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We consider the possibility that the Universe is made of a dark fluid described by a quadratic equation of
state P = Kp?, where p is the rest-mass density and K is a constant. The energy density € = pc? + Kp? is
the sum of two terms: a rest-mass term pc? that mimics “dark matter” (P = 0) and an internal energy term
u = Kp? = P that mimics a “stiff fluid” (P = ¢) in which the speed of sound is equal to the speed of light.
In the early universe, the internal energy dominates and the dark fluid behaves as a stiff fluid (P ~ €,
€ « a~%). In the late universe, the rest-mass energy dominates and the dark fluid behaves as pressureless
dark matter (P =0, € x a~>). We provide a simple analytical solution of the Friedmann equations for a
universe undergoing a stiff matter era, a dark matter era, and a dark energy era due to the cosmological
constant. This analytical solution generalizes the Einstein—de Sitter solution describing the dark matter era,
and the ACDM model describing the dark matter era and the dark energy era. Historically, the possibility of
a primordial stiff matter era first appeared in the cosmological model of Zel’dovich where the primordial
universe is assumed to be made of a cold gas of baryons. A primordial stiff matter era also occurs in recent
cosmological models where dark matter is made of relativistic self-gravitating Bose-Einstein condensates
(BECs). When the internal energy of the dark fluid mimicking stiff matter is positive, the primordial
universe is singular like in the standard big bang theory. It expands from an initial state with a vanishing
scale factor and an infinite density. We consider the possibility that the internal energy of the dark fluid is
negative (while, of course, its total energy density is positive), so that it mimics anti-stiff matter. This
happens, for example, when the BECs have an attractive self-interaction with a negative scattering length.
In that case, the primordial universe is nonsingular and bouncing like in loop quantum cosmology. At
t = 0, the scale factor is finite and the energy density is equal to zero. The universe first has a phantom
behavior where the energy density increases with the scale factor, then a normal behavior where the energy
density decreases with the scale factor. For the sake of generality, we consider a cosmological constant of
arbitrary sign. When the cosmological constant is positive, the Universe asymptotically reaches a de Sitter
regime where the scale factor increases exponentially rapidly with time. This can account for the
accelerating expansion of the Universe that we observe at present. When the cosmological constant is
negative (anti—de Sitter), the evolution of the Universe is cyclic. Therefore, depending on the sign of the
internal energy of the dark fluid and on the sign of the cosmological constant, we obtain analytical solutions
of the Friedmann equations describing singular and nonsingular expanding, bouncing, or cyclic universes.
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I. INTRODUCTION

The nature of dark matter (DM) is still unknown and
remains one of the greatest mysteries of modern cosmology.
In the standard cold dark matter (ACDM) model, DM is
modeled as a pressureless fluid (P = 0). This is appropriate if
DM is made of weakly interacting massive particles with a
mass in the GeV-TeV range. These particles freeze out from
thermal equilibrium in the early universe and, as a conse-
quence of this decoupling, cool off rapidly as the universe
expands. The ACDM model works remarkably well at large
scales [ 1] but it encounters serious problems at small scales of
the order of a few kpc, the typical galactic scale. In particular,
it predicts that DM halos should be cuspy (the central density
should diverge as ') [2] while observations reveal that they
have a flat core [3]. On the other hand, since the Jeans length is
equal to zero (or is very low), the ACDM model predicts an
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overabundance of small-scale structures (subhalos/satellites),
much more than what is observed around the Milky Way [4].
These problems are referred to as the “cusp problem” and the
“missing satellite problem.” The expression ‘“‘small-scale
crisis of CDM” has been introduced.

In order to solve this crisis, other models of DM have
been developed. For example, it has been proposed that
DM may be in the form of Bose-Einstein condensates
(BECs) [5-7]. The bosons could be QCD axions with a
mass m ~ 107 eV/c?, but other types of bosons with a
small mass have also been considered. The quantum
properties of BECDM may solve the problems of CDM.
Indeed, the Heisenberg principle (for noninteracting
bosons) or the pressure due to the scattering (for self-
interacting bosons) prevent gravitational collapse at small
scales and lead to central density cores instead of cusps. On
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the other hand, the finite Jeans length set by quantum
mechanics (or scattering) provides a sharp small-scale
cutoff in the matter power spectrum which may solve
the missing satellite problem. These problems may also be
solved if DM is made of fermions, such as sterile neutrinos,
with a mass in the keV range [8,9]. This corresponds to
warm dark matter. In that case, gravitational collapse is
prevented by the Pauli exclusion principle for dwarf halos
and by thermal pressure for large halos.

Harko [10] and Chavanis [11] independently considered
the evolution of a universe made of self-interacting BECs in
the Thomas-Fermi (TF) approximation. The equation of
state of a nonrelativistic BEC is P = 2zh’a,p?/m> [12]
where m is the mass of the bosons, a; is their scattering
length, and p is the rest-mass density. In the relativistic
regime, one needs to express the pressure P in terms of the
energy density € in order to solve the Friedmann equations
[13]. Harko [10] and Chavanis [11] assumed that the energy
density is simply given by the relation e = pc?, so that
P = 2zh*a,e®/mc*. However, the relation € = pc? is true
only at sufficiently late times, in the weakly relativistic and
nonrelativistic regimes, so it is not possible to extrapolate
their results in the early universe. Indeed, their approach
neglects the internal energy of the BECs [14].

If we consider a relativistic fluid at 7 = 0, or an adiabatic
fluid, described by a barotropic equation of state P(p), the
relation between the energy density and the rest-mass
density is given by an equation of the form e = pc? +
u(p) [see Eq. (9) below] where pc? is the rest-mass energy
and u(p) is the internal energy which is entirely determined
by the equation of state P(p). On the other hand, the rest-
mass density decreases as p « a> [see Eq. (12) below],
where a is the scale factor. The decomposition € =
pc? +u(p) is very interesting because it shows that the
energy density of a relativistic fluid is the sum of a rest-
mass term that mimics pressureless “dark matter” and an
internal energy term that mimics a “new fluid.” If we
consider a polytropic equation of state P = Kp” with
y =1+ 1/n, we find that € = pc*> + nKp’ = pc* + nP.
The rest-mass energy is given by pc? o« a3 and the internal
energy is given by u = Kp’/(y —1) =P/(y = 1) x a™¥.
We have to consider two cases.

When y < 1 (n < 0), the rest-mass energy dominates in
the early universe (a low, p large) and the internal energy
dominates in the late universe (a large, p low). In that case,
the rest-mass term mimics dark matter and the internal
energy term mimics dark energy (when u > 0 and P < 0)
or anti-dark energy (when u < 0 and P > 0). This inter-
pretation is particularly relevant when y — 0 (n — —1) and
K < 0 because a fluid with a constant negative pressure
P = —e¢,, corresponding to y =0, n = —1 and K = —¢,
behaves similarly to the ACDM model (conversely, a fluid
with a constant positive pressure P = ¢,, corresponding to
y =0, n=—1 and K = ¢,, behaves similarly to the anti-
ACDM model) [15-17]. Therefore, a fluid with y = 0 and
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K < 0 can account for small deviations from the ACDM
model and solve some of its small-scale problems. This
idea was developed in Ref. [18] by means of a fully
predictive cosmological model based on a dark fluid with a
logotropic equation of state. The logotropic equation of
state P = Aln(p/p,) can be viewed as the limiting form of
the polytropic equation of state P = Kp” with y — 0 and
K — oo in such a way that A = Ky is finite [19]. Therefore,
the logotropic equation of state is very appropriate to
describe dark energy for which y = 0. The considerations
of Ref. [18] show that p, can be identified with the Planck
density pp = ¢°/G*h = 5.16 x 10 gm™. On the other
hand, the logotropic temperature A is interpreted as a
fundamental constant given by A =p,c?/In(pp/py) =
pac?/[1231n(10)] =2.13 x 107 gm~'s™2 where p, =
6.72 x 107 gm™ is the cosmological density. This
model provides a unification of dark matter and dark
energy and is able to explain, without any free parameter,
observational results that were not explained previously.
When y > 1 (n > 0), the rest-mass energy dominates in
the late universe and the internal energy dominates in the
early universe. In that case, the rest-mass term mimics dark
matter and the internal energy term mimics a primordial
cosmological fluid existing before the matter era. For a
quadratic equation of state (y = 2), corresponding to the
BEC model, we find that € = pc? + Kp* = pc? + P. In the
late universe, where the density p is low, € ~ pc?> « a™3 so
that P ~ Ke?/c* like in the works of Harko [10] and
Chavanis [11]. In this limit, P < ¢, so the system behaves
essentially as CDM (P = 0) with a small correction due to
the BEC. In the early universe, where the density p is high,
e~Kp> xa® so that P~e. In that limit, the system
behaves as a stiff fluid in which the speed of sound ¢, =

P'(€)c equals the speed of light (¢, = ¢). Therefore,
everything happens as if the Universe were made of two
noninteracting fluids, a dark matter fluid with a pressureless
equation of state P =0 and a “new fluid” with a stiff
equation of state P = e. Recalling that K = 2z#%a,/m> in
the BEC model, we note that the stiff fluid has a positive
energy density € = Kp? when a, > 0 and a negative energy
density when a; < 0." There is, however, no contradiction
with the fundamental laws of physics because our decom-
position in two noninteracting fluids is purely formal, or
effective. In reality, we have just one dark fluid and, of
course, its total energy density € = pc* + Kp? is positive.
The rest-mass term pc? is always positive while the internal
energy term Kp”> can be positive (K >0) or nega-
tive (K <0).

'BECs in which the bosons have an attractive self-interaction,
corresponding to a negative scattering length a, < 0, exist in
nature and have been observed in laboratory experiments [12]. It
is therefore natural to consider the cosmological implications of a
negative scattering length of the bosons.
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The possibility of a primordial stiff matter era first appeared
in the cosmological model of Zel’dovich [20] in which the
very early universe is assumed to be made of a cold gas of
baryons with an equation of state P =e¢. The aim of
Zel’dovich was to investigate the cosmological implications
of an equation of state for which the speed of sound is equal to
the speed of light [21]. In that case, the energy density
decreases as € o« 1/a®. The stiff matter era (P = ¢, € « a~®)
precedes the radiation era (P = €/3, €  a™*), the dark matter
era (P=0, ¢ xa?), and the dark energy era (P = —e,
€ = €,). Zel’dovich’s model has been abandoned after the
success of the hot big bang theory, but it remains interesting
from a historical perspective. In addition, his paper is still very
much quoted, showing that there is a lot of activity on stiff
matter in general. Indeed, a stiff equation of state has several
interesting properties [22] that deserve to be better explored.

Stiff matter also occurs in the context of relativistic scalar
fields (SFs). A SF behaves as a stiff fluid when its kinetic
energy dominates its potential energy. In cosmology, this
corresponds to the kination epoch of scalar field evolution.
Therefore, a primordial stiff matter era is a fundamental
feature of any model based on a SF. Recently, Li et al. [23]
developed a fully relativistic treatment of SF/BEC dark matter
and showed that the Universe undergoes successively an
intrinsic stiff matter era, followed by a radiation era (existing
only for a self-interacting SF), and a matter era. The stiff
matter era occurs when the SF oscillations are slower than the
Hubble expansion while the radiation and matter eras occur
when the SF oscillations are faster than the Hubble expansion.
The same model has been investigated by Sudrez and
Chavanis [24] using a hydrodynamical representation of
the Klein-Gordon-Einstein (KGE) equations.

For all the reasons given previously, it is important to
study a cosmology including a stiff matter era. In this paper,
we provide a simple analytical solution of the Friedmann
equations for a universe undergoing a stiff matter era, a dark
matter era, and a dark energy era due to the cosmological
constant.” This analytical solution provides a simple
cosmological model generalizing the Einstein—de Sitter
(EdS) model and the ACDM model by incorporating a stiff
matter era. There are not many analytical solutions of the
Friedmann equations, so this solution is valuable.
Furthermore, it is of physical interest since stiff fluids
have often been advocated in astrophysics and cosmology.

We consider the general case where the energy density of
the stiff fluid (more precisely the internal energy of the dark
fluid) is positive or negative. The case of a stiff fluid with a
positive energy density is very similar to the standard
model of cosmology in the sense that the Universe starts
from a big bang singularity at r = 0 in which the scale
factor is equal to zero while the energy density is infinite.

*The main limitation of our analytical solution is that it does
not describe the radiation era that takes place between the stiff
matter era and the dark matter era.
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Initially, the scale factor increases as a(t) « t'/3 and the
energy density decreases as €(¢) o« 72, Interestingly, a stiff
fluid with a negative energy density (anti-stiff fluid)
prevents the primordial singularity. In that case, we obtain
a model of a bouncing universe like in loop quantum
cosmology (LQC) [25]. At t = 0, the scale factor is finite
and the energy density is equal to zero. The universe first
has a phantom behavior where the energy density increases
with the scale factor, then a normal behavior where the
energy density decreases with the scale factor. This model
is symmetric by time reversal + — —¢. For the sake of
generality, we consider a positive or a negative cosmo-
logical constant. At late times, a dark fluid with a positive
cosmological constant enters in a de Sitter era in which the
scale factor increases exponentially rapidly with time. This
can account for the present acceleration of the Universe. By
contrast, when the dark fluid has a negative cosmological
constant (anti—de Sitter or anti-dark energy) the evolution
of the universe is cyclic. Therefore, depending on the sign
of the internal energy of the dark fluid and on the sign of the
cosmological constant, we obtain analytical solutions of the
Friedmann equations describing singular and nonsingular
expanding, bouncing, or cyclic universes.

