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Fermionic Kaluza-Klein modes in the string-cigar braneworld
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We study the spin 1/2 and spin 3/2 fermion fields in a thick braneworld scenario in six dimensions
called string-cigar model. This smooth stringlike model has a source that satisfies the dominant energy
condition and undergoes a Ricci flow. We propose a new coupling for the fermions with a background
gauge field which allows a smooth and normalized massless mode in the brane with positive tension. By
numerical methods the mass spectrum and the massive eigenfunctions are obtained. The Kaluza-Klein
massive tower exhibits the usual increasing pattern and, in this scenario, the coupling term does not allow
tachyonic Kaluza-Klein states. The brane core and the background gauge field alter the properties of the
massive KK tower, enhancing the amplitude of the massive states near the origin and changing the
properties of the analogue Schrodinger potential. Furthermore, we find massive modes as resonant states in

this scenario for both fermionic fields.
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I. INTRODUCTION

In the last years, the extra dimensions physics has
acquired a conspicuous prominency, mainly due to the
seminal models of large extra dimensions [Arkani-Hamed-
Dimopoulos-Dvali (ADD) model] [1] and the warped
compactification models (RS model) [2,3]. The Randall-
Sundrum (RS) model, for instance, brought to light again
the possibility of noncompact extra dimension [4]. These
braneworld models provide solutions for important prob-
lems of the high energy physics, as the gauge hierarchy
problem [1-3], the cosmological constant problem [5], and
the origin of dark matter [6].

Fields endowed with a bulk dynamics provide an explan-
ation for the brane stability by assuming a stable source
configuration, as a topological defect [7]. In 5D (or more
generically in codimension 1) models, a domain wall brane
is generated by a spontaneous symmetry breaking mecha-
nism which also provides a width and inner dynamics to the
brane [7]. Further, for bulk propagating fields reproduce the
4D physics, a massless Kaluza-Klein (KK) mode ought to
have a compact support (localized) around the brane, what
leads to a massless effective 4D action [8]. Nonetheless,
unlike the gravitational and scalar fields, the vector gauge
field has no localized massless mode [8], being required
a coupling with the dilaton field [8]. For the spin 1/2 and
3/2 fermions, the localization of the massless mode also
requires an additional coupling, usually a Yukawa coupling
[9-20]. The bulk dynamics and the additional coupling also
provide the existence of KK massive resonant modes which
brings important phenomenological consequences [9—12].
Another approach to obtain a normalizable massless mode
for the gauge and fermionic fields in brane models with
positive tension is accomplished by changing of the
geometry structure for a Weyl geometry [21].

1550-7998,/2015,/92(10)/ 104007(20)

104007-1

PACS numbers: 04.50.—h, 11.25.—w, 11.10.Kk

In six dimensions (or codimension 2), stationary brane-
world scenarios with axial symmetry are called stringlike
models [22,23]. The stringlike branes inherited this name
due to their resemblance to topological defects in (3 + 1),
as the cosmic strings [24]. Assuming a warped geometry
with regularity conditions, the gravity is localized in the
stringlike models whose source is a global defect [22], an
infinitely thin brane [23], or a local vortex [25]. The gauge
vector field is also localized without any other coupling but
the minimal gravitational coupling [26-28].

An important stringlike scenario is the Gherghetta-
Shaposhnikov (GS) model, whose bulk geometry is the
warped product between a thin brane and the two dimen-
sional disk [23]. This vacuum solution of the Einstein
equation with a negative cosmological constant traps gravity
and provides a smaller correction to the Newtonian potential
compared to the RS model [23]. Nonetheless, the GS model
does not satisfy the regularities conditions at the origin and
the dominant energy condition, as well [29].

Giovannini et al. found numerically a stringlike solution
wherein the source is a local Abelian vortex in the Einstein-
Maxwell-Higgs model [25]. This smooth and thick string-
like brane satisfies all the energy conditions and all the
regularity conditions [25]. The components of the stress-
energy tensor are concentrated around the origin for the
winding number n = 0. For higher winding numbers, the
source is shifted from the origin [25]. Yet, only a numerical
solution for this model is known.

Stringlike models with gravitational higher derivatives
[30] were proposed and their cosmological features ana-
lyzed [31]. Braneworld models in 6D were also proposed
assuming nontrivial transverse manifolds. Carlos and
Moreno found a smooth stringlike solution with a cigarlike
shape [32] whereas Kehagias proposed a conical tear
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droplike transverse space to solve the cosmological con-
stant problem [33]. Silva and Almeida used a section of the
resolved conifold to build a thick stringlike brane that traps
the gravitational [34], scalar, and gauge fields [35]. Other
transverse manifolds include general Einstein spaces [36],
apple-shape [37], football shape [38], and others [39].

An analytical interior and exterior stringlike model was
proposed wherein the transverse manifold has a cigarlike
shape, the so-called string-cigar model [40]. The bulk
geometry is a warped product between a 3-brane and the
so-called cigar soliton, a stationary solution of the Ricci
which asymptotically converges to the 2D disk [41]. The
Ricci flow appears in string theory as a RG flow of the world
sheet [42] and this geometrical flux has also applications
topological massive gravity [43] and condensed matter [44].

The cigar shape provides a metric similar to that found
numerically by Giovannini et al. [25], which makes the
metric satisfy all the regularity conditions at the origin and
behave similar to the GS model at large distances [40].
Then, the string-cigar model can be regarded as a smooth
extension of the GS model [40]. Since a Ricci soliton is an
extension of the Einstein spaces, the string-cigar model
generalizes the 6D model in Ref. [36]. The Ricci flow in
the transverse space makes the source undergo a flux that
varies the brane-tensions and the bulk cosmological con-
stant [40]. As a result, the source satisfies all the energy
conditions and it has a bell-shaped core displaced from the
origin, as in Ref. [25].

The spin 1 and spin 2 bulk fields have been already studied
in the string-cigar background [45,46]. The massless modes
are localized at the brane core and they recover the usual
stringlike behavior at large distances [23,26]. The Kaluza-
Klein spectra are attained, showing an increasing behavior
for both fields, and the correspondent massive modes are
enhanced near the brane core [45,46]. Besides, resonant
massive states are present in the gravitational case [45].

A relevant question to address is how to include the
matter fields (fermions) in the thin and thick stringlike
models. Besides the spin 1/2 spinor which describes the
ordinary matter, another important fermion is the spin 3/2
gravitino field (superpartner of the graviton) that arises in
supergravity context and is a dark matter candidate [47].
Oda studied the localization of various spin fields in a thin
stringlike scenario [26,27]. As the vector gauge field in 5D,
the free spin 1/2 and 3/2 fermions can only be localized
(without additional interactions) on a stringlike defect with
the exponentially increasing warp factor (negative tension)
[27]. Xiao Liu et al. proposed to couple the fermions with a
U(1) background gauge field by which the zero mode is
confined in the thin stringlike brane with positive tension
[48]. Parameswaran et al. analyzed the massless and
massive spectrum in a 6D supergravity model which
enables a finite mass gap even for an infinite extra
dimension [49]. Dantas et al. [50] obtained a normalized
massless mode for a fermion in a stringlike brane with a
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transverse resolved conifold [34]. The depth of the potential
well and the high of the potential barrier evolves with the
resolution parameter [50]. However, although normaliz-
able, the massless mode is not well defined at the origin.

