PHYSICAL REVIEW D 92, 085042 (2015)

Aspects of electrostatics in BTZ geometries
Y. Herrera,l‘* V. Hurovich,“ 0. Santillz’ln,z’i and C. Simeone'*
1Departamento de Fisica, Facultad de Ciencias Exactas y Naturales,
Universidad de Buenos Aires and IFIBA, CONICET, Cuidad Universitaria, Buenos Aires 1428, Argentina
2CONICET-Instituto de Investigaciones Matemdticas Luis Santalo,

Ciudad Universitaria Pab. I, Buenos Aires 1428, Argentina
(Received 18 August 2014; published 28 October 2015)

In the present paper the electrostatics of charges in nonrotating BTZ black hole and wormhole
spacetimes is studied. Our attention is focused on the self-force of a point charge in the geometry, for which
a regularization prescription based on the Haddamard Green function is employed. The differences
between the self-force in both cases is a theoretical experiment for distinguishing both geometries, which
otherwise are locally indistinguishable. This idea was applied before to four and higher-dimensional black
holes by the present and other authors. However, the particularities of the BTZ geometry makes the analysis
considerable more complicated than those. First, the BTZ spacetimes are not asymptotically flat but instead
asymptotically AdS. In addition, the relative distance d(r, r + 1) between two particles located at a radius r
and r + 1 in the geometry tends to zero when r — oo. This behavior, which is radically different in a flat
geometry, changes the analysis of the asymptotic conditions for the electrostatic field. The other problem is
that there exist several regularization methods other than the one we are employing, and there does not exist
a proof in three dimensions that they are equivalent. However, we focus on the Haddamard method and
obtain an expression for the hypothetical self-force in series, and the resulting expansion is convergent to
the real solution. We suspect that the convergence is not uniform, and furthermore there are no summation
formulas at our disposal. It appears, for points that are far away from the black hole the calculation of the
Haddamard self-force requires higher-order summation. These subtleties are carefully analyzed in the
paper, and it is shown that they lead to severe problems when calculating the Haddamard self-force for

asymptotic points in the geometry.
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I. INTRODUCTION

Electrodynamics in general relativity is described by the
Maxwell equations in curved spacetime [1]. A freely falling
observer in such a background would write the same
equations valid for Minkowski spacetime; however, these
equations must have a different solution because the curved
geometry imposes a different asymptotic behavior than the
flat one. In particular, the electric field around a static point
charge in a curved background is not spherically symmet-
ric, in general, and this gives a nonzero electrostatic self-
force on the charge.

One of the earliest studies on the electrostatic self-force
on static charges induced by a curved background was that
on a Schwarzschild black hole geometry [2]. In that
reference it was shown that the self-force on a charge ¢
is repulsive; i.e., it points outwards from the black hole, and
the functional dependence on the position is given by
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where 2m is the horizon radius of the black hole and r is the
Schwarzschild radial coordinate of the charge. This result
was first obtained within the framework of linearized
general relativity [3] and was later recovered working
within the full theory [2].

After the publication of these leading works, the study of
the self-interaction of a charge was extended to other
geometries. A notable result was the self-force on a charge
in the vicinity of a straight cosmic string arising from
symmetry breaking in a system composed by a complex
scalar field coupled to a gauge field [4]. The associated
geometry is locally flat but includes a deficit angle
determined by g, the mass per unit length of the string
[5]. The self-force in this case points outwards from the
cosmic string and is proportional to u/r*. This non-null
self-force in a locally flat background is of great interest
because it shows how the global properties of a manifold
(in this case, the existence of a deficit angle) are revealed by
the electromagnetic field of the charge.

The results described above, together with the calcu-
lation of the self-force on a point charge in a wormhole
spacetime [6] which turned out to be attractive, i.e., towards
the wormhole throat, suggested the possibility of detecting
thin-shell wormholes by means of electrostatics. Differing
from well-known wormholes of the Morris-Thorne type [7]
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which are supported by nonlocalized exotic matter, thin-
shell wormhole geometries are supported by a shell of
exotic matter located at the wormhole throat [8]. The throat
connects two (equal or different) geometries which can be
those of other astrophysical objects. For example,
Schwarzschild thin-shell wormholes connect two exterior
(that is, beyond the horizon) noncharged black hole space-
times; hence, the geometry at each side of the throat is
locally identical to the exterior of a black hole geometry.
However, the topology of the wormhole geometry is
nontrivial; thus, the global properties are essentially differ-
ent in each case.

Inspired by the previous discussion, the philosophy of
the present work is that global aspects, such as the existence
of a throat or not, may be revealed by studying electro-
dynamics, in particular, by the electrostatic self-force on a
point charge. In our recent article [9], this proposal was
developed and applied to the case of wormholes with a
cylindrical throat which are mathematically constructed by
removing the regions r < a of two gauge cosmic string
manifolds and pasting the two regions at r > a. The self-
force on a charge in the cylindrical wormhole geometry was
calculated and compared with the self-force on a charge in
the vicinity of a gauge cosmic string. The result is that the
force in the wormhole case can be attractive or repulsive
depending on the position of the charge; this result would
then allow an observer to distinguish between two geom-
etries which are locally equal. The same argument was
applied to the Schwarzschild case by the authors in [10].
Related works include [11-14].

It should be mentioned that there exist some works
related to these ideas. For instance, in [15], the authors
considered a minimally coupled scalar charge and an
electromagnetic charge when a Schwarzschild black hole
interior is replaced by a material body and found that the
leading term in a large-r expansion of the force was
independent of the central body type. Nevertheless, when
the scalar charge is not minimally coupled, the self-force is
dependent on the composition of the body. Another work in
the same line is [16], where a spherical ball of perfect fluid
in hydrostatic equilibrium with rest mass density and
pressure related by some polytropic equations of state is
considered. The authors found that the leading term of the
force is universal and does not distinguish the internal body
structure, but the next-to-leading-order term is sensible to
the equation of state. Thus, the self-force distinguishes the
body composition.

In the present work our studies about electrostatics in
black hole geometries are extended to the three-dimensional
case, which is not a completely explored area. The natural
candidates to consider are the BTZ black hole and worm-
hole. These geometries, although tridimensional and non-
realistic, have several features that makes them an interesting
test laboratory. First of all, both have a negative cosmological
constant A < 0, which corresponds to an attraction instead
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of repulsion. On the other hand, their metric is not
asymptotically flat, but asymptotically anti—de Sitter. In
addition, there exists a radial coordinate r such that the
circles of the r constant have perimeter 2z, but the relative
distance d(r,r+ 1) between points located on the same
radial line at positions r and r 4 1 goes to zero as r — oo.
This behavior is not characteristic for simple black holes in
higher dimensions and is a consequence of the attractive
cosmological constant term. This behavior has consequences
on the boundary conditions of the electrostatic problem.
These consequences will be elaborated in the paper.

In addition, there is a further complication. The method
for computing the self-force presented employs a regulari-
zation based on the Haddamard Green function. This
regularization was applied in four dimensions by the authors
in [9,10]. This method reproduces correctly the calculation
of Will and Smith for the Schwarzschild black hole [2].
There exist other regularization methods such as the ones
developed by Detweiller and Whiting [17] or the ones in [18]
and applied recently in five dimensions in [19]. For static
geometries it was shown in [20] that the Detweiler-Whiting
method and the Haddamard one just mentioned are equiv-
alent. The same happens with the one in [18] since the last
introduces an average term which vanishes for even space-
time dimensions. However, these features have not been
proven in three dimensions. Therefore, we can not assure
that the expression we will obtain is the only possible one.

Besides the subtle details discussed above, it should be
remarked that there are no summation formulas allowing us
to find a closed analytic for the self-force; thus, it is given in
series expansion. But the series expansion of the singular
part of the electrostatic field is rather complicated and can
be achieved by certain specific parametrization of the radial
distance, which is explained in detail in Sec. VII A. These
tricks result in a series expansion for the total force that is
convergent to the real one. However, we argue that the
convergence to the real solution is not uniform, in other
words, as larger the coordinate r, of the charge becomes,
the larger the quantity of terms that has to be summed in
order to approximate the self-force at that point. This
results in a problem when truncating the series at r — 0.

The present work is organized as follows. Section II
contains a brief description of the BTZ black hole geom-
etry. Section III contains a description of electrostatic
equations in the geometry and the problems for fixing
the boundary conditions for the physical solutions.
Section IV contains the expression for the electrostatic
field for the BTZ black hole and wormhole. Section V
contains a review of Synge calculus, which is a relevant
tool for calculating the singular part of the Haddamard
Green function of the geometry, which is an essential tool
in our regularization choice. In Sec. VI this singular part is
calculated for the BTZ local geometry. In Sec. VII a series
expansion for the electrostatic self-force is calculated, and
the problems mentioned above about the convergence at the
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asymptotic boundary is described. Sections VIII and IX
contain interpretations of the results, which are rather
nontrivial. Section X is a summary of the obtained results.
In Appendix A and B there are collected some useful
formulas which are applied along the text.

II. THE BTZ BLACK HOLE

Since the appearance of the seminal works [21,22],
general relativity in (2 + 1) dimensions became a widely
analyzed model for exploring classical and quantum
gravity, since it is recognized as a useful laboratory for
studying real system properties in (3 + 1) dimensions. In
(2 + 1) dimensions GR there is no Newtonian limit and
there are no local degrees of freedom (that is, there are no
gravitational waves in the classical theory or gravitons in
the quantum theory). It came as a surprise for some then
when the black hole BTZ solution was found [23]. This
black hole has important differences with the
Schwarzschild and Kerr black holes: it is asymptotically
anti—de Sitter and not asymptotically flat, and does not have
any curvature singularity at the origin. Nevertheless, it is
clearly a black hole: it has an even horizon and (in the
rotating case) an internal horizon, and thermodynamical
properties similar to black holes in (3 + 1) dimensions.

The BTZ solution is well known, but in order to fix the
conventions a short description of the local and global
properties of the geometry will be given. The discussion is
not exhaustive, but focused in the aspects that are more
important for the present work.

A. Parameters of the solution

The BTZ black hole is a solution of the Einstein field
equations in (2 4 1) dimensions with cosmological con-
stant A < 0, which bears some similarities with black hole
solutions in four dimensions [23,24]. These are, for
instance, the presence of a event horizon, an inner horizon,
and an ergosphere. Also, it has a nonvanishing Hawking
temperature and interesting thermodynamical properties
[25]. Despite these similarities, there are several differences
between BTZ black holes and Schwarzschild or Kerr ones.
The later are asymptotically flat, the BTZ solution instead
is asymptotically anti—de Sitter. Furthermore, the BTZ
solution does not have a singularity at the origin. But
since the BTZ structure is simpler than its four-dimensional
counterparts, it may be a good testing laboratory for
making exact calculations.

The local form of the BTZ solution is well known, but in
order to fix the notation a brief review of these solutions will
be given. Starting with the three-dimensional action [24]

1= %/ V—=9|R + 2I7%|d’xdt + B, (2.1)

where B is a surface term and / is related to the cosmological
constant by —A = 172, it follows that the extremal solutions
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corresponding to g, (x,) variations are given by the
Einstein equations

1
R/w - Eg/w(R + 21_2) - 01

(2.2)
which, in three dimensions only, completely determine the
Riemann tensor as

Rm/ﬂ/) = _1—2 (gﬂﬂgup - gwlgﬂ/))' (23)
This solution corresponds to a symmetric space with
negative curvature. If we restrict our attention to solutions
possessing a rotational Killing vector 9/06 and a timelike
Killing vector 9/0¢t, then by a specific choice of the radial
coordinate it follows that the line element is given by

ds* = —N%dt* + N72dr* + r*(N%t + d6)?,  (2.4)
with N2(r) and N%(r) the following radial functions:
r2 J2
NZ(I‘):—M-FZ—Z—FW, (25)
J

The range of the coordinates is —co < t < 00, 0 < r < o0,
and 0 < 0 < 2z. The two integration constants in (2.5) and
(2.6) are M and J and correspond to the mass and angular
momentum of the solutions, respectively [24].

The BTZ spacetime is not asymptotically flat. For large
radial values r — oo, the metric becomes

A\ 2 A\ -2
ds — _(f> drr + (7> dr? + r2dé?,

which shows that this solution is asymptotically anti—de
Sitter.
The function N(r) vanishes for the following two r

values:
M N2\ ]"?
== 1L£4/1-(— .

The value r_ corresponds to the horizon of the black hole.
It exists if the following inequalities are satisfied:

(2.7)

(2.8)

M >0, || < ML (2.9)
In the extreme case |J| = Ml, both roots of N?> =0
coalesce into one. The mass M and the angular momentum

J can be expressed in terms of r4 as
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2r.r
M= , J=""
2 l

(2.10)

For large [, the exterior horizon tends to infinite and only
the interior remains. The vacuum state is obtained when the
black hole disappears, and this corresponds to take the
horizon radius to zero. This is the equivalent of taking
M — 0, which implies J — 0 due to (2.9). In this case,

2 -2
ds?,, = _G) e + (;) drr + 2>, (2.11)

When M becomes negative, the solutions studied in [26]
are found. The conical singularity that they possess is a
naked one, such as the one in a black hole with negative
mass in (3 + 1) dimension. Such value should be excluded
from the spectrum. Nevertheless, there exists an excep-
tional case. When M = —1 and J = 0, the naked singu-
larity disappears. There is no horizon in this case, but also
no singularity to hide. The solution corresponding to this
regime is

ds> = —(1+ (r/D?)dt* + (1 + (r/D)*) " dr* + r*d6?
(2.12)

and is AdS as well.

