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We study the mixing of the Dirac neutrinos in the residual symmetries approach. The key difference from
the Majorana case is that the Dirac mass matrix may have larger symmetries: G, = Z, with n > 3. The
symmetry group relations have been generalized to the case of Dirac neutrinos. Using them, we have found
all new relations between mixing parameters and corresponding symmetry assignments, which are in
agreement with the present data. The viable relations exist only for the charged lepton residual symmetry
G, = Z,. The relations involve elements of the rows of the Pontecorvo-Maki-Nakagawa-Sakata matrix and
lead to precise predictions of the 2—3 mixing angle and certain ranges of the CP violation phase. For larger
symmetries G,, an agreement with the data can be achieved if ~10% corrections related to breaking

of G, and G, are included.
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I. INTRODUCTION

The residual symmetry approach [1] is one of the
appealing possibilities to explain the lepton mixing.
According to this approach, the mixing originates from
different ways of the flavor symmetry breaking in the
neutrino and charged lepton Yukawa interactions. These
different ways of breaking lead to different residual
symmetries, G, and G, of the neutrino and charged lepton
mass matrices [2—4]. The residual symmetries ensure
certain forms of the mass matrices, and consequently the
mixing matrix. The observed pattern of lepton mixing close
to tribimaximal mixing is hardly connected to the neutrino
and charged lepton masses or ratios of masses. For this
reason, the “generic” symmetries G, and G, were used,
which exist for arbitrary values of masses (eigenvalues of
the mass matrices). In this way, symmetry provides
complete control over the mixing. For the Majorana
neutrinos, the maximal generic symmetry is given by the
Klein group Z, x Z,. Depending on selected residual
groups and symmetry assignments for the leptons, different
mixing matrices and relations between the mixing matrix
elements can be obtained. The general relations [5,6], the
case of Z, symmetry [7], and the maximal CP violation [8]
have been discussed.

Unfortunately, realizations of this approach in consistent
gauge models are rather complicated and not very con-
vincing; apart from a set of new fields (flavons), they
contain a number of assumptions, new parameters, and
additional symmetries with ad hoc charge assignments (see
Refs. [2—4,9] for reviews). In view of this, the existence of
symmetries behind lepton mixing and, in particular,
residual symmetries is still an open issue.

The standard way to obtain predictions for mixing
angles consists of model building, the construction of
mass matrices, and finally the diagonalization of these
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matrices. It was realized, however, that predictions for
mixing angles can be obtained from knowledge of the
residual symmetries immediately without model building
[5,6]. The symmetry group relation, which includes the
mixing matrix, Upyns, and the matrices of transforma-
tions of the residual symmetries of neutrinos, S, and
charged leptons, 7, in the mass basis, has been derived
[6]. The symmetry group relation is an efficient tool to
explore possible consequences of various symmetries.
Once viable relations and corresponding symmetry
assignments are realized, one can proceed with model
building.

It is widely believed that neutrinos are Majorana
particles and the smallness of the neutrino mass is related
somehow to the Majorana nature of neutrinos. Therefore,
most of the studies of discrete residual symmetries have
been performed for Majorana neutrinos. However, it is
possible that neutrinos are the Dirac particles and, in fact,
there is a number of mechanisms and models which lead
to small Dirac neutrino masses [10], e.g., the Dirac
seesaw, Peccei—-Quinn symmetry, extra-dimensional
mechanisms, chiral symmetry, etc. Consequences of some
discrete flavor symmetries for the Dirac neutrinos have
been studied [11].

In this paper, we will consider applications of the
residual symmetry approach to the Dirac neutrinos. For
this, we will use generalizations of the symmetry group
relation. The goal is to see if new relations between the
mixing parameters can be obtained in the case of Dirac
neutrinos with the hope that their simpler realizations are
possible in consistent gauge models.

The paper is organized as follows. In Sec. II, we consider
the symmetry group relation for Dirac neutrinos. We study
the case of Z, residual symmetry for charged leptons
(m = 2) in Sec. 1II. Z,, symmetry with m > 2 for charged
leptons will be explored in Sec. IV. In Sec. V, we discuss
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some further considerations and generalizations. A dis-
cussion and conclusions are presented in Sec. VI.

