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The present paper aims at elaborating a completely physical representation for the general 4-parameter
family of the extended double-Kerr spacetimes describing two spinning sources in gravitational
equilibrium. This involved problem is solved in a concise analytical form by using the individual Komar
masses and angular momenta as arbitrary parameters, and the simplest equatorially symmetric speciali-
zation of the general expressions obtained by us yields the physical representation for the well-known
Dietz-Hoenselaers superextreme case of two balancing identical Kerr constituents. The existence of the
physically meaningful “black-hole–superextreme-object” equilibrium configurations permitted by the
general solution may be considered as a clear indication that the spin-spin repulsion force might actually be
by far stronger than expected earlier, when only the balance between two superextreme Kerr sources was
thought possible. We also present the explicit analytical formulas relating the equilibrium states in the
double-Kerr and double-Reissner-Nordström configurations.
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I. INTRODUCTION

The well-known double-Kerr solution [1] was discov-
ered three and a half decades ago by Kramer and
Neugebauer as a nontrivial application to Einstein’s equa-
tions of the modern solution generating techniques in the
form of Bäcklund transformations [2]. It gave the research-
ers an attractive possibility to study binary systems of
interacting Kerr black holes [3], and in particular to answer
an important question of whether the gravitational attrac-
tion of the rotating black holes can be counterbalanced by
their spin-spin interaction. The equilibrium conditions were
first worked out by Kihara and Tomimatsu [4,5], and later
Tomimatsu [6] obtained the expressions for the individual
Komar [7] masses and angular momenta of the constituents
in a generic double-Kerr configuration. Restricted to the
subextreme case, the algebraic system of the balance
equations was solved analytically by Hoenselaers [8],
who also conjectured, after analyzing numerically the
formulas of Komar masses, that equilibrium between
two Kerr black holes endowed with positive masses is
impossible. At this point, it should be noted that the
parametrization employed in [1] does not describe con-
figurations involving superextreme Kerr constituents, and
that is why, for being able to consider a system of two
identical superextreme Kerr sources, Dietz and Hoenselaers
[9] used a special complex trick to pass from the subext-
reme to the superextreme case. Remarkably, they were able
to demonstrate analytically that such a pair of superspin-
ning Kerr constituents with positive Komar masses can be
in stationary equilibrium.

Two decades after the publication of the paper
[1], a unified description of the binary equilibrium
configurations composed of arbitrary combinations of
the subextreme and superextreme Kerr constituents
became possible due to the so-called extended dou-
ble-Kerr (EDK) solution [10] constructed with the aid
of Sibgatullin’s integral method [11,12]. The set of
parameters used in the paper [10] turned out to be very
advantageous not only for solving analytically the
equilibrium conditions in the general case, which led
in particular to the discovery of the physically mean-
ingful “subextreme-superextreme” equilibrium configu-
rations, but also for giving a rigorous proof [13] to
Hoenselaers’ conjecture on the nonexistence of balance
between two black-hole Kerr constituents with positive
Komar masses. Moreover, in recent years there has
been a renewed interest in the double-Kerr solution,
mostly related to the issues of the black-hole configu-
rations with struts and the geometrical inequalities for
black holes. With regard to the former issue, the
research has been principally directed to the study of
the physical properties of two interacting Kerr black
holes [14–16], while the latter issue gave birth to a
series of papers by Neugebauer and Hennig [17–19] in
which the aforementioned nonexistence proof [13] was
reexamined on the basis of the area–angular-momentum
inequality [20] (the validity of this inequality in the
multiple-black-hole case has been proven by Chruściel
et al. [21]). It should be emphasized that the
Neugebauer-Hennig analysis, which employs our sol-
ution of the equilibrium problem [10], is in full
agreement with the earlier nonexistence proof [13]:

PHYSICAL REVIEW D 92, 104004 (2015)