In this work, we propose a new coupling for the fermions
with a background gauge field which localizes the zero
mode in the string-cigar model. The thin-string limit is
considered, as well. Imposing suitable boundary conditions
to guarantee the self-adjointness of the spinor operators, a
normalized and everywhere well-defined massless mode is
obtained for both the thin string and string-cigar models. As
for the gravitational [45] and the U(1) [46] vector fields, we
find that the spin 1/2 field massless mode is shifted from
the origin and sets around the displaced brane core. The
mass spectrum is the same for both right-handed and left-
handed chiralities and it is free of tachyons. Further, the KK
spectrum has an increasing pattern which exhibits the usual
linear behavior of the Kaluza-Klein theories. For the Rarita-
Schwinger field (spin 3/2), the zero mode and massive
spectrum have minor changes when compared to those of
the spin 1/2. However, the amplitudes of the massive
eigenfunctions for the spin 3/2 are higher than those for the
spin 1/2. In comparison with the thin string-like model, the
core of the string-cigar brane enhances the massive modes
near the origin for both spin 1/2 and 3/2 fields. Besides, in
a Schrodinger approach, the spin 1/2 and 3/2 fields
possess identical behavior. Furthermore, the coupling also
enables the presence of resonant modes (massive modes
solutions having very large amplitude near the brane).

This paper is organized as follows: in Sec. II, we review
the features of the thin string and the string-cigar models.
We comment on the main properties of the gravity and
gauge fields in these models, which were developed in
Refs. [45] and [46], respectively. We also studied the
dynamics of the scalar field in these scenarios and show
that it is identical to the gravitational case [45]. In Secs. I1I
and IV, we study the localization of spin 1/2 and 3/2 fields.
Furthermore, the massive spectrum is obtained in both
cases. Concerning the resonant modes, we conclude that
the Schrodinger-like potentials are the same for both spin
1/2 and spin 3/2 cases. Thus the behavior of the resonant
modes are only studied in Sec. III D. In Sec. V, conclusions
and perspectives are outlined.

II. THE STRING-CIGAR BRANEWORLD

Consider a six dimensional spacetime M, where the
3-brane M, can be embedded. Assuming an axially
symmetric and static bulk Mg, the braneworld scenario
is called a stringlike model [22,23,25,51]. A general metric
for the string-like model takes the form [22,23,25,51]

dsg = F(r)n,,dx"dx" + dr* 4+ H(r)d6*, (1)

where 0 < r < rp. and 0 € [0,27) are the radial and the
angular coordinates, respectively. The radial component
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can extend to infinity, i.e., r,,, — o00. In order to guarantee
that the scalar and the extrinsic curvatures are finite at the
origin, it is usual to impose the regularity conditions
[22,23,25]

F(0)=(VHF)),_y=1. and F(0)=H(0)=0, (2)

where the primes denote derivatives with respect to r.
Performing the change of coordinate [52]

<= || 8
0
the metric (1) can be cast in the conformal form [52]
dsi = F(2)(udx'dx’ + d2 + f(2)d6?),  (4)

where f(z) = %
Let us assume that the bulk dynamic is governed by
the Einstein-Hilbert action with bulk cosmological constant

A [22,23,25,51]:

S, = /M (LR—A+cm> J=adx.  (5)

2K6

where kg = 87/M¢, M} is the six-dimensional bulk Planck
mass and £, is the matter Lagrangian for the source of the
geometry. From the matter Lagrangian £,, we define the
stress-energy tensor

T = TMNdxM ® de, (6)

where the stress-energy tensor components are defined by
[22,23,25,51].

oo 2 0(/=9Ly)
vEg o™

The Einstein-Hilbert action provides the Einstein equation
for the bulk [22,23,25,51]:

(7)

1

Ryn — ERQMN = —ke(Agyun + Tuw)- (8)

An axisymmetric and static anstaz for the stress-energy
tensor has the form [22,23,25,51].

3
T = to(r)<e0®e0+2ei®ei>

i=1
+1.(r)e, @ e, +1,(r)e, ® e,. 9)
Using the metric ansatz (1) and the stress-energy ansatz (9),

the bulk Einstein equation (8) yields to the system of
equations
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3(F\' 3(F\? 3FH L(HNZ 1 HY
2\F) "2\F) "4FH 4\H) "2\H
= —Ke(A +10(r)), (10)

3/F\2 FH

2(2) +3 (%) — A+ (1), (12)

(11)

A. Thin stringlike model

In the Gherghetta-Shaposhnikov (GS) model, a vacuum
solution of the system of Einstein equations (10) was found
[23]. Assuming that % = % = 0, the metric functions are
given by [23]

F(r)=e, H(r) = R3F(r), (13)
where R, is an arbitrary length scale and the constant ¢ is
related to the bulk cosmological constant by [23]

2
c? = —ZKkgA.

- (14)
Hence, the cosmological constant must be negative and the
bulk is an AdSg spacetime [23]. Since the functions in
Eq. (13) are vacuum solutions, the GS model represents an
infinitely thin stringlike braneworld which is an extension
of the Randall-Sundrum (RS) metric to six dimensions.

For the thin stringlike metric, i.e., F(r) =e " and
H(r) = R3F(r), the conformal coordinate can be found
to be [52]

z(r) :g(e%—l). (15)

Note that z(r = 0) = 0 and Z’(r) > 01in Eq. (15). Then, the
conformal coordinate z(r) is still a Gaussian radial coor-
dinate which measures the distance from a point in the
transverse manifold to the origin. Using the conformal
coordinate z in Eq. (15), the metric factors have the form

1

m, H(z) = R3F(z2).

)= (16)

Furthermore, the hierarchy problem between the four-
dimensional Planck mass (M*) and the bulk Planck mass
(M®) is solved in this scenario [23,40], and these masses are
related by the following equation

104007-3



DANTAS et al.

M3 — 20} / g AF () dr
=0
- 271'R0

3¢rmax
3c (1—e27). (17)

The relation between the bulk and brane Planck energies
can be rewritten using only the ratio between the bulk
cosmological constant and the string tension [23].

For fluctuations of the metric (1) in the form [23,25,40]

ds% = F(r)(r]lw + hﬂb)dx/‘dx” +dr’ + H(r)do*, (18)

satisfying the traceless gauge V*h,, = 0, the linearization
of the Einstein equations (8) yields the equation for the
gravitational perturbation [23,40]

Dsh,w = aA(\/ —gsﬂABth/w) =0. (19)

Performing the Kaluza-Klein decomposition 4, (x, r,8) =
By (X) S22 s (r)e™ [23,40] and imposing the free
wave dependence on the 3 —brane [y, (x) =

mzizm,(x) [23,25,40], the radial component of the graviton
equation of motion takes the general form [23,25,40]

2

2
{83 + 2P0, + (m;, - %)] ¢ni(r) =0, (20)

where

P SE 1

PO =F 35" aF Tap

(21)

The graviton radial equation for the thin stringlike model
has the explicit form [23]

5
W =5 e+ (m§ = BIRR "y = 0. (22)

From the Eq. (2), we impose the boundary conditions
[23,25,40]

#'(c0) = ¢'(e0) = 0. (23)

The radial graviton equation (22) together with the boun-
dary conditions (23) forms a Sturm-Liouville problem
[23,25,40]. For m = 0 and s-wave solution (I = 0), the
localized massless mode solution is obtained as [23]

~ 3 3
Pro(r) = ,/2—,;52”, (24)

where (z;m =e *“¢,—o [23].
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For m # 0, the massive modes has the form [23]

Sc 2m . 2m .
Q’)m(p) = ei’ B1J5/2 - exrr ) + BZYS/Z Tez‘/’ s
(25)

where B, and B, are arbitrary constants and
m = m} — I*/R3. The exponential dependence reveals that
the massive modes are not localized on the brane [23].
Applying the boundary conditions (23) on the massive
modes (25), the graviton mass spectrum in the GS model
was found as [23]:

N\z .
— [— — _Ermax 2
m, c(n 2) 2e , (26)

where r, is a finite radial distance cutoff. The gravita-
tional massless mode is localized in the brane and the
contribution from the nonzero modes provides a small
correction to the Newton’s law on the 3 — brane [23].
The vector gauge field was also studied in the string-like
models [26-28,35,46,49,53,54]. Starting with action

Sepin-1 = / vV —99""N g"S F yn F rsd®x, (27)
where Fyy = Vy Ay — Vy Ay, the equation of motion
is [26-28]

b
N

Imposing the gauge conditions [26-28] 9, A" = Ay =0

(0sv/=998"M *N F yyny) = 0. (28)

and A, = A.(r,0), the Maxwell equations read
[26,27,35,46]
v r 2
n"0,0, + ﬁag A, =0, (29)
F2
0, —=0pA, | =0, 30
(7a+) 0

F 1
<nﬂ 00, + 05+ ﬁa,(F\/ﬁa,OAl =0. (31)
Using the Kaluza-Klein decompositions Aﬂ(xM ,r,0) =

=oAL ()p,(r)eand  A(M,r,0) =

3% AP (x*)0(r)ei”, the radial dependence of the gauge
field on the brane for / =0 is governed by the Sturm-
Liouville equation [35,46]

F/ 2
{83 + <2P - F> a, + ";] o) =0, (32)

which can be rewritten as
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3F 1p ;

pu(r) + (—— + ——)pZ(r) + () = 0.

7 (33)

where f(r,c) = H(r,c)/F(r, c). For the thin-string model,
the radial equation (33) has the explicit form [26,27]

3
=5+ (5 = P/ R3)ep,, = 0,

. (34)

Unlike the vector gauge field in the RS model, in the thin
stringlike model the gauge field has a massless mode of

form [26,27]
[ 5¢ .,
po(r) = TROG o

which is normalizable [26,27]. The massive modes have the
form [26,27]

(35)

2m 2m
(1) =€ [31J3/2 <mezcr> +B,Y3), <mezcr>} . (36)
c c

and then, are nonlocalizable [26,27]. Imposing the same
boundary conditions (23), a linearly increasing KK gauge
spectrum was found [26,27]

— E e_%rmux
m, = 2nﬂ .

(37)

Finally, for a minimally coupled scalar field, the action
[26,27,34]

S0 = =5 [ VINOuD0NER (39

provides the equation of motion

1

\/_—gaM[\/ —gg"" o] = 0. (39)

Using the general stringlike metric (1) in Eq. (39), we have
" 0,(F2H:,) 02

— 4+ 2D =0. 40

{ F O+ F’H> H (40)

Using the KK decomposition ®(x*,r,0) = J=p(x*)x
S oxa(r)e™ and  p*0,0,0(x*) = m*e(x*), the

Eq. (39) yields the radial Sturm-Liouville equation

2 2
mn,l )

[8%+273(r)8,+ ( F —Eﬂxn(i’) =0. (41)

Note that this equation is the same for the gravitational case
(20), thus for s-wave solution, both zero mode and as the
KK spectrum are given by the results of the graviton
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[27,34,40,45]. This behavior between spin 0 and spin 2
modes is also verified in five dimensional scenarios [55].

Despite the good results of the thin stringlike model
described above, the regularity conditions (2) at the origin
and the dominant energy conditions are not satisfied for this
model [25,29]. This issue arises due to the metric being
only an exterior solution of the Finstein equations.
Although it is possible to consider an interior and exterior
solution separately using the junctions conditions to match
the solutions, the thin string limit (where the width of the
core vanishes and only the exterior solution remains) is
known to present the same problems [29]. As a matter of
fact, Giovannini et al. have found numerically an interior
and exterior stringlike solution of the Einstein equations
satisfying all the regularity and energy conditions whose
source is an Abelian vortex in the Einstein-Maxwell-Higgs
model. Nonetheless, the analytical expression of the sol-
ution is yet unknown.

B. String-cigar model
An analytical interior and exterior smooth extension of
the GS model, called the string-cigar model, was proposed
in Ref. [40]. The thin stringlike GS model is built from the
warped product between the 3 —brane and two dimen-
sional disc D? of radius R,, whose metric has the form

dst, = dr* + Rjd0*. (42)

The constancy of the radius prevents the GS model from
satisfying the H(0) = 0 and (v/H)' = 1 conditions.

In the Ref. [40], a regular transverse manifold C, with
metric

1
dsg, = dr* + ?tanhz(cr)de2 (43)

was proposed. Note that asymptotically, the metric (43)
converges to the D? metric (42), for Ry = 1/c. At the
origin, the effective radius tanh(cr)/c vanishes. Hence, the
transverse manifold C, has a cigarlike behavior.

Indeed, the transverse space C, is a stationary solution of
the geometric Ricci flow according to [40-42]

agab

8(/1 = _2Rab(c)’

(44)
where ¢ can be regarded as a metric parameter and R, is
the Ricci tensor. The metric solution (43) is a Ricci flow
solution called cigar soliton [40,41]. The Ricci flow (44)
defines a family of smooth geometries depending on the
parameter ¢ [40]. Using the cigar soliton C, as the trans-
verse manifold, a stringlike model was proposed as [40]

F(I") — e—[cr—tanh(cr)]’ (45)
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1.4

Warp Factors

FIG. 1. Warp factors for ¢ = 0.9. The thick lines correspond to
the string-cigar geometry, while the thin lines to the GS model
with Ry = 8.0.

and
H(r) = p(r)F(r), (46)

where f3(r) = % tanh*(cr). Since this stringlike model has a
cigar transverse manifold, it was named string-cigar model.
We plot in Fig. 1 the metric functions for the thin stringlike
and for the string-cigar models. It can be seen that, for
large r, both models possess similar behaviors. Therefore,
the string-cigar model recovers the thin string-like limit
asymptotically. At the origin, the string-cigar model
satisfies all the regularity conditions [40].

From the Einstein equations (10), the components of
the stress-energy tensor corresponding to the string-cigar
braneworld are [40]

2

13 5
to(r,c) = Z—ﬁ (7sech2cr += sech’crtanh cr — 3 sech4cr>

(47)

2

5
t.(r,c) = < <5sech2cr + 2sech?crtanh cr — > sech4cr>
Ko

(48)

2

5
to(r,c) = < <SSech2cr + dsech?crtanh cr — > sech4cr> )
Ke

(49)

The components are non-negative ty, t,, fy > 0 and satisfy
the dominant energy condition, i.e., fy > |z,|, |tg]. We plot
in Fig. 2 the energy density ¢, for different values of the
parameter c. The position of the maximum of the energy-
density evinces that the brane core is shifted from the
origin, as for the Abelian vortex model for higher winding
number [25].
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T T
— ¢=0.70

=== c¢=0.75 |4

T c=0.80

ot

FIG. 2. Energy density of the string-cigar braneworld for
different values of c¢. Its maximum indicates the position of
the core of the brane.

Since the stress-energy tensor components have a com-
pact support around the origin, the string-cigar geometry
can be regarded as an interior and exterior thick stringlike
solution of the Einstein equations (10). Once the source
evolves with the Ricci flow parameter ¢, the string-cigar
model reflects changes that both the brane source and the
bulk cosmological constant undergo [40]. For instance,
due to the tanh(cr) and sech(cr) terms, the stress-energy
components vanish when ¢ — oo and we recover the thin
GS model.

In the string-cigar model, the relation between the bulk
and the brane energy scales, given by Eq. (17), reads [40]

dr. (50)

5 277:Mé /oo e—%(cr—tanh(cr))
4
0

¢ tanh(cr)

Then, in order to guarantee that M, > Mg, the parameter ¢
must be small [40].

