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We provide a systematic treatment of chemical equilibrium in the presence of a specific type of time
dependent background. The type of time dependent background we consider appears, for example, in
recently proposed axion/Majoron leptogenesis models [A. Kusenko, K. Schmitz, and T. T. Yanagida, Phys.
Rev. Lett. 115, 011302 (2015) and M. Ibe and K. Kaneta, Phys. Rev. D 92, 035019 (2015)]. In describing
the chemical equilibrium we use quantities which are invariant under redefinition of fermion phases (we
refer to this redefinition as a change of basis for short'), and therefore it is a basis invariant treatment. The
change of the anomaly terms due to the change of the path integral measure [K. Fujikawa, Phys. Rev. Lett.
42,1195 (1979) and K. Fujikawa, Phys. Rev. D 29, 285 (1984)] under a basis change is taken into account.
We find it is useful to go back and forth between different bases, and there are insights which can be more
easily obtained in one basis rather than another. A toy model is provided to illustrate the ideas. For the axion
leptogenesis model [A. Kusenko, K. Schmitz, and T. T. Yanagida, Phys. Rev. Lett. 115, 011302 (2015)],
our result suggests that at 7 > 10'* GeV, when sphaleron processes decouple and T’z ; < H < T'; (where
H is the Hubble parameter at temperature 7 and I'; is the AL = 2 lepton number violating interaction rate),
the amount of B — L created is controlled by the smallness of the sphaleron interaction rate, I'g, ;.
Therefore it is not as efficient as described. In addition, we notice an interesting modification of gauge

boson dispersion relations at subleading order.
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I. INTRODUCTION

Recently, novel models of leptogenesis were proposed
[1,2] which employ the idea of spontaneous baryogenesis
pioneered by Cohen and Kaplan [3]. The key idea is the
existence of a specific type of time dependent classical
background field in the early universe. In [1] the back-
ground field comes from an axion which couples to the
electroweak gauge fields W* and B*.” The axion is assumed
to get nonzero mass from coupling to hidden sectors.” In [2]
the time dependent background comes from a Majoron
which is assumed to get mass from new physics at the
Planck scale. In the early universe, after inflation a
homogeneous background is produced which, in general,
does not lie at its minimum, assuming the corresponding
symmetry is broken before the end of inflation. When either
the axion or Majoron run down their respective potentials at
a temperature scale T satisfying H(T) ~ m(T) (where m is
the mass of the background axion or Majoron field), a
homogeneous, time dependent background field is

'In this paper, change of basis does not mean change of
Lorentz frame. All calculations in this paper are performed in the
center-of-momentum frame of the thermal plasma, i.e. the
Lorentz frame in which the average momentum of particles is
Zero.

In this paper we use a, b, ¢, d as space-time indices.

Unlike the QCD axion, electroweak axion could not generate
a mass by anomaly. Also, for the purpose of leptogenesis, the
mass needs to be large.
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produced. These models illustrate the interesting possibility
of explaining the observed baryon asymmetry 7% =6 x
1071° [4] in a CPT violating background field configura-
tion without using the CP violation in the fundamental
theory (CPT is assumed to be a good symmetry of the
fundamental theory).

While the time dependent background field (which may
be considered as a coherent state with zero momentum) is
not in thermal equilibrium, nonzero lepton number or baryon
number can be generated when the lepton/baryon number
violating interactions are in equilibrium, i.e. the interaction
rates are large compared to the Hubble parameter, H. It is not
always necessary for the system to reach the equilibrium
value, and when the system evolves towards the equilibrium
value with nonzero baryon/lepton number, a nonzero
baryon/lepton number asymmetry is generated. In the case
the equilibrium value is not reached, the amount of asym-
metry produced is determined by the relevant interaction
rates which enter the Boltzmann equations.

In this paper we discuss the change of basis invariance of
physics, which is relevant for the axion/Majoron lepto-
genesis models. In particular, we work out the equilibrium
values of B and L. The change of anomaly terms, due to the
change of the path integral measure [5,6] under basis
changes, is taken into account, and therefore, our discus-
sion should be distinguished from the Appendix of [2]
where the basis changes are discussed in the context of a
classical Lagrangian.

© 2015 American Physical Society
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To the best of our knowledge, we are the first to
provide a systematic basis invariant treatment of chemical
equilibrium in such a time dependent background.4 For the
purpose of obtaining a basis invariant treatment, we use
quantities which are invariant under the basis changes we
consider, like the fermion number density 7, the fermion
occupancy f(p), and the fermion effective chemical poten-
tial . On the other hand, the fermion energy E and fermion
chemical potential ¢ are not invariant under basis changes,
and they do not enter our final results. We find insights
which are better seen in one basis rather than another, and it
is useful to go back and forth between different bases.

A toy model is provided to illustrate most of the ideas. In
the toy model we illustrate a simple example of the time
dependent background we consider, the type of basis
changes we consider and the change of path integral
measure under basis changes. By choosing a suitable basis,
the Lagrangian becomes time independent and this explains
why thermal equilibrium and chemical equilibrium could
exist in the type of time dependent background being
considered. Quantities which are invariant under the basis
changes are discussed, and the chemical equilibrium is
described using the invariant quantities (especially the
effective chemical potential ji). The description in different
bases are explained at the level of the Boltzmann equation
and insight from different bases are discussed.

When applied to the axion leptogenesis model [1], our
result suggests a different equilibrium point than that
shown in [1]. Our result shows that B must be generated
at the same time B — L is generated, otherwise B = L = 0.
At T > 10'3 GeV, the AL = 2 interaction rate per particle
satisfies I'; > H. However the sphaleron interaction rate
per particle, g, ; ~ 2500, T < H [7] and it is thus not as
effective. We show that in this limit the amount of B — L
created is controlled by the smallness of the sphaleron
interaction rate per particle, ', ;, rather than, I';, and the
creation of B — L is not as efficient as described in [1]. We
also show that the end results obtained by the authors in [2]
are unchanged; however, the derivation of the effective
action was incomplete. As an aside, we notice a modifi-
cation of the gauge boson dispersion relation at subleading
order which exists in the axion leptogenesis model [1], but
not in the Majoron leptogenesis model [2].

II. CHANGE OF BASIS AND THE INVARIANCE
OF PHYSICS—A TOY MODEL

Invariance of physics under frame or basis changes plays
a key role in modern theoretical physics, such as Lorentz
invariance in special relativity, general coordinate

*For a general time dependent background, both kinetic and
chemical equilibrium do not exist, but the specific type of time
dependent background we consider allows both kinetic and
chemical equilibrium.
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invariance in general relativity and gauge invariance in
gauge theories.

Changing of fermion phases is central in Fujikawa’s way
[5] of understanding quantum anomalies. Here we continue
the story of changing fermion phases (we call it change of
basis for short) and investigate its implication in thermal
dynamics, especially in chemical equilibrium. We find for
the type of basis changes we are interested in, the energy or
chemical potential of fermions are not invariant quantities.
Nevertheless, particle number density n, occupancy f(p),
3-momentum of fermions, effective chemical potential of
fermions, 4-momentum of bosons, the chemical potential
of bosons and the dispersion relation of bosons are invariant
quantities. By changing basis, a good amount of informa-
tion can be obtained.

