N' > 1 the constraint
[30-32] is
F é[f = 2ieg WY, (B4)
Then, the Bianchi identities give the remaining components
of the field strength [25]

1

J——
faa_ (N_l>

(ya)aﬂvﬂJWIJ? (BSa)

i .
r)vE, Vﬁ]WKL.

Fab :m%bc( )

(B5b)

For N > 2 the field strength W is constrained by the
dimension-3/2 Bianchi identity

VIWK — VWK sV, WKL, (B6)

This constraint may be shown to define an off-shell
supermultiplet [21], see also [25].

The component fields of vector multiplets may be
extracted from the field strength W!. For N > 1, we
define the matter fields as follows

(B7a)

AL =

PHYSICAL REVIEW D 92 105007 (2015)

/\

IJK

/\ /\

Iy 1y Fa1a2

Xajas

/

Il
Xagapn_o N

FIG. 1. Component fields of the A'-extended vector multiplet.

W = e VIV VI (B7c)
I, I, .
)(0!1'“0!” Il ln+2 = I(n)anl .. Va”)W]nHInJr-] |’ (B7d)
where
1, 2 (mod 4
I(n) = { ( ) (B8)
I, n=3,4(mod 4).

For the supersymmetry transformations of the A/-extended
vector multiplet, see [11].

The component fields of the vector multiplet form
the tower [11,21] given in Fig. 1. In this diagram,
F,; is the symmetric spinor associated with the
Hodge dual F* =1¢e"“F),. of F,, = F,|. Modulo fer-
mionic terms, F,, coincides with the component
field strength. In the left branch of the diagram, the
fields y,,q," ", . i1y satisfy, in the linearized

RNV £ rON -2
approximation, the conservation equations

(ya)ﬂyaa)(ﬁya3--~a,,llWIHZ =0.

In the A/ = 4 case, the two branches of the diagram have
identical algebraic structure, and thus every field on the left
has a twin on the right. This doubling of fields disappears if
the field strength W is constrained to be self-dual,

WY = WU or antiself-dual, W = =W/ where
- 1
W = 3 KL, (B9)

These cases correspond to the left and right vector
multiplets, respectively.
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