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Consistent metric combinations in cosmology of massive bigravity
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Massive bigravity models are interesting alternatives to standard cosmology. In most cases, however,
these models have been studied for a simplified scenario in which both metrics take homogeneous and
isotropic forms [Friedmann-Lemaitre-Robertson-Walker (FLRW)] with the same spatial curvatures. The
interest to consider more general geometries arises, in particular, in view of the difficulty so far encountered
in building stable cosmological solutions with homogeneous and isotropic metrics. Here we consider a
number of cases in which the two metrics take more general forms, namely FLRW with different spatial
curvatures—Lemaitre, Lemaitre-Tolman-Bondi (LTB), and Bianchi I—as well as cases where only one
metric is linearly perturbed. We discuss possible consistent combinations and find that only some special
cases of FLRW-Lemaitre, LTB-LTB, and FLRW-Bianchi I combinations give consistent, nontrivial

solutions.
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I. INTRODUCTION

The standard ACDM model of cosmology is based on
four main assumptions: general relativity (GR) is the
correct description of gravitational interactions at energies
below the Planck scale, the Universe is homogenous and
isotropic on large scales (the cosmological principle), the
energy content of the Universe is mainly in the form of cold
dark matter (CDM) and a nondynamical cosmological
constant A, and all the structure that we see around us
originated from nearly Gaussian, adiabatic, and scale-
independent quantum fluctuations at early times. All these
assumptions have been tested with high precision using
various cosmological data and seem to be in excellent
agreement with all existing observations. There are,
however, various theoretical reasons why one may want
to go beyond this standard framework. In particular, the
assumption that the late-time acceleration of the Universe is
due to a cosmological constant term has been strongly
questioned from the theoretical point of view, as its small
but nonzero value preferred by observations cannot be
explained by fundamental physics [1]. It is, therefore,
important and quite natural to ask whether the cosmic
acceleration can be explained by a different mechanism
than a pure cosmological constant. One particular possibil-
ity, which has attracted remarkable attention over the last
decade, is that a modification of GR on very large scales
might be responsible for the acceleration (see Refs. [2,3] for
comprehensive reviews). One of the interesting such infra-
red modifications is to assume that gravitons are not
massless as opposed to what GR tells us. A nonzero but
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sufficiently small graviton mass modifies properties of the
gravitational interactions on very large scales while leaving
them indistinguishable from the predictions of standard
gravity on small scales where GR is believed to be at work.

GR is a consistent and nonlinear theory of massless
gravity and, therefore, has given the possibility of con-
structing various cosmological models. In order to test the
implications of massive gravity for cosmology, one sim-
ilarly needs a nonlinear and consistent theory for massive
gravitons. Such a theory was, however, not available for
more than 70 years after the construction of a linear theory
of massive gravity by Fierz and Pauli in 1939 [4]. This was
mainly because any attempts at constructing a nonlinear
completion of the Fierz and Pauli theory would face a
serious obstacle; the theory would suffer from the existence
of the so-called Boulware-Deser (BD) ghost degrees of
freedom [5], a property which would be fatal to the theory.
It was only a few years ago that a ghost-free and fully
nonlinear formulation of massive gravity, and its bimetric
extension, was constructed [6—14] (see Ref. [15] for a
recent review). The key step for this success was to extend
the gravitational sector by at least one new spin-2 tensor
field with metric-like properties. In addition, in order to
avoid the BD ghost, the physical metric of the theory has to
interact with the new tensor field in a very specific way. In
the simplest version of the theory, referred to as the de
Rham-Gabadadze-Tolley (ARGT) theory of massive grav-
ity, only the physical metric, the one which interacts with
the matter sector in the standard way, is dynamical, i.e. has
an Einstein-Hilbert term in the action, while the second
metric, often called ‘“reference” metric, does not have
dynamics. In this case gravitons posses five degrees of
freedom. In the bimetric version of the theory, referred to as
the Hassan-Rosen theory of bigravity, the reference metric
is also given dynamics and, therefore, gravitons posses
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seven degrees of freedom, corresponding to one massless
and one massive graviton.

The dRGT theory of massive gravity has been shown to
suffer from a no-go theorem forbidding flat and closed
Friedmann-Lemaitre-Robertson-Walker (FLRW) cosmo-
logical solutions on a flat reference metric [16]. In addition,
dRGT with an open FLRW metric or a nonflat reference
metric suffers from the so-called Higuchi instability [17] or
other types of instabilities [18-23]. One obvious way to
avoid the no-go theorem is to give up on exact FLRW
solutions, i.e. to consider inhomogeneous and/or aniso-
tropic solutions for the metrics. We, however, know that the
observable Universe on large scales is very close to being
homogenous and isotropic and, therefore, non-FLRW
solutions, if allowed, must not deviate significantly from
the FLRW case on observable scales, and must respect the
observational bounds on inhomogeneity and anisotropy.
Non-FLRW effects should be either of very low amplitudes
or of scales much larger than our horizon so that they
cannot be observed. Interestingly, solutions which satisfy
these conditions have been shown to exist in dRGT [16].
Other scenarios with non-FLRW solutions in dRGT, either
for the physical metric or for the reference metric, can be
found in Refs. [21,23-30] (see also Ref. [15] for a thorough
review of the inhomogeneous and anisotropic solutions in
massive gravity). The other possibility to avoid the no-go
theorem and instability issues in dRGT is to extend the
theory. An example for such extensions without adding
new degrees of freedom is the recently proposed general-
ized massive gravity theory [31]. Another workaround is
through theories with extra degrees of freedom or violation
of certain symmetries; these include for example quasidi-
laton [32], varying-mass [16,33], nonlocal [34-37], and
Lorentz-violating [38,39] massive gravity. Recently,
another solution to the no-go theorem has been proposed
in Refs. [40-42]. It has been suggested that the no-go
theorem can be overcome if at least some matter couples to
a hybrid metric, composed of both the physical and
reference metrics and constructed in a specific way to
keep the theory free of the BD ghost up to a cut-off energy
scale which is believed to be above the strong coupling
scale of the theory. This makes phenomenological studies
of the theory possible below the cut-off scale (see, however,
Ref. [43] for various complications that the cosmology of
this theory would need to tackle). The revival of the BD
ghost is a general feature of the scenarios where both
metrics couple simultaneously to matter [40,41,44-48];
these include the simplest case where the two metrics
couple to matter minimally [49-52].

