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Black holes and Thunderbolt singularities with Lifshitz scaling terms
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We study a static, spherically symmetric and asymptotic flat spacetime, assuming the hypersurface
orthogonal Einstein-aether theory with an ultraviolet modification motivated by the Horava-Lifshitz theory,
which is composed of the z =2 Lifshitz scaling terms such as scalar combinations of a three-Ricci
curvature and the acceleration of the aether field. For the case with the quartic term of the acceleration of the
aether field, we obtain a two-parameter family of black hole solutions, which possess a regular universal
horizon. Whereas, if a three-Ricci curvature squared term is joined in ultraviolet modification, we find a
solution with a thunderbolt singularity such that the universal horizon turns out to be a spacelike singularity.

DOI: 10.1103/PhysRevD.92.084049

I. INTRODUCTION

Spacetime singularity is unavoidable in general relativity
[1], which means the breakdown of our standard theory of
gravity in the ultraviolet region. Establishing the funda-
mental gravitational theory beyond general relativity is one
of the most intriguing question of physics. One may expect
that this difficulty can be resolved by considering the
quantum effect of gravity. However, unfortunately, the
perturbative quantization approach of general relativity
loses the renormalizability unlike the other fundamental
interactions. In other words, there appear infinite numbers
of divergent Feynman diagrams, and thus, the infinite
counterterms are required to regularize the gravitational
quantum effects. Hence one way to quantize gravity is the
nonperturbative approach such as the loop quantum gravity
[2] or the dynamical triangulation [3].

Another way is to find a new renormalizable gravita-
tional theory. String theory [4] can be such a candidate, but
it has not been completed. Recently, Hotfava proposed a
gravitational theory with Lifshitz scaling [5], which is
anisotropic scaling between space and time, i.e., t — b~°t,
x' = b~'x'. This scaling defines a scaling dimension
1] = —z with [x/] = —1, which is restored to the ordinary
mass dimension when z = 1. It is found that if we set z to
the number of the spatial dimension, the dimension of the
gravitational constant becomes zero, which means the
gravitational force acquires renormalizability at least at a
power-counting level. This gravitational theory is called
Hotava-Lifshitz (HL) theory whose action includes higher
spatial curvature terms up to cubic order as counterterms of
renormalization.

Although there is a need for further investigation to
confirm whether HL theory is truly renormalizable or not
[6], strong gravitational phenomena, such as cosmological
singularity avoidance [7] and the black hole solution [8],
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have been studied by several authors. In particular, study
regarding the spacetime structure is a particularly intriguing
frontier. Since the spacetime in HL theory loses local
Lorentz symmetry due to Lifshitz scaling, the causal
structure is drastically changed. If there is Lifshitz scaling
with z # 1, the dispersion relation of the signal particle is
modified as w? ~ k%%, and then the sound speed is given by
¢ ~ k¥~ In consequence, the sound speed almost diverges
if the particle is in an extremely high energetic state. One
may consider that it is impossible to define the casual
horizon due to such an instantaneously propagating par-
ticle. However, this is not the case. In the context of the
Einstein-aether (e-) theory [9] which has some equivalence
to the infrared limit of HL. theory [10], there still exists a
causal horizon for such an extreme energetic particle.
Although @®- theory itself is a toy model as a Lorentz
violating gravitational theory, it is found that the HL theory
is reduced to @- theory in infrared limit if the aether is
restricted to be hypersurface orthogonal. In other words, the
aether u,, is constrained to a gradient of some scalar field ¢
as u, < V,q.

If we set @ to time variable ¢, the HL. action in Arnowitt-
Deser-Misner (ADM) formalism is restored. Therefore ¢
is called a “khronon.” In this theory, the spacetime is
expressed by a series of three-dimensional spacelike hyper-
surface ¢ = constant, denoted by X,,. Particles with infinite
propagating sound speed travel along to X,. Then, if there
is a spacetime structure such that X, parallels to a timelike
Killing vector &, namely u - & = 0, any particles cannot
escape from this surface at least in a spherically symmetric
spacetime. Therefore, this surface is a static limit for such
energetic particles and it is called the universal horizon
[11,12]. The properties of the universal horizon have been
so far investigated on the following subjects: a static and
spherically symmetric exact solution in &- theory with the
universal horizon [13,14], the existence of the universal
horizon [15-17], a charged black hole solution [18,19],
thermodynamical aspects [13,20,21], a ray trajectory in a
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black hole spacetime [22], and a formation via gravitational
collapse [23,24].

Then one might ask whether the universal horizon exists
even if the Lifshitz scaling terms such as higher spatial
curvatures are present. In this paper, we consider the
backreaction to the black hole solution in @- theory by
the Lifshitz scaling terms. In other words, we investigate
the black hole solution and properties of the universal
horizon with the Lifshitz scaling terms, which is the
ultraviolet modification of gravity. As a first step to clarify
the effect of gravitational Lifshitz scaling, we consider only
the z = 2 scaling terms.

This paper is organized as follows: In Sec. II, the action
we considered is shown. We include the z =2 Lifshitz
scaling terms such as the quadratic spatial curvature to
the action of @- theory with hypersurface orthogonal aether
and give the basic equations. The propagating degree of
freedoms in this theory, i.e., the graviton and the scalar
graviton, are also discussed. After giving the setup of our
static, spherically symmetric system in Sec. III, we classify
numerical solutions depending on the coupling constants
of the Lifshitz scaling terms in Sec. IV. We then discuss
the properties of a black hole solution and a thunderbolt
singularity in Sec. V. Section VI is devoted to conclusions
of this paper.

II. £- THEORY WITH LIFSHITZ SCALING

A. Nonprojectable HL. gravity vs the z- theory
with Lifshitz scaling

In order to see the behavior of the black hole solution
with the backreaction from Lifshitz scaling for z # 1, we
consider nonprojectable HL gravity theory. In [25], its most
general action is given as

Iy = /dtd3xN\/g_3(Ek +Lp) (2.1)
with
L = (KKl — 2K2)
EP = _(Vz:l + VZ:Q + Vz:3)1 (22)

where N, g3 ;;, and K;; are a lapse function, 3-metric, and
an extrinsic curvature, respectively, and the potentials are

defined by
Vi =1rR+ 7 ®®
Vg = 13(00) + - 4 76(D )R + - -+ +710R?

Vs =y (9,9 + - + 736RYD;D;R. (2.3)

a, A and y, (n=0,1,3---,36) are the coupling
constants. The potential terms include not only the
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higher-order terms of the spatial curvatures R,
R :=R!; but also the nonlinear terms of the gradient
of a lapse function ®,:=D;InN. V., and V. _;
consist of eight and 26 independent terms,
respectively [25].

The IR limit of nonprojectable HL gravity theory is
equivalent to the @- theory with a hypersurface orthogon-
ality condition [10], from which a spacetime is foliated
by three-dimensional spacelike hypersurface X,. Then the
aether field u, is described by a gradient of a khronon
field ¢ as

v
= (2.4)

V=V (V)

Since the lapse function N in the HL gravity theory is
related to this khronon field ¢ in the @- theory as
N = exp[g], the aether field corresponds to the gradient
of a lapse function ®' in the low-energy IR limit.

Hence, we study the @- theory with additional Lifshitz
scaling terms in order to discuss black hole solutions in
the nonprojectable HL gravity. Although the singular
behavior on the Killing horizon can be avoided by
adopting the Painleve-Gullstrand coordinate, it must be
singular at the universal horizon where the aether becomes
normal to the timelike Killing vector. On the universal
horizon, the khronon field ¢ diverges; in other words,
there is no continuous time coordinate beyond this
horizon in the (3 + 1) decomposition. We then reformu-
late the theory in covariant manner rather than the ADM
(3 + 1) decomposition. It is of great use to avoid coor-
dinate singularities.

In this paper, as a first step, we restrict the ultraviolet
modification terms only to simple scalar terms with z =2
scaling such as R? instead of considering all possible
terms. The reason why only scalar terms are included is
that those terms give the k* dependence in the dispersion
relation of the scalar graviton. Then one expects that the
property of the horizon for the scalar graviton that is
generally singular in @- theory will be drastically altered.
It would be an appropriate term to see the backreaction
effect by the Lifshitz scaling.

B. The action and disformal transformation

We consider the Einstein-aether gravity theory with
z =2 Lifshitz scaling terms, the action of which is
given by

1
I= 162G d*xy/ —g[ﬁ(m) + ['(UV)]

L:(]R) =R- M"”aﬁ(vﬂu“)(vyuﬁ),

Ly) = —m;]z(ﬁlit“ + o’ R + g, R?), (2.5)
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where R is a four-dimensional Ricci scalar curvature, G is a
gravitational constant,’ mp == 1/+v/G is a Planck mass,
which may correspond to a typical Lorentz violating scale,

and the aether field u* is a dynamical unit timelike vector
field. M 5 is defined by

M"waﬁ = 613(3”/3(3Da + Cz(s'uaﬁbﬂ - C14M”Iz{yga/,’, (26)
where ¢35 := ¢| + ¢3, €14 = ¢| + ¢4 with {¢;} (i =1-4)
being the coupling constants in the @- theory.