A. The toy model in basis (A)

We illustrate the idea using a toy model. Consider four
left-handed Weyl fermions ¢, ¢, g3 and [ in the funda-
mental representation of an SU(2) gauge group and W, is
the field strength of the SU(2) gauge field with the
Lagrangian given by

3
. 1
(A) L =11i5"D,l + ;:l q1i5°D,q; — P tr(W,, Web)

0(x)
1672

(W, W) (1)

where
D,=0,+iW,. (2)

We are interested in a homogeneous and time dependent
background, so consider

9,0 = (6,0,0,0) = (5,0,0,0). (3)

Here, we consider 6 = const since in the realistic models

we will be interested in, 6 is slowly changing, and it could
be treated as a constant during a period of time when some
relevant interactions happen. We have chosen our notation
to indicate the similarity between this toy model and the
SU(2), weak interaction in the standard model (SM).
According to the theorem of global anomaly by Witten
[8], for an SU(2) gauge theory to be consistent, there must
be an even number of SU(2) Weyl fermion doublets (in the
fundamental representation) assuming no fermions in other
representations of SU(2). There are alternative proofs of
Witten’s theorem using Abelian anomaly [9] or non-
Abelian anomaly [10,11]. Therefore, it is possible to
choose a slightly simpler toy model with just two Weyl
fermion doublets. However, in the case of two Weyl
fermion doublets, the anomalous one-instanton effect
[12,13] or sphaleron effect [14—17] involves only two
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fermions and induces a correction to the fermion propa-
gators which is equivalent to a mass term rather than an
interaction. If we want the anomaly to induce an inter-
action, rather than a mass term at the lowest order, our toy
model is the minimal set up.

B. Change of basis from (A) to (B)

We consider the following change of basis (although
change of basis could be more general):

I — elc10)]

g; = e2Wg, =123

C1+3C2:1. (4)

Fujikawa’s method [5,6] (especially Ref. [6]) is very
helpful in understanding how an anomaly term changes
under fermion phase rotations in chiral gauge theories.
Fujikawa’s idea is to consider the path integral of the
theory; when the phases of the fermions are rotated, the
path integral measure of fermions may not be invariant
(depending on what rotation is performed and how fer-
mions couple to the gauge fields). This effect is equivalent
to adding a term into the classical Lagrangian after the
fermion phase rotation. Some useful results of Fujikawa’s
method are summarized in Appendix A2 using our
notation. The effect of the rotation Eq. (4) is the following:
(1) The change of basis induces a change of the anomaly
term (due to the change of path integral measure)

(c1 +362)0(x)

5£anomaly =

_ o)

Therefore, the original anomaly term is canceled in this
new basis.

(2) Since 0,0 = (8,0,0,0), the change of basis will also
introduce the following terms into the Lagrangian:

3
Ls=—c6lT] - Z 264, q;. (6)
i=1

Therefore, with a change from basis (A) to basis (B), the
Lagrangian becomes

(B) L' =TI'ig"D z-5,ﬁ1+z 'i69Doq; — 5,91 ;)
1 i=1
—@U(Wabwab)» (7)
where
5+38,=56 8 =ci8 S,=cb.  (8)
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C. Energy shift and effective chemical potential

1. Energy shift

The terms 5,01 and 5qq q; give energy shifts to / and ¢;
pamcles At the classical level, this may be seen by
considering classical solutions of the free part of the
Lagrangian (here, free means getting rid of interactions).
The reason we only consider the free part of the Lagrangian
is the assumption that for a weakly interacting plasma,
particle can be defined using the free part of the
Lagrangian. For example, consider the /(x) field

£O = l'}'i(_;”aal =] = u(p)e—ipx or | = v(p)eipx (9)

-

where p® = (|p|,

P). After basis changes [ — e[

Ly = 11i5°0,1 — 81Tl = | = u(p)e~P*e=®" or
[ = v(p)elPreior, (10)

The solutions with factor e~*P* are called particle solutions,
and the solutions with factor e’P* are called antiparticle
solutions. The energy of particle and antiparticle is shifted
in opposite directions.

E(p) = |p| +51

Ei(p) = |p| -

E,(p) =[P+,

E4,(p) = Ipl -4, (11)

Energy shifts are not only defined in basis (B) but also
defined in basis (A). The amount of energy shift in basis
(A) is zero. More details about energy shifts may be found
in Appendix A 3.

2. Effective chemical potential

We have seen that energy shifts may come about in our
toy model by basis changes. In systems with energy shifts,
it is convenient to define an effective chemical potential fi.

Let us consider the following shifts of particle energy,
and mass m is added for a general definition. In the toy
model and the relevant temperature scales of the realistic
models in Sec. III, the particles are massless.

E(p) = Eo(p) +6 with Ey(p) =/p*+m* (12)

In kinetic equilibrium the occupancy is

Since we have freedom to choose ¢; and ¢, keeping
¢; + 3¢, = 1, we are actually considering a lot of possible basis
changes parametrized by a real number. Each of them gives you
different energy shifts.
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- 1 1
fp) = Eop)+os : (13)

e e e

For the purpose of calculating the occupancy it is conven-
ient to define the effective chemical potential

H=p— 0, (14)
then

- 1
fp) =57 (15)
e 1 *1

For each internal degree of freedom, the number density is

d*p

n:/@gg@) (16)

In a system with chemical potential 4 and energy shift J,
the occupancy and number density can be calculated as if
there is no energy shift and with the effective chemical
potential .

D. Invariant quantities of the toy model

For a basis invariant description of physics, it is very
important to find invariant quantities6 under basis changes.
For the toy model, there are fermions and gauge bosons. In
this section, we will discuss the invariant quantities of
fermions and gauge bosons which provide an invariant
description of the system.

1. Invariant quantities for fermions

We have seen that the fermion energy gets shifted and the
shift does not take the same value in basis (A) and basis (B).
On the other hand, from the requirement that physics is
independent of basis, the number of fermions with some
specific 3-momentum p are the same from the viewpoint of
both bases. At the classical level, it may be seen by
considering a classical solution of the free part of the
Lagrangian (9), (10). Under basis change | — eI, the
particle solution

[ =u(p)e'P* - | = u(p)e~irre=ior, (17)
|

1
S = /d4x— |:FBabBab +

0(x)Y?
1622
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The physics requirement is that, a particle described
by the solution u(p)e™P* will become a particle
described by the solution u(p)e~P*e~"" (with the same
3-momentum p) after the basis change [ — e/l
Similarly for antiparticles. Therefore, the number of
fermions with some specific 3-momentum p should be
the same from the viewpoint of both bases (for a further
discussion of this point see Sec. Il E). This means that the
occupancy f(p) is an invariant quantity. For each internal
degree of freedom

3
0= [ G (18)

Therefore, f(p) invariant implies the number density 7 is
an invariant quantity. For fermions, in kinetic equilibrium
we have

- 1
f(p) = TRy . (19)
e 17 +1

Here, Ey(p) is an invariant, therefore, the effective
chemical potential z is invariant. On the other hand,
the chemical potential 4 = ji 4+ § is not invariant since &
is not invariant.