The Hassan-Rosen theory of massive bigravity on the
other hand is immune from the no-go theorem and
admits usual flat FLRW solutions. The cosmology of
bigravity has been extensively studied in the literature at
both the background and perturbative levels (see, e.g.,
Refs. [53-71]) and in terms of the lensing and dynamical
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properties of local sources [61] (see also Refs. [72-75] for
cosmological studies of bigravity where matter couples to
both metrics through a composite metric). It has particu-
larly been shown that the theory can explain the late-time
acceleration of the Universe in the absence of an explicit
cosmological constant and can, therefore, serve as a viable
alternative to ACDM [59,63] at the background level.
However, when it comes to perturbations, the Hassan-
Rosen theory of massive bigravity seems to be suffering
from various instabilities. Bigravity models can generally
be classified into two categories, finite and infinite
branches. This classification is based on the fact that the
ratio of the two scale factors for the reference and physical
metrics in FLRW solutions is either increasing (finite
branch) or decreasing (infinite branch) with time, depend-
ing on which combinations of the parameters of the theory
are nonvanishing. It has been shown that scalar perturba-
tions for all finite-branch models, including a simple
single-parameter model called minimal bigravity model
(MBM) [64], are unstable at early times on small scales
[56,64,66,68,69], although the models are viable at the
background level. The instabilities do not necessarily rule
these models out but make their comparison to observations
difficult as one can no longer employ linear perturbation
theory to study their implications for the formation of
structure. Linear scalar perturbations for the infinite-branch
bigravity (IBB), as identified in Ref. [68], are on the other
hand stable at all times, making the study of structure
formation possible for the model. This was done in
Refs. [67,68], where subhorizon scales were analyzed in
the quasistatic limit, various modified gravity parameters
were calculated, and deviations from GR predictions were
presented. It was shown that predictions of the model are
consistent with existing large-scale structure data and the
model can be tested by future experiments. IBB was,
however, shown later to suffer from two other types of
instability; it violates the Higuchi bound [69,76], which can
potentially be dangerous as the instabilities might appear at
higher-order perturbations for nonlinear structure, and
tensor perturbations have ghost instabilities at early times
[70,76-78]. Addressing the problem of instabilities in
bigravity is currently an active field of research. In principle
most of the generalizations of the dRGT theory of massive
gravity enumerated in the previous paragraph can be
applied to bigravity to investigate possible resolutions to
the instability problems and to construct viable alternatives
to ACDM.

Motivated by these instability problems in the standard
scenario of massive bigravity with FLRW metrics, in this
paper we take the first step in exploring one potential route
to resolve the obstacles and construct a viable and stable
model. It is not clear at this stage whether possible solutions
are necessarily in modifications of the structure of the
theory, i.e. at the level of the action. Such possibilities
should definitely be explored, but one should also consider
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cases where the structure of the theory remains intact while
other classes of solutions are considered. One of these
possibilities is the class of solutions with non-FLRW
metrics for one or both metrics of the theory. As we
mentioned earlier, this has been shown to be a promising
route in the case of dRGT, and it is, therefore, worth
investigating for bigravity as well. Before studying the
cosmological implications of such cases, one needs to
check whether solutions to field equations exist and
whether they are consistent with basic constraints of the
theory, such as Bianchi constraints. This is the objective of
the present paper.

Inhomogeneous and anisotropic solutions in bigravity
have been studied in the literature. This includes Bianchi
cosmologies where both metrics are homogeneous and
anisotropic [30,79], as well as cosmologies with the
physical metric being FLRW and the reference metric
being inhomogeneous [26]. In this paper we study various
combinations of FLRW and non-FLRW metrics in a
systematic and more general way, and investigate for which
combinations consistent solutions to the equations of
motion exist. Our aim is to identify such combinations
without further exploration of their implications for cos-
mology; we leave this for future work.

The rest of this paper is organized as follows. In Sec. Il
we review the Hassan-Rosen theory of singly-coupled
|
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bigravity and present the field equations and Bianchi
constraints. In Sec. III we study various combinations of
FLRW, inhomogeneous, and anisotropic solutions for the
metrics of the theory. We start this in Sec. III A with the
case where both metrics are of the FLRW form but have
different spatial curvatures. Since, as we will see, this will
force the metrics to be of the Lemaitre form, we study those
solutions in the same section. We move on in Sec. III B with
the combinations where one metric is FLRW and the other
one is of the Lemaitre-Tolman-Bondi (LTB) form, and in
Sec. III C we investigate the solutions where both metrics
are LTB. Combinations of FLRW and anisotropic but
homogeneous metrics are studied in Sec. IIIE in the
context of Bianchi type I solutions. In all these sections
we discuss the consistency of the solutions when matter
sources respect or violate the homogeneity or anisotropy
assumptions. In Sec. IV we go beyond the background
solutions and investigare the scenarios where one metric is
perturbed while the other one is kept unperturbed. Our
discussions are based on both scalar and tensor perturba-
tions. We discuss our results and conclude in Sec. V.

II. THE THEORY OF MASSIVE BIGRAVITY

The Hassan-Rosen theory of ghost-free, massive

bigravity is characterized by the action [13]

M? M3
S = —Tg/d4x —dethg—T/d‘lX\/—detfRf
4
m4/d4x\/—detg2ﬁnen<\/g_1f> —I—/d“x\/—detgﬁm(g,q)), (1)
n=0

where M, and M ; are Planck masses and R, and R are the Ricci scalars for the metrics g, and f,, respectively. Here g,,, is
the standard physical metric coupled to matter fields ® through the matter Lagrangian £,,, and f,, is the reference metric.
The action contains five interaction (mass) terms given in terms of five functions e,. These are the elementary symmetric

polynomials of the eigenvalues of the matrix \/g~'f, where \/¢~ ' f\/g7 ' f = ¢*f - The forms of these polynomials are
presented in, e.g., Ref. [13]. The quantities , (n =0, 1,2,3,4) are free parameters of the theory, and m is the mass

parameter. In the following we express masses in units of M’ 52, and absorb m* into the parameters /3, (mm is not an independent
parameter of the theory). The action then becomes

1 M2 4
S:—E/d“x\/—dethg—Tf/d“x\/—detfRf+/d4x\/—detgnz;ﬂnen(\/g_1f> +/d4x\/—detg[,m(g,<l>)
(2)

By varying the action (2) with respect to g,, one obtains the generalized Einstein equation for the physical metric,

RY, gWR + Z

)'Br9u¥ (97 f) =Ty (3)
where Rﬂy is the g-metric Ricci tensor, and the matrices Y(,,)(X ) are defined as [13]
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Y(O)(X) =1,
Y(l)(X) =X -IX],

Yy (X) = X2 = X[X] + S 1([XP - [x2)),

V() = X = X2[X] 4 S X(X? - [x7)
- (X = 3% 4217,

where X = (s/g"f>, [ is the identity matrix, and [...] is
the trace operator.