The - theory given by L(r) with a hypersurface
orthogonality condition is equivalent to the IR limit of
nonprojectable HL gravity theory [10]. The relation
between both coupling constants is given by

_1-(,'13 _1—C2

- 162G’ Cl—cp5)
Yo 1 71 Ci4
LA LA - . 2.7
o 1—6'137 [04 l—C13 ( )

A covariantized three-dimensional Ricci scalar curvature
‘R is given by

R = R = (V) (VPu) + (Vue)?

+2V, [a* — u"(Vﬁu/’)], (2.8)
where " := u*V, u* is an acceleration of the aether
corresponding to ®', and i” := i

L yy) is introduced as an ultraviolet modification moti-
vated by HL theory with z = 2, which is composed of the
scalar combination of R and i®>. The coupling constants in
the z = 2 Lifshitz scaling are rewritten as

Py = lbmys, P = 16myg, (29)

9 = 167y .

We ignore the other coupling constants, i.e., y4 =5 =
Y6 =717 =78 =79 =0.

Performing quadratic order perturbation of the action
(2.5) around Minkowski spacetime, we find two types of
the propagating degree of freedom. One is a usual helicity-2
polarization that corresponds to the graviton. The other is
helicity-0 polarization what we refer to as a scalar graviton.
The dispersion relations are given by

1

k2, 2.10
1—C13 ( )

2
ws =

'Note that the Newton gravitational constant Gy is different
from the gravitational constant G that appeared in the action.
Taking the weak field limit, we find their relation (3.11).
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(c13+¢)(2—cyy) >
c1a(1=c13)(2 4 c13 +3¢,)

8(ci3 +¢2)9 <k2 )2
po BT 2 (2
2+C13+3C2 mpy)

W =
(2.11)

Note that the infrared portions that are proportional to k?
correspond to - theory’s one [26].

As is the case of the @- theory [27], we find an invariance
in the above model under the following disformal
transformation:
=1 2yk,

—o)u,l,,

.a;w = G T+ (1 (212)

where ¢ > 0. This transformation can be simplified by
introducing three metric on the spacetime hypersurface X,
which is defined by

Y *= G + Uy, (2.13)

The disformal transformation (2.12) is rewritten as

P =Y B =0k (2.14)

This transformation (2.14) means a rescaling of timelike
separation between two spacelike hypersurfaces by fixing
three-dimensional space. Under the transformation, the
action is invariant if each coupling constant changes as

¢iz—1=o0(ciz—1),
¢z + & =o(c13 + ),
9 = 9,
fr = b

Clq4 = C1a,

B = b (2.15)
Remarkably, the coefficients proportional to k* in (2.10)-
(2.11) are changed to ¢~! times after the transformation,
whereas k* terms are invariant. This means the propagating
speeds of each gravitons in infrared limit are scaled as 6~!/2
but that of the graviton in ultraviolet limit is unchanged.
This property holds even if all possible higher-curvature

terms motivated by HL theory are considered (see
Appendix B).

C. The basic equations

To derive the basic equations, we start by taking the
variation of action (2.5) with respect to ¢"* and u*, i.e.,

ol = 6 G d*x /—'_g[EW 8¢ + 2, - su,

(2.16)

where,
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E, = /(w>_m ARnEE +BEL +BELN].  (2.17)

(IR)

A&y = Ay — ml;z[ngEﬁg” + BN + ). (2.18)

IR)

The infrared portions, E,SIDR) and AE,(, , are defined by2

1
(R) — Calylty, + J" 5(Vatt’) g,

E,’ = Gﬂ
+ Va[J(M“ub) - J(M,,)u - J“(ﬂu,,)], (2.19)
AR = V09, 4 c4itg(V,u0), (2.20)

where G, == R, — %Rgﬂ,, is the Einstein tensor and

Hv

Jr, = MP (V)

=3Vt + ¢ (Vu®)d, — cquti,. (2.21)

The ultraviolet portions, E,(,gf), E,g,f‘), Efw ),AE,(,”),/E( Y and
AE,(, 2 are obtained as

1 1
EEISgUZ) = RR/IU - ZRzg;w + (sz)guzx
+ Va(a“R)gW - V(”VD>R
+ Va[uﬂub(V“R) - u“(V(MuD>)R - u

+ (V*uy)uyR - 2uu(,(V,R))|,

(vv) ua)R
(2.22)

u

EY) = — it g, = 20 i,
+ V [4ituu i, —

20 % u,u,), (2.23)

E(ﬂz) —

1
W)= = iPRg,, ~ Raﬂuy iR, — VY,

7
+ Vo 2Ruu,iv,) — Rit*u,u, + V*(ii%y,,)

— i?u*(V - u)gm, + Vy(ituu) g, + W uv j,u,)
—|— l:tzu(”vy)ua - itz(vau(ﬂ)uy> - ZV(”<MD>I:12MG)],

(2.24)

1
EE () = (Vo Vu* =V, Vu")R + (Vu®)(V,R)

— (Vu*)(VR), (2.25)

*The round and square brackets in the tensoral index are
symmemzatlon and anti- symmetnzatlon symbols, respectively,
ie., Ay =3(A, +A,,) and Ay, =3(A, —A,)

12 vp )
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AP = 20201, (V,u) — 2V, (iPi,u®),  (2.26)

AL = Ritg(V,u®) = V(i P R) + ii2(V,V ,u®)
— V (i2V,u®) + VoV, (il2u®) + V,(i®V - u)
— 2V, (V- u) =V, Vo (il2u). (2.27)

Note that E,, = 0 and £, = 0 are not the basic equations,
because the constraint of the aether field has not been
taken into account. To find the basic equations, we
usually have to introduce a Lagrange multiplier.
Instead of expressing the aether by w” = U*/\/—-U,U"
where U* is an arbitrary timelike vector field, we find the
basic equations from a variation of U*. Since a variation
of u* is given by

1 (g + u'uy)
out = — ' uguy(8g*) + ———==(5U%),  (2.28)
a’p
2 V-U'y,
we find the basic equations as
— (Eu*)u,u, =0, (2.29)
(gﬂa + Mﬂua)IEa =0, (230)
uu* = —1. (2.31)

Here, we rewrite the basic equations in terms of the aether
field u* with the normalization condition (2.31).

If the aether field is hypersurface orthogonal as we have
assumed here, we can take a variation with respect to the
khronon field ¢ instead of U¥. Since the aether field u* is
given by Eq. (2.4), the variation of ¢ is found by using the
relation

Sut = St 1/4 Sa*P
u' = |u, ﬂ)+§u Uglg (6g°7)

a YTt
) G sp). (232)
V=" (Va) (V)
The resultant basic equations are
E,, + u,u,(E.u”) 4 24£u, =0, (2.33)
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and

v, [w} o, (2.34)

~(V9)(Vap)

with the definition (2.4).

In the case of the hypersurface orthogonal aether field,
although the basic equations are given by Egs. (2.33)—
(2.34) with (2.4), these equations contain higher-derivative
terms of the khronon field ¢. If spacetime is static and
spherically symmetric, however, we may find simpler
equations, which are the original basic equations (2.29)—
(2.31). It is because the hypersurface orthogonality of the
aether is automatically satisfied for spherically symmetric
spacetime, and then the original basic equations are
reduced to the basic equations with hypersurface ortho-
gonality.3 Although those equations are equivalent,
Egs. (2.29)—(2.31) are written in terms of the aether field
u*, so those are the second-order differential equations of
ut. For this reason, we adopt (2.29)—(2.31) as the basic
equations in the rest of this paper.

III. SPHERICALLY SYMMETRIC
BLACK HOLE: SETUP

We discuss a static and spherically symmetric spacetime
with asymptotic flatness. In order to avoid a coordinate
singularity at horizon, we adopt the following metric ansatz
like the Eddington-Finkelstein type:

ds®> = =T (r)dv* + 2B(r)dvdr + r*dQ?,  (3.1)

where v is an ingoing null coordinate and B > 0.

The aether field in this coordinate system is assumed
to be

u = (a(r),b(r),0,0), (3.2)

where the function b(r) is fixed by the normalization
condition (2.31) as

a(r)?T(r) -1
b(r) = —F———"—— 33

(") = =3B () (3:3)
In this spacetime, there exists a timelike Killing vector
& :=(1,0,0,0) associated with the time translational
invariance.

