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The emergent gravity paradigm interprets gravitational field equations as describing the thermodynamic
limit of the underlying statistical mechanics of microscopic degrees of freedom of the spacetime. The
connection is established by attributing a heat density 7's to the null surfaces where 7 is the appropriate
Davies-Unruh temperature and s is the entropy density. The field equations can be obtained from a
thermodynamic variational principle which extremizes the total heat density of all null surfaces. The
explicit form of s determines the nature of the theory. We explore the consequences of this paradigm for an
arbitrary null surface and highlight the thermodynamic significance of various geometrical quantities. In
particular, we show that (a) a conserved current, associated with the time development vector in a natural
fashion, has direct thermodynamic interpretation in all Lanczos-Lovelock models of gravity; (b) one can
generalize the notion of gravitational momentum, introduced in T. Padmanabhan, [arXiv:1506.03814] to all
Lanczos-Lovelock models of gravity such that the conservation of the total momentum leads to the relevant
field equations; (c) the thermodynamic variational principle which leads to the field equations of gravity
can also be expressed in terms of the gravitational momentum in all Lanczos-Lovelock models; and
(d) three different projections of gravitational momentum related to an arbitrary null surface in the
spacetime lead to three different equations, all of which have thermodynamic interpretation. The first one
reduces to a Navier-Stokes equation for the transverse drift velocity. The second can be written as a
thermodynamic identity 7dS = dE + PdV. The third describes the time evolution of the null surface in

terms of suitably defined surface and bulk degrees of freedom. The implications are discussed.
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I. INTRODUCTION

The dynamical evolution of a fluid or a gas can be
studied without any direct reference to the fact that they are
made of microscopic degrees of freedom, viz., atoms and
molecules. Such a description was known for centuries
before physicists realized that matter is made of discrete
entities. But the existence of the microscopic degrees of
freedom had always left a clear signature even at the
macroscopic scales in the form of the heat content of
matter. While even the cave men knew the distinction
between a hot body and a cold one, the real nature of heat
was not well understood until Boltzmann pointed out that
the heat content of matter is a direct evidence for the
existence of the microscopic degrees of freedom.
Boltzmann essentially said, “If you can heat it, it must
have microstructure.” In other words, the microscopic
degrees of freedom make their presence felt even at the
macroscopic scales (in the form of heat) and the correct
(thermodynamic) description had taken this into account
phenomenologically in terms of temperature etc., even
before Boltzmann explained to us what it really is. The key
new element in thermodynamics which is absent in, say, the
Newtonian mechanics of point particles, is the heat content
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TS of the matter, which is the difference (F — E) between
the free energy and the internal energy of the system.
In terms of densities, for systems with zero chemical
potential which we will be interested in, the heat density
is Ts = P+ p where s is the entropy density, p is the
energy density, and P is pressure.

Over the decades, it has been realized that spacetimes—
through the existence of the null surfaces which act as
horizons to a certain class of observers—also possess the
heat density 7's [1-8]. This connection between thermo-
dynamics and spacetime dynamics forms the core of the
emergent gravity paradigm [9-16]. This paradigm rests on
the results obtained over the last decade or so which suggest
that the field equations of gravity, in a large class of
theories, have the same status as the equations describing,
say, a fluid or an elastic solid. That is, gravity emerges in
the thermodynamic limit of the statistical mechanics of the
atoms of spacetime [17-20]. The heat density of spacetime
is an evidence for the existence of the atoms of spacetime
just as the heat density of matter was successfully inter-
preted by Boltzmann as evidence for the atomic structure of
matter. There is considerable amount of evidence which
suggests that this is indeed a useful and correct point of
view to pursue [21,22].

The development of an emergent gravity paradigm has
helped us to understand several interesting features of
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classical gravity itself [23], further bolstering our confi-
dence in the veracity of this approach. In particular, the
following results are of specific interest to the current work.

(1) The first one has to do with the curious relationship
between Einstein’s field equations and the structure
of null surfaces in the spacetime. Previous works
have shown that they manifest in three different
ways:

(a) In the most general situation, there arises an
identification between Navier-Stokes equation
and Einstein’s equation. Einstein’s equations,
when projected on an arbitrary null surface,
in any spacetime, leads to Navier-Stokes
equation of fluid dynamics [24,25]. (This gen-
eralizes the previously known results for black
hole horizons [26,27].)

(b) From the Einstein equations applied to a null
surface, one can get [15,28-31] a thermody-
namic identity of the form 76,S = 6;FE + Po,V
in which the symbols have their usual meanings
and the variation can be interpreted as changes
due to virtual displacement of the null surface
along null geodesics parametrized by the affine
parameter A off the surface. Initially proved for a
few configurations with a high level of sym-
metry [31,32] this result has now been general-
ized for arbitrary null surfaces in both general
relativity and Lanczos-Lovelock theories of
gravity [33,34].

(c) A comparatively more approximate relationship
between the null surfaces and Einstein’s
equation emerged from the early work [35],
which “derived” Einstein’s field equations using
the local Rindler horizon as a null surface and
the Clausius relation. This relies heavily on the
structure of Raychaudhuri equation as well as
the assumptions: (a) the entropy density is one
quarter of the transverse area and, more impor-
tantly, (b) the quadratic terms in the Raychaud-
huri equation (involving the squares of shear
and expansion) can be set to zero. Since neither
the Raychaudhuri equation nor the assumption
that entropy is proportional to the horizon area
hold for theories more general than Einstein’s
gravity, this approach could not be generalized in
a simple manner to a more general class of
theories.

(2) The second result pertains to the derivation of
gravitational field equations from a thermodynamic
variational principle [14,16]. It turns out that maxi-
mizing the sum of gravitational heat density and
matter heat density, associated with every null sur-
face in the spacetime, leads to the appropriate
gravitational field equations. This derivation of the
field equations is consistent with the emergent
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gravity paradigm and is much more general than
the other approaches (like, for example, [35]) used in
the literature to obtain the same. Not only does the
approach have a high level of logical simplicity, it
also generalizes smoothly to all Lanczos-Lovelock
models.
In this paper, we shall revisit these issues and elaborate
further on them using another recent development, which
was also motivated by the emergent gravity paradigm. This
was the introduction of the notion of the momentum
attributed to the spacetime by a class of observers, proposed
in [19,36]. This proposal was in the context of Einstein’s
theory. But, since virtually every result of emergent gravity
paradigm could be generalized in a meaningful way to
Lanczos-Lovelock models, we would expect the notion of
gravitational momentum to possess a similar generaliza-
tion. We will show that this is indeed the case.

Further, it seems reasonable to expect that (a) the
appropriate projections of the gravitational momentum
must allow us to obtain the above results—describing
Einstein’s equations in a thermodynamic language—in a
straightforward manner; (b) the thermodynamic variational
principle should have a simple representation in terms of
the gravitational momentum.

We will see that these expectations are also borne
out. Our analysis will also highlight the thermodynamic
significance of several variables which were originally
considered purely geometrical.

To achieve these goals, we will use two different
foliations of the spacetime. The first one is the standard
(1+3) foliation in terms of spacelike hypersurfaces
determined by constant values of a suitable time function
t(x). The second is a coordinate system which is adapted to
a fiducial null surface. This adaptation is closely related to
the notion of a local Rindler horizon [35] and will prove
to be quite useful in illustrating the relationship between
field equations and the null surface thermodynamics. We
will see that the Noether current, gravitational momentum,
and related constructs, associated with the time evolution
vector field in the two foliations, allow us to obtain the
results mentioned above.

The paper is organized as follows: In Sec. II we introduce
the Noether current, gravitational momentum and a closely
related entity which we call the reduced gravitational
momentum in general relativity and Lanczos-Lovelock
gravity. The next section deals with the two coordinate
systems, one associated with the (1 + 3) foliation of the
spacetime and the other being the Gaussian null coordi-
nates adapted to an arbitrary null surface. In Sec. IV we
discuss the Noether current and the associated thermody-
namic results for both the (1 + 3) foliation and the
Gaussian null coordinates. The thermodynamic interpreta-
tion of the reduced gravitational momentum is given in
Sec. V and the thermodynamic variational principle for null
surfaces is presented in Sec. VI. The final section, i.e.,
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Sec. VII, discusses the three different projections of the
gravitational momentum vis-a-vis a null surface and their
thermodynamic interpretation. We end the paper with a
short discussion on our results.

We will set ¢, A and 162G to be unity for most part of our
discussion. (Sometimes, when we switch to G = 1 units, it
will be mentioned specifically.) Thus Einstein’s field
equations in this notation take the form 2G,, = T,.
The Latin letters, a,b,c,... tun over all the spacetime
indices, the Greek letters, y, v, @, ... run over all the spatial
indices, and the uppercase Latin letters, A, B, C, ... run over
the codimension two surface.

II. NOETHER CURRENT AND THE
GRAVITATIONAL MOMENTUM

Given an arbitrary vector field v* in the spacetime, one
can define three other geometrical objects which depend on
it and have direct thermodynamic significance under
certain circumstances. The first is a conserved current,
J9w], which can be introduced without invoking any
symmetry or invariance principle. (This happens to be
the usual Noether current; but the usual way of deriving it
using diffeomorphism invariance of Hilbert action is
misleading since it suggests J%[v] has something to do
with action and gravitational dynamics. It has nothing to do
with either and its conservation is a trivial algebraic
identity.) The second is the gravitational momentum
associated with a vector field P¢[v] which was introduced
in Ref. [36]. The third is a closely related vector (that
appears in the definitions of both J¢ and P%) which we will
call the reduced gravitational momentum P¢. Each of these
vector fields, associated with a given vector field »%, can be
defined for both Einstein’s gravity as well as for Lanczos-
Lovelock models. We will now introduce these vector
fields.

A. Noether current

Given an arbitrary vector field v“, we can immediately
construct a conserved current J¢ = V,J% from the anti-
symmetric 2-tensor J% = V4p? — V?p? (The normaliza-
tion of this current is arbitrary; we have chosen it so as to
make the later results transparent and simple. To match the
conventional description, the left-hand side should be
multiplied by 167G which we have set to unity.) This
construction does not require any mention of diffeomor-
phism invariance or action principles and is completely
devoid of any dynamical content at this stage. Elementary
algebra now leads to the expression

V=914 (v) = =gV, (V0" = VPv)]
= 2\/=gR§1v’ + fP£,N¢. (1)

where we have defined
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N, =T, + ) (5urzb + 6hFZd)' (2)

These variables contain the same amount of information as
the metric and the connection but has more direct thermo-
dynamic interpretation; see Ref. [21]. These expressions
are generally covariant because the Lie derivative of the
connection £,I°,, given by

£,19 = V,V, 0% + R, 0" (3)

is generally covariant, making £,N¢, a generally covariant
object.

There is a natural generalization of this current which can
be introduced as follows. We begin by noting that the J
and J“ can be expressed in an equivalent form as

Jap = 2PIV vy Jy = 2PNV 0y
P = (1/2)(5:5] — 5467) (4)

where P?Z is a tensor (which we will call the entropy tensor
for reasons which will become clear later on) called
determinant tensor. This tensor gives us the Ricci scalar
from the curvature tensor:

R =3 (516, 049 Ref =PRSS (9)
which shows if we take R = F(R%, g;;) to be a function of
the (2, 2) Riemann tensor R‘C‘Z and the metric tensor g;;, then
it is actually independent of the metric tensor. That is,
treating R% and g,,,, to be algebraically independent we can
also define P tensor through the following relations:

e () (), o
8Rab Jik agab R4

Clearly, P?Z has the symmetries of the curvature tensor and
is divergence-free in all the indices.

An obvious generalization of this tensor can be obtained
by replacing R by some other arbitrary function F(R%, 5)
constructed out of Rjg and Kronecker delta function, and
then define P in an analogous manner. That is, we define
P by the relations

Pab_<3F> . <8F) L
« aRZi gik’ 9Gav RY; ’
(7)

This requires finding the most general scalar function
F(R,8%) for which the condition V,P% =0 in (7) is

V, P =0.

(6)

V,.P = 0.
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identically satisfied. This problem can be completely
solved [37-39]. It turns out that the most general function
which satisfies this criterion can be expressed as the sum

F=Y cuFy (8)

where c,,s are constants and F,, is given by

1 bayb b d
Frn __ . sabaxbs...ay mR(L;ZRCZ 2

Cmdm
- om cdeyd,...cpdy, R (9)

tlzbz e ambm

where 62’2:3522?5'” is the completely antisymmetric m-
dimensional determinant tensor. The scalar F is constructed
out of R% and the Kronecker delta function 8¢, without any
metric g,;, present in it. Then ng for the mth term in the

sum in Eq. (8) can be obtained directly using Egs. (7) and
(9), which leads to

OF m
m abayb,...a,,b,, pcyds Cud, ab
— R2% R = mQb,

ab __
Pcd - aRzg - om cdeyd,...cpyd,y, “Tazby " ra,, by,

(10)

The mth order term F,, can be expressed as F,, = QR
for m = 1, P% and Q% coincides.

Using the definition of P*“? from Eq. (10) in Eq. (4)

leads to a natural generalization of J%° and J which, as we

shall see later, will be closely related to the Lanczos-

Lovelock models of gravity. In particular the Noether
current in Eq. (4) now becomes

J4(v) = 2P%N, Vepd = 2RevP + 2P, 47 £, T, (11)

where R{ is defined as R§ = P4R]).

