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We formulate a perturbation expansion for the effective action in a new approach to the functional
renormalization group method based on the concept of composite fields for regulator functions being their
most essential ingredients. We demonstrate explicitly the principal difference between the properties of
effective actions in these two approaches existing already on the one-loop level in a simple gauge model.
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I. INTRODUCTION

The functional renormalization group (FRG) approach
[1-5] is a very popular method (see the recent review in
Ref. [6] and references therein) to study quantum properties
of physical models beyond the perturbation theory. The
application of this method to gauge systems meets essential
difficulties which are connected with gauge dependence of
the average effective action even on shell [7,8]. It happens
due to the presence of regulator functions which improve
the behavior of propagators in IR and UV regions but
destroy the gauge invariance of the initial classical action. It
was the main reason in Refs. [7,8] to reformulate the
standard FRG approach preserving its attractive features
with regulator functions in a way leading to gauge
independence of the effective action on its extremals.
This is achieved when regulator functions are considered
as composite fields introducing on the quantum level with
the help of additional sources. In quantum tield theory
(QFT), the effective action with composite fields was
introduced and studied within the perturbation theory by
Cornwell, Jackiw, and Tomboulis [9]. Later, it was shown
that the effective action with composite fields in Yang—
Mills theories [10] as well as in general gauge theories [11]
does not depend on the gauge on its extremals. This allows
one to consider quantum methods based on the idea of
composite fields as consistent ones. Namely, this fact was
the basis for a new approach to FRG [7,8].

In the present article, we study the properties of average
effective actions, both in the standard and new FRG
approaches in a loop approximation. Here, it should be
noted that the FRG approach has been proposed as a
method to study nonperturbative quantum effects with the
help of the so-called FRG flow equation for the average
effective action. On the other hand, all renormalization
procedures in QFT are known in the framework of
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perturbation theory only. In particular, this means that
any approach to the quantum description of models in QFT
might be tested on the level of perturbation theory to satisfy
some physical requirements. Among such requirements,
the gauge independence of the effective action on shell is
very essential. Because of this circumstance, in the present
paper, we restrict ourselves to the study of properties of the
average effective action proposed in Refs. [7,8] in the loop
approximation. We find by explicit calculations the differ-
ence existing between the one-loop average effective
actions in the standard and new FRG approaches already
in the case of a simple gauge model. Moreover, the average
effective action found in this model is exact in the case of
the standard FRG approach without referring to the
perturbation theory and to the flow equation.

II. AVERAGE EFFECTIVE ACTION IN THE
STANDARD FRG APPROACH

We consider a Yang-Mills theory of fields Aj with the
action Sy = Sy(A) and assume its invariance under the
gauge transformations,

-

5
Db =0,
5AG

So(A)

SAY = Debeb,  (2.1)

where D4? = 570, + f9PA¢ is the covariant derivative, &
is an arbitrary gauge function, and f“¢ are structure
constants of a Lie group. Quantization of the model via
the Faddeev—Popov method [12] involves the configuration
field space

¢* = {A%4, B4, C?, C}, (2.2)
including the ghost (C¢) and antighost (C%) fields and

auxiliary fields (B“) with the following distribution of
Grassmann parities:

© 2015 American Physical Society


http://dx.doi.org/10.1103/PhysRevD.92.085038
http://dx.doi.org/10.1103/PhysRevD.92.085038
http://dx.doi.org/10.1103/PhysRevD.92.085038
http://dx.doi.org/10.1103/PhysRevD.92.085038

PETER M. LAVROV AND BORIS S. MERZLIKIN

@) —er  e(AD) = e(B) =0,

£(C?) = e(C9) = 1. (2.3)

The Faddeev—Popov action, Sgp(®P), can be presented in the
form

-

Sep(@) = So(A) + ¥(g)d, (2.4)
where the nilpotent differential c?,
_ 5 51
d= _Dabcb ~_B¢ - abccccb
0A;, s + oC + oC? 2f ’
d* =0, (2.5)

generates the Becchi-Rouet-Stora-Tyutin (BRST) trans-
formation [13,14]

s¢’ = ghdy.