By varying the action (2) with respect to the reference
metric f,, we obtain

Rl == fuRs+ 5

2
f n=0

1 Brati¥ly (Vo'r) =0,
@)

where Rﬁy is the f-metric Ricci tensor. Under the rescaling
fuw = MJT2 fu- the Ricci scalar Ry transforms as R, —

M%R '+, which results in

V/—detfR; — M7*\/—det fR;. (5)

The interaction terms in the action then transform as

Zﬂ(m) E Zﬂ (47as). o)

Since the elementary symmetric polynomials e,(X) are of
order X", the rescaling of f,, by a constant factor MJZZ
translates into a redefinition of the coupling constants
Pn = M3p,, which allows us to assume M, = 1!

In addition to the equations of motion for the metrics,
there are additional constraints on the dynamics of the
metrics coming from the Bianchi identities and the
assumption that the stress-energy-momentum tensor of
the matter components is conserved,

3

1
5 Vs z%(—l)”ﬂngﬂﬂ?,,)y(\/g"o =0. (7)

n=

where V, is the covariant derivative operator with respect to
guw- Any acceptable bigravity solution must satisfy the
generalized Einstein equations (3) and (4), as well as the
Bianchi constraint (7). In the rest of this paper, we
investigate various types of the physical and reference

lSee, however, Ref. [80], which appeared during the com-
pletion of this work, for caveats associated with this rescaling.
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metrics, and identify the ones which are consistent with
these conditions.

III. CONSISTENCY OF BACKGROUND
SOLUTIONS WITH DIFFERENT METRIC
COMBINATIONS

A. FLRW metrics with different spatial curvatures:
The need for a Lemaitre reference metric

We begin our investigation of bigravity with nonstandard
metric forms by considering the solutions for which both
metrics g,, and f,, are FLRW with generic spatial
curvatures kg and kf, where kg,kf — (0,=£1. The usual
background analysis of the cosmology of bigravity assumes
k, = ky. The reason is partly due to the significant
simplification of the calculations in this case, and in
addition it seems intuitively reasonable to assume that
the two metrics respect the same symmetries and geom-
etries. More complicated cases, however, cannot be
excluded a priori. Let us, therefore, leave the choices
for k, and k; completely generic and study this case in
terms of the consistency of cosmological solutions. Before
we continue we note that this case has previously been
studied in Ref. [55] and shown to be inconsistent using the
Bianchi constraint. In the following, however, we use the
implications of the Bianchi constraint in this case as a tool
to systematically construct a particular metric combination,
FLRW-Lemaitre, which is consistent. Therefore, although
our results are in agreement with the findings of Ref. [55],
our approach and objectives are different.

With the assumptions made above the most general
forms for the metrics are

Gudxtdx* = —di* 4 a*(1)dx,?, (8)
fudxtdx = =X*(1)d* + b (d?, (9)
where
dx,? = S+ (62 + sin?(0)dg?),  (10)
k 1 —kyr

. dr?
AN = g (A6 - sin(O)dg?). (1)

-

r, 6, and ¢ are spherical coordinates, a and b are the scale
factors for g, and f,,, respectively, and X is the lapse for
Jf - Inserting these metric forms into the Bianchi constraint
(7) yields the condition

b2+ 1K) + 2651+ 26) 2+ 35k ()
A 3B+ 262+ k) 2+ By(1+ 26)(B)?

(12)
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on the f-metric lapse X, where x = 4 / } ]]; ~, and an overdot denotes a derivative with respect to ¢. Since the scale factors a

and b depend only on time, it is clear from this expression that X cannot be a function of time only and is in general a
function of both ¢ and r unless kg =k e This, therefore, shows that FLRW solutions for the two metrics with different spatial
curvatures are not allowed, already at the level of the Bianchi constraint.

Now assuming that X is a function of both ¢ and r, Eq. (7) places a constraint on the f-metric scale factor b,

(BarX' +2(1 = &) (B + 3X))b* + 2(BorX’ + (1 — k) (1 + f2X))ab + pirX'a* = 0, (13)

where a prime denotes a derivative with respect to r. We see from this equation that for general choices of the lapse X, the
scale factor b should also be a function of both ¢ and r. It can be shown that the metrics (8) and (9) with both X and b being
functions of both r and ¢ cannot be reformulated in FLRW forms by any coordinate transformations (see Appendix for a
detailed proof). We, therefore, conclude that FLRW metrics with different spatial curvatures are not consistent.

Let us now assume that X and b are both functions of r and ¢. Using the Bianchi constraint (7), we arrive at the
expressions

B éﬁl(z +K) 4 26, (1 + 2x) 2 + 3p3x(2)?
A 3B+ 282 + k) 24 Bi(1 + 2k) (2)?

(14)

(B3rX' +2(1 = k) (o + f3X))b* +2(forX’ +

b =-

(1 =) () + poX))ab + fyrX'a*

2r((B1 + prX)a + (B2 + P3X)b)

We can, therefore, see that because of different curvatures
of reference and physical metrics, the reference metric takes
a spherically symmetric and inhomogeneous form, where
the lapse and all scale factors are functions of both r and .
The most general metric forms corresponding to this
case are

Gudxtdx’ = —di® + a*(1)dx,2, (16)

fudxtdx? = =X*(t,r)de* + Y?(t, r)dr* + Z*(t, r)r*dQ?,
(17)

where dQ? = d6* + sin?(6)d¢?*. The metric £, in Eq. (17)
has a generic spherically symmetric and inhomogeneous
form. In the literature [81,82], this type of metric is called
Lemaitre metric [83], and the cosmological model built on
this metric is called Lemaitre model. In GR, the Lemaitre
metric arises when we have inhomogeneous matter sources
[82,84], in particular when the pressure and density are
functions of both temporal and spatial coordinates. In the
special case of dust or homogenous pressure the Lemaitre
metric reduces to the so-called Lemaitre-Tolman-Bondi
(LTB) metric, where the lapse does not depend on the
spatial coordinates and can be rescaled.

All our arguments so far for the metrics to take the forms
(16) and (17) when we assume unequal curvatures were
based only on the Bianchi constraint (7). We can, however,
arrive at the same conclusions by analyzing the Einstein
equations. Assuming k, # k, for the metrics with FLRW

forms, we have a nonvanishing \/(1 —kyr?) /(1 —ksr?)