1550-7998=2015=92(10)=104004(9) 104004-1 © 2015 American Physical Society

http://dx.doi.org/10.1103/PhysRevD.92.104004
http://dx.doi.org/10.1103/PhysRevD.92.104004
http://dx.doi.org/10.1103/PhysRevD.92.104004
http://dx.doi.org/10.1103/PhysRevD.92.104004


the balance of two Kerr black holes with positive
Komar masses is impossible, while a subextreme
constituent with negative mass is unphysical (it devel-
ops a massless ring singularity outside the sym-
metry axis).
Curiously, although the general equilibrium problem

for the EDK solution was solved more than a decade
ago [10,13,22], the physical parametrization of the 4-
parameter family of equilibrium configurations in terms
of the Komar quantities has not yet been obtained to
date. This can be explained by numerous technical
difficulties that one has to overcome for being able
to express all the “canonical” parameters of the EDK
solution and various associated constant quantities in
terms of the physical parameters. Recently, nonetheless,
we have succeeded in finding the desired reparametri-
zation for a 3-parameter equilibrium configuration [23]
that describes a Schwarzschild black hole levitating in
the field of a superextreme Kerr source, and have
studied physical effects in that binary system. To reach
a more ambitious goal, in the present paper we are
going to reparametrize the entire 4-parameter family of
the EDK equilibrium configurations in terms of the
Komar physical quantities. This will be done with the
aid of two sets of the inversion formulas involving
parameters of the solution and individual physical
characteristics of the constituents.
The rest of the paper is organized as follows. In the

next section we briefly review the EDK equilibrium
configurations and present the first set of inversion
formulas. The Komar individual characteristics of the
constituents and their relation to the canonical param-
eters of the EDK solution are discussed in Sec. III. The
general 4-parameter family of equilibrium binary sys-
tems determined by the EDK solution is reparametrized
in physical parameters in Sec. IV, and the reparame-
trized quantities σu and σd play a crucial role in this
process; here, in particular, we obtain a physical
representation for the Dietz-Hoenselaers (DH) solution
[9] describing two identical corotating superextreme
Kerr sources in equilibrium. In Sec. V we give a simple
new proof of the absence of balance between two Kerr
black holes, and also derive explicit analytical formulas
relating the equilibrium states in the EDK and double-

Reissner-Nordström [24] solutions. Section VI presents
concluding remarks.

II. SOLUTION OF THE EDK EQUILIBRIUM
PROBLEM IN CANONICAL PARAMETERS

AND THE FIRST SET OF INVERSION FORMULAS

The main advantage of the EDK solution over the
nonextended one originally obtained by Kramer and
Neugebauer for two black-hole constituents [1] consists
in a remarkable possibility of its use for solving in a unified
manner the equilibrium problem for any combination of
two Kerr sources—black holes or superextreme objects.
Such a possibility becomes feasible due to the presence in
the EDK solution of the parameters αi which can assume
arbitrary real values or occur in complex conjugate pairs.
A pair of two real αi then naturally determines an under-
extreme Kerr constituent (a black hole if its mass is
positive), while a complex conjugate pair defines a super-
extreme constituent (the four main types of binary con-
figurations are shown in Fig. 1).
The equilibrium configurations in the EDK solution are

defined by an Ernst complex potential E [25] of the
following form [13]:

E ¼ Λþ Γ
Λ − Γ

; Λ ¼
X

1≤i<j≤4
λijrirj; Γ ¼

X4
i¼1

γiri;

λij ¼ ð−1Þiþjðαi − αjÞðαi0 − αj0 ÞXiXj; ði0; j0 ≠ i; j; i0 < j0Þ
γi ¼ ð−1Þiðαi0 − αj0 Þðαi0 − αk0 Þðαj0 − αk0 ÞXi; ði0; j0; k0 ≠ i; i0 < j0 < k0Þ
ri ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2 þ ðz − αiÞ2

q
; ð1Þ

(a) (b) (c) (d)

FIG. 1. Four different types of the equilibrium configurations of
two Kerr sources.

V. S. MANKO AND E. RUIZ PHYSICAL REVIEW D 92, 104004 (2015)

104004-2



where the parameters αi, i ¼ 1; 2; 3; 4, as was already mentioned, occur as arbitrary real constants or complex conjugate
pairs, and Xi are given by the formulas

X1 ¼ φ
ϵ1ω1 − φ

1 − ϵ1ω1φ
; X2 ¼ φ

1 − ϵ1ω1φ

ϵ1ω1 − φ
; X3 ¼ −φ

1þ iϵ4ω4φ

iϵ4ω4 − φ
; X4 ¼ φ

iϵ4ω4 − φ

1þ iϵ4ω4φ
;