II. SYMMETRY GROUP RELATIONS
FOR DIRAC NEUTRINOS

We introduce the diagonal mass matrices of charged
leptons, m,, and Dirac neutrinos, m,, as well as the
Pontecorvo-Maki-Nakagawa-Sakata (PMNS) maxing
matrix, Upyns, according to the following Lagrangian:

E = %?LUPMNSJ/”VLW; + ERmffL + NRmDI/L + H.c.

5
(1)

Here’ fL = (eL’ﬂvaL)T’ ER = (eRuMRvTR)T7 v = (y1L9
var,v3)t, and Ng = (vig, vag, vag)!. Let S and T be the
matrices of transformation of the left-handed (as well as
right-handed) components of neutrinos and charged leptons
that leave the mass matrices invariant:

S'm,S =m,, T'm,T = m,. (2)
So, S and T are generators of the residual symmetry groups
G, and G, in the mass basis. For discrete finite symmetry
groups, there should be integers n and m such that

§"=101 and T" =1 (3)

Then, the symmetry group condition reads [6]
[UpnsSUpins 717 =1, (4)

where p is an integer number. Equivalently, the condition
can be transformed to [6]

Tr[UPMNSSUI’MNST] = dp, (5)
where
3
ay=>> 2p (=1 (6)
p=1

i.e., A5 are the p-roots of unity. The three selected roots in
Eq. (6) satisfy the condition

3
[T =1 (7)
=1

which guarantees that the symmetry group G, x G, can be
embedded in SU(3). Values of a,, for different p, which
satisfy Egs. (6) and (7) are shown in Table I. Notice that for
p < 3 the value of a,, is unique.
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TABLE 1. Values of a, for different p.
(%) -1
as 0
ay 1, -1+2i
1. 1£V5
9 2 b
35 | V/561V5)
as 3 tiTS s
=345 _ V56—V
4 2V2

The relation in Eq. (5) is general and valid for both
Majorana and Dirac neutrinos. Its derivation is completely
the same in both cases.

In general, the symmetry transformation matrix 7 can be
written as

T = diag(e?., ex, e'?7). (8

~—

The finiteness of the group, Eq. (3), allows us to para-
metrize ¢, as

where 0 < k, < m, 9

~—

and k, are integers. The condition det[7] = 1, which means
that the symmetry group generated by 7' can be embedded
in SU(3), implies that k, + k, + k, = mq,, where ¢, = 1,
2, and so for a given gy, just two of k, are independent. If
one of k, is zero, each transformation is determined by a
single parameter k. For example, for k, = 0, we have

T(e) — dlag(l, eZm’k/m’ eZm’(m—k)/m)’

where we introduced the subscript of 7 which corresponds
to the lepton which does not transform under 7. In the
same way, we can introduce independent symmetry
transformations

T(M) — diag(ehik/m, 1, e2m’(m—k)/m),
T(T) — diag(ez”ik/m, e2m’(m—k)/m’ 1)

In general, m and k in T, and 7' can be different so that
the total symmetry group is Z,, X Z,, x Z,,». We will keep
the general form of 7, as in Eq. (8), for our calculations.

Similarly to Eq. (8), for the Dirac neutrinos, the trans-
formation § is given by

S = diag(e™1, e2, e¥3). (10)

From Eq. (3), we can parametrize the phases as y; =
2zl;/n with 0 < [; < n. The condition det[S] = 1 leads to
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w

=12 (11)

Z i = 14

Jj=1

so that two [; are independent.

In general, three independent generators can be intro-
duced, and the total neutrino mass matrix symmetry is
Z7,x7Z,x7Z,. For Majorana neutrinos, the generic
(mass-independent) symmetry exists only for n = 2. So,
the new possibilities which are specific to the Dirac
neutrinos consist of symmetries with n > 2.

Recall that the symmetry group condition stems from
the fact that S and T originate from the same finite discrete
group. In the flavor basis, the charged currents are diagonal,
and whole information on mixing is encoded in the

mass matrix of neutrinos, which is now nondiagonal: m[: =

UPMNSmUUlT,MNS. In this basis, the symmetry transforma-
tion is given by Sy = UpynsS U;MNs- Then, the condition
that Sy and T form the same finite group is that their
product belongs to the same group and some integer p
exists such that (S, 7)” = I. This condition coincides with
the symmetry group relation in Eq. (4).