(15)

|
factor in the Einstein equations for the terms corresponding
to the interactions between the two metrics. The interaction
part in the f-metric Einstein equation plays the role of an
inhomogeneous source for f,,, which forces it to take a
Lemaitre form. For the g, metric, there is a coupling to the
matter source, and by taking an inhomogeneous matter
source one can in principle cancel the inhomogeneities
coming from the interaction terms; as a result, g,, can
maintain its homogenous FLRW form. This confirms our
finding that the metrics should have the forms (16) and (17)
where the matter source is inhomogeneous.

Let us now derive the explicit forms of the Einstein
equations for the metrics (16) and (17). As argued above,
we assume that the stress-energy-momentum tensor of the
matter source coupled to the physical metric has an
inhomogeneous perfect-fluid form,

Ty = —p(t.7)
Ty = p(t.r),
g2 = p(t,r),
T35 = p(t.r), (18)

where p and p are, respectively, the energy density and
pressure for the matter source. For simplicity, here we
consider only the k, =0 case. The g-metric Einstein
equations for this case read
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02 (Y+27)
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QY+2)Z  YZ?

a
3=+p="PH+h
a

[} .

a a VA
—2+2—+p:ﬁ0+ﬂ1(x+2—> +ﬁ2<2—+—2
a a a a a

>+ﬂz<LY;Z)+%) +ﬂ3%. (21)

a2 a

a

The equations of motion for f,, are too unwieldy to be
displayed here. One can find the equations for the most
general case in Ref. [53]. We see from Eqgs. (19)—(21) that
with an appropriate choice of p and p it is in principle
possible to find a function a(#) which satisfies the equations
of motion.

In conclusion, our bigravity theory does not allow two
FLRW metrics with different spatial curvatures, while it is
possible to have a combination of FLRW and Lemaitre
forms for the metrics g,, and f,,, respectively, if the matter
source takes an inhomogeneous form. In the opposite case
of a Lemaitre form for g,, and an FLRW form for f,,, the
equation of motion for f,, will contain a homogenous
Einstein tensor part and an inhomogeneous interaction part.
Since f,, does not couple to matter, the inhomogeneities
cannot be cancelled and, therefore, this metric combination
in general does not have consistent solutions.

B. FLRW-LTB and LTB-FLRW combinations

The next possibility we wish to explore is the case where
one of the metrics is FLRW and the other one is LTB. For
the case where g, is FLRW and f,, is LTB (we denote this
as FLRW-LTB), the line elements have the forms

Gudxtdx = —di* + a®(1)dx,?, (22)

fudxtdx’ = =X*(1)di® + Y*(t, r)dr* 4+ Z*(1, r)r*dQ?,
(23)

where again dQ? = d0* + sin?(0)d¢$>. Here we assume
that g,, has a curvature k,. In addition we follow the
standard recipe for LTB metrics and assume that the
physical metric is coupled to a homogeneous perfect-fluid
source. In this case the (0,0) and (1,1) components of the
9w €quation of motion become

+
ﬂZ az

(i Y+Z7
2+2;+P_ﬁ0+ﬂ1<x+7

+ﬁ3?, (19)

Xz 7* XZ72
> +ps 7z (20)

—3aa® + a*(By + p) + a*p, <ZZ +Y4/1 - rzkg)

Ya (—3kg P72 4+ 2B, Y701 — kng)
+BYZ2\ )1 —kyr? =0, (24)

@’ +a*(p = po—HiX) = 2a((p) + oX)Z — &)
+ ky — paZ? — p3XZ* = 0. (25)

Here we have assumed the stress-energy-momentum tensor
for the isotropic and homogeneous perfect fluid to be of the
standard form

Ty = (p + p)ugug, + pd,, (26)

where p = p(7) is the rest energy density of the fluid, p =
p(1) is its pressure, and uj, is its isotropic four-velocity. It is
clear from Eq. (25) that in general Z cannot be a function of
r since all the other quantities in the equation, including the
f-metric lapse X, are functions only of z. If Z is a function
of ¢ only, in order to satisfy Eq. (24) Y should be of the form

Y(1,r) = A1)/
function of 7. This then implies that the reference metric
should also be of an FLRW type with the same curvature k.

In the opposite case, where the physical metric is

LTB and the reference metric is FRLW (we denote this
as LTB-FLRW), we have

\/1—k,r*, where A(r) is an arbitrary

Gudxtdx’ = —di* + Y*(t,r)dr* + Z*(1,r)r?dQ?,  (27)
fudv'dx’ = =X2(1)dP? + b2 (1)di,2. (28)

The (0,0) and (1,1) components of the f,, equation of
motion then read

X2Y(B\Z% + 2BrZb + B3b?)\/ 1 = kpr? + b(ByXPZ2 + 23 X*Zb + pX*b? — 3k X2 = 3b%) = 0, (29)
Bab*X? — kX3 + (B) + PoX)X2Z? + B3 XPb* — Xb* + 2Xbb + 2bX>(f, + p3X)Z — 2Xbb = 0. (30)

104034-6



CONSISTENT METRIC COMBINATIONS IN COSMOLOGY ...

Similarly to the case for g,,, here we again see from
Eq. (30) that Z in general cannot depend on r. Equa-
tion (29), therefore, implies that ¥ should have the form

Y(t,r) = B(1)/\/1 — kyr*, where B(r) is again an arbitrary

function of ¢. This form for Y then brings the physical
metric into an FLRW type, again with the same curvature as
the reference metric.

It is important to note that in both metric combinations
discussed above the Bianchi constraint is not satisfied, and
since we get the Bianchi constraint using the covariant
conservation of the stress-energy-momentum tensor, we
can therefore state that in general neither FLRW-LTB nor
LTB-FLRW can occur for any choices of covariantly
conserved T9,.

C. LTB-LTB combination

Let us now study the case where both metrics g,, and f,
are of LTB forms (we denote this as LTB-LTB),

Gudxtdx’ = —di® + A%(t,r)dr* + B*(t,r)dQ?, (31)
fudxtdxt = =X*(t)dt* + Y*(t, r)dr* + Z*(1, r)dQ?.
(32)

In this case the O component of the Bianchi constraint (7)
enforces the f-metric lapse X(¢) to satisfy the equation

2UZ + VY
v +

=er e (33)
2UB + VA

where

U(t.r) = B(t.r)(p1A(t.r) + poY(1.7))
+Z(6,r)(BA(L 1) + 3Y (1,7r)),  (34)

V(t,r)=pB*(t,r) +2B,B(t,r)Z(t, r)
+ B3 Z%(t, 7). (35)

The constraint (33) holds when

B(1,r) = B(1)s(r), (36)
Z(1,r) = Z(1)s(r). (37)
A(t,r) = A(1)g(r), (38)
Y(t.r) = ¥(1)q(r), (39)

where s and ¢ are functions of r only, obtained through
solving Einstein equations. In addition, the (1,2) compo-
nent of the equation of motion for g,, becomes