The equality of these sets of equations holds if the spacetime
is regular everywhere. This can be proven by considering the
volume integral of (2.34) and using Gauss’s theorem [28].
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Since the basic equations (2.29)—(2.31) in this ansatz
take a quite complicated form, we omit to show it explicitly.
Instead, the structure of the basic equation is illustrated.
Substituting (3.1) into the basic equation (2.29)—(2.30), we
find there are five nontrivial and independent sets of
equations: (v,v), (v,r), (r,r) and (0,6) components of
(2.29) and s* projection of (2.30), where s# is a “radial”
spacelike unit vector perpendicular to #”. From the dis-
cussion in [29], we find the following two constraint
equations:

C'=0, (=0, (3:4)
where C* is defined by
CHi= E™" = 2(E u* ) u"u" — u" F*. (3.5)

These equations include one fewer r derivative than the rest
of the portion of the basic equations, and they are
automatically preserved by solving the other equations
with respect to r-evolution if (3.4) are satisfied on an
“initial” constant r-surface. The rest of the equations,
namely (v,v) and (6,0) components of (2.29) and s*
component of (2.30), give the evolution equations with
respect to T(r), B(r), and a(r).

A. Asymptotic behavior

Since we assume an asymptotic flatness, the asymptotic
values of the variables are given by

(3.6)

In order to investigate the asymptotic behavior of the
solution, we perform an asymptotic expansion around
Minkowski spacetime, that is, the functions 7(r), B(r),
and a(r) are expanded as a series of 1/r as

T, T, Ty T
T(r)=1+—4+"F+=+—F+ ",
(r) PRI R R

B, B, By B
B(r)=1+—+—F3+=2+~
r r r

a ar as ay
=1l+—+5+=+—+--. 3.7
a(r) ARl el g S (3.7)
Substituting these series into the basic equations, and

solving them order by order, we find the expansion
coefficients as
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3
. ciaTy

T, = arbitrary, T; = g

T2:O,
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B {(4C|4 + 19)6']4 - 546’13}]“411 + 192ml;12(cl4g2 —ﬂz)T% + 48(C14 - 2C]3)(4612 - ST%)CZZ

T — 5

4 192(2 - C]4)

14T} Ty

B, = B, = = -

1 0’ 2 16 ’ 3 12 ’

~ 3cua(cfy + 14e1y = 36c13 +4)TT +256m 7 (2c14 = 1)(c14g2 = fo)T1 + 192(1 = c13)c14a5(4ay — 3T7)
4= 512(ciy —2) ’
T . clu—06
al:_il, a, = arbitrary, a3:—< 1496 T?+T1a2),
1

a, [[5¢2{5c14(2c14 = 1) + 24} + 18c14(c1g — 2) + ¢13{32¢%, + 1lcyy + 30(4 — 9¢,)} — 270¢%,] T

N 1920(c14 = 2)c123

+48[[(2 = c1a)ers + 10¢s(c1g = 5) + €13{30¢123 + c1a(cis + 8) = 50} ay + 20¢1p3mi (c1a92 — f2)]T1T]

l+ez—cu) ,
—|—< 2= a;.

The asymptotic behavior of the function b(r) is
given by

b, b
r r
with
372
by=ay =gt
by c14(3cis +2¢, +2)(3T% - 8“2)T%_ (3.9)

640

The important point is every order of these functions, at
least up to the eighth order, is described only by two
arbitrary coefficients, 7| and a, as in the case of the a-
theory [30]. Additionally, the effect of the g, and S,
terms, that is, the contribution from the fourth spatial
derivative terms first appears in the fourth order
coefficients 74, B, and a4. f; appears after the fifth-
order coefficients, which we have not shown here
because they are so lengthy.

The free parameter 7 is accosted with a black holes
mass. From the discussion in [31-33], the black hole mass
M as a Noether charge with respect to time translational
symmetry is given by

T, Ci4 T,
M==3 (1 2 ) B

- , 3.10
2Gy (3.10)

where

(3.11)

ca) 7!
Gy=G|1-—
e=o(1-5)

is the observed Newton constant.”

The parameter a, can be fixed from the analyticity of a
black hole horizon for the scalar graviton in the infrared
limit, but it becomes a free parameter when we include the
z = 2 Lifshitz scaling terms as will be discussed later. This
free parameter a, may characterize the distribution of an
aether cloud around a black hole.

B. Black hole horizons

In the @- theory or the HL gravity theory, the metric
horizon, which is the r-constant null surface of (3.1), is not
generally an event horizon. As shown in Egs. (2.10)—(2.11),
the sound speeds of the graviton and the scalar graviton
depend on the coupling constants. As a result, without
tuning of the couplings, they generally differ from unity.
The metric horizon only means a static limit for a
propagating mode with the sound speed being unity. For
this reason, we first reconsider the horizons of the aether
black hole.

1. Horizons in the infrared limit

First, we consider the low-energy infrared limit of the
graviton and scalar graviton. Since the relevant parts in
(2.10)=(2.11) are k? terms, the sound speed of the graviton
¢ and that of the scalar graviton cg in the infrared limit are
given by

*We shall refer to My := 1/+/Gy as an observed Planck mass
that is related to the observed Newton constant Gy. Note that the

Planck mass my, =1/ /G that appeared in (2.5) is rather related
to the Lorentz violating scale.
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1
2 ~
CG 1-— C13 ’
2~ (c13+¢)(2—cyy) (3.12)

cia(l=ci3)(2 4¢3 +3¢)

Note that under the transformation (2.14), each sound
speed is changed as

2 1.2

22 - 2 1.2
¢g =0 ¢ and

&g =0 cs. (3.13)

Therefore, if we set ¢ = ¢Z or ¢4, we find a frame in which

either the sound speed of the graviton or that of the scalar
graviton is unity. Thus, we can adjust the horizon for the
graviton or that of the scalar graviton to the metric horizon
by an appropriate disformal transformation. Explicitly, by
performing the following disformal transformations,

g = g+ (1 = A)uu,, (3.14)

[s]

G = G + (1 - Cé)uﬂuw (315)

the graviton horizon or the scalar-graviton horizon is
located on the r-constant null surfaces of the effective
metrics (3.14)—(3.15), respectively. In the Eddington-
Finkelstein ansatz (3.1), the r-constant null surfaces of
the graviton and the scalar graviton are given by

Ts(r) =0, Ts(r) =0, (3.16)
respectively, where
1+ a?T]2
Tg = —g%:T—(l—cé){ o } , (3.17)
s 1+ a’T)?
Tg = —gg,,];:T—(l—cé){ - } , (3.18)

respectively. In Appendix A, we present the transformation
of Eddington-Finkelstein type metric (3.1) under the
disformal transformation (2.14).

2. Horizons in the ultraviolet region

In turn, we focus on the propagation of the graviton
and the scalar graviton in the high-energy limit. Although
the sound speed of the graviton is the same as that in the
infrared limit, the sound speed of the scalar graviton in the
high-energy limit turns to be

2 8(ci13 + ¢2)9 <i>2’

3.19
5 2+C]3 +3C2 mPl ( )

which depends on the three momentum k. Thus, the sound
speed can increase to infinitely high in an ultimately excited
state. In this situation, the r-constant null surface given by
Eq. (3.15) is no longer an event horizon. An event horizon
of a black hole must be the surface whose outside region is
causally disconnected from the inside for any propagation
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modes even with an infinite sound speed. Otherwise, an
inside singularity is exposed.

The above case can be resolved to consider the special
aether configuration. The ultimately excited scalar graviton
should propagate along the three-dimensional spacelike
hypersurface. In other words, any future directed signal
must not propagate against the direction which ¢ decreases.
Thus, such an excitation mode must be trapped inside a
surface where the hypersurface X, is parallel to the timelike
Killing vector £, namely, u - £ vanishes. This is the concept
of the universal horizon that is regarded as a real black hole
horizon in Lorentz violating spacetime [11].

IV. SPHERICALLY SYMMETRIC
BLACK HOLE: SOLUTIONS

To find a black hole solution with the z = 2 Lifshitz
scaling terms, we solve the basic equations numerically.
Our strategy is as follows: (i) To impose the boundary
conditions near the asymptotically flat region by applying
(3.8), that is, to give initial values of the variables T'(r),
B(r), and a(r) and their derivatives at infinity; and (ii) to
integrate from an appropriate distant spatial point toward
the center of a spherical object.