Here, U(¢) is a gauge-fixing Fermion functional, and y is a
constant Grassmann parameter. Usually, the

(2.6)

U(p) = C% () (2.7)
form of W(¢) is used. One of the more popular choices of
gauge functions, y“(¢) = y“(A, B), reads

7(A.B) = 0" A% + %B“, (2.8)

where a is a gauge parameter. The action Sgp(¢) is BRST
invariant,

Sep(g)d = 0. (2.9)

The main idea of the standard formulation of the FRG

approach is to modify from the very beginning propagators

of vector fields as well as ghost and antighost fields by

introducing the regulator Lagrangians with a momentum-
shell parameter k,

LU(x) = SA% () (R ()A(2).  (2.10)
L3(x) = C(0) (Ru) (1) C* ()
= OO R OC).  (21)
(Rep) () = 5 (R ) () = R ().~ (212)

where regulator functions Ry 4 and Ry ;;, do not depend on
the fields and obey the properties
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m(Re ) =0, m(Ryy)” =0, (2.13)

The generating functional of the Green function is con-
structed in the form of a path integral,

i

20) = [ Poexn {1 5wlo) + Si0) + 1,00}
—exp { w0 .

where W, (J) is the generating functional of the connected
Green functions; J4, = J4(x); e(J4) = €4; N is a normali-
zation constant,

(2.14)

V= [ Doexo{ ot iDsha? b = (Detin)
(2.15)
and

o
Y —
A 5¢A

(2.16)

iD3 = Oa(Sep(@) + Sk(9))s] o

In Egs. (2.14) and (2.16), S;(¢) is the regulator action,

54(0) = 50N (LY)as + (L) ap)o”
Z/dX[Li(X)JrL%(x)], (2.17)
where
(LI ap = DuLi(¥)g,  i=1,2,  (2.18)

are constant supermatrices.
The effective action, I'y(®), is defined as the modified
Legendre transform of W, (J) [6] with respect to J,,

N

0

[ (@) = Wi(J) = T4 @4 — S(®), Ewk(‘l) = o4,
(2.19)
so that'
T (®)dy = —J 5 — Si(®)I,. (2.20)

The I'y (P) satisfies the functional integrodifferential equation

'We use the same notation 04, meaning the derivative over
ﬁeld ¢A'
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exp {%Fk(q))}

= %/D(pexp{% [Skp(® + @) + Si(P + @) — Si(P)

-

(@) — <rk<<1>>aA><oA1}. (2.21)

It has been shown in Ref. [7] that the effective action (2.21)

depends on the gauge even on its extremals, Fk(CI))é_A =0.
This fact indicates a serious problem with the physical
interpretation of the results obtained for gauge theories in
the framework of the standard FRG method. And this was the
main reason to reformulate the standard FRG approach in the
form being free of gauge dependence on shell.

III. EFFECTIVE ACTION IN THE NEW FRG
FORMULATION

The new FRG approach involves external scalar sources
% (x) and Z,(x), €(Z;(x)) = &(2,(x)) = 0. The generating
functional of the Green functions for Yang—Mills theories
with composite fields is introduced as

Z(LE) = /D(PCXP {%[SFP@') + " +ZiLf{(€0)]}

— exp {%Wk(J;Z)}, (3.1)

where W, (J;Z) is the generating functional of the Green
functions in the presence of composite fields. Here, we
introduce the following notation:

ZLi(p) = / dx[Zy (x)Li(x) + T (x)LE(x)].  (3.2)

Using the explicit structure of the regulator Lagrangians
(2.10), (2.11) and the definition (3.1), we deduce the
relations

PHYSICAL REVIEW D 92, 085038 (2015)