To summarize, for fermions, the 3-momentum, the
occupancy f(p), the number density n, and (when the
system is in kinetic equilibrium) the effective chemical
potential j are invariant quantities.

2. Invariant quantities of gauge bosons

In the change of basis considered in the toy model,
we did not transform the gauge field. Therefore, we
expect that everything about the gauge boson in basis
(A) and (B) is the same. To be specific, we expect the
4-momentum, the occupancy f(p), the number density
n, the chemical potential and the dispersion relation of
the gauge boson to be invariant. We find there is an
interesting subtlety concerning the dispersion relation of
the gauge boson, and it conforms to our expectation.

In the context of an Abelian gauge theory, consider

B,,B" 9,0 = (8,0,0,0). (20)

A similar theory has been considered by Carroll, Field and Jackiw [18] in the context of electrodynamics modified by a
Lorentz-violating Chern-Simons term Lcg = —p, A, F % [The term OFF is equivalent to —2(9,0)A,F ab up to a total

®Quantities which change according to some simple rules (under basis changes) are called covariant quantities. Covariant quantities
can be important also. For example, in general relativity, vector and tensor are important covariant quantities.
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derivative.] By solving the classical equations of motion it can be shown that the dispersion relation of the gauge boson is
modified:

12v2 g/2 Y2

1672

8,B = b, Bp, — ( J kS (1)

—F5,0,0,0> = (U2 = k2 +
T

with + for the two possible circularly polarized modes, and k = |%| For our non-Abelian gauge field in the toy model, from
the view point of basis (A), after neglecting the nonlinear terms, we expect a similar modification of the dispersion relation.

For the action

1
S = /d4x— [—2tr(WabW“b) =+

the dispersion relation would be

2= k2 + 2 k6. 23
@ 872 (23)

From the requirement that physics is independent of basis,
we expect the same dispersion relation in basis (B). But in
basis (B) there is no (x)WW term, and how should the
dispersion relation of the gauge boson be modified? It may
not be too surprising that from the point of view of basis
(B), the same modification of the dispersion relation comes
from a fermionic 1-loop correction to the propagator of the
gauge boson.” A calculation of relevant I-loop correction in
the context of QED (set fermion mass m = 0) may be
found in [19], and we also notice that in their paper the
result was explained using the idea of basis changes taking
into account the change of anomaly term from the path
integral measure. From the viewpoint of basis (B), the
fermions get energy shifts of order o, and the gauge
coupling ¢* enters into the boson dispersion relation due
to the loop. This result justifies our basis independent
argument for gauge bosons. Summary and comments:
(1) The basis invariant quantities for gauge bosons are the
4-momentum, the occupancy f(p), the number density
n, the chemical potential and the dispersion relation.
(2) The dispersion relation of the gauge boson is given by
0=k + 8927k6 [as is shown in Eq. (23)]. Note that
the second term is linear in k, and therefore this
modification is not a mass term; this effect is special
for time dependent axion background and it is a zero
temperature effect. When k > 6, this is equivalent to
gz

an energy shift @ = k & ;6. Since the energy shift of

the gauge boson frequency is suppressed by a factor
762> compared to the energy shift of the fermions, we
will neglect this small energy shift for the gauge boson

"The terms &,/ and 5qu'q,» which cause energy shifts of the
fermions also contribute to the loop diagram, and this makes it
possible to modify the dispersion relation of the boson.

0(x)
2q 1622

tr(W, W“b)} D0 = (5,0,0,0), (22)

in considering the equilibrium (assuming ¢*> < 1). In
chemical equilibrium, we will use yy = 0, and as we
neglect the small energy shift, we will not use an
effective chemical potential for gauge bosons since
it is equal to the chemical potential in every basis,
Aw = py .

(3) The dispersion relation of the gauge boson, w
k> + 8927k5 [as is shown in Eq. (23)] has an instability

at small momentum, k < 8‘]—;5. When the thermal mass
of gauge boson m ~ ¢gT (see for example [20]) is taken
into account, the instability no longer exists (assuming
both 7> 6 and g < 1). In fact, for a thermal averaged
momentum k ~ T, the thermal correction to the fre-
quency is of the order ng,S and the correction due to
the axion background to the frequency is of the order
+¢?5. Both are second order in the gauge coupling g,
and when T > ¢, the thermal correction is bigger then
the axion correction. Nevertheless, the fact that the
axion background correction treats + circularly polar-
ized modes (or helicity) differently may have interest-
ing consequences, see Sec. III C 2 for more detail.

2:

E. Chemical equilibrium

Generally speaking, chemical equilibrium does not exist
in systems with a time dependent Lagrangian. Our toy
model in basis (A) is time dependent, and at first sight, it is
not clear whether it is possible to have chemical equilib-
rium. Nevertheless, in basis (B), the Lagrangian is time
independent, and it is possible to define chemical equilib-
rium. We first provide a treatment of chemical equilibrium
in basis (B), and then use the invariant quantities to obtain
the equilibrium in basis (A). The viewpoint from different
bases are discussed at the level of Boltzmann equation.

The thermal correction treats the two circularly polarized
(transverse) modes in the same way, while the axion background
distinguishes the two modes. In thermal plasma there are
longitudinal modes also, but only for momentum smaller than
gT, and therefore not relevant here.
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1. A brief review of chemical equilibrium

As we will use chemical equilibrium in a nontrivial way,
it is worthwhile to briefly review it here, together with the
derivation from the Boltzmann equation. For a process

|

PHYSICAL REVIEW D 92, 085008 (2015)
A+B+--=C+D+---. (24)

Start with the Boltzmann equation’ which may be found in
[21] (here I set the Hubble parameter H = 0)

d
%E —/dHAdHB...dHCdHD...

x (27)*8*(pa + pp... = Pc — Pp---)

« |:|M|31+B+~~—>C+D+...fAfB T (1 ifc)(l ifD) U
~MEipsoaspiScfp - (L Ef) £ fp)

where for each internal degree of freedom dIl = 571)73

is the phase space factor, f(p) is the occupancy and in
kinetic equilibrium f(p) = —

exp&ﬁ‘ili
(1) If we have

|M|fx+3+~--—>C+D+-~ = |M|ZC+D+~--—>A+B+--~ (26)

then, in chemical equilibrium we could derive
patpp o =pctup+-o-. (27)
(2) If T is violated, we may have

|M|3§+B+---—>C+D+--~ ;é |M|%‘+D+~--—>A+B+--- (28)

then, in chemical equilibrium one would derive

o+ Hpt -

2
McipimaiBi-

=pc+up+---+Tln

Muspsnscipse
(29)
|

d
%E —/dHAdl'IB...dHCdHD...

(25)

|
Throughout this paper, we do not need to worry about
the situation in Eq. (29) because we neglect the small
CP nonconservation in the weak interactions when
considering the axionic/Majoron leptogenesis models.