A. Black hole solution in the infrared limit:
The case of g, =, =, =0

First, we show the result for the case of the @- theory,
ie., g = p = f» = 0. It gives a black hole solution in the
low-energy infrared limit. The numerical black hole sol-
ution is shown in Fig. 1, which was already found in [30],
for the coupling constants ¢;3 =0.100, ¢, =—6.135x 1074,
c14 = 0.100. In this solution, the black hole mass is chosen
as GyM = 0.5. Note that our unit is fixed by setting 7| =
—1, so that the normalization length is ry; := 2GyM = 1.

Since the scalar-graviton sound speed is set to unity, the
scalar-graviton horizon coincides with the metric horizon:
T(rsy) = 0. We find rgg = 1.010 = 2.02GxyM, which is a
little larger than the Schwarzschild radius.

The graviton horizon is located inside that of the scalar
graviton, i.e., rgg = 0.998 < rgy. Itis because the graviton
sound speed is faster than the scalar graviton one. The most
outer universal horizon is formed inside these two horizons,
i.e., ryg = 0.720 < rgy, rsg. Additionally, more than one
inner universal horizon is formed due to the rapid oscil-
latory behavior of the function U(r) near the central
singularity. This means this solution has a causally dis-
connected region for low-energy particles even if the
particle with z # 1 Lifshitz scaling is taken into account.”

’Note that an instantaneous propagating mode appears when
the interaction between the khronon and matter field is taken into
account even if the higher spatial derivative terms in action are
absent [12,34]. In our discussion, however, we focus only on the
gravitational part of the theory whose action is given by (2.5)
without E(UV)'

084049-7
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FIG. 1 (color online). Black hole in the @- theory [30]. The
coupling constants are set to ¢;3 = 0.100, ¢, = —6.135 x 1074,
¢4 = 0.100. We tune the parameter as @, = 1.112 x 1073, which
gives a regular scalar-graviton horizon. The graviton sound speed
and the scalar-graviton one are ¢ = 1.111 and ¢ = 1.000. The
black hole mass is normalized as GyM = 0.5. The blue, red,
and green curves indicate the functions T'(r), B(r), and a(r),
respectively. The scalar-graviton horizon is given by rgy =
1.010. The dashed purple curve indicates T, from which we
find the graviton horizon as rgy = 0.998. The dashed brown
curve indicates U(r) = u - &, the zero point of which gives the
position of the universal horizons. The outermost universal
horizon radius is ryy = 0.720.

In this sense, this solution is regarded as a black hole in the
low-energy infrared limit.

The important point of this solution is that a physical
singularity generally appears on the scalar-graviton horizon
(= the metric horizon in the present case), if we do not
tune the parameter a,. In order to regularize the scalar-
graviton horizon, we must choose an appropriate value
for the parameter a, as a boundary condition, which is
a, = 1.112 x 1073 Then, the function B, which is the
coefficient of 1/Ty in the evolution equation of B(r), must
vanish on the scalar-graviton horizon r = rqy. We present
the detailed analysis of the regularity on the horizons in
Appendix C. As a result, for a regular e-black hole
solution, there remains only one free parameter 7'y, which
is associated with the black hole mass, just as is the case of
the Schwarzschild solution in general relativity.

B. Black hole solutions with Lifshitz scaling:
The case of f; #0 and g, =, =0

When the higher-order aether correction #* is taken into
account, i.e., #; # 0, the solution turns to depend on a, as
well as 7', unlike @-black holes. Therefore, one may
consider that the ultraviolet correction i* does cure the
singular behavior on the scalar-graviton horizon appearing
for the infrared-limit theory. In fact, if we assume only the
i* term (g, = f, = 0), we find that there is no singular
behavior on any horizon in general. A detailed discussion is
developed in Appendix C.

In this subsection, we consider the case of #; # 0 with
g» = P, = 0. There are five types of black hole solutions,

PHYSICAL REVIEW D 92, 084049 (2015)

TABLE I.  The classification of the solution for the case of | #
0 with #, = g, = 0. Regions -1V correspond to the areas shown
in Fig. 2. rqy, rgu, and ryy are the positions of the scalar-graviton
horizon, the graviton horizon, and the universal horizon, respec-
tively. A means that the solution describes a black hole for
gravitons and scalar gravitons, but may become naked for high-
energetic Lifshitz scaling test particles with z > 1.

Solution  Region Horizons Singularity BH
iBH (i) 1) rou < rsg & no ryy r=20 A
iBH (ii) 1Gi) rgu<rspy&mnorgy O<r<rggy A
uBH (i) 1I(1) run < ou < ''su r=20 O
uBH (i) (i) rug < rou < sg O<r<rgg O

iTS I No horizons r=rsy X

tNS 1AY No horizons r=0 X

which are classified in two-dimensional parameter space,
namely, in (a,, ;) plane. Note that we use the unit of
T, =—1. We give a classification of these solutions in
Table I; the phase diagram of these solutions is shown
in Fig. 2.

uBH (i)
I(i) [1(i) 111
iBH (i) iTS
I1(ii)
«BH (ii)
202 -0l i 02 03 04 05
—02L IV NS
(a)
0.15
: [1(i)
10.10 S
I(i) % uBH (i)
iBH (i) ;
0% 3 [1(ii)
' | uBH (i)
s p o
005 015 0220
v
tNS
—00sL

(b)

FIG. 2 (color online). The phase diagram of the solution in the
(ay, f)) parameter plane, where the coupling constants are chosen
as the same as Fig. 1. The red dashed line that is #; = 0 indicates
the case of @- theory. The ®-black hole with a regular scalar-
graviton horizon is shown by the red circle. The genuine black hole
solutions that possess the universal horizon are discovered in
regions II(i) and II(ii). (a) The phase diagram of the solutions,
(b) The enlarged phase diagram near the @- black hole.
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2

%

(b)

FIG. 3 (color online). The typical example of iBH (i) [region [
()]. In the top figure (a), We choose (a.f/my) =
(—1.000, 1.000). The remaining coupling constants and the
boundary conditions are set to the same values as those of Fig. 1.
The blue, red, and green curves indicate the functions T(r), B(r),
and a(r), respectively. The dashed purple and dashed brown
curves indicate T and U(r) := u-£. The graviton horizon is
found at rg = 1.030, while the scalar-graviton horizon exists at
rsg = 1.120. Since U(r) does not vanish, there is no universal
horizon, namely, no causal boundary. In the bottom figure (b), the
dashed curves indicates r = constant surface, especially; the
blue, purple, and brown curves represent the scalar-graviton
horizons, the graviton horizons, and the universal horizons,
respectively. The spacetime singularities are represented by the
wavy curves. The future (past) null infinity, the future (past)
timelike infinity, and the spacelike infinity are indicated by Z+
(Z7), it (i7), and %, respectively. The ultimately excited particle
with z > 1 Lifshitz scaling propagates along the ¢ = constant
surface, which is indicated by the solid green curves.

We explain each solution in due order:

(1) iBH (i) (an infrared black hole with a central
singularity): If #; and a, are set to be in the light
blue colored region in Fig. 2 [region I(i)], we find a
kind of black hole that possesses the graviton
horizons. The typical numerical example is shown
in Fig. 3(a). There are graviton and scalar-graviton
horizons. In the present case, the dispersion
relations of graviton and scalar graviton are given
by @? ~ k%, which means these horizons coincide

084049-9
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with @- theory’s ones. Hence the gravitons and
scalar gravitons cannot escape from the inside of
these horizons. For low-energy particles, they also
play a role of horizon too. In this sense, one may
regard this solution as a type of black hole, which we
call an infrared black hole (iBH).

The spacetime and aether field are regular except
at the center. However, since there exists no univer-
sal horizon, this solution has no causally discon-
nected region. The universal horizon turns out to be
a genuine causal boundary due to the Lifshitz scaling
with z # 1. Therefore, the singularity at the center
is exposed if nongravitational propagating modes
with the z > 1 Lifshitz scaling are taken into
account. Thus, we conclude that this solution does
not describe a true black hole in the strict sense but a
type of naked singularity even if the graviton
horizons exist.

To clarify this situation, we depict the spacetime
structure. Note that the Carter-Penrose diagram
itself does not describe the causal structure of the
solution due to the lack of Lorentz invariance.
However, since it would be useful to understand
the spacetime structure, we show it for this solution.
In Fig. 3(b), we illustrate the Carter-Penrose diagram
for this solution, in which null rays propagate on
the £45° direction. The metric (and scalar-graviton)
horizon, which is one of the horizons in the Carter-
Penrose diagram, is a horizon for the z = 1 Lorentz
invariant particles or for the low-energetic infrared
particles. For the z > 1 Lifshitz scaling high-
energetic particles, however, it is no longer horizon,
but the spacelike universal horizon will take
its place.
iBH (ii) (an infrared black hole with a singular
spherical shell): This solution can be found in the
deep blue colored region in Fig. 2 [region I(ii)].
Although graviton and scalar-graviton horizons are
formed, a singularity appears at r = rg > 0. As
mentioned in (1), this singularity is not causally
disconnected from infinity due to the absence of the
universal horizon. Therefore, although this solution
behaves as a black hole for gravitons and scalar
gravitons as well as Lorentz invariant z = 1 par-
ticles, it turns out to be a naked singularity for high-
energetic particles with the z > 1 Lifshitz scaling. In
this sense, we also classify this solution as iBH.