PHYSICAL REVIEW D 92, 104034 (2015)
B'A =AB'. (40)

For f,, the corresponding equation is
7Y =Y7. (41)

From these equations we obtain the following relations
between B(r), A(t), Z(t), and Y(1):

B()A(1) = A1) B(1), (42)
207 () = V()2 (). (43)

We, therefore, find that A(r) = C,B(r) and Y (¢) = C,Z(1),
where C; and C, are some arbitrary constants. We obtain
another useful constraint on our functions from the (2,2)
component of the g,, equation of motion,

—2B((, + 2X)Z — B) + B> = B*(Bo + 1 X — p)
B/2

— (P + X)2% = Yol L. (44)
It is easy to see that the r-dependent part of the left-hand
side of Eq. (44) is s%(r). The right-hand side of Eq. (44)
should also have the same dependence on r in order for the
r dependence of both sides of the equation to cancel out.
Therefore, in this case we have

B/2 S/Z
P—1:?—1:C3S2, (45)
where C5 is another arbitrary constant. From the (3,3)
component of the equation of motion for g,, we find

s'q —qs" = Cysq’. (46)

Equations (45) and (46) are the conditions which should be
fulfilled by s and ¢ for the consistency of the Einstein
equations for both g, and f,,. In summary, we find that the
LTB-LTB combination is consistent only for particular
subclasses of LTB metrics which satisfy all the conditions
stated above.

D. Bianchi I-FLRW combination

We would also like to investigate the cases where one of
the two metrics is homogeneous but anisotropic while the
other one is both homogeneous and isotropic (i.e. has an
FLRW form). Here we consider only Bianchi type I
models, which are the simplest anisotropic models and
capture most of the interesting anisotropic effects. The
general properties of the cases where both metrics are
anisotropic, simultaneously diagonal, and of the same
Bianchi types within the Bianchi class A, which includes
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types I, 1I, VI, VII,, VI, and IX, are discussed in
Ref. [79]; we, therefore, do not consider those cases in
this paper. As discussed in Sec. I, our main motivation for
studying non-FLRW solutions in bigravity is the potential
resolution of the problems with the standard scenario, in
particular the instability issues, in this framework.
However, there are also theoretical and observational
arguments [85] in support of an anisotropic phase in the
early Universe which approached isotropy at later times. It
is, therefore, interesting also from this perspective to see
whether such solutions are allowed in bigravity (see
Ref. [79] for other motivations for studying anisotropies
in bigravity, including a potentially interesting connection
to dark matter).

Bianchi type I, or simply Bianchi I, models are spatially
homogenous and flat but the expansion rate is direction-
dependent. In GR, these models have been studied for
different sources with the equation of state p = wp. It has
been shown in Ref. [86] that for cases with w < 1 the
anisotropic models evolve towards an FLRW universe,
while for @ = 1 the process of isotropization does not take
place. In the present study of Bianchi metrics we do not
consider the question of isotropization and only investigate

|

PHYSICAL REVIEW D 92, 104034 (2015)

the consistency of such solutions in terms of the field
equations and Bianchi constraint for both isotropic and
anisotropic perfect-fluid sources.

In this section we focus on the case where the physical
metric is assumed to be of an anisotropic Bianchi I form
while the reference metric is FLRW and flat; we call this
case Bianchi [-FLRW. We show that for any choices of the
matter source, isotropic or anisotropic, the Bianchi
I-FLRW combination does not satisfy the conditions of
the theory and is, therefore, not a consistent solution.

The metrics for this particular case have the forms

Gudxtdx’ = —di* + ai(1)dx* + a3(t)dy?* + a3(1)dz?,
(47)

fudx'dx’ = =X?(1)de* + b?(1)d¥?, (48)

where dx* = dx* +dy* +dz?, and x, y, and z are
Cartesian coordinates. Here, a;, a,, and a5 are the g-metric
scale factors along different directions, and b is the
f-metric scale factor. The equation of motion for f,, gives,
independently of the matter source for the g metric,

Xz(ﬂ1a1a2a3 +ﬂ2(a1a3 + apa, + azag)b +ﬂ3(01 + ar + a3)b2 +ﬂ4b3) - 3bb2 = O, (49)

X2(a3(ay(B) + BoX) + b(Bs + B3X)) + b(ar(Bs + B3 X) + b(Bs + B4X))) — X(2bb + b*) +2bX b =0,  (50)

X2(az(a; (B + BoX) + b(By + B3X)) + b(a) (Bs + B3 X) + b(Bs + B4X))) — X(2bb + b*) +2bX b =0,  (51)

X2(ay(ay(By + BaX) + b(By + B3 X)) + b(a(By + B3X) + b(Bs + BuX))) — X(2bb + b*) + 26X b= 0.  (52)

From Egs. (50) and (51) we see that a; = a,, while
Egs. (51) and (52) imply that a, = as; therefore,
a; = a, = az. This means that the physical metric is forced
to become isotropic. Therefore, using only the f-metric
equation of motion and no other equations or conditions of
the theory, we can conclude that one cannot have a Bianchi
I physical metric while the reference metric maintains its
FLRW form. Since f,, is not sourced by matter, our
conclusion is general and independent of what form the
matter source takes.

E. FLRW-Bianchi I combination

1. Isotropic source

Let us now assume that the reference metric takes the
Bianchi-I anisotropic form while the physical metric is
FLRW and flat; we call this case FLRW-Bianchi L
This means that each direction has a different scale

factor in the f metric. The metrics, therefore, possess
the forms

Gudxtdx? = —di* + a®(1)dx?, (53)

fudxtdx’ = =X*(1)di® + b3(t)dx* + b3(1)dy* 4 b3(1)dz>,
(54)

where again dx* = dx?> + dy* + dz*. Here, a is the scale
factor for g,,, and by, b,, and b3 are the f-metric scale
factors along different directions. In addition, let us assume
that the matter source, which couples to the physical metric
Ju» 18 a homogeneous and isotropic perfect fluid. The
stress-energy-momentum tensor has, therefore, the form
given in Eq. (26).

For the metric forms (53) and (54), the g-metric Einstein
equation (3) reads

104034-8



CONSISTENT METRIC COMBINATIONS IN COSMOLOGY ...