B. Particular properties of the nonrotating geometry

In this section some properties of the BTZ black hole will
be pointed out, which will be relevant when analyzing the
electrostatic properties of charges in the geometry. In the
present work the nonrotating case J =0 will be only
considered. The rotating case is leaved for a forthcoming
publication.

An observation which will be of importance for inter-
preting the results of the present work is that, in the
nonrotating BTZ geometry, the distance d(r,r+1)
between two points with the same 6 values and lying on
the circles r and (r + 1) decreases when r increases. To see
this, consider for simplicity the case M =1[=1. The
distance from a point with coordinate r to the horizon
rp 18

d=log(r+Vr*-1), (2.13)
which can be inverted to give r = cosh(d). When d > 1 it
follows that r ~ e?. If two points lying on the same line
0 = 0, are at positions r and r + dr, then the last formula
gives

Or = edt0d — od = ¢d (% — 1), (2.14)

which leads to
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1 1
od = log<1 —l——d) = log<1 —l——).
e r

From here it is seen that for > 1, which implies going far
from the horizon d > 1, the true distance 6d between these
points goes to zero dd — 0. This particularity holds for
other values of M and will play a significant role in the
interpretation of our results.

(2.15)

ITII. THE EQUATIONS OF ELECTROSTATICS
IN BTZ SPACETIMES

In the present section the Maxwell equations correspond-
ing to a static charge ¢ located at ry and 8, = 0 in a BTZ
black hole will be derived. The effect of the curved
geometry is to deform the field lines and, as a consequence,
the charge ¢ experiences a self-force due to its own electric
field. As will be shown below, the Maxwell equations are
separable in this case. Nevertheless, the analysis of the
physical and unphysical solutions is more involved than in
the flat case due to the particularities of the geometry
mentioned in the previous section, in particular, the behavior
(2.15). These aspects are carefully examined below and the
criteria for discarding unphysical solutions are found.

A. Separation of variables

The Maxwell equations in three-dimensional curved

spacetimes in natural units are given by [1]
1 .
—,_—gaa(\/ _gglmgyﬂF/w) =2nj“,

65758/5F75 =0. (31)

Here F,, = 0,A, — 0,A, is the field strength tensor, A, is
the vector potential and j* the three current in the geometry.
For an static charge ¢ in front of the nonrotating geometry
one has that

i =L5(r = r0)(0 - 0y).

with (rg, 8y) the coordinates of the position of the charge.
The Maxwell equations (3.1) in this situation reduce to

r

—0,.(rF,.) + ——— 0gF gy = 2zrj', 3.2
(rF,) Mrz—;—z 0l 10 zrj (3.2)
1 r?
(99 |:]" <M 12>Fr6:| — O, (33)
1 2
a,[r <M—;—2> F,g] ~0 (3.4)

Assuming that the vector A, is time independent it follows
from these equations that there exist a gauge in which only
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the component A, is nonzero, and the three (3.3) reduce to
the following single equation

-
———— 0%A, = 27rj'.
Mrz—?% o

_ar<rarAt) + (35)

Outside the position of the charge this equation is homo-
geneous and can be solved by variable separation by
postulating

A,(r,0) = R(r)®(6). (3.6)
When this is inserted into (3.5) it is obtained that
©(0) = exp[in(6 — 6y)], (3.7)

where 7 is an integer due to the periodicity on 6, and the
following equation for R(r)

r? r? n’R(r)

(3.8)

By further defining the horizon radius r; = MI> and
making the variable change r* — xr7 it is transformed into

n*R(x)
4M

x*(x = 1)2R(x) + x(x — 1)0,R(x) — =0. (3.9)
This equation has two regular singular points, which
corresponds to the horizon x =1 and the infinite
X — o00. In order to analyze the behavior at the infinite it
is customary to make the change of variables x — i which
transforms the last equation into

2
—w)o? _ _WR_
u(l —u)o;R + (1 —u)o,R A 0.

(3.10)
The equation (3.10) is a particular case of the hyper-
geometric one

u(l—u)R"+[y—(1+a+p)ulR —apR =0, (3.11)

corresponding to the particular values

r=1 a+p=0, p? = —n?/4M.

It is important to remark that the change of variables u = %
just performed is regular in the exterior region r > ry, of the

black hole, which is the region which we are interested in.

B. Solutions centered around the infinite

Having derived Eq. (3.11) which characterizes the radial
behavior of the electrostatic potential A,, the next task is to
find their solutions. Since it is a linear equation of second
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order, it has two independent solutions. The most elemen-
tary one, which is centered around u = 0 (r — o), is given
by the hypergeometric series [27-30]

fn=2F (@ —ay; 1) = i‘mn)m(_a")'" u", (3.12)

= (m!)?
where
in
a, = 2 \/M’
and the Pochhammer symbols (a), are defined by

(@), =ala+1)(a+2)...(a+m-1), (a), = 1.
The elementary d’Alembertian principle shows that this
series is convergent for |u| < 1. Besides, when

Re(y —a—p) >0, (3.13)
the series is also convergent in |u| = 1 [29]. This condition
is satisfied in our situation since f = —a and y = 1. The
zone |u| > 2 corresponds to the inner part of the black hole,
which is of no interest to us.

The transformation R — u'7R applied to (3.11)
transforms it into another hypergeometric equation but
induces a  parameter transformation (a,f,y) —
(a=y+1,p—y+1,2—y). Therefore, in general, the
function

gp=u""Fla—y+1,p—y+1,2—y,u), (3.14)
is also a solution of (3.11). Nevertheless, when y = 1, as in
our case, this solution is equivalent to f,, and gives no new
information. In these particular cases, a new solution is
obtained by postulating a series of the form

G = Falogu+> e, (3.15)
n=0

with ¢, constant coefficients to be determined. By inserting
this into (3.11), the following recurrence for c, is obtained,

(af—a=p)(a), (), _

ri(r+1)! 0

(r+ l)zcr_ r(a+ﬂ+ l)cr+1 +

(3.16)

which, when solved explicitly, gives the following solution,

a —a
( n)m( n)m un1San’

9o = oF (@, =y Lu) logu + ) -
—  (m!)

(3.17)
with
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K1 1 2

Spm = - . 3.18
o ;<k+an+k—an k+1) (3.18)

Alternatively, this second solution may be though as the limit [29]
g = limul‘yzFl(a— y+1LB—y+1,2—y,u)—,F,(a.pB,v,u) ‘ (3.19)

y—1 Y — 1

An important property of the hypergeometric functions is the following [27],
/ ap

2F1(a7ﬁ,%u):72F1(a+1,ﬂ+1,y+1,u), (3.20)

which express its derivatives in terms of other hypergeometric functions. From this property and the definition (3.12)—(3.17)

for f, and g,, it follows that

Ofn  2a2u’?

or =, 2h@t e+ 120, (3.21)
0 2
99 _ _ 2 532 {u"2F1 (ap, —a,, 1,u) —log(u)a2, F (1 + a,, 1 —a,,2,u)
or r,
. (an)m<_an)m m—1
+ ;Wmu Suml|- (3.22)
I
In deriving this formula, the definition u = r7r=2 was taken d 1
into account. These formulas will be useful when evalu- Egn ~ r — oo. (3.29)

ating the electrostatic field of the charge ¢ as derivatives of
the potential A,.

The behavior of the solutions when r > r, (which
corresponds to u — 0) is directly inferred from their
definition, and the result is

u—0,

o= 1L (3.23)

g ~log(u) - —o0, u—0. (3.24)
The behavior of their derivatives for large r > r, is inferred

by taking into account the following elementary limits:

lin(l)F(an, —a,, Lu) =1, (3.25)
lirr(l) log(u)u" =0, V n>0, (3.26)
limF(a, + 1,-a, +1,2,u) < o, (3.27)

u—0

where the last limit follows from the fact that any hyper-
geometric function is convergent at u = 0. These limits,
together with (3.21)—(3.22), show that

d 1

—fu~—=, 3.28
S fu~s (328)

Thus, none of the derivatives of the solutions is divergent at
the asymptotic region. Note that this behavior is in contrast
with ordinary electrodynamics in R? or R, where there
always exists a solution whose electrostatic field is diver-
gent at the asymptotic region and is discarded in physical
problems. This fact will play a crucial role in our analysis.

Consider now the behavior near the horizon r — r;, or
u — 1. Both solutions (3.12) and (3.17) are finite for |u| =
1 since

1
(1 - an>r(1 + an) ’

> (an)m(_an>m
g, — Z()Wsn’m < 00,

F —a,,1,1) =
fn_)Z 1((1", Ay 1, ) r

(3.30)

and the second inequality follows from the d’ Alembertian
criteria for the series. More specifically, the function §,, ,
defined in (3.18) can be approximated by an integral whose
result is

2 2
—ay

m
S, ~log——" _log(—a?),
n,m Og (m + 1)2 Og( an)

and remembering that «,, is purely imaginary, it follows that
Sp.m < oo for all m. Therefore, (3.30) is
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> (an) (_an) > (an) (_an)
n Msnm < Szn%c \NTnJm\  n/m
ol =] 2 G S| <[ 2 G
= |SmaF (. —a,. 1,1)] < oo, (3.31)

where in the last step (3.25) and the definition (3.12) have
been taken into account. This shows that (3.30) holds. The
derivatives f, with respect to r involve functions of the
form ,F (1 + a,. 1 — a,, 2, u), which do not satisfy (3.13).
This means that % [ 1s divergent in the horizon u = 1. The
analysis for % g, 1s more involved. The first term (3.22) is
convergent. The second is also convergent, but the third is
divergent. Thus, the final result is that

d—fn — o0, r—ry, (3.32)

r

d

Z7n = = r,. (3.33)
;

It is not easy to work with functions with this divergent
behavior. Fortunately, there exists a linear combination
af, + pg, of both solutions whose derivative is convergent
at |u| = 1. This combination can be found by considering
the set of solutions centered at the horizon u = 1.

C. Solutions centered around the horizon

As was mentioned above, Eq. (3.11) has three regular
singular points. The solutions (f,,, g,,) found in the previous
section are centered around the regular singular point
u = 0, which corresponds to the asymptotic region and
are convergent in the interval 0 < |u| < 1. Consider now a
set of solutions (4, k,) centered around the regular singular
point u = 1. These solutions will be convergent, as will be
shown below, in the interval 0 < u < 2, in particular for
r, < r < oo. This means that in the overlapping region
0 < u < 1,whichis r, < r < oo, both sets (f,, g,) and (h,,,
k,) constitute a basis of solutions; therefore, there should
exist a relation of the form

h, = af, + bg,, (3.34)

kn = Cfn + dgm (335)

valid in the overlapping region, with a, b, ¢, d as constant
coefficients. These coefficients can be found by evaluating
these equalities and their first derivatives in an arbitrary
point ry inside the overlapping region, and the result is

Wl 0,)(n)
W(fn’ gn)(rO) '

c = W(knv gn)(rO)
W(fnv gn)(rO) '

b= W(hmfn)(rO)
W(fmgn)(rﬂ) '

d = W(knv fn)(rO)
W(fm gn)(rO) '

(3.36)

(3.37)
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Here W(f.g) = g(r)0,.f(r) — f(r)0,g(r) is the Wronskian
of the two functions f, and g,. Naturally, the value of
a,b,c,d does not depend on the choice of r.

A method for finding the solutions (hk,,k,) is the
following. Consider the change of variables s =1 — u.
Equation (3.11) in this variable takes the form

2

s(1=$)R"(s) + sR'(s) - ;LMR(S) —0.

(3.38)
Clearly, the solutions of (3.11) around # = 1 correspond to
solutions of (3.38) around s = 0. Equation (3.38) is a
hypergeometric one with parameters

Its solutions are given by

h,(r) =s,F,(1 +a, 1-a,2,s), (3.39)

k,(r) =sn(s),F,(1+a, 1—-a,?2.s)

(14 a,),(I—a,), .= 1
+smzl( +(2§m§m!) ) s S,,,m—a—%, (3.40)

where a,, is the same as before and

2
;
s:l—uzl——g.
r

(3.41)

Note that none of the solutions (3.39)—(3.40) are simply
hypergeometric functions. This happens for some special
choice of parameters, such as in our case. In addition,

m—1
~ 1 1 1 1
Spm = - -
e ;(k+1+an+k+1—an k+1 k+2>

— U/(m+ 1 —l—(ln) —W(l +(Z,1)
Fyn+ 1)~y - a) ~yin +2)
+y(2)—w(m+1)+w(l)

has been introduced, with y(a) the digamma function. This
new variable change maps the exterior region of the black
hole to 0 < s < 1. The line s = 0 corresponding to the
event horizon and s = 1 corresponds to the asymptotic
region.