The difference from case (1) is that the singularity
shapes a spherical shell rather than a spacetime point
with infinitesimal volume in iBH (i). In this paper,
we refer to it as a singular shell.

To see the cause of this singularity, we focus on
the structure of the evolution equation. We find
that the evolution equation of B(r) that is a linear-
order differential equation with respect to r (see
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Appendix C) turns out to be singular at r = r.
More specifically, the divergence of B'(r) results in
this type of singularity. The typical numerical
example and the Carter-Penrose diagram are shown
in Figs. 4(a)-4(b), respectively.

(3) uBH (i) (an ultimate black hole with a central
singularity): The black hole solution that possesses
the graviton, scalar-graviton, and universal horizon
and no singularity except the center is found in the
light orange colored region in Fig. 2 [region II(i)].
Since the central singularity is hidden by the
universal horizon, this type of solution is a real
black hole. Any particles with the z > 1 Lifshitz
scaling as well as the Lorentz invariant z =1
particles cannot escape from the inside of the
universal horizon. We then call it an ultimate black
hole (uBH).

(b)

FIG. 4 (color online). The typical example of iBH (ii) [region I
(ii)]. In the top figure (a), we choose (az,ﬂl/mf)]) = (0, 1.000).
The remaining coupling constants and the boundary conditions
are set to the same values as those of Fig. 1. The blue, red, and
green curves indicate the functions 7(r), B(r), and a(r),
respectively. The dashed purple and dashed brown curves
indicate the T and U(r). The graviton horizon is found at
rgu = 0.949, while the metric horizon exists at rgy; = 0.970. The
singularity appears at rg; = 0.792, which gives the radius of the
singular shell. In the bottom figure (b), the conformal structure is
depicted. The meaning of the curves and symbols in this figure is
the same as that of Fig. 3(b).

PHYSICAL REVIEW D 92, 084049 (2015)

We show the typical example in Fig. 5(a). This
solution is very similar to the &-black hole illustrated in
Fig. 1 except for the oscillatory behavior of U(r) near
the central singularity. Moreover, we also show the
Carter-Penrose diagram of this solution in Fig. 5(b).

(4) uBH (ii) (an ultimate black hole with a singular
spherical shell): When a, and f; are in the deep
orange colored region in Fig. 2 [region II(ii)], we
find the solution with graviton, scalar-graviton, and
universal horizon; however, there is a singular shell
inside the universal horizon. Since the singular shell
is covered by the universal horizon, any information
from the singularity can never be leaked into the
outside. Thus, we can regard this type of solution as
areal black hole. Then we also classify this solution
as an ultimate black hole (uBH).

@ = const.

X

(b)

FIG. 5 (color online). The typical example of uBH (i) [region II
(i)]. In the top figure (a), we choose (az,ﬁl/mgl) = (0.200,
1.000). The remaining coupling constants and the boundary
conditions are set to the same values as those of Fig. 1. The blue,
red, and green curves indicate the functions T'(r), B(r), and a(r),
respectively. The dashed purple and dashed brown curves
indicate Tg and U(r). The graviton and the scalar-graviton
horizons are found at rgy = 0.882 and rgy = 0.896, while the
universal horizon exists at ryy = 0.320. Since there is a universal
horizon and a central singularity, this solution is referred to as a
black hole solution. In the bottom figure (b), the conformal
structure is depicted. The meaning of the curves and symbols in
this figure is the same as that of Fig. 3(b).

084049-10
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FIG. 6 (color online). The typical example of uBH (ii) [region
I1(ii)]. In the top figure (a), we choose (az,ﬁl/mgl) = (0.117,
1.000). The remaining coupling constants and the boundary
conditions are set to the same values as those of Fig. 1. The blue,
red, and green curves indicate the functions 7(r), B(r), and a(r),
respectively. The dashed purple and dashed brown curves
indicate T and U(r). The graviton and scalar-graviton horizons
are found at rgy = 0.972 and rgy = 0.983, while the universal
horizon exists at ryg = 0.524. The singularity appears at
re = 0.392, which gives the radius of the singular shell. In
the bottom figure (b), the conformal structure is depicted. The
meaning of the curves and symbols in this figure is the same as
that of Fig. 3(b).

The typical example and the Carter-Penrose dia-
gram of this solution are shown in Figs. 6(a)-6(b),
respectively.

(5) iTS (an infrared thunderbolt singularity): For the
solutions in the light green colored region in Fig. 2
(region III), a singularity always appears at the null
Killing horizon of the scalar graviton. On the
singular shell, the function a(r), namely, the v
component of the aether field diverges if we set
a, to be a larger value than a critical one. Further-
more, it is found that the critical value of a, (~0.377)
that induces the a(r) divergence seems to be
universal under any choice of f; as shown in
Fig. 2. We present one typical example and the
corresponding Carter-Penrose diagram in Fig. 7.
Near the spherical shell with the radius
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rey = 0.865, the quadratic scalar of three-
dimensional Ricci tensor R, /R diverges. Hence,
it is a physical singularity.

One may wonder why such a singular behavior
occurred on the scalar-graviton horizon. More spe-
cifically, from Appendix C, we know that the basic
equations possess no dependence on the negative
power of Tg, unlike the @- case. Therefore, the
scalar-graviton horizon where 75 = 0 should be
regular in general. To see in detail, we expand the
evolution equation of a(r) around rgy. From our
numerical analysis in Fig. 7, we find a~! (rgg + €) ~
Sand d'(rey +€) ~67%, wheree < 1l and § < 1. In
Fig. 7, we check the divergence numerically at least
for €>1.000 x 10~ and &= 4.132 x 1073, Near
the singularity, where Tg(rgyg + €) = A, < 1, the
dominant term in the evolution equation of a(r) is
given by

"(r) ~ Ts(rsn)® s (4.1)
B (r SH)2A€
Thus, we find that a(r) shows singular behavior
when A — 0, where the limit gives the scalar-
graviton horizon, since this singularity is due to
the aether field rather than the spacetime metric.

This singularity seems to be closely analogous to
the thunderbolt singularity. The thunderbolt singu-
larity is proposed in the context of quantum black
hole evaporation. In [35], the thunderbolt singularity
is first invented in semiclassical analysis of (1 + 1)-
dimensional dilaton-coupled gravity with scalar
field [36], which is a renormalizable theory of
quantum gravity. Furthermore, this type of singu-
larity is also discovered in (1 4+ 1)-dimensional
quantum field theory via complete quantized
analysis [37].

In such a situation, a null singularity appears on
the event horizon. Although a causally disconnected
region is not formed because of the existence of a
singularity, this singularity itself is not detected by
any outside observer. As a result, it is not a naked
singularity. They call it a thunderbolt singularity.

In our case, the singularity of the aether field
appearing on a Killing horizon is null. Hence, it
behaves similarly to a thunderbolt singularity for
Lorentz invariant z =1 particles. We call it an
infrared thunderbolt singularity (i7'S). The thunder-
bolt is composed of the singular aether field.
tNS (a timelike naked singularity without horizon):
The singular shell without any horizon is found in
the light red colored region in Fig. 2 (region IV),
namely, #; < 0. Since the singularity is timelike and
there is no horizon, this type of solution completely
exposes its singularity. Note that singularity is
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FIG. 7 (color online). The typical example of iTS (region III).
In the top figure (a) and the middle figure (b), we choose
(as, B1/ mgl) = (0.500, 1.000). The remaining coupling constants
and the boundary conditions are set to the same values as those of
Fig. 1. In the top figure (a), the blue, red, and green curves
indicate the functions T'(r), B(r), and a(r), respectively. The
dashed purple and dashed brown curves indicate the Tg and
U(r). Near the spherical shell with the radius rgy = 0.865, the
quadratic scalar of three-dimensional Ricci tensor R, R*
diverges rather than the four-dimensional Kretchmann invariant
R, R*, which is denoted by the solid dark green curve and dot-
dashed black curve in the middle figure (b), respectively. In the
bottom figure (c), the conformal structure is depicted. The
meaning of the curves and symbols in this figure is same as
that of Fig. 3(b).