The paper is organized as follows. In Sec. II we derive
general theoretical results needed in our analysis. In
Sec. III, we consider a perfect fluid at 7 =0, or an
adiabatic fluid, described by a quadratic equation of state
of the form P = Kp?, where p is the rest-mass density and
K is a constant. We determine the relation between the
energy density e and the rest-mass density p and obtain an
explicit equation of state P(e) [see Eqgs. (17) and (22)]
relating the pressure to the energy density. For K > 0, this
equation of state reduces at high energies to a stiff equation
of state P ~ ¢ for which the speed of sound is equal to the
speed of light, and at low energies to a quadratic equation of
state P ~ Ke?/c*. For K < 0, the equation of state P(e) has
two branches, one corresponding to a phantom behavior
(starting from an anti-stiff matter era) and one correspond-
ing to a normal behavior (ending in the matter era). In
Sec. 1V, we give examples of systems described by a
quadratic equation of state P = Kp? leading, in the regime
of high density, to a stiff equation of state P = €. In Sec. V,
we apply this equation of state to cosmology. This leads to a
cosmological model exhibiting a primordial (anti-)stiff
matter era, followed by a radiation era, a dark matter
era, and an ultimate (anti-)dark energy era. In Secs. VI-IX,
we provide simple analytical solutions of the Friedmann
equations for a universe exhibiting a primordial (anti-)stiff
matter era, a dark matter era, and an ultimate (anti-)dark
energy era. We consider four cases: a singular expanding
universe with K >0 and A > 0; a nonsingular bouncing
universe with K < 0 and A > 0; a singular cyclic universe
with K >0 and A <0; a nonsingular bouncing cyclic
universe with K <0 and A <0. In Sec. X, we provide
simple analytical solutions of the Friedmann equations
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taking the radiation era into account. Finally, in Sec. XI, we
discuss a simple analytical model based on a generalized
polytropic equation of state [15-17] describing the tran-
sition from an inflation era to a stiff matter era.

II. THEORETICAL FRAMEWORK

A. The Friedmann equations

We assume that the Universe is homogeneous and
isotropic, and contains a uniform perfect fluid of energy
density ¢(¢) and isotropic pressure P(t¢). The radius of
curvature of the three-dimensional space, or scale factor, is
denoted as a(t) and the curvature of space is denoted as k.
The universe is closed if k > 0, flat if kK = 0, and open if
k < 0. We assume that the Universe is flat (k =0) in
agreement with the observations of the cosmic microwave
background [26]. In that case, the Einstein equations can be
written as [13]

4+ 3= P)=0, 1
3%+ p) (n
a 4nG A

== P)+= 2
a 3c2( +3 )+3’ (2)
\2 8zG A
2 (4o A
H _<a> 3c2€+3’ (3)

where we have introduced the Hubble parameter H = a/a
and accounted for a possible nonzero cosmological con-
stant A. The cosmological constant is equivalent to a dark
energy fluid with a constant density

Ac?
= 2 = — ) 4
€A = PAC 872G (4)
and an equation of state P = —e. Equations (1)—(3) are the

well-known Friedmann equations describing a nonstatic
universe. Among these three equations, only two are
independent. The first equation can be viewed as an
equation of continuity. For a given barotropic equation
of state P = P(e), it determines the relation between the
energy density e and the scale factor a. Then, the evolution
of the scale factor a(¢) is given by Eq. (3).

Introducing the equation of state parameter w = P/,
and assuming A = 0, we see from Eq. (2) that the Universe
is decelerating if w > —1/3 (strong energy condition) and
accelerating if w < —1/ 3.> On the other hand, according to
Eq. (1), the energy density decreases with the scale factor if
w > —1 (null dominant energy condition) and increases

3According to general relativity, the source for the gravitational
potential is € + 3P. Indeed, the spatial part g of the geodesic
acceleration satisfies the exact equation V - g = —4zG(e + 3P)
showing that the source of geodesic acceleration is ¢ + 3P
not € [27].
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with the scale factor if w < —1. The latter case corresponds
to a “phantom” universe [28].

B. Relativistic thermodynamics

The local form of the first law of thermodynamics can be
written as [13]

)l or) o

where p = nm is the mass density, n is the number density,
and s is the entropy density in the rest frame. We assume
that the Universe is made of a dark fluid with an equation of
state P(p). We assume that this fluid is at 7 = 0 or that the
evolution is adiabatic (isentropic), d(s/p) = 0, which is the
case for a perfect fluid (one can show that the Friedmann
equations imply the conservation of the entropy) [13]. In
that case, the first law of thermodynamics (5) reduces to

_P+e
p

de dp. (6)

For a given equation of state, Eq. (6) can be integrated to
obtain the relation between the energy density ¢ and the
rest-mass density p. If the equation of state is prescribed
under the form P = P(p), Eq. (6) reduces to the first-order
linear differential equation

de _1__ P(p)
dp p p )

Using the method of variation of constants, we obtain

» P(p'
e=apcip [P0 4y, 0

where A is a constant of integration. For an equation of state
P(p) such that P~p’ with y > 1 when p— 0, we
determine the constant A in Eq. (8) by requiring that ¢ ~
pc? when p — 0. This gives

rP(p
6=p02+p/0 %dpl =pc+ulp). 9

The term

u(p) = p/)p P[Eg) dp’ (10)

can be interpreted as an internal energy density [29].
Therefore, the energy density € is the sum of a rest-mass
energy term pc? and an internal energy term u(p). The
rest-mass energy is positive while the internal energy
can be positive or negative. Of course, the total energy
€ = pc® + u(p) is always positive.
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C. Conservation of the rest-mass density

Combining the thermodynamic relation (6) with the
continuity equation (1), we get

dp a

dt+3ap_0' (11)
We note that this equation is exact for a fluid at 7 = 0, or
for a perfect fluid, and that it does not depend on the
explicit form of the equation of state P(p). It corresponds to
the conservation of the rest-mass density p or number
density n = p/m. It can be integrated into

P =ro (%)3 (12)

where pj is the present value of the rest-mass density and a,
is the present value of the scale factor. This relation shows
that the rest-mass energy term pc” in Eq. (9) behaves as
pressureless dark matter. Consequently, the internal
energy term u(p) behaves as a “new fluid.”” When P = 0
we have € = pc? with p = py(ay/a)’, and we recover the
CDM model.

III. QUADRATIC EQUATION OF STATE
(POLYTROPE n =1)

We assume that the Universe is filled with a dark fluid
described by a quadratic equation of state

P = Kp? (13)

corresponding to a polytrope of index n = 1 [30]. This is a
particular case of the general class of polytropic equations
of state P = Kp’, where p is the rest-mass density, studied
by Tooper [31] in the context of relativistic stars. This
equation of state is fundamentally different from the
polytropic equation of state P = Ke”, where ¢ is the energy
density, studied by Tooper [32] in the context of relativistic
stars and by Chavanis [15-17] in cosmology (see Sec. XI).
For the equation of state (13), the relation between the
energy density and the rest-mass density, Eq. (9), takes
the form

€ =pc* + P = pc? + Kp*. (14)

Combining Egs. (12) and (14), we obtain

3 6
€ = poc? (%) + Kp} (%) . (15)

This relation can also be obtained by solving the continuity
equation (1) with the equation of state (17) when K > 0 or
with the equation of state (22) when K <0 (see
Appendix D of Ref. [14]). We require that p >0 and
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€ > 0. We have to distinguish two cases depending on the
sign of K.

A. Positive pressure: K > 0

When K > 0, the pressure is positive. The universe starts
at a = 0 with an infinite rest-mass density and an infinite
energy density. The rest-mass density decreases as a
increases; see Eq. (12). The energy density ¢ decreases
as a increases (i.e. p decreases); see Fig. 1. Equation (14)
can be reversed to give

c? 4Ke
S VS (i I 1
p 21<< T ) (16)

Combining Egs. (13) and (16), we obtain the relation
between the pressure and the energy density

4 4K ?
P::—K<1/1+7€—1>. (17)

The pressure P decreases as p and e decrease; see Fig. 2.
In the early universe (¢ —» 0, p - 4o0), the internal
energy (new fluid) dominates, and we have

6
€~Kp2~Kp%<@> , P ~e, P=Kp>.  (18)
a

These equations describe a fluid with a linear equation of
state P = ¢ that is called “stiff”” because the speed of sound
¢, defined by c2/c?> = P'(¢) is equal to the speed of
light (¢, = ¢).

In the late universe (a — +oo, p — 0), the rest-mass
energy (dark matter) dominates, and we have

1

0.8 K>0 1
0.6~ -
o Normal
@
M
0.4+ -
(pn Smax)
02+ K<0 -
Normal Phantom
| | | | meIX
00 0.2 0.4 0.6 0.8 1
2
[Klp/c
FIG. 1. Relation between the energy density and the rest-mass

density.
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T T T T T
Normal
0 K>0 -
(Smax’ P*)
<
L2
A& 0.5 -
N
- Phantom
K<0
! Pmin )
| | | | | | | | |
0 0.1 0.2 0.3 0.4 0.5
4
[Kle/c

FIG.2. Equation of state giving the pressure as a function of the
energy density.

3 K
e~pc2~p0c2<%> . P~—é, P=Kpr (19)

These equations describe a fluid with a polytropic equation
of state P = Ke?/c* of index n = 1. For very large values
of the scale factor, we recover the results of the CDM model
(P = 0) since € & a3. This is because P < ¢ in this limit.

For the equation of state (17), the speed of sound is
given by

c2 1 1
el = >
¢ 1+ T+5g

The speed of sound decreases as p and e decrease; see
Fig. 3. Forp — +o0 (i.e. € = 4+), ¢, = c. Forp — 0 (i.e.
€ = 0), ¢, » 0. We always have ¢; < c.

Substituting Eq. (15) in the Friedmann equation (3), we
see that the quadratic equation of state defined by Eq. (13)

(20)

6

Phantom

2 —
NO
o 3 K>0
o
0 Normal
Normal
2k _
K<0 €
max
4 . | . | | .
0 0.1 0.2 0.3 0.4
4
[Kle/c
FIG. 3. Speed of sound as a function of the energy density.

PHYSICAL REVIEW D 92, 103004 (2015)

with K > 0 describes a model of the Universe exhibiting a
stiff matter era (¢ x a~©), a dark matter era (¢ < a=3), and a
dark energy era (e~p,c?) due to the cosmological
constant.

B. Negative pressure: K <0

When K <0, the pressure is negative. The energy
density e given by Eq. (15) is positive provided that
a>a; with a;/ag= (|K|py/c*)'/3. Therefore, the
Universe starts with a finite scale factor a;, a finite rest-
mass density pm. = ¢?/|K|, and a vanishing energy
density ¢ = 0. The rest-mass density decreases as a
increases; see Eq. (12). The energy density increases as
a increases (i.e. p decreases), reaches a maximum €,,,, =
c*/4IK| at a,/ag = (2|K|po/c*)'? (ie. p. = c*/2|K]),
decreases as a increases (i.e. p decreases) further, and
tends to € = 0 as a = +oo (i.e. p = 0); see Fig. 1. The
branch a; < a < a, (i.e. p. £ p < Pmax) corresponds to a
phantom behavior in which the energy density increases as
the scale factor increases. The branch a > a, (i.e. p <p,)
corresponds to a normal behavior in which the energy
density decreases as the scale factor increases.

For € < €., Eq. (14) can be reversed to give

c? 4|Kle
=—|1%£4/1- . 21
p 2’K|< = (21)

Combining Egs. (13) and (21), we obtain the relation
between the pressure and the energy density

4 4Kle\’
p— C—(lj: - |4|€>. (22)
C

4K

The pressure increases as a increases (i.e. p decreases). It
starts from P, = —c*/|K| at a=a; (e p= pmuo
e = 0), achieves the value P, = —c*/4|K| at a, (i.e. p,,
€max)> and tendsto P — 0~ asa — 4o (i.e. p = 0,¢ = 0).
The equation of state P(e) is defined for € < €,,,, and is
multivalued since it has two branches; see Fig. 2. The
branch + corresponds to a phantom universe (P < P,) and
the branch — corresponds to a normal universe (P > P,).

In the early universe (a = @;, p = pPmax)> the internal
energy (new fluid) counteracts the rest-mass energy (dark
matter), and we have

3¢t (a
~ T - = 1 b} ~ - 2’
€ |K| <ai ) € (pmax p)c

P =P .+ 2e.