The parameters n, m, and p in Egs. (3) and (4) define the
von Dyck group D(n,m, p). The case of Majorana neu-
trinos discussed in Ref. [6] is the special case with n = 2.
The von Dyck group is a finite group if

111
—+=+->1 (12)
n m p

Introducing the real and imaginary parts, a, = ak + ia,
we obtain from Egs. (5), (8), and (10) the following

relations:
DO Ui cos (o + i) = ab,
ZZ|Uai|2Sin(¢a+’//i) = aj,. (13)

They are a generalization of equations obtained in Ref. [6]
for n = 2. Equation (13) provides relations between the
moduli squared of the all elements of Upyng for a specific
“symmetry assignment.” In general, all the elements of the
PMNS matrix are involved in each equation in Eq. (13).
However, for some specific values of the phases ¢, and y;,
these equations can be reduced to relations between the
elements of one row or column of the Upyng. This is the
case if the phases are 0 and =, i.e.,if n =2 or m = 2.

The two relations in Eq. (13) between the four inde-
pendent parameters (three angles and the CP phase) allow,
e.g., one to predict two of them, once two others are fixed
by experimental data. If one adds an additional trans-
formation S or T, two more relations with different values
of ¢, and y; will appear. If consistent, this can fix all the
mixing parameters completely.
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In what follows, we obtain the relations for various
symmetry assignments and confront them with experimen-
tal results, thus identifying phenomenologically viable
possibilities. The symmetry assignment consists of speci-
fying (i) von Dyck group parameters (n,m, p); (i) the
values of neutrino charges under the transformation S,
(11,15, 13); (iii) the values of charged lepton charges under
the transformation T, (k,, k,. k.); and (iv) the value of a,,,
for p > 4.

Recall that n = 2 is the only possibility for Majorana
neutrinos and therefore the only common case for both
Majorana and Dirac neutrinos, which has been explored in
Ref. [6]. In this case, y; = 0 and 7 and the relations in
Eq. (13) are reduced to relations between elements of the
columns of Upyns. These two relations and the unitarity
condition fix the column completely. The column number i
is determined by the neutrino mass state v; which is
invariant under S, i.e., has y; = 0. All the relations obtained
in Ref. [6] for the Majorana neutrinos are valid also for the
Dirac neutrinos in the case n = 2. However, model building
for the Dirac neutrinos can be different.

In what follows, we search for new relations between
mixing parameters which are specific to the Dirac
neutrinos.

III. RELATIONS BETWEEN THE MIXING
PARAMETERS FOR G, =7,

In the case of m = 2, the only symmetry assignments
for the charged leptons consistent with the condition
> oka =mgq, are k,=(0,1,1), (1,0,1), and (1,1,0).
They correspond to one of the phases ¢, =0 and two
others equal ¢,., = =. Inserting this set of phases in
Eq. (13), we obtain

S @IU,P ~ 1) cosy; = ak,

1

> QU = 1) siny; = ab,. (14)

1

Thus, the symmetry group relation, with the unitarity

condition, determines all elements of the y row of the

mixing matrix. Recall that in (14) the index y corresponds

to the lepton invariant under transformation 7: k, = 0.
The solution to Eq. (14) is

R v 3 1 gin YL
a, CoS5 + CoS =5 a, sin’;

U12: N .
|Unl 4 sin %2 sin %3t ’
R 72} 3y T n V2
|U2‘2:apcosz+cos2 a, sin’;
4 4 sin %2 sin 452 ’
R Vs 3wz _ 1 gin Vs
U 2_apcosercos2 a, sin’ 15
Uyl = : (15)

0 Y13 qin Y23
4s1n251n2
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FIG. 1 (color online).

The prediction of discrete symmetries for Dirac neutrinos in the (sin?#,;,8) plane, compared with

the experimentally allowed region for normal (a) and inverted (b) hierarchies. The red and green regions correspond to the predictions
of the symmetry group D(3,2,5). The blue and brown regions are for D(4,2,3), and the orange region is for D(5,2,3). The solid,
dashed, and dotted-dashed curves determine the allowed regions from a global analysis of oscillation data, respectively,

at 1o, 20, and 30 [14].

wherey;; = w; —yw j.l The solution is valid for any value of
n and p.