(3) In a time dependent background, if chemical equilib-
rium exists, there will be another effect which could
make piy +pp+ - F pe +pp + -

Recall that the 6*(p, + pg... — pc — Pp...) in the
Boltzmann equation comes from energy-momentum
conservation. Especially, the energy conservation could
be derived by time translational invariance of the
Lagrangian. If the Lagrangian depends on time explic-
itly,10 then the time translational invariance no longer
exists and the delta function may need to be modified.

This nonconservation of energy may be seen by
Noether’s theorem. The energy-momentum tensor for a
time dependent Lagrangian satisfies

oL oL
9,T = —— = —=8) —. 30
More details of Noether’s theorem for a time dependent
Lagrangian may be found in Appendix A 4. Consider
the following modification of the Boltzmann equation:

x(2m)* x8(Ey +Eg+ - —Ec—Ep---—A)x8(ps + Pp... — Pc — Pp---)

|:|M|3§+B+~~—>C+D+~~fAfB e (1 ifC)(l ifD) e (31)
— M picaipi Sl (L Efa) (A £ fp) -
If we still have

|M|i+8+~-~—>C+D+--- = |M|2C+D+---—>A+B+~-~ (32)

°If there are identical particles in the interaction, the phase space needs to be modified.

"In our case, the fundamental Lagrangian does not depend on time explicitly. When the axion/Majoron is treated as time dependent
classical background, the effective Lagrangian depends on time explicitly.
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then in chemical equilibrium one could derive

Ha +pp+ - =pc+pup+---+ A (33)

2. The equilibrium from the viewpoint of basis (B)

In basis (B), everything is time independent, and all
terms are T invariant (see Appendix A 3 for why &,/7/ and
5quq,- are T invariant). Therefore, in basis (B) we could
use Eq. (27) in chemical equilibrium. The fermions in the
toy model participate in two types of interactions, namely
the perturbative gauge interaction and the nonperturbative
anomalous gauge interaction."!

(1) When the perturbative gauge interaction is in equilib-
rium with a unbroken gauge symmetry we have

pw = 0. (34)

This allows us to define the chemical potential y; and
g, for each doublet. Also, we have y; = —u; and
Hg, = —Hyg,> similarly for the effective chemical poten-
tial ji; = —ji; and jiz, = —ji,.. With this in mind, we
will not repeatedly write down the chemical potentials
or effective chemical potentials for antiparticles.

(2) When, in addition, the anomalous gauge interaction is
in equilibrium

3 3
MI+Zﬂqi:0:>ﬁl+Zﬁqi:_5' (35)
g =1

Note that while y; + Z?:, Hg. =0 we may have
i+ Z?zl fg, 7 0. Also & only enters the equation
of the effective chemical potential for the anomalous
interaction but not the perturbative gauge interaction,
and the energy shifts 6; and 6, do not come separately
in the effective chemical potential equations, only the
combination 6 = §; + 35, matters. The above facts can
be explained more easily by changing basis.

3. The equilibrium from the viewpoint of basis (A)

We can solve the entire problem in basis (B), but as
physics is independent of basis, it worthwhile to share the
viewpoint of basis (A).

PHYSICAL REVIEW D 92, 085008 (2015)

As is argued earlier in Sec. II D, the particle number
density n, the occupancy f(p) and the effective chemical
potential i are invariant quantities under the basis changes
we consider. In basis (A), the amount of energy shift is
Zero, so

=R g = g, (36)
With the result obtained from basis (B) in Eq. (35), and the
invariance of effective chemical potential, we find in
basis (A)

3 3
ﬁl + Zﬂqi = -0 = Hi + Zﬂqi = —4. (37)
i=1

i=1

A more careful comparison of different basis (at the level of
Boltzmann equation) in the following section I E 4 shows
that the reason to have u; + E?:l Hg, # 0 in basis (A) is

that the time dependent term 6(x)WW causes the situation
described in Egs. (31), (32), (33). Furthermore, from the
viewpoint of basis (A), there is no surprise that § only
affects the effective chemical potential equation of the
anomalous interactions (but not the perturbative gauge

interaction) since it is in OWW.

4. Compare basis (A) and (B) at the level
of Boltzmann equation

The last two sections I E2 and II E 3 mainly focus on
equilibrium. Some more information can be seen at the
level of the Boltzmann equations, and it makes the
correspondence between the two bases more clear.
Consider the following anomalous interaction:

l+q1 = g+ g3 (38)

Let the partial rate'? for the change of the number density
for [ particles, due to this interaction, be

<@> . (39)
dt I+q1=2q,+43

In basis (B), as everything in the Lagrangian is time
independent, and all terms are 7 invariant, the Boltzmann
equation for this process is

dn
(B) (d’> =- / dlldl, g, dlly, x (27)*6*(pi + Py, = Pg, = Pg,)
4 I+q1=q,+743

« |:|M|12+q1—>t?2+t?3flff11 (1 - ff]z)(l _f(_h)
M, et Sl (L= )= f) ]

(40)

""The anomalous gauge interaction may be an instanton or sphaleron interaction.
"It is called partial rate because the number [ particle can be changed by other interactions.
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the energy is conserved, and from 7 invariance, we have

(B) M}

PHYSICAL REVIEW D 92, 085008 (2015)

_ 2
I+q1—q+q; — |M (41)

Gtz —1+q;°

As argued in Sec. II D, when going from basis (B) to basis (A), the number density n,, the occupancy f,(p) f,, (P) f3,(P)
fa (p) are invariant quantities, and the fermion energy changes according to the energy shifts. The only consistent way is to

have the following Boltzmann equation in basis (A):

dn
) <d_[l) __ / dIl,dI1,, dTl,, T,
I+q1=42+q3

x (22)*8(E) + E,, — Eq, — Eg, + 8) X 8(P; + Py, — Py, — Pzs)

2
l |M|I+Q1—"?2+Q3
X

—|IM[3

with

2 _ 2
(A) |M ‘l+q,—>c‘/2+c‘13 - |M |§2+(_13—>l+q| . (43)
From this Boltzmann equation one can directly derive the

relation

3
oY g = —b. (44)
i=1

This shows that the reason yu; + Z?:l Uy # 0 in basis (A)

is that the time dependent term O(x)WW causes the
situation described in Egs. (31), (32), (33). In other
words, from the viewpoint of basis (A), the effect of the
operator 9(x)WW in the anomalous interaction [ + ¢; =
g» + gz is to make the sum of the energies of the
incoming particles not equal to the sum of the energies of
the outgoing particles, i.e.

E; +E5 =E +E, +6. (45)

An independent proof of Eq. (45), using Noether’s
theorem, can be found in Appendix A 4.

F. Insight from different bases

Here, we remark that it is very useful to go back and
forth between different bases, and there are insights easier
seen in one basis rather than another. For the toy models
described above:

(1) Inbasis (A), the modification of the dispersion relation
of the gauge boson, Eq. (23), can be derived at the
classical level, while in basis (B), it can be seen only
after doing a 1-loop calculation. Therefore, the modi-
fication of the dispersion relation is best seen in basis
(A). Furthermore, by the invariance of physics, and
change of basis, we predict what the 1-loop diagram

Gr+q3—1+q;

fifq (1= f3,)(1 = f3,)
fafa,(L=F)(1=fg)

(42)

should give us before doing any calculation. This
shows the power of basis changes.