(23)

The new fluid formally behaves as a stiff fluid with a
negative energy density that we shall call “anti-stiff” fluid
(see Sec. V).
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In the late universe (¢ — +oo0, p — 0), the rest-mass
energy (dark matter) dominates, and we have

3 K
€~pc2~poc2<%> , P~F€2, P = Kp*.
(24)

These equations describe a fluid with a polytropic equation
of state P = Ke?/c* of index n = 1. For very large values
of the scale factor, we recover the results of the CDM model
(P = 0) since € & a>. This is because P < ¢ in this limit.

For the equation of state (22), the speed of sound is given by

1 1
— 1+ S (25)

c [[ 4Kl 1—-C_
1—% 2Klp

The ratio ¢2/c> =2 at a=a; (i.e. p = ppw> € =0),
increases as a increases (i.e. p decreases, € increases), tends
to +oo as a = a; (i.e. p = pi, € = €may), tends to —oo as
a—al (e p— p;, € > €ny), INCreases as a increases
further (p decreases further, e decreases), and tends to 0~ as
a — +oo (i.e. p = 0,e — 0); see Fig. 3. The speed of sound
is larger than the speed of light in the phantom era (p > p,)
and imaginary in the normal era (p < p,).

Substituting Eq. (15) in the Friedmann equation (3), we
see that the quadratic equation of state defined by Eq. (13)
with K <0 describes a model of the Universe exhibiting
an anti-stiff matter era (¢ = 0), a dark matter era (¢ < a~>),
and a dark energy era (e ~ p,c?) due to the cosmological
constant.

|ﬁ
SIS

IV. COSMOLOGY WITH A STIFF MATTER ERA

In this section, we give examples of systems described
by a quadratic equation of state P = Kp? leading, in the
regime of high density, to a stiff equation of state P = e.

A. Gas of baryons interacting through
a vector-meson field

In an early paper, Zel’dovich [20,21] introduced a
cosmological model in which the primordial universe is
made of a gas of baryons interacting through a vector-
meson field and showed that the equation of state of this
system is of the form of Eq. (13) with a polytropic constant

gzhz

2.2

K=o—""733
2xm;,myc

(26)

where ¢ is the baryon charge, m,, is the meson mass, and
my, is the baryon mass. Zel’dovich [21] introduced this
equation of state as an example to show how the speed of
sound could approach the speed of light at very high
pressures and densities.
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Zel’dovich [20,21] also mentioned that the complete
equation of state of his model is of the form

P = Kp?> + K'p*/3, (27)

where the first term is the pressure coming from the self-
interaction between the particles and the second term is the
quantum (Fermi) pressure. For the equation of state (27),
we find from Eq. (9) that the relation between the energy
density and the rest-mass density is

€ = pc? + Kp? + 3K'p*/3. (28)

Using Eq. (12), we get

ap\ 3 ap\ ©® ap\*
€= p062<;0> +Kp%<;0> +3K’pg/3(;0>. (29)

Substituting Eq. (29) in the Friedmann equation (3), we see
that the equation of state defined by Eq. (27) with K > 0
describes a model of the Universe exhibiting a stiff matter
era (¢ < a~®), a radiation era (¢ x a~*), a dark matter era
(e xa™?), and a dark energy era (¢ ~pyc?) due to the
cosmological constant.

Although Zel’dovich’s model was abandoned after the
success of the hot big bang theory, it remains important
from a historical point of view as it is the first suggestion
that a stiff matter era may have occurred in the very early
universe, before the matter and radiation eras.

B. Partially relativistic self-gravitating BECs

Some authors have proposed that dark matter may be
made of self-gravitating BECs with short-range interactions
[33-49]. In the TF approximation, a BEC is equivalent to a
fluid with an equation of state of the form of Eq. (13) with a
polytropic constant

B 2nh’a;

m?

(30)

where m is the mass of the bosons and «; is their scattering
length. This equation of state can be derived from the
classical Gross-Pitaevskii equation [50,51] after writing it
under the form of fluid equations by using the Madelung
transformation [52] (see, e.g., Refs. [48,49]). This is a
nonrelativistic equation of state that, in principle, is not
valid in the relativistic regime. Nevertheless, we can
consider a partially relativistic model in which we use
the classical equation of state (13) with the relativistic
relation (14) between the energy density and the rest-mass
density. This approximation has been considered
in Ref. [14].

An interesting feature of BECs is that the scattering
length a; can be positive or negative [12]. Positive values of
a, correspond to repulsive interactions and negative values
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of a, correspond to attractive interactions. When a; is
positive, the pressure is positive (K > 0) and when a; is
negative the pressure is negative (K < 0). We shall consider
the two possibilities in the following. As we have already
explained, when applied to cosmology, Eq. (13) with K > 0
leads to a stiff matter era in the early universe while Eq. (13)
with K < 0 leads to an anti-stiff matter era.

C. Fully relativistic scalar field

A stiff matter era can also be justified from a field theory
for a relativistic SF. The phase of inflation in the very early
universe is usually described by a real scalar field called the
inflaton [53]. Similarly, in alternative theories to the
cosmological constant, the dark energy responsible for
the acceleration of the expansion of the Universe is
described by a scalar field called quintessence [54].

A scalar field minimally coupled to gravity evolves
according to the equation

.. . dv
b+ 3H)+ 55 =0, (31)

where V(¢) is the potential of the scalar field. The scalar
field tends to run down the potential towards lower
energies. The energy density and the pressure of the scalar
field are given by

e=H V. P=3F V). ()

When the potential energy dominates the kinetic energy,

V() > ¢*/2, we obtain the equation of state P = —¢ of
vacuum energy and dark energy. When the kinetic energy

dominates the potential energy, ¢*/2 > V(¢), we obtain
the equation of state P = ¢ of stiff matter. In cosmology,
this corresponds to the kination epoch of scalar field
evolution.

Recently, Li et al. [23] have used this argument to show
that a universe filled with a relativistic SE/BEC undergoes a
primordial stiff matter era preceding a radiation era (in the
case where the SF is self-interacting) and a matter era.
These results have been recovered by Sudrez and Chavanis
[24] from a hydrodynamical representation of the KGE
equations. It is important to note that the justification of the
stiff matter era in the fully relativistic SF/BEC model
[23,24] is different from that given in the partially relativ-
istic BEC model (see Ref. [14] and Sec. IV B). However,
the present study, which provides analytical results for a
cosmology including a stiff matter era, a radiation era, a
matter era, and a dark energy era may be useful in the
context of fully relativistic SF/BECs even if the equations
determining the transition between these phases are differ-
ent in the two models. For a SF without self-interaction
(fuzzy dark matter), there is only a stiff matter era, a matter
era, and a dark energy era (no radiation era). This situation
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corresponds to the analytical solutions considered in
Secs. VI and VIIL.

D. Analogy with loop quantum cosmology

Combining the Friedmann equation (3) with Eq. (14),
and recalling Eq. (12), we obtain

87G K A ap\3
B=2,1+22) 12, p=p (). 33
3 c 3

a
When A =0 and K < 0, this equation is formally analo-
gous to the modified Friedmann equation

H? =¥ﬂ<1 —L> (34)

max

that appears in LQC [25]." In this analogy pp.x = ¢2/|K].
This equation has a bouncing solution which prevents the
big bang singularity. It is usually argued in LQC that
everything happens as if the quantum gravity effects
manifest themselves at the origin as a pressure which
forbids the Universe from collapsing and then removes the
original singularity [55]. Our approach is consistent with
this interpretation since, in our case, Eq. (34) arises
precisely from a pressure term with a quadratic equation
of state [see Eq. (13)].

In LQC, p.x 1s of the order of the Planck density pp =
>/G*h =5.16 x 10° g/m® so that corrections manifest
themselves only in the very early universe. If we take
Pmax = pp, and identify p... with ¢?/|K|, we obtain
|K| = ¢?/pp. If we use the expression (30) of K for a
BEC, and introduce the dimensionless self-interaction
constant A/87 = a;mc/h so that K = Ak’ /4m*c, we
obtain || = 4(m/Mp)* where Mp = (hc/G)'/? =2.17 x
10~ g is the Planck mass. Other consequences of the
assumption |K| = ¢?/pp are discussed in Appendix A.

V. THE FRIEDMANN EQUATIONS
FOR A UNIVERSE PRESENTING A STIFF
MATTER ERA

We consider a universe made of several fluids each of
them described by a linear equation of state P = ae. The
equation of continuity (1) implies that the energy density is
related to the scale factor by € = ¢y(ay/a)>1*%), where the
subscript 0 denotes present-day values of the quantities. A
linear equation of state can describe dark matter (o = 0,
€, x a™>), radiation (a = 1/3, €4 x a™*), stiff matter

We note, however, a crucial difference. In LQC, pc? repre-
sents the energy density (that we denote as €) so that Eq. (34) is a
fundamental modification of the Friedmann equation (3). By
contrast, in our study, pc? is the rest-mass density and Eq. (34) is
deduced from the usual Friedmann equation (3) by using
Eq. (14).
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(a=1, e, x a‘6), vacuum energy (a = —1, € = €p), and
dark energy (a = —1, € = €,).

More specifically, we consider a universe made of stiff
matter, radiation, dark matter and dark energy treated as
noninteracting species. Summing the contribution of each
species, the total energy density can be written as

€50 €rad,0 €m0 c
@ao)® " (@laof ' (alaoy T4 O

In this model, the stiff matter dominates in the early
universe. This is followed by the radiation era, by the dark
matter era and, finally, by the dark energy era. Writing
€40 = 4060 for each species, we get

€ =

€ QsO Qrad() QmO
— =y R DL Q. (36
0 (@aof " (afagyt * (afagy Mo GO

In this model, we must require that the energy density of
each individual fluid is positive so that Q, > 0 for each
fluid. We now consider generalizations of this model.

The dark energy term [last term in Eq. (35)] can be
interpreted in terms of a cosmological constant A by using
the correspondence of Eq. (4). At a theoretical level, the
cosmological constant may be positive or negative. The
discovery of the present acceleration of the expansion
of the universe favors a positive cosmological constant but
the value of the cosmological constant, and its sign, may
have changed in the course of time (it is also possible that
the cosmological constant has a constant negative value and
that the present acceleration of the Universe is due to
another form of dark energy). For example, certain string
theories assume that the cosmological constant was neg-
ative in the past, corresponding to an anti—de Sitter universe
[56]. Therefore, in our theoretical analysis, for the sake of
generality, we consider a cosmological constant of arbitrary
sign. In terms of the correspondence of Eq. (4), this
amounts to considering formally that the dark energy term
€, 1s positive or negative. Therefore, we shall consider the
two possibilities Q, o > 0 and Q) y < 0. The case 2,7 <0
will be referred to as anti-dark energy.

We now turn to the stiff matter term [first term in
Eq. (35)]. When radiation is ignored, Eq. (36) is identical to
Eq. (15) obtained from the equation of state (13) and (26)
proposed by Zel’dovich [20,21] or from the equation of
state (13) and (30) corresponding to a partially relativistic
BEC [14]. On the other hand, Eq. (36) with radiation
included is identical to Eq. (29) obtained from the more
general equation of state (26) and (27) suggested by
Zel’dovich [20,21]. It is very important to note that, in
the point of view of Secs. III and I'V, we do not have several
noninteracting fluids as in the beginning of this section, but
simply one dark fluid that can present different phases in
the course of time. Therefore, the justification of Eq. (15),
or Eq. (29), is different from the one given to obtain
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Eq. (36). Nevertheless, the two equations are formally the
same. In this analogy, a positive value of K corresponds to a
positive energy density of the stiff matter while a negative
value of K corresponds to a negative energy density of the
stiff matter. We shall therefore consider the two possibilities
Q0 > 0and € < 0. The case Q;y < 0 will be referred to
as anti-stiff matter. We again emphasize that, in the
interpretation of Secs. III and IV, the term Q,,/(a/ay)®
represents the internal energy of the dark fluid, and the term
Q,.0/(a/ ay)’ represents its rest-mass energy. The rest-
mass energy is always positive (Q,, (> 0) while the
internal energy can be positive or negative. The laws of
physics only require that the total energy density is positive.
Therefore, in the approach developed in Secs. III and IV, it
is possible to consider €, < 0.

Substituting Eq. (36) in the Friedmann equation (3), we
obtain

H o 'Q'S,O +
Hy (a/agy)®

with QS,O + QradA,O + Qm,O +Qpg=1 and
(87Gey/3c?)'/%. We note the relation

H\2
‘_ <_) (38)
€o H,
that will be needed in the sequel. The evolution of the scale
factor is given by

Qm,O
(a/ag)

Qrad,O

(a/ap)

yinn s+ Qo (37)

HOZ

a/ay dx

o 5 5 - Hot, (39)
o [+ T A+ Qo

where a; is the initial value of the scale factor that has to be
determined in each particular case.