PHYSICAL REVIEW D 92, 104034 (2015)

a by +by+b byby + biby + byb bybyb
38 o= o+ B 1702105 g 212 123 273 .2 2% (55)
a a a
at by+b X (b, + bs) b b Xb,b
2y (x4 ) g (K w) B
a a a
at . d by+b X(by + bs3) bb Xbb
?+25+P:ﬁo+ﬁ1(x+ la 3>+ﬁ2< (b1 +by) 3)‘F/% 2, (57)
a i by+b X(by + by) b b Xb, b
?+2E+P:/}o+ﬂ1(x+ la 2) +ﬁ2( (b1 +5,) 2) + /s 2. (58)
|
It is straightforward to see from these equations that by, b,,
and b5 are equal. This means that if we initially assume an Ty = pi(1), (60)
anisotropic form for the reference metric while the physical
metric and the matter source are both assumed to be
isotropic, the structure of the Einstein equations automati- T;z = p,(1), (61)
cally forces the reference metric to also be isotropic.
2. Anisotropic source T35 = p3(1), (62)

Let us now relax the isotropy condition on the matter
source and study the FLRW-Bianchi I scenario when the
physical metric is coupled to a source which is anisotropic
and of a Bianchi I type. The stress-energy-momentum
tensor in this case takes the form

TO

90 — (59)

—p(1),
|

_ 151@%(by + by + b3) + pra(biby + bybs + bybs) + f3(b1bybs)

where the components of the fluid pressure, p;, p,, and p,,
are allowed to be different along different directions and
therefore create anisotropy in the fluid.

It follows from the Bianchi constraint (7) that in this case
the f-metric lapse X(¢) is given by (here all the variables
depend only on ¢)

_1praer- (63)
a  3pa® +2pa(by + by + b3) + p3(byby + bybs + bybs)
The Einstein equation for g,, gives
12 by +b,+b byb; + b b, + byb b,byb
35—p = fo+ o py TR PR TR (64)
a a a a
a*>  _a b, +b
;4‘254‘171 Po+ X + (B + psX )—+(ﬂ1+ﬁzx> 2a 2, (65)
a? a b.b bs+b
?4‘254‘192:ﬁo+ﬁ1X+(ﬁ2+ﬁ3X)%+(ﬂl+ﬁ2X) 3a L (66)
a>  _a b, +b
;4‘2;4-17% ﬂo+ﬂ1x+(ﬁ2+ﬁ3x)—+(ﬁl+ﬁ2X> za L (67)

and the f-metric Einstein equation gives
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p1a*X* + ra*>X*(by + by + by
@ X*(By + o X) + aX*(By + p3X
@’ X*(By + o X) + aX* (P + p3X
@ X*(By + o X) + aX*(By + p3X

~—

~— ~— ~—

From Egs. (64)—(67) we see that because of the anisotropic
matter source, by, b,, and by satisfy different algebraic
equations and can, therefore, be different from each other.
Equations (68) form a set of second-order differential equa-
tions with respect to b, b,, and b;. Each equation has two
independent solutions and, therefore, in spite of the fact that
b1, b,, and by satisfy the same differential equation, in general
they can be different. We can, therefore, conclude that the
combination FRLW-Bianchi I in the presence of an aniso-
tropic matter source is in principle possible.

IV. CONSISTENCY OF SOLUTIONS WITH ONLY
ONE PERTURBED METRIC

In the previous sections we explored various combina-
tions of cosmologically interesting metric types for the two
metrics of the theory of massive bigravity. Our investiga-
tion was, however, only at the level of the background
dynamics of the Universe. In this section we study some
other interesting cases where perturbations around the
background metrics are considered.

Perturbations are clearly crucial for cosmology and it is,
therefore, interesting to ask whether there are any consistent,
nonstandard ways to perturb the metrics. In all the previous
works on the perturbative analysis of bigravity a standard
recipe has been followed: the background metrics have been

|

PHYSICAL REVIEW D 92, 104034 (2015)

+ B3aX?(byby + by by + bybs) + fabibybs X2 — byby by —by by by —byby by =0,
(by + b3) + b3(X by +X2(B5 + PaX)bs) + byX by =X (b, by +bsby + bybs) =0,
(b1 + b3) + b3(X by +X2(B5 + paX)by) + b1 X by =X (by by +bsb; + byb3) =0,
(b1 + b2) + by (X by +X2(B3 + PaX)by) + b1 X by =X (by by +byby + byby) = 0.

(68)

[

assumed to be FLRW and both the physical and reference
metrics have then been perturbed around the FLRW sol-
utions. As stated in Sec. I, our main motivation in this paper
has been to try alternative solutions which might be free of
various instabilities which appear in bigravity models at the
level of perturbations. It would, therefore, be interesting if
one could avoid the instabilities by finding alternative ways
of perturbing the metrics. In addition, the usual perturbation
equations are very complicated and it would be very helpful
if one could find a way to simplify the equations. One of
such approaches could be to work with solutions which leave
the reference metric unperturbed while the physical metric is
perturbed as usual. This scenario is physically justified
because the reference metric does not couple to the matter
components and cannot be measured directly from obser-
vations; the reference metric affects our observables only
through its interactions with the physical metric. In what
follows we analyze the consistency of this possibility using
both scalar and tensor perturbations.

Let us start with scalar perturbations up to linear order
for both metrics. For simplicity we assume both metrics to
be of the flat FLRW type. Including only scalar perturba-
tions and using the notations of Ref. [68], the line elements
for the perturbed physical and reference metrics g, and f,,
have the forms

ds; = a*(n)[—(1 +2%,)dn* 4+ 20;B,dx'dn + [(1 — 2®,)8;; + 20,0, E, ] dx'dx’], (69)

g

Here a and b are the scale factors corresponding to g, and
S w» respectively, X is the lapse for f,,, and the perturbation
quantities {¥, ¢, B, ¢, ®, ¢, E, ¢} are allowed to depend on
both conformal time #n and space. Spatial indices are
raised and lowered by the Kronecker delta. In this section
a dot denotes a derivative with respect to the conformal
time 7.