PHYSICAL REVIEW D 92, 084049 (2015)
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FIG. 8 (color online). The typical example of tNS (region IV).
In the top figure (a), we choose (az,ﬂl/mfﬂ) =(-1.000,—1.000).
The remaining coupling constants and the boundary conditions
are set to the same values as those of Fig. 1. The blue, red, and
green curves indicate the functions 7(r), B(r), and a(r),
respectively. The dashed purple and dashed brown curves
indicate the T and U(r). Note that this solution shows singular
behavior at r¢ = 1.804. In the bottom figure (b), the conformal
structure is depicted. The meaning of the curves and symbols in
this figure is the same as that of Fig. 3(b).

originated from the divergence of the evolution
equation B(r) as is the case in iBH (ii) and uBH (ii).
We show the typical example in Fig. 8.

C. Ultimate thunderbolt singularity («7S5):
The case of g, #0 and f; =, =0

Next, we consider only the spatial higher-curvature
correction term R? to take into account the backreaction
effect of the Lifshitz scaling in the high-energy limit. That
is the case of g, # 0 and ; = f, = 0. From the discussion
in Sec. III B, the graviton horizon does not change and its
position is still at rgy where Tg(rgy) = 0. On the other
hand, the scalar-graviton horizon is shifted from the Killing

084049-12
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horizon to the universal horizon because of the k* term in
the sound speed (3.19).

We first assume ¢, < 0. In Fig. 9(a), one numerical
solution is shown for g, = —1. The setting of the coupling
constants and the boundary conditions is the same as that of
Fig. 1 except g, = —1. Notably, we find that a singular
behavior on the metric horizon found for untuned arbitrary
value of a, in the @-gravity theory vanishes. The metric
horizon turns out to be regular for any value of a,. Instead,
a singular behavior is found inside the metric horizon. The
(v, r) component of the metric, B(r), vanishes there. The
aether field u* aligns perpendicular to the timelike Killing
vector & near the singular point, which corresponds to the
universal horizon with u - & = 0.

We calculate the four-dimensional Kretchmann
invariant R,,,,R*?° and the quadratic scalar of the
three-dimensional Ricci tensor R, R*, which are shown
in Fig. 9(b). Near the singular point, those two scalar
functions diverge. Thus, this singular point is a physical
singularity rather than a coordinate singularity. So we find
that the universal horizon becomes singular. Additionally,
the structure of this spacetime is depicted in Fig. 9(c).

What causes this type of singularity? In order to clarify
this question, we first show the relation between g, and the
radii of the graviton horizon rgy, the metric horizon rgy,
and the singular universal horizon ry in Fig. 10. We also
give the detailed data of the singular universal horizon
radius ryy near g, = 0 in Table II. From these results, we
find that the universal horizon radii change smoothly from
the g, = 0 case to g, # 0 cases.

One may wonder whether it can be regular if we tune
the free parameter a, just as the scalar-graviton horizon
in the ®-gravity theory. To see this, we perform the
expansion of the basic equations around the universal
horizon. Focusing on the coefficients of the highest
r-derivative terms, 7"(r), B"”(r), and a"(r) terms in
the (0, 0) component of the Einstein equation, we find all
of them have vanished at the universal horizon (see
Appendix C). This result does not depend on the value
of a,. This fact means that the singularity on the universal
horizon cannot be remedied by tuning the free parameter
a,, unlike the @- case, while there is no singular behavior
on the scalar-graviton horizon rgy in the infrared limit
where Tg vanishes.

Hence, it is not quite unnatural to consider that the
singular behavior that appears on the scalar-graviton radius
with T's = 0 in the infrared limit is shifted to the universal
horizon when we include the higher-curvature term from
the Lifshitz scaling. Namely, the dispersion relation of the
scalar graviton with nonzero g, gives the infinite sound
speed of the scalar graviton. A similar situation is found for
the exact solution with ¢, = 0 in the &-gravity theory [13],
for which the sound speed of the scalar graviton (3.12)
becomes infinite and the scalar-graviton horizon coincides
with the universal horizon. In this case, however, this
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FIG. 9 (color online). The spherically symmetric solution with
higher spatial curvature correction. The setting of the coupling
constants and the boundary conditions is the same as that of Fig. 1
except g,/ mgl = —1.000. In the top figure (a), the blue, red, and
green curves indicate the functions T(r), B(r), and a(r), respec-
tively. The dashed purple and dashed brown curves indicate the 7
and U(r). The graviton horizon is found at rgy = 1.248, while the
metric horizon exists at rgyy = 1.250. The calculation has been
broken down at ryy = 1.157 where U(r) approaches zero. In the
middle figure (b), the dotted gray and dotted black curves indicate
In(R,,,,R**?) and In(R,, R*"), respectively. In the bottom figure
(c), the conformal structure is depicted. The meaning of the curves
and symbols in this figure is the same as that of Fig. 3(b).

singularity can be removed by choosing an appropriate
value of a,.

We turn our attention to the physical interpretation of this
solution. Recall that the universal horizon is defined by the

084049-13
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FIG. 10 (color online). The relation between several horizon
radii and g,. The coupling constants and the boundary conditions
are the same as Figs. 1 and 9 except for g,. The purple, blue, and
brown star marks indicate the graviton horizon radius rgy, the
scalar-graviton horizon radius rgy, and the universal horizon
radius ryy in the @-gravity theory, respectively. The purple, blue,
and brown round circles indicate the graviton horizon radius rgy,
the metric horizon radius rgy, and the radius of the singular
universal horizon ryy. Numerically the position of ryy is
evaluated at the point of U(r) = —0.025, because U(r) =0 is
singular.

surface where u - £ = 0, i.e., a static limit for the ultimately
excited dispersive particle with z # 1 Lifshitz scaling. In
other words, only the particle that possesses infinite energy
can stay on the surface, and any future-directed signal on
the surface cannot go outward even if the particle is
spacelike with infinite energy. Namely, the information
on the universal horizon must not be leaked outside of the
horizon. Although this solution cannot be regarded as a
black hole solution whose spacetime singularity is isolated
by an event horizon, the cosmic censorship hypothesis is
not violated on this account.

This singularity is very similar to the thunderbolt
singularity if we replace a null event horizon with a
spacelike universal horizon. The universal horizon is a
real horizon for the z > 1 Lifshitz scaling particles. So the
singular universal horizon cannot be detected by any
outside observers. Although there is no causally discon-
nected region, it is not a naked singularity. We then call it an

TABLE II. The detailed value of ryy for near g, = 0. The
coupling constants and the boundary conditions are the same as
Fig. 10 except for g,. The values of ryy are evaluated at the point
where U(r) = —0.025.

9/ mé T'un 9/ mf)] Tun
0 0.7200 -5.00 x 107# 0.7944
-1.00 x 107 0.7783 —6.00 x 107* 0.7962
—2.00 x 107# 0.7854 —~7.00 x 107# 0.7977
-3.00 x 107 0.7893 -8.00 x 107# 0.7990
—4.00 x 107 0.7922 -9.00 x 10~* 0.8002

PHYSICAL REVIEW D 92, 084049 (2015)

ultimate thunderbolt singularity (u7S). We may speculate
that the appearance of the thunderbolt singularity on the
universal horizon via R? term indicates quantum gravita-
tional loop correction in the Lorentz violating system as in
quantization of the Lorentz invariant system with a
thunderbolt singularity.

Besides, one may wonder about solutions for the positive
value of g,. In fact, this case is less interesting. Namely, all
black hole horizons that exist in the case of g, =0
completely disappear. The property of the solution is quite
unphysical, i.e., the functions 7(r) and B(r) show positive
divergence at smaller radius r ~ O(10GyM), while the
function a(r) drops to zero without forming any horizon. In
other words, there does not exist any type of black hole
discussed before (see Fig. 11).

D. Solutions with z = 2 Lifshitz scaling terms:
The case of g, # 0 and S, f, #0

If we have only the #* term, we find uBH for an
appropriate value of a,. The universal horizon is not
singular. On the other hand, when we have only the R?
term, the universal horizon becomes singular, giving a
thunderbolt singularity #7'S. One may wonder what hap-
pens if both z = 2 Lifshitz scaling terms, #* and R?, exist
(9 # 0 and B, # 0). Since R? and #*R give the highest
derivative terms in the equation of motion, namely, 7" (r),
B"(r), and a”'(r), the uTS spacetime with || < |g,|is not
so different from the original one. On the other hand, if |3, |
is not so small compared with |g,|, the spacetime tends to
generate a singularity caused by the aether field. More
specifically, a singular spherical shell appears before
forming the thunderbolt singularity on the universal hori-
zon. Thus, we can only find iBH (ii) and ¢NS spacetime in
this situation.