The derivatives with respect to r are given by

dih” _ 3(1 - 5)3/2[fn(s) + Sf‘:nl(s)]

42
r ry (3 )
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d 2 5 o1
Sk, = (1—5)3? [(1 +Ins)F,(s) +snsF,/(s)
dr T

> (1 +an)m(1 _an)m
1)s™S ,

(3.43)

where the following notation has been introduced for
simplicity:

e
=
—

5}
~—r

Il

=,F(1+a,l—-a,2s), (3.44)

(1-az)

Fi2+a,,2-a,3,s). (3.45)

The behavior far from the horizon r > r;, or s — 1 is not
easily seen from (3.39)-(3.40) or (3.42)—(3.43). For in-
stance, factor (1— )32 in (3.42)- goes to zero at the
infinite but the combination inside the parentheses is
divergent, so there is a 0.co ambiguity. But the result of
this limit can be inferred from (3.34)—(3.35), since &, and
k,, are linear combinations of the functions f, or g,, which
are centered at the infinite. Since g, ~ —log(r) is divergent
at the infinite it follows that

(3.46)

h,, ~log(r) = oo, r — oo,

k, ~log(r) - oo, r— 0. (3.47)
The behavior from the derivatives follows from (3.28)—
(3.29), since k,, and h,, are linear combinations of f, and g,
and the last two have finite derivatives at the asymptotic

region. From this simple fact it follows that

d

1
Ehn ~ ; g O, r — o0, (348)
d 1

On the other hand, the behavior of the new solutions (3.39)
and (3.40) at the horizon s — 0 is directly seen from its
definitions. It is given by

h, ~sF(s) > 0, s—0 (3.50)
1 1
k, — slog(s)F(s) —— — ——., s—>0. (3.51)
a;, a;
The behavior of their derivatives is
d 2 2
—h, ~—(F F — .52
T (FO4sF©) > = 50 (352
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d 2
d_k” ~—[(1+1logs)F(s) + slogsF'(s) + s] > —o0,
r ry

s — 0. (3.53)

Therefore, we have reached our goal, namely, to find a basis
for which one of the eigenfunctions behave regularly at the
horizon. It will be more convenient for our purposes to
work with solutions satisfying (3.50)—(3.49) than using the
ones satisfying (3.23)—(3.33). For this reason the following
calculations will be referred to the set constituted by £,
and k,,.

D. The unphysical solutions

After elucidating the behavior of the solutions of
Eq. (3.5) for the potential A,, the next step is to discuss
the boundary conditions for the electrostatic problem. The
particularities of the BTZ geometry discussed in the
previous sections make the analysis different than in
ordinary electrostatic in flat spaces since the geometry is
not asymptotically flat. In addition, the behavior of the
distance d(r, r + 1) given in (2.15) does not hold in a flat
geometry. As a consequence of this behavior, when the
usual boundary conditions of the electrostatics in flat space
are applied to this case, the electric field is not uniquely
defined. This is an artifact which suggests that the new
types of boundary conditions should be considered for the
nonasymptotically flat geometry.

The problems described above can be illustrated with an
heuristic argument as follows. Consider a perfect dipole in
flat space R®, constituted by two charges g and —g
separated by a distance d. An elementary result in the
electrostatic states is that the dipolar momenta p of such a
configuration is independent of the origin O of the
coordinates. Thus, this dipolar moment is the same near
the origin or far away from it. This situation is radically
different in the BTZ geometry. As was discussed in (2.15),
the distance d(r) between two points lying on a circle of
radius r and r 4+ 1 and on the same line 6 = 6, tends to zero
when r — oco. Consider now two charges g and —¢g located
at these points. If these charges are translated simulta-
neously in the radial direction to r — o0, since their mutual
distance is d(r) — 0, these charges become superposed on
one another. It may then seem plausible that all the
multipolar momenta tend to zero in this limit. The same
reasoning holds for radially directed finite charged lines
with total charge equal to zero.

The discussion given above suggests that one can send to
the asymptotic region any finite number of radially directed
neutral configurations, which will seem to disappear at the
infinite. But if an arbitrary number of configurations is sent,
then the result is ambiguous, since the resulting multipoles
are an indetermination of the form 0.co.
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These facts can be visualized by considering the multi-
pole expansion of these radially directed neutral configu-
rations. This expansion is expected to be of the form

M] . (x)o" (x,x)...00 (x,x)

A(x,x") = Z ey

where ¢'(x,x’) is a function which reduces to the usual
difference ¢’ = (x —x’)" in a flat space. In addition,
M; i (x) are by definition multipolar momenta, and n;

. (3.54)

o"i(x,x)

are positive numbers, whose explicit value is of no
importance in this discussion. This is the essence of the
Synge calculus [31], to be discussed in detail in the next
sections. Here x is some characteristic point of the charged
body and x’ is the observation point. The sum starts at j = 1
since the zero multipole, which is the total charge, is
assumed to be zero.

Now, if the expansion (3.54) is applied to the BTZ case, one
encounters the following ambiguity. When a neutral radially
directed configuration whose center is at r is sent to the
asymptotic region, then r, takes large values and the
denominator tends to zero in a small neighborhood. This
follows from the fact that ¢“(rq,7) - O when r — oo,
ro — oo such that » — ry < o0. On the other hand, when
ro — oo, the size of the system tends to zero, which follows
from the behavior of d(r) in a BTZ geometry. It is plausible

then that the multipoles M{] -

this affirmation is to be taken with care. For instance, one can
consider a dipole composed by two charges ¢ and —¢g, which
is sent to the asymptotic region while adding opposite charges
at increasing positions in such a way that when the dipole is
centered at r, the charges are g(r) and —¢g(r), with g(r) an
arbitrary function of r. This function may be fixed to give a

;. are also zero in this limit, but
“t

N

nonzero value for the multipoles M {1 iy at the infinite. In any

case, if the multipoles are zero, then there is an indetermi-
nation of the form 0.0 for the potential (3.54). If instead the
multipoles are finite or even infinite, then a divergence located
at the infinite appears, which may give as a result a finite
remanent electric field at finite r values. These arguments are,
of course, heuristic but suggest that the appropriate boundary
conditions are not as straightforward as in the flat case.

The problems discussed in the previous paragraphs are
reflected in the calculations as follows. The separation of
variables for A, shows that the general electrostatic poten-
tial outside the source in a nonrotating BTZ black hole
admits an expansion of the form

Ar.0) =3 exp(ind) (A,hy(r) + B,y (1)

n=1

+ alog(r) + p. (3.55)

Generally, one expects the electric field E; to vanish
asymptotically and to be finite at the horizon. This field
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is obtained by taking derivatives of A,. More precisely, one
expects the invariant

Fﬂl/FﬂD = _(arAt)2 Y

W (DA, )?

(3.56)

to vanish at the infinite and to be finite at the horizon.
Consider the simplest configuration first, namely, the one
without charges. In this case, B,, should be zero since the
derivatives of k,(r) are infinite at the horizon by (3.53).
Thus, if B, were not zero, then the first term in (3.56)
would be divergent. On the other hand, the derivatives of
h,(r) are well behaved at both the horizon and the
asymptotic region. Nevertheless, its value is divergent at
the infinite and since the derivative dyA, contains terms
proportional to h,, it follows that 0yA, > oo at the
asymptotic region. But this derivative is divided in
(3.56) by a factor which diverges when r — oo faster than
h,(r). In fact, from (3.46) it follows that

1 1
——————(0pA,)* ~—log*(r) = 0,
gy O ~ g )

So the invariant tends to zero at the infinite and, thus, the
electric field. The other term to be careful with is the
denominator in the second term in (3.56), which gives a
potential divergence at the horizon. But taking into account
(3.50), it follows that

r — 0.

(3.57)

1 1
m (0pA()* ~ (E) s°F2(s) = 0, r = ry.

(3.58)

Thus, the presence of £, is not dangerous at the horizon
either. The Gauss law fixes a = 0. Therefore, it is con-
cluded that in the absence of charges, the most general
potential is

A,(r,0) = zoo:A,, exp(in0)h,(r), (3.59)
n=1

with A, the arbitrary coefficients.

At first sight, this result may lead to the awkward
conclusion that there exists an electric field, corresponding
to (3.59), in the absence of a charge. The interpretation to
be adopted in this work is that this conclusion is not true;
instead, the solution (3.59) is unphysical and corresponds
to the electrostatic potential of “configurations in the
infinite” of the type mentioned above. These configurations
are characteristic in a BTZ geometry due to the pathological
behavior of the radial distance d(r,r+ 1) explained in
(2.15). Therefore, in an electrostatic problem in BTZ
geometry, our criteria for discarding solutions will not
be the request that the radial solutions go to zero at the
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infinite, which is customary in ordinary electrodynamics in
flat space. The task of determining appropriate boundary
conditions is described in the next section.

IV. ELECTROSTATIC FIELD OF BTZ BLACK
HOLE AND WORMHOLE

Having derived the eigenfunctions of the electrostatic
problem in the BTZ geometry, the next step is the
calculation of the electrostatic potential of a point charge
q in front of the BTZ black hole and wormhole. The static
charge is located at the position rg > r,, 6 =0. Its
electrostatic potential can be expressed as

Al(r,0) = fjlexpone)(Anhn(r) Bk (1)
_T__a log(r) + B, (4.1)
All(r,0) Zexp in®)(C,hy,(r) + D, k,(r))
-T-_; log(r) + 6. (4.2)

The potential A/ is the one in the region between the charge
position 7, and the horizon r;,, and the A/’ corresponds to
the region between r, and the asymptotic boundary. In the
first region, B, = 0 should be imposed; this is due to the
fact that the derivatives of k,(r) and the invariant (3.56)
would not be bounded at the horizon. For the second
region, the discussion below (3.59) suggests that if the
coefficients C,, multiplying %, (r) are nonvanishing, then
the nontrivial charge configurations at the infinite are
turned on. This leads us to the following:

First type of boundary conditions: In order to avoid the
residual electric field above, one may impose that C,, = 0
in the region between the charge and the asymptotic
boundary. Note that if this boundary condition is imposed,
then (3.59) is automatically zero. This is expected by
intuition namely, it implies the absence of electric field in
absence of charges. The resulting potential for the charge
now has the form

Al(r,0) Zexp in@)A,h,(r) + alog(r) + p, (4.3)

All(r,0) Zexp in)D,k,(r) + ylog(r) + 5. (4.4)

However, there is some unpleasant detail concerning this
choice of boundary conditions. First, it is not the only type
of condition that insures a vanishing electric field in the
absence of charges. One may add to (4.3)—(4.4) a solution
of the homogeneous Maxwell equation with the form
(3.59) and with the coefficients A, proportional to the
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charge ¢, which will vanish when ¢ — 0. This shows that
there is an ambiguity for the choice of the boundary
conditions.

Second type of boundary conditions: There exists a
unique privileged type of boundary condition, which is
seen as follows. The derivative of the functions k,(r), as
shown in (3.49), decays as 1/r at the asymptotic region.
Instead, the derivatives of f,(r), as seen by (3.28), decay as
1/r3. In view of this, it may look strange that the
asymptotic behavior of (4.4) goes like 1/r and not like
1/73. In other words, it may be reasonable to expect that,
for a localized system of charges, the potential decays as
fast as possible at the asymptotic region. This is, of course,
what happens in an ordinary problem in electrostatics. And
the boundary conditions imposing C,, = 0 and leading to
the solution (4.3)—(4.4) do not respect this behavior.
Therefore, one may consider the possibility of working
with the base (h,,, f,,) instead of (h,, k,). In these terms the
electrostatic potential in the absence of charges is

All(r,0) Zexp in@)(a,h,(r) + p.f.(r))

+ylog(r) + 6. (4.5)
The requirement for fast decay at the asymptotic implies
a, = a = 0; otherwise, the derivative of the potential
would decay as 1/r instead of as 1/r°. The regularity at
the horizon requires 3, = 0 since the derivatives of f,(r)
are not bounded at the horizon. Thus, these boundary
conditions give a constant potential § and no electric field in
the absence of charges.

It should be remarked that there are many boundary
conditions giving no electric field when no charges are
present, but only the second type gives a decay of the form
1/r3. This follows since the radial function f,(r) is the
unique between the four f,(r), g,(r), h,(r), and k,(r)
which this fast decay and therefore, the addition of other of
these functions in the region II will spoil this behavior. In
any case, it may be instructive to consider both types of
conditions separately, and this will be done in the following
subsection.

A. The black hole electrostatics for the first type
of boundary condition

Consider the conditions requiring C,, = 0 first. We call
these the “wrong” conditions since they are nonunique,
although this name will be justified better when studying
the charge self-force. The matching conditions for the
coefficients A,, and D,, are the request of continuity of the
potential and the request of discontinuity of the electric
field when crossing the surface ry along the radial line
where the charge is located. These conditions are translated
into the following linear equations for the unknown
coefficients:
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Anhn(r0> = ann(rO)’
- an;(r()) = g’
o

p = —qlog(ry) + 6.

AnhZ(FO)
Yy =—9, a = 0’

The constant o can be fixed to zero without losing general-
ity. The solution of this system is

A = an(l"()) _ th(ro)
"oroWa(r) " rgWa(r)’

with
W(ro) = ky(ro)hy(ro) = ku(ro)ha(ro) — (4.6)

the Wronskian of the two solutions k, and /%, at the charge
radial position ry. Therefore, the electrostatic potential is
given by

Al(r,0) = —qlog(ry) ;quW exp(in&),
(4.7)

g ah(ra(r)

Al (r,0) = —qlog(r +,,Z_; PRUAEN exp(ind).
(4.8)

The Wronskian (4.6) can be calculated as follows. Consider
two arbitrary linearly independent solutions y! and y2 of
the hypergeometric equation

n*y,(u)
AM

u(l = w)yy (u) + (1 = u)y;(u) - =0.