In Secs. VI-IX, we ignore radiation (Q,q0 =0) and
consider a universe made of (anti-)stiff matter, dark matter,
and (anti-)dark energy. In that case, the Friedmann equa-
tion (39) reduces to

a/ay dx
Q Q
a;/ag 2950 m.0
X\/ =& T3 + Q)0

It turns out that this equation can be integrated analytically.
In Sec. X, we provide some particular analytical solutions
of Eq. (39) in the case where the radiation is taken into
account.

It is possible to develop a useful mechanical analogy to
study the Friedmann equation (37). Defining t = Hyt, R =
a/ay and V(R) = —(1/2)R?¢(R) /¢y, Eq. (37) can be cast
in the suggestive form

= Hot. (40)
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1 /dR\?2
— (== V(R) =0, 41
() v (1)
where
1[0 Quao . Lo
V(R)——E{R4 —1;‘2 +—R +QuoR?|.  (42)

Equation (41) has the structure of the first integral for the
one-dimensional motion of a particle with energy £ = 0 in
a potential V(R). The potential V(R) is plotted in Fig. 4 for
the different cases studied in Secs. VI-IX. The condition
V(R) <0, i.e. € >0, determines the range of accessible
“radii” R. We must have

ng,OR6 =+ Qm,0R3 + gzrad,OR2 =+ QS,O > 0. (43)

When Q40 =0, Eq. (43) reduces to a second-degree
equation for x = R3. The range of accessible radii is
specifically given in Secs. VI-IX. The phase portrait of
the Universe, with the “velocity” dR/dz = \/—2V(R)
plotted against the “position” R is represented in Fig. 5.
These curves show the transition between a decelerating

evolution (R decreases with R) and an accelerating evolu-
tion (R increases with R). The transition point R, is
determined by the condition V/(R..) = 0 which is written as

2QA’0R6 - Qm‘OR3 - 2Qrad,0R2 - 495’0 = O (44)
When €40 =0, Eq. (44) reduces to a second-degree
equation for x = R®. The transition point is specifically

given in Secs. VI-IX.

1

0.5 1

V(R)

FIG. 4. Effective potential V(R) in the case where (1) Q¢ > 0
and Q40>0, (2) Q<0 and Q40>0, 3) Q>0 and
Quop<0, 4 Q<0 and Q,5<0. We have taken
19, 0] = 1073, Qg0 = 0, Q0 = 0.237, and |Q, o = 0.763.
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1 ‘ T ‘ T ‘ T
(@) (6]
0.751 b
3
5 “
2 o5k .
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R
FIG. 5. Phase portrait of the Universe in the four cases

considered in Fig. 4.

VL THE CASE Q>0 AND Q, (> 0

We first consider the case of a positive stiff energy
density (€2, > 0) and a positive cosmological constant
(240 = 0). The total energy density is

€ QYO Qm 0
—=—"+ — + Qp0- (45)
€0 (a/a0)6 (a/a0)3

The energy density starts from € = +o0 at a =a; =0,
decreases, and tends to e, for a — +o0. The relation
between the energy density and the scale factor is shown
in Fig. 6. The proportions of stiff matter, dark matter and
dark energy as a function of the scale factor are shown
in Fig. 7.

5

FIG. 6. Energy density as a function of the scale factor. We have
taken Q,, o = 0.237, Q, o = 0.763, and Q,y = 1073 (here and in
the following figures, we have chosen a relatively large value of
the density of stiff matter Q, for a better illustration of the
results).
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FIG. 7. Evolution of the proportion Q, = ¢,/¢ of the different
components of the universe with the scale factor.

A. Stiff matter, dark matter, and dark energy

We consider a universe made of stiff matter, dark matter,
and dark energy. Using the identity

/ dx
x\/;%—l-x%—l-c

1
= Infa+2cx* +2/cVb + ax’ + exf]. (4
3\/En[a—k cx® + 2y eV b+ ax® + cx®],  (46)

Eq. (40) can be solved analytically to give

a Q 0 Q 0 . 3
== | [ Z20 2, [250 N sinh? (2 /@y o Hot
do (QA,O " QA,O) o (2 A0T0 )
1/3
Q /o
+ 's,0 (1 _ 6_3 QA>0H0t)‘| ) (47)
A0

From Eq. (47), we can compute H = a/a leading to

3H Q
<a) —_— = ( m,0 + \/Qs O> sinh (3\/QAOHOZ)
ag) Hy 2/ ’ ’

+ QS’Oe_:;\/QA.OHOt. (48)

The energy density €/¢, is then given by Eq. (38) where
H/H, can be obtained from Eq. (48) with Eq. (47).

At t =0, the Universe starts from a singular state
at which the scale factor ¢ = 0 while the energy density
€ — +oo (big bang). The scale factor increases with time.
For t - +o00, we obtain
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FIG. 8. Evolution of the scale factor as a function of time.

FIG. 9. Evolution of the energy density as a function of time.

The energy density decreases with time and tends to €, for
t - 4o0. The expansion is decelerating during the stiff
matter era and the dark matter era while it is accelerating
during the dark energy era. Using Eq. (44), we find that the
transition takes place at

1/3
ac _ (Qm,o /D0 + 3ZQAVOQS,O> R
4o 4Q,

The temporal evolution of the scale factor and energy
density is shown in Figs. 8 and 9.

B. Stiff matter and dark matter

We consider a universe made of stiff matter and dark
matter. In the absence of dark energy (€2, o = 0), using the
identity
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/ %_i_ﬁ

X )C6

b+ ax?, (51)

we obtain

1/3

9
4 _ (Z Q,, oH2 + 3 /QS.,OHOz> . (52)
a

0

1 24/ 0
i = 4 t 3, 0Hot (53)
€ 9HG | | | 4%

+3Qm.OHOt

C. Stiff matter and dark energy

We consider a universe made of stiff matter and dark
energy. In the absence of matter (Q,,, = 0), using the
identity

/ dx _1
x\/x%—I—c 3\/E

or setting X = b/cx® and using the identity

In[2ex® +2y/e Vb + cxf],  (54)

/ dx _1<\/T+—X'—1) (55)

=In
XvX+1 VI+X+1

we get

Q 1/6
i = (Qs’()) sinh1/3(3\ / QA.()H()Z‘), (56)

ap A0

i _ QA,O (57)
€o tanh2(3w / QA’()H()I) )

The universe starts accelerating at a./ay = (2Q,0/Qx0)"/°.

D. Stiff matter

We consider a universe made of stiff matter. In the
absence of dark matter and dark energy (Q,, ) = Q, ¢ = 0),
we find that

1
— = (3y/QoHo1)', ==

=—. 58
€ 9H%t2 ( )

E. Dark matter and dark energy

We consider a universe made of dark matter and dark
energy. In the absence of stiff matter (€, = 0), using the
identity
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Infa + 2cx® 4+ 2v/eVax? + cxf]

(59)

[

or setting X = a/cx> and using the identity (55), we obtain

Q /3
a4 _ (LO) sinh?/3 ( Q. 0H0f> (60)
ag QA.O

€ Q)0

Elip— . 61
€ tanh2 (% 1/ QA.()H()Z‘) ( )

This is the ACDM model. The universe starts accelerating
at ac/ao = (Qm,O/ng,O)I/S'

F. Dark energy

We consider a universe made of dark energy. In the
absence of stiff matter and dark matter (Q;y = Q,, o = 0),
we obtain

a(t) = a(0)eV¥,  e=e,. (62)

This is de Sitter’s solution.

G. Dark matter

We consider a universe made of dark matter. In the
absence of stiff matter and dark energy (€, = Q, o = 0),
we obtain

a 9 1/3 € 4
—=(2Q, H* , — = 63
(4 m,0440 ) €o 9H(2)t2 ( )
This is the EdS solution.

VIL THE CASE Q,, <0 AND Q>0

We consider the case of a negative stiff energy density
(€20 < 0) and a positive cosmological constant (€, 5 > 0).
The total energy density is

€ |QS,O|
o e T OO

The energy density is positive for a > a; with

; -Q A\ 173
@ _ <7m’0 + f) , (65)
ao 2QA,O
where we have defined
A = Q%ﬂ,o + 4QA,O|QS,0|' (66)

The energy density starts from ¢ = 0 at a = q;, increases,
reaches a maximum at
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21Q 1/3 A
a. _ (219 S , (67)
ap Q0 €0 4|st0

decreases, and tends to €, for a — +oo0. The relation
between the energy density and the scale factor is shown
in Fig. 10. The proportions of stiff matter, dark matter and
dark energy as a function of the scale factor are shown
in Fig. 11.

A. Anti-stiff matter, dark matter, and dark energy

We consider a universe made of anti-stiff matter, dark
matter, and dark energy. Using the identity (46), Eq. (40)
with a; given by Eq. (65) can be solved analytically to give

a VA Q013
- = h (31/Qp oHot) — == . 68
o 20, cosh ( ro0Ho?) 20, (68)

20

15 a, €, -

s/>30

FIG. 10. Energy density as a function of the scale factor. We
have taken Q,, o = 0.237, Qo = 0.763, and Q,( = —107>.

‘1 ‘ ‘ “HH]O

a/a0

FIG. 11. Evolution of the proportion Q, = ¢,/¢ of the different
components of the Universe with the scale factor.
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From Eq. (68), we can compute H = a/a leading to

(a>3 oV (3\/QuoHot).  (69)

ao H 0 2 Q A0
The energy density ¢/¢q is then given by Eq. (38) where
H/H, can be obtained from Eq. (69) with Eq. (68).

At t = 0 the Universe starts from a nonsingular state at
which the scale factor a = a; and the energy density € = 0.
The scale factor increases with time. For t — 400, we
obtain

a Q 2

a Qpo
The energy density increases, reaches its maximum value
€, at t = t, where

f = 1 In \/Z+ V 4QA,0|QS,0| (71)
©3/Q0Ho Q0 ’

decreases and tends to €, for r — +oco. The universe is
accelerating during the anti-stiff matter era, decelerating
during the dark matter era, and accelerating during the dark
energy era. Using Eq. (44), we find that the transitions take
place at

|Qs,0|:| 1/6Leﬂ/QA,0Hot' (70)

QA,O 22/3

5 1/3
a®) Q0 * \/Qm,() —32Q, o|Q; o]

R . 72
ao 4QA,O ( )

The temporal evolution of the scale factor and energy
density is shown in Figs. 12 and 13.

This model of the Universe is mathematically interesting
for the following reasons. For 0 < 7 < ¢,, the evolution of
the Universe is phantom-like because the energy density

FIG. 12.

Evolution of the scale factor as a function of time.
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FIG. 13. Evolution of the energy density as a function of time.

increases as the scale factor increases. For ¢ > t,, the
evolution of the Universe is normal because the energy
density decreases as the scale factor increases. On the other
hand, this model does not present a big bang singularity at
t = 0 since the scale factor has a finite value a; and the
energy density vanishes (e =0). At that moment the
Universe is globally empty (it “disappears”). Actually, this
model is time symmetric (with respect to the transformation
t — —t) so it describes a bouncing universe. The solution
valid for >0 can be extended to # <0 by symmetry.
Therefore, this universe exists eternally in the past and in
the future. The scale factor starts from +oo at t - —oo,
decreases, reaches a minimum a; at t = 0, increases, and
tends to o0 as t — +oo. In parallel, the energy density
starts from €, att - —oo, increases, reaches a maximum €,
at —z,, decreases, vanishes at ¢ = 0, increases, reaches a
maximum ¢, at ., decreases, and tends to €, at t — +o0.
As mentioned in Sec. IV D, this model shares similarities
with the bouncing universe predicted by LQC.

B. Anti-stiff matter and dark matter

We consider a universe made of anti-stiff matter and dark
matter. In the absence of dark energy (2, o = 0), using the
identity (51), we obtain

a_ (9 |90\ /3
—=(2Q, H3*> + =221 , 73
£~ (Gomorize + g]) 73)
€ 4 1
— = . (74)
€0 OHGE (1 4 ;%2
'm,0" "0

At t = 0 the Universe starts from a nonsingular state at
which the scale factor a = a; with

i _ <Q_SO|> 1/3’ (75)

ap Q0
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and the energy density ¢ = 0. The scale factor increases
with time. The energy density increases, reaches its
maximum value

2|Q 1/3 Q2
& — | s,0| ’ 6_* _ m.,0 ’ (76)
ao Q.0 € 41Q0
at
fo= 2 V ‘QS,Ol (77)
t3Q,,0Hy

and decreases to zero. The universe starts decelerating
3
at ac/a() = (4|QS.O|/Qm,O)1/ .

C. Anti-stiff matter and dark energy

We consider a universe made of anti-stiff matter and dark
energy. In the absence of matter (€2, = 0), using the
identities (54) and (55), we obtain

Q 1/6
A0

o

£ = Q, ptanh?(3/S o Hof). (79)
€o

At t = 0 the Universe starts from a nonsingular state at
which the scale factor a = a; with

‘ Q 1/6
& — <| S.0|> , (80)
a Q0
and the energy density ¢ = 0. The scale factor increases

with time. The energy density increases with time and tends
to €, for t —» +oo0.