In order to write down the expression for the perturbed
matter stress-energy-momentum tensor, we assume a
perfect fluid with an equation of state p = wp. In addition,
we describe the matter perturbations with only one scalar
field y. This procedure has been proposed in Ref. [87].
With these assumptions and conventions we have

|
8T% = —(p + P)3P,—E,u—xu)
8Ty = —(p+p)i',
8T% = (p + p)(Byi + 1),
8T = w(p + p)(3, — Egu = x1)d', (71)

where we sum over indices /. Following Ref. [69] and after
some useful gauge fixing and transformations developed in
Ref. [88], we set @, = y = 0 and arrive at the first-order
perturbation equations
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2H(3D, + KE,) + a*((1 + w)p(3®, + K°E,) + rZ(3®, + K*(E, — E/)))
+2(k*®, + H(3HY, — kK*B,)) = 0, (72)

PHYSICAL REVIEW D 92, 104034 (2015)

2(X + 1)®, + 2H(X + 1), — Zr(XB; — B,) + (1 +w)p(1 + X)B, = 0, (73)

2(KPE, +3%,) + 2H(3T, + 6D, + 2K°E,) — 2k*B, + 3Za*rX (¥, + U,)
+ a2 (=3(1 + w)p(2¥, + w(3®, + K*E,)) + 2r(=32T, + Z(3®, + kK*(E, — E;))))

+2(9H* - k) U, + 2k*(®, — 2HB,) =0 (74)
E, - B,+2HE,+ Za’r(E,— E;) — ¥, - 2HB, + ®, = 0, (75)

2rHKPE; — a*ZX*(KE, — K*Ep + 3®,) — 2rXH kB + 6H3rl; =0, (76)
2Hr(X + 1)U, + Xa*Z(XB; — B,) =0, (77)

rXE; — r(=2XH; + X)E; — X*(Byr + rXV; + 2rH;B; + a*Z(E, — E;)) =0, (78)

where we have defined If we now insert the value of X from Eq. (86) into Eq. (85),

we obtain
Z =P+ 2Bor + p3r* (79) ) .
3 praa + pr(ab + ba) + p3b6b =0
Z =P+ or(1+X) + p3r°X, (80) B e Y N
= (@) + Ba(ab) + 5 (B7) =0 (87)
b ; b
rE—,HEngEf. (81) . . . :
a a b Finally, by integrating Eq. (87) over conformal time, we get

Note that r in this section is not the radial coordinate. Let us C
now assume that only the physical metric g, is perturbed; pra® + 2ppab + fsb* = C = py + 2p,r + f3r* = 2
i.e., all the perturbative quantities for £, {W,, B;, ®;, E,}, (88)
are vanishing. Looking at Egs. (76)—(78) we find

where C is an arbitrary constant. We, however, need to

Xzazz(szg +3%,) =0, (82) assume Z = 0 in this case, which then implies C = 0. The
5 condition (88) with C = 0 requires r to be a constant and
Xa"ZB, =0, (83) given by a particular combination of the parameters S, £,

. and f3. From the background equations of bimetric gravity

XzaZZEg =0. (84) [68] one realizes immediately that this condition implies

that the Universe is in a de Sitter state (or, trivially, that

From Egs. (82)—(84) it is clear that the g-metric scalar
perturbations, B,, ®, and E, should vanish (which in turn
implies, using Eq. (75), that ¥, should also be vanishing)
unless the quantities Z and Z are both vanishing. In order to
prove that the latter cannot be the case let us now assume
Z = 0. In this case we have

Bi + Por(1 4+ X) + p3r°X = 0. (85)

On the other hand, we know from the Bianchi constraint (7)
that at the background level X satisfies the condition

b

X=>-.
ab

(86)

a=b=0).

Let us now study the opposite scenario, i.e. where only
the reference metric f, is perturbed and the physical metric
remains unperturbed. In this case the g-metric perturbations
{¥,.B,, @, E,} are vanishing. Now Egs. (72)-(75) imply

Zra*k*E; = 0, (89)
ZrXB; =0, (90)
3Za*rXV; —2Za*rk*E; = 0 (91)
Za*rE; = 0. (92)
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TABLE L.

PHYSICAL REVIEW D 92, 104034 (2015)

List of all metric combinations studied in the present work, as well as a few other interesting combinations studied in the

literature. v' and x denote consistent and inconsistent cases, respectively. Here, “PE,” “Inhom.” and “Aniso.” stand, respectively, for
isotropic and homogeneous (perfect fluid), isotropic but inhomogeneous, and homogeneous but anisotropic matter sources. “Any”
stands for a matter source of any type. k is the spatial curvature of an FLRW metric; in cases with explicit indices g and f for k the two

metrics are assumed to have different spatial curvatures.

Metric combinations

9w (physical metric) S (reference metric) T4, Possibility Reference

FLRW (k) FLRW (k) PF v Standard

FLRW (k,) FLRW (k) PF X Present work and Ref. [55]
FLRW Lemaitre PF X Present work
FLRW Lemaitre Inhom. v Present work and Ref. [26]
Lemaitre FLRW Any X Present work
FLRW LTB Any X Present work

LTB FLRW Any X Present work

LTB LTB PF v Present work
Bianchi I FLRW Any X Present work
FLRW Bianchi I PF X Present work
FLRW Bianchi I Aniso. v Present work
Bianchi Class A Bianchi Class A PF v Refs. [30,79]
Perturbed FLRW Perturbed FLRW Perturbed PF v Standard
Perturbed FLRW (scalars) Unperturbed FLRW (scalars) Perturbed PF xl; Present work

Unperturbed FLRW (scalars)
Perturbed FLRW (tensors)
Unperturbed FLRW (tensors)

Perturbed FLRW (scalars)
Unperturbed FLRW (tensors)
Perturbed FLRW (tensors)

Perturbed PF
Perturbed PF
Perturbed PF

Present work
Present work
Present work

X X X
o o

*There are conditions which must be satisfied; see the text for details.

®Unless the metrics are de Sitter; see the text for details.

“Unless the metrics are de Sitter or satisfy a specific condition; see the text for details.

From Egs. (89)-(92) we can again conclude that the f-
metric scalar perturbations should also vanish in this case
(note that @ is already vanishing due to our gauge choice),

unless both Z and Z are vanishing. The latter case again
corresponds to a de Sitter universe where r = const. We
can, therefore, conclude, based on both cases studied here,
that for any cosmological configurations different from a
pure de Sitter universe, the possibility that only one of the
two metrics is perturbed is excluded at the scalar level.

A similar analysis can be done using tensor perturba-
tions. The line elements for the physical and reference
metrics in this case take the forms

dsg = a*(n)[=dn* + (8;; + h;)dx'dx’],  (93)

ds? = b*(n)[=X2di? + (5; + hl})dx'dx].  (94)
where h?J’-f are the tensor perturbation quantities and are in
general functions of space and conformal time 7. These
quantities satisfy the relations

hi =0, hi; =0, (95)
for both 49 and h/; here we again use the Kronecker delta to
raise or lower spatial indices.