The localization of gravity and U(1) vector gauge field
in the string-cigar braneworld was performed in Refs. [40]
and [46], respectively.

The radial graviton equation has the form [40]

5 sech?(cp)
1" — Ztanh? —
¢m + C|: ) an (Cp) + tanh(cp) ¢m
2.2
+ e(cp—tanh (cp)) m% _ l—C ¢,, = 0. (51)
tanh?(cp)

Note that asymptotically, tanh(cr) = 1 and sech(cr) = 0,
then the graviton equation in the string-cigar model has
the same form of the thin stringlike GS model [40].
Nevertheless, near the origin, the effects of the brane core
change the behavior of the gravitons. In fact, its massless
mode is given by [40]

Puo(r) = N Fi(r)pi(r), (52)
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where N; is a normalization constant. The massless
graviton mode (52) satisfies the boundary conditions
(23) and asymptotically behaves as the GS massless mode.
Further, the zero mode has its peak shifted from the origin,
as the energy density [40].

The massive modes as solutions of the Eq. (20) was
studied in detail in Ref. [45], where the complete Kaluza-
Klein spectrum and the corresponding eigenfunctions were
attained. Asymptotically, the massive KK states have a
similar behavior of the thin GS model while near the
origin, the brane core interaction enhance their amplitude
compared with in the GS model. The resonant states were
also found as solutions of the analogue Schrodinger
equation [45]. In the string-cigar model, the graviton
massive spectrum, obtained numerically, has a linear
behavior, as for the GS model [45].

Since the radial equation for the scalar field is the same
of the graviton, the analysis of the massive modes for the
scalar field in the string-cigar braneworld is identical to the
gravitational field presented in Ref. [45].

For the vector gauge field, the radial equation reads [46]

sech?cr

3
Pl 4 c —ztanhzcr + pl, + eler—tanher) 2, )

tanh cr
(53)

Asymptotically, the gauge KK equation (53) has the same
form of that for the thin stringlike model. The localized
massless solution of the Eq. (53) in the string-cigar scenario
were found in Ref. [46] as

Pm=o(r) = NoF2(r)pi(r), (54)
where N, is a normalization constant. It is interesting to
compare the massless mode of the bosonic and fermionic
fields. We insert a comparative plot of massless modes of
gravity, Eq. (52), vector field, (54), and fermionic fields
in Sec. IV.

The massive solutions of Eq. (32) for the string-cigar
was studied in Ref. [46]. The well-known linear increasing
behavior for m <« ¢ was obtained. As for the gravitational
case [45], the massive eigenfunctions behave as the thin
stringlike modes asymptotically and they are influenced by
the core of the brane near the origin. However, resonant
states were not found [46].

The similarity between Kaluza-Klein modes of the spin 0
and spin 2 fields is expected. This behavior is present in the
thin string-like model as inferred by Oda in Ref. [27].
Besides, the same feature occurs for the spin 1/2 and spin
3/2 cases, which will be discussed in Secs. III and IV.

III. SPIN 1/2 FERMIONS

Consider the action on curved space background for bulk
massless spin % fermions [27,48,49,56]:

PHYSICAL REVIEW D 92, 104007 (2015)

Sy, = / /=g¥ilr'MD,, Wdox, (55)

where ' = 5%1“1‘_” are the curved Dirac matrices defined
from the flat Dirac matrices I through the vielbeins
gun = éﬂfﬁfm ~- These matrices obey the Clifford algebra
{TM, TN} = +2¢MN 1. Here, D, is the gauge covariant
derivative given by [48,49]

Dy = Oy + Qy —iqAy, (56)
where Q) = %nf’fvg%[aMgg + F%Qfg]FMFN is the spin
connection and A, = A, (x)% + Ay(r)0 is a cylindrically
symmetric background gauge vector field. We remark that
here, A,, is not related to the dynamical field A,, of the

previous section.
The nonvanishing terms of the spin connection are

_VFO) fn _VH(@)
=7 Fmrﬂrr and QFLtmrgr,. (57)

Substituting Eqgs. (56) and (57) in the action (55) in the
background metric given by Eq. (1), we obtain the Dirac
equation:

i . N F H
DDy = [P0, ~ ia, () + 7 (0,4 7+ 47

+ HT?(8, - iqu(r))] ¥ =0. (58)

We will now choose the usual Weyl spinor and
gamma matrices representation on six dimensional models

50,56,57-27,48]]:
Yy
U(x,r,0) = ,
(x,r,0) ( 0 )

i 0 7 . 0 p P 0 —f
(D) () )
0 r 0 v 0

(60)

(59)

Due to the metric sign convention (—, +, +, +, +, +) the y#
matrices in Weyl representation become:

]/O:—iGI ®'ﬂ2’ ]/i:—02®0i,

rP=0cQ1,, Y =ily, (61)
where ¢’ are Pauli matrices and 1 is the identity matrix. In
this convention, the matrix y° is anti-Hermitian, while the
others are Hermitian. The y° is such that Yy ; = *ype ;.

The Dirac operator acts as y#(0, — igA, )y = my. Other
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representations can be directly deduced from the general

Now, let us perform a Kaluza-Klein decomposition on
Y4 in the form

ilg

1
wa(x,r.0)= EZ Wk, (X)ar,,(r) v, (x)a, (r)]e
n,l
(62)
Using Eqgs. (59), (60), and (62) for the s-wave solution

[27,48,57], the Dirac equation (58) turns to the following
chiral coupled equations

0+ P() + Wr)lag, (1) = ==, (1)

b, + P~ W, () = e ().
where
_F(r), H(r)
P =F00 t an ()
=—c f—ltanhz(cr) — 2sech?(cr) coth (cr)|  (64)
and
W) = ¢ A;_XZ) ~ g tafz}el'((’”c)r) eller—anh (en] - (65)

A. Spin 1/2 zero mode

For m = 0, the expressions (63) decouple in two first
order differential equations which solutions are

ag 1.(r) = Coexp [—/ (P+ W)dr’], (66)

r

where C, is a normalization constant.
In order for the zero-mode to be localized and free of

singularities at the origin, we impose the orthogonality
condition

A |aR“’LJ(r)\2dr' = 6Rn~Ls' (67)

This condition implies that lim,_,a%,(r) =0.

Nonetheless, since
2 (tanh
—/P(r)dr’-%[cr—tanh(cr)%—gln(ian (Cr)>] (68)
r c

is nonconvergent, the Ay(r) function presented in Eq. (65)
has to be adjusted in order to overcome this drawback.

Assuming that

PHYSICAL REVIEW D 92, 104007 (2015)
W(r) = =AP(r), (69)

where 4 is a dimensionless coupling constant, the right-
handed zero mode becomes

a(r) = Cyexp U dr' (4 - 1)79]

= CoFU=D(r)H:#=D (7). (70)
For 4 = 0 this expression is the same obtained in Ref. [27]
which is non-normalizable.