5 h 5 i3 5
AT KMBMA W") Th (@ W") <E W"ﬂ
x (L") ap(=1). (3.4)

The effective action with composite fields,
[y = T4 (®; F), can be introduced by means of the double
Legendre transformations

T (1F) =Wy (J5) I, 4 -3, [L;;(cp)%mw’] . (35)

where

6 Wi(J;2) = ¢4 3W(J-2)—L"(d>)+1hFi
57, R e sy TR T 27
i=1,2. (3.6)

From Egs. (3.5) and (3.6), it follows that

(@5 F)0y = =4 = Zi(Li(2)Dy),
(9 F) = th Iy, =T 6 (3.7)
ki ’ - 2 i ki — kéF," .

Let us introduce the full sets of fields F4 and sources
J 4 according to
FA= (@4 F),  Ta=(a%).

From the condition of the solvability of Egs. (3.7) with
respect to the sources J and X, it follows that

(3.8)

R [ I

One can express J 4 as a function of the fields in the form

- 2 . - 2
Ta= <_(Fk8A) + %Fk,i(LZ(‘I’)aA), _%Fk,i)’ (3.10)

and therefore

- -

1) 1)
% 22 —— IB(F) = —(G}) 45 —FB(J) = —(G{)*8.
2z, =2ﬁ< : Zk> @1 (33) O 274
521' l 5185JA (311)
or, in terms of W,, Here,
T)ap = 200 (L") g = 2 (DaT3 1) (LE(®) D) 2 (DT
60 [ T8 =T 0 =3O FaTi) o)
(Tei08) = 7 (T 1 (L () p) 20
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and
() ap = 0aTi0p.  (T));; = irki (3.13)
kiAB ’ ki spiT K sFi”
(GG E =85 (G (Ges =04 (3.14)
Let us introduce the supermatrix
WiB :ifg(j). (3.15)
0T 4

Then, we have
|

2
h

. 2 - ) < 2 - .
(TDhac = 3 Tua(Lac = 3 Ol LU W 4 3 @uari o = =57,
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Wf,s:(W?B h<W§3 —W?C(?CL?(‘I’)))) 516
WiB Z(W = WIE(DcLi(®)))

where
22 2
ap_ O Wi WAi:5Wk
k80,608 k0,65
22 2
LW i OW
= K =k 3.17
ko sxe, Wi 5%,6%; (3.17)

From Egs. (3.9) and (3.16), the following relations hold:

(3.18)

(TDhac = 3T ac = 3 GTwa) LU OV = WEP@old(®) + 5 BuTe) W - W@t (@) =
(3.19)
5 2 J 5 CB 2 JB
(o) = 4 (T LU W+ 3 T = (3.20)
2[ Sy _ 2 (1iand Ci _Wep(F, 1 2\ o Y WIC(E L (@) — 5.
7 |0 =3 ), @10 | O - e ot + (3) TV - WEGeLl@) = -5 Ga1)

In particular, from Eqs. (3.18) and (3.20), we deduce the presentation for WAZ in terms of the effective action I'; (D; F),

h

2 s
Wik = ((r;z>AB 2 (L = (BT () -f(Fk,jaB>)

This allows us to present the relation (3.4) on the level of
the effective action in a closed form:

—iF = WQB(L;Z’)BA(—l)SA = sTrW;‘C(LZ’)CB. (3.23)
Finally, we discuss the structure of supermatrices (L") 45

and the inverse one. According to Egs. (2.10) and (2.11),
we have

(Ria)sy 00
(L )as = o 0 o], (3.24)
0 0 0
0 0 0
(L%”)AB = 0 0 (Rk,gh)ba (325)

0 (Rk.gh)ab 0

-1
(3.22)
[
Then,
2 (Ria)st 0 0
(LY )ap = 0 0 2 (Regn)™
0 2'Z(Rk,gh)ab 0
(3.26)
It is useful to introduce the supermatrix
(Ria)a O 0
p—1
(Lk,/_l)AB o 0 0 (Rk,gh)ba (327)
0 (Ricgn)ab 0
where
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(Rea)jia(Riy)% = 835, (Ricgn)“ (Ri ) e = 6.