VIIL. THE CASE Q¢ >0 AND Q,, <0

We consider the case of a positive stiff energy density

(2,0>0) and a negative cosmological constant
(5,0 < 0). The total energy density is
€ Q\‘ 0 Qm 0
—=——+ — — |Qp ] 81
& (@fan® " (ajagy ol Y
The energy density is positive for a < a; with
a Q A\ 1/3
G (AR
ao 2|Q4 0
where we have defined
A= an,o + 4|QA,0|QS,O‘ (83)

The energy density starts from e =400 at a =0,
decreases, and reaches ¢ =0 at a = ay. The relation
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FIG. 14. Energy density as a function of the scale factor. We
have taken Q,, , = 0.237, Q, , = —0.763, and Q,, = 1073,

0.8

041
021

02
04
0.6
08l

|

0.01 0.1
a/a0

FIG. 15. Evolution of the proportion &, = €,/ ¢ of the different
components of the Universe with the scale factor.

between the energy density and the scale factor is shown in
Fig. 14. The proportions of stiff matter, dark matter and
dark energy as a function of the scale factor are shown
in Fig. 15.

A. Stiff matter, dark matter, and anti-dark energy

We consider a universe made of stiff matter, dark matter,
and anti-dark energy. From Egs. (47) and (48) with
Qpo <0, we get

a

ao

Qm 0 .2 3
. =1/ |Qno0lHot
|QA,O| sin (2 | A,0| 0 >

o 1/3
+ |2 i (3 |QA,0|H01) (84)
Q4 ]

and
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3 H Q
(ﬁ> e TS (3 |QA‘O|H0t>
ap) Ho 2,/]Q

+ /@, g cos (3 |QA_0|HOI). (85)

The energy density is then given by Eq. (38) where H/H,,
can be obtained from Eq. (85) with Eq. (84).

At t = 0 the Universe starts from a singularity at which
the scale factor @ = 0 and the energy density ¢ — +oo (big
bang). Between ¢ = 0 and ¢ = t; where

= tan~ (24/Q; Q0 0] /Q,0)
314 0lHy

the energy density decreases from € - +oc0 to € =0
and the scale factor increases from a =0 to a = ay (at
t = t;, the Universe is globally empty—it disappears—
since € = (0). During this period, the universe is always
decelerating. Between ¢ = t; and t = t, = 2¢; the energy
density increases from € =0 to € — +oo and the scale
factor decreases from a = a; to a = 0 (big crunch). This
process continues periodically in time with a period t,.
However, it may not be possible to cross the singularity at
t =t,, so the physical solution may be restricted to the
interval 0 < ¢ <t,. The temporal evolution of the scale
factor and energy density is shown in Figs. 16 and 17.

Remark: Other types of cyclic universes have been
studied in the past, the most famous ones (corresponding
to k=41, A<0 and P=0, or k=41, A=0 and
P =0) being due to Friedmann [57,58], Einstein [59],
and Lemaitre [60]. They were called “phoenix universes”
by Lemaitre because, in these models, the Universe
undergoes regular periods of expansion and contraction
during which it “dies” (big crunch) and ‘“rises again”
(big bang).

FIG. 16.

Evolution of the scale factor as a function of time.
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FIG. 17. Evolution of the energy density as a function of time.

B. Stiff matter and anti-dark energy

We consider a universe made of stiff matter and anti-dark
energy. In the absence of matter (€2, , = 0), we get

a Q0 )1/6 - 1/3(
— = sin 34/ |14 0| H t), 87
‘ <|QA,O| QuolHor).  (87)

€ - tan2(3\/ |QA’0|H0t> .

At t = 0 the Universe starts from a singularity at which the
scale factor @ =0 and the energy density € — —+oo.
Between t = 0 and ¢ = #; where

f (89)

T
6+/1Qu0lHy

the energy density decreases from ¢ — 4oo0 to ¢ = 0 and
the scale factor increases from a = 0to a = a ¢ where

& _ ( 20 )1/6. (90)

ap |QA.0|

Between t =1t and t=1t, =2t the energy density
increases from € =0 to € — +o0 and the scale factor
decreases from a = a; to a = 0. This process continues
periodically in time with a period f,.

C. Dark matter and anti-dark energy

We consider a universe made of dark matter and anti-
dark energy. In the absence of stiff matter (Q;, = 0), we

obtain
a Q 0 1/3 ) 3
- = n, BLZ4/19QA ol Hot ), 91
. <|QA,0|> 2 (3 fiealHor ). O
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€ tanz(%,/|QA,0|H0t).

At t = 0 the Universe starts from a singularity at which the
scale factor a =0 and the energy density e — +oo.
Between ¢t = 0 and ¢ = #; where

(93)

T
HH=——o
3/ Q4 0lHy

the energy density decreases from € — +o00 to ¢ = 0 and
the scale factor increases from a = 0 to a = ay where

& = ( 2o )1/3. (94)

o |'QA,0|

Between t =1t and t=1, =2t the energy density
increases from ¢ =0 to ¢ — +oo0 and the scale factor
decreases from a = ay to a = 0. This process continues
periodically in time with a period #,. This solution
corresponds to the anti-ACDM model (see Sec. 6
of Ref. [16]).

IX. THE CASE Q,y <0 AND Q, , <0

We consider the case of a negative stiff energy density

(,0<0) and a negative cosmological constant
(50 < 0). The total energy density is
€ |‘Q's 0| Qm 0
— = 5~ Q4] (95)
e (a/ag)° " (afap) "

If Q0] > Q2 ,/(4]Q)0|) the energy density is always
negative so this situation is not possible. Therefore, we
assume |Q, o] < Qp (/(4|Q) ). In that case, the energy
density is positive for a; < a < a; with

a; o (Qm,() - \/Z) 1/3 (96)
ag 21Q, o
and
& — (Qm,() + \/K> 1/3 (97)
ap 2|QA,O| ’
where we have defined
A=QF - 4Q0lIQ0!. (98)

The energy density starts from ¢ =0 at a=a;,
increases, reaches a maximum at

N 2|Q /3 B A
G _ <M) A2 (99)
ag Q0 € 4Q
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FIG. 18. Energy density as a function of the scale factor. We

have taken Q,, o = 0.237, Q, , = —0.763, and Q,( = —1073,
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FIG. 19. Evolution of the proportion &, = €,/¢ of the different
components of the Universe with the scale factor.

decreases, and reaches ¢ =0 at a = ay. The relation
between the energy density and the scale factor is shown
in Fig. 18. The proportions of stiff matter, dark matter and
dark energy as a function of the scale factor are shown
in Fig. 19.

A. Anti-stiff matter, dark matter, and
anti-dark energy

We consider a universe made of anti-stiff matter, dark
matter, and anti-dark energy. From Egs. (68) and (69) with
Qp0 <0, we get

a Qm,O \/Z

1/3
G| Bemo V2 s (3 Q Ht)} 100
agp 21Qp 0| 2[4 0] [20.0lHo (100)

and

PHYSICAL REVIEW D 92, 103004 (2015)
SH A
(i> H_ VA o (3 |QA,0|H0t>. (101)
ap) Ho  2./]Q|

The energy density is then given by Eq. (38) where H/H,,
can be obtained from Eq. (101) with Eq. (100).

At t = 0 the Universe starts from a nonsingular state at
which the scale factor a = a; and the energy density ¢ = 0.
Between t = 0 and ¢ = ¢, where

o (VA/
' 3/1Qu0lHy

the energy density increases from ¢ = 0 to its maximum
value € = €, and the scale factor increases from a = a; to
a = a, (phantom behavior). Between r =1¢, and 1 =1,
where

(102)

(103)

T
= ———,
31/1Q4 0| Hy

the energy density decreases from € = ¢, to € = 0 and the
scale factor increases from a = a, to a = a;. The universe
is accelerating during the anti-stiff matter era and decel-
erating during the dark matter and anti-dark energy eras.
Using Eq. (44), we find that the transition takes place at

1/3
ae (R0t /R + 3219200112 o
a 4|94 | .

Between t = t; and ¢, where

v 27 —cos~! (\/‘A'/Qm’o)

3/ Q4 0lHy ’

the energy density increases from ¢ = 0 to € = €, and the
scale factor decreases from a = a; to a = a,. Between £,
and 1, = 2¢; the energy density decreases from ¢ = ¢, to
¢ =0 and the scale factor decreases from a = a, to
a = a; (phantom behavior). This process continues peri-
odically in time with a period #,. The temporal evolution of
the scale factor and energy density is shown in Figs. 20
and 21.

This model of universe is mathematically interesting
because it combines the bouncing properties of the model
of Sec. VII (it can be extended to # < 0 by symmetry)
together with the oscillatory properties of the model of
Sec. VIIL. This model is never singular. It exists eternally in
the past and in the future, and is perpetually oscillating. It
displays phases of expansion and phases of contraction. It
behaves in certain periods of time as a phantom universe,
and in other periods of time normally. At some moments, it
is globally empty (¢ = 0 with a > 0). Therefore, this model
of universe is mathematically very rich.

(105)
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FIG. 21. Evolution of the energy density as a function of time.

X. SOME ANALYTICAL SOLUTIONS INCLUDING
THE RADIATION ERA

We now come back to the general equation (39) includ-
ing the contribution of radiation and provide some par-
ticular analytical solutions.

A. Stiff matter and radiation

We consider a universe made of stiff matter and
radiation. The total energy is

€ Qs 0 QradO
—= — + —. 106
eo  (a/ag)®  (a/ap)* (106)

The energy density starts from ¢ — +oco0 at a = a; = 0 and
decreases to zero as a increases to +oo. In the absence of
dark matter and dark energy (L2, 0 = €2, ¢ = 0) the integral
in Eq. (39) can be performed analytically giving

PHYSICAL REVIEW D 92, 103004 (2015)

a a\?2
2 V Qrad,O a_ \/Qs,() + Q‘rad,O (a—> - 293’0
0 0

X In

a a\?
Qa0 a_o + /a0 \/ Q0+ Quao (a_0> ]

+ QS,O ln(Qs,OQradO) = 4(Qrad,0)3/2H0t' (107)

Using the identity sinh~!(x) = In(x + vx* 4+ 1), we can
rewrite the foregoing expression as

Qrad.Oi 1 + Qrad,O <£>2

Qg ag Qo \ao
Q 2(Qpag0)?

— sinh™! a0 @) _ 2@uao) (108)
Qo ag Q0

At t = 0 the Universe starts from a singular state at which
the scale factor a = 0 while the energy density ¢ — 0.
The scale factor increases with time while the energy
density decreases with time. The universe is always
decelerating. The temporal evolution of the scale factor
and energy density is shown in Fig. 22.

B. Anti-stiff matter and radiation

We consider a universe made of anti-stiff matter and
radiation. The total energy is

i _ ‘Qs,0| Qrad,O
(a/ag)*

«  (a/a)® 10

The energy density is positive for a > a; with

0.8

5~ 0.6

a/a0 ele

0.4

0.2

FIG. 22. Evolution of the scale factor and energy density
as a function of time. We have taken Q,=10"° and
Qa0 = 8481075,
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1/2
ﬂ _ <Qs0|> /
do Qa0
The energy density starts from ¢ = 0 at a = a;, increases,
reaches a maximum at

a, _ (3|Qs,0|> 172 €x o 4QEad,0
ao 2Qrad,o ’ €0 27|Qs,o 2

(110)

(111)

and decreases to zero as a increases to +oo. In the absence
of dark matter and dark energy (L2, 0= Qo =0) the
integral in Eq. (39) can be performed analytically giving

a a\?
2 V Qrad,O a_O \/_|Qs,0| + Qrad.() ((l_0> =+ 2|Qr0|

x In

a a\?
Qrad,() —+ V Qrad.O \/_|Qs,0| + Qrad,O <_> ]
ao ag
- ‘Qs,Ol ln(|Qs,0|Qrad,0) = 4(Qrad,0)3/2H0t' (1 12)

Using the identity cosh™ (x) = In(x + vx*> — 1), we can
rewrite the foregoing expression as

Qrad,() (i)z -1
‘Qs,Ol ao

Qrad,O i

|Qs,0| ao

3/2
+ cosh™! Prgo @) _ 2(nao) Hyt.  (113)
120/ ao Q0]

At t = 0 the Universe starts from a nonsingular state at
which the scale factor a = a; and the energy density ¢ = 0.
The scale factor increases with time. The energy density
starts from ¢ = 0, increases, reaches its maximum value €,
at t = t, where

a/a0 8/80

FIG. 23. Evolution of the scale factor and energy density
as a function of time. We have taken Qo= —107% and
Qa0 = 8481075,
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|Q‘s,0|

= m[\/g+21n(\/§+ 1)—1n2], (114)
rad, 0710

*

and decreases to 0 as t — +o0. The universe is accelerating
during the anti-stiff matter era and decelerating during the
radiation era. Using Eq. (44), we find that the transition
takes place at a./ay = (2|Q;|/Qua0)'/?. The temporal
evolution of the scale factor and energy density is shown in
Fig. 23. This solution can be extended by symmetry to
t <0 so it describes a bouncing universe. There is no big
bang singularity. The universe is successively normal,
phantom, and normal again.