By multiplying the equation for y) by y2 and by doing the
opposite procedure for the equation for y2 and thensubtract-
ing the resulting terms, the following equation if obtained:

uW'(u) + W(u) = 0,
for the Wronskian
W(u) = yhy? = yily2.

If the Wronskian W(v) at a point v is known, then the
solution of the last equation is

The Wronskian just considered is referred to derivatives in u.
The Wronskian W(r) referred to derivatives of r is obtained

by multiplying W by «/(r), and the result is

PHYSICAL REVIEW D 92, 085042 (2015)

W(r) = —r/Wr(r/) ,

(4.9)

with # an arbitrary fixed point. Therefore, once the
Wronksian at a given point 7 is known, its values at a
generic point r are determined by the last formula. For the
case in consideration, it is convenient to calculate W (h,,, k,,)
at r;,, which corresponds to s = 0. The value follows directly
from (3.50)—(3.53), and the result is

(4.10)

Taking into account the definition of the hypergeometric
function

Z a)n

n=

Fi(a.piy:s)

it is concluded that

Fl(a’ﬂ;%o) =1

By this and (3.44), the Wronskian (4.10) takes the following
form:

W, (r) = (4.11)

In these terms, (4.7)—(4.8) become

) 2
I 0) — qnk(ro)ha(r) .
Al(r,0) = —glog(ry) + Y " —"=Fexp(in0).

n=1

(4.12)

®_ gn’h,(ry)k,(r .
All(r,0) = —qlog(r) + Z%exp(zn&).
n=1

(4.13)

This is the electrostatic potential corresponding to the first
type of boundary conditions.

B. The black hole electrostatics for the second type
of boundary conditions

The second boundary conditions, which will be called of
“right” type state that the region II should be described in
terms of the fast decaying radial functions f,(r), while the
region I should be described by A,,(r), which are regular at
the horizon. The electrostatic potential satisfying this
requirement is generically

Al(r,0) Zexp in0)A,h,(r) + alog(r) + . (4.14)
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All(r,0) =

Zexp (in®)D, f,(r) + ylog(r) + 6.

PHYSICAL REVIEW D 92, 085042 (2015)

(4.15)

The analysis of the boundary conditions at the charge position r, is completely analogous to the one performed in the

previous section. For the case M = 1, the Wronskian constructed in terms of (A,

((r). fu(r)) is given by

roW, (I‘ 0) =
The electrostatic potential in this case is

Al(r,0) = —qlog(ry +%ZF

S
I
/—\

Al(r,0) = —qlog(r) + ;IZFO +

This is the unique potential with the right discontinuity at
the charge position, the right behavior at the horizon, and
the fastest decaying conditions.

C. The wormbhole electrostatic field

In order to find the electrostatic potential of a charge in
front of a BTZ wormbhole, it is convenient to divide the
spacetime in the following three regions:

regionl: r_ <rg,
regionll: r, <r, <r,

regionlll: r, < ry.
Here r, indicates the throat position. The electrostatic
solution in any of these regions is of the form

A=~ glog(r) + > (Auhn()+ Bk (7)) expln(0—00)].
n=1
AL =—glog(ry) + > (Cyh(r)+ Dok (1) expla(66y)),

n=1

AL =—glog(ro) +> " (Exha(7) + Foer () expln(0-60).

(4.18)

The coefficients A,, ..., F, are given by the boundary
conditions of the problem, which are the following:
(1) The potential is continuous in r, = r,
Al(ry > rf)

=A"(r, - rp). (4.19)

L(1+2ra1-o)-

>r<1 - %) Fu(ro)hn(r) exp(ind), (4.16)
;>r<1 - ’;) Iy (ro) fn (r) exp(ind). (4.17)
I
(2) The potential is continuous in r_ =r, =r,
All(ry, > rf) =Al(r_ - ry). (4.20)
(3) The continuity of the field in r_ =r, =r,
0, Al(ry = rf)=—-0, Al(r_ > ry). (421)

(4) The discontinuity of the electric field in v = ry

0, A”I(r+ - ro)

2
= - T50-0,).
o

9, Al (r,. = ry)

(4.22)

(5) The correct asymptotic behavior in M_ and M_.
The last condition is related to the two boundary conditions
discussed in the previous section for the black hole case.
For the first type of boundary condition,

B,=F,=0. (4.23)

The other four conditions imply that

Anhn(ro) = Cnhn(r0> + ann<r0)’
Al (ro) = Cult (o) + Dk (ro) + L
o
Enhn(rg> = Cnhn(rg) + ann(rg)’
_Enhiz(rg) = Cnh:z(rg) + an/n(rg)'

This is a system of four equations with four undetermined,
whose solution gives
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qhn(rO)

Wa(rg) + 2hy(ry)ki(ry)

PHYSICAL REVIEW D 92, 085042 (2015)

gk, (ro)
A — _glog(r Q;{ 2l

2r0hn(rg)h;1(rg)

” h(r)expln(6—6,)].  (4.24)

Wn(r())

Attention will be paid only to the potential in the third region since it is the one to be used for calculating the charge self-

force. It can be decomposed further as

1 & (r

with A?" the potential corresponding to the black hole solution (4.12)—(4.13).
For the second type of boundary condition, the resulting potential is

1
A{II :Ag;h _EZ[

where now A" is the potential corresponding to the black
hole solution (4.16)—(4.17). The remaining sum is due to
the effect of the throat at r;, which deforms the electric field
lines. This shows that both geometries, which are locally
the same, can be distinguished by electrostatic effects.

V. COINCIDENT POINTS LIMITS AND TAYLOR-
LIKE EXPANSIONS IN CURVED SPACETIMES

The electrostatic potential A, for the static charge ¢ in
any geometry is singular at the position where the charge is
located. In a flat space, this charge does not experience any
self-force; this is clear due to the rotational symmetry of the
electrostatic field. In a curved space, this argument is not
true, since the nontrivial curvature of the geometry deforms
the electric lines and gives a net force on the charge. A
seminal work about electrostatics in curved space is the one
of Haddamard [32], who started a program for calculating
the singular part for A, in static geometries.

The electrostatic vector potential A,(x, x') is an example
of a bivector since it depends on two arguments, the
position of the charge x and the position of the observer
x'. The self-force on the charge is determined by the
behavior of A,(x,x’) in an infinitesimal neighborhood
of x, and the analogous of a Taylor expansion in a curved
space plays an important role in determining this behavior.
In the present section the main properties of these expan-
sions are described, which require Synge calculus [31].
References [17,19,20,32—-37] are more detailed and contain
more information. Nevertheless, a concise but self-
contained description of the Synge calculus is given in
the following subsections.

A. The Synge world function and its main properties

Our task is to calculate the self-force of a static charge in
front of a BTZ black hole. This requires us to calculate its
electrostatic field E and to subtract the part that is divergent

i (2

” ;174(2222)(%)] ha(r) exp[n(0 = 6o)], (4.25)
- %) %} ha(r) exp[n(6 - 6y)], (4.26)

|
at the position of the charge. There are several methods to
extract this singular part. The one to be implemented here,
which is better adapted to static geometries, has as a basic
ingredients the parallel propagator bitensor gg(x,x’ ) and
the Synge world function o(x,x’) [31]. To define them,
consider a spacetime (g, M) and choose an einbein basis ¢
for the metric g such that
g;w(x) = nabez(x>ezl/7(x>‘

There is an SO(n — 1, 1) freedom for choosing this basis,
since SO(n — 1, 1) rotations R} induce new one-forms,

e/a (.Xf)

which are still an einbein for the metric g,,. In particular,
since always Vg,, = 0 one may choose an einbein e“(x) at
x such that for any x’ lying in the injectivity radius of x, it is
parallel transported along the unique geodesic y joining the
two points.

Now given a vector field A, (x) defined at TM, one can
express it in the basis e“(x) as

Au(x) =

If this vector is parallel transported to x” along y, then its
components at that point are

A, (x)

and it follows that

= RieP(x),

Ageq(x).

= Aaez (xl)’

A, (¥) = gu(x.x")A, (x)
with

(5.1)
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The object (5.1) then relates the components of the vector
field A, at x and x'. This object is by definition the parallel
transport bitensor of the geometry.

Let us turn our attention to the Synge world function
o(x, x"). This function is defined as half of the square of the
geodesic distance d(x,x") between x and x':

(5.2)

This distance d(x, x") can be represented in integral form as

d(x,x') = /)l \/ Gapxxbd, x(0) = x, x(1) =4/,
(5.3)
with x¢ satisfying the geodesic equation
%V, ixb = 0. (5.4)
The bivector,
n, = V,d(x,x'), ng = Vyd(x,x'), (5.3)

constructed by taking derivatives of the distance d(x,x’)
with respect to the initial or final point x or x’ has unit
length. This can be seen explicitly by calculating the
variation of the distance,

6d = d(x + 6x,x") —d(x,x'),
with dx subject to the boundary conditions
5x(0) = bxg, 6x(1) = 0.

Now the integral (5.3) represents the distance d(x, x’) as an
action with Lagrangian

£ = \Jguitit,

and the standard Hamilton-Jacobi theory implies that the
last variation is

(5.6)

&d = n,6x“, (5.7)

with n, the momentum corresponding to the coordinate x,,
calculated with the Lagrangian (5.6), which is given by

_ oL _ gab<x)jcb

T Ok Jggriid

n .
“ 0x,
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Clearly, this is the bivector (5.5) and it follows from the last
expression that

gnn, =1, (5.8)

which proves that n, has unit length, as stated. In addition,

ng(x,x") = -g% (x, x")ng(x, x'), (5.9)

which follows from the definition of the parallel transport
bitensor. Furthermore, the norm g,,x*x” is constant along a
geodesic y, which follows from the Levi-Civita condition
V.94, = 0 together with the geodesic equation (5.4). This
implies that the Synge function can be expressed in integral

form as

1 /1
o(x,x') = 5/ JapX?xbda, x(0) = x, x(1) =«
0

(5.10)

and their derivatives ¢, = V, o also satisfy some useful
identities analogous to (5.8). One of them is

e 6, = ¢V6,06, =0 5.11
g a®b g aPb )

whose proof follows directly from the action representation
(5.10) and the Hamilton-Jacobi theory. Note that for the flat
metric ¢ = 7% (x — x') ,(x — x'),, and the identity, (5.11) is
immediate. In addition the following relation takes place

g2 (x,x)o(x,x') = =% (x, %), (5.12)

which is the analogous of (5.9). In the following the
notation o; ; = V;...V,o will be employed. With this
notation the formula (5.11) can be differentiated with
respect to the coordinate x, giving

=07, (5.13)

At this point it is convenient to introduce more formally the
definition of a bitensor, since this is a notion to be used
recurrently in the following.

B. Taylor expansions of bitensors
Consider an arbitrary manifold M and choose two of its

points xyx’. A bitensor Tﬂ:m/fk/i, B

ooty 152 linear application

of the form

T:TM,x - XTM X TMy X -+ X TMy X TMy X -+ - X TMy x TM, X --- X TM, - C,
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with TM, the tangent space at the point p and TM), its
dual. In particular, n = [ = 0 corresponds to a tensor m
times covariant and k times contravariant. A bitensor field

is a rule that assigns to the pair of points (x,x") € M x M
the bitensor Tz""ﬂ PPy (x,x'). Such objets can be differ-
T A
entiated with respect to x or x'. The
VT 1By B
a

a...a,d) ..o

derivative
, is obtained by considering x’ frozen and
taking its covariant derivative by pretending that it is an m
times covariant and k times contravariant tensor. As a
simple example, consider the object o(x,x’), which is a
biscalar. The covariant derivative o, (x, x’) is a bivector and
by taking successive derivatives one can construct a
bitensor of arbitrary order.

When the points of a generic bitensor of rank two
Typ(x,x') are close enough, one may make a Taylor-like
expansion of the form

Ta'ﬁ’ (xv x,> = Aa'ﬂ’ (x/) + Aa'ﬂ'}” (x’)O'V, <x7 x/)
+ Agpyy(X)o? (x.x)0% (x,x') + O(€%).
(5.14)

with e a characteristic value of ¢ and A (X) the
ordinary tensors defined at x’. This is analogous to an
ordinary Taylor expansion in a flat space. Assuming that
Ty p(x,x") is known, the task is to calculate the coefficients
A; i (') of (5.14). This requires the analysis of the
coincident points limit in (5.14) and all its derivatives
[31,36]. Given an arbitrary bitensor U(x,x’) this limit is
defined by the formula

[U](x") = imU(x, x').

x—x'

In these terms it follows directly that the first coefficient of
the expansion (5.14) is simply

Aa/ﬁ/(x/) = [Ta/ﬁ/]' (515)
The calculation of the higher-order terms A; ; in (5.14)
requires the knowledge of the coincident point limits of the
covariant derivatives o; _; . These limits can be calculated
as follows. First, it is true that

o] =0 (5.16)

since the distance between two points when x — x’ goes to
zero. This condition together with (5.11) implies that
[64] = 0. (5.17)

Besides, one has
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[Ga’/}] = [Urz[)”} = _ga/}(x/)'
(5.18)

[Gaﬁ] = [0(1’/1’] = ga/f(x/)’

The last relations are intuitive by considering the flat case
and can be established by use of the last two formulas
together with (5.13). Now, in order to calculate the other
higher-order coincident limits, it is convenient to take two
covariant derivatives in (5.11) to obtain

Cupy = 0'2/}]/05 + O'Z/,a,;y + 65,055 + 05055, (5.19)
Taking into account (5.16)—(5.18), it follows that
[6apy] = (005195 (x') + 01955 (') + [05,167.  (5.20)
from which it is obtained that
6,08 + [6p0y] = 0. (5.21)

Also, since o is a biscalar, it follows that 6,3 = 64,. By use
of this and the Ricci identity, it follows that

Z[Gaﬂy] = Rgﬂy(x/) [05].