(3.28)
‘We obtain a useful relation,
2,650, 0 0
(LY ) ac(L) P = 0 %o, 0 ], (3.29)
0 0 2,04

PHYSICAL REVIEW D 92, 085038 (2015)

It has been proven in Ref. [7] that the functional
I'(®; F) does not depend on the gauge on its extremals,

T (®:;F)0, =0, T, (®;F)=0. (3.30)

IV. LOOP APPROXIMATION

In this section, we consider the procedure of loop
expansions for [',(®; F), following mainly Ref. [9]. Our
starting point is the relation,

exp{y (@) | —exp{ =12 [ Dpexp L Iswlo) + a0 -0 4 5ii(o) - L@}, )

which follows from (3.1), (3.5), and (3.7). Making the background-quantum splitting

p—->p+ 9,

we present Eq. (4.1) in the form

(4.2)

exp{1Tu@:) b —exp{ -2z} [ Dpexp] £ Lo (Stohan + L)~ C(@ P )TN0 +Su(@ )| | (43)

where the notations

[ (@ F) =T (9 F) — Sep(®), (4.4)

Sint (P, @) = Spp(P + @) — Spp(P)
— (Sep(®)0)9" — = 9 (Stp)as?®,  (4.5)
iD74(®) = 0,Sep(P)Ip = (Stp)ap (4.6)

and the relations (3.7) are used.

Then, we assume the average effective action in the
form
|

Tu(®:F) = a0\ (9 F) + Tip(®:F). (4.7
Here, F (<I> F) is the one-loop effective action for the set
of ﬁelds ®,, taking into account composite fields F'. The
term [, (®; F) includes all the two-particle-irreducible
vacuum graphs in a theory with vertices determined by
Sin(®, @) and propagators set equal to F'. Note that
[ (®; F) by itself is of order A% [9].

To calculate the one-loop contribution F( >(<I>, F), we
have to omit in the functional integral (4. 3) all terms of
order more than ¢?. Then, we have

, i i . . -
exp(iry(@: ) = exp{ 12"} [ Doexpd S (St + ELlue? - T @ FIT . (03)

The last term in the exponent of the functional integral reproduces one-particle-reducible diagrams and should be omitted in
calculating the vertex functions. More systematically, we have the representation of the exponent

1

(@ F)dg) bt + -+ - (4.9)

exp{ ~i(r{" (@ F) o b = 1 =0 @ P 5 () @ P

After integration over ¢*, the first term on the right-hand side (4.9) takes the one-loop contribution to the average effective
action; the second term vanishes as the Gaussian integral of an odd function; the third term is responsible for the cancelation
of tadpole diagrams. As a result, we arrive at the relation
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r(@; F)-T)F = %sTr In(iD5L(®) — 20 (L") ).

(4.10)

At the lower order in A, the relation (3.23) reads

{(iD35(®) = 20 N(LY) )~ (L) pa } (—1)0 = —iF".

(4.11)
From Eq. (4.11), it follows that
0, i NP i
F/i,) (LY ) ap = _Enj(F‘]) WL ) ap + EDAII;((I))7 (4.12)
where?
ny = Trél ok, n, = —2Trél. (4.13)

1 Cod 4 ;
" (®; F) = TsTriDglc(Lk"‘l)CBFf - %STI‘ In(in;(F/)~'(L}") 15) + const,

m;
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Then, we find

i 1 ; — ac - av
T = =2 n (F)™ 4 —Te(iD™)% (R L)%, (4.14)
2 27’11
1 i - 1 iD—1\ac( p—
Tia = gm(F)™ + 2 TP (R )y (4:15)
These relations can be presented in the form
j . 1
[y) = =5 m(F)™ + = —sTHD (L )P, (4.16)

m;

where in the first term on the left-hand side of (4.16) there is
no summation over index j and n; = my, ny, = —2m,,

(4.17)

where “const” is used to collect all terms independent on the background fields.