ω1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðα1 − α3Þðα1 − α4Þ
ðα2 − α3Þðα2 − α4Þ

s
; ω4 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðα1 − α4Þðα2 − α4Þ
ðα1 − α3Þðα2 − α3Þ

s
; ð2Þ

the complex constant φ being subject to the constraint jφj2 ≡ φφ̄ ¼ 1 (a bar over a symbol means complex conjugation),
while ϵ1 ¼ �1 and ϵ4 ¼ �1.
The potential E defined by (1) and (2) is an exact solution of the Ernst equation [25] obtained via Sibgatullin’s method,

and the entire metric associated with this potential has the form [10,26]

ds2 ¼ f−1½e2γðdρ2 þ dz2Þ þ ρ2dφ2� − fðdt − ωdφÞ2;

f ¼ ΛΛ̄ − ΓΓ̄
ðΛ − ΓÞðΛ̄ − Γ̄Þ ; e2γ ¼ ΛΛ̄ − ΓΓ̄

λ0λ̄0r1r2r3r4
; ω ¼ 2Imðσ0Þ −

2Im½ðGðΛ̄ − Γ̄Þ�
ΛΛ̄ − ΓΓ̄

;

G ¼ zΓþ
X

1≤i<j≤4
ðαi þ αjÞλijrirj −

X4
i¼1

ðαi0 þ αj0 þ αk0 Þγiri;

λ0 ¼
X

1≤i<j≤4
λij; γ0 ¼

X4
i¼1

γi; σ0 ¼
1

λ0

�
γ0 þ

X
1≤i<j≤4

ðαi þ αjÞλij
�
: ð3Þ

Mention that the Weyl-Papapetrou cylindrical coordinates ρ and z enter into the potential E from (1) and into the metric
coefficients f, γ, ω from (3) only through the functions ri.
Formulas (1)–(3) represent a canonical form of the solution describing equilibrium configurations in the EDK spacetime.

In order to rewrite them in physical parameters, we find it helpful first to express the parameters αi in terms of the quantities
ω1 and ω4. For this purpose we introduce two additional constants, z0 and s, defined as

z0 ≡ 1

4
ðα1 þ α2 þ α3 þ α4Þ; s≡ 1

2
ðα1 þ α2 − α3 − α4Þ; ð4Þ

the constant z0 permitting one to make an appropriate choice of the origin of coordinates on the symmetry axis, and s being
the relative coordinate distance between the centers of the two constituents.
The sets of α’s describing each type of the binary system in Fig. 1 are the following (the notation is obvious):

ABB ¼ fα1 > α2 > α3 > α4g;
ABS ¼ fα1 > α2 > Reðα3Þ ¼ Reðα4Þ; Imðα3Þ < 0; α4 ¼ ᾱ3g;
ASB ¼ fReðα1Þ ¼ Reðα2Þ > α3 > α4; Imðα1Þ < 0; α2 ¼ ᾱ1g;
ASS ¼ fReðα1Þ ¼ Reðα2Þ > Reðα3Þ ¼ Reðα4Þ;

Imðα1Þ < 0; Imðα3Þ < 0; α2 ¼ ᾱ1; α4 ¼ ᾱ3g: ð5Þ

The proposed change of parametrization is going to transform the above sets into the new ones, namely,

ABB → Ωð0;0Þ;

ABS → Ωð0;−1Þ ∪ Ωð0;þ1Þ;

ASB → Ωð−1;0Þ ∪ Ωðþ1;0Þ;

ASS → Ωð−1;−1Þ ∪ Ωðþ1;−1Þ ∪ Ωð−1;þ1Þ; ð6Þ

where
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Ωð0;0Þ ¼ fω1 > 1;ω4 > 1g;
Ωð0;−1Þ ¼ fω1 > 1;ω4ω̄4 ¼ 1; Imðω4Þ < 0;Reðω4Þ > 0g;
Ωð0;þ1Þ ¼ fω1 > 1;ω4ω̄4 ¼ 1; Imðω4Þ > 0; 1=ω1 > Reðω4Þ ≥ 0g;
Ωð−1;0Þ ¼ fω4 > 1;ω1ω̄1 ¼ 1; Imðω1Þ < 0;Reðω1Þ > 0g;
Ωðþ1;0Þ ¼ fω4 > 1;ω1ω̄1 ¼ 1; Imðω1Þ > 0; 1=ω4 > Reðω1Þ ≥ 0g;
Ωð−1;−1Þ ¼ fω1ω̄1 ¼ ω4ω̄4 ¼ 1; Imðω1Þ < 0; Imðω4Þ < 0;Reðω1Þ > 0;Reðω4Þ > 0g;
Ωðþ1;−1Þ ¼ fω1ω̄1 ¼ ω4ω̄4 ¼ 1; Imðω1Þ > 0; Imðω4Þ < 0;Reðω4Þ > Reðω1Þ ≥ 0g;
Ωð−1;þ1Þ ¼ fω1ω̄1 ¼ ω4ω̄4 ¼ 1; Imðω1Þ < 0; Imðω4Þ > 0;Reðω1Þ > Reðω4Þ ≥ 0g; ð7Þ