The relationship between J* and J* has an obvious
electromagnetic analogy which is useful in some calcu-
lations to get an intuitive grasp of the results. Given any
vector field »“, we can always construct the Noether
potential J%(v) in general relativity, which is exactly
analogous to the construction of the electromagnetic field
tensor F’ starting from the vector potential A/ = 1/ [see
Eq. (4)]. The Noether current J¢ = V,J% bears the same
relation to J as the electromagnetic current does to F.
The dual of the tensor J is J% = e%<dj , and the
corresponding (magnetic) current

ja = Vbjab = 2€adevval)d
= e UV,\Vovy =V V,y0,) = =ePRypeqv’ (12)
should vanish identically, because this is just electromag-

netism in disguise. This is indeed true since we have the
identity
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abcd 1 abcd 1 adbc 1 acdb
€V “Ripeca = 5€“Ripea + 5 €7 Rigpe + 5 €"“VRjcap
3 3 3
1
= geade(Ribcd + Rigpe + Ricar) = 0. (13)

Further, as in the case of electromagnetism, we can also
define an “electric” field and a “magnetic” field as
measured by an observer with four-velocity u, as

E*(v|u) = upJ®(v) = u,(V4o? = Voo,  (14)

1
B*(v|u) = Eeabc"ub]cd(v) = e®cdy, V. vy, (15)

where E“(v|u) stands for the “electric” part of J*[v] as
measured by an observer with four-velocity u,. Just as in
electromagnetism, we have u,E“(v|u) =0 = u,B(v|u)
so that E“, B are purely spatial. The generalization of the
electric field to Lanczos-Lovelock gravity is straightfor-
ward with P?<? of general relativity being replaced by that
of the Lanczos-Lovelock model. This leads to the expres-
sion for electric field given by

E*(v|u) = upJ®(v) = 2Py, V v,. (16)

The situation with magnetic field is somewhat more
complicated in d > 4 dimensions. The J has d(d —
1)/2 components of which the electric vector E, =
upJ (with the constraint u*E, = 0) contains information
about d — 1 components. The magnetic field contains the
information about the remaining (d —1)(d —2)/2 inde-
pendent components which is greater than (d —1) for
d>4. Since in Lanczos-Lovelock gravity we are
working in d dimensions (d > 4) there is no vector field
that can account for all the independent components of the
magnetic field. In d-dimensions the magnetic field
is given by completely antisymmetric (d — 3) rank tensor
BMnas(plu) = ehetasabey J, (v).  Thus  the  total
number of independent components is “'C,_ ;=
(d—1)(d —2)/2 as to be expected. Because of this rather
complicated structure we shall not discuss the magnetic
field and shall concentrate on the electric field, which,
fortunately, turns out to be adequate.

B. Gravitational momentum

The second structure we want to associate with an arbitrary
vector field v* is the gravitational four-momentum density
P“(v), defined—in the context of general relativity—as

PU(v) = —Rv" — g"£,N¢,. (17)
From Eq. (1) we can substitute for the Lie variation term in

Eq. (17), which relates the gravitational momentum and the
Noether current as
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J(v) = =P(v) + 2G4vb. (18)

The physical meaning of the gravitational momentum can
be understood from the following result. (This was moti-
vated and discussed in detail in [19,36]. We will not repeat
the motivation and logic behind this definition here.)
Consider the special case in which »“ is the velocity of
an arbitrary observer, who will attribute to the matter, with
energy-momentum tensor 7, the momentum density
Mt = —TZUb . We would expect the total momentum
associated with matter plus gravitation to be conserved
[36] in Nature, for all observers. This condition requires

0=V, (P + M®) =V ,(=J* + 2G%v" — TéP)
= V,(2Giv? = T¢vb) = (2G§ — T$)V 0° = 8V vy,
(19)

where S = (2G* — T*) is a symmetric tensor and in the
last line we have used Bianchi identity and the fact that J¢
and T} are conserved. The above relation should hold for
any normalized timelike vector field v“, which requires
S =0, i.e., G, = 8xT,,, which are the field equations
for gravity. [This result should be obvious from the fact that
V,v, can be chosen to be arbitrary at any event even for
normalized timelike vector fields. A more formal proof,
suggested by Date [40], goes as follows: Choose first v“ to
be a normalized geodesic velocity field with v“v, = —1
and v*V,v” = 0. Then the most general S*” which satisfies
S®V,» =0 has the form S% = a(Xv’ + X v%) +
Sr®v’ with two arbitrary functions a and f and an arbitrary
vector X which can be chosen without loss of generality to
be purely spatial, i.e, v,X* = 0. Choose next the velocity
field to be u, = —NV,t. Using the form of SV u, =0
leads to @ = # = 0. This immediately gives S® = 0.]

We will now generalize the notion of the gravitational
momentum in exact analogy with the way we generalized
the Noether current, by the relation

P(v) = —Rv* — ZPI,‘imfvl"g, (20)
where
mR = PR = 5¢RE. (21)
Simple algebra gives the equivalent form
P (v) = =J%(v) + 2E§0? (22)
where J%(v) is the Noether current defined in Eq. (4) and
E{ = PYR); - %5;;7%;

mR = PR (23)

PHYSICAL REVIEW D 92, 104011 (2015)

It is possible to prove that E,;, is symmetric [41] and that
V,E% = 0. To demonstrate the latter, note that the covariant
derivative of E,;, involves two parts,

V(P Ryijx) = PV R jii
= Paklm(_kalmab - V},leku)

= =V (P*"™ Ry ) + PRIV, R, (24)

8;,73 — P?qubR;‘ij, (25)
which can be obtained by working in a local inertial frame.
These two can be combined to yield V,E} = -V E,
thereby leading to V,Ef = 0.

With this definition of P?, the conservation of total
momentum of matter plus gravity leads to

0=V, (P*+ M) =V, (-J*+2E> — T¢?)
= (2E¢ = T%)V 1°. (26)

Invoking the same argument as in the case of general
relativity and requiring the above relation to hold for all
timelike vector fields v“ leads to

T 1
Ej = PiR}; = 8jR = T}, (27)

which are indeed the field equations in Lanczos-Lovelock
gravity. Thus imposing the condition that total momentum
of matter plus gravity is conserved, with the gravitational
momentum given by Eq. (20), leads to the gravitational
field equations in all Lanczos-Lovelock theories of gravity.
This also allows us to associate the Noether current in
Eq. (11) with the Lanczos-Lovelock models.

C. Reduced gravitational momentum

We notice that the combinations

P = —g'£,N%;

L] ’

Pa = 2P, £,Th (28)

appear quite naturally in both Noether current and in the
gravitational momentum in Einstein’s theory and in Lanczos-
Lovelock models. We shall call this combination reduced
gravitational momentum P¢. (We will see later that P¢ is
closely related to the rate of production of heat per unit area
on null surfaces.)

The algebraic reason for the occurrence of this
combination is as follows. It turns out that, in the
thermodynamic interpretation of gravity, the combination
T,, =T —(1/2)Tg,, occurs more naturally than the
energy momentum tensor 7, with the field equations
often arising [19,20] in the form 2R, = T, rather than as
2G,, = T, in Einstein’s gravity. The total momentum of

gravity plus matter can be expressed, on shell, in the form
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(P* + M) = —gl£,N¢% — Rv* — T§v"

1

2

= —g£,N§; = Tiw" = (P* + M), (29)

:—gijvaf‘j-—l- T5Z b_TtblUb

where M = —T4v" is the matter momentum associated
with T¢. This shows that the vector P* = —g"£,N¢; bears
the same relation to 7¢ as P* does with T¢. Just as 7¢
appears more naturally in the emergent gravity paradigm,
the P“ will also appear repeatedly in our discussions.

The notion of reduced gravitational momentum can also
be generalized to the Lanczos-Lovelock models as well.
For pure mth order Lanczos-Lovelock gravity we have the
relation 2[m — (D/2)]L = T. So we can write

(P4 + M®) = =2P 47 £, T, — Lv* — T4v"

1
2[m—(D/2)]
= 2P, £, [0 — TP =P+ M, (30)

= 2P, 9£, I, — T80 — TSv"

where the reduced gravitational momentum is naturally
defined as

Pa = 2P 4rf I (31)

In the case of general relativity the gravitational momentum
P* defined in Eq. (31) goes over to the —g"/£,N?, term, as it
should.

III. COORDINATE SYSTEMS AND THE
ASSOCIATED VECTOR FIELDS

The Noether current and gravitational momentum
require a vector field v* for their definition and we expect
them to have simple physical interpretations when we use
naturally defined vector fields in the spacetime, associated
with the foliations we use to describe the geometry. Our
next task is to introduce these foliations and the associated
vector fields. We will be using two different foliations and
the corresponding coordinate systems in our work. The first
one is based on the standard (1 + 3) foliation while the
second one is adapted to a particular null surface. Both of
these will turn out to be useful in understanding the
thermodynamic interpretation of the spacetime dynamics.

A. (1 + 3) foliation and the associated vector fields

This is completely straightforward and we will follow the
conventions introduced in [19]. Our primary interest is in
the case of a coordinate system adapted to a null surface
(which we will discuss in the next section, Sec. III B) and
the purpose of this section is just to recall the key formulas
needed later for comparison.
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In the given spacetime, we introduce an arbitrary 1 +
(d — 1) foliation based on a time function #(x“), with a unit
normal u,(x') o V,z. This splits the metric g,;, into the
lapse (N), shift (N,) and the (d — 1)-metric h,, = g,,+
u,uy. The unit normal to these hypersurfaces is u, =
—NV,t which reduces to —N&) in the natural coordinate
system with ¢ as the time coordinate. Observers with four
velocity u, will be called fundamental observers. (These
observers follow the world lines x* = constant, i.e., they
have the same spatial coordinates, if we choose a gauge
with N, =0. We will, however, keep our discussion
general and shall keep N, nonzero unless explicitly
mentioned.) This foliation also introduces another natural
vector field:
ga:N”aﬁ_(szo); ga:Nua_)(l’_Na) (32)
where the components are in the preferred coordinate
system. This vector corresponds to the standard timelike
Killing vector if the spacetime is static. Further, in any
spacetime, it has the time component which is unity, i.e.,
&0 = 1. We will call & the time evolution vector field.

The fundamental observers will have (in general, non-
zero) acceleration vector a; = u/V,u; = hl(V;N/N)
which is purely spatial (i.e., u'a; = 0) and has the magni-
tude a=+/a;a’. The conditions #(x) = constant,
N(x) = constant, taken together, define the codimension-
2 surface S with an induced metric g, the area element
V/qd*?x and the binormal e,, = rj,u, where r*=
€(a”/a) is essentially the unit vector along the acceleration.
(The factor € = £1 ensures that the normal r* is pointing
outwards irrespective of the direction of acceleration. We
will usually assume ¢ = 1.) Note that a; and V;N projected
on the ¢ = constant surface coincides.

We will next consider the construction of an appropriate
coordinate system associated with an arbitrary null surface
which we will use extensively in this paper.

B. Gaussian null coordinates and the associated
vector fields

The construction of a coordinate system associated with
an arbitrary null surface has already been discussed in detail
in [42-44], which we will briefly review. This coordinate
system will have the following properties: (a) All the
redundant gauge degrees of freedom are eliminated, leaving
only 6 free functions in the metric tensor. (b) The null
surface we are interested in is chosen to be a surface
determined by r =0 where r is one of the spatial
coordinates. The other r = constant (but nonzero) valued
surfaces will represent timelike surfaces and the null
surface can be obtained as a limit r — 0. [e.g., this is
what will happen in Schwarzschild spacetime if we choose
(r —2M) as one of the coordinates with the event horizon
being the chosen null surface].
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This coordinate system is known as Gaussian null
coordinates (henceforth referred to as GNC), constructed
in analogy with the Gaussian normal coordinates. To
handle the fact that the normals are null, we need to
introduce another auxiliary null vector £ and then con-
struct the coordinates by moving away from the null
surface along the appropriate null geodesics. After such
a construction the line element adapted to an arbitrary null
surface (identified with r = 0) takes the following form
in GNC:

ds* = 2radu® + 2dudr — 2rp,dudx* + qupdx*dx®.
(33)

This line element contains six independent functions a, f4
and g,p as advocated, all dependent on the coordinates
(u, r, x*). We shall restrict our discussion to & > 0, which
is adequate for our purposes. The metric on the two-surface
(i.e. u = constant and r = constant) is represented by g 4.
The surface r = 0 is the fiducial null surface but surfaces
with r = nonzero constant are not null.

We will now introduce the time development vector &*
appropriate for this coordinate system as the one with the
components £ = §f in the GNC; that is

& =(1,0,0,0); &= (2ra, 1,—-rpy). (34)
It can be easily shown that & will be identical to the
timelike Killing vector corresponding to the Rindler time
coordinate if we rewrite the standard Rindler metric in the
GNC form. Therefore, we can think of &% as a natural
generalization of the time development vector correspond-
ing to the Rindler-like observers in the GNC; of course, it
will not be a Killing vector in general. Since & = —2ra, we
see that, in the r — 0 limit, £ becomes null. Given &, we
can construct the four-velocity u, for a comoving observer
by dividing & by its norm v/2ra obtaining

. 1
! - 9 0’ 0’0 ;
! <\/2ra )

u; = (—\/%, \/2% \2%) (35)

The form of u’ shows that the comoving observers can also
be thought of as observers with (r,x*) = constant. This
proves to be convenient for probing the properties of the
null surface.