C. Radiation

We consider a universe made of radiation. In the
absence of stiff matter, dark matter, and dark energy
Q0 = Q0 =Qyo =0) we get

a € 1
o QU V2Ht,  —= (115)

€ (2Hot)*

D. Radiation and dark matter

We consider a universe made of radiation and dark
matter. The total energy is

€ Qracl,o Qm,o
e (a/a)  @laoP (116)

The energy density starts from € — +oo0 at a = a; = 0 and
decreases to zero as a increases to +o0. In the absence of
stiff matter and dark energy (€2, = Q, ¢ = 0) the integral
in Eq. (39) can be performed analytically leading to

2 1 2gzrad,O a Qrad,O a
Hot = —= 7 —— )22 —
3 (Qm,O) Q0 ap Qo0 do
4 (Quao)??
_< rdd.0)2 (117)
3 (Qmﬁo)

Equation (117) can also be written as

3 Q P 9 93/2
(i) -3 rad,0 (i) :—QmOH%I2—6 rad,OHOt.
a Q.0 \do 4 Q0

(118)

This is a cubic equation for a/ay. At t =0 the Universe
starts from a singular state at which the scale factor a = 0
while the energy density e — +oco. The scale factor
increases with time while the energy density decreases
with time. The universe is always decelerating.
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E. Radiation and dark energy

We consider a universe made of radiation and dark
energy. The total energy is

€ Qrad.O

- Q0.
e (a/ap)* 0

(119)

The energy density starts from ¢ — +oo0 at a = a; = 0 and
tends to €, as a — +o0. In the absence of stiff matter and
dark matter (Q( = €, o = 0), we get

Q 1/4
i:<ﬂ> sinh'/2(2,/Qy oHot),  (120)

ap Q)

€ QA,O

€0 tanh?(2y/Qp oHot)

At t=0 the Universe starts from a singular state at
which the scale factor a = 0 while the energy density
€ — +oo. The scale factor increases with time while the
energy density decreases with time and tends to €, for
t = +o0. The universe is decelerating during the radiation
era and accelerating during the dark energy era. Using
Eq. (44), we find that the transition takes place at

ac/aO = (Qrad,O/QA.0)1/4'

(121)

F. Radiation and anti-dark energy

We consider a universe made of radiation and anti-dark
energy. The total energy is

€ Qi 0
—=——7— | Q0 122
€ (a/a0)4 | A,0| ( )
The energy density is positive for a < a; with
Q 1/4
ﬂ _ ( rad,O) ) (123)
ao €21 0

The energy density starts from € — 400 at a =a; =0,
decreases, and reaches € = 0 at a = ay. In the absence of
stiff matter and dark matter (Q, = €, o = 0), we get

a Qa0 . 1/2(
— = d 24/ o|H t), 124
ap <|52A,0|) o | A’Ol ’ ( )

€9 tan? (2,/]Qy o[Hot)

At t = 0 the Universe starts from a singular state at which
the scale factor a = 0 while the energy density € — +o0.
Between ¢ = 0 and ¢ = t; where

(126)

T
H=———,
4./|Qn0|Hy
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the energy density decreases from € — +o0 to ¢ = 0 and
the scale factor increases from a =0 to a =a;. The
universe is always decelerating. Between ¢; and #, = 21,
the energy density increases from e = 0 to € — +o0 and the
scale factor decreases from a = a; to a = 0. This process
continues periodically in time with a period ¢,.

XI. TRANSITION BETWEEN THE INFLATION
AND THE STIFF MATTER ERA

It is believed that the very early universe underwent an
inflationary era, driven by the vacuum energy with a
constant density of the order of the Planck density
pp = c>/G*h = 5.16 x 10° g/m?, during which the scale
factor increased exponentially rapidly. To complete our
description of a cosmology with a stiff matter era, it is
important to describe the transition between the inflation
era and the stiff matter era.

An interpolation formula describing the transition
between a phase of inflation where the energy density is
constant (¢ = ppc?) and a phase described by a linear
equation of state P = ae can be obtained by considering an
equation of state of the form [15-17]

€ 1/n
P=ae—(a+1l)e(—5]| .
pC

with n > 0. This is the sum of a linear equation of state
P = ae and a polytropic equation of state P = Ke” with
y=1+1/nand K = —(a+1)/(ppc?)'/". Therefore, by
taking @ = 1, we can describe the transition between the
inflation and the stiff matter era. However, to be more
general, we leave the parameter  unspecified (but assume
0 < a <1 to simplify the discussion) so that we can also
describe the transition between the inflation and the
radiation era (¢ = 1/3) or the transition between the
inflation and the matter era (a = 0). It is also possible to
introduce a generalized polytropic model based on a
quadratic equation of state that describes simultaneously
the early inflation, the intermediate decelerating expansion,
and the late acceleration of the Universe [61,62].

For the equation of state (127), assuming w = P/e > —1
(nonphantom), the continuity equation (1) can be integrated
into

(127)

2
_ PpC
ey 0

where a, is a constant of integration. The speed of sound is

given by
2 1/n
lom n+1 €
S =a—(a+1 — ] .
27 (@+1) n QPCJ)

For a < a,, we obtain € = ppc?, P — —ppc* (P ~ —€) and
c2/c®> - —(a+n+1)/n, leading to a phase of inflation.

(129)
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For a > a,, we obtain € ~ ppc?/(a/a, )19, P ~ ae, and
c2/c* = a corresponding to a linear equation of state.
Therefore, a, marks the transition between the inflation
era and the a era. Using the asymptotic result
€q ~ ppct/(a/a,)?1*9), the transition scale factor is deter-
mined by a,/ay = (Qqo€0/ppc?)/PU+D] where Q¢ is the
present fraction of the « fluid in the Universe.

Substituting Eq. (128) in the Friedmann equation (3)
with A = 0, we obtain

a (S”GPP/3)]/2
H=== . 130
a [1 4 (a/a*)3(1+a)/n]n/2 ( )

The general solution of this equation is given by [15]
3 87\ 1/2 t
= n= —
st < 3 > tr

a )\ 3(e+1)/2
- (@)

n n n a 3(a+1)/n
Fil-=,——,1—=—,— = C, 131
X 1{ 2772 > <a> ] + (131)

where 1p = (Gpp)~1/? = (hG/c®)'/? =539 x 107# 5 is
the Planck time and C is an integration constant determined
such that a =1, at t=0, where I, = (Gh/c?)'/? =
1.62 x 107 m is the Planck length. Some explicit sol-
utions of Eq. (130) are given in Ref. [15]. For example, for
n = 1, one has

(afa, 0+

3 87\ 1/2 ¢t
=— 1) — — 4 C.
2(a+ )<3) tp+

(132)

The time evolution of the scale factor and energy density is
represented in Figs. 24 and 25.
For a < a,,

8?")1/21/110’

€=ppc?, a=lpel (133)

so the energy density is constant (equal to the Planck

density) and the scale factor increases exponentially rapidly
with time (inflation era). For a > a,,

€ 3( +1) 8x\ /2 ]2
— ~ |~ (a _ — ,
pPC2 2 3 tP

a I3 | 8\ 1/2 £ 72/B(1+a)]
2.~ §(a+ ) 3) 1 ,

so the energy density and the scale factor evolve algebrai-
cally with time (a-era).

(134)

(135)
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FIG. 24. Evolution of the scale factor as a function of time. For
illustration, in this figure and in the following ones, we have taken
a=1and n=1.

If we consider the transition between the inflation
era and the radiation era (a = 1/3), we find that the
temperature is given by a generalized Stefan-Boltzmann
law [see Eq. (84a) in Ref. [15]]. The evolution of the
temperature is discussed in detail in Refs. [15-17,61]. In
our model, the temperature is initially very low, increases
exponentially rapidly during the inflation up to a fraction
(~0.523) of the Planck temperature Tp = 1.42 x 10** K
which is of the order of the grand unified theory (GUT)
scale, then decreases algebraically during the radiation era.
On the other hand, our model generates a value of the
entropy as large as S/kz = 5.04 x 10%7 [15-17,61]. This is
very different from the standard inflationary scenario
[53,63-65]. In that scenario, the Universe is radiation
dominated up to #; = 1073 s and expands exponentially
rapidly by a factor 10°° in the interval 7; <1 < t; with

1y =107% s. For 1 > tf, the evolution is again radiation

Inflation

Stiff matter era

No Iorl() ]
(-9
o
@
1 0732 B
[ | siim | iium
10” 10’ 10"
tt,
FIG. 25. Evolution of the energy density as a function of time.
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dominated. At ¢ = t;, the temperature is about 10?7 K (this
corresponds to the epoch at which most GUTs have a
significant influence on the evolution of the Universe).
During the exponential inflation, the temperature drops
drastically and one must advocate a phase of reheating by
various high-energy processes (not very well understood)
to restore the initial temperature.

Our model of inflation has the following properties. The
universe is accelerating when a < a, and decelerating
when a > a, where

a 2 \w/Blas)]
a, \1+3a '

The speed of sound is imaginary (c¢2 < 0) when a < a, and
real (¢2 > 0) when a > a, where

(136)

1\ #/[3(a+1)]
a, <w> . (137)

an

The speed of sound is always less than the speed of light.
The pressure is negative when a < a,, and positive when
a > a,, where

i 1\ n/B(a+1)]
G (-) : (138)
a, a
It has a maximum value
P a an n
¢ — 139
ppct n+1 [(a—l—l)(n—l—l)] (139)

at a = a,.

The phase of inflation in the very early universe is
usually described by a scalar field, called the inflaton,
which evolves according to Eq. (31). We can show [16] that
the equation of state (127) is equivalent to a scalar field
with a potential (see Fig. 26):

FIG. 26. Potential of the scalar field (inflaton).
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1, (1—a)cosh’y +a+1

Vi) = 2/Pe cosh2( 1)y, - (140)
where we have defined
827G\ /23va + 1
= (55 4. (141)
3¢ 2n
For v — 0,
V(l//2> —1- 1 —l—a—l—2nw2
PpC 2
242 4 3 3n2
n + 2a + n6+ an + nw4’ (142)

which is consistent with the symmetry-breaking scalar field
potential used to describe inflation.” For W — 40,

Vv

(‘//2) ~221(] — @) e 2 (a# 1), (143)
PpC
Vv

(WZ) ~ 22001 p=2(n+ Dy (@a=1) (144)

PpcC
We can also show [16] that the relation between the scalar
field and the scale factor is

3(a+1)/2n
a) . (145)

sinhy = (—

*

The end of the inflation, and the beginning of the «a era,
corresponds to a = a,, and hence to =y, =sinh~!(1) =
In(1++/2) =0.881374. Combining Eqs. (127), (128) and
(145), we find that the energy density and the pressure of
the Universe are related to the scalar field by

2

PpC
N 146
¢ cosh? yr (146)
po e (@+1)—— (147)
g a—\a .
cosh>ys cosh?y

On the other hand, using Eqgs. (131) and (145), we
find that the temporal evolution of the scalar field is
given by

>0ur model of inflation [15-17] has been recently used in
Ref. [66] to study the primordial quantum fluctuations in the very
early universe.
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Evolution of the scalar field as a function of time.

3
n o n n 1
Jo I D C. 148
2 1[ 27 2 27 sinh?y + (148)

It is represented in Fig. 27. For t - —o0 (i.e. a — 0), we
find that

3 1)/2
v~ <IP) (a+1)/ nes(gl)(%)l/zt/”’ -0 (149)

a.

For t - +o0 (i.e. a —» +00), we find that

w:%{lnB(a—i— D]+ (n—-1)In2

() )} o

For n =1, using Eq. (132), we obtain for all times

1 + coshy 3 8r\1/2 ¢t
hy —In| ——— | == nl= -
coshy n< — > 2(a+ )<3) tP+C

(151)
Combining the results of this section with those of

Sec. V, we can propose a general cosmological model of the
form

(5 -
HO - [(a/ao)3(1+a)/n 4 (a*/a0)3(1+a)/n]n
Q9 Qrad0

+ — + -
(a/a0)6 (a/a0)4

which describes an inflation era, followed by an « era, a
stiff matter era, a radiation era, a matter era, and a dark

(152)
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energy era. The a era can represent the stiff matter era
(e =1), the radiation era (a = 1/3), or the matter
era (¢ = 0).

The transition between the « era and the dark energy era
is described by the analytical solution [16,62]

Q o 2 |3
a4 _ (Qa-‘))“‘ 'sinhT @ {E(l—l-a)«/QA‘OHOt . (153)
A0

o

€ Qo
eo  tanh’[3 (14 a)\/QuoHot]

The transition between the a era and the anti-dark energy
era (2, < 0) is described by the analytical solution

(154)

| 2

an m L2 3
= . S1n3(i+a) 5(1 +(Z) ‘QA,0|H01‘ B (155)

() |QA,0|

€ tan’[3 (1 +a)/[QolHot]

XII. CONCLUSION

We have obtained analytical solutions of the Friedmann
equations for a universe undergoing a primordial stiff
matter era in which the speed of sound is equal to the
speed of light. The idea of a stiff matter era preceding the
radiation and matter eras first appeared in the cosmological
model of Zel’dovich [20,21] in which the very early
universe is assumed to be made of a cold gas of baryons.
This idea reappeared recently in certain models of relativ-
istic SF/BEC cosmologies [14,23,24] that are presently
considered with great interest. In this paper, we have
studied the evolution of the homogeneous background.
For the sake of generality, we have considered a positive
and a negative energy density of the stiff matter (leading to
singular or nonsingular bouncing models of the Universe)
and a positive or a negative value of the cosmological
constant (leading to expanding or oscillating models of the
Universe). In a future work, we shall consider the evolution
of the perturbations in these different models.