and also

−∞ < z0 < þ∞; s > 0 ð8Þ

for all Ω’s. Note that the subindexes in Ω’s have
been designed in such a way that they provide one
with the information about the presence of a black-hole
constituent (0) and the sign of the imaginary part of ω1

or ω4.
The inverse parameter change, i.e. the one that maps

Ω’s into the original A’s, can be described by means of
the following bivalued relations (δ ¼ �1):

α1 ¼ z0 þ
s
2
þ s

δω4ðω2
1 − 1Þ

ðω1 þ δω4Þð1þ δω1ω4Þ
;

α2 ¼ z0 þ
s
2
− s

δω4ðω2
1 − 1Þ

ðω1 þ δω4Þð1þ δω1ω4Þ
;

α3 ¼ z0 −
s
2
þ s

ω1ðω2
4 − 1Þ

ðω1 þ δω4Þð1þ δω1ω4Þ
;

α4 ¼ z0 −
s
2
− s

ω1ðω2
4 − 1Þ

ðω1 þ δω4Þð1þ δω1ω4Þ
: ð9Þ

It is of course understood that for each Ω one has to use
only one of the two branches in the above formulas, and
the criterion of choosing the appropriate branch is very
simple: if one of the two subindexes of an Ω is equal to
þ1 (the imaginary part of any of the two Ω’s is positive)
then one has to use the branch δ ¼ −1, if not—then the
branch δ ¼ þ1.
We now turn to the consideration of the physical Komar

quantities associated with the EDK solution.

III. KOMARMASSES AND ANGULARMOMENTA.
THE SECOND SET OF INVERSION FORMULAS

Explicit analytical formulas for the physical masses
and angular momenta of the balancing constituents in

the EDK solution were obtained in the paper [13].
The Komar masses mu and md (the subindexes “u”
and “d” are abbreviations from “up” and “down,”
referring to the location of the upper and lower
constituents on the symmetry axis) are given by the
formulas

mu ¼ −s
CðC1 − CÞ

CC1 þ SC4 − 1þ ϵδCS
;

md ¼ −s
SðC4 − SÞ

CC1 þ SC4 − 1þ ϵδCS
; ð10Þ

while the Komar angular momenta ju and jd are
defined by the expressions

au ≡ ju
mu

¼ s
ϵδC½ðC − ϵδSÞC1 − 1þ ϵδCS�

ðC1 þ ϵδC4ÞðCC1 þ SC4 − 1þ ϵδCSÞ ;

ad ≡ jd
md

¼ s
S½ðS − ϵδCÞC4 − 1þ ϵδCS�

ðC1 þ ϵδC4ÞðCC1 þ SC4 − 1þ ϵδCSÞ ;

ð11Þ

where the new constants C, S, C1, C4 and ϵ are
introduced via the relations

φ≡ Cþ iS; C1 ≡ 1

2
ϵ1

�
ω1 þ

1

ω1

�
;

C4 ≡ 1

2
ϵ4

�
ω4 þ

1

ω4

�
; ϵ≡ ϵ1ϵ4: ð12Þ

The above Komar quantities (10) and (11) constitute
a set of four parameters with a clear physical mean-
ing. Then a question arises: Can these quantities be
used for parametrizing the equilibrium solution?
Remarkably, the answer is yes, and the best practical
way to do this is by means of the following inversion
formulas:
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C1 ¼ C − ϵδ
mu

M þ s
S;

C4 ¼ S − ϵδ
md

M þ s
C;

C ¼ κ
M þ sþ ϵδauffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðM þ sþ ϵδauÞ2 þ ðM þ sþ ϵδadÞ2
p ;

S ¼ κ
ϵδðM þ sþ ϵδadÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðM þ sþ ϵδauÞ2 þ ðM þ sþ ϵδadÞ2
p ; ð13Þ

where κ ¼ �1, while s satisfies the quadratic equation

s2 þ ½2M þ ϵδðau þ adÞ�sþM2 þ ϵδJ ¼ 0;