This, together with (5.17), shows that

[00,] = 0. (5.22)
Analogously, it can be shown that
[6(1/3;//] = [Ga /},/] = [Ga//}/yl] = 0 (523)

To proceed further requires us to take the covariant
derivative of (5.19) to obtain

€

_ e
Oapys = OapysCe + Oupy

€ € €
5+ CopsOer + OoysOcp + OopOers

+ Gzyo-eﬂ(s + 6;565[)’7 + 0266[),)/(3' (5 24)
The limit of the coincident points in (5.24) shows that
[Gaﬁyé] =+ [Gaéﬂy] + [Gayéﬁ] =0. (525)

The last expression can be worked further by taking the
derivative of the Ricci identity,

— S
Oapy = Oaypp — Ra/}yaﬁ )

with respect to x¢ and taking the coincident point limit. The
result is

[Gaﬁyé] = [Gayﬁé] + Ra’é’y’ﬁ’.

Besides, the Ricci identity implies that

_ _ pe _ pe
Oupys = Oapsy — RaysOep — Rjy50ea,
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and this, together with the symmetry properties of the
curvature tensor, gives

[O-a/a’yﬁ] = [O-aﬂéy] .

In these terms it follows that (5.25) leads to

1
[0-(1/)’;/5} == g (Ra’y’/)"é’ + Ra’é’/)”y')' (526)
In an analogous way, the following identities,
1

[G;aﬂyé’} = 3 (Ra’y’ﬁ’é’ + Ra’&’ﬂ’y’)’ (527)
1

[G;aﬂy’ﬁ’] == g (Ra’y’ﬁ’é’ + Ra’&’/}’y')’ (528)
1

[O-;G/)"}//ﬁ/] = —g(Ra/y//}v(s/ + Ra/ts/ﬂ/yl)’ (529)
1

[6;(1’/)”;/’5’] = - g (Ra’y’/;”é’ + Ra’ﬁ’ﬁ’y')’ (530)

can be proven.

Once the limits (5.16)—(5.30) are known, the coefficients
A;, i, (x') of (5.14) can be calculated to the third order. The
coincident point limit in (5.14) and (5.16)—(5.30) give the
following recurrence formula:

Aa/ﬂ/ - [Tajﬂ/}’ (531)

Aa’/}’y’ = [Ta//)”;y’] - Aa//,v/; ’y (532)

Aa’ﬁ’y’é’ = [To/ﬁ’;y’&’] _Ao/ﬁ’;y’é’ _Aa/ﬁ’y/;é’ _Aa/ﬁ’é’;y’-
(5.33)

If T4 is known, these formulas allow us to determine the
expansion coefficients up to order three.

The expansion (5.31)—(5.33) is valid for a bitensor with
indices referred to the point x’. Consider now the expansion
of a bitensor of the form 7 4(x, x). In this case, one can

construct an associated tensor Ta/ﬂ/ (x,x") given by

Ta’/}’(x7xl) = E/},(X, x/)Ta’/}(x’ )C/), (534)

which can be expanded by use of (5.31)-(5.33)
and (5.14) as

Ta/ﬂ = Ba/ﬂ/ —‘,— Ba’ﬁ’y’a}/ + Barﬂ/y/ﬁ/dy/dé/ + 0(63). (535)
The formula (5.34) can be inverted,
Typ(x.x') = gg (x, x’)if/,u(x, x'),

and this together with (5.35) gives
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T(l/ﬁ = gg (Bo/ﬁ/ —|— Ba//j/}/d}/ —|— Ba//}/yléldylﬁa/) —|— 0(63).
(5.36)

The evaluation of the coefficients B; ; of this expansion
requires the use of (5.16)—(5.30) and also the coincident

point limit of the parallel propagator gfi (x,x") and its
derivative. These can be calculated as follows. First of all, it
is evident from the definition that

/

93] = 5.

Besides, the parallel transport propagator can be con-
structed as g;f = e‘a’/e; with ej an einbein basis which is
parallel transported along a geodesic, which means that

es 0 = 0.
This implies that
g0 =0. (5.37)
A differentiation of the last formula gives
g;ZJfégy + g}iyag =0,

and taking the coincidence limit and using (5.16)—(5.18)
gives

95, = [g5.,] = 0. (5.38)
Further differentiation gives
o y ad v ga/ f Y 0
Ipysc®" T GpiysOe T YpiyeOs T 92;7656 o
The coincident limit of this relation is
[g(ﬁf;yé] + [g{ﬁf,éy] = O’
and the use of the Ricci identity gives
2[9?3(:;/5} +Rd gy =0,
from which it follows that
|
[QZ/;YE] - —ER/}/Y/E/. (539)
In an analogous way it can be shown that
-
[QZ/;V/(S] = —ER/}/J//(S/, (540)
1 1 o
[g;)u;y(s/] = ER/}/y/(s/, (541)
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|
[gﬁ/;yrél] = ERﬂ/yrév. (542)
With the help of (5.37) and (5.42) together with (5.16) and
(5.30), the limit of coincident (5.36) can be calculated in a
straightforward manner. The result is

Bup = [Tuy: (5.43)
Bypy = Tapy] — Bapy (5.44)

Bupys = Tapys] + %BafaR;’,;y, s —Bupys
= Bupys — Bapsy (5.45)

from which the coefficients B; ; and consequently the
expansion (5.36) are determined. Finally, in the case that
Ta,,(x, x') is a tensor referred to x, one may construct the
auxiliary tensor,

T(f/)” <X7 xl) - d}/gZ;Ta/}(X, x/)’

and expand it using (5.31)—(5.33) together with (5.14) for
Taﬂ(x, x),

Ty = 93/92 (Cyp + Ca’/}'y’ff/ + Ca’/}’y’ﬁ’ay/d&,) + 0(%),

(5.46)
with
Cup = [Typl, (5.47)
Copy = [Tapy] = Capy (5.48)
1 / 1 /
Capys = Tapysl + ) CoeRy s + 2 CepRyps
= Coypys — Capys — Capsy- (5.49)

These formulas determine the expansion to order two and
can be continued to arbitrary order.

The formulas described above are valid for an arbitrary
bitensor T, (x,x'). To give a concrete example, consider
for instance T, = 0,,. The coincident point limits of this
bitensor can be calculated directly from (5.16)—(5.30). By
use of this and the recurrence (5.31)—(5.33), it follows that

1
_ . ad, b c d
Oab = Y9a 9b |:ga’b’ - gRa’c’b’d’G o

1 )
—f—ZRa/C/b/d/;e/o';c Gd Ue + 0(64):| N (550)

/ 1 N U
our =—9" |:ga’b’ + gRa'c'b/d’O’C o’ + 0(63)] (5.51)
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Ga/b’ = ga’h’ — §Ralclb/d156/0-d, —|— 0(63) (552)

and also that
a :1 a q¢ RY d 4 O(e? 5.53
G = 590 ge R yogo® + O(e?). (5.53)

2

Finally, we quote without proof the expansion for a bivector
K, (x,x'),

/ / 1 / 4
K,(x.x') =g§ |Ky — Ky 00© + EKa’;c’d’o'C o’ +0(e%)].
(5.54)

We turn now our attention to the application of these
formulas to the calculation of the singular part of the Green
function.

VI. GREEN FUNCTION FOR STATIC
GEOMETRIES IN THREE DIMENSIONS

The divergences of the electrostatic potential A, at the
position of the charge arise due to the fact that the source in
the Maxwell equations (3.1) has a Dirac delta type of
singularity. Something analogous happens when a charge is
in front of a perfect conductor, which deforms the field
lines and gives a net force on the charge. The net force is
calculated by subtracting terms in the electrostatic field
which are divergent at the charge position. The analogous
procedure for curved geometries was started by Haddamard
[32]. This technique is the one employed in our calculation
of the charge self-force in a BTZ geometry. The Taylor-like
expansions described in the previous section are specially
suited for this purpose.

A. The Haddamard ansatz
The Maxwell equations (3.1) for a static charge in a static
geometry can be written in the following form:
@V VA, — N'OA, = —21g,j'. (6.1)
Here ¢/ (x) is the spatial part of the metric and V the spatial

Levi-Civita connection, both evaluated at the observation
position x. In addition,

N, = 0,1og =3 (62)
By expressing the potential as
A =—qv _gtt(x,>G(-xv X’), (6-3)
it follows that G(x, x") satisfies the equation,
GV V.G, = N'9,G, = —225(x, ). (6.4)
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Here &(x,x’) represents the spatial Dirac delta in curved
space. It is characterized by the property that

/f(x/)é(x,x’)\/g_stS = f(x),

with f(x') an arbitrary test function defined in a neighbor-
hood of x. The Haddamard Green function G(x, x') [32] is a
solution of (6.4) which has the singularity structure
enforced by the Dirac delta source, but does not necessarily
respect the boundary conditions of the problem (such as the
behavior in the asymptotic region) [32]; see also [16]. Our
strategy will not consist in calculating the electrostatic
potential for the BTZ case by the Haddamard method since
it has been already calculated in (4.12)—(4.13). But the
Haddamard calculation will be useful to identify the
singular part of this potential. Once this singular part is
removed, the resulting renormalized potential will give
directly an expression of a possible self-force on the static
charge g. Nevertheless, it should be remarked that there
exist other regularization methods for the static self-force
such as [18] or [17], which at the present have not been
proven to coincide with this one in three dimensions. For
this reason we do not claim that the same self-force to be
calculated below is the only possible one. We will call our
self-force the “Haddamard self-force” in order to remind us
that there are other possibilities.

The spacetime dimension will be kept generically in the
following, and we denote it as d = n + 2. If this dimension
n is even, then the static solution can be expressed as

(6.5)

while when 7 is odd one has [32]

1 Uxx) 20
/ / /
G(x,x') = =1 (20) 12 + V()c,)c)log—}L + W(x,x').
(6.6)

Here x' is the position of the charge singularity. In both
cases, one has that U(x, x) = 1. The functional form for U,
V, and W depends on the spacetime in consideration. For
even n one can postulate an expansion of the form

U(x,x') = i U,(x,x')(20)",

p=0

which, when inserted into (6.4), gives the following
recurrence formula,

oc“V,—N%,+ Vo+2p—n-—

26V, = Nc, + V*c +2 nu,
2p—n+1
(n—1)

(V2= NV )U,_,. (6.7)
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For odd n instead it is postulated that

3(n=3)
U(x,x') = Z U,(x,x")(20)? (6.8)
p=0
V(x,x') = i V,(x.x')(20)7,
p=0
W(x,x') = 2‘0: W, (x,x")(20)7, (6.9)

Ji
(=)

and subtitution into (6.6) and (6.4) gives instead the
following recurrence,

(26°V, — N, + V?6 - 2)V,
1

= _mwz — NV ,)Uy,3). (6.10)
(26°V, = Nc, + V6 +2p =2)V,
_ _ﬁwz—mva)vp_l, (6.11)
together with
(206°V, — N, + V6 +2p - 2)W,
— _%(ZU“VQ - N, + Ve +4p-2)V,
Lo nevyw, . (6.12)

2p

These equations should be supplemented with (6.7), which
also applies to the odd case. The freedom in choosing the
parameter A or W(x, x') corresponds to the gauge trans-
formations in the model. In four dimensions, these type of
recurrences where already considered in [37].

B. Singular terms of the Green function
in 2 4+ 1 dimensions

The recurrence described in the previous subsection has
been analyzed in several situations, for instance in the
context of black holes in five dimensions [19].
Nevertheless, to the best of our knowledge, it was not
applied to three-dimensional cases. For this reason we
made an independent analysis by use of the Synge calculus
and the Hadamard ansatz described in the previous section.
Our analysis goes as follows. From (6.6) it is inferred that
for 241 dimensions, which corresponds to n = 1, the
biscalar U(x,x’) can be set to zero redefining W(x, x’).
Thus, the recurrence (6.12) does not play any role in this
case. Equations (6.10) for V, and (6.11) for V; are reduced
in this case to
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(26°V, — N, + V?6 —2)V; = 0. (6.13)

1
(26°V, — N, + V?6)V, = -5 (V2 = NV, )V,. (6.14)

The singular part of the Green function we are interested in
is not just the collection of terms which are divergent when
x — X', but also those whose first derivatives are divergent
in that limit since they give an infinite force. To solve (6.13)
one may postulate

/ 1 / / 1 ! / /
Vo=1+ayc* + Eaa/b/a" o + Eaa/b/c/o-” o6 4+ 0(e*),

(6.15)

with a; _; coefficients to be determined. In the following
our attention will be restricted to terms of order three since
they will contain all the singular pieces. By introducing
(6.15) into (6.13) and taking into account the identities
deduced in (5.50)—(5.53), it follows that

) =—=N,, 6.16
ar= 2N, (6.16)
1 1 1
agy = ENa’;b’ + ZNa’Nb’ +6Ra’b" (6.17)
1 3 1
aa/b/cl :_EN(a/;b/C/>_ZN(a/Nb/;l,/)_gNa,Nb,NLJ
1 1
- ZN(“'RZ’/C') - ZR(a,b,;C,>. (6.18)

In deriving this result, one has to take into account the
following result,

! / 1 / U
Na = gg Na’ - Na’;c’ac +§Na’;c'd’gc o’ + 0(63) s

(6.19)

which follows from (5.54) by identifying K, with N,.
Consider now (6.14). To solve it, it is enough to consider
the following terms:

Vi=b+byc” + O(e?). (6.20)
By introducing (6.20) into (6.14), and taking into account

(5.50)—(5.53), (6.15) and (6.16)—(6.18) the following result
1s obtained,

1 ! 1 !
b= Zag, —ZNM a,,
1 1 ! 1 / 1 / 1 /
ba/ = —EbNa/ —gaz/ +Eab/RZ, —ng ab’a/ +§Clb1N;ha/,

which, by (6.16)—(6.18) can be finally expressed as
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1 ! 1 ! 1
b=——(N% -=-N“N,+-R 6.21
8( w =5 NNy +3 ) (6.21)
b, = ! V2N, + NY N, - NY'N 1Nb’N N
ad = E a —|— ;b/ a — a’;b’ + 5 bV o
1 1
+§R/Na’ +§R€a’ . (622)

The equations (6.12) for W; are not relevant for us since
they do not contain any singularity. Therefore, from (6.13)—
(6.14) it follows that the Green function is of the form

/ ! 1 ! /
G(x,x') = {1 +2bo+ ay0” +2by0%0 + zaa/b/oa o’

1 C o x, x'
+-ay 096’ ac} logw—i— s

5 ; (6.23)

with the coefficients given by (6.16)—(6.18) and (6.21)—
(6.22). This expression is valid for any 2 + 1-dimensional
static spacetime.