As mentioned long ago by Barrow [22], a stiff equation
of state has several interesting properties in astrophysics
and cosmology that deserve to be better explored. Some
works have shown that the presence of stiff matter in
cosmological models produces an abundance of relic
species of particles after the big bang due to the expansion
and cooling of the universe [67]. The presence of stiff
matter in the early universe may also help explain the
baryon asymmetry and the density perturbation of the right
amplitude for the formation of large-scale structures in our
universe [68]. It may also affect the spectrum of relic
gravitational waves created during inflation [69]. These
important problems should also be considered in
future works.
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APPENDIX A: AN ESTIMATE OF

Following the considerations of Sec. IV D, we propose to
determine the polytropic constant K in Eq. (13) by

2
K=+,

Ppr (Al)

where pp = 5.16 x 10° g/m? is the Planck density. The
quadratic equation of state (13) can then be written as

2
P = +ppc? <£> .
Pp

This equation of state leads to a fully predictive model,
without free parameters, including a stiff matter era (+) or
an anti-stiff matter era (—) that manifests itself when the
rest-mass density p is of the order of the Planck density pp.
Comparing Eq. (15) with Eq. (36), we find that pyc? =
Q,.060 and Kp} = Q, oeo. Using Eq. (A1), we obtain

(A2)

Q2 e
Q=m0 (A3)
PpC

Taking €y/c®> =9.26 x 107 gm™>, Q,,,=0.274 and
pp=516%x10" gm™, we find Q= 1.35x10"1*
(~pa/pp) so the present fraction of stiff matter is extremely
small. This comes from our assumption that stiff matter
manifests itself only at the Planck scale (see Sec. IV D).

APPENDIX B: A GENERALIZATION OF THE
ANALYTICAL SOLUTIONS

We consider a universe containing three noninteracting
fluids, each of them described by a linear equation of state
pi = a;e; witha; = a, ap = (@ —1)/2, and a3 = —1 (dark
energy). Since a; <1, we have a, < 0. Therefore, the
second fluid necessarily has a negative (or a vanishing)
pressure. On the other hand, the two fluids are either both
normal (a; > —1 and a, > —1) or both phantom (a; < —1
and a, < —1). Some triplets (a;, a,, a3) of physical interest
are (1,0,-1), (0,-1/2,-1), (1/3,-1/3,—1), and
(=1,—1,—1). The first case (a;,a,a3) = (1,0,—1) cor-
responds to a universe made of stiff matter, dark matter and
dark energy as studied in the main part of this paper. The
total energy density is

€ QS‘O Qm 0
—= - : Qro. Bl
€o (a/a0)3(1+a) + (a/a0)3(l+a)/2 +820 (B1)
The Friedmann equation (3) takes the form
aja d
' * = Hyt. (B2)

) Qi Q0
a;/ag x\/xTHa) + Bta)/2 + QA.O
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With the change of variables X = x(!7%/2 we obtain
(a/ag) dX l+a
/(a,-/ao)(|+(x)/2 e % % + Qo )

Hyt, (B3)

where we recognize the integral in Eq. (40). As a result, the
evolution of the scale factor and energy density of a
universe containing three noninteracting fluids with linear
coefficients & = @, @, = (@ —1)/2, and a3 = —1 is given
by the equations of this paper with the substitutions
a/ag = (a/ag)"*9/? and Hyt — (1 + a)Ht/2.

APPENDIX C: GENERAL POLYTROPIC
EQUATION OF STATE

In this paper (see also Ref. [14]), we have considered a
relativistic fluid described by a polytropic equation of state
P = Kp? of index n = 1 (i.e. y = 2), where p is the rest-
mass density. This quadratic equation of state appears in the
model of Zel’dovich [20,21]. This is also the standard
equation of state of a self-interacting BEC at 7 = 0 [12].

More generally, we can consider a polytropic equation of
state [30]:

1
P=Kp', y=1+-—, (C1)
n
with an arbitrary index y. For y =1, it reduces to the
isothermal equation of state

kgT
p=p-B-cl

g ()

with an effective temperature 7. These equations of state
can be derived from the Gross-Pitaevskii (GP) equation

B 72
i =~ Ay mby + T |2y, (C3)
ot 2
or
TRy Dy + 2kyTos In |ply.,  (C4)
l@ti ZmW mey Bl et MWW,

describing a BEC at T =0 with a power-law (y # 1)
or a logarithmic (y = 1) self-interaction potential [11].
The usual GP equation is recovered for y =2 and
K = 2zh’a;/m3, where a; is the scattering length of the
bosons. Combining Egs. (C3) and (C4), we can obtain a
generalized GP equation

Oy h2 47

) Ay + my + %W|P
ih—=—— m
or ~ am VTV T T WY

+ 2kpTge In [yry,

(Cs)
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that incorporates (effective) thermal effects and self-
interaction.

We assume that the Universe is filled with a single
relativistic dark fluid at 7 = 0 described by the polytropic
equation of state (C1). From Eq. (9), we find that the energy
density is related to the rest-mass density by [14,31]

e=pc+Kpln(p/p,), (r=1),  (C6)

K 2
1p7:pc + nP,

€ =pc® + (r#1). (C7)
Combining Eq. (12) with Egs. (C6) and (C7), we obtain for

y=1

3 3 3
one (@) (@) e (2)]
a a L\ a
and for y # 1

(©9)

When y > 1 (i.e. n > 0), we find that P ~¢/n and € ~
nKp’ « a=¥ in the early universe (a small, p large) and that
P~K(e/c?) and € ~pc? «ca™? in the late universe (a
large, p small). When y < 1 (i.e. n < 0), we find that P ~
K(e/c?)" and € ~ pc? o a3 in the early universe (a small,
p large) and that P ~ ¢/n and € ~ nKp” « a=¥ in the late
universe (a large, p small).

Introducing relevant notations €, o = poc?/eo, ‘Q':n,O =
(KQ,,0/¢?) In(Q,, 060/p.c*) and Q,0 = Kpp/[(y — eo]
(see below), the relation between the energy density and
the scale factor can be rewritten as

€ Q0 Q/m,oln[(gm,OEO/P*Cz)(ao/fl)3]
o0~ @aP T (@l n@ugeotpnd) )

for y =1, and as

€ o quo Q 0
a0 (@aof | @an) (€1

for y # 1. By construction, Q,, o+, , =1 and Q,, ¢+
Q=1

For the polytropic equation of state (C1) with y # 1, our
treatment shows that the energy density (C9) of the dark
fluid is the sum of two terms: an ordinary term €,, = pc? «
a3 (rest-mass energy) equivalent to dark matter and a new’

®We call it “new” because in the CDM model where P = 0, the
energy density is just equal to € = pyc?(ay/a)’. However, as
soon as P # 0, an additional term appears in the energy density as
a direct consequence of relativistic thermodynamics. In this
sense, there is nothing really new or surprising.
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term €, =u=nKp’ =nP a~¥ (internal energy) depend-
ing on the polytropic index y. Therefore, everything
happens as if we had two fluids: a “dark matter fluid”
(a/ay)~? with a proportion Q,, and a “new fluid” (a/ay )~
with a proportion Q,. We recall, however, that in our
approach we intrinsically have just one dark fluid. What we
call “dark matter” corresponds to its rest-mass energy
density and what we call “new fluid” corresponds to its
internal energy. When y > 1, the new fluid (internal
energy) dominates in the early universe and dark matter
(rest-mass energy) dominates in the late universe. When
y < 1, dark matter (rest-mass energy) dominates in the
early universe and the new fluid (internal energy) domi-
nates in the late universe. For y = 2 (i.e. n = 1), the new
fluid mimics stiff matter (e,  a~®) as discussed in this
paper. For y = 0 (i.e. n = —1), the new fluid mimics dark
energy (e, = cst) as discussed in Refs. [15-17] when the
pressure is a negative constant (P = —¢, ). Fory = 4/3 (i.e.
n =3) the new term mimics the radiation of an ultra-
relativistic gas (€,,q & a™).

More generally, according to Eq. (8), the new term that
appears in the energy equation is equal to the internal
energy of the dark fluid

» P(p'
€new = U(p) = ,0/ ;/z)dp/-

This relation clearly shows that the new term is related to
pressure effects (collisions). When P(p) is close to a
negative constant, corresponding to y = 0 and K < 0 in
the polytropic model, we suggest that the new term €,
represents dark energy. Our procedure may be used to
obtain generalized models of dark energy by considering
different equations of state P(p), that do not change too
much with the density (y = 0). In our approach, we have a
single dark fluid described by an equation of state P(p)
unifying dark matter and dark energy: in Eq. (9), the rest-
mass term pc” mimics “dark matter” and the internal energy
term u(p) mimics “dark energy” (or, more generally, a new
fluid).” We suggest that the dark fluid may be in the form of
relativistic self-interacting BECs at 7' = 0 although other

(C12)

"Let us be more precise by considering the polytropic model.
For the internal energy to mimic dark energy, we need y < 1 so
that the internal energy u = Kp’/(y — 1) = P/(y — 1) dominates
the rest-mass pc? in the late universe where the density is low. We
also need u > 0 since the observations reveal that some energy is
missing with respect to the pressureless dark matter model (EdS
model), i.e. € > pc?. These two conditions (y < 1 and u > 0)
imply that the pressure must be negative (P < 0). When y < 1
and P > 0, the internal energy is negative (u < 0), so it mimics
anti-dark energy (like a negative cosmological constant). On the
other hand, when y > 1, the internal energy « dominates the rest-
mass pc? in the early universe where the density is high. In that
case, the internal energy mimics a new primordial fluid like the
stiff fluid considered in this paper (when P = Kp?). We have
u>0 when P> 0and u <0 when P <0.
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possibilities may be contemplated. In the BEC model, the
pressure is negative when the self-interaction is attractive
(K < 0). This may justify equations of state with a negative
pressure (such as the equation of state of dark energy) as
suggested in Ref. [11].

Since dark matter and dark energy can be unified by a
single dark fluid with a polytropic equation of state P =
Kp” with an almost vanishing index y = 0, it is relevant to
consider the logotropic equation of state [19,70]:

P =Aln(p/p,), (C13)

which can be viewed as the limiting form of a polytrope of
index y —» 0 (n - —1) with K — oo such that A = Ky is
finite [19]. If the dark fluid is made of BECs, using the
formalism of Ref. [11], the logotropic equation of state can
be derived from a GP equation of the form

0 n? A
in?¥ — ——Ay/+m<<I>—N7>w

) (Y

This corresponds to a GP equation with an inverted
quadratic potential, i.e. with the exponent —2 instead of
+2 in the usual GP equation [12]. This equation can also be
obtained as the limiting form of Eq. (C3) when y — 0 and
K — oo with A = Ky finite. For the logotropic equation of
state (C13), the energy relation (9) becomes

€=pc*—Aln (£> —A. (C15)
P+
Combining Eq. (12) and Eq. (C15), we obtain
3
€ = poc? (“°> —Aln [’f <@> } A (C16)
a L \a

For a » 0, ¢ x a3 like in a pressureless universe. For
a— +oo, e~3Alna (assuming A > 0). Integrating the
Friedmann equation (3), we obtain the “super—de Sitter”
asymptotic behavior

22GA2 67[GA2 B
axe? €~ —75—17,
C

(t = +00). (C17)

The evolution of the scale factor is given by a stretched
exponential. It exhibits a typical time scale t; = c¢/v/27GA.
Since the energy density increases as the scale factor
increases, the Universe is phantom [28] (this is a particular
case of the models of a phantom universe studied in
Ref. [71]). However, it is nonsingular since the scale factor
and the energy density become infinite in infinite time. This
is called a little rip [72]. Furthermore, we have H—
4zGA/c*> =2/12 as t — +oo. The logotropic model was
studied in detail in Ref. [18]. It is able to account for
cosmological and galactic (dark matter) observations
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remarkably well. This may be a hint that dark matter
and dark energy are the manifestation of a single dark fluid
with a logotropic equation of state.

Remark: At the background level, a single dark fluid
with an equation of state P(p) is equivalent to two non-
interacting fluids [73]: a dark matter fluid with an equation
of state P,, = 0 and a new fluid with an equation of state
P ew(€new) defined in implicit form by P, = P(p) and
€new = U(p) where u(p) is defined by Eq. (C12) and p is a
running parameter (in the two-fluids model, it does not
have a physical interpretation). For the polytropic equation
of state (Cl), we find Pey, = (y — 1)€new and for the
logotropic equation of state (C13) we get Py =
“€new — A [73].