M≡mu þmd; J ≡ ju þ jd: ð14Þ

Note that Eq. (14), after rewriting it in the form

ϵδðM þ sÞ2 þ sðau þ adÞ þ J ¼ 0; ð15Þ
can be immediately recognized as the equilibrium law
for two arbitrary Kerr constituents originally derived in
our paper [22].
Mention that the κ sign, to be congruent with all our

previous conventions, has to be chosen in such a way
that C > 0. It is also clear that, since s > 0, the
admissible values of the masses and angular momenta
are those that correspond to at least one positive s
in Eq. (14).
Therefore, the set ðz0; mu;md; ju; jdÞ can be used for

parametrizing the equilibrium class of the EDK solution.
Apparently, the constant z0 can be always fixed at some

specific value, for instance if one wants to bring the origin
of coordinates into the center of mass or into some other
point related to a concrete binary configuration that might
look attractive from the physical standpoint.

IV. PHYSICAL PARAMETRIZATION
OF αi AND Xi. THE METRIC FUNCTIONS

In order to rewrite the complex potential (1) and
corresponding metric (3) in the physical parameters, it is
necessary to find the reparametrized form of the quantities
αi and Xi. As it follows from (9), the constants αi can be
written in the form

α1 ¼ z0 þ
s
2
þ σu; α2 ¼ z0 þ

s
2
− σu;

α3 ¼ z0 −
s
2
þ σd; α4 ¼ z0 −

s
2
− σd;

ð16Þ

where

σu ¼ s
δω4ðω2

1 − 1Þ
ðω1 þ δω4Þð1þ δω1ω4Þ

;

σd ¼ s
ω1ðω2

4 − 1Þ
ðω1 þ δω4Þð1þ δω1ω4Þ

:

ð17Þ

The desired “physical” form of σu and σd is then
obtainable with the aid of formulas (12)–(14), yielding
after tedious but straightforward algebraic manipulations
the following final expressions:

σu ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

u − a2u þmdau
auðM þmu þ 2sÞ − 2mu½ad þ εðM þ sÞ�

ðM þ sÞ2
s

;

σd ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

d − a2d þmuad
adðM þmd þ 2sÞ − 2md½au þ εðM þ sÞ�

ðM þ sÞ2
s

; ð18Þ

where ε≡ ϵδ. The above σu and σd differ considerably
from σ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 − a2

p
of a single Kerr source [3] due to

interaction of the constituents. It is worth mentioning that in
the case of the real-valued α’s, say α1 and α2, the
corresponding σ2u > 0; however, if α2 ¼ ᾱ1 then σ2u < 0

and one must use the convention σu ¼ −i
ffiffiffiffiffiffiffiffi
−σ2u

p
if one

wants to pass to a positive definite radicand in (18).
In Fig. 2 we have shown two reparametrized equilib-
rium configurations for which the origin of coordi-
nates is chosen at the center of the lower constituent
(z0 ¼ s=2).
In a similar manner, by using (12)–(14), it is possible

to rewrite formulas (2) in terms of the Komar quantities;
below we give the resulting reparametrized form of Xi:

X1 ¼
ðM þ sþ εadÞðM þ s − iεmuÞ þ iεðM þ sÞσu
ðM þ sþ εadÞðM þ sþ iεmuÞ − iεðM þ sÞσu

;

X2 ¼
ðM þ sþ εadÞðM þ s − iεmuÞ − iεðM þ sÞσu
ðM þ sþ εadÞðM þ sþ iεmuÞ þ iεðM þ sÞσu

;

X3 ¼ −
ðM þ sþ εauÞðM þ sþ iεmdÞ þ iεðM þ sÞσd
ðM þ sþ εauÞðM þ s − iεmdÞ − iεðM þ sÞσd

;

X4 ¼ −
ðM þ sþ εauÞðM þ sþ iεmdÞ − iεðM þ sÞσd
ðM þ sþ εauÞðM þ s − iεmdÞ þ iεðM þ sÞσd

:

ð19Þ

An alternative way of writing Xi which may be advanta-
geous for some calculations is this:
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X1 ¼
1

muΔ
½ðM þ sÞðmu þ iεσuÞ − εðsau −muadÞ�;

X2 ¼
1

muΔ
½ðM þ sÞðmu − iεσuÞ − εðsau −muadÞ�;

X3 ¼
i

mdΔ
½ðM þ sÞðεmd þ iσdÞ − sad þmdauÞ�;