There are interesting properties of Eq. (15) which we
will use in our further considerations. If a, is real
(aﬁ7 = 0) and one of the phases y; =0, i.e., the corre-
sponding symmetry parameter /; = 0, the equations in
Eq. (15) are invariant with respect to the permutation of
two other (nonzero) parameters [/; <> [;. So, the assign-
ments (0, [, /3) and (0,13,1,) or (I;,1,,0) and (/,1;,0),
etc., will lead to the same solution in Eq. (15). Indeed,
I+ 13 =n, or y, =27 — 3, and therefore permutation
of I, and [; is equivalent to y, — 27 —y,, W3 —
2m — 5. This changes the sign of both the numerator
and denominator, thus leaving the whole expressions in
Eq. (15) invariant.

We performed a scan of all possible symmetry
assignments, satisfying Eq. (12), and identified the
phenomenologically viable ones, i.e., symmetry assign-
ments which lead to relations among the mixing
parameters in agreement with experimental data. The
latter has been done in the following way: for fixed
values of 03 and 0,, the two symmetry relations in
Eq. (14) determine the values of 6,3 and 6. We find
regions of 0,3 and o by varying the angles 0,5 and 6, in
the 30 allowed ranges from the global fit of the neutrino
oscillation data. Then, we confront this prediction with
the allowed regions in the (sin”,3, ) plane. The results
are shown in Fig. 1 where the solid, dashed, and dotted-
dashed curves show the allowed regions, respectively, at

lEquation (15) differs from relations in Ref. [6] by substitu-
tion: ¢e - Y ¢;4 —> Yo, and ¢1 - Ys3.

lo, 20, and 30 confidence level from the global analysis
of neutrino oscillation data (including the latest T2K
[12] and NOvA [13] data) taken from Ref. [14]. The
black point inside the lo regions shows the best-fit
point.

We find only three symmetry assignments that lead to
predictions compatible with the experimental data, at least
at the 30 level. These are shown by colored regions
in Fig. 1.

All of these possibilities have one [; =0, and the
corresponding phase y; = 0. In this case, the condition
in Eq. (11) is reduced to [;+ 1, =ngq;, i,k+#j, or
v; = =y + 2nq;. We will consider the general case of
all nonzero values of /; in Sec. V.

Below, we describe the viable possibilities in detail.

A. (nmp) = (3,2,5)

The neutrino symmetry is Zs, with the embedding von
Dyck group As. Neutrino charges equal (Ij,1,13) =
(0,1,2) or (0,2,1), which give the same result, and the
trace parameter is as = (1 —v/5)/2. Then, for the charged
lepton phase ¢, = 0 (u row), which we call the y solution,
or ¢, = 0 (z row, the 7 solution), we obtain

(U 2 U2+ U3 )
(3-V53+V53+45 (16)
N 6 12 7 12 )

The case ¢, = 0 is inconsistent with the data. The main
feature of solutions in Eq. (16) is that
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|U;4(r)2|2 = |Uﬂ(7)3|2 ~ 0.436. (17)

In terms of the mixing angles, the p solution (in the
standard parametrization of the PMNS matrix) reads

22 0
|Uu3| = 533613 = A,

2_ 2 2 2 2 2 _
|U,n|” = c1hcay + $Tp8535T3 — 2€12€23512523513 €08 6 = B,

(18)

where ¢;; = cos0;;,5;; = sin,;;,and A = B = (3 + V5)/
12 ~ 0.436. From the first equality in Eq. (18), we find
that

A

55 = —-~0.445. (19)
€13

Due to the high accuracy of the measurements of the 03

angle, and the smallness of this angle, the value of 6,5 is

fixed rather precisely. The second relation in Eq. (18) gives

2 2 22 2
—B + ciy¢55 + 5135153

5=2 :
cos sin 20, sin 20,3 sin 0,5

(20)

where B = 0.436. The first two terms in the numerator of
Eq. (20) have comparable values, and the last term,
proportional to s7;, is small. Consequently, even a small
variation of ¢2, leads to a significant change in the value of
cos 0. These features can be seen in Fig. 1: the red region
shows the predicted ranges of parameters (sin®#,3,5)
which are obtained using Eq. (18) with uncertainties of
015 and 6, taken into account (i.e., varying the 6, and 03
in 30 allowed ranges). The black cross in the red region
shows the prediction from Eq. (18) assuming the best-fit
values of 63 and 6,,.

The p solution is in good agreement with data in the first
quadrant in the case of normal mass hierarchy. The best-fit
value of the phase 6 = 1.25z, and the maximal allowed
phase, § = 1.4z, is close to the present best experimental
fit. The predictions have overlap with the allowed region
at ~lo.