The terms in this expansion whose derivatives are
divergent when x — x’ are

/
Gsing(xvx/) = <1 —i{ﬂo”’ll> ]0gM+ e

p - (6.24)
1t

and the other terms give no singularities. This formula
combined with (6.3) gives the part of the electrostatic
potential which is singular or has singular derivatives. This
is the expression we were looking for. We turn our attention
to the application of this formula for the electrostatic
problem in the BTZ geometry.

VII. ELECTROSTATIC HADDAMARD
SELF-FORCE IN BTZ GEOMETRIES

The singular terms of the Green function calculated in (7.5)
are generic for any static three-dimensional geometry. In the
present section, the Green function formalism is specialized to
the nonrotating BTZ geometry and applies to the calculation
of the electrostatic self-force of a static charge ¢ in the outer
region. The differences between the black hole and wormhole
case are a theoretical experiment for distinguishing both cases
without reaching the throat or the horizon.

In order to solve this task, it is necessary to find a
singular part of the Green function (7.5) for the nonrotating
BTZ geometry. At first sight, the formula requires the
calculation of o(x,x’) corresponding to the BTZ metric.
However, symmetry arguments show that charge self-force
is radial in the BTZ geometry. Thus, it seems reasonable to
limit oneself to the case in which x and x’ lie on the same
radial line, which can be chosen as 8 = 0 without loosing
generality. The distance corresponding to this situation was
calculated already in (2.13) for the case M =1, and it
follows that

085042-19



HERRERA et al.

r=1lcoshd(r,r;),

with d(r, r;,) the distance between the point r and the point
of the horizon r, located at the same radial line & = 0. In
fact, by introducing the coordinate s defined by

2

s = log f+ -1,

r = lcoshs, ] 2

(7.1)

the spatial BTZ metric with M = 1,

dr?

2

12

+ r2de6?,

9 =

is transformed into

g» = [>(ds* + cosh? sd6?), (7.2)

r r

1-——— | log[ =41/ -1
20(5 - 1)32 £

Gsing(r’ r/) = / l2

1 r r'?
——loe| = M
phal W Ve +

The regular or renormalized potential for the BTZ black
hole is
AL (r, 7)) =A(r, 1) - Agmg(r, r),

(7.6)

where the singular part,

r/2
Aging(r’ )"/> =—q 1_2_ leing(Va V/)a

follows from (6.3) and (7.5), and A,(r, ') is the black hole
solution (4.13) evaluated at 8 = 0, namely,

)
gn-k,(ro)h,(r
Al(r,0) = —qlog(ry) + Z#, (7.7)
n=1
for r < ry and
© 9
11 _ gn”h,(ro)k,(r)
Ay (r,0) = —qlog(r) + ;8—M (7.8)

for r > ry. The self-force for the charge ¢ is calculated by

—log
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from which it follows that the distance between two points
on the same radial line is simply

d(ry, r1) = I(s2 = 51), (7.3)
or in radial coordinates
2 r/ /2
d(r.r’) = log [ T+ [ =1 ) —1log [ L4/ =1
[ [ [ [
(7.4)

In these terms the singular part of the Green function for
two points on the same radial line & = 0 is given by

LAY L tog [ Ltog [ £+ 4/~ 1
1\ U VRN
(7.5)
[
F' = —qF)ul) = —q(e") . F{ u!
g 1
=—q g " Fpi———= _qar’Arn r ’ 7.9
V N (), (79)

with

Aren(r/) = }i_{IrI,Aren(r’ I”/).

Although the expressions found above seem to be easy to
deal with, there is a problem when limiting oneself to radial
lines. The calculation for the self-force involves taking the
coincident limit r — 7/. The complication is that the
electrostatic potential Ag, (r, ') has a singularity in this
limit, which is explicitly seen by looking at (7.5). The full
potential (7.7)—(7.8) has the same singularity with the
opposite sign and the combination (7.6) is free of singu-
larities by construction. However, one expression is given
as an infinite series and the other is a single-term ex-
pression, and this is not suitable for solving the co — co
indetermination. One approach may be to sum the series.
This can be done in four dimensions, and the resulting
potential is a simple algebraic expression [2]. Unfortu-
nately, we ignore if there exists such summation formulas
in three dimensions. Thus, a different approach should be
employed. The one to be used below is based on the
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following observation: if one is able to expand the Green
function as a Fourier series of the form

G*(x,x") = (r.r) +ZG r,r') cos(n6)
+) " Gi(r.7)sin(n), (7.10)
n=0

then both (7.10) and (4.13) can be combined into a single
nondivergent series, which can be approximated to an
arbitrary order to obtain the approximated self-force. The

|

d(xy,X,) = Icosh~ 1[
h

2 2 cosh(6, — 6,)
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symmetry argument requires us to take the limit & — 0 and
r— r in order to calculate it. However, this Fourier
expansion can be performed only if we know o(x,x’)
for points on the spacetime with arbitrary € values. This
function can be calculated explicitly for the BTZ geometry,
and the calculation is performed in Appendix A. It is
given by

1
o(r,r,0,0) = Edz(r, r,0,0)

with

SCRCR

(7.11)

An important consistency test of (7.11) is to recover the radial distance (7.3) when 6, — 6, that is, when both points lie on
the same radial line. For this, it is convenient to express (7.11) in terms of the coordinates (s, ) defined in (7.1). The result is
d(xy,x,) = [cosh™! [cosh s, cosh s, cosh(6,

— 0;) — sinh s sinh 5,]. (7.12)

From the last expression it follows that when the points are on the same radial line, then @ = 0 and the distance becomes

d(xy,x,) = [cosh™!

Thus, the radial distance (7.3) has been recovered in this
limit, as expected. Since the expression (7.11) for the
geodesic distance between two arbitrary points in the BTZ
geometry is explicit, the calculation of the singular Green
function (7.5) for the electrostatic problem is immediate.
Unfortunately, the expression that is obtained is very
complicated, and we were not able to find a closed
expression for the Fourier coefficients of the expansion.
However, there is a numerical trick that can be employed,
which will allow us to approximate the real value of the
self-force to an arbitrary order. We turn our attention to this
trick in the next section.

A. Fourier expansion of the singular Green function

In the previous section the singular part of the Green
function has been found explicitly, but not its Fourier
expansion. The analytic form of this expansion turns out to
be of our computational methods. In these situations, the
following observation may be useful. In some mathematical
applications it may be of interest to study a given function
f(x) not in the full domain, but in a small interval (x; —
€,x9+¢) around a point x,. For example, this may be
because the points around x, are the ones that considerably
influence the value of some integral. In these situations it may
be valid to find a trial function g(x) such that g(xq) = f(xo)
and such that they values are very close in the mentioned

[cosh s; cosh s, — sinh s; sinh s,] = [ cosh™!

[cosh(sy = s1)] = (52 — 51).

[

interval. If this new function g(x) has the additional property
that its Fourier expansion is simpler, then it may be advanta-
geous to work with it by considering a large number of terms
of the Fourier expansion. For example, one can approximate
the function f(x) around x, with a rectangle function with
small width and with f(x,) as its height. Note that if all terms
are considered, both the exact and the approximated Fourier
expansions have the same value at x,, under suitable con-
ditions for f(x) and g(x).

Based on this idea, our goal is to construct an approxi-
mated Green G,(r, ', 0,0') function which coincides with
the exact one when the two points x and x’ lay on the same
radial line @ = @'. Since the symmetry of the problem
implies that the force is obtained taking the limit » — ' for
points lying on the same radial line, then the fact that this
approximated Green function does not coincide with the
exact one outside this line is not relevant for the calculation.
This approximated Green function is found in terms of an
approximated distance d“(x,x") which coincide with (7.3)
for two points located on the same radial line.

At first sight there are a large number of possible choices
for the approximated Green function, and the idea is to
choose one that is simple to work with. A physically
motivated one is given in Appendix B for mass value
M = 1. The approximated geodesic distance that is
obtained is
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(0—6,)°

1 :
(tan™" tanh§ —

d(x,xy) = l\/l +

(271' - 9 + 90)2

d*(x, =1NL/1
(x- o) \/ * (tan™" tanh§ —

We will employ this expression in the following by
choosing the @ values in the range —z <6 < z. By
construction (7.14) is not strictly true, but tends to (7.3)
when 6, =6,, and it is even under the interchange
0 < —0, which is a property of the true distance. Note,
in addition, that the limit

(s = 50)2

- 50\2
tan™' tanh3)

lim

= cosh?(s
s=s (tan™! tanh § — (50)

(7.15)

implies that the distance (7.13) is perfectly regular when
0 # 0y. The same argument holds for (7.14).

The approximated world function ¢“(x, x’) can be found
directly by taking the square of the distance element (7.13). It
is convenient to locate the charge at 6, = 0 for simplicity.
Then the singular Green function (7.5) takes the following
form:

tan™! tanh

tan‘ltanh%")z(s_so)’ 0 <0=6o] <, (7.13)
s_o)z(s —s0),  m<|0—6,| <2 (7.14)
|
a _ 2 2
Gslng( )f[f(r,r’)é "‘Q(V’r/)]log[a(r,r/)e +b(r’rl)}7
(7.16)
with
— ()2
a(r.r) = -1 (Ss & -1 V2
2(tan™"' tanh§ — tan™' tanh %)
_s/)z
b(r, ) = ,
() =15
d A Y)
frr) = -2 bosy
2dr [(tan™' tanh4 — tan™" tanh %)
1\ — _Ii _ )2
glrr) =2=7-5(s =) (7.17)

Here s'(r') is given by (7.1). It is convenient to expand this
function in the basis exp(inf) as

Gopg(x.x) = ZG ) cos(nb) + ZG ) sin(né), (7.18)
with the radial coefficients given by
Gé.(r, 1) = 2/” G(x,x") cos(nf)do,
0
and the analogous definition for G%(x, x’). The explicit value of these integrals is
2i b b b b
Ga.(r,r) = —\IIC Ci (nn' m\ﬁ> —Ci <mz+ zn\/:> - Ci (—m%) +Ci <zn\ﬁ>]
a a a a
b . . b 2 )
+ —\I/S Si| nz+in —Si| —nxw + iny/— — [4afnx cos(nr)(log(an® + b) + 1)}, (7.19)
a a an

where we have introduced

Ve = (2af — agn* + bfn?) sinh <n\/§> — 2V abfn cosh (n\/§>,

U = (2af — agn* + bfn?) cosh

(n

\/§> —2Vabfnsinh <n\/€)
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for simplicity. For n = 0 one has

PHYSICAL REVIEW D 92, 085042 (2015)

G4(r,r') = 2log(an® + b) <gﬂ+%ﬂ3) +4< fz) [\/;tan <ﬂ\/g> —n] —4%13.