X4 ¼
i

mdΔ
½ðM þ sÞðεmd − iσdÞ − sad þmdauÞ�;

Δ≡ −ðM þ sþ εauÞ þ i½εðM þ sÞ þ ad�: ð20Þ

Now we are able to write down the reparametrized
complex potential (1) and (2); its new simple representation
is the following:

E ¼ E−=Eþ;

E∓ ¼ ½s2 − ðσu þ σdÞ2�ðX1r1 − X2r2∓2σuÞ
× ðX3r3 − X4r4∓2σdÞ
− 4σuσd½X2r2 − X3r3∓ðs − σu − σdÞ�
× ½X1r1 − X4r4∓ðsþ σu þ σdÞ�;

ri ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2 þ ðz − αiÞ2

q
;

α1 ¼
s
2
þ σu; α2 ¼

s
2
− σu;

α3 ¼ −
s
2
þ σd; α4 ¼ −

s
2
− σd; ð21Þ

where σu, σd and Xi are determined by (18) and (19) or
(20), and where we have set z0 ¼ 0 in the expressions
of α’s.
The above potential E can be also written in the form

E ¼ Λþ Γ
Λ − Γ

;

Λ ¼ ½s2 − ðσu þ σdÞ2�ðX1r1 − X2r2ÞðX3r3 − X4r4Þ
− 4σuσdðX2r2 − X3r3ÞðX1r1 − X4r4Þ;

Γ ¼ 2σdf½ðsþ σuÞ2 − σ2d�X2r2 − ½ðs − σuÞ2 − σ2d�X1r1g
þ 2σuf½ðs − σdÞ2 − σ2u�X4r4

− ½ðsþ σdÞ2 − σ2u�X3r3g; ð22Þ

and below we will use the functions Λ and Γ for presenting
the reparametrized coefficients f, γ and ω in the metric (3):

f ¼ ΛΛ̄ − ΓΓ̄
ðΛ − ΓÞðΛ̄ − Γ̄Þ ; e2γ ¼ ΛΛ̄ − ΓΓ̄

K0r1r2r3r4
; ω ¼ ω0 −

2Im½ðGðΛ̄ − Γ̄Þ�
ΛΛ̄ − ΓΓ̄

;

G ¼ zΓþ 4sσuσd½ðX3r3 þ α3ÞðX4r4 þ α4Þ − ðX1r1 þ α1ÞðX2r2 þ α2Þ�
þ ðσu þ σdÞ½s2 − ðσu − σdÞ2�½ðX1r1 þ α1ÞðX3r3 þ α3Þ − ðX2r2 þ α2ÞðX4r4 þ α4Þ�
þ ðσu − σdÞ½s2 − ðσu þ σdÞ2�½ðX2r2 þ α2ÞðX3r3 þ α3Þ − ðX1r1 þ α1ÞðX4r4 þ α4Þ�;

K0 ¼
64

m2
1m

2
2

s2jσuj2jσdj2ðM þ sÞ2; ω0 ¼ −2εðM þ sÞ: ð23Þ

Therefore, we have obtained a physical representation
for the general family of equilibrium configurations in the
EDK solution. Its interesting particular case which we
would like to mention in conclusion of this section is the
DH configuration for two balancing identical corotating

superextreme Kerr particles [9] possessing an additional
symmetry with respect to the equatorial plane [27,28]. For
this specific two-body system mu¼md¼m, au ¼ ad ¼ a,
σu ¼ σd ¼ σ, and it is convenient to solve Eq. (14) for a,
yielding (δ ¼ þ1)

FIG. 2. Physical reparametrization of the equilibrium configu-
rations (a) and (b) from Fig. 1.
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a ¼ −
ϵðsþ 2mÞ2
2ðsþmÞ ; ð24Þ

which means that m and s are chosen as arbitrary
parameters of the solution. Then we readily obtain for
Xi the expressions

X1 ¼
sþ ð2 − iϵÞmþ ϵμ

sþ ð2þ iϵÞm − ϵμ
;

X2 ¼
iϵ½sþ ð2þ iϵÞm − ϵμ�
sþ ð2 − iϵÞmþ ϵμ

;

X3 ¼
iϵ½sþ ð2 − iϵÞmþ ϵμ�
sþ ð2þ iϵÞm − ϵμ

;

X4 ¼ −
sþ ð2þ iϵÞm − ϵμ

sþ ð2 − iϵÞmþ ϵμ
; ð25Þ

while σ becomes a pure imaginary quantity (since m > 0,
s > 0) whose explicit form is the following:

σ ¼ −
isμ

2ðsþmÞ ; μ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 þ 6msþ 7m2

p
: ð26Þ

For αi and ri in the equatorially symmetric case one has

α1 ¼ −α4 ¼
s
2
þ σ; α2 ¼ −α3 ¼

s
2
− σ;

r1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2 þ ðz − α1Þ2

q
; r2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2 þ ðz − α2Þ2

q
;

r3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2 þ ðzþ α2Þ2

q
; r4 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2 þ ðzþ α1Þ2

q
;

ð27Þ

and the potential E of the DH equilibrium configuration,
after the substitutions into formulas (22) and subsequent
simplifications, finally takes the form

E ¼ Λþ Γ
Λ − Γ

;

Λ ¼ ðs2 − 4σ2Þðμ−r2 − μþr1Þðμþr3 − μ−r4Þ
− 4σ2ðμ−r2 − iϵμþr3Þðiϵμþr1 þ μ−r4Þ;

Γ ¼ 2msσ½ð1 − iϵÞðs − 2σÞðμ−r4 þ iϵμþr1Þ
− ð1þ iϵÞðsþ 2σÞðμ−r2 − iϵμþr3Þ�; ð28Þ

whereas the corresponding metric functions f, γ and ω can
be written as

f ¼ ΛΛ̄ − ΓΓ̄
ðΛ − ΓÞðΛ̄ − Γ̄Þ ; e2γ ¼ ΛΛ̄ − ΓΓ̄

K0r1r2r3r4
;

ω ¼ ω0 −
2Im½ðGðΛ̄ − Γ̄Þ�

ΛΛ̄ − ΓΓ̄
;

G ¼ zΓþ sσf2sðμ2−r2r4 − μ2þr1r3Þ
− 8iϵm2σðr1r2 þ r3r4Þ þ ð1 − iϵÞmðs2 − 4σ2Þ
× ½μþðr3 þ iϵr1Þ − μ−ðr4 þ iϵr2Þ�g;

K0 ¼ 256s2σ4ðsþ 2mÞ2; ω0 ¼ −2ϵðsþ 2mÞ;
μ� ≡ sþ 3m� ϵμ: ð29Þ

To consider a particular DH configuration, one only
needs to choose the values of m and s, and find from (24)
the corresponding value of a at which the balance occurs.
Formulas (26)–(29) will then describe the spacetime for
that parameter choice.

V. DISCUSSION

Although the general formulas worked out in the
previous section are applicable to all four types of the
two-Kerr configurations from Fig. 1, the equilibrium
states with mu > 0, md > 0 are only possible for the
systems (b), (c) and (d) containing at least one super-
extreme component. Various particular equilibrium con-
figurations between a black hole and superextreme
constituents, or between two unequal superextreme con-
stituents were considered in the paper [10], and recently
we have shown [23] that balance can be achieved even
between a Schwarzschild black hole and a Kerr super-
extreme object. The absence of the equilibrium between
two underextreme Kerr constituents with positive Komar
masses [the systems (a) in Fig. 1] was strictly proved in
our paper [13], and the nonexistence proof was later
extended to the case of two extreme Kerr constituents
[29], thus ruling out the two-black-hole equilibrium states
in the EDK solution.
Remarkably, the expressions for the areas of the

horizons calculated for the equilibrium configurations
of type (a) with the aid of Tomimatsu’s formulas [30]

Au ¼ 2πðα1 − α2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ωue2γu

q
;

Ad ¼ 2πðα3 − α4Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ωde2γd

q
;

ð30Þ

where ωu, ωd, γu, γd are constant values of the functions
ω and γ on the respective horizons, are able to provide
us with a simple demonstration that the individual
Komar masses mu and md cannot simultaneously take
on positive values in such configurations. Taking into
account that δ ¼ þ1 in the (a)-type equilibrium states,
one can arrive at the following final expressions for Au
and Ad:
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Au ¼ −
4πmu½ðsþmdÞðM þ sþ ϵadÞ − σuðM þ sÞ�2

sðM þ sÞðM þ sþ ϵadÞ
;

Ad ¼ −
4πmd½ðsþmuÞðM þ sþ ϵauÞ − σdðM þ sÞ�2

sðM þ sÞðM þ sþ ϵauÞ
;