(2) In basis (B), the Lagrangian is time independent, and
all terms in the Lagrangian are 7 invariant. Therefore,
the Boltzmann equation looks most familiar, see
Eq. (40), and the chemical potential equations and
effective chemical potential equations are most easily
derived. By changing basis rather than direct calcu-
lation we find that the O(x)WW term, from the view-
point of basis (A), is responsible for the energy
nonconservation in the anomalous interactions, see
Eq. (45). [A direction calculation in basis (A) using
Noether’s theorem which confirms the result is pro-
vided in Appendix A 4.]

(3) In basis (B), it is not straightforward to see why o; and
0, do not separately enter the effective chemical
potential equations, and only the combination § =
0; + 36, matters. Nevertheless, by changing basis, and
the invariance of physics, one can argue that only &
matters by choosing a basis, for example, with §; =
and §, = 0."

III. THE CHEMICAL EQUILIBRIUM
EQUATIONS FOR AXION/MAJORON
LEPTOGENESIS MODELS

In this section, we work out the equations for the
effective chemical potentials in realistic models.
Consider the SM Lagrangian with neutrino mass and added
in energy shifts:

L= [’kinetic + EYukawa + ‘Cgauge + EHiggs + [’M + [’5-
(40)

“The basis with with §, = & and 6, = 0 is a special case of
basis (B).
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In the following we only explicitly write down the Lagrangian for one family of quarks and leptons while keeping in mind
there could be N, families (we are mostly interested in Ny = 3). We assume there is one Higgs doublet. We neglect the CP-
violating mixing in the Yukawa couplings for this problem, and we will assume the chemical potentials are independent of

family.

Liinetic = 1'i6°D,1 + €%i5*D e + q'ic°D,q + i'i*D it + d'i5°D ,d

Lyuawa = —9.(@H' 1 = I"He*) — g,(dH"q — ¢'Hd*) — g,(aH'q — ¢" Hir")

1
‘Cgauge = _2_ggtr(GabG b) -

‘CHiggs =

Cu = 2 () ') - (1 E (1)

ﬁg = —5[]]% - 51‘]2

where the two component spinor indices are antisymme-
trized (see Appendix A 1). We assume there are heavy
neutrinos, and we have integrated them out because we are
interested in the physics at a much lower energy scale than
the heavy neutrino mass M. The term L, is the dimension-
5 Weinberg operator that is obtained by integrating out the
heavy neutrinos. Here M is real, and J‘é and J§ are the

quark and lepton currents (the baryon current Ji = %J‘é)

J¢ =161 — e*5%

(53)

Jo=q'6°q—uou— d*sd. (54)
For later convenience let us define 6 = 35q + 0;, and we
will use 6 and §; as two independent variables (instead of
using &, and 6;). We assume in this problem 6 and 6; change
with time slowly enough and in chemical equilibrium we
can treat them as constants. Also, we assume 6 < T and
0, < T, where T is the temperature of the thermal plasma.

A. Energy shifts from axion/Majoron
leptogenesis models

In this section, we show that the axion leptogenesis
model in [1] is equivalent to our Lagrangian (46) with § # 0
and 0; = 0, and the Majoron leptogenesis model in [2] is
equivalent to our Lagrangian (46) with § = 0 and §; # 0. In
order to verify this statement, a basis change is needed and
the change of Lagrangian due to the change in the path
integral measure is taken into account.

1. For the axion leptogenesis model in [1]

In our notation, the Lagrangian for the axion lepto-
genesis model in [1] looks like

(47)
(48)

1 ab 1 ab
2—gztr(WabW ) — 4leBabB (49)
(D) (D¢) = V() (50)
(51)
(52)

[
L= ‘Ckinetic =+ ‘CYukawa + ‘Cgauge =+ EHiggs + ‘CM + ‘Canomaly

(55)
where
0(x Y7a na
Eanomaly = _# [tr(WabW h) - 2BabB b]
o(x) = 4 (56)

fa
Here a(x) is the electroweak axion field which we treat as a
classical background, and f, is the axion decay constant.

We consider, as in [1], a homogeneous and time dependent
background, so we have

81,(1

00 =%

= (A,0,0,0). (57)

With the following basis change (vector rotations on
quarks)”:

i, (x)

q—e q
i — e %Wy
d— e g (58)
and
6(x)
0 =_—" 59
A = (59

"We do not rotate the leptons, since this would induce phases
in the dim-5 Weinberg operator.
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(refer to Appendix A 2 for how the Lagrangian changes),
we find the Lagrangian in this new basis is just described as
Eq. (46) with

s_A_
Ny~ Nifa

0, =0. (60)
In the relevant temperature range, 0 < T is satisfied.

2. For the Majoron leptogenesis model in [2]

In our notation, the Lagrangian for the Majoron lepto-
genesis model in [2] looks like

L= ‘Ckinetic + ‘CYukawa + Egauge + LHiggs + E;\/[ (61)

where

z, _%[e—ieu)(gu)(gu) _eiﬁ(X)(lTﬁ[)(l*ﬁ)]; (62)

here compare with the notation in [2]

o) = XX g Oar

®) \/EUB—L ‘ \/EUB—L
where y(x) is the Majoron field which we treated as a
classical background, and vp_; is the B — L breaking scale
which is assumed to be roughly the same scale as the heavy
neutrino mass M. With the following basis change (vector
rotation on quarks and leptons):

= (A.0,0,0) (63)

[ — ]
e — e g

i0(x)

q—e q
i — e Wy
o e 007 (64)
and
1
Gl(x) :—9()6) 92()(,') :—69()6) :>91 +392:O

(65)

(refer to Appendix A 2 for how the Lagrangian changes),
we find the Lagrangian in this new basis is just described as
Eq. (46) with

R, (66)

In the relevant temperature range, §; < T is satisfied. Note,
the second term in Eq. (66), i.e. §;, is the same value found
in Ref. [2]. However the derivation in [2] did not take into

PHYSICAL REVIEW D 92, 085008 (2015)

account Fujikawa’s result for the change in the fermion
path integral measure under the basis change and the fact
that 6 = 0.