This is the part we will be interested in if the charge is at @ = 0 since sin(n6) vanishes at this location. The notations Si(x)
and Ci(x) denote the integral sine and cosine, whose definitions are given by

X t
/Smd 1, Ci(x

Taking this and (6.3) into account, it follows that the singular term of the potential A%

% cos ¢
— [T
X t

sing 1S given by

AL (0, 7) = AO(;’ ") 4 gAnc(r, ") cos(nf) + gA,,S(r, ) sin(nf), (7.20)
with
A (r. 7)) = —q\/=9r7Gps(r. 1) 1/ i Ga(r,r)
Aoclr.) = =07 G 7) = =1 5 = 1G8.(r.)
and it is completely determined by (7.19). G (1) = im Gy (r, ') (7.22)

B. Analysis of the Haddamard self-force

After calculating the singular terms in the electrostatic
potential A,, the renormalized potential A%, (r, r’) is found as

Afen(r. 1) = A(r. 1) = AGyg (. 7).

with A,(r, r') given by (4.12)—(4.13) for the BTZ black hole
and by (4.25) for the BTZ wormhole, and A, , (r, ') is given

by (7.20). As shown in (7.9), the self-force is simply
F' = —q0,Aen (), (7.21)
with

Aren(r/) = IHE Aren(r’ I"/).

r—

For the black hole it follows from (4.13) that

r'?
Alpiren = —9l08(r') + C]\/;Go(r, r)

il r’)k Wy (7 () lz—lGnc(r/)

with

r—)r

The calculation of (7.22) requires knowledge of the follow-
ing limits,

/2

lima(r, ”') = 2cosh?s’ =

r—r

limb(r, ') =0,

r—

2

limf(r, ') = —coshs’ = -7

r—)r

limg(r, ) =2,

r—?r

which follows directly from the definitions (7.17). From this
it follows that (7.22) is

4 2
Goe(r) = (-1)" 2= [210g (L> +log(27%) + 1}
rp

n rh
2/(2
+2 (—2’— - 1) Si(nz), (7.23)
n\n rh

where in this case r, = [. For n = 0 one has
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Go(r') =2 [2 log (é) n long)] (” . %3 r_z)

Ty

473 2
—dr—-—.

7.24
9 r ( )

It is important to remark that from (7.23)—(7.24), it follows
that the Green function at § = 0 is given by

G(r) =2 {2 log <i> + log(2ﬂ2)} (n +%3r—2> —d4n

rh r
473 2 r? r
———+85, = |21 — log(2 1
9 ’%4— lr%[ 0g<rh>+ og(2x) + ]
2

,
+52—2+S3
T

with the series S; given by

The wormhole potential follows from (4.25) and the last
expression (7.25); the result is

; o g 1 n?ky(r,)
A(wh)ren(r) - A(bk)ren(r) - 2 Z [rghn(rq) + ]

(7.26)

These expressions are a combination of two series which
are divergent at r — r/, but whose divergent behavior
cancel exactly. Therefore, when evaluated at the radial
line @ = @, (7.25)—(7.26) are finite and have finite deriv-
atives, which give the self-force.

The Figs. 1-4 show the approximate behavior for
the force F,, for some values of n between n = 15 and
n =45 for the black hole case. These graphs were
obtained by use of mathematica. The graphs show the
behavior for a large value of r, which corresponds to
s ~ 1. The functional form of the force is always the
same in all the orders we considered, namely, it starts
to grow from the horizon s =0 until it attaches to
some maximum value and then decays to zero at s =1
(the asymptotic region). But as larger orders are
considered, the maximum starts to grow and to move
closer to the asymptotic region s = 1. This suggests
that when all the series are summed up, this maximum

2

< | n2h,(r)k, (r r Tr
Azh<r>=q2{%+ Lot
n=1

r2 2/2 2 .
5 (10g (277,’2"—%) + 1) +; <?%— 1)51(117:)} }
r r2 r? 7 r? 473 r?
—qgl — ——1|21 27— —— | —d4r—-——|.
q"g(m)*q\/rz h()(*s) " 9%

n-ry

PHYSICAL REVIEW D 92, 085042 (2015)

o 1
S, = 4x Z(—l)”;,

The first two are convergent, and the third is divergent. This
is as expected since this is the part of the Green function
which is singular at coincident point limits. We turn now our
attention to the self-force corresponding to the two boundary
conditions discussed in Sec. IV.

1. The self-force first type of boundary
condition

The results discussed above together with the potential
(4.12)—(4.13) give the following renormalized potential for
the black hole:

(7.25)

|
becomes infinitely large, and the line s=1 is an
asymptote for the function. In other words, the
decaying part is just an artifact of the truncation. If
this is correct and is not related to a numerical
problem in the program we are using, then it follows
that the self-force is repulsive and grows indefinitely
as the charge goes to the asymptotic region. The
repulsive nature is the same as in the Schwarzschild
four-dimensional counterpart [2], but it is mandatory to
interpret the strange behavior at the infinite. The
explanation for such nontypical behavior may be that
the boundary conditions considered are not correct and
include extra charges at the asymptotic region. Thus, it
is convenient to analyze the “right” boundary con-
ditions to see if this behavior is improved.

We have also considered the wormhole case. The
effect of the throat is to give a contribution to the force
of the opposite sign for the black hole. This effect is
also seen in the Schwarzschild case [10]. In that case,
this contribution changes the sign of the force in some
regions of the spacetime. However, with the numerical
precision we are working with, we did not find such a
change in the behavior of the BTZ geometry; the net
effect of the throat is just a change in the numerical
value of the force. But this is not conclusive, and
perhaps this effect may appear by considering higher
orders in the series.
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FIG. 1 (color online). The black hole self-force function of
s=1-7r2 froms=0tos=0.9 to order n = 25. The force
seems to grow, but the next figure shows that it attaches to a
maximum.
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FIG. 2 (color online). The behavior of the self-force near the
boundary s = 1. It reaches a maximum and then goes to zero. We
argue that this is just an effect of the truncation of the series and
that the line s = 1 is, in fact, an asymptote.
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FIG. 3 (color online).
s=0tos=009.

The force for n = 45 in the interval from
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FIG. 4 (color online). The behavior near the horizon s = 1 with
n = 45. The qualitative form of the curve is similar to the case
n = 25 but the maximum is again more pronounced and closer to
s = 1. This suggests that when all the series are summed, the
maximum will tend to the infinite and the vertical line s = 1 will
be the asymptote. See below for an explanation of this seemingly
strange result.

2. The self-force corresponding to the second type of boundary condition

For this type of boundary condition, the potential follows from (4.17) instead of (4.13). The result is

a(r) = gi{r<1 +%n)1“<1 —%) By (1) f(r) +

r 47 r? r?
Z (=022 (1og (222 5) + 1
ot (e (20 ) +1)

473 r?

2/2 2 r r? r? 7 r?
(S —1)si —glog(— L _1]210g (2225 Pl ) a2 (727
e )”H ‘1°g<rh>”\/rﬁ e (20 ) (45 ) 2= 5 ] 020

The wormhole potential follows from (4.26) and the last expression (7.25); the result is

“ hy(r)
A(wh)ren (r)

= A% (7 —%ni {m + r<1 + %”>F<1 - %) %’;S")} ().

(7.28)
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FIG. 5 (color online). The black hole self-force function of
s=1—=7r2 froms=0tos=0.9 to order n = 20. The force
seems to be positive and divergent near the horizon and at the
asymptotic boundary, and there is an intermediate values of s
where it is negative.
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FIG. 6 (color online). The behavior of the self-force near the
boundary s = 1, which shows that it is divergent.
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FIG. 7 (color online). The behavior of the self-force near the
horizon s = 0, which shows that it is also divergent.
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FIG. 8 (color online). The black hole self-force function of
s=1—=r72froms=0tos =0.9to order n = 40. The result is
qualitative lythe same as for n = 20.

Figures 5-8 show the self-force behavior for the black hole
case and Figs. 9,10 for the wormhole case. It is surprising to
see that the self-force is again divergent at the asymptotic
boundary and also at the horizon. From a formal point of
view, this divergent behavior can be seen directly by
looking at (7.27). The logarithmic terms are multiplied
for functions of r, and there are terms proportional to 72 as
well in this expression. The derivatives with respect to r of
all these terms are not bounded for large r. This may seem
the cause for the growth of the force at large values. On the
other hand, the terms proportional to &, (r)f,(r) go fast to
zero since, as discussed in previous sections, the derivative
of f,(r) goes as 1/r* and the one of h,(r) goes as 1/r.
Thus, these terms do not influence what happens at large r.
However, they are arguably the cause of the divergence
near the horizon. As also discussed in the previous section,
the function f,(r) possesses the fastest decaying condi-
tions. However, the behavior of f,(r) at the horizon is
highly nonregular and, even though h,(r) — 0, the full
contribution is not bounded. In other words, the fastest

7x 108
6x108
5x108
4% 108
3x10%
2x10%

1x 108

I I e R |

0.5 0.6 0.7 0.8 0.9

FIG. 9 (color online). The wormhole self-force when the throat
is r, = 3, with s varying from s = 0 to s = 0.9. The effect of the
throat is to increase the slope of the asymptote. It is not clearly
seen in this graph if there is a region where the force is negative.
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FIG. 10 (color online). The wormhole self-force when the
throat is r, = 3, with s varying from s = 0.4 to s = 0.5. Here
it is seen that there is a negative force at some region. The
difference with the black hole is the point where the sign change
is closer. So the location of that turning point may be a clue for
distinguishing the geometries.

decaying conditions also give the worst behavior at the
horizon.

The other surprising behavior is that the self-force is
repulsive near the horizon and far away, but at intermediate
radial positions, it is attractive. This is in contrast with the
Schwarzschild case in four dimensions, where it is always
repulsive [2]. However, without a proper understanding of
the origin of the divergences, this analysis does not make
any sense. We turn to this point below.

VIII. OTHER METHODS FOR CALCULATING
THE SELF-FORCE

The procedure of the previous section computes a regular
Green function. However, there may exist other regular
Green functions as well, since the addition to a solution of
the homogeneous equation is still a full solution of the
problem. Therefore, the statement that the calculated self-
force is the real one must be taken with care. To give an
example, the half-advanced—-half-retarded Green function
and the regularized (“R”) force of the Detweiler-Whiting
decomposition [17] are regular at the location of the
particle. Nevertheless, only the “R” force corresponds to
the correct expression for the self-force. In four dimensions
the Haddamard regularization procedure we just applied
and the Detweiler-Whiting one are known to be equivalent
[20]. However, there is not a proof in three dimensions that
the same thing happens. Thus, it is of interest to consider
other regularization methods as well.

We were unable to make the calculations by use of
the Detweiller-Whiting method. There exists a further
regularization method, based on the axiomatic approach
presented in [18], which was applied recently for static five-
dimensional spacetimes in [19]. We are able to perform the
calculations with this regularization, and we have found

PHYSICAL REVIEW D 92, 085042 (2015)

that they introduce extra terms in our calculation. These
terms vanish in four dimensions and do not spoil the results
obtained in [10]. But in odd dimensions, this may not be the
case. A further motivation for studying these terms is that
they may cure the divergent behavior at the asymptotic
boundary found in the previous section. However, it will be
shown below that this is not the case.

The self-force calculated in the previous sections was
given by

F,= aaA - 8aAsing’

with A the full potential satisfying the specific boundary
conditions of the problem and Ag;,, the part of the potential
whose values, and the values of whose derivatives d,Agne,
are divergent when the position x of the observation point
tends to the charge position x’. The approach of [18] states
instead that the self-force should be calculated as

(8.1)

where (9,Aine) is the average of the quantity inside over a
small surface with s = cte in the limit s — 0, from which
all the contributions that are divergent in the limit s — O are
removed. As will be shown below, this average will pick
some additional quantities in the calculation. The derivative
d, is taken on a point of that surface. Now, since the
singular part is given by

F,=0,A- aaAsing + <aaAsing>’

2

Asing =—q 1_2 - 1Gsing(x’x,>7

and the derivatives are taken at x, it follows that the relevant
derivative to be taken is

aa Gsing (x7 .X/)

a Gr:b b) 04 Gid
=hl|l1-=—"0")—— log
[ < 49, o 44, A

o(x,x")

“+ .- N

up to a factor which is evaluated at the charge position. In
order to make the average, it is convenient to use the
Riemann normal coordinates x“. This procedure is exten-
sively reviewed in [36], and we quote only the main
ingredients. These coordinates are characterized in terms
of the Synge world function as follows. The derivative
69 = —x%, and
20 = =28,,x°x" = §?

is the squared proper distance from the point x’. The
parallel propagator in these coordinates is approximated by

’ 1,
hy = 8h — ERZ,C,d,xbe + 0(s%).
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By denoting x* = sQ¢, with Q¢ some angular variables, it
follows that

2Q, _ Jib yagyp _ i logi +---

04Giing (X, X") =
g( ) S 294 49, 7

In particular, one has that Q, = §,,Q". The average along
the surface s = const is defined by

f()dA
) =S

with dA the area element of the surface. If this surface is
parametrized by polar angles 6, then this and the relation
x* = sQ® imply that the metric is

ds> = s2h,, QU Q2dY'de),

where
. 0Q“
Qf = 90,
3
Q) = ——— —
(@) 6(n+1)(n+3)
1 52

QaQb — _ 5ab _
< ) (n+1) ( 6(n+3)

Ra’b’ 4
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The area element is then calculated as

2 s> p S b
dA =S (1 - gRa’b’QaQ - ERa’b’;c’QuQ Q¢
+ 0(s4))dQ,,. (8.2)

Here dQ, is the area element for the sphere S”, which
satisfies

2 7(n+2)/2
o, - / a0, = %"

reg)

The following identities take place [36]:

1/9%19 =0 I/Q“deQ _
Q, TR, "n+1

By use of these identities and the definition of the area
element (8.2), it follows that

VYR + O(s*)

2

3+ D(n+3) R‘Sa/bl) +0(sY).

Then the expression of the averaged singular Green function is

<8aGsing (X’ x/)> =

By taking into account the identities (8.3), it follows that in
the limit s — O the surviving terms are

Gi:a _ Git.a 10gi I

<aaG i x)=-
; ng> ( ) 694 49y 7

(8.4)

Thus, as in five dimensions [19], this average picks an extra
term which is divergent as logs. This term cannot be
absorbed by a redefinition of the parameters of the
problem. The nature of this divergence is different than
the one of the previous section; it suggests that in odd
dimensions the calculating is sensible to the size of the
particle. The limit s — O gives a global divergence of the
self-force, while the divergence of the previous section is
just asymptotic.