ð31Þ

whence it follows immediately that in order for the
masses of the black-hole constituents and areas of the
horizons to take positive values simultaneously, the
following two conditions must be satisfied:

M þ sþ ϵad < 0; M þ sþ ϵau < 0: ð32Þ

However, after rewriting the equilibrium condition (14)
in the form (δ ¼ þ1)

sðM þ sÞ − ðmu þ sÞðM þ sþ ϵauÞ
− ðmd þ sÞðM þ sþ ϵadÞ ¼ 0; ð33Þ

we see that, under the suppositions made, the inequal-
ities (32) convert the left-hand side of (33) into a strictly
positive quantity, which signifies the absence of equi-
librium configurations of two Kerr black holes. Note,
however, that in the systems (b) and (c) the black-hole
component has the horizon area defined by one of the
expressions (31), with ϵ substituted by ϵδ, so that the
balance condition (33) may have physically meaningful
solutions because in such systems only one of the
inequalities (32) has to be satisfied.
It would certainly be of interest to briefly discuss a direct

mathematical interrelation existing between the equilibrium
configurations of the EDK solution and the analogous
configurations of the double-Reissner-Nordström (DRN)
solution [24,31]. While the former configurations are
defined by the condition (15), the latter equilibrium states
of two electrically charged Reissner-Nordström sources
[32,33] are defined by the balance condition

mumd −
�
qu þ

muqd −mdqu
mu þmd þ s

�

×
�
qd þ

mdqu −muqd
mu þmd þ s

�
¼ 0 ð34Þ

(the reader is referred to [24,31,34] for the details of its
derivation), where mu and md are Komar masses of the
upper and lower constituents, qu and qd are the corre-
sponding charges, while s is the relative coordinate dis-
tance. The connection between Eqs. (15) and (34) is
described by the following two theorems.
Theorem I.—If mu, md, au, ad, s is an equilibrium

configuration of the EDK solution, then the substitution

au ¼
ϵδquðmuqd −mdquÞ

mumd − quqd
;

ad ¼
ϵδqdðmdqu −muqdÞ

mumd − quqd
;

mdqu −muqd ≠ 0; ð35Þ

into Eq. (15) defines an equilibrium configuration of the
DRN solution.
Theorem II.—Given an equilibrium configuration of the

DRN solution, mu, md, qu, qd, s, the substitution

q2u ¼ −
mumda2u

Δ0

; q2d ¼ −
mumda2d

Δ0

;

quqd ¼
mumdauad

Δ0

; ð36Þ

with Δ0 ≡ auad þ ϵδðmuad þmdauÞ ≠ 0, Δ0mumd < 0,
converts Eq. (34) into condition (15).
The proof of these theorems is straightforward and

consists in the substitution of (35) and (36) into
Eqs. (15) and (34), respectively.

VI. CONCLUSION

We hope that the physical representation of the general
family of equilibrium configurations of two Kerr sources
obtained in the present paper will make this family more
accessible for concrete applications and will simplify the
analysis of particular cases which exhibit interesting
physical properties. Although two Kerr black holes cannot
be in the gravitational equilibrium, this fact does not
diminish the importance of the EDK solution because
there are other physically meaningful equilibrium configu-
rations it offers—those between a black hole and a super-
extreme source, and between two superextreme Kerr
constituents, both types of the configurations permitting
their components to have exclusively positive Komar
masses. It is probably worth remarking that for many years
the superextreme solutions had been largely underesti-
mated compared to the black-hole ones in spite of the
theoretical evidence that they may arise from the gravita-
tional collapse [35,36], or are able to open new horizons for
the gravitational experiment (an important prediction made
four decades ago by Penrose [37]). In relation with the
latter aspect we would like to emphasize that the discovery
of the physically relevant equilibrium states between a
black hole and a superextreme Kerr constituents (for
particular examples we refer the reader to [10]) is highly
important from the physical point of view, mainly because
the balance in such two-body systems might signify that the
spin-spin repulsive force is actually by far stronger than
was thought in the 1980s when only the equilibrium
configurations composed of two superextreme objects were
found, and in our opinion this could have relevance to the
experimental detection of the spin-spin interaction. It also
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appears that the recent paper of Jacobson and Sotiriou [38]
on destroying black holes with test bodies establishes an
interesting physical bridge between the two types of exact
solutions, and we expect that the binary equilibrium
configurations described by the EDK solution will be able
to shed additional light on the physical interaction of black
holes and superextreme sources.
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