B. Effective chemical potential in the early universe

We work out the equations for the effective chemical
potentials when the relevant process is in chemical equi-
librium. We will use notation very similar to that in
Ref. [22], and we consider the following result to be the
generalization of the result in [22] for the types of slowly
changing time dependent background fields described
above. The chemical potential will be used in intermediate
steps, but we would like the final result to be written in
terms of effective chemical potentials because the effective
chemical potential is invariant under basis changes. The
intermediate steps with chemical potential will depend on
the specific basis chosen, while the final result in terms of
the effective chemical potential is independent of basis."”
(a) In the early universe before electroweak symmetry

breaking, the chemical potentials of the gauge bosons
vanish

pp = pw =ty = 0. (67)

(b) When fermion and Higgs interactions with gauge
bosons are in equilibrium, it is possible to assign a
single chemical potential for each fermion or Higgs
multiplet. The chemical potential of particles and
antiparticles add up to zero. Moreover, 6 and §; shifts
for particles and antiparticles are opposite. Therefore,
the effective chemical potential for particles and
antiparticles adds up to zero. With this in mind, we
only write down the chemical potential for particles
(not antiparticles). We also assume the chemical
potentials are independent of family and therefore
we drop the family indices. Given the following
chemical potentials and effective chemical potentials
we find relations among them when interaction rates
are in equilibrium, i.e. they are fast compared to the
Hubble expansion rate. We have

(chemical potentials)
(68)

Hi He ﬂq Hu Ha HH

Hi He Hg Hu Ha HH
e q u (69)

(effective chemical potentials).

Since jiy = py in any basis, we will use py for both
chemical potential and effective chemical potential of
the Higgs doublet.

SWe use the effective chemical potential for fermions but not
for gauge bosons or Higgs because in our problem, gauge bosons
and Higgs never get energy shifts, i.e. neglecting possible small
energy shifts for the gauge bosons.
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(c) When the QCD anomaly is in equilibrium, we
have

2/"1] =W, + U = 2ﬂq = Hy + Hg. (70)

In the derivation we used the fact that all quarks shift
by the same amount §,,.
(d) When the SU(2), anomaly is in equilibrium, we have

3ug +p =0 = 3, + iy = —(36, + 8;) = —6.
(71)

(e) When Yukawa coupling interactions are in equilib-
rium, we have

Mg = Ha+Hy = By = g + Uy (72)
Mg = My — Py = ﬁq =y — My (73)
Hi = He + iy = 1y = e + py. (74)

(f) The requirement of a hypercharge neutral universe,
> Y =0, constrains j; directly, rather than y; since
what is relevant is the number density

2
uq+2ﬂu—ud—ﬂz—ﬂe+N—fﬂH=O. (75)

Here we have used the approximation that for i; < T,
each internal degree of freedom gives you

1

(Fermion) n; —n; = 6,[4,-T2
1

(Boson) n; —n; = gﬁ,-Tz.

(g) The lepton number changing AL = 2 interaction gives

I+H<=1+H.
(76)

AL =2 H+H<=1+1

When it is in equilibrium, and notice the Lagrangian
(46) is T invariant and time independent, we have

Hi+pg =0= [ +pg = —6;. (77)

We observe that the 6, which could come from a time
dependent electroweak axion background, only ap-
pears in the effective chemical potential equation for
the electroweak anomaly, and §; which could come
from a time dependent Majoron background only
appears in the effective chemical potential equation
for AL = 2 interactions.

PHYSICAL REVIEW D 92, 085008 (2015)

C. Phenomenological implications

1. The equilibrium point in the limit SU(2),
sphaleron is turned off

In this section, the phrase turned off means the theo-
retical limit in which some specific interaction rate goes to
zero. It should be understood as a theoretical limit which is
useful to obtain some insight. This limit is not necessarily
realized in realistic situations. However it is a good
approximation when the electroweak sphaleron rate sat-
isfies, I'g,; < H. This is in fact relevant to the axionic
leptogenesis model [1] for 7 > 10'* GeV.

We are trying to solve for the baryon number density np
and lepton number density n;. In the early universe, the
SU(2), anomalous interaction is the sphaleron interaction,
and if it is turned off, we cannot use (d). Let us solve the
equilibrium effective chemical potentials when all other
interactions are in equilibrium. The useful relations of
fermion effective chemical potential from (a), (b), (c), (e),

(), (g) are

(Yukawa) 1, = g + i (78)
(Yukawa) 7, = i, — i (79)
(Yukawa) ji; = fi, + pg (80)

2
(Y=0) ﬂq+2ﬂu—ﬂd—m—ﬂe+N—fﬂH=0 (81)

(L) i+ pn = =0 (82)

Solving the equilibrium in terms of §; and ji, we find (6
does not enter this result)

2N; + 1 Ny

# :_3Nf+151+31vf+1’_“’

Ui = —3)1\;:];1(51 + i)

e = _3]\]1\;}:11 ot 31\?]—1 i#a

Ha :3N];/:L 15’+4311]:I,;Ii’_’q

Hu = _3N1fvi ot i%ﬁi 1’_"1 (83)

and
B = 4N/, (84)

LZNf(é%;i? l+31\jjvilﬂq> (85)
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SN;+3_ 8N;+4
/ f =
B-L=N 86
f<3Nf+1 l+3Nf+1”‘1> (86)

where B and L are defined such that the net baryon number
density np and the net lepton number density n; can be
written as

BT? _ _ _
nBEnh_nl_;zTiB:Nf(zﬂq_’_:uu +:ud) (87)
L 2
nLEnl_nizT:L:Nf(zﬁl_l'ﬁe)' (88)

As we are interested in the early universe when the
lepton number is generated. In the limit the SU(2),
sphaleron is turned off, np does not change at that period
of time. We are interested in the initial condition nz = 0,
which gives you

B=0=2u,+p,+i;,=0=p,=0. (89)

Plugging the result of Eq. (89) into Eq. (83) we find'®

iy =0
2N+
b= 79
3N, + 1
___ N
HE = 73N 17
Np+1
= f
-5
He = 73N, 117
N
_ 7
S A
Ha= 3N, 417
Ny
i, = ———1—35, 90
Hu 3Nf+1 l ( )

In the model described in [1], we argued that 5, = 0. We
find the equilibrium value of the effective chemical

L = 0 and no asymmetry could be generated in the limit the
SU(2), sphaleron interaction is turned off.'” This is a
different result than obtained in [1], in which only the
AL = 2 interaction rate, I';, enters the Boltzmann equa-
tions and §; was assumed to be nonvanishing. Note, if the

"In this case, only §; matters and it is reasonable.

"From the viewpoint of the original basis Eq. (55), the effect
of the time dependent axion background is to make energy not
conserved in sphaleron interaction, and when the sphaleron is
turned off, it could not affect the equilibrium and therefore, could
not produce asymmetry. For another possible basis in which the
anomaly term is canceled by a vector rotation on leptons, time
dependence in the dim-5 Weinberg operator and the energy shifts
on leptons both have effect, and in the end the same result is
obtained.

PHYSICAL REVIEW D 92, 085008 (2015)

sphaleron interaction is not completely turned off, i.e. we
do not neglect the results of Eq. (71), then the equilibrium
value of ji, # 0 and a baryon asymmetry will be generated
by 6.

This result suggests that for the model in [1], nonzero B
must be generated at the time nonzero B — L is generated,
otherwise B — L = (. The sphaleron interaction rate per
particle satisfies I'y,; < H when T > 10'> GeV (since
the sphaleron decouples at T > 10'> GeV, see for
example [22]) and according to the data in [1] the AL =
2 interaction rate I, > H for T > 10'3 GeV. Therefore,
at T > 103 GeV we expect the amount of B—L
generated is controlled by the smallness of I'p,; rather
than I';, since I'; > H>1g,;. We expect the B—L
generated at T > 103 GeV to be less efficient than
described in [1].