This four-velocity has the four-acceleration a’ = w/V u'.

The magnitude of the acceleration /a;a’, multiplied by the

redshift factor /2ra, has a finite result in the null limit (i.e.,
r — 0 limit):

poe 0
Nalr—>0 = ( 2ra)”|r—>0 =a- Zua

(36)

o .
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When the acceleration « varies slowly in time (i.e.,
d,a/a® < 1), the second term is negligible and Na — a.
The redshifted Unruh-Davies [5,6] temperature associated
with the r = 0 surface, as measured by (r, x*) = constant
observer is given [19] by Eq. (36). We will call this
temperature the “acceleration temperature.”

We will next introduce the relevant null vectors asso-
ciated with the GNC. Given the four-velocity u, and
four-acceleration a; we can construct two null vectors £
and k' as

VI g e )

7o =
2 2ra

where r; is the unit vector in the direction of the accel-
eration, i.e., r; = a;/a. These two vectors ' and k' satisfy
£? =0,k*> =0, and %k, = —1 and we have the following
components on the null surface:

Zi|r_,0 = (0, 1,0,0), (38)
A B
7 dapd a aa
k. = (-1, = . 39
t|r—>0 ( 4raa2 21’0,'61) ( )

Since we are essentially interested only in the » — O limit, it
is more convenient to work with a simpler vector field £; =
V,r everywhere, which reduces to this #; on the null surface
and defines the natural null normal to the » = O surface as a
limiting case. Similarly, we can introduce another vector k,
in place of k, to simplify the computations. Using the
nonuniqueness in the definition of l_ca, we can change it to
another vector k, such that,

k, =k, +Al, + Bye (40)

where e# are basis vectors on the null surface and 7, = 2,
From the property Z,e4 = 0 and #?> = 0 we get £,k* = —1,
since Z,k* = —1. The condition k*> = 0, leads to a con-
dition between A and B, as 2A = g-pB¢BP. Choosing
A = (gpa*a®/4raa®) and B, = —(a,/\/2raaq) leads to
the simple form k, = (—1,0,0,0). Thus the vector ¢, =
V,r and the auxiliary k, = —V,u have the following
components in the GNC:

£, =(0,1,0,0),

= (1,2ra+r*p*,rp"),  (41a)

k, = (-1,0,0,0), k* = (0,-1,0,0). (41b)
Along with these two vectors we also have the vector &%,
which is the time development vector introduced earlier.
Thus, through the GNC, we have introduced three vectors
Z,, k,, and &,. The binormal associated with the null
surface can be obtained in terms of £, and k%,

as €, = fakb - fbka'
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There are a few more geometrical quantities associated
with the null vectors which we will introduce for ready
reference later on. The first one corresponds to the induced
metric g,;, on the null surface, defined as

9ab = Yap + l'ﬂakh + l’ﬂhka;
q% =0y + %k, + k0. (42)

Note that both Z, g} and k,gj, identically vanish on the null
surface, thanks to the relation Z,k* = —1; we can think of
qj, as a projector on to the r = 0 surface, which is two-
dimensional. Using this projector, we can define extrinsic
curvature on a null surface:

1
®ab = ngzvmlfﬂn = Eq'anqut’an' (43)

If A is the parameter along the null generator £, on the null
surface, the only nonzero components of ®,, are [see
Eq. (A14)]

1d

Oup = —— .
AB 2d/161AB

(44)

The trace of @, is ® = ¢,,0% and it is useful to define the
trace free shear tensor o, as

1
Oup = ®ab - E qab®‘ (45)

Then, as described in Ref. [25] we can introduce the shear
viscosity coefficient 7 = (1/16x) and the bulk viscosity
coefficient { = —(1/16x) as well as the dissipation term by

D = 87(2n6,,0% + () = ©,,0% — @2, (46)

The importance of ¢,;, and D—which will occur repeatedly
in our discussion—arises from the following fact: It turns
out that Einstein’s equations, when projected on to any null
surface in any spacetime, takes the form of a Navier-Stokes
equation [24] with ¢, acting as a viscous tensor and #, ¢
acting as bulk and shear viscosity coefficients. In that case,
the apparent viscous dissipation is given by D. (The
conceptual issues related to this “dissipation without
dissipation” since there can be no real, irreversible drain
of energy are clarified in [24]). In the GNC, we have on the
null surface

1
D= ancqbdauqm;aL{QL‘d - (au In \/5)2 (47)

which vanishes when 9,¢q,, = 0 on the null surface. We
will have occasion to comment on these results later on.
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IV. NOETHER CURRENT FOR THE TIME
EVOLUTION VECTOR FIELD AND
SPACETIME THERMODYNAMICS

In Sec. III we introduced two natural foliations of the
spacetime, one based on the (1 4 3) split and the other
adapted to a fiducial null surface. These coordinate charts
also come with certain natural vector fields. In the case of
the (1 + 3) split, the time evolution is related to the vector
field & we introduced in Eq. (32). In the case of the
foliation based on a null surface, we again have a natural
time evolution field £ given by Eq. (34) as well as the null
vector £, which is tangent to the null congruence defining
the null surface. It would be interesting to study the Noether
current and the gravitational momenta corresponding to
these vector fields which turn out to have direct thermo-
dynamic significance. In this section we shall consider the
Noether currents; we will take up the properties of
gravitational momenta in Sec. VII.

A. Noether current adapted to (1 + 3) foliation

We will begin with a brief description of several proper-
ties of the Noether current associated with the vector field
&4, developing further the ideas introduced in Ref. [19].

Let us start with the situation corresponding to general
relativity. The form of the Noether potential J*” and current
J¢ is most easily analyzed in terms of the electromagnetic
analogy introduced earlier. Using the foliation vectors u, =
—NV,t and & = Nu® we readily obtain the following
expressions for “electric” and “magnetic” fields of J**[£] as

up[V4(Nu®) = Vb (Nu“)] = =2Na*,
B*(&|lu) = 0. (48)
For J?[£] the magnetic field vanishes and the electric field
is proportional to the acceleration. So J¢ can be expressed
in terms of E¢ and u’” as 16xJ%(v) = uE’(v|u) —
u’?E*(v|u) whose divergence gives (with 167 inserted;
we are now using units with G = 1)
167J%(v) = 162V,J% (v)
= u'V,E?(v|u) + EP (v]u)V,u®
— E4(v|u)Vyub — ubV, E4(v|u).  (49)

Projecting along u,, leads to the Noether charge density on a
t = constant surface given by

167U, J*(§) = =V, E? (£lu) — uu’V ,E}, (&lu)
= —D,E"(é|u) = D,(2Na®) (50)
where D; is the covariant derivative operator on the spatial

slices. This matches with earlier results [19] and is
analogous to V - E = p in electromagnetism. Incidentally,
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there is a similar result for J(u); one can show that
167u,J*(u) = D,(Na®).

The thermodynamic interpretation of the result
167u,J%(&) = D4(2Na®) can be extracted by integrating
the Noether charge density u,J*(£) over a 3-dimensional
region ) of a t = constant surface with integration measure

d®x+/h to obtain the total Noether charge in that volume.
We get

/d%\/ﬁuaj“(af) :/ q°rad*x (51)
% av

where r,, is the vector normal to )V and ¢* is the heat flux
vector defined as

= @’_;‘) (@) a* = (Ts)a~ (52)

where a® is the unit vector in the direction of the
acceleration. The magnitude of the heat flux vector ¢*
gives the heat density, T's, where T = Na/2x is the local
Davies-Unruh temperature [5,6] and s = ,/q/4 is the
entropy density per unit coordinate area. Thus, the total
Noether charge contained in an arbitrary bulk volume V
within ¢ = constant surface is equal to total heat flux
contained within the boundary 9). When the boundary
dV is a N = constant surface then r* = a* and the total
heat flux ¢°r, equals the heat content of the boundary, as
derived previously [19]. Also note that

V@I (&) = q“ub — g"u® = 2(Ts)e, (53)

where the binormal is defined as e,, = (1/2)(a,u, —
ayu,). That is, the Noether potential is proportional to
the binormal of the equipotential surfaces.

The above analysis uses the fact that u,J%(¢) is a 3-
divergence, so that the spatial volume integral of u,J%(&)
can be converted to a surface integral. In this case, it is
natural to interpret u,J (&) as a spatial density, viz., charge
per unit volume of space. It turns out that similar results can
be obtained even for the component of J%(£) in the
direction of the normal to the equipotential surface along
the following lines. It can be easily shown that

&pjp(é) _ _(gij _ &i&j)vi(2Nauj) = —gj{vi(2NCle),
(54)

where the tensor gf acts as a projection tensor transverse to
the unit vector a‘. However in order to define a surface
covariant derivative we need a' to foliate the spacetime,
which in turn implies u'V;N = 0. In this case Eq. (54) can
be written as a,J”(£) = —D;(2Nau'), where D; is the
covariant derivative operator corresponding to the induced
metric gz on the N = constant surfaces with normal a;.
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(When u'V;N =0, we have a; = V,InN.) To obtain an
integral version of this result, let us transform from the
original (#,x%) coordinates to a new coordinate system
(t,N,x*) using N itself as a “radial” coordinate. In this
coordinate we have a; &Y and thus «" = 0, thanks to
the relation u’a; = 0. Thus D;(2Nau’) will transform
into Dy (2Nau®), where @ stands for the set of coordinates
(t, x*) on the N = constant surface. Integrating both
sides a,J7 (&) = =Dz(2Nau®) over the N = constant sur-
face will now lead to the result (with restoration of 1/16x
factor)

/dzxdt\/ﬁ&pﬂ’(é) = —/dzx\/Z]'N <];]:> u'

[

where we have used the standard result \/=g, = N,/q,
with g being the determinant of the two-dimensional
hypersurface. The right-hand side can be thought of as
the difference in the heat content Q(z,) — Q(#;) between
the two surfaces t = t, and = t; where

0(r) = / sz@—z) (@) - / 2x(Ts).  (56)

This looks very similar to the result we obtained in the case
of the integral over u,J! earlier [see Eq. (51) with a* = r*
on the N = constant surface], but there is a difference in the
interpretation of the left-hand side. While u;J’ can be
thought of as the charge density per unit spatial volume, the
quantity a,J? () represents the flux of Noether current
through a timelike surface; therefore, a@,J”(£) should be
thought of as a current per unit area per unit time. We will
see later that the flux of Noether current through null
surfaces leads to a very similar result.

The generalization of these results to Lanczos-Lovelock
gravity is straightforward if we rewrite the expression in
Eq. (52) for the heat flux ¢“ in the form

g = (%‘:) (*/T‘_’) (2Puyu ). (57)

[When P4 = (1/2)(856¢ — 646L) the ¢* becomes parallel
to a* thanks to u,a* =0 and reduces to the previous
expression.] To get the results for the Lanczos-Lovelock
gravity, we only need to replace P?Z for general relativity
with the P?S for Lanczos-Lovelock gravity given
in Eq. (10).

In this case, the antisymmetric Noether potential is
constructed by using the entropy tensor PZZ introduced
through Eq. (6) as 1672J%(v) = 2P%V°y?. Then the
“electric” component of J% (&) turns out to be

t(s9)

15}
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E(E|lu) = 2Pbedy, N &y = 2P%edy, [NV uy + uyV .N]
= 2Py, uy(Na, — u.ubV,N)
—2NPbedy, (K 4+ u.ay)
= 4NPdy,a.u; = 2Ny, (58)

where
7= —2P“3uha‘ud (59)

Note that u,y* = 0, thanks to the antisymmetry of P“d in
the first two indices, making y“ another spatial vector.
(However the “magnetic” component does not vanish in
this case and is algebraically complicated.) The contraction
of J(&) with u, will again lead to the simple relation
u,J(é) = =D, E*(&|u), thanks to the Frobenius identity
for u,, and complete antisymmetric tensor “*“?. (Of course,
this is again to be expected from the electromagnetic
analogy related to V- E = p.) Thus we obtain, by using
Eq. (58), the result

167u,J%(&) = Do(2Ny"). (60)

Integrating over (d — 1)-dimensional ¢ = constant hyper-
surface with d?~'xv/h as the volume measure we get

N 1 N
/V a4 xVhu,J9(&) = [) . (2—;;) <§ VgpPey “b“c%)

X r,d®2x

= LV q°r,d¥x, (61)

where the heat flux vector ¢* is now defined as

= (29) (arms) = (29) (D). @

Thus, even in Lanczos-Lovelock gravity we can define a
suitable heat flux vector which is spatial (though is no
longer in the direction of acceleration). If we consider a
region bounded by an equipotential surface, then r, = a,
and the integrand of Eq. (61) will have the combination
P*ha,u,a5u, which can be reexpressed in terms of
the binormal of the surface. This allows us to express
the integrand in the form T's = (Na/2x)s and read off the
entropy density as

1
s = —g\/apabwié‘abé‘cd. (63)

This is in fact an alternate way of defining P“*? which
justifies calling it the entropy tensor.