Using the explicit expressions of the warp factors in
Eq. (45) for string-cigar, the zero mode and the gauge
angular component are given, respectively, by

exp (2(1 —A)[cr+tanh (cr)})
(71)

G-1)

) =co()

A5
Ag(r) = 7 [Z tanh®(cr) — 2sech2(cr)] gzler—tanh(er)] —(72)

In the absence of the coupling (4 = 0), the massless mode
is not localized in the brane. For A > 1, the zero mode is
normalizable, but only for 4 > 3 its derivative is continuous
and null at the origin. From these restrictions over 4, we
find the following boundary conditions

a(l)e,L(O) = rhjga(l)e,L(") =0

ar[a%.L(r)]r:() = limar[a(l)?,L(r)] =0.

r—00

(73)

We plot the fermionic zero mode and the gauge angular
term in Figs. 3 and 4, respectively. In both cases, the
coupling constant A controls the amplitude, whereas the

2.0 -
' T A=0.0
— A=20
SEL0E e N -
, 3 .- A=T0
: — A=120
0sH ! i
0.0 " | | R -
0.0 0.5 1.0 1.5 2.0
T
FIG. 3. Plot of the right-handed fermionic zero mode for

¢ = 0.5 in the string-cigar model.
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8 T T T T T

Y — A=20 ¢=050
. - A=70 ¢=0.70
- — A=120 ¢=0.90]]
-8 | | I I I I
0 2 4 6 8 10 12 14
T

FIG. 4. Plot of the gauge angular component for the string-cigar
model.

geometric parameter ¢ regulates their distribution over
the radial extra-dimension. The displacement of the zero
mode from the origin is an important result present in
expression (71). This feature is closely related to the fact
that the brane core is not placed at r = 0 [40]. This zero
mode has a similar profile to that of the energy density of
the string-cigar model [40]. Note, in Fig. 3, that the zero
mode satisfies the homogeneous boundary conditions (73)
provided that 4 > 3.

In order to confine the massless left-handed fermions
we would have to make 4 — —1 in the Eq. (69) with the
same restriction || > 3. Therefore, only one massless
chiral mode can be trapped in the brane. This is a
well-known result in five warped dimensional models
[11,12,14,18-20].

It is interesting to note at this point that Refs. [27,48]
use a less restrictive imposition on the radial component

af , (r) in the form

= / By (r)dr = / VEIFH(NaS, , (NPdr =3¢,

(74)

which comes from the effective action ngf(x, r,0) [27,48]
using Egs. (55) and (62), namely

S = [ i 10, + i)
© , Znﬁ
XA I(r)drA - (75)

However, if we adopt only the condition above, the spinor
in the string-cigar scenario will be exposed to singularities,
while for the condition (67), these singularities vanish.
Besides, the Eq. (74) is satisfied too.

Bol—

PHYSICAL REVIEW D 92, 104007 (2015)

B. Spin 1/2 massive modes

In order to study the massive modes, let us decouple the
system of first-order differential equations (63) performing
the conformal change of variable z(r) given by Eq. (3)
which turns the coupled first-order differential equations
system (63) to

(82 + 2P0, + [P* = W? + (P £ W)))ag, 1, (2)
= —m%aR,,,L,, (2). (76)

where

P ="P(2)\V/F(z), W=WI(z)\/F(z). (77)
Here, the overdots mean derivatives with respect to z and
the 4+, — sign stands for the right and the left chirality,
respectively.

The decoupled system of two second-order equa-
tions (76) is composed by independent Sturm-Liouville
problems for each chirality. Thus, we can analyze the
dynamics for the chiralities independently. However, due to
the involved form of the metric components (45), the
conformal coordinate z(r) in Eq. (3) cannot be achieved
analytically in general for the string-cigar geometry. The
functions P(z) and WW(z) (and their derivatives) must be
constructed from a numerical integral of Eq. (3). In order to
avoid the cumulative round-off errors in the forthcoming
analysis, we will study the Eq. (76) in the r coordinate,
where the metric functions are already defined. It turns out
that returning to the r coordinate, the second-order system
(76) is still decoupled, and it can be written as

1
()4 |37 + 3] 1,0

+ {(1?)[5]”2 + fg+ 10f + 24

F(1-2) Bf + ﬂ Z}aRn,Ln = (1) (78)

where

(79)

1. Thin string
For the thin stringlike model (f = —c, and g = 0), the
Sturm-Liouville KK equation (78) reduces to

2

Sc 5
ag 1 (r) =3cap (r) + e (1F4) + 5(] - 2%) | ag,.r,(r)

= _mz1ecraR,,,L,,(r>' (80)
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For A = 0 (absence of the coupling), the Sturm-Liouville
equation (80) turns to

35 X
ap (1) = 3cap, (r) + ECZGR,L(V) = -m,e“ag 1 (1),

(81)

and the solutions have the form

3er 2m cr 2m cr
aRvL :AIR,LCT |:J:t% (767> +B}?,LYi%( eT):| 5 (82)

c

where Ay, , Bf, ; are integration constants. It is worthwhile
to mention that the massive modes depend on the Bessel
functions of order yz; = + % while the graviton has order
5/2 (25) [23] and the gauge vector field has order 3/2
(33) [27,28].

Moreover, unlike the graviton, gauge vector field, and
scalar field, the fermionic massless mode for A = 0 in not
localized on the thin stringlike brane [27]. In fact, for
m = 0 in (81), the massless solution has the form

0 _ A0 cr 0 cr

agp = Ag e + Bg &7, (83)
where p;, =151 and A}, B}, are integration
constants.

For A # 0, we write the solution as

cr 2 cr 2 cr
(25:53 :AR,LCST |:J#RAL (:lez) +BRsLYﬂR.L <Zn62>} s (84)

where Ag 1, Bg are integration constants and
Hr = (5241)/2 (85)

are the orders of the Bessel functions. The massive modes
in Eq. (84) bears a resemblance with those found in 5D for
massive fermions [59], where the mass, as the gauge
coupling A here, controls the order of the Bessel functions.
We plot in the figure 5 the analytical right-handed solution
(84) for different values of 1. Note that the gauge coupling
distances the massive modes from the brane.

Unlike the massless mode, the massive eigenfunctions
(84) are not trapped in the thin stringlike brane due to the
exponential and the Bessel functions. Nevertheless, in order
to satisfy the boundary conditions, the order of the Bessel
function ought to be pr > 7 and y; > 8. The coupling
allows the Bessel functions order to be integer or half-
integer. For 4 even the order ug ; is half-integer whereas for
A odd up; is an integer. Although the coupling constant A
can be any real number, the Bessel functions of irrational
order suffers from branch issues and then, henceforward,
we shall be concerned with the rational A only. A note-
worthy feature is that the massive modes are related by

PHYSICAL REVIEW D 92, 104007 (2015)

1.5 T T T T T
— A=00
L0 == X =30
— A=70
0.5
=
= 00
3
—05
—1.0
—~15 | | | | |
0 2 4 6 8 10 12

FIG. 5. Massive mode in the thin stringlike (GS) scenario
for m =0.50. The values of the parameters were
Ap =Br=15x10"3,1=50, and ¢ = 0.5.

Ur = pr + 1. An interesting reason for this symmetry will
be shown in the next section through the Schrodinger
approach.

Applying the boundary conditions (73) in the
massive modes (84) at the origin and at some cutoff
distance r = ry,y, for m < ¢ we obtain the conditions
B RL = 0 and

2M  crmax
e, <—eT> = 0. (86)

C

From the roots of the Bessel function (86), we find that the
KK massive spectrum m,, is discrete and it behaves as the
series [60]

CTT _crmax ZMR,L -3 HR.L (2 - MR.L)
e R TV
(n+ ==

+ 0(%)} : (87)

The KK spectrum (87) exhibits an increasing behavior,
as expected [27]. For large n, the spectrum behaves
linearly whereas for small n the (’)(%) terms in the series
(87) changes the rate of increasing of the masses. The mass
gap between the massless and the first massive mode is
given by

A=my~ %”e—% (88)

which vanishes for an infinite radial coordinate. Then, for
an infinite radial extra dimensions, there is no mass gap
between the massless mode and the massive KK tower, as
usual in warped compactified models [2,23,27].
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2. String-cigar model

For the string-cigar model, where

sech(cr)

f(r) = —ctanh?(cr) m,

and g¢g(r) =2c (89)

the eigenvalue problem (78) is quite complex to be studied
analytically. Then, we employ numerical methods to find
the mass spectrum m, and the correspondent eigenfunc-
tions. The numerical integration of the Eq. (78) was
performed using the matrix method [61] based on finite
differences with second order truncation error. To avoid the
singularity in » = 0 and the overflow errors provided by the
exponential functions for large r, we discretized the domain
r € [0.01, 13.00] into an uniform grid with constant step
size h = 0.01.