Let us consider the equation for 'y, (P; F),

(@1 F) = T (@ F)FI = —h(T (@; F) = T} (®; F) FY)

2h

i [ Desp| 300/ (ID(®) + (20{)0: ) =T (03 P g ) o

i

h h

(F(®: F), ) + - Sin (@, caﬂ ,

(4.18)

or, taking into account Eqs. (4.12), (4.16), (4.17), one can rewrite the last equation in the form

. in i : Loage iyl _ 2 /
Cio(®5F) =Ty (P F)F = —EsTrln [in;(F/)™(L}") 5] — lmn/DweXP [ﬁﬁOA(mj(F’) ! —%sz,j(‘I’;F))(Li”)ABfﬂB

i - < i
= L@ P + 4 Su(@.0)].

h

Further analysis of this equation requires the explicit form
of Si(®, @), supported by the additional restriction on
[y, j(®; F), which comes from the consistency condition
(3.23). We are going to study in the future these equations
and their solutions using some special field models.

V. GAUGE (IN)DEPENDENCE:
A SIMPLE EXAMPLE

In this section, we illustrate the problem of gauge
dependence using a simple example. To this end, we

2Here, we do not discuss a suitable definition of the functional
traces, but we assume their existence only.

(4.19)

consider the average effective action T'y(®; F) up to first
order in A,

Tu(®;F) = arl (@ F), (5.1)

where F,({U((I);F ) is defined in Eq. (4.17). Note that in
consistent gauge theories the effective action does not
depend on the gauge on its extremals. First, we check the
gauge dependence of the effective action (5.1). Consider
the quantum equations of motion F,(clj) (®; F) = 0. Because
of Egs. (4.12) and (4.16), we have

085038-6
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; |
—E” j(FI)~ WLy ) ap + 3 iDy(®) =0,

i 1
—Em (F]) +%5Trl‘DZé(Lk”_l)CB =0.

J

(5.2)

Substituting (5.2) into (4.17) and keeping in mind the
definition (4.6), we obtain

F,(Cl)(@;F) = %STI‘]H Stp(P). (5.3)

In this approximation, the average effective action (5.3)
coincides with the one-loop answer for effective action in a
given Yang—Mills theory. It is well-known fact (see, for
example, Ref. [15]) that it does not depend on the gauge

when the fields ®* satisfy the quantum equations of
motion. The one-loop contribution to the average effective

action, F,El)(q)), in the standard FRG approach reads

i) (@) = %sTr In(Stp(®) + /(@) (5.4)

This action depends on the gauge even on its extremals. To
illustrate this feature explicitly, we restrict ourselves to the

case of the electromagnetic field in flat space-time. The
classical action of the model is

1
So(A)=— / dXF Y, Fo=0,A,~0,A,.  (55)
We choose the gauge-fixing function in the form
(AB) = oA, +B (5.6)
ARV e R '
Integrating over field B yields the gauge fixing action
1
S, r(A) = ———— [ d*x(9°A,)>. 5.7
S8 =~ [ FO AR 6
The action for ghosts reads
Su(C,C d*xC(0%0, 5.8
wl€.0) = | JC(58)

The effective action of the model in the standard approach
[12] to gauge theories is?

[(®) = S(®) + irl( (1),

S(®) = So(A) + S, (A) + S,,(C. C), (5.9)

where

’In this case, P4 = (A, C, C).