For the 7 solution, we have

2 2 2
|U ] = c33073 = A,
2_ 22 2 22 _
|Una|* = c1553; + 512633573 + 2€12€23512523513 €08 8 = B,
(21)

where A = B = (3 + +/5)/12. From the first equality, we
obtain 53, = 0.555. This solution is related to the y solution
by s3; <> ¢3; and changing the sign of cosd. This con-
nection is reflected in Fig. 1, where the green region shows
the predicted values in the 7 solution. Since for the 7
solution s3; <> ¢35, numerically, we get the same estima-
tion for & up to the change 6 — x — §, which can be seen in
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Fig. 1. The black cross in the green region shows the
prediction from Eq. (21) for the best-fit values of 65
and 912.

The 7 solution gives good agreement with the data for the
inverted mass hierarchy. The predicted best-fit value of
the phase is 6 = 1.76x, and the lower bound 6 > 1.62x.
The solution overlaps with the ~2¢ allowed region.

Future determination of the octant of 8,3 can disentangle
the u and 7 solutions.

B. (nmp) = (423)

The neutrino residual symmetry is Z,, and the von Dyck
group is S4. The symmetry assignments (I,l,[3) =
(1,3,0) or (3,1,0), ¢, = 0 (¢, = 0), and a3 = 0 lead to

111

A e e O )
This solution gives relations between mixing parameters as
in Egs. (18) and (21), with A =1/2 and B = 1/4. The
predictions are shown by the blue and brown regions in
Fig. 1, respectively, for the y-row and z-row solutions. For
the best-fit values of 65 and 6;,, the relations in Eq. (22)
cannot be satisfied. Thus, there are no cross points in these
regions. The 2-3 mixing is close to maximal: s3; =
0.5/c3;~0.511 for the u solution and s3; ~0.489 for
the 7 solution. The expression for the phase, given by
Eq. (20) with a = 0.25, leads to values of ¢ close to 0 or .
The 6 — 6,5 predictions are compatible with the data at best
at the 20 level.

C. (njmp)=(523)

In this case, the neutrino residual symmetry is Z,4, and
the covering von Dyck group is As. The symmetry
assignments (/y,1,,13) = (0,3,2) or (0,2,3), ¢, =0, and
ay; =0 lead to

(UaPUa. o) = (22 L0 L),
)

Rewriting this relation in terms of mixing
parameters gives relations similar to Eq. (21) with
A=B=(1++5)/(4/5)~0.36. The prediction from
Eq. (23) is shown by the orange region in Fig. 1.
According to Eq. (23),

Ul = [Us|* =A~0.36, (24)
which deviates from maximal mixing significantly being at

the border of the 3¢ allowed region. Again ¢ is close to 7.
The u solution with ¢, = 0 is excluded at the 3o level.
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The symmetry of the prediction regions in Fig. 1 with
respect to 0 = x comes from the cos é dependence of the
moduli of the mixing elements.

IV. CASES WITH G, = Z,, AND m > 2

As we have mentioned in Sec. II, for symmetry groups
with n, m > 2, the relations in Eq. (13) cannot be reduced
to constraints on the elements of a single column or row of
the Upyng matrix. We find that all the symmetry assign-
ments with m > 2 [which include D(3,3,2), D(3,4,2),
D(3,5,2), D(4,3,2), and D(5,3,2)] lead to relations
between matrix elements which are incompatible with
the experimental data at the 30 level. To elucidate the
reason behind this result, we consider one example in
detail.

For the assignment D(3,3,2) = Ay, the first relation in
Eq. (13) leads to

1
|Uai|2+|U/3j|2+|Uyk|2:§’ (25)

where a, B, and y are all different and should be selected
from (e, p,7) and also i, j, and k are all different, being
selected from (1,2,3) depending on various assignments for
(ko kyok;) and (14, 1, 13).