We plot the lowest mass eigenvalues in Fig. 6 for 4 = 7.0
and different values of the geometric parameter ¢, which is
related to the bulk Planck mass [40]. Note that the spectrum
is monotonically increasing, as expected from the Kaluza-
Klein theories. This regime is valid for m < ¢ [26].
Further, heavier masses will be acceptable as ¢ increases.
Moreover, the growth rate of m, is slightly lower for the
first indexes n. This is in accordance with Eq. (87). It is
worthwhile to mention that, although we treat both chir-
alities left and right in Eq. (78) in an independent way, the
relation among the eingenstates reveals that, regardless the
massless mode, the left and right spectrum are the same.

In Figs. 7 and 8, we present the eigenfunctions for ¢ =
0.5 and for 4 = 5.0 and 9.0, respectively. Near the brane,
they behave as Bessel functions of integer (> 2) order
which increases with A. Since the string-cigar model
recovers the thin-string one asymptotically, it is expected
that the eigenfunctions have the same behavior for large r
[40]. Note that this occurs when compared with Figure 5.

0.5 : : :
e o c=0.50
04H Y ¥ ¢c=0.55 .o"—
.0
¢ v c=0.60 ..0'
¢
.0
0.3 ..,0’ o
§ o A
. 0.. ""v
021 ’.0. "vv' ...*
. v °
00.. v v Y .'Illi....'
ot v"' n".-.
0.1*00. vY ° ee® 1
.'v o®
v'. L]
0.0 | | | | | | \—
0 5 10 15 20 25 30 35 40

FIG. 6. Mass spectrum for 4 = 7.0 in the string-cigar model.
Note that heavier masses will be acceptable when the bulk Planck
mass increases. Moreover, the growth rate is slightly lower for the
first indexes.
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Right Chirality
--- Left Chirality

—0.5 i b

—~1.0 | | | | |

FIG. 7. Normalized eigenfunctions for ¢ = 0.5 and 4 = 5.0 in
the string-cigar model. The masses eigenvalues were obtained as
mp = 0.4024 and m; = 0.4025.

Moreover, the core of the string-cigar brane amplifies the
massive modes near the origin. This behavior occurs for the
gravitational [45] and gauge [46] fields. This is the first
stimulus for searching resonant modes. In the next section,
we will present the formalism concerning resonant states.

C. Schrodinger approach

The equality of right and left spectra and the relation
between the eingenfunctions result from an underlying
symmetry which is manifested in the Schrodinger
approach. Indeed, performing the change of variable

a1 (2) = exp [— / ﬁ(z)dz} aru(d) (%)

in Eq. (76), we obtain a Schrodinger-like equation as

2 ~ 2~
(=07 + Ve (2)]ag L (2) = m*ag(2), (91)
1.0 T T T
— Right Chirality N
n
--- Left Chirality , "
0.5 - Y [
N I
1,‘\ ll \ L
— - oy 1 Il '
t/ B e ‘\ ! 1 '
S 00—\ N/ oA )
g R ‘\\,," “ ,: ‘I : h
AN I
N V! 1
—0.5 - i
Y '
Y 1
1
—~1.0 | | | | | ;
0 1 2 3 4 5 6

FIG. 8. Normalized eigenfunctions for ¢ = 0.5 and 4 = 9.0 in
the string-cigar model. The masses eigenvalues were obtained as
mp = 0.4593 and m; = 0.4586.
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where
Veo(2) = WAz) £ 9, (92)

For the thin stringlike brane, the analogue potential has
the form

SA |54 1

Vee(2) == [? jFl} EEE (93)

For 4 > 0.4, there is a potential barrier at the origin for both
chiralities. Since the potential vanishes asymptotically,
there is no mass gap for an infinite radial coordinate, as
we found using the Sturm-Liouville approach in Sec. I1I B.
Defining the variable

x=:m(z+%>, (94)

the Schrodinger-like equation for the thin stringlike model

reads
5152 1 o
[‘a’% i {2 [2:”} } ) 1}“’“(” B

whose solution can be written as

agp(x) = NR,L\/)_C[J;;R,L (x) +Ar LYy, (X)].  (96)

Equation (96) is only another form of the massive KK state
given by Eq. (84).

The structure of the potential (92) enables us to rewrite
the Schrodinger-like equation as the system of equations

2 2

ag(z),  Hpap(z) =mia(z), (97)

H R&R (Z) = m
where the Hamiltonians operator Hy; can be factorized
into

and

d ~
A(z) =—+ W(z). (99)

dz
For the thin stringlike model, the first-order differential
operator A(z) writes

d A1

(100)

The analogue Hamiltonian operators in Eq. (97) form an
analogue supersymmetric quantum mechanics structure. In
fact, defining the analogue charge operators [62]

PHYSICAL REVIEW D 92, 104007 (2015)

-(30) e=(§)

which are nilpotent, i.e., 9> = Q™ = 0, and also defining
the SUSY-like Hamiltonian [62]

Hp 0
1= )
0 H,

we obtain the SUSY-like quantum mechanics algebra [62]

(102)

H={0.0"}.

and [Q,H] =[Q.H]=0. The Hamiltonians Hy; are
related by H} = Hy and are called Hamiltonian super-

(103)

partners whereas )V is known as the superpotential [11,62].

One remarkable feature of the SUSY-like system (98) is
that the massive KK spectrum is the same for the both
chiralities [9-11]. Indeed, consider a massive eigenfunction
ag(z) of the right-handed Hamiltonian Hy (97) with mass
mpg. Define the function

- I .
ap = —AaR.
mg

(104)
Applying the left-handed Hamiltonian H; on the
function @;, we find that H,a; (z) = mia,(z), ie., a
is a left-handed eigenfunction with the same mass of a.
Defining [62]

~ 1 -I-~
ap = —A ar,
my,

(105)
we have Hpag(z) = m?ag(z), ie., ag is a right-handed
eigenfunction with the same mass of a;. Therefore, for
each right-handed eigenfunction ay exists a left-handed
eigenfunction a; with the same mass and vice versa.

The SUSY-like structure of the Hamiltonians Hy ; also
guarantees that the spectrum is bounded from below. In
fact, multiplying any of the Hamiltonians Hy ; by the dual
eigenfunction ag;, respectively, we obtain ||Aag||> =
m?||ag . ||*, and hence, m > 0. The absence of tachyonic
(negative norm) KK modes guarantees the stability of the
spectrum. Further, it also enables us to employ a probabi-
listic approach to find the resonant modes, as we will
discuss in the next section.

The Hamiltonian factorization and the absence of neg-
ative norm states allow us to reduce the problem to find the
ground state from a second-order differential equation to a
first-order differential equation. In fact, for the right-handed
massless mode Hza% =0 = ||[Aa%|| =0, and thereby,
AdY = 0, whereas for the left-handed massless mode @Y,
Hpa} =0= A'a) =0. Thus, the massless modes &y,
satisfy the equation
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FIG. 9. Potential function for both chirality for ¢ = 0.5 and
A =15.0. The thick lines correspond to the string-cigar model,
while the thin lines, to the GS one.

apL £ W(2)a%, =0, (106)
whose solution is given by
&, = eF W (107)

By Eq. (107), only one chiral massless mode is normal-
izable, i.e., localizable. Using the change of dependent
variable Eq. (90), we obtain the expression (66) for the
massless mode. Then, for 4 > 0, only the right-handed
massless mode is localized on the brane.