2. A subleading order effect

We notice a subleading order effect: the modification of
the dispersion relation of the gauge boson, [similar to
Eq. (23)].

2

(W field) o = k> + ék(Nfé) (91)
/2
(B* field) o = qu:%k(Nfa). (92)

This effect exists in the axionic leptogenesis model [1] but
does not exist in the Majoron model [2]. It is an effect at
subleading order, has similar g> suppression as the thermal
correction to the gauge boson dispersion relation, and when
calculating the effective chemical potentials we neglected
this effect.

The axion modification of the dispersion relation is
different from a thermal correction:

(1) It is a zero temperature effect.

(2) The correction is linear in k and therefore it is not a
mass term. On the other hand, the thermal effect is a
mass term (m ~ gT for k> gT).

(3) The thermal correction treats the two circularly
polarized modes in the same way, while the axion
correction treats =+ circularly polarized modes (or
helicity) differently.

It may be interesting to investigate whether this modi-
fication of gauge boson dispersion relations leads to any
observable. A possible observable due to a cold axion
background modified dispersion relation of a photon is
discussed in [23]. The dispersion relation discussed is of
very similar origin as the one we consider, but the energy
scale is very different, and it could make the observable (if
it exists) very different.

The fact that an axion background treats the two
circularly polarized modes (£ helicity states) of gauge
bosons differently could result in a nonzero helicity
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density H # 0. The definition of helicity density H in
the context of electrodynamics may be found in [24]
together with its possible origin during an electroweak
phase transition (7"~ 100 GeV). Our result indicates that
the axionic leptogenesis model [1] could give rise to a
H #0 (for the gauge fields B¢ and W¢) at a much
higher temperature scale (7 ~ 10'2 GeV). It is not clear
to us whether such a H # 0 in the early universe could
induce an observable effect today.
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APPENDIX A: SOME MORE DETAILS

1. Our notation of gauge fields and spinors

For spinors, we only use left-handed Weyl spinors. Here
is a comparison between different notations

V= (Zi) N (iﬁﬁ*)

o= (1,0') 5= (1,-c") (A1)
L=y(id —m)y =y} ic"Oy; + whic®Opr
—m(yjyr +viw)
= a'iz*0,a + p1i5%0,p
+ ml(ap) — (a"p")] (A2)

where (aff) = a (ic,)p. Both a and f are left-handed Weyl
spinors.

Wiy Ay = wic Ay + wric® Ak

=a'iz'A,a + plice(—-AT)p. (A3)
As —Al is A, in the conjugate representation, when
the spinor switches wr — f, the representation
switches into its conjugate representation. Let us look

at how the vector current looks like in different
notations

PHYSICAL REVIEW D 92, 085008 (2015)

JO= Wty =y e+ yhotwy = a'5a — f15°B.
(A4)

For standard model particles: In the notation with left-
handed and right-handed Weyl spinors one generation
of SM fermion is

zz<”L>eR qE<ML>uRdR. (A5)
er dr

In our notation, only left-handed spinors appear.

v=uyg e=e; e=—ic’ey (A06)
u=u, d=d;, a=-ictuy, d=-ic’d}
(A7)

And therefore for 1-generation of fermion

() o=

The notation of the SM gauge fields: A frequently
used notation for gauge field

(A8)

g

D, =0, +ig,G,TE + igWi T + iEBaY
- 1 - 1
tr(TiT%) = 55,-1- tr(7T'T7) = 55,»]». (A9)
And the Lagrangian of the gauge field is
| RSP vi | b
Lyauge = =7 G, G = - Wi, W' —— B, B*. (A10)
4 4 4
Do the following switch to get our notation:
%’Ba - B,
gWiT = W,
gGiT: - G,,. (A11)

In our notation

D, =8, +iG, +iW, + iB,Y

Lopge = =3511(GpG) = o tr( Wy W) — 1 B, B

gauge
Gup = 0,G, — 0,G, + i[Gw Gb]
Wab = 8aWb - ﬁbWa + i[Wa, Wb]

Bab = aaBb - 8bBa (A12)
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SU(3), xSU((2), x U(1)y

(32,3
CRES)
(3.1.3)
(1,2,-1)
(1,1,2)
(1,1,0)
(1,2,1)
(1,2,-1)

m,mtlmNQJ NS

2. The changes of anomaly term under fermion phase
rotations, Fujikawa’s result

As we mainly deal with chiral gauge fields W, and B,
Fujikawa’s paper [6] is the right reference. I just summarize
some useful results in our notation.

For a left-handed Weyl spinor which couples to gauge
field W, and B, like

q'i5°(0, + iW, + iB,Y)q (A13)

the phase rotation
g — ei*Wg (A14)

will result in a change of anomaly term due to the change of
path integral measure

oL = f‘éxl [tr(W,, W) + B, B Y?]
JT

~ 1
ab _ abcd
B = _cabedp

5 (A15)

In the SM Lagrangian with N, families of fermions
[Eq. (46)], when making the following local vector
rotations:

[ — "]

e — e g

q— eiez(x)q

i — e Mg

d — e72g, (A16)
(1) Lgauger Lyukawa and Lyjge are invariant.
(2) Ly has the following changes:

B
S (E D)~ (1 H) (1)

2
. 2QTI(/I[ezi.c)l(x)([_p‘l)(l_frl) _ e—Zié)l(x)(l%H)(lTH)].

(A17)
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(3) The change of Ly;pegc 1S

5‘Ckinetic = _(8a61)l+6al + (8a61)é1'5'aé
- (aaHZ)qT(_7 q+ (8092)12T5aﬁ

+ (0,0,)d"5%d. (A18)

When 9,0, = (§,,0,0,0) and 9,6, = (5,,0,0,0) we
get terms like

5,071

-38,4'q. (A19)

In Appendix A 3 we will explain that these terms cause
energy shifts to fermions.

(4) Vector rotation does not give anomaly term to QCD
gauge field G,, but there will be changes of anomaly
terms for chiral gauge fields W, and B, (due to path
integral measure).

1 Tra
8L ynomaty = Ny(6) + 392)@“(“’@“’ ")

+ Nf{el[(—l)z X 2= 22]

) - (9-0))

X Tgm2 BB

x [tr(W,, W) = 2B,,B") (A20)

Comparing to the frequently used notation discussed in
Eq. (A9)

@ {tr(WabVNVah) - 2Babl~;ub]

1
—
3272

[PWi, W™ — g?B,, B, (A21)

3. Energy shifts and invariant quantities under
basis changes

Here we provide some details about energy shifts in the
context of massless left-handed Weyl fermion.

a. Classical solutions for a free left-handed Weyl
fermion without energy shift

First consider the free theory
(A) L =150, (A22)

Equation of motion
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i549,1 = 0. (A23)
Solutions with p* = (|p|, p)
I =u(p)eirr I =v(p)e’P* with
5 pau(p) =0 & p,u(p) =0. (A24)

For example with Ey(p) = |p|, u and v are normalized
such that

ulp) = olp) =257 ] ) when

p* = (Eo(p).0,0,Eqp(p)) (A25)
and
ulp) = olp) =27 ) when
pa = (Eo(ﬁ)’()?()’ _EO(;’)) (A26)

The general classical solution is

[ &p 1
(27)* 2Ey(p)

(apu(p)e™* + frv(p)e'r).