FIG. 11 (color online). The typical example of the solution with
positive g,. We set a, = 1.123 x 10~ and g,/m3; = 1.000. The
remaining coupling constants and the boundary conditions are set
to the same values as those of Fig. 9. The blue, red, and green
curves indicate the functions 7(r), B(r), and a(r), respectively.
The dashed purple and dashed brown curves indicate the 7 and
U(r). The function a(r) drops to zero, while T(r) and B(r)
diverge for smaller radius r.
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Finally, we mention the case of f, # 0. Although we
have shown that there must not exist a regular universal
horizon in this case (see Appendix C), any horizons cannot
be found as far as our numerical analysis. In other words,
the spacetime produces a singular spherical shell before
forming any horizon, namely, £NS solution.

V. PROPERTIES OF SOLUTIONS

We discuss the properties of obtained black hole and
thunderbolt singularity solutions from several view points.

A. Distribution of the aether field

In our solutions, there are two free parameters, M and a,.
The mass is a conserved quantity, which characterizes the
solution. Although the different value of a, gives the different
solution, @, may not correspond to any conserved quantity. In
order to understand the physical meaning of a,, we consider
the energy density distribution of the aether field.

We define the effective energy density and pressures of
the aether field by

pe=Tiu'st,

Py = Tilsts,
P =:%TL“2](9W+ W — ssY). (5.1)
When we calculate p,, E;], PLPL ] we use the Einstein
equations:
82GT\S) = G, (5.2)

It makes it easy to evaluate TL‘f;] once we obtain the

solutions.

First, we show p,, PLZ], and PEEl ] for the a-black hole in
Fig. 12 as a reference. In the @-black hole, all aether
quantities are always negative. Additionally, the following

0.001 "UH TGH TSH

.
-FS 20 25 30
-0.001

-0.002 i —_— P
iq ——em pll

-0.003 a B
!

—0.004 :'

0004F 4 o

—-0.005

FIG. 12 (color online). The distributions of the aether cloud for
the @-black hole. The solid cyan, dashed magenta, dotted yellow,
and dot-dashed black curve indicate p,, Pg], P% ], and E,,
respectively. The coupling constants and the boundary conditions
are set to the same values as those of Fig. 1.
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quantity E, is introduced in order to examine the strong
energy condition:

(] 1 ] 7y
E,=Tuw _ET G | W'

1

=5 (e~ P — 2P,

(5.3)

It is also negative definite, which means that the strong
energy condition is broken.

We then show p,,, P,[lf], P[agl ], and E, for each solution in
Figs. 13-14.
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FIG. 13 (color online). The distributions of the aether cloud for
the solutions that are found in f; # 0, f, = g, = 0. We illustrate
the typical example of iBH (i) [the top figure (a)], the uBH
(i) [the middle figure (b)], and the iT'S [the bottom figure (c)]
instead of showing all kinds of the solutions. The solid cyan,
dashed magenta, dotted yellow, and dot-dashed black curve
indicate p,, Lf], PL,H, and E,, respectively. The coupling
constants and the boundary conditions for (a)-(c) are set to
the same values as those of Figs. 3, 5, and 7, respectively.
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FIG. 14 (color online). The distributions of the aether cloud for
the uTS spacetime. The solid cyan, dashed magenta, dotted
yellow, and dot-dashed black curve indicate p,, P{[lf], P,[l,,L ], and
E,., respectively. The coupling constants and the boundary
conditions are set to the same values as those of Fig. 9.

When we add the z =2 Lifshitz scaling terms, the
distribution of the aether field is drastically changed. For
the case of | #0, f, = g, = 0 (for iBH, uBH, and iTS
spacetime), the localized aether cloud is formed, i.e., p,

and Pg] are localized near the graviton and the scalar-
graviton horizons. We may speculate that the positivity of
the aether density and radial pressure relax a singular
behavior at the scalar-graviton horizon, which exists in -
theory with general value of a,. Note that the strong
energy condition is satisfied for some finite radial region.
Furthermore, referring to Fig. 2 and the aether distribution
Figs. 13(a)—(c), for the larger value of a,, the more dense
aether cloud forms. As a result, the iT'S spacetime emerges
in the large a, region due to the gravitational collapse of
the aether cloud.

For the case of g, # 0, f; = f» = 0 (for uTS spacetime),
the distribution is different. Referring to Fig. 14, although
the radial pressure is positive, the energy density becomes
negative. The strong energy condition is broken in the
whole spacetime. Note that the radial pressure diverges
where the shell singularity appears.

B. Preferable black holes

Although black hole thermodynamics in e&-gravity
theory has been discussed in the last decade, complete
understanding has not yet been achieved. Hence, in this
section, we only discuss which solution is more preferable
from the viewpoint of the thermodynamical stability.

In the previous section, we find two-parameter black
hole solutions: One free parameter is a black hole mass M,
which is used to normalize the variables, and the other free
parameter is a,. However, we have only one Noether
charge with respect to time translational symmetry, which
is the black hole mass M given by (3.10). As we showed in
the previous subsection, the parameter a, describes the
distribution of the aether field, but does not provide a
conserved quantity. It just describes a cloud of the aether
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field around a black hole or a thunderbolt singularity. a,
describes a different configuration of the aether cloud.

Hence, fixing a black hole mass M and changing a,, we
may find the most preferable configuration of the aether
field, which gives a stable solution. To find such a solution,
we adopt the viewpoint of thermodynamical stability, i.e.,
we assume that the maximum entropy determines the stable
configuration.

However, the definition of the black hole entropy is
unclear due to the unavailability of Wald’s Noether charge
method on the black hole horizons in @- theory and its
extension. In addition, according to [38], the black hole
entropy is modified by the higher-curvature terms. Namely,
it is given by the integration of the functional derivative of
the action with respect to four-dimensional Riemann tensor
denoted by E**° over the bifurcation surface B. In our
case,

B = (1= i =2, R)g"g . (5.4)
Unfortunately, this modification factor (1 — ,it> — 2, R)
diverges near the universal horizon due to the singular
behavior of the three curvature R.

Hence, here we consider only the case without the
higher-curvature correction terms (g, = f/, = 0). Then
we simply assume the black hole entropy is given by
the area of the horizon A(ry), where ry is one of horizon
radii.® If we found a more appropriate definition of the
black hole entropy, our result would be changed.

Here, we adopt the universal horizon to evaluate the
black hole entropy:

A(FUH) _ m%H
4Gy (e

(5.5)

Supn =

In Fig. 15, we show the radii of the universal horizon ryy
with respect to a, for uBH spacetime. The property of the
universal horizon is summarized as follows: Each universal
horizon radius is a convex upward function with respect to
a, except for the right edge. The maximum value of black
hole entropy for each value of 3, is given at the top of the
convex, which is denoted by ryp(may). At the end of the

convex function that is called a turning point denoted by
d(wm)> the function sharply bounces and turns out to
increase until the regular universal horizon disappears.
Beyond this point, we find iT'S solution. Remarkably, the
value of a, at the turning point and the right edge of these
plots are invariant with respect to ;, which are given by

®According to [38], the black hole entropy is modified by the
higher curvature. Namely, it is given by the integration of the
functional derivative of the action with respect to the four-
dimensional Riemann tensor over the bifurcation surface 5.
When the i* term is considered, the entropy should be the same
as @®- theory’s one. This is because i* never produces any
additional term by the functional derivative.
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FIG. 15 (color online). The radii of the universal horizons ryy
with respect to a, for uBH spacetime. The solid red, dotted
orange, dashed green, and dot-dashed blue curve indicate for
B/ mgl = 0.250, 0.500, 1.000, and 2.000 case, respectively. The
remaining coupling constants and the boundary conditions are set
to the same values as those of Fig. 1. The points that give the
largest value of ryy for each 3, are indicated by the circle plot on
each curve. The turning point where the curve has the sharp edge
is given by ay(um) = 0.373 for every f3.

A(wm) = 0.373 and ay(enq) = 0.377, respectively. Note that
Q)(end) corresponds to the border between uBH and iTS
spacetimes.

We give the detailed data of the thermal quantities with
the maximum entropy and at the turning point for each
value of f; in Table III.

When we take the maximum value of the universal
horizon radii with respect to a,, we may find the most
preferable black hole solution for a given mass M. This is
because such a maximum point may give a stable solution
from the viewpoint of the black hole thermodynamics.

Then we find a series of the most preferable black hole
solutions in terms of M. In Fig. 16, we plot the horizon radii
of such a black hole vs the gravitational mass M for
b/ mgl = 1. Additionally, that of the @-black hole, namely,

p1 = P» = ¢g» = 0 case, are also shown as a reference. For
all horizons (the graviton, scalar-graviton, and universal
horizons) of the &-black hole, their radii seem to increase
linearly in terms of the mass M, which is the same as that of
the Schwarzschild solution.