The key feature of the equality in Eq. (25) is the
smallness of the right side, which strongly restricts the
allowed elements in the left side. Since the elements |U,,|?,
|U,5|?, and |U,5|* alone are bigger than 1/3, the left-hand
side should include |U,;|> and small elements from the
and 7 rows and the 1 and 2 columns. In fact, the only
allowed choices of the combinations of elements in Eq. (25)
are |Ugs|* +|Ua)* + |Ugn|* =1/3 and a similar combi-
nation with y <> 7. The second relation in Eq. (13) for the
first combination leads to the equality

\Ua P +1UsP +|Unl?=|Unl? +|Un > +1Us]% (26)
which can be reduced to
c23[c0s 20, — c0s 20,3] = 0, (27)

and 0,3 = 60,,. For the second combination, the relation can
be obtained by the y <> 7 permutation, which finally leads
to 0,3 = /2 — 0,,. Both relations are excluded by exper-
imental data. Notice, however, that the current best-fit
values are sin 0,3 = 0.67 and sin6;, = 0.56 so that ~10%
corrections to the equality sin 6,3 = sin 8, can bring these
relations to agreement with the data.

For the other symmetry groups with m > 2, similar
arguments can be found showing the exclusion by the
experimental data, which we have checked also by numeri-
cal calculation.
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V. FURTHER CONSIDERATIONS
AND GENERALIZATIONS

Here, we lift some of the conditions imposed in the

previous sections.

(1) Let us relax the condition that one of the phases
y; is zero. Notice that for m = 2 the equality
¢, =0 for one of the phases is unavoidable. It
is straightforward to check that the equality
det[S] =1 can be satisfied with all nonzero
values of [; only for n>3. In the following,
we take m = 2 and explore the cases with n > 3.

For n <5, the condition det[S] =1 or (11) can
be satisfied (with all the /; being nonzero) when
at least two of the /; are equal. Indeed, for n = 3,
the possibilities are /; = (1,1,1) (¢, =1) and
[;=1(2,2,2) (q,=2). In the case of all equal
charges [;, and therefore the phases y; =y, the
conditions in Eq. (14) are reduced (due to
unitarity) to the inconsistent equalities
siny =cosy = 0. For n =4, two assignments
satisfy condition (11): /; = (1,1,2) (¢, = 1) and
l;=(2,3,3) (¢, =2). For n =5, we have (1, 1,
3), (1, 2, 2) (g;=1) and (4, 3, 3), 4, 4, 2)
(q; =2) (with all possible permutations of
charges). A general feature of all these assign-
ments is that two charges and therefore two
phases are equal. Denoting equal phases by v/,
we get for the remaining phase y; = 27zq, — 2y/'.
Then, the relations in Eq. (14) are reduced to

U= ak + cos 2y’
71 2(cos 2y’ — cosy’)’
—al) + sin 2y’
U2 = 5t m 2 (28)

2(sin 2y’ + siny’)’

where y corresponds to the charge lepton with
zero phase ¢, =0 and j corresponds to the
neutrino with an unequal phase.

Explicitly, for n =4, we have y' = /2 or
w' =3n/2, and then Eq. (28) gives |U,|*> =
0.5(1 —a®) and |U,|* =-0.5al,. These two
equalities are inconsistent for a, and a;. For
p =4, the finiteness condition (12) is not sat-
isfied. Assuming that in this case a subgroup can
be made finite and using a4, =1 or —1 —2i, we
obtain |U,;|* =0 or 1. The first case may still
work for y =e and j =3, i.e., for U,, in the
first approximation.

For n =5, the phase v’ can be 2x/5, 4n/5,
67/5, and 87/5. We have checked that none of
these y' values, or possible values of a,, leads to

a consistent solution of Eq. (28).
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(ii)

(iif)

For n > 6, there are more assignments that
satisfy the condition (11) with all nonzero [;,
both when two [; are equal and when they are all
different. Furthermore, the finiteness of the
group, Eq. (12), requires that p =2 and con-
sequently a, = —1. When two [; are equal, the
relations in Eq. (14) lead to cos2y’ = cosy’ and
therefore to zeros in the denominator of relations
in Eq. (28). For the case of all different /;, we
have numerically checked that no viable solution
of Eq. (14) exists.

Thus, generally, when m = 2, there is no viable
symmetry assignment with all nonzero charges ;.
We have numerically checked that also for m > 2 no
symmetry group relation compatible with the data
and with all nonzero charges /; can be obtained.
In all the considered examples in Secs. III and IV,
symmetry fixes two out of four mixing parameters in
Upmns. All four mixing parameters can be deter-
mined by symmetry if additional symmetry trans-
formation, S’ or 7", is introduced. This gives second
symmetry group relation which can lead to two new
relations between the matrix elements.