(A27)

b. Basis changes make §,/'l term appear and why it
corresponds to an energy shift

Do the change of basis [ — e[ on the free Lagrangian
(A22), you will find

(B) L' =1iz°0,1 -1l (A28)
The equation of motion
(i60, — ;)1 = 0. (A29)

The classical solution of this equation can be obtained by
the solution without energy shift times a factor e~%/', and it
is consistent with the intuition that this Lagrangian is the
free Lagrangian after basis change, and the solutions should
be related by the similar transformation. With p?> = 0, the
solutions are

[ = u(p)e=iPreior [ =v(p)ePXe~  with

5'pau(p) =0  &'p,v(p)=0. (A30)

The general classical solution is
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dp 1 . )
(27)* \/2Eo(p) "

+ B(p)eirtein (A31)
Therefore, with Ey(p) = |p|

E() = Eo(p)+8 (paricles)  (A32)

E(p) = Ey(p) — 6, (antiparticles). (A33)

This is why we could interpret —5,/'] as an energy shift
which shifts the energy of particles and antiparticles in
opposite directions by the same amount.

¢. Quantization with creation
and annihilation operators

For the theory without an energy shift

L =1'i5"9,l = ({;—g‘ =il (A34)

Hamiltonian density
H=1i(c-V)I (A35)

Quantize [ field by

a3 1 . .
= / 14 —————(apu(p)e " + b;v(p)ell”‘)

(27z)° V2Ey(p)

(A36)

with the commutation relations

{a.al} = (28 (5 - §)

A37
{bj.bl} = (28 (5 - G). A

One can work out that the Hamiltonian (after dropping an
infinite constant) is

&’p N
Eo(p)(ala + biby).

Hy= Sxlt(io- V)= | =£.
0 /d xl (lU )l (2”)3 0

(A38)

d. Quantization of fermion with §,/'l term
For theory with an energy shift

/

oL
El - lTiéaaal - 61ﬁl = E - llT (A39)

the Hamiltonian density is given by
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H = 11i(5 - V) + 8,111 = Hy + Hs. (A40)
The quantized [ field is given by
dp 1 . ‘
| = — (a-u e~ ipx p=idit
| G 7amm )
+ b;v(p)eipxe_iﬁlt) (A41)

where the operators a, a', b, b', u and v have the same
property as described in A3c. One can work out the
Hamiltonian (after dropping an infinite constant) and we
find

-2 & o )
H, E/cﬁxﬁ(w-V)z: /ﬁEO([))(a%aﬁ—kb;bﬁ)

(A42)

Haz/d3x5,ﬁl:/(;l 5 2 5)(a a,,—bTb ). (A43)

Again, we recover the energy shift explanation in the
context of the quantized theory.

e. Discrete symmetries

We remark that the operator §,/7/ is even under a T (time
reversal) transformation, and odd under CP:

(T) 51[” e +5llTl

(CP) 511Tl d —(Slﬁl

At the operator level, it may be seen by looking at the
transformation on operators

b-

5= by

- a_s 5

] (A45)

- b_;, b,; - a_;.

4. Energy-momentum tensor in a time dependent
background from Noether’s theorem

a. Noether’s theorem and energy-momentum tensor
in a background

Consider a general Lagrangian, L(¢,d,¢$,x%), and
allow it to depend on x“ explicitly, so that it may apply
to theories with time dependent background fields. We will
take the partial derivative of the Lagrangian with respect to
x“, and we use the following two quantities for different
meanings:

oL

w ?é 8a£.

(A46)

PHYSICAL REVIEW D 92, 085008 (2015)

The one on the lhs is the partial derivative which keeps ¢
and 0,¢ fixed, while the one on the rhs is

86 85 oL
DL =Gt 5y 0+ g5y 0o O (A4D)
Given the action
S:/d“xﬁ(qﬁ,aaqﬁ,x“), (A48)

take infinitesimal variation 8¢(x) which vanishes at the
boundary, and then integrate by parts

= [ (5520 + a0
/ d4x5¢ [ag p (%)} (A49)

Therefore, in the case the Lagrangian depends on x¢
explicitly, we are still be able to derive the Euler-
Lagrange equation

%_a< oL >_
dp  \0(0.0))
b

Consider a constant infinitesimal space-time translation €”.
Using Eq. (A47) we find

(A50)

6L LoL
" op

(e"0p) + " 0y(0,0) = "0, L.

(0up)
(A51)

Then, use the Euler-Lagrangian equations to derive

oc ) L oC
aK 6] ¢>>a”¢ M] arr

It is valid for any e?,
momentum tensor to be

(A52)

and let us define the energy-

a — aL ( a —_ai
= <a<aa¢>>ab¢ %L = DTy = =55
(A53)

Therefore, if the Lagrangian does not explicitly depend on
x4, we will find 0,T%, =0 and the energy-momentum
tensor is conserved. On the other hand, if the Lagrangian
explicitly depends on x“, the energy-momentum tensor is
not conserved.
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b. The energy nonconservation in basis (A)
of the toy model

Recall that the Lagrangian for the toy model in basis (A)
is (with 9,0 = (5,0,0,0))

3
_ 1
(A) L=116D,l+ Y q}ic"D,q; — ~—tr(W, W)

i=1 29
6(x)

1671'2 tI'(WabVVab).

(A54)

Notice that the Lagrangian depends on x“ explicitly only
throFggh the background 6(x). Thus using Eq. (A53) we
find

0,T%, = &Y tr(W,, W). (A55)

1672

0,T* =0 with i = 1,2, 3 tells you 3-momentum is con-
served, and 0,T% # 0 tells you the energy is not con-
served. [If O(x) depends on the 3-dimensional space, we

®In our case & = const, it is possible to define the energy-
momentum tensor another way and make it a conserved tensor. It
is because when § = const the 6(x)WW is equivalent to a time
independent term up to a total derivative. For a general time
dependent background it is not possible to define a conserved
energy-momentum tensor.

PHYSICAL REVIEW D 92, 085008 (2015)

expect the 3-momentum not to be conserved.] The energy
of the system is

E(r) = / BrT0 (3 1), (AS6)
The amount of energy nonconservation is
15}
E(t,) — E(t;) :/ dt/d3x8aT“0
A
&) 3 6 5 ab
:/ dt/d o2 (W, W), (AST)
f 167
The instanton number
4 1 Yrab
v= | d*x—tr(W,W*). (A58)
167

Therefore, the change of energy is 46 for an instanton
process. This confirms our result in Sec. IIE4. In other
words, in the anomalous interaction

I+ = q+q (A59)
the energy is not conserved from the viewpoint of basis (A)
and

E; +E; =E +E, +6. (A60)
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