PHYSICAL REVIEW D 92, 085038 (2015)

P 1
(5.10)

1
(1) =5 Trin <D§;§ -

The dependence of the effective action I'(®) (5.9) on the
gauge parameter A is described by the relation

5S(®)

———=00 + in
oP

art(z)
ol

or(®) = OA. (5.11)

Using the quantum equations of motion, which in our case
coincide with classical ones,

(5.12)

we see that all dependence on 1 comes from I'!)(1). In turn,

o0
r () = TO(0) + ~Trln (5a A ﬂ)

2 P14+ 0O
—1n\/%Trl
=1M(0) += lnl_lf_lT 8(58/’
—ln\/llﬁTrl—F“)(O), (5.13)

where the relation Tr(@) = Trl is used. Therefore,

_ (5.14)
LI

According to Eq. (5.3), the same result is valid for the
average effective action in the new FRG approach [7,8].

Calculation of the one-loop effective action of the model
within the standard FRG method gives

T (®) = S(®) + inl'\)(4), (5.15)

where the action S(®) is defined in Eq. (5.9). The regulator
action Si(A, C, C) for the model under consideration has
the form

1 _
Sk(q)) _§/d4XAa<Rk,A)aﬁAﬁ+/d4XCRk,ghC’ (516)

and the one-loop contribution (5.4), F,(Cl)(ﬂ), reads
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1 A
r0) = 5 1ein (005 - 500 + (k)

1
—Trln<7D +Rk,gh>. (5.17)

V144

As in the previous case, the quantum equations of
motion,
ST (®)  6S(P)
5o 5P

=0, (5.18)
coincide with the classical ones, and the gauge dependence
of the effective action I';(A) (5.15) on its extremals comes

essentially from I“,(cl) (1), which can be presented in the form

F{)(2) = T + 3 Trin(1 - G20 (R a))

R
—Trln(l +V1 +z%>. (5.19)

Here, 7,5 = diag(1,-1,-1,-1) is the Minkowski metric,
(1) =1W(0) is defined in Eq. (5.10), and G%(4) is the
Green function

A
(0o =570, )40 = 55

8 o0
G =-L—-21—=".

& (5.20)

The last two terms on the right-hand side (5.19) explicitly
depend on the gauge-fixing parameter 4. Using the follow-
ing property of cutoff functions Ry(p) — 0 when k — 0,
we can approximate the trace of the logarithm by a linear
term:

a o 14
M 1 (Rk,A)/; O ay(Rk,A)ﬁ
(2 Nr(1>(0)+§Tr< 5t m
R
~V1+ ,m(%). (5.21)
It is clear that
ar ()
0, 5.22
o7 (5.22)

and one meets the gauge dependence of the average
effective action within the standard FRG approach even
on shell.
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VI. DISCUSSIONS

In this paper, we have studied the procedure of loop
expansion in the new FRG approach based on the idea to
consider regulator functions being main ingredients of
standard FRG method as composite fields [7,8]. We have
derived an explicit formula at leading order in 7 for the
average effective action. We have explicitly demonstrated
the gauge dependence of the average effective actions
constructed within the standard and new FRG methods,
using a simple gauge model of Abelian vector fields. This
example confirmed the general statement of Refs. [7,8]
concerning the gauge dependence of the standard average
effective action even on shell. It is very important to note
that, in fact, the average effective action for the model
(5.5)-(5.8) is exact in the case of the standard FRG
approach without referring to perturbation theory and to
solutions of the flow equation. In our opinion, this result
indicates at least that the gauge dependence problem within
the standard FRG approach remains open up to now.
Perhaps not all the hidden features of the modified
Slavnov—Taylor identities (among recent studies, see, for
example, Ref. [16]) and the FRG flow equation are used to
respect the BRST symmetry.

The main feature of the FRG approach is its non-
perturbative character, encoding into the FRG flow equa-
tion for the average effective action. This equation is a very
complicated nonlinear functional differential equation for
which exact solutions are not known and different approx-
imations have been developed (for details, see Ref. [6]). In
turn, the structure of the FRG flow equation in the new
approach [7,8] is also very complicated but differs from the
standard one. This means that solutions to the new FRG
equation require serious efforts to develop new approxi-
mation methods. We plan in the future to present our study
of the problem.
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