We would like to remark that we have considered the
effect of the first term in (8.4) in our calculation, since this
term is regular. However, we have found that this term it is
not enough for avoiding the divergent behavior at the

infinite. Thus, another interpretation is required. We turn to
this point in the next section.

IX. INTERPRETATION OF THE DIVERGENCES

The most striking point of the results presented above is
the behavior of the charge self-force at the asymptotic
region and at the horizon. For the black hole solution, it
grows indefinitely when approaching both regions. For the
wormhole, it diverges at the asymptotic boundary.

The physical origin of these divergencies is not easy to
visualize. At first sight, it is not strange that the force does
not vanish at the asymptotic region. In fact, when the
geometry is not asymptotically flat, this situation may
happen, as shown for four dimensions in [38]. When
M =1, on dimensional grounds, it is expected that the
asymptotic self-force should be proportional to
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Now, the problem of the divergence at r — co may come
from the expression (7.13)—(7.14) for the distance, namely,

(60— 60)°
da s = l 1 (o ,
(¥, %0) \/ * (tan_l tanh 5 — tan~! tanh ‘%)ﬂs $0)

0< |06 <.

and the analogous formula for negative angle values. Recall
that this distance is a fake one, but it reduces to the true
radial distance when 6 = 6,. The expressions that have
been obtained for the self-force are based on this fake
distance. However, since the radial limit is correct, the
resulting expressions coincide with the true self-force when
all the series is summed up. The choice of the fake distance
was for simplicity, since the Fourier expansion for the
potential is nontractable when the exact distance is con-
sidered (the true distance is derived in Appendix A).
Nevertheless, an inspection of the formula d, (x, x’) shows
the following potential numerical problem. This formula, as
shown in Appendix B, is similar to the real one when the
points x and x; are almost on the same circle s ~ s, and it
coincides with the real one when 0 = 6,. The distance
when the points are at different circles s << s, or s > s is
more complicated, and it turns out that the expressions
differ considerably. Denote these distances as d5(x, x') and
dl(x,x"), respectively. Both distances are the same when
evaluated on the line € = 6, but when 6 = 6, + € they
may differ considerably. Moreover, their difference is a
function of the radial coordinate |d’(x,x") —d5(x,x')| =
f(r,€). The series expansion presented above is convergent
to the real solution, but due to the mentioned dependence in
r, the convergence may be highly nonuniform. In other
words, one has that

|A?eg(r) _Areg(r)| <€«e—>n> nO(r)’

with AR, corresponding to a truncation of the series of A,
to order n. This means that, depending on the values of r,
lower or higher orders may be required. We interpret that
the divergence at r — oo arises due to the fact that for large
r values higher orders are required, and it is then an artifact
of the truncation.

Another fact that suggests that this numerical problem is
the cause of the divergence is the fact that when r and n take
large values the slope of the asymptote seems to grow
indefinitely and it moves to the right of the graph (s — 1).
Arguably when n — oo, this asymptote moves to r — o
(s = 1) with infinite slope. Note that the point s = 1, since
it corresponds to  — oo, is not a point in the manifold.
Thus, we argue that when the series is summed up, the
divergence is an artifact and the limit ., when r — oo is
well defined. We were unable to overcome the problems
described above since the real distance leads to a Fourier
expansion which is beyond our calculation technology.
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It may be mentioned that employing the approximate
distance may be useful if a powerful summation formula
were available, allowing a closed analytical expression for
the full potential A. This is the situation in four dimensions,
as explained in [10] and references therein. But, if this
formula does exist, we ignore it.

There is a further point to be discussed. When r > IM,
then one may consider M ~ 0. For this situation, it follows
by dimensional analysis that

e? (r

If the function f(x) is bounded, then when [ — oo the self-
force goes to zero. This is the situation in four-dimensional
anti—de Sitter spaces [38]. In this limit the geometry is flat
and the self-force vanishes. However, in three dimensions,
such a limit does not correspond to a flat geometry; instead,
for M =1 and J = 0 the BTZ metric (2.4) reduces to

g3 = —dr? + di* + r*d6?

in the limit / — oo. Note that » now is a “time” coordinate
and the compact radius is “r-time” dependent. Thus, the
derivatives J,A do not make sense as a self-force, and
perhaps this divergence is not signaling anything wrong.
However, our opinion is that the behavior of the infinite is
more likely a numerical artifact. This is suggested by the
divergence at the horizon, for which we have no explan-
ation. Thus, it is arguably a numerical problem that is
causing the divergent behavior. Our results are, of course,
inconclusive, and further research is mandatory to elucidate
the real behavior at r > /.

X. SUMMARY

In the present work the particularities of the electrostatics
of point charge in front of a BTZ black hole and wormhole
were considered. This geometry is neither flat nor asymp-
totically flat, and this results in several unexpected features.
For instance, every radial function for the electrostatic
problems goes to zero at the asymptotic horizon. This
complicates the boundary condition analysis since there is
no a clear criteria of which radial function discarding at the
region between the charge position and the asymptotic
infinite. We argue that, although both radial functions are
well behaved, the right choice of the boundary condition is
to choose the radial function which has the fastest decay
when the radial coordinate is large. This situation is the one
which imitates better the electrostatics in flat space or in
asymptotically flat spaces.

After discussing the boundary condition for the problem,
we followed the program [9-16] in order to calculate the
self-force of a charge in front of the BTZ black hole horizon
and compare it to the corresponding wormhole geometry.
The regularization method we followed is based on the
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Haddamard Green function [32]. In addition we have
considered the axiomatic approach of [18]. The regularized
electrostatic potential is presented as a Fourier expansion,
and we had no available summation formula for obtaining a
closed analytical formula for such potential. As a conse-
quence, we were forced to use an approximated geodesic
distance which reduces to the real one when the two
comparison points are on the same radial line. The use
of such a distance allows a series expansion which
converges to the real vector potential, but arguably the
convergence is highly nonuniform. This is reflected in the
obtained diagrams for the self-force, which have an
asymptotic divergence when truncated to a given order.
We interpret this as fictitious, arising from the fact that a
large number of orders are needed for large radial values.
However, it is not clear which behavior should be expected
in this geometry at asymptotic values since it is neither
asymptotically flat nor does it admit a flat limit.

However, there is another possibility. The boundary
conditions that we have chosen are the ones that decay
faster at the asymptotic region. This condition imitates
ordinary electrostatics and is the one that is more com-
fortable to our intuition. However, there may be some
symmetries of the BTZ spacetime similar to those in
higher-dimensional black holes [39]. We do not know
how to implement this symmetry in the BTZ geometry and
how it is reflected in the Green function, but perhaps the
result does not respect this boundary condition.
Nevertheless, it is clearly of interest to find the self-force
corresponding to the Detweiller-Whiting method [17]. We
leave this for a future investigation.
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APPENDIX A: EXACT BTZ GEODESIC
DISTANCE

Our next task is to find the geodesic distance
d(r,7,0,0) between two arbitrary points of the spacetime.
|

dr

PHYSICAL REVIEW D 92, 085042 (2015)

This distance should reduce to (7.3) or (7.4) when 6 — 0.
The geodesic curve joining two points x and x” on the BTZ
geometry is describe by the Euler-Lagrangian equations
derived with the following action:

X, I dr\? do\?
d(Xq, = - | = 2= ) di. (Al
(x1.X2) Ll \/rz — <d,1> +r (d/1> (A1)

The geodesic parameter can be chosen as 1 = 6. The
corresponding Lagrangian is

22
Ir 42
B B re.
r-—ry

L(r,r) =

The value of (A1) evaluated at the geodesic curve is by
definition the geodesic distance. Since £ does not depend
explicitly on the “time” parameter A = 6, there exists a
conserved quantity, the Hamiltonian

oL . —r?
H—ET—E—T

rr—r,?

. (A2)
+7?

In terms of this constant, the Lagrangian evaluated in the
physical trajectory is

‘CZ = grri'2 + g(;;HZEZ’
from which it follows that
L? = g,,9007* (900 — H*)™".

In these terms the geodesic distance is given as

A
d(xq,X;) = A
1

and since 7dA = dr, by taking into account the explicit
expression for the metric tensor, it follows that

9rr900 i
(999 - H?

(A4)

d( ) l/rz 4
X1, X,) =
b r \/(r2 —r?)(r* = H?

\/rzz—rh2+\/V22—H2]

=llo .
) gl\/r12_rh2+\/r12_H2

The distance (A4) is not completely determined unless the value of H is given in terms of the two positions x and x’. This is

achieved as follows. From (A2) and (A3) it is deduced that

dr 2 LZ ) Yoo
(@) = orgog o0~ H ><H7:

27 r2 (2
eV

- HZ)(',.Z - rhz)ﬂ

and since i* > 0 and r > ry,, then H?> < r*. From the last equation it follows that
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dr

vl
0,—0, = :I:IH/ .
2 n IVt —H 1t —r?

The last integration is elementary, and the result is

0, — 0, = log r rh\/rzz—H2+L\/r22—rh2 (AS)
r rh\/r12—H2—|—L\/r12—rh2

The expression just obtained can be worked out further by defining

VA=

V2_2 + \/rh_z - Vz_z

e = 6’92_9' —

This definition is equivalent to

Y

) -2 =2
nl+n -

o2 -2 — 2 — emal? /-2 — ry2 = em/? /rh—z — 2= 2 /r,,‘2 —s

and by taking the square of both members it follows after
some algebra that

A=7+(H?2-r,?)cosha, (A6)

where the following quantities

-2 -2 -2 -2
\/H -n \/H -,

-2 -2 -2 -2
\/rh -n \/”h —-rn-,

have been introduced. On the other hand, (A4) implies that

d/z_\/rzz—rh2+\/r22—H2
e = 2_, 2 2 _ g2
\/rl Ty +\/r1 H

and a procedure analogous to the one made above shows
that

A

n

d
A =n+(r,>-H?) coshj, (A7)

where in this case

A= \/rlz—H2\/r22—H2,
n= \/”12—”112\/V22 - rh2~

By noticing the relations

n=riryr, A= r1r2H2/~\,

a comparison between (A6) and (A7) shows that
) d
) cosh7 = ryrycosha —1.

From the last expression, the explicit geodesic distance d
can be obtained, and the result is

2 2
d(xy,X;) = lcosh™ [rl—;zcosh(e2 -0,) — \/<ﬂ> — 1\/(Q> _ 1]'
rh ry ry

This is the formula (7.11) obtained in the text.

APPENDIX B: APPROXIMATE
GEODESIC DISTANCE

In the following our attention will be restricted to BTZ
geometries with mass values M = 1. Based on the argu-
ments given above and from the fact that the calculation of
the self-force requires us to take the limit & — 0, our next
task is to find an approximated distance function d*(x, x’)
which is equal to d(x,x’) when 0 — 0 and satisfy the

I
mandatory periodicity conditions. The upper index a
enforces the fact that the distance is not exact and this
notation will be used repeatedly in the following. At first
sight there is a variety of candidates for d“(x,x’), but one
that is physically motivated is the following. Consider the
spatial BTZ metric (7.2) in the coordinates (s,6). The
geodesic distance is

d= l/ s"2 + cosh? 5d0, (B1)
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with s the derivative of s(@) with respect to 6. The
conserved quantity H related to the € independence on
the Lagrangian is expressed in these coordinates as

Icosh? s

V52 4 cosh? s

It is important for the following to discuss the physical
significance of this quantity. When the geodesic line is
close to a circle, then s’ ~ 0 and H are essentially the radius
of the circle » = [coshs. Instead, when the geodesic is
close to a radial line, s’ — co and H — 0. The definition of
H implies that

H:

2 cosh* s 5
=—— " _cosh?s,

12
N H2

(B2)
and for nearly radial lines one can neglect the second term

in (B2) since H < 1, thus concluding that

12 cosh* s

2
N H2

~

For nearly circular geodesics, one has that
H? ~ (I> — €®) cosh? s,

with € < [2, and within this approximation (B2) becomes
|

PHYSICAL REVIEW D 92, 085042 (2015)
2
52 Nﬁcoshz 5. (B3)
We have explicitly checked that Eq. (B3) leads to the
simplest expression for d“(x, x'). The equation (B3) implies
that

1d
B + cosh(s),

cdf (B4)

with ¢ being a constant related to € whose value is fixed by
the initial conditions of the problem. Equation (B4) can be
integrated in elementary form to give

1 s S
0 — 0y =+ |tan~! tanh> — tan~! tanh =2 |.
c 2 2
This shows that the constant c¢ is given in terms of the initial

and final positions by

. [tan~! tanh § — tan™" tanh Y] ' (B5)
(6 = 6o)

Inserting (B4) and (BS5) into (B1) gives a result for the
following expression for the approximated geodesic
distance:

(0—06,)*

d*(x,x0) = Iy |1+ 3 (s —
(x. Xo) \/ (tan™! tanh§ — tan~! tanh %)z\s

S()), 0< |9—90‘ <,

(271' —_ 9 + 90)2

d*(x, =1[4/1 —(
(x, o) \/ * (tan‘ltanh%—tan‘ltanh%o)z\s

This is the expression (7.13)—(7.14) found in the text.

—S()), < |6—90| < 2.
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