In a perfect-fluid model there are no tensor perturbation
modes in the stress-energy-momentum tensor, and as a
result, the right-hand side of the perturbed Einstein equa-
tion for g,, vanishes. Because of the conditions (95) we
have only two degrees of freedom for each h;; which are
fully decoupled and satisfy the following first-order per-
turbation equations in Fourier space:

R+ 2Hh? + K*h9 + a*rZ(h? — ') =0,  (96)

. X . 2X »
h + <2Hf - §> h' + Ik2X*h! + aTZ(hf —h9) =0.
(97)

As in the scalar case discussed above, we now assume
that only the g metric is perturbed while the f metric is
unperturbed (the argument is identical if we assume instead
that only f,, is perturbed); this means that 2/ = 0. From
Eq. (97) it is straightforward to see that the g-metric tensor
perturbation /9 should also vanish, unless the quantity Zis
vanishing. This corresponds to the condition (88), but
contrary to the scalar case, here C is an arbitrary constant
and is not required to vanish in order for the g and f tensor
perturbations to decouple. One obvious solution is, how-
ever, again the case where C = 0, i.e. a purely de Sitter
universe which does not correspond to the real universe.
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The only nontrivial class of solutions for which the tensor
modes decouple while the scalar modes are still coupled is
the case where C is nonvanishing. Whether or not these
solutions are cosmologically interesting remains to be
investigated; we leave this for future work.?

V. CONCLUSIONS

One of the problems of contemporary cosmology is that
there are very few, if any, well-studied, and well-motivated
alternatives to the standard model that are viable and
distinguishable from ACDM. Massive bigravity models
(e.g. the particular model discussed in [68]) could be one of
such rare cases if the problem of perturbation instability
([69,70]) could be overcome. However, most studies of
bigravity models confined themselves to homogeneous and
isotropic metrics with no or identical spatial curvatures.
Before ruling out bigravity cosmology one should, there-
fore, see if the problems could be solved or alleviated when
a different geometry is chosen. This paper was devoted to
addressing this question by scanning several relatively
simple possible metric combinations in search for consis-
tent cases. Future work will be necessary to actually solve
the equations for some of such cases and identify cosmo-
logically viable ones.

We, however, found that there are only a few metric
combinations that survive our analysis. In most cases, two
different metrics are impossible unless a suitable modifi-
cation is made to the matter source beyond the standard
perfect-fluid assumption. Our results are summarized in
Table 1. In particular we find that the only alternative
combination with standard matter source is an LTB-LTB
model (in addition to the Bianchi-Bianchi models previ-
ously studied in Refs. [30,79]), subject to some constraints.
Combinations like FLRW-Lemaitre and FLRW-Bianchi I
all require either inhomogeneous or anisotropic sources.
We also investigated the question of whether having linear
perturbations in just one metric is theoretically consistent.
We found, not unexpectedly, that there are no consistent
cases except for purely de Sitter backgrounds.

Whether any of the surviving combinations give rise to
viable cosmological models at both the background and
perturbative levels is, however, entirely to be seen.
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The case for vector perturbations is not of interest to us here,
but looking at the corresponding perturbative equations presented
in Ref. [88] it seems to us that the case where vector perturbations
are nonvanishing only for the physical metric while the reference
metric remains unperturbed is possible.
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APPENDIX: IMPOSSIBILITY OF MAPPING
LEMAITRE TO FLRW IN BIGRAVITY

In this appendix we prove that it is impossible to map the
case where the physical metric g,, is FLRW and the
reference metric f,, has a lapse and scale factor depending
on both r and ¢ to a combination where both metrics are of
an FRLW form.

We start with the metrics in terms of the coordinates r
and t,

Gudxtdx? = —di* + a®(1)dx,?, (A1)
fudxtdxt = =X*(t,r)di* + b*(1,r)dx;*,  (A2)
where
-2 dr? 2 1092
dx, 71—kr2+rdg (A3)
- dr?
d.sz = ﬁ + rzd.Qz (A4)
1T
and dQ? = d6? + sin?(0)d¢?. We now want to see if it is

possible under any conditions to rewrite the metrics in an
FLRW form when we transform the coordinates » and ¢ to
some new coordinates 7 and 7. We assume the new and old
coordinates to be related as

t=T(7) (AS)

r=R(1,7). (A6)
Under these transformations the g-metric scale factor a
and the f-metric scale factor and lapse b and X should
transform as

a(t) - a(t, ), (A7)
X(t,r) = X(1,7), (A8)
b(t,r) = b(1,7). (A9)

In order to know how the line elements (A3) and (A4) look
under the coordinate transformations, we should first see
how df? and dr? transform. We have

dr? = T*di + 2T'Tdidr + T"*d?, (A10)

dr* = R*df* 4+ 2R'Rdid7 + R*d?,  (All)
where an overdot denotes a derivative with respect to 7 and
a prime denotes a derivative with respect to 7. Using all
these relations, the transformed line elements for the
metrics read
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~2

~7 ~2
d2 = — (172 -— 2L @2V +2( —L  RR-TT \didi + (—L—_R? — R? ) dP + @R*dQ?,  (Al2
K < 1= k,R? TR ISR ra (A12)

72

s b\ -~ b e L\ b - -
A3t = —( X°*T* = ——5 R* |dP? + 2 ——— R'R = X*T'T | didF + | ——— R? = X’T" | di* + b*R*dQ>.
1 — kR 1— kR 1 - kR

Now in order to have both metrics in an FLRW form, we
need to set the following constraints on our transformed
metric components. From Eq. (A12) we obtain

az

T — —— _R> = A%(}), Al4
1 _ kgR2 ( ) ( )
a oo
g9
a’ B2(1
& ge_qpe_ B (A16)
1- kgR 1 - kgr2
a’R? = B2 (1), (A17)
and from Eq. (A13) we find
. b
X7? SR> = C2(1), (A18)
1— kR
b S
———RR-X’T'T =0, (A19)
1 — kR
b’ 2 D (1)
SR2-XT? = ———, (A20)
1 —ksR 1 — k7
b*R = D*(1)i2, (A21)

where A, B, C, and D are arbitrary functions of only 7. Now
from Egs. (A17) and (A21), we get

(A13)
[
a B%(7)
— = - A22
and from Egs. (A15) and (A19), we get
P %
a (A23)

(I —kROX 1= kR

Now using the condition (A23) and Egs. (A14) and (A18),
we find

(A24)

This tells us that X must be a function only of 7. Combining
this with Eqgs. (A22) and (A23), we immediately see that R
must also be a function only of 7, and as a result R’ = 0.
Taking this into account, Eq. (A19) implies that

T'T = 0. (A25)
Let us first discuss the option where 7' = 0. In this case
Eq. (A14) tells us that & must be a function only of 7. Given
that & and R are both functions only of 7, Eq. (A17)
immediately gives us a contradiction since the left-hand
side is a function only of 7, while the right-hand side is a
function of both 7 and 7. For the second option where
we assume 7’ =0, Egs. (A16) and (A20) imply that
D(7) = B(t) = 0, which of course means that we cannot
have FRLW metrics under any coordinate transformations.
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