Using the form of the Noether current it is possible relate
the evolution of spacetime to the difference between
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suitably defined surface and bulk degrees of freedom.
(This was discussed in detail in Ref. [19] which we will
recall here because we will later obtain a similar result for
the null surface.) To do this, we start with the relation

D,(2Na*) = 8x(2NT“’u,uy,) + u,g" £:N¢,.,  (64)

where we have used the field equation R, = 87T, in the
expression for u,J% (&) and Eq. (50). The Lie variation term
[19] is given by (see Sec. A.3 of [19])

Vhu,gi£:NS = —h,, £:p™ (65)

which depends only on the extrinsic curvature through
p? = \/h(Kh® — K%). For a section of a spacelike sur-
face )V with boundary 0V, we define the average boundary
temperature as

1 1
\/__ = / d2x\/aTlocv (66)
Asur 2%

T

avg —

Asur aV

where T),. = Na/2xz is the local (Tolman-redshifted)
Davies-Unruh temperature [5,6] and Ay, is the area of
0V. We also define the surface and bulk degrees of freedom
by

ASUI‘

N, = > ==,

ZW x\/q 2
1

= / BxVI2NT uu®

E
—_ | Komar‘ . (67)

The Ny, counts the number of degrees of freedom on the
surface area in Planck units; Ny is the number of degrees
of freedom in a bulk volume if an amount of (Komar)
energy Exoma 18 in equipartition at the temperature 7Ty,
(We do not assume that the equipartition is reached, of
course.) Using Eq. (65) in Eq. (64) and integrating it over a
bulk volume bounded by N = constant surface can be
written in the form [19]

1 1
_8_/d3x\/ﬁhab£§pab = ETavg(Nsur - Nbulk) (68)
¥/

which shows that the difference between the surface and the
bulk degrees of freedom defined in Eq. (68) is what drives
the time evolution of the spacetime through the Lie
variation of the momentum p“. It will turn out that a
similar result holds for null surfaces as well.

We conclude this section with a discussion of the
Newtonian limit of general relativity treated using the
Noether current which has some amusing features.
The Newtonian limit is obtained by setting N> =1+2¢,
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9oa = 0 and g,3 = 6,5, Where ¢ is the Newtonian potential
[12]. Then the acceleration of the fundamental observers
turn out to be a, = J,¢. Since the spatial section of
the spacetime is flat, the extrinsic curvature identically
vanishes and so does the Lie variation term. Also
2T puu” = pgomar = p» Which immediately leads to [with
G inserted, see Eq. (64)]

V2¢ = 42Gp (69)

the correct Newtonian limit. The same can also be obtained
using the four velocity u,. The Noether charge associated
with u, turns out to have the following expression [19]:

Dga® = 167u,J%(u) = 167T u'u’ + u,g" £,N¢..
(70)

In the Newtonian limit the following results hold
2T puu® = p and u,g" £,N¢. = —D,a® (which follows
from the Newtonian limit of the result u,g’“£:N{ =
NDga"* 4 2a*DyN = Nu,g7£,N{; and the fact that in
spacetime with a flat spatial section the term uugbc£§Nzc
identically vanishes). This immediately leads to Eq. (69).

We also see that the Noether charge is positive as long as
p > 0 in the Newtonian limit. In fact, the Noether charge
contained inside any equipotential surface is always a
positive definite quantity as long as r* and a” point in
the same direction (which happens when T ,,u®u” > 0). To
prove this we can integrate the Noether charge over a small
region on a t = constant hypersurface to obtain,

1
/ BxvVhu,J(u) = —/ d’x\/q2Nar,
t=constant 8n N ,t=constant

o e
N ,t=constant 2 4

(71)

Since p is positive definite in this case the fundamental
observers are accelerating outwards and thus r,a* = a. The
temperature as measured by these fundamental observers is
a positive definite quantity and so is the entropy density and
hence the positivity of Noether charge follows.

B. Noether current adapted to GNC

We shall next consider the corresponding thermody-
namic interpretation of the Noether current when we use
the time development vector field adapted to the null
surface in the GNC. Let us begin with the above result,
i.e., Noether charge contained in a bulk region equals the
heat content of the boundary, which was derived for a
subregion of a spacelike surface. It turns out that a similar
result holds for a null surface as well. Given the fact that the
Noether current corresponding to the time development
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vector led to a nice thermodynamic interpretation, we will
consider the object £,J%(¢). [In GNC &“ has the compo-
nents in Eq. (34) and 7, is given by Eq. (41a) but of course
our results are covariant.] It then turns out that [see
Eq. (B22)]

1 d
N

where 4 is the parameter along the null generator £, which
in GNC is simply u. This equation can be integrated over
the null surface with integration measure \/c_jdzxd/l and
leads to

/ Pxdi/Gt J(E) = / d%(%) (@) L

= 0(h) - 0(4) (73)

(1) = /d2< )( ) /Jles (74)

is the heat content of the null surface at a given A.

This again shows that total Noether charge density for the
vector field &% integrated over the null surface equals the
difference of the heat content Q of the two dimensional
boundaries located at 1 = A, and A = 4. Previously the
connection between bulk Noether charge to surface heat
density was derived in the context of spacelike surfaces. The
result in Eq. (73) generalizes the previous connection—
between bulk Noether charge and surface heat density in the
context of spacelike surfaces—by showing that the total
Noether charge on a null surface is also expressible as the
heat content of the boundary.

The following aspect of this result is worth highlighting.
We obtained earlier two results [see Egs. (51) and (55)] of
similar nature. The first one [in Eq. (51)] was for a spatial
region V contained in a spacelike hypersurface. In that case,
the normal to the surface was u, and the natural integration
measure for integrating the normal component of a vector
field is u,v/hdx. We computed the integral J%u,\/hd>x
and found that it is given by a boundary term; we could
have also computed the integral in a region contained
within two boundary surfaces like, for example, in the
shell-like region between two spherical surfaces of radii R,
and R,. We would have then found that the Noether charge
in the bulk region is the difference between the heat
contents of the two surfaces.

In the second case [in Eq. (55)], we considered the flux of
Noether current through a timelike surface with normal &'.
In this case we calculated the integral of a,J” (&) with the
measure d°xdt,/=g; on a timelike surface and got a similar
result. We also mentioned that in this case, the integrand
a,JP (&) is to be thought of as heat flux per unit time.

167,0() = J'(&) = =~ Qay/g)  (72)

A=1,

where
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In the case of a null surface, our result is similar to the
second one, given by Eq. (55). Now the corresponding
integration measure for integrating a vector field over a null
surface is given by 7, \/adzxd/l where ¢, = dx,/dA is the
tangent vector to the null congruence defining the null
surface. Therefore, in this case, we calculate the integral
over J¢¢, ﬂdzxdl. This leads to the difference AQ of the
heat content at the two boundaries corresponding to 1 = 4,
and 1 = 4,. In the integrand in this case, J“fu\/c']dzxdxl,
one of the coordinates A is similar to a time coordinate
rather than a spatial coordinate. So we cannot think of J¢#,
as charge per unit volume; instead it represents charge per
unit area (flux) per unit time and more appropriately, it is
the rate of production of heat per unit area of the null
surface.

It is possible to proceed further and relate the change
in the heat content with the matter energy flux through the
null surface. To do this, we use Eq. (1) and field equation
G, = 8xT,, to obtain (on the null surface)

16T o€ = 1678,J(E) — €497 £:N%,.  (75)

The Lie derivative term can be computed directly to give
[see Eq. (B60)]

- d*\/q
VAl g E:NG = —qp 1% + % (76)

where I1” = ,/g[@% — ¢“(® + )] is the momentum
conjugate to g,, and @ = g% g2V™"¢" where © is the
trace of ®*. Integrating this result over the null surface
between 4 = 4; and 1 = 4;, and assuming for simplicity
that the boundary terms at A = 1;, 4; do not contribute
(which assumes d.A/dA = 0 at the end points where A is
the area of the null surface), we get

1
~16n | CxPaupt N =[0(%) = O(41)]

- / dAd*x\/qT .
(77)

This expression shows that the evolution of the spacetime,
which is encoded by the evolution of the momentum 1% is
driven by the difference between (i) heat content Q at the
boundary and (ii) the matter heat flux flowing into the null
surface. We can rewrite this in a nicer manner as follows.
We define the surface degrees of freedom as (in units with
G=1):

Nu=gz=4= [ d2va (78)
Lp

and the average temperature as
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Tove = % / dzx\/a<20;>. (79)

We also introduce the effective bulk degrees of freedom by

Nbulk -

W/dﬂdzx\/—q’zjwabfabﬂb. (80)
avg

If the matter heat flux, given by the integral on the right-
hand side, thermalizes at the average temperature of the null
surface then Ny, will represent the the effective equi-
partition degrees of freedom. We now rewrite Eq. (77) as

1 2 ab __ 1 2 a
8ﬂ/d xdAq ptell —2A2d x(zﬂ)\/a
1 a
__ 2 2
2A d x<2n>ﬁ
—Z/d/IJZx\/c_]Tabf“fb
(81)

which, on using our definitions, becomes

1 1
—g/ J%Xdﬂ.(qabfgnuh) = ETavg[(Nsur):llT - Nbulk]‘
(82)

This has the interpretation that and hence the evolution of
spacetime on a null surface, encoded in the Lie variation of
the momentum I1*® along the time development vector, can
be thought of as due to the difference between surface
degrees of freedom and the bulk degrees of freedom. This
an exact analogy to the corresponding result in (1 + 3)
foliation presented in Eq. (68), which was originally
obtained in [19].

For the sake of completeness, we clarify the notion of
T ,¢°¢" being the heat flux through the null surface. This
concept has been introduced in [35] and arises as follows:
Let there be a matter field, in the spacetime, with energy
momentum tensor 7',;,. Around any given spacetime event
‘P, we can construct local inertial and hence local Rindler
frames. We then have an approximate Killing vector field
£“, generating boosts, which coincides with the null normal
¢ at the null surface (see Sec. III B). The heat flow vector
is defined as the boost energy current obtained by projec-
ting T, along & yielding T,,£%. Thus the energy (heat)
flux through the null surface will be

0= [ (Tuhiz = [ Tasenadar (53)

where \/ﬁdzxd/l is the integration measure on a null surface
generated by null vectors ¢, parametrized by 4. Hence, in
the null limit, T,,£*¢® (when & — ¢ on the null surface)
represents the heat flux through the null surface.
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The same argument can also be presented along the
following lines. On a null surface we can decompose T,
in canonical null basis as T,,E” = AZ, + Bk, + Ce?.
Then the heat flux through the surface is given by the
component B along k“, which is off the null surface. This
component B is obtained by contracting with £, (since
£? = 0and £,k* = —1). This leads to the heat flux through
the null surface to be T,,£°¢".

V. REDUCED GRAVITATIONAL MOMENTUM
ASSOCIATED WITH THE TIME
DEVELOPMENT VECTOR

The expression for the Noether current contains a Lie
derivative term which was defined earlier as the reduced
gravitational momentum. In this section, we shall describe
some key properties of this reduced gravitational momen-
tum vector in different contexts, emphasizing the results
in GNC.

In the case of (1 + 3) foliation using spacelike surfaces
with normal u, = —NV_ ¢ (N is the lapse function) and
induced metric h,;, = g, + u,u, the reduced gravitational
momentum can be related [19] to the Lie variation of

pab _ \/E(Khab _ Kab) by
—Vhu,P(E) = Vhu,gI£:N% = —h,, £:p.  (84)

In the case of null surfaces, one can obtain a similar
relation. For a general, nonaffine parametrization, i.e.,
when the null generator #¢ satisfies the relation £V, 7% =
kZ*, we find that the Lie variation term is given by [see
Eq. (B60)]

2. /q
dz
(85)

—VGC PU(E) = /Gl o T £:N = —qapf 10 +

where I = ,/g[©@% — ¢**(© + «)] is the momentum
conjugate to ¢,,. Thus as in the case of the spacelike
surface, for null surfaces as well, the Lie variation of N¢, is
directly related to the Lie variation of the momentum
conjugate to the induced metric on the null surface. But in
the case of null surfaces there is an extra term which
contributes only at the boundaries 1 = 4y, 4,.

It can be seen from straightforward algebra [see
Eq. (A43)] that g,,£:I1% is directly related to the object
D =0,0% —-@* defined in Eq. (46) which, as we
mentioned earlier, can be interpreted as dissipation [25].
This leads to an alternative expression on the null surface
for the Lie variation term in the adapted coordinate system
as [see Eqgs. (B45) and (B59)]

3 2
.9 £:NY, = 2D + ﬁaﬁ(\@ +20,a.  (86)
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Integrating this expression over the r = 0 null surface with
integration measure dzxdu\/_ , neglecting total divergence
and dividing by 16z leads to

1 . 1
— dzxd/l\/ﬁfag”ffN?j = 8—/J2xd/1\/§17
z

167
G
(87)

which explicitly shows that the Lie variation term inte-
grated over the null surface leads to the dissipation and the
sdT term (interpreted as dT = (dT/dA)dA). Hence the
reduced gravitational momentum on the null surface can be
given a natural thermodynamic interpretation.