APPENDIX D: EVOLUTION OF THE UNIVERSE
AS A FUNCTION OF THE POLYTROPIC INDEX

We consider a universe filled with a single relativistic
dark fluid at T = 0 described by the polytropic equation of
state (C1). We first assume y # 1 (the case y = 1 is treated
in Appendix D 3). The relation between the energy density
and the rest-mass density is given by Eq. (9) or, equiv-
alently, by Eq. (C7). The rest-mass density evolves with the
scale factor according to Eq. (12) and the energy density
evolves with the scale factor according to Eq. (C9) or,
equivalently, according to Eq. (C11). The Friedmann
equation (3) with A = 0 can be written as

a Q 0 Q 0
—=H, 4+ —L (D1)
a \/ (a/ao)® " (afao)”
with Q,, o + €, o = 1. Its formal solution is
/
/ v g (D2)
m() +

This integral can be expressed in terms of hypergeometric
functions, but we shall not need this result here.

1. The case y < 1

When y < 1 the rest-mass energy (dark matter) domi-
nates in the early universe where p is large and the internal
energy (new fluid) dominates in the late universe where p
is small.

a. The early universe (dark matter)

In the early universe, for p — 400, the relations between
the energy density, the rest-mass energy and the pressure
reduce to

€~pc2, P =Kp’,
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The dark fluid has a polytropic equation of state with index
y. However, since P < e when € — +oo, everything
happens in the Friedmann equations as if the fluid were
pressureless (P = 0). The relation between the energy
density and the scale factor reduces to

€ Qm.()

€0 ” (a/a0)3 '

The early universe is normal since the energy density
decreases as the scale factor increases. The Friedmann
equation

(D4)

a Qm 0
—~ - D5
a0\ Ta/ay >
can be integrated easily. For + — 0, we have
a 3 2/3
—~ | =/ QuuoHot , D6
& (5 Bt (D6)
€ 1 c?
—_—~ ~N — D7
e CH? T enGE (D7)

The scale factor starts from a = 0 and increases with time.
The energy density starts from +oco and decreases with
time. The early universe is decelerating. This corresponds
to the EdS solution (63) that is usually derived for a
pressureless fluid (P = 0).

b. The late universe with K < 0 (dark energy)

We now consider the late universe. We first assume
K <0 so that the internal energy is positive
(u=Kp'/(y—1)>0) and the pressure is negative
(P = Kp" <0). This implies Q,,=Kp}/[(y—1)eo]>0.
In that case, the new fluid mimics dark energy. For
p — 0, the relations between the energy density, the rest-
mass energy and the pressure reduce to

K
o, P =Kp?,
y—1

€~ P~(y—1). (D8)

The dark fluid has a linear equation of state with a negative
coefficient a =y —1<0. For a - +o0, the relation
between the energy density and the scale factor reduces to
€ QJ/ 0
—_—~— D9
€ (a/ag)” (D)

In order to integrate the Friedmann equation

a Q o
Z~H #’
a ’ \/ (a/ao)Sy

we have to consider different cases.

(D10)
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We first assume 0 <y <1 (i.e. —1 <a <0). In that
case, the late universe is normal since the energy density
decreases as the scale factor increases. For 1 — +oo, we
have

3 2/3y
4. (—y\/Qm,OHOt> , (D11)
ap 2
€ 1 c?
—_~ a0, EN———FF. D12
€ (Y Hot) 67Gy*r* (b12)

The scale factor increases algebraically with time and tends
to infinity as t — 4oo. The energy density decreases
algebraically with time and tends to zero as t — +oo.
The late universe is decelerating if y > 2/3 (i.e. a > —1/3)
and accelerating if y < 2/3 (i.e. a < —1/3). Coming back
to the general equations, the Universe starts accelerating
when w = P/e < —1/3, corresponding to a > a, with

Q 1/[3(1=7)]
L= [0 ] (D13)
ap [(2-37)Q
We now assume y = 0 (i.e. @ = —1) corresponding to a
constant negative pressure P = —e,. In that case, the

energy density tends to a constant in the late universe:
€ = Q) 0€) = €. For t — +o00, we have

a o eVoHol

o (D14)
The scale factor increases exponentially rapidly with time
and tends to infinity as t — +o0. This corresponds to the de
Sitter solution of Eq. (62). The late universe is accelerating.
If we come back to the general equations, the polytropic
model with y =0 corresponds to the ACDM model for
which we have the analytical solution of Egs. (60) and (61).

We finally assume y < 0 (i.e. @ < —1). In that case, the
late universe is phantom since the energy density increases
as the scale factor increases. The universe is accelerating
and undergoes a future finite time singularity called a big
rip [74]. The scale factor and the energy density become
infinite in a finite time fgr. Close to the big rip time, we
have

a 1

do [% V' oHo(tgr — 1)]?/3l ’

S ! - (D16)
€ [ Ho(tgr — 1)]

(D15)

Coming back to the general equations, the Universe is
accelerating for a > a, given by Eq. (D13) and becomes
phantom for a > a,;, with
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am _ ( Q.0 )1/[3(|y+1)]
ap |}’|Qy,0 ‘

At that point, the energy density reaches its minimum value
(H = 0):

1 Q 1/(1+ly])
t _ Qm,()(l + —) <|y| 7’°> .
€o Iyl Q.0

The big rip occurs at

+o00 dx
Hytgr = / .
o
0 xy/7a 4 Q, ox7N

For completeness, we consider the logotropic equation
of state (C13) which is intermediate between a constant
equation of state (y = 0) and a polytropic equation of state
with y =07. We assume A > 0. In that case, the late
universe is phantom since the energy density increases as
the scale factor increases [see Eq. (C16)]. However, there is
no future singularity. The scale factor increases super-
exponentially rapidly with time [see Eq. (C17)] and tends to
infinity as t - +oo0. The energy density increases quad-
ratically with time [see Eq. (C17)] and tends to infinity as
t — +o0. This corresponds to a little rip [72]. We note that
the logotropic model is the only model of the polytropic
family that is phantom but nonsingular. The phantom
models without future singularity are attractive from the
physical viewpoint because the occurrence of a finite time
singularity may lead to some inconsistencies. More details
on the logotropic universe can be found in Ref. [18].

(D17)

(D18)

(D19)

c. The late universe with K > 0 (anti-dark energy)

We now assume K > 0 so that the internal energy is
negative (u=Kp”/(y—1) <0) and the pressure is positive
(P = Kp” > 0). This implies Q, = Kpj/[(y — 1)eo] < 0.
In that case, the new fluid mimics anti-dark energy. The
energy density vanishes at

ar 122, o\ /B=1)]
ag  \Quo '
At that moment H = a/a = 0. The scale factor starts from

a = 0 at t = 0 (big bang), increases, reaches its maximum
value a rata time

af/llo x
Hyt; =
|'Q‘y()‘

o

(D20)

(D21)

decreases, and vanishes at ¢t =1t, = 2¢; (big crunch).
During the phase of expansion, the Universe is decelerat-
ing. The energy density starts from infinity at =0,
decreases, vanishes at t = ¢; (the Universe disappears),
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increases, and tends to infinity at t = t, = 2¢,. This process
continues periodically in time. Close to 7, we have the
behaviors

(D22)

e 9 Q)
— = 7(1 —y)2H3 (1, — )% (D23)
€o (af/ ao) o
For y =0, we recover the anti-ACDM model of
Sec. VIIIC.
The logotropic equation of state with A < 0 behaves

similarly.

2. The case y > 1

When y > 1 the rest-mass energy (dark matter) domi-
nates in the late universe where p is small and the internal
energy (new fluid) dominates in the early universe where p
is large.

a. The late universe (dark matter)

In the late universe, for p — 0, the relations between the
energy density, the rest-mass energy and the pressure
reduce to Eq. (D3). Therefore, Eqs. (D4)~(D7) remain
valid except that they now apply to the late universe, for
t — +4o0. The scale factor increases algebraically with time
and tends to infinity as t — +oco0. The energy density
decreases algebraically with time and tends to zero as
t — +oo. The late universe is decelerating. This corre-
sponds to the EdS solution (63) that is usually derived for a
pressureless fluid (P = 0).

b. The early universe with K > 0 (primordial fluid)

We now consider the early universe. We first assume
K > 0 so that the internal energy is positive (u = Kp”/
(y = 1) > 0) and the pressure is positive (P = Kp” > 0).
This implies Q, o = Kp{/[(y — 1)€o] > 0. In that case, the
new fluid mimics a primordial fluid. For p — 400, the
relations between the energy density, the rest-mass energy
and the pressure reduce to Eq. (DS8). Therefore, Eqs. (D9)—
(D12) remain valid except that they now apply to the early
universe, for t — 0. The scale factor starts from a = 0 at
t =0 and increases algebraically with time. The energy
density starts from infinity at # = 0 and decreases alge-
braically with time. The early universe is always deceler-
ating. For y =2, we recover the stiff matter model of
Sec. VIB.

c. The early universe with K < 0 (anti-primordial fluid)

We now assume K < 0 so that the internal energy is
negative (u = Kp”/(y — 1) < 0) and the pressure is negative
(P = Kp" < 0). This implies Q, o =Kpj/[(y —1)ep] <0. In
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that case, the new fluid mimics an anti-primordial fluid. The
energy density vanishes at

a; <|Qy,0|) 1/B3(y-1)]

dg Qm,O .
At that moment H = a/a = 0. The energy density reaches
its maximum value

(D24)

6_* (7/ - 1)gzm,O

€ - (V\Qy,0|)l/(y—l) (D25)
'm,0
at
Q 1/B(r=1)]
a _ <M> , (D26)
ao Q0

At that moment H = 0. The scale factor starts from a = a;
at t = 0 and increases with time. The energy density starts
from ¢ = 0 at r = 0, increases, reaches its maximum value
€, at a time

(D27)

a./ao dx
Hot, = S —
' 0 x4 /o _ 120
X X

and decreases. The universe is phantom for # < ¢, and
normal for ¢ > ¢,. It is accelerating for a < a,. and decel-
erating for a > a, with

3y —2)|Q 1/3(r-1)]
o [ 20l oy
[20) Qm,O
Close to t = 0, we have the behaviors
a 3 Q 0
—= - . — 1 H?, D29
a; * 4 (ai/ao)3 (y ) 0 ( )
e 9 Q, 2122
— = ~— (y — 1)*Hgr*. (D30)

€0 4 (ai/a0)6

For y =2, we recover the anti-stiff matter model of
Sec. VIIB.

3. The case y =1

For y = 1, the relation between the energy density and
the rest-mass density is given by Eq. (9) or, equivalently, by
Eq. (C6). The rest-mass density evolves with the scale
factor according to Eq. (12) and the energy density evolves
with the scale factor according to Eq. (C8) or, equivalently,
according to Eq. (C10). The energy density starts from
infinity at a = 0, decreases and vanishes at
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a Q060 1/ B(1-2n0)]
2 G e
0 Px«C

where we have used Q,,+ Q) , = 1. At that moment

H = a/a = 0. The relation between the energy density and
the scale factor can be rewritten as

e 1 In(as/a)
€ (a/ap)? lrl(af/ao) ‘ (D32)

The Friedmann equation (3) with A =0 takes the
form

a 1 In(as/a)
—-=H . D33
a \/ (@/a0)’ in(ag/ao) (D33)
Its solution is
exte | (2 (L) | = 11 (D34)
2 a B
where
27\ 1/2 3/2 .
Hoty = <—”) (ﬁ) In (“—f> (D35)
3 ag ag

is the time at which the energy density vanishes (a = ay).
The scale factor starts from a =0 at ¢t =0 (big bang),
increases until its maximum value a, (corresponding to
€ = 0) is reached at r = ¢, decreases, and vanishes at t =
t, = 2t; (big crunch). During the phase of expansion, the
universe is decelerating. The energy density starts from
infinity at r = 0, decreases, vanishes at ¢t = #; (the Universe
disappears), increases and tends to infinity at t = #, = 2¢,.
This process continues periodically in time. Using the
equivalent erfc(x) ~ e~ /xy/z for x — 40, we obtain for
t — 0 the modified EdS solution

a\*? [In(ag/ay) 3
@) n(ay/a) 2700 (P30)
e ! (D37)

€9 (% Hot)?

Using the expansion erfc(x) = 1 —2x/\/7 + ... forx — 0,
we find for r — ¢,

(D38)
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€ 7 1 < { t>2
€ 6 (af/a())3 ln(af/ao) n)
Final remark: the models of the Universe just described

that are based on the polytropic equation of state of type II
defined by P = Kp?, where p is the rest-mass density, are

(D39)
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very different from the models of the Universe based on the
polytropic equation of state of type I defined by P = Ke’,
where € is the energy density [15,16,71]. The evolution of
the polytropic universe of type I as a function of the
polytropic index y is reviewed in the Appendix B
of Ref. [71].
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