Let us consider the second transformation 7’. We
can take m’ = 2 (but with a different assignment for
k, than the assignment for 7). In this way, we can fix
the elements of both u and 7 rows. However, as we
see in Fig. 1, the u and 7 solutions are inconsistent
with each other (the corresponding regions do not
overlap). In Sec. IV, we have shown that for m’ > 2
there is no solution compatible with the data for
any n > 3.

Let us consider a second neutrino transformation
S’ and single T with m = 2. For n’ > 3, again the
second symmetry group condition will give one of
the viable solutions described above. Again, since
any two different obtained solutions are incompat-
ible, adding such §’ will be inconsistent.

Finally, let us consider the case of S’ with n = 2
(and T with m = 2). In this case, the second
symmetry group condition is characterized by n =
m = 2 and arbitrary p. In this case, the phases of the
transformations are 0 or =z, both in S and T.
Therefore, the left-hand side of the second equation
in (13) is zero, which requires a}, = 0, for consis-
tency. So, in this case, only the first equation in (13)
gives a nontrivial relation on the mixing elements.
From this equation, we obtain

1+ af

U,|*= , 29
Uail? = — (29)

where a and i are referred to as the charged
lepton and neutrino, which are invariant under
transformations. In this way, in principle, one can

PHYSICAL REVIEW D 92, 093012 (2015)

fix any element of the mixing matrix. Possible
values of the right-hand side in Eq. (29) are O
(for a,), 1/4 (for a3), 1/2 (for a,), and 0.65 or 0.08
(for as). The interesting possibility would be
|U,i|> = 0.65 for as, which is close to the exper-
imental result for |U,;|>. However, in the case of
single T, it fixes « for the additional relation, which
should be y or z. So, it can only fix one of the
elements of the row which was already determined
by S and T'. To fix the element outside the fixed row
by the first symmetry group relation, one needs to
introduce another transformation 7" and therefore
further expand the symmetry group.

VI. CONCLUSION

We have studied mixing of the Dirac neutrinos in the
residual symmetries approach. The key difference from the
Majorana case (extensively studied before) is that the Dirac
mass matrix may have larger generic (mass independent)
symmetries: Z, with n > 2, with the maximal symmetry
being the product of three such factors. For the Majorana
neutrinos, only n = 2 is possible with the maximal sym-
metry Z, X Z,. Of course, for the Dirac neutrinos, also the
case n = 2 was applied.

We generalized the symmetry group relations to the case
of Dirac neutrinos and used them to explore new patterns of
lepton mixing which can be obtained for the Dirac case.
The residual neutrino symmetries Z, with n > 3 have been
explored.

We have found all new phenomenologically viable
(within the allowed 3¢ region) relations between mixing
parameters and the corresponding symmetry assignments.
We presented the relations as predictions for the 2-3
mixing angle, 6,3, and the CP phase, 9, in terms of the
well-measured parameters sin® @5 and sin” 6,,.

We find that for n > 3 the viable solutions (relations)
exist only if the charged lepton residual symmetry is
G, =7Z,. In this case, the symmetry fixes elements of a
single row of the PMNS matrix. Viable solutions (for
mixing angles) exist for n = 3 and the group As, n = 4 and
the group S, and n = 5 and the group As. The solutions fix
rather precisely 0,3 and give a rather large range of values
of 6, which is determined by the present uncertainty in ;.

We found that the introduction of the second S’ or 77,
which can fix all the mixing parameters, does not lead to a
consistent solution.

For a bigger residual symmetry of the charged leptons,
G, =17, with m > 2, the relations between the mixing
matrix elements become more complicated, involving
elements of both columns and rows. We checked that no
viable solutions exist in this case. At the same time, some
interesting relations are realized which can be brought in
agreement with the data if some relatively small corrections
(related to the violation of the residual symmetries) are
included. In particular, the equality 8,5 = 6, is realized in
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the D(3,3,2) = A, case. Corrections of the order 10% can
lead to agreement with the data.

The solutions we have found lead to discrete values of
sin? 0,3, determined by the symmetry group parameters.
Future precise measurement of sin? #,; with an accuracy
~0.01 can discriminate among the possibilities. Also, the
precise determinations of sin” 8, (e.g., by JUNO) will lead
to a precise prediction of the phase 6, and so future
measurements of the phase will provide crucial checks
of the obtained symmetry relations.

PHYSICAL REVIEW D 92, 093012 (2015)

On the other hand, the identified viable symmetries and
symmetry assignments will be useful for further model
building.
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