What is important regarding the above result is that
for 0,q., = 0 (i.e., the induced metric on the null surface
is independent of the parameter along the null generator) the
dissipation term vanishes and thus Eq. (87) can be written as

1

T6n | TXONALag NG = 0(2) = O(h).  (88)

Hence the Lie variation term in this particular situation is
equal to the difference in the heat content allowing us to
relate P“ to the rate of heating of the null surface.

VI. THE THERMODYNAMIC VARIATIONAL
PRINCIPLE FOR THE FIELD EQUATIONS

It was shown earlier [14,16] that the gravitational field
equations can be obtained by extremizing the total heat
density of all the null surfaces in the spacetime. The
purpose of this section and the next is to show that this
variational principle takes a simple form in terms of the
gravitational momentum for both general relativity and the
Lanczos-Lovelock models.

A. General relativity

In Sec. II we have defined the gravitational momentum
P%(v) and the matter momentum M, (v) associated with
the vector field »¢. Using these two we can construct a
thermodynamic variational principle leading to the field
equations for gravity. We start by defining a suitable
expression for the heat density associated with a null
surface as

0= / PxdIJq{=C P} + {=L M)}, (89)

where £, is the null vector, such that on the null surface
Z,0* = 0. Then from Eq. (18) we observe that the Ricci
scalar does not contribute since 747, =0 on the null
surface. From the definition of matter momentum as
M(€) = =T4¢", we find that
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1
Q = /fxdﬂﬂ(Tabf“fb +Ffagb6£szc>. (90)
T

To understand the interpretation of this quantity as the heat
content of the null surface, note that the matter term
involves an integral over d’xdA,/q¢,(T¢¢) on the null
surface. As we argued earlier, T%#,¢,, can be related to the
heat flux due to the matter and hence this integral represents
the heat content of the null surface contributed by matter.
(In the case of an ideal fluid in GNC, T*#,,#,, will be equal
to p + p, which is the same as the heat density 7's when we
use the Gibbs relation.) Similarly, the expression obtained
by replacing M“ by the gravitational momentum P? can be
thought of as the heat density due to gravity. The explicit
form involving reduced gravitational momentum supports
this interpretation. Since ¢, = V¢, we have J*(¢) = 0.
Hence we have ¢,¢"°£,N¢ = —2R,,¢°¢”, which allows
us to write

Q= /fxdﬂﬂ(Tabf“ﬂ’ —%Rabf“fb). (91)

Varying the integrand with respect to all the null vectors
fields ¢, after adding a Lagrange multiplier term A(x)£%¢,,
to enforce the condition #> =0 will lead to the field
equation G, = 8xT,, + Ag,, where the cosmological
constant A appears as an integration constant. (The details
of this derivation have been given in several previous works
[14,16,19] and hence is not repeated here.) So, starting
from the projection of gravitational momentum and matter
momentum along the null normal ¢, we can derive the
field equations for gravity.

The same result arises even if we have started using the
contractions —¢,P?(¢) and —¢,M“(&). As we have shown
in Eq. (A29) in Sec. A the Lie variation term and R,,7¢”
differs only by a total divergence. Hence after neglecting
the surface contributions, the action would be identical to
Eq. (91) and thus on variation of ¢, it would lead to the
field equations for gravity.

B. Lanczos-Lovelock gravity

The power of this analysis becomes apparent when we
realize that the same expression as presented in Eq. (89)
leads to the Lanczos-Lovelock field equations when we use
the corresponding momentum P%(#) given by Eq. (20).
Using this, we can construct a variational principle asso-
ciated with a null surface, leading to the field equations for
Lanczos-Lovelock theories of gravity. This is achieved by
using exactly the same expression for the heat content:

Q—/dD_Zxdﬁ\/ZI[{—faP“(f)}+{—faM"(f)}] (92)

where £, is the null vector, such that on the null surface
¢, 0% = 0. As in the case of general relativity, the scalar R
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present in gravitational momentum does not contribute
since ¢, = 0 on the null surface. From the definition of
matter momentum as M¢“(¢) = =T9¢", we arrive at the
explicit form

1
Q:/dD‘Zxd/l\/ﬁ<Tabf”fb+l6faPZf”;EfF’,?q). (93)
T
Since #,=V,p, we have J9¢)=0. Hence
L e o —2R %", which gives the variational
principle for the null surface to be

1
0= / dP=2xdA\\/q <Tabf“ﬂ’ —gRabﬂ‘ﬂ’). (94)

Again varying the integrand with respect to all the null
vectors fields #¢, with a Lagrange multiplier AZ,£“ to
impose the constraint £% = 0, we obtain the field equation
to be E,, = 82T, + Ag,;, as before. Hence starting from
the gravitational momentum and matter momentum along
the normal, null vector field 74, we can derive the field
equations for gravity.

Thus, one can write down a thermodynamic variational
principle directly in terms of the gravitational momentum.
The logical simplicity of this result and the fact that it holds
for Lanczos-Lovelock models without any modification is
noteworthy. Because of this feature, this procedure seems
to be the natural way of obtaining the field equations in the
emergent gravity paradigm.

VII. PROJECTIONS OF GRAVITATIONAL
MOMENTUM ON THE NULL SURFACE

We shall now take up a further application of the concept
of gravitational momentum. Given the thermodynamic
significance of the null surfaces, we would expect the flow
of gravitational momentum vis-a-vis a given null surface to
be of some importance. To explore this, we have to first
choose a suitable vector field, using which the gravitational
momentum can be defined. The most natural choice—as
before—is the time evolution field &. Further, in the
canonical null basis (£, k“, e4) the gravitational momen-
tum can be decomposed as P = A¢% + Bk® + CAes.
These components A, B and C4 are related to the three
projections of P by A = —P*({)k,, B = —P(£)¢,, and
CA = P4(¢)e. So we need to consider the following three
components, ¢¢P’(&), k,P4(&), and £,P%(&), to get the
complete picture. We will see that each of them leads
to interesting thermodynamic interpretation. In view of
the rather involved calculations, we will first provide a
summary of the thermodynamic interpretations of these
projections:

(i) The component g5P?(&) leads to the Navier-Stokes

equation for fluid dynamics, using which we can
obtain yet another justification for the dissipation
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term introduced in Eq. (46). This is described in
Sec. VITA

(i) The component k,P?(£), when evaluated on an
arbitrary null surface leads to a result which can
be stated in the form 7dS = dE + PdV, i.e., as a
thermodynamic identity. This helps us to identify a
notion of energy associated with an arbitrary null
surface. We obtain this result in Sec. VII B.

(iii) Finally, the component £,P“(¢) yields the evolution
of null surface, which involves both ds/dA and
dT/dA, where s is the entropy density and T is the
temperature associated with an arbitrary null surface
and A is the parameter along the null generator 7,,.
This is studied in Sec. VII C.

We shall now show how all of these three results tie up
with the notion of gravitational momentum and arise
naturally from the three different projections of the gravi-
tational momentum.

A. Navier-Stokes equation

The equivalence of field equations for gravity, when
projected on a null surface, and the Navier-Stokes equation
is an important result in the emergent paradigm of gravity.
This result, which generalizes the previous one [27] in the
context of black holes, shows that when Einstein’s equa-
tions are projected on any null surface and viewed in local
inertial frame, they become identical to the Navier-Stokes
equation of fluid dynamics [24]. Here we will project the
gravitational momentum P on an arbitrary null surface
parametrized by GNC and show that the Navier-Stokes
equation is obtained. For this purpose we will consistently
use the vector field £&4. Even though we will present the
results for the adapted coordinates to a null surface (i.e., in
GNC), the same result continues to hold in any other
parametrization as well.

In order to project the gravitational momenta
167P¢ (&) = g*?£:N¢, + RE on the null surface we need
to determine the induced metric gj,, which [44] turns out to
be diag(0,0,1,1). Hence it is the angular part which is
going to contribute. The vectors 74 and k¢ are already given
in Egs. (41a) and (41b), respectively. In the Navier-Stokes
equation two other vectors play a crucial role. These vectors
and their components in the adapted GNC system have the

following expressions:
1 1o,
@y, :f’”vmkb = a,O,EﬂA 5 ot = O,G,Eﬂ

(95)
and
Q, =w,+ak, = <0,0,%ﬂA); Q= <0, 0,%ﬂA>-
(96)
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From [24] we know that f, can be interpreted as the
transverse velocity of observers on the null surface. (In
particular it can be interpreted as velocity drift of local
Rindler observers parallel to the Rindler horizon.) With this
physical motivation, let us now start calculating the
projection of P on the null surface. Using the coordinates
adapted to a given null surface, we arrive at

—16mq} PP (£) = qlgP1£:Nb, = 2£:Ni, + qBC£:Nipc
(97)

where we have used the identity Z,qj = 0. We next need
to find the Lie variation of N{,. For that we use the
expression in Eq. (3) for the Lie variation of Christoffel
symbol with respect to an arbitrary vector field v* and the
result Nj, = Q“dred + ngr;d. Then the Lie variation of

be” ¢
Nj,. becomes

£,Nf, = OUE,TS, + QUE,TS,

C

1
=5 (84V. .V 0 + 52V, V 04)

1 1
- 5 (vbvcva + vcvbva) - E (Ra

bme

+ R4, )v™.
(98)
We obtain the expressions for Lie variation of N4, and

N/gc on the null surface (located at » = 0) to be [see
Eq. (B26)]

1 1 1
£§N;‘r = iauﬂA = iqABauﬁB + EﬁBaquB’ (99)

1 1 .
£:Npe = Tsfgace) + 55@636 - 90,0%c. (100)
Substituting these results in Eq. (97) we arrive at

—167q) P* = qli(g"°£:N§,)
= q"80,Bp + p0.q"% + q"0 O

- 4¢"€9,lGc. (101)
In order to get the Navier-Stokes equation in its familiar
form we need to lower the free index in Eq. (101) and
multiply both sides by (—1/2). Using Noether current for &,
we have from Eq. (1)

Qab<gpq£§Ngq) = qab‘]b (5) - 2Rmnl’ﬂqu (102)
On using Einstein’s equations R,;, = 87(T;, — (1/2)Tgu)
and the result Z,q§ = 0, Eq. (101) leads to the following
result:
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1 1 1 1 A
8”Tmnfmqg = _ﬂAau In \/5 + EauﬂA - aAa - EaAau In \/5 + z CIABqPQauFIB;Q

2

2

1 1 1 1 ~ 1
== px0,In \/5 + Eau/)]A — Opa — EaAau In \/5 ) LIABFI}%QaquQ + EaD(qCDau‘IAC)

1 1
+ 5 0.4 cqar — 5 q4p0.(q*P0p In \/q)

1 1 1
= EﬂAau In/q + EauﬁA — 0pa— 0,0, In\/q — ECIABaquD(aD In\/q)

1 1 1 1 .
+ 5 8D(qa)au%c) + 5 8quF6CQAF - 5 GCQAFaquF - 5 qCDFEC(auQEDv

where in the second line we have used the relation
Eq. (B10b) and in the third line Eq. (B10c) as presented
in Appendix B. From Eq. (B9) we obtain

1 1 1
3 O0uPa + Op (5 qBCaquC> + 3 q“P0,qap0cn\/q

1 ~ 1
) q%20,qcplSs + 0, In ﬂEﬁA —040,In\/q — 0pa

c)
= q"£,Q, + D,,c" +©Q, — D, (— + a> . (104)

2
After some trivial manipulations in Eq. (103) and using

Eq. (104), the following final expression is obtained:

2
(105)

0
877Tmnfqu = qgffgn =+ DmUZ" + G)Sza -D, <_ + a)

which can be interpreted as the Navier-Stokes equation for
fluid dynamics.

The correspondence between Egs. (104) and (105) with
the Navier-Stokes equation for fluid dynamics is based on
the following identifications of various geometric quan-
tities on the null surface: (i) The momentum density is
given by —Q,/8z. In the coordinates adapted to the null
surface, Q, has only transverse components which are
given by (1/2)f4. This reinforces our interpretation of f,
as the transverse fluid velocity. Moreover, we can identify
(ii) the pressure «/87z, (iii) the shear tensor defined as
o.n [see Eq. (45)], (iv) the shear viscosity coefficient
n=(1/16x), (v) the bulk viscosity coefficient ¢ =
—1/16x, and finally (vi) an external force given by
F,=T,,0". Thus Eq. (104) has the form of a Navier-
Stokes equation for a fluid with the convective derivative
replaced by the Lie derivative. Since this equation and its
interpretation have been extensively discussed in the
references cited earlier, we will not repeat them and will
confine ourselves to highlighting the dissipation term.