D. Resonant modes

In spite of the fact that Kaluza-Klein massive modes are
not localized at the brane, some massive states can exhibit a
relatively large amplitude near the brane [11]. These states,
known as resonant modes, can be obtained by the quantum
mechanical analog structure of the massive modes [9]. The
resonant modes occur for potentials that exhibit a potential
well near the brane and for masses m? up to the maximum
value of the potential barrier [9,10].

In order to solve the Schroedinger-like equation (95), we
need to construct the potential function (92). For this, we
calculated the warp factors and the gauge angular ansatz in
the z-variable from the numerical integral of Eq. (3) using
spline interpolation. We plot in Figs. 9 and 10 the potential
functions for both chiralities. Note that there is a potential
well allowing the existence of bound states. The potential
has the usual volcano shape. To find solutions of the
Schrodinger-like equation (95) with the highest amplitudes
near the brane (in comparison with its values far from the
defect), we used the resonance method [11]. The relative

probability Pz (m) to find a particle with mass m in a
narrow range 2¢ around the position Z of the minimum of
the potential well may be defined as [11,12]
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20 - T T T T

1\ — Vr
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FIG. 10. Potential function for both chirality for ¢ = 0.5 and
A =9.0. The thick lines correspond to the string-cigar model,
while the thin lines, to the GS one.

Prr(m) = (108)

s |l Pa
=~ a Z Z,
ag 1 (2)]dz )z Rl

fzmax
Zmin

where z,;, and z,,,x stand to the domain limits. To perform
calculations near the minimum of the potential well, we
adjusted € = 0.1.

We carried out the numerical integration of the
Schrodinger-like equation (95) for the potential function
(92) into Eq. (108) using the Numerov algorithm [63] for a
large sample of the parameters ¢ and A. The distribution
Pg;(m) exhibited peaks that may be referred as resonant
modes [11]. In Figs. 11 and 12, we plot the function
Pry(m) for ¢ =0.5. For the left-handed case, there are
very sharp peaks when 4 = 4.0 and A = 5.0, while for the
right-handed one, when 4 =4.0 and A = 6.0. However,
only the first peak in P; represents a resonance. To verify
this, we solved the Schrodinger-like equation for the
masses corresponding to each peak in the distribution

0.040 :
0.035 b : — A=4.01]
T e A=50
0.030 | 1
° A=6.0
0.025 | i
% 0.020 | -
o
0.015 | -
0.010 |- .
0.005 |
0.000
1.0 1.2 1.4 16 1.8 2.0 2.2
m
FIG. 11.

Plot of the probability distribution Py (m) for ¢ =
0.5 (Left chirality) in the string-cigar model.
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FIG. 12. Plot of the probability distribution P (m) for ¢ =
0.5 (Right chirality) in the string-cigar model.

Py (m). The wave functions are plotted in Figs. 13 and 14.
Note that the solution @; (z) for A = 4.0 has the smallest
oscillation far from the brane, which characterizes a
resonant mode [11]. Although the peaks in the distributions
Pr(m) and P; (m) occur for masses very close (for 1 = 4.0
when ¢ = 0.5), only the left-handed case has a resonant
feature.

Similar results were obtained for other values of c¢. In
general, the coupling constant 4 determines the existence of
a resonant mode, while the geometric parameter ¢ controls
the “position” of the resonant peaks (i.e., the resonant
mass). This is an expected result for a fixed 4, since varying
the geometrical parameter ¢, which corresponds to change
the Planck scale cutoff, different masses will be accepted as
a resonant state. In a five dimensional thick brane scenario,
the resonance of fermionic modes was also studied
in Ref. [18].

— ayg(z) form =1.212

--- ag(z) form =1.210 |

()

=
~
'3

—0.2

—04

—0.6

0 10 20 30 40 50 60
z
FIG. 13. Normalized solutions of the Schroedinger-like equa-

tion in the string-cigar model for the masses corresponding to the
peaks in the probability distribution. Left and right-handed
solutions for 4 = 4.0.
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FIG. 14. Normalized solution of the Schroedinger-like equation
in the string-cigar model for the mass corresponding to the second
peak in the probability distribution in Fig. 11. This is the left-
handed solution for A = 5.0 and m = 1.387.

IV. SPIN 3/2 FERMIONIC FIELD

In this section, we perform the confinement of the Rarita-
Schwinger bulk field (spin 3/2). First, we start from the
following action [27,48]:

Se, = / /=g iTMTNTPID U o dox,  (109)

where square brackets denote the antisymmetrization. Its
equation of motion has the form

MNP, W, = 0. (110)
From now on, we will use the shorter notation I'™N? to
denote the product of matrices.

For this spin 3/2 field, the covariant derivative gains an
additional term of affine connection when compared to the
spin 1/2 field (56), namely

Dy Wy = (Oy + Qy — iqAy) ¥y —Thy¥p.  (111)

The nonvanishing terms of Eq. (111) with the gauge

imposition W, = ¥, = 0 [48] are

1F .
DV, = <8ﬂ + ZFF"FV - "]Au) v, (112)
1F 1F
DV, = _EF\P’” DV, = <8r _§F> v, (113)

/

1H
Dy, = (ag + g Lol = iqA(,> v, (114)

Similarly to the decomposition of spin 1/2 in Eq. (59),
the Refs. [27,48,57] exhibit the 4D Rarita-Schwinger
vector-spinor in the form
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%umm:<ﬁ». (115)

0

Here the spinor 3/2 assumes the KK decomposition:

4
l//l(t)(x r, 9 \/EZV/#R”[ nl )

+ W, (ug,, ()], (116)

where the 4D section is constrained by "y, = y*y, =0
[27.48] and y*7(0, — igA,)W,rL = my*™y,..x [64].

Then, with these restrictions, the nonvanished terms of
'MNPD\ W, are

F/
DD, = D0, — igh, )V, + T, (117)
1F
r‘ﬂ/”Dﬂ\Ijr — _Efrﬂﬂr\l]/“
P PTH 1 F/
F Dr\I/ﬂ:F 8 —EF \II/N (118)
H/
FpgﬂDg\Ilﬂ = F”B"(ag - lqu>\I/ﬂ + EF"’T,\II”. (119)

Thus, writing the gamma matrices in the flat form
(" = &™) and dropping down some indexes, for
[ = 0, the equation of motion (110) with Egs. (117)—(119)
becomes

[0, + (PO = ) + W) g, (1) = - S, (1)

0.+ (P() =) = W), (1) = iy, (1),
(120)

with P(r) defined in Eq. (64) and W(r) in (65). We
conclude that Eq. (120) is similar to the spin 1/2 case
presented in Eq. (63) with the additional term — ;F

Now, we use the same Ay fixed in Eq. (72), which
implies that the WW(r) = —AP(r) of Eq. (69) holds. Then, in
order to obtain a normalized squared modulus solution, the
massless-mode of right-handed spin 3/2 takes the form

&m:%aﬂ/W(VJW—%”

= CoF =) (r)Hi4=1)(r), (121)

where C, is a normalization constant. Afresh, for A = 0, the
expression (121) is the same obtained in Ref. [27] which is
non-normalizable. Moreover, the radial effective action for
spin 3/2 is the same of the spin 1/2 case presented in
Eq. (74). Note that there is a correlation between the
massless modes in Eqs. (121) and (71) of the form
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FIG. 15. Comparative plot of right-handed zero mode of

spinorial fields in the string-cigar model. Filled lines corresponds
to Rarita-Schwinger field, while dashed ones, to spin 1/2 field.
The values for lambda was set to 7 (broader) and 12 (sharper).
The geometric parameter was set ¢ = (0.5 in both cases.

e (r) = F iy, (r). (122)

This change promotes a small increase of the amplitude
of the zero mode for the spin 3/2. We plot in Fig. 15 the
massless mode of the Rarita-Schwinger field (121) and
compare with Eq. (71).