Whereas, for our uBH, the universal horizon radius
increases with a higher power-law function of M than the
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FIG. 16 (color online). The mass dependence of the horizon
radii for the most preferable black hole solutions with /3, / mgl =1
are indicated by solid curves. a, is fixed so that the maximum
universal horizon radii are obtained. The remaining coupling
constants and the boundary conditions are set to the same values
as those of Fig. 1. The brown, purple, and blue curves indicate the
radii of the universal horizon, the graviton horizon, and the scalar-
graviton horizon, respectively. The radius of the uBH universal
horizon turns out to be greater than that of the @-black hole in
M > M4 = 1.497my, region.

linear one in the small mass region, and it approaches a
linear function for large values of M. The uBH universal
horizon radius is smaller than @-black holes’s one for
M > M = 1.497my,;. We refer to M as a critical mass.
Note that the universal horizon radius seems to vanish for
small value of M, but it is not clear whether it vanishes at a
finite mass M ;,(> 0), or at M = 0.

One may wonder whether our uBH solution will recover
the @-black hole or not when f; approaches zero. To see
this, we give the detailed data of ryg(may) and correspond-
INg a5 (max) Near f; = 0 in Table IV. From this table, we find
that the value of a2 gradually decreases as f; — 0;

whereas, the maximum value of the universal horizon
radius increases in such a limit. Thus, we can conclude
that the uBH solution cannot be smoothly connected to the
&-black hole.

TABLE IV. The detailed values of ryy and corresponding a, of
the most preferable uBH solutions for ff; < 1. The case of ff; =
0 corresponds to the @-black hole. The coupling constants and the
boundary conditions are set to the same values as those of Fig. 1.

TABLE III. The detailed data of the universal horizon radii at

the maximum point and at the turning point for each value of /3. b/ m§1 2(max) TUH(max)

ﬂl /m}%] a2(max) T"UH(max) A2 (turn) T"'UH (turn) 0(())01 L1 1()22>;;O ’ (1)3(2)(1)
0.250 0.296 0.607 0.373 0.345 0.005 0.248 0.949
0.500 0.301 0.499 0.373 0.262 0.010 0.259 0.916
1.000 0.304 0.380 0.373 0.178 0.050 0.281 0.799
2.000 0.307 0.259 0.373 0.103 0.100 0.288 0.727
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C. Smarr’s formula and black hole temperature

Concerning the black hole first law in @- theory, it is
found that the aether field prevents the black hole mass-
entropy relation on the Killing horizon [31] via the Noether
charge method [38,39] from establishing. Notwithstanding,
Smarr’s formula in @- theory has been proposed only in
static and spherically symmetric configuration [13], which
is established by applying Gauss’s law to the aether field
equation. It is found that the aether portion of the basic
equation can be reduced to Maxwell-like form in static and
spherically symmetric spacetime:

V, F* =0, (5.6)
where F,, is given by
F o = 2quy,s,), (5.7)
q = %— 013} (it s)(u-&) + (1 —cp3)k
+ (V- w)(s-&): (5.8)

s# is a spacelike unit vector perpendicular to u* and a
surface gravity x which is given by &*V & = k& is
equivalent to the following form due to a spacetime
symmetry:

=\ (V) (V). (59)

Note that the structure of (5.6) is similar to Maxwell’s
equation; thus, we can perform the flux integration.
According to Gauss’s law, the integration of F,, over
B,, which is a two sphere at radius r, must produce the
same value for any r. Considering the integration over
spatial infinity B, and B,, we obtain

Al

M = q(r) 172Gy (5.10)

where A(r) := 4zr? is a surface area of B,. Note that this
relation is held for any r. When we evaluate the rhs of
Eq. (5.10), we find Smarr’s formula:
M =T 5Sumn (5.11)

where Tl(l‘é)H = ¢g(ryn)/7 is a black hole temperature.
Turning our attention to the case of including higher-
curvature and aether effects, although the Maxwell-like
aether equation is not found, we may obtain the relation
between the black hole mass and the entropy (or the area of
the universal horizon) by evaluating the deviation from the
&-black hole’s one. Note that our thermodynamical analy-
sis is limited to the black hole solution only with the f;
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term. If we consider the surface gravity or black hole
temperature on the singular horizon, these quantities must
diverge. Thus, we do not discuss the solutions without a
regular universal horizon.

We presume the mass-entropy relation as follows:

M = T35 Supn, (5.12)

where 752 = T\ 4 5752 572 s introduced as
the correction by the z = 2 Lifshitz scaling term from the
@-black hole temperature.

In Fig. 17, we show the mass-temperature relation of the
most preferable black hole solutions defined in the previous
subsection. We also show @- case [13] as a reference. From
this plot, we find that the @-black hole temperature seems
to be inversely proportional to the black hole mass M,
which is the same as the Schwarzschild black hole in
general relativity (GR); whereas, that of our uBH solution
is clearly far from the inverse M law. More specifically, the
black hole temperature of uBH turns out to be lower than
that of the @- case for the range of M > M ;;, where M, is
the critical mass defined in the previous subsection. In
Table V, we show the values of M_; and corresponding ryy
in terms of f;.

From Fig. 17, the temperatures of the uBH solutions
seem to obey the inverse M law in large M region,
while they may decrease exponentially in small M
region. To examine this behavior, we assume that the
mass-temperature relation is given by the following
functional form:

=2 uBH for Bi/m? = 0.250
S, In ('EiBH>mpl) X ! i
\ ~ T e uBH for 2 — 0.500
\
AN N 3F===- uBH for f/m? = 1.000
N
AN N\, -=-= uBH for p/m? = 2.000
. N
N [ =BH

In(M/myp1)

FIG. 17 (color online). The mass-temperature on the universal
horizon for the most preferable black hole solutions. The solid
red, dotted orange, dashed green, and dot-dashed blue curves
indicate the temperatures 7o) for f /m3; = 0.250, 0.500,
1.000, and 2.00, respectively. The values of a, for each case
are fixed so that the maximum universal horizon radii are
obtained. The remaining coupling constants and the boundary
conditions are set to the same values as those of Fig. 1. The -
case is also shown as a reference, which is indicated by the two-
dot chain black line. The critical masses for each f; are indicated
by the colored dot.
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TABLE V. The critical masses and corresponding universal
horizon radii in terms of f;.

ﬂ]/m}%] Mcrit/mpl rUH/mpl
1.000 1.497 2.134
0.900 1.420 2.029
0.800 1.339 1.913
0.700 1.253 1.789
0.600 1.160 1.656
0.500 1.059 1.512
0.400 0.947 1.352
0.300 0.820 1.171
0.200 0.670 0.956
0.100 0.473 0.676

TABLE VI. The fitting parameters in 7' 1(1%:1{2) and the asymptotic
behaviors in the large M region for each value of ;. The coupling
constants and the boundary conditions are set to the same values
as those of Fig. 17. We also show the temperature of the &-black

hole Tﬁél?}{ as a reference in the bottom line.

Pr/my  pmp vfmy Mua/my TED (0 s
0250 0.136  0.649  6.561 x 1077 0.088/M
0.500  0.096 0919 9.261 x 1077 0.088/M
1.000  0.068 1.299 9468 x 1077 0.088/M
2.000 0.048 1.837 9.998 x 1077 0.088/M

0 N/A N/A N/A Tﬁ‘gh =0.151/M

TE]Z‘BZZ) ~ ﬂ(e”/(M_Mmin) —_ 1)

Heu/(M—Mmin) for M — M, < v
/’ll//(M - Mmin) for M - Mmin > v, ’
(5.13)

where y, v, and M ,;, are some fitting parameters. Since
the universal horizon radius is related to the black hole
mass as (5.12), the universal horizon should disappear

when M = M,;,, where T l(fB:HQ) diverges.

The curves in Fig. 17 are approximately reproduced by
the above functional form (5.13) if we choose the fitting
parameters given in Table VI. In our numerical result, it is
found that M, is extremely small, or possibly vanishes.
Moreover, it is notable that the values of uv seem to be
universal for f#; > 0, namely, all asymptotic behaviors in

the large M region, which is denoted by TEIZB:HZ) (M > my),
are the same, but differ from those of the a-black hole.

VI. CONCLUSION AND DISCUSSION

Without Lorentz symmetry, the Killing horizon is no
longer the event horizon in the static and spherically
symmetric spacetime due to the presence of the super-
luminal propagating modes. However, in the context of the
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@- theory or infrared limit of the nonprojectable HL gravity,
a black hole solution can still be constructed by considering
the universal horizon, which is a static limit for an
instantaneously propagating particle. In this paper, we
have studied the backreaction to the black hole solution
in @- theory by the