In order to interpret the dissipation term we start from the
heat density ¢ = —4P%V,¢°V,¢? (i.e., heat content per
unit null surface volume ﬂdzxdi) used in the variational

(103)

|

principle, where P% = (1/2)(546 — 8%5%) and ¢ is the
null generator of the null surface. To connect up the heat
density with the dissipation term [25] we consider a virtual
displacement of the null surface in which the volume
changes by 0AdA, where 6A is a small area element on
the two-surface (i.e., \/ﬁdzx). Then gSAdA represents the
change in heat content of the null surface, which is obtained
by multiplying the heat density g with the infinitesimal
3-volume element on the null surface. Expanding the
expression for the heat density and introducing temperature
through local Rindler horizon [25], we obtain

SAd 1
OB SAdU (206,50 + COP) + = dSA
87 22x

(106)

where the first term represents the (virtual) dissipation of a
viscous fluid during the evolution of the small area element
0A of the null surface along the null generator and has the
following expression:

1
dE = SAdA(256 4,6 + (@) = 8—5Ad/1D. (107)
/2

So the combination D = (0,,0 — @?) represents the
dissipation as we have mentioned earlier. The second
term in Eq. (106) can be interpreted as (1/2)kT dN,
where T = (k/2x) and dN is the degrees of freedom on
the null surface corresponding to the change in area JA.
For affinely parametrized null generator x = 0, which
would lead to

SAdA 1
‘18_ = —0AdA(210 40" +{O7) = —6AdLD.  (108)
T T

Thus for affinely parametrized null generators the change
in the heat content is solely due to the dissipation
term D.

Having derived the Navier-Stokes equation from the
projection of gravitational momentum P“(£) on the null
surface, we will now take up the task of projecting it along
k, and ¢, respectively and retrieve the thermodynamic
information encoded in them.
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B. A thermodynamic identity for the null surface

It has been shown that in a wide class of gravity theories,
the gravitational field equations near a horizon imply a
thermodynamic identity 76;S = 6;E + Po;V where the
variations are interpreted as being due to virtual displace-
ment of the null surface along the affine parameter 1 of k°.
This result was first obtained for general relativity and
Lanczos-Lovelock theories of gravity when (i) the space-
time admits some symmetry, e.g. staticity or spherical
symmetry and (ii) has a horizon. This may suggest that this
connection—between the field equations and a thermody-
namic identity—is a specific phenomenon that occurs only
in solutions containing horizons. But this illusion is broken
in [33] for general relativity and in [34] for Lanczos-
Lovelock theories of gravity. There it was shown that
gravitational field equations near any generic null surface in
both general relativity and Lanczos-Lovelock theories of
gravity lead to a relation: 7635 = 6;E + Po;V.

Here we will show that this thermodynamic identity is
also contained in the gravitational momentum for £* and
can be retrieved from its component along ¢ which is
contained in the projection P¢(&)k, (which picks out the
component along 7 because k> =0 and 7%k, = —1).
Since all the details are similar to the one in [33] we will
be quite brief and just indicate the manner in which the
result can be obtained. (For detailed derivation, see
Appendix C of [33]). From Eq. (18) we obtain

—k P(8) = k,J*(§) = 2G4Ek,. (109)
In the second term we can use the field equations, i.e.,
2G,p, = T, leading to the combination T',,Ek”, which is
the work function (effective pressure) for the matter (see
e.g., [45,46]) which, when integrated over the two-surface,
will yield the average force F' due to matter flux on the
surface. The first term, viz., the projection of the Noether
current k,J%(¢) has been evaluated explicitly in the earlier
work [33]. Using this result from Ref. [33] for the
projection of the Noether current we arrive at
F6) = T&;S — §;E. (110)
In this expression, F' stands for the average force on the null
surface, T corresponds to the null surface temperature
obtained using local Rindler observers, S = (A/4) is the
entropy, and E represents the energy given by

1 -(x 1
Ei/d/1<§> —g/dzxau\/ﬁ
1 - 1
1] @ [ Ewvalzoon).

where y stands for the Euler characteristics of the two-
surface. (For a detailed discussion see [33]). A simpler

(111)
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expression covering most of the interesting cases is
obtained by setting (i) fal,_o =0 and (i) dqa =0 on
the null surface [33]. On imposing these conditions we
arrive at the following simpler expression for energy as

_1 (% _i

E= 2/d/1<2) Sﬂ/aaxauﬁ
—l 7 g _71
= 2/d/1 <2) o 0,A.

Hence the projection of the gravitational momentum along
Z, is equivalent to thermodynamic identity.

(112)

C. Evolution of the null surface

Finally, we consider the component of the gravitational
momentum P?[£] along k“. If we expand any vector in the
basis (£, k%, e4) as v* = A¢® + Bk® + C*e4, the compo-
nent along k“ is obtained by the contraction Z,v“, since
¢? = 0 and £,k* = —1 on the null surface. For a given null
surface we will use our adapted coordinates, i.e., GNC, and
will show that this component is intimately connected with
spacetime evolution.

In the adapted coordinate system the scalar —£,P%(&)
has the following expression:

1678 ,P*(E) = € ,9" £:NG, = 2£:N}, + q*P£:N
(113)

where the first line follows from the fact that on the null
surface #> = 0. Both the Lie variation terms have been
calculated in Appendix B explicitly. From the expressions
obtained there the projection of gravitational momentum
turns out to be [see Egs. (B45) and (B59)]

2
—162£,P(&) = £,g"°£:N¢, = 20,0 + 2D + —/q.
V4
(114)

Here D represents the dissipation term obtained through
the Navier-Stokes equation and has the definition D =
(0,,0% —0?).

To get a physical interpretation we integrate this expres-
sion over the null surface with volume measure \/ﬁdzxd/l
(for the null vector #“ the parameter 4 is just ) and divide
by proper factors of 7z, and ignore the surface term (which
arises from the third term) to obtain

1 y 1
2 i a __ 2
Tor | PG g TEN = —”/ dad®x\/qD

(115)

where s = ,/q/4 and dT = (dT/d)dA. This leads to the
result that £,P%(&) and £,g"°£:N¢, can be interpreted as
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the heating rate of the null surface per unit area. Integrated
over the affine parameter d1 and the proper area \/ﬁdzx, it
leads to the heating due to the dissipation (given by the first
term on the right-hand side) and the integral of sdT which
is the second term.

Incidentally, a similar interpretation can be given for the
matter energy flux which crosses the null surface as well.
Using a corresponding expression for R,,7?£” and using
the field equations, we can easily show that [see Eq. (B46)]

et = e (52 (5) 50 s o
(116)

Integrating both sides over the null surface and ignoring
boundary contributions at the ends of integration of affine
parameter, we get

1
/dzxd/l\/c_]Tu,,f“fb—f—g—/dzxdlﬁD:/d2des.
b3
(117)

This tells us that the heating due to matter flux plus the heat
generated by the dissipation is equal to the integral of 70, s
over the null surface. This reconfirms the earlier interpre-
tation of the projection of the momentum contributing to
the heating of the null surface.

These results can be used to reexpress the heat content of
the null surface which was used in the thermodynamic
variational principle. Two equivalent forms of the varia-
tional principle, which differ by a total divergence, can be
given based on R,,7*¢" and the Lie variation term. These
two variational principles (neglecting surface contribu-
tions) have the following expressions:

1
Q] E/dxldzx\/&<—§Rabf“fb—I—Tabf“fh>

B
= / did*x\/q 8—D+ Ta,,f“fb] - / d*xTds  (118)
T

and

QZE/dﬂJZX\/_ Fbﬂagljfé:N +Tabl/ﬂabﬂb:|

1
- / dad*x\/q 8—’D+Tabz,”“ﬂ’] + / dPxsdT. (119)
T

Note that both of these variational principles have the
dissipation term D and matter energy flux through the null
surface T,,7°¢” in common. However Q, is connected to
TdS while Q, is connected to Sd7. Thus both the
variational principles have thermodynamic interpretation.
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VIII. CONCLUSIONS

Since we have described the physical consequences of
the results in the various sections themselves, we shall limit
ourselves to summarizing the key conclusions in this
section.

(i) There is considerable amount of evidence to suggest
that gravitational field equations have the same
status as, say, the equations of fluid mechanics.
They describe the macroscopic, thermodynamic
limit of an underlying statistical mechanics of the
microscopic degrees of freedom of the spacetime.
The macro- and microdescriptions are connected
through the heat density 7's of the spacetime. Here,
the temperature 7 arises from the interpretation of
the null surfaces as local Rindler horizons. The
entropy density is a phenomenological input, the
form of which determines the theory. For a very
wide class of theories, it can be defined in terms of a
function F (Rg‘b’, 6;) built from (2, 2) curvature tensor
R and the Kronecker deltas, as

= ——fPLdeabe
ab __ aF .
“ Ry
\Y P“Z =0. (120)

(i1)) Given a vector field »“, one can construct three
currents: (a) the Noether current J“(v), (b) the
gravitational momentum P“(v), and (c) the reduced
gravitational momentum P“%(v). Interestingly
enough, one can attribute thermodynamic meaning
to these quantities which are usually considered to
be geometrical. For example, the conserved current
J¢, associated with the time-development vector &
of the spacetime, leads to a conserved charge [i.e.,
integral of u,J%(£) defined either on a spacelike
surface or on a null surface] that can be related to the
boundary heat density T's, where T is the Unruh-
Davies temperature and s stands for entropy density.

(iii) One can also define the notion of gravitational
momentum P¢ for all the Lanczos-Lovelock models
of gravity such that V,(P? + M“) = 0 (where M“ is
the momentum density of matter) for all observers
leads to the field equation of the Lanczos-Lovelock
model. This generalizes a previous result for general
relativity.

(iv) The field equations can also be derived from a
thermodynamic variational principle, which essen-
tially extremizes the total heat density of all the null
surfaces in the spacetime. This variational principle
can be expressed directly in terms of the total
gravitational momentum, thereby providing it with
a simple physical interpretation.
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(v) One can associate with any null surface the two
null vector fields 7,, k, with £,k* = —1 and 7,
being the tangent vector to the congruence
defining the null surface, as well as the 2-metric
Qb = Gap + Cokp + €1k, These structures define
three natural projections of the gravitational mo-
mentum (P*¢,, P%,, P%q,,), all of which have
thermodynamic significance. The first one leads to
the description of time evolution of the null surface
in terms of suitably defined bulk and surface degrees
of freedom; the second leads to a thermodynamic
identity which can be written in the form 7dS =
dE + PdV; the third leads to a Navier-Stokes
equation for the transverse degrees of freedom on
the null surface which can be interpreted as a drift
velocity.

These results again demonstrate that the emergent gravity
paradigm enriches our understanding of the spacetime
dynamics and the structure of null surfaces, by allowing
a rich variety of thermodynamic backdrops for the geo-
metrical variables.
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APPENDIX A: GENERAL ANALYSIS
REGARDING NULL SURFACES

We will start with a null vector #, = AV,B, which
satisfies the condition #> = 0 only over a single surface,
which is the null surface under our consideration. Then we
obtain

£V 0 = kt? (A1)
where we have the following expression for «:
~ - 1 )
Kk=179,InA +k; K= —Ekaa,/ . (A2)

The last relation defining k¥ can also be written as
V,f* =2k¢,. The derivation of the result goes as
follows: let us expand V,7#? in canonical null basis,
ie, V,?=Ct,+Dk,+ Eses. Then both E,=
€4V, and D = —¢9V,£? vanish, since variation of
¢? along the null surface vanishes. This shows that the

only nonzero component of V£ is along #,. Then it turns
out that [44]

Vit =0+« +k, (A3)
where © = ¢"q,,,V,£". Note that the term K enters
the picture as #> = 0 only on the null surface. With this
setup let us now find out R,,#%#" in detail, which leads to

However in general, #/V ;¢' = k¢" is not true, it only holds
on the null surface (when £? = 0 everywhere this relation is
also true everywhere). Since we were doing the calculation
for the most general case, #> # 0 in the above expression
we cannot substitute #/V;¢' = k", since it appears inside
the derivative. Thus for the special case when 72 =0
everywhere, we will arrive at the following result:

0% = g, V" L"
= (8% + %k, + k) (8L + Pk, + KP£,)VM LN

(A4)

Ryt = =V, (0F) = (Vi£IV,61 = (Vi£)2).  (AS)

In order to simplify things quite a bit we will compute the
last term (V;£7V;¢" — (V,;£')?) which we designate by S.
Then we start by calculating the following object on the
null surface:

= Vesb 4 £k, VP 4+ kLY + Pk, N+ £k, kN — kKLY + RETKD — REKD + kkkP 2

= Vaeb + £k, N+ £k, N+ £9 ke kNN

(A6)
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In arriving at the third line we have used the following
results: 79V, ¢ = x¢' and ¢,V,¢* = k¢,;,. Then we can
reverse the above equation leading to

V.t, =0, — k"N, 0 — €k, V "

N AL (A7)

From the above equation we can derive two very important
identities:

(V,£,)(Varh) = ©,0% + £9£,knV, kY £,
4 2,0 Nk, £,
= ®ab®ab + 2<l?kml/ﬁm)(’<fnkn)

=0,,0% + 2Kk (A8)

In the same spirit we will arrive at

(Vi) (VPE?) = ©,,0% + £9¢,k,V ,£"k" V¢,
+ £,6°K"Y,, K"V 8,
= 0,0% + (kk"¢,,)(Kk"Z,,)
+ (K K" (KE k™)

=0,,0% +k* + &% (A9)

The extrinsic curvature for null surfaces, i.e., ®,, can be
given a very natural interpretation. This essentially follows
from [44]. There the expression for ©,, in terms of Lie
variation of ¢, along the null generator £, was obtained as

1
®ab = quqgi‘Kan‘ (AIO)

Now expanding out the Lie derivative term we obtain

£men = Lﬂiaiqn‘lﬂ + qmaanl’ﬂa + qgnamfa' (Al 1)

Which on being substituted in Eq. (A10) immediately
leads to

1 .
Qbiqznaml/m .

1 1
@ Qa (’Ibf 8tqmn + 2
(A12)

fl
=5 5 qaiq}On

Now on the null surface g,, = g45 as the only nonzero
component. Hence the above equation can be written as

1d

1
ZLM‘IAB"" QAcan + C]BcaA

(A13)

O, =0Oyp =

On the null surface q,‘jﬂ’ = (0, which in this coordinate
system leads to #4 = 0 on the null surface. Since 0,72
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represent derivatives on the null surface it also vanishes.
If £ =0 everywhere, then also £ is identically zero
everywhere. Hence we have

1d

O ==— .
ab 2d/1QAB

(A14)
There is another way to get this result. If ¢4 are the basis
vectors on the null surface and if Z,, ¢{ forms coordinate
basis vectors, then g, = qahejeg is a scalar under
4-dimensional coordinate transformation. This immedi-
ately leads to the previous expression. For more discussions
along identical lines see [44].

Now the expression for the quantity S can be obtained as

S == V,flvjf’ - (V,fi)z
=0,0% +k+k*—(0+«k+k)?

= (0,0 — ©%) — 20(k + k) — 2kK. (A15)

Using the general expression for R,,/°¢? we obtain the
following form:
Rabfafb - Vl(fJV/f’ - f’vij) _S

+20(k + &) + 2K (A16)

For the situation where #? =0 everywhere, we finally
arrive at the following simplified expression:

Rahfal/ﬂb = —(@ah®ab - @2) + 2@1(
Yk~ [0 + K]E)
d
_(@ah®ab @2) + Ok — 7&(\/_@))

(A17)

Let us now try to derive the Raychaudhuri equation starting
from the basic properties of null surfaces. We start with the
following result:

fava(vcfd) - f"vavcfd - Rdbacfafb + f"vcvafd
=V (£9V,£,) = V oyl )N L9 = Ryl *E°.
(A18)

Then contraction of the indices ¢, d leads to the following
result:

£V (Vo £6) = Vo (£9V,6¢) = V6,V 69 — R, 02"

(A19)
Otherwise we can rewrite it in a different manner which

exactly coincides with Eq. (A4). On using Eq. (A9) and the
decomposition @, = (1/2)0q,;, + 6,5 + ®,, We arrive at
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£V (Vo) =V (£9V,£°) = 0,00 — k2 — &2
— Ry tt"
1

_ 2 ab
= —EG‘) — 0 Oy +a)u,,a)

— k2 —Kk> = R, 0P,

(A20)

ab

For the situation where £2 = 0, the left-hand side is just
d(® +«)/dA and the first term on the right-hand side is
dr/dA + k(® + k). The above equation leads to

o _ kO + k> =V, £, Vore

— R, "
dA ab

= kO — ©,,0% — R, 9"

1
:K®_§®2_6 Oup +C() ,,a) hfafb (AZ])

where to arrive at the last line we have used the following
decomposition: O,;, = (1/2)Oq,, + 64 + ®,,. This is
precisely the one obtained in [12] though in a completely
different manner.

The next object to consider is the quantity £,J¢(¢). This
can be obtained by using the identity for the Noether
current leading to

1@Mﬂ=V(vwaw@VA>

A
o [Lete-n] v (2 T4)

_ %v,.[(x — R _%(K —R)P - VbA VAY,e
- %v,.[(x— D] -%(K R —%,z(x—;z).

(A22)

This can be written in a slightly modified manner as

£ (€)= Vil(k = &) = (& = &)
=0V (k=) + (k—K) (O + Kk + k) — (k2 —&k?)
4 = 7) + O - 7). (A23)

~di

The above expression can be simplified significantly by
noting that ® = d(In ,/g)/dA, which leads to

£al(£) :——[( —K)V/4ql-

Jadi (A24)

Again, we have
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D,[(x — k)¢
= (g® + k> + k)Y, [(k — K)Z))
=V, [(k = k)£ + (£7k> + £°k*)[(x — K)V &),
+ fbva(K - ’z‘)]
=V, [(k — k)£ — k(k — k) — k(k — k)
d -
—a(K— K) (A25)
(k—K)(©®+Kk+k)— (k¥ —&2)
= (k= )dlz/;[ (A26)
Thus we arrive at
£,J¢) = D,[(xk — k)] + % (k —K) + (k = &)(k + K)
- (@ - )
. d -
= D,[(k — K)¢7] +E(K—K). (A27)

From the expression of the Noether current we get

£ €)= 2R 06" + €, g £,NY,. (A28)

The above equation can be used to write g**£,N¢ ¢, in terms
of xk and R,,. For that purpose we use Eq. (1) and insert
Eq. (A23) leading to

Cog €Ny = €0 (6) = 2R 0"

d - -
:EOC—K)-F@(K—K)

1 d
_\/_dll

— 2R, 0"

[\/q(k — k)] = 2R,,£°¢"

(\/_K) 2R "

\/_ di

- VA )

The above expression when integrated over the null surface
with integration measure, \/gdzxd/l and then being divided
by 16z leads to

(A29)

w6 raival ugvffwﬂ+\/_;3[vfxx+%n}

1 1
- L / N / PxdinJGRu 0. (A30)
Then on using the field equation R,, = 8z[T,, —

(1/2)gapT) = 82T,, and then being substituted in
Eq. (A30) we arrive at the following expression:
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1 AL 1 . 1 d
- [ & — | = [ d®xdA\/qT L”“fb:—/d2 dA gV £ N + —— K)] ¢, A3l
i exva(ss)| - [ esanvaraee — o [ el ey LRl @
where the last equality follows from the fact that #> = 0 on the null surface. The above equation can be written in a more
abstract form as

1 L 1 K 1 K
— .97 £,N% = |- | d? — - & — |- [ &2 T, 000"
16ﬂ/af2xdﬂ\/§ G ENG, { i Ad xﬂ<2ﬂ> 4%1 d x\/ﬁ(zﬂ)} /d xdA/qT 4

1 d N
1o | dxdi [Vl + 7). (A32)

As an illustration when £ = 0 everywhere, we have K = 0, then Eq. (A32) leads to

/ Pxddn/GE g NG = { d*x \4[(2”) | {(2;;)} - / PxdAJqT 0. (A33)

We will now try to obtain an expression for the quantity #,g"/ £ ¢N¢; independently. For that we start with the symmetric and
antisymmetric part of the derivative V,£, such that

§ab = Vagb 4 Vbea, Jb = Vagb —Vbea, (A34)
Then we have the following result: V£ = (1/2)(S% + J4), which on being substituted in the identity
V,(Veet) —=Ve(V,¢") = Ri¢?, (A35)
leads to the following identification:
g £,NE, = =V, (8P — g*°S). (A36)
Hence we arrive at the following relation:

Cagt£,NG . = =L N[V + Ve —2¢V ¢
= =V, [tV 0 + £, VP =267 (V )] + V £,V + V£,V —2(V £)?
= =V, [tV " + ¢,V —26°(V .£9)] + 20,,0% + (k + )% —2(0 + k + k)?
= =V, [tV " + ¢,VP ¢ =260 (V .£9)] + 2(0,,0% — @) —40(k + k) — (k + k)% (A37)

For the case #? = 0 the term within brackets can be written in a simplified manner such that the Lie derivative term gets
simplified leading to

£ag" €N, = 2(0,,0% — ©2) — 40k — & + V,[(20 + x)£”]

d
=2(0,,0% —0?) — 40k — k? + (2@) +K)(0 +«) + 7 (20 +«)
d
=2(0,,0% - 0?) — Ok + ks +— \/_d/l (\/_G)) (A38)
If the null generator is affinely parametrized, then x = 0 and Eq. (A38) reduces to
£ugP NG, = 20,0 - %) + L /70). (A39)

\/_ di

While for the null generator £ in GNC we have [see Eq. (B35)]:
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2 d2\/"
2(0,,0% —0?) + —
( ab )+\/— d/{Z

£.gP£,NG . =

de 2 d

d_/l_ﬁd_ﬂ(\/zj’c)' (A40)

Through the above analysis we have obtained expressions
for £,J(¢), R.p¢°¢”, and €,g"°£,N¢,.

It turns out from the above analysis that ©,,0% — ©?
can be given a more physical meaning by considering Lie
variation of gravitational momentum. This can be obtained
by considering variation of the gravitational momentum
first:

qap®1*" = q8[/q(O% — Og™))]

= qab\/c_](S@ab - 2\/656 - \/aQQabaqah
- 038,/q
= /49,00 — 2,/q50 + ©5,/q. (A41)

Now specializing to Lie variation we arrive at

—~qup 1P = —Of o\ /q — /490 £,0 + 2./q£,0
= —/q£,0 + /GO £,q,, — Ofs\/q

+2./q£,0
=2,/q(00,, — 0%) + £,(,/40)
d>\/q
= /Gl " £,N§, — % , (A42)

where in the last line we have used Eq. (A39). Here the
quantities ©®,, and ® can be defined as ©, =
(1/2)£,q,, and © = £,1n,/q. In GNC parametrization,
(1/2)£,qa, = (1/2)04qa, and  £,1n,/q = 0,In/q.
Thus the Lie variation of gravitational momentum for
affine parametrization is directly related to D, i.e.
o (0,0 —6?).

For nonaffine parametrization the gravitational momen-
tum associated with null surfaces can be taken as
* =, /g(©" — (© + k)q?). Then we readily arrive at
the Lie variation expression:

_Qab£fnab = 2\/a(®ab®ab - 92) + £f(\/§®)

+2/qf k. (A43)
Since « is a scalar, the Lie variation term can be written as
£,k = dx/dA, where A is the parameter along £¢. If we
consider the null generator £ from GNC then we arrive at
[see Eq. (A40)]
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vq

_qabi‘fnab /12 + \/_d/l (\/_ )

\/_fagbci‘fN
(A44)

while if we have defined the conjugate momenta 1% as

" =, /q(©* — ©¢), then the above relation could
have been written as
. ) &g d
~4art A1 = /Gl o Ny =5 + 2k (V4)-

(Ad5)

APPENDIX B: DERIVATION OF VARIOUS
EXPRESSIONS USED IN TEXT

This appendix will contain derivations of most of the
results that we have used in the main text. The derivations
will be arranged in the same order as that in the main text.
First we will present derivations related to the Navier-
Stokes equation and then we will present the requisite
derivations of subsequent sections.

1. Derivation regarding Navier-Stokes equation

The first thing to compute is the Lie derivative of the
object N¢,. This can be obtained starting from the first
principle, i.e., using an expression for N¢, in terms of I';_
and then using Lie variation of the connection. This
immediately leads to

£,Nj. = Qpd£,T¢, + Q4T
= lelg(vcvdve + Redmcvm)

4d(VV0° + R e t™)

= % (5ZVL.VdUd + 5§thd1jd)

1 1
- 5 (vbvcva + vcvhva) - ) ( bme + Rcmb)
(BI)
In the above expression the second term in the last line can
be written as
(vacv“ + chbv“) = 23bacv“ =4 ZFZdacvd =+ ngdabvd
- ZFZCGdU“ + ﬂd(abrgd + acrzd)
- 2FZCFZ€/UE + FZdrge /I)e

+ T 14 ve (B2)

In order to compute the Lie variation of N¢, along the
transverse direction we need the two objects £,N4, and

£,N4 . For the evaluation of £,N4, the following identities
will be useful:
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(VV .9+ V V98 = 20,064 4+ 214 0,67 + 214,0,¢9 — 214.0,44 + v*(9,T4, + 0,14
— 20,4 £¢ + T4 Td,0¢ + TA Y, £

u

= ZauﬁA + 4(11—‘2?, + ZﬂBFII;‘B - ZﬂAF,’;r + aul—“;‘u + arrﬁu - 21—‘51‘1—“214 + Fﬁdr‘Zr + Fédrﬁu (B3)
and

(VpVt* +V V) + [(R e + R ) E™ ), = 20,4 + 4oLy, + 25T, — 25T, + 0,10, + 0,1, — 2T, I,
+ ol + pgliy + R
=20,p" + 26"y + 20T,
= 0up* + BPq*“0ugsc. (B4)

While for £,N3- we have

(VpV " + V.Vt 50 4 (R e + R onp) e = =2 T + Ol 4+ Ochy — 204 8, + T Th + T8 Ty

u
+ 0,0 3c — OcTy, + ThThe —T4,Tdg + 0,05 — 05T2,
+ 0, The =Tl

= 2T + 20,0 %c. (B5)

These are the expressions used to get the expressions in Sec. VII A. From the vector ©, given in Eq. (96) we can calculate
the Lie variation along ¢£“ leading to

£,Q,=70"0,Q, +Q,0," = (O,%ﬂAﬂA,%auﬁA> (B6)
and equivalently,
£,Q" = ¢"9,Q" — Q") " = (O, O,%&,ﬁ"). (B7)
Also,
D, 0" = 0505 + 9 1n /q0§ — ;0L
= %aB(chaquc) + %qa’(‘?c In\/§0uqap — %qBDaquDfSB- (B8)
Using these results we finally obtain

1 1 1 1 ~
quan =+ Dm®’0111 =+ ®Qa - Da (® + (X) = EauﬁA + 83 <§ qBCanAC) + EqCDauLIADaC In \/5 - EqBDauQCDFgB

1
+8uln\/§§ﬁA —3A8M ln\/E—BAa. (B9)

In raising the free index of the above equation the following identities can be useful:

- CICDC]ABBMCIBcaD In \/5 = au(qADaD In \/5) - qADauaD In \/5 (BlOa)

9.(¢*P0p In\/q) — ¢*20,4 T Ocqpr — 4*BOp(¢P0,apc) = —0.,(4"T5e) + 470,42 0capr — 4*B0pg PO, qpc
- _aLt(chfgC) (B 1Ob)
g8 0,qepl e = 140,47 — ¢*80cqpr0,q°". (B10c)
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Moreover we also have
a b 1 1 BC 1 BC
Ryp?ql = Ryy = Gyp = EaMﬂA —Opa+ 54 0,984 + 53361 0uqac — 0,0, In\/q

1 1 1 ~
+ EﬂAau In\/q + 3 q%€0,q4c0pIn\/q — 5 q®P0,qcpl 5. (B11)

It can be checked that this expression coincides exactly with Eq. (104) in Sec. VII A as it should.

To bring out the physics associated with the Noether current and its various projections, we compute the Noether
potential and hence the Noether current completely in GNC for the vector . To start with we provide all the components of
the tensor V&, which are

(Vi) = —ro o (Vi) = a+roa (Vi) = —a—ro,a (B12)
1 1
(vagb)uA = raAa - rauﬁA; (vaé:b)Au = —r@A(x; (vaéb)rA = _5/)714 - ErarﬂA; (B13)

1 1
(vafh)rr = 0’ (vaéb)Ar = EﬂA + ErarﬂA;

1 1

1 1
(Vafb)AB = EaMQAB + B r(aAﬁB - 3BﬁA)§ (Vagb)BA = EauCIAB - B r(aA:BB - 3BﬂA)- (314)

Then components of the Noether potential J,, = V, &, — V&, have the following expression:
Ju =0; Jr =20+ 2r0,a; Jua = 2r0 a — ro,pa; (B15)
Jra = —Pa—r0,Pa; Jap = r(0sPp — OpPa). (B16)
The upper components of the Noether potential can be obtained as
Ju = 0; JU = =2a —2rd,a — rp,pr — B0, B, (B17)
JA = —pr — rq*P0,pp; J7 =P pBE(0aPs — OpPa); (B18)

JA = 2”fIABaBa - rqABauﬂB - 2r2anBanBB - ’”3ﬂ26]ABanBB - quABﬂC(aBﬂc - 8Cﬂ3) + zrzﬂAara - r3ﬂAﬂBarﬂB’
(B19)

JAP = —rprq" (Be + r0,pc) + rBPq" (B + rd,Bc) + rq*“q"P (OcPhp — IpPe). (B20)

Using the above components of the Noether potential, the components of the Noether current can be obtained as

J(8) = —4d,a — - 200, ln\/ﬁ—%@‘(\/ﬁﬁf*), (B21)
(&) = 200, 1n /G + 20,4, (B22)

1
JA(f) = ﬁau(\/aﬂA) + qABauﬂB - 2C]A3830“ (B23)

Note that k,J%(&) = =J"“(€), q¢J" (&) = JA(€), and finally £,J%(&) = J"(£). As we will see all of them match with our
desired expressions. Also in the stationary limit we have 0, = 0,6, = 0,943 = 0, which in particular tells us that J” = 0.
Hence in the static limit the Noether current is on the null surface since its component along k¢ [which is —Z,J%(&)]
vanishes. Also in this case we have
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(vbvcéa + vcvbga)ﬁr + [(Rabmc + Racmb)ém]ﬁr = 6urlr4u + arrﬁu - F[uirrgu + Fédrgu + RAuur
= Zaur‘i}r = _auﬁA (B24)

as well as

(VuV &0+ V VA0 + (R e + R ) EM | = OpTAc + 0Ty — 204 4, + T4 T + T4, + 0,18
—OcTy, + T4 T4 —T4, T4, + 0,1 3¢ — 0pT, + T4, T4 — T4 T

u

=20, (B25)
Using these two results we arrive at
£:N4, = 18 A B26
EVur — E uﬁ ’ ( )
A Loy Loy A
£§NBC = 5535‘C® + §5C5‘B® - 8MFBC. (B27)

These are the expressions used in Sec. VII A.

2. Derivation regarding spacetime evolution

We need to consider the object £,g" £,N' #; in GNC. This in turn requires us to obtain expressions for £,N;, and £,Np.
Then using the identity for Lie variation of N, we can obtain both the Lie variations. For that purpose we have

1 1
5 (5‘blvcvdfd 4 5?V,,Vdf");, = Eau(a —+ 8ua (B28)
(vacfa + vcvbfa){tr = zaua (B29)

1 a a m "
_5 (R bme +R cmh)f =0 (B30)

1
(VyV £ + V. Vy£))p = ad,qap - ECICDauC]AcaquBD (B31)

1 a a m ! 1 1 2 1 CD
_5 (R pme + R cmb)f = _EaaquB + EaMQAB - Zq 8quCaMQBD' (B32)
AB
This immediately leads to
r 1 2

£,Ny = 56” In \/6’ (B33)

r 1 2
£/Nyp = —ad,qap + EaquB- (B34)

Combining all the pieces and using the results ® = J,,In /g and ®,5 = (1/2)0,g45. which is the only nonzero component
of ®,, [44], we finally obtain

fagijffN?j = 2£fNZr + qAB;EfNAB
1
= —2a0,In\/q + 202 1In N EaquBaquB

% dd;/za_ \/% d% (/). (B35)

=20,a+2(0,,0% —0?) +
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which can also be obtained from a completely different viewpoint. For the sake of completeness we will illustrate the
alternative methods as well. For the null vector ¢ in the adapted GNC system we have

(N )" = a+ rp* + O(r?); (¢°V %) = rd,a + 2ra* + O(r?);
(VLA = rap? + rg“dca + O(r?). (B36)
Hence on the r = 0 surface, we have k = a, as well as k = —(1/2)k“V,_£? = a. Now we will use the Raychaudhuri

equation to get R,,,°¢" and hence the Lie variation term. In this case we have du = dJ, thus the Raychaudhuri equation
reduces to the following form [see Eq. (A19)]:

£V, (0 +2a) = V (£9V ) = V£,V 6% — R, €0, (B37)
Where the © + 2a term comes from V,;7’. Then we have

V. (£9V,£¢) = 8,(£9V,£°) + £9V .0, In \/g
= 2% + ad, In /G + 20, (B38)

Thus nonzero components of B, = V £, are as follows:

1
50udac- (B39)

1
B, =a; B,y = EﬂA; Byc = 3

From which it can be easily derived that, B,,B** = 2a®> — (1/4)9,,q450,q"®. Thus we obtain

R, (¢ = -0,0 + 2a*> + ®a — B, B

1
AB@L%‘]AB - ZauCIABaquB
1
= a® — 783\/6 —+ (5‘1, In \/6)2 - @ab(aab’ (B40)
q

where ©,, has the only nonzero component to be ®,5 = (1/2)0,,g45. For the GNC null normal #,, the Noether current
vanishes, such that Lie variation of N turns out to have the following expression:

1
= @——
al 2q

fagijng?i = —2Rabfufb

2 d* 2 d
=20,a+2(0,,0% —-0%) + — va

/a4 du>  \/qdu

(vda). (B41)

The components of S, = V,Z, + V£, in GNC are as follows:

Sy = 2r0,a — 4ra® + O(r?); Sy =2+ 2rd,a + rp* + O(r?),
Sua = —1pP0,qup + 2r0 a — 2raf, + (’)(r2); S, =0,
Sea = Pa +10,:Pa = 1fDqca + O(r),
Sap = 0uqap + 2rad.qap + r(DaPp + Dyfys) + O(1%). (B42)
Thus the trace at r = 0 leads to S = 4a + 20, In,/q. Thus we arrive at the following expression [see Eq. (A36)]:
fagiffle.“j =20,(0+2a) — 9,8 -1 .S — 570, In/q. (B43)

Then the upper components of S, necessary for the above computation are the following:
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S = 8, + 1S4 = 2+ 2r0,a + 21 + O(r?),
ST =2rd,a+ 4ra* + O(r?),
S = darp? + 2rq*Bo,a — 2rap + O(r?). (B44)

The mixed components leads to nothing new so we have not presented them. From Eq. (B43) the expression for Lie
derivative can be obtained as

£0g7£,NY = 20,(© + 2a) — ausm — 0,8 — 0,8 + da® +20,,0% — 200

=2(0,,0% —0?) + 75 (V/4©) —2a0 + 40,a + 4a® — 40,0 — 4>

=2(0,,0% - 0?) +75(\/_ 70) — 2a0 (B45)

which exactly matches with Eq. (B41). The same can be ascertained for Eq. (B40) by computing R,,°#? on the null
surface i.e. in the » — 0 limit, directly leading to

Rupl¢” = Ry = 0uTity = 0Tt + Tl = T4,y
=0, +0,I, + 0,4, — 2 1In /g +T%,0,In /g —T4,T?,
=2a*-02In\/q+ad,In\/q-T" T, —T"Th —T4T",
=-02In\/q+ ad,In\/q — ©,,0% (B46)

which under some manipulations will match exactly with Eq. (B40). Then in GNC we obtain in identical fashion, the
following expression for heat density:

S - V,fjvjf’ - (V,»fi)z
= (2(12 - (1/4)8,46],4381[6]143) - (6 + 2“)2
= —20° —4a0® — 0% + 0,,0%. (B47)

This on integration over the null surface leads to

—/dudzx\/'S——/dudzx\/"( WO — ©%) —é%/dudz)c\/ﬁot2 —4/d2des. (B48)
n

Let us now write the integral form of R ,,£%#?, for that we note the integration measure to be dudzx\/@. Thus on integration
with proper measure and (1/87) factor leads to

1 1 1 dA,|?
— | dud®x./gR f“f”———/d &x\ /gD — ——"*%
87 / udx\/aRap sz | dudaP =g =0

+ / d*xTs|3 — / d*xsdT (B49)
which can be written in a slightly modified manner as

1 1 1 dA, |2
— | dud*x\/qR,,t¢" = —— | dud?x\/qD — —"""%
8::/” *VaRa, 87;/” WaP =gt

/ d*xTds. (B50)

Also the Lie variation term (with all the surface contributions kept) on being integrated over the null surface we obtain
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Ton dud*x qxfagf;ffN

1dA
=— 2x./qD dAL 2
/d”dxf Ty

S

&xTds+— | dud? D
/xs—i—/ux\/_—i—g e

(B51)

To calculate Lie variation for £&* we need to calculate

V., +Vyé, =8, This tensor has the following
components:

S = —2r0,a, Sy =0, Sua = —r0,Pa,

S, =0, Sa =0, Sap = Ouqas. (B52)

Thus in the null limit obtained from the relation » — 0, we
arrive at the result that all the components of S, vanish
except for the S,z components. If we want to satisfy the
Killing condition for £ on the null surface we would
require d,q,5 = 0. From the above relations it is clear that
V&% = ©. Moreover we also have

K= _kbgavaé:b = _cmkszagc (B53a)

— u
=TI, =aq,

- 1

K= —Ek,,vbé ==0,(=2ra) = —a. (B53b)
which shows that for &%, k = k. Thus even without the

condition 9,g45 = 0, we arrive at the relation k = —k = a.

Moreover Lie variation of N, along £ can be obtained by

computing the following objects:

1 1
5 53V V&0 4 82V, V £, = Eaug (B54)
(vbvcéa + vcvbga){tr = _26ua (BSS)
1 r
- E (Rabmc + Racmh)é:m =0 (B56)

ur

1
(vbvcga + chbga);m = _aauLIAB - EqCDaquCauQBD
(B57)
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r

1 1
=—-ad,qap + 5 D2qap

1
2 (R + R )"
2 mc cm AB 2

CDauCIACaMQBD

(B58)

1
14

which can be used to obtain the Lie variation term
associated with &% as

2
£uf EN = 20,0 + 2(0,0% — %) + —32\/q
V4
2 .
:ﬁau((l\/&)‘Ffagji‘fNij. (B59)
Then using the momentum I1* =, /g[@% — ¢**(® + k)]

conjugate to the induced metric g,, from Eq. (A43) we
immediately arrive at

avq

—q k1% = .
qap*e d/12

VAl g £:NY — (B60)

These expressions are used to obtain Eq. (86). Also the
variational principles in this context are

1
0, = /dﬁd%ﬂ(——Rabﬂ’ﬂ’ + Ta,,f“fb>
/ dﬂdzxf[ D+T bf“fb]

1 dA
2) J_
/d Tds—l—Sﬂ 7 (B6la)
0, = / did?x\/q [—faglféN +Tabf“f”]
/ didPx\/q [ D+Ta,,zf“ﬂ’]
d.AL
T B61
/szsd +8 v (B61b)

These are the expressions used in Sec. VII C.
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