At this point, we have the expressions of the massless
modes for the gravitational and scalar fields in Eq. (52),
U(1) gauge field in (54), spin 1/2 fields in (71), and spin
3/2 in (121). We verified that for A = 2 the zero mode of
fermionic fields shares a similar profile to the bosonic
fields. A comparative plot is made in Fig. 16.

Using the explicit expressions of the warp factors in
Eq. (45) for string-cigar, the zero mode of spin 3/2 field can
be written as

1.2 T T T
— Spin 3/2

L0 — Spin1/2

0.8 --- Spin2and0 ||
--------- Spin 1

Massless Mode
o
(e}

~..

0 1 2 3 4 5 6 7 8

FIG. 16. Comparative plot of the massless modes of bosonic
and fermionic fields in the string-cigar model for ¢ = 0.50 and
A= 2.0 (in the fermionic case). The derivative of the spinorial
fields are indefinite at origin promoting similarity with the
bosonic fields.
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(=1)
c (tanhc( cr)> 2

X exp G (3 = 54)[cr + tanh (cr)]). (123)

up(r) =

Likewise the spin 1/2 case, for the existing of a zero mode
(which vanishes at the origin) is required that 4 > 1, but
only for A>3 there is a normalizable mode with its
derivatives null at the origin. Moreover, for the left-handed
massless modes is required that A — —A and only one chiral
mode is allowable to exist in the brane as well.

A. Spin 3/2 massive modes

Using the conformal radial coordinate z (3), we decouple
Eq. (120) in following two second order differential
equations:

[a%u(ﬁ(z)—%) o.+{ 15 -o. (g)

_PaF, (%)2}} g = —miug (2),
(124)

+(1-22)P(2)

where P(z) = VFP(2).
Returning to the original variable r, Eq. (124) turns to

{ <2f+ >a +{(1q8: )[5f2+fg+10f/+29]
19 I st

(125)

+(1—/12)Lf+ﬂ [fz

m2

=7 g (r).

Minor changes are noted comparing the expressions
(125) and (78). In the numerical solution of the Sturm-
Liouville problem for the Rarita-Schwinger field we
verified that the mass spectrum is indistinguishable of that
presented in Fig. 6. Furthermore, the only difference arises
in the eigenfunctions. The amplitudes for the spin 3/2 are
higher than the spin 1/2 case. This can be seen in Fig. 17.
We intend to perform an analytical study of the spin 3/2
massive modes in GS model in a future work.

B. Schrodinger approach for spin 3/2

Performing a change of the depend variable of Eq. (124)
in the form

wp1(2) = exp [— / (ﬁ(z)—i,)dz]uRL(z), (126)

in the Eq. (124), we obtain a Schrodinger-like equation as
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FIG. 17. Comparative plot of normalized right-handed eigen-

functions for spinorial fields for A = 5.0 and ¢ = 0.5 in the string-
cigar model. The closest mass eigenvalues values were found as
m1/2 =0.4024 and m1/2 = 0.4016.

(=02 + Vi (@))itg 1 (2) = mPitg(z).  (127)

where

ViL(2) = 2P (2)FA0.P = W2 (z) £, (128)

The spin 3/2 Schrodinger-like equation (128) has the
same expression of the spin 1/2 field (92), since the change
of variables eliminates the multiplicative factor in the first
order derivative term of ug; in Eq. (124). As shown in
Sec. III C, the form of the potential (128) bears a SUSY-like
symmetry that guarantees the equality of the KK massive
spectra for both chiralities and the absence of tachyonic KK
states.

V. CONCLUSIONS AND PERSPECTIVES

In this work, we have studied the Dirac field in the 6D
thick string-cigar braneworld. The string-cigar model is a
thick stringlike scenario which satisfies all the regularity
and energy conditions. The thin string limit was also
analyzed. We considered spin 1/2 and 3/2 (Rarita-
Schwinger) bulk fields. We made a brief review of the
localization of the gravitational and gauge bulk fields. We
also studied the scalar field and we have shown that it has
identical behavior to that of the gravitational field [45].

A well-known feature of fermions in a stringlike brane is
that, unlike the gravitational, scalar, and gauge fields, it is
not possible to trap free fermions with a decreasing warp
factor. Due to this fact, we proposed a suitable gauge
coupling for the fermions with a background gauge field to
confine both spin 1/2 and spin 3/2 fermions in the brane
with positive tension.

Imposing suitable boundary conditions to guarantee the
self-adjointness of the spinor operators, a normalized and
everywhere well-defined massless mode is obtained for
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both the thin string and string-cigar models depending on
the strength of the coupling constant 4. This is valid both
for spin 1/2 as for spin 3/2 case. The massless modes have
a shape similar to the energy-momentum components of the
source of the string-cigar model, whose core is displaced
from the origin. This shift of the core is a characteristic of
stringlike branes whose source is a vortex for higher
winding numbers [25,65]. Moreover, there is a tiny increase
in the amplitude of the Rarita-Schwinger zero mode in
comparison with spin 1/2 field.

By means of numerical methods, we have obtained the
spectrum and KK eigenfunctions. The absence of tachyonic
states and the equality of the massive spectrum for the right
and the left chiralities is ensured by the supersymmetric
quantum mechanics structure of the analogue potential. For
m < ¢, the spectrum exhibits the usual behavior of the
Kaluza-Klein theories. Further, we verified that the mass
spectrum of the spin 1/2 and 3/2 fields are indistinguish-
able. For the massive modes, the gauge coupling constant
plays a similar role with the bulk mass for 5D fermions
[59]. The massive eigenfunctions behave like those of the
thin stringlike asymptotically. Near the core of the brane,
the massive modes are enhanced. This behavior is also
present in the gravitation [45] (and, consequently scalar)
and vectorial [46] cases. Further, the amplitudes for the spin
3/2 are higher than the spin 1/2 case in whole domain.

Although the KK modes are not localized on the brane,
some massive states may exhibit a resonant profile. The
search of these states was performed by means of the
resonance method. We found peaks in the probability
distribution relating to states which wave functions have
very high amplitudes near the brane. Apart this feature, the
oscillation of the wave function must be as small as
possible to characterize a resonant state. The numerical
solutions of the Schrodinger-like equation showed that this

PHYSICAL REVIEW D 92, 104007 (2015)

occurs for a specific left-handed mode. Thus, only fermions
with one chirality is allowed to interact with the brane as a
resonant state. An important result is that the coupling
parameter allows the existence of a resonance peak. The
geometric parameter ¢ determines the magnitude of the
resonant mass which is consistent with the fact that it is
related to the Planck scale cutoff. Besides, in the
Schrodinger approach, the spin 1/2 and 3/2 fields share
an identical structure, which prevents tachyonic KK modes
for both fields.

Finally, we made a comparative of the normalized
massless modes for the bosonic and fermionic fields. For
a specific value of the gauge coupling, all the field have
similar shapes.

For future works, we intend to study numerically the KK
modes, as well as the resonant states, of the spin 1/2 and
3/2 fermions in a warped resolved conifold [50]. This
scenario provides a geometric flow that controls the
singularity at the origin in the quantum analogue potential.
Moreover, we intend to study the properties of gauge
coupling term for / # 0 waves and its influence over the
massless and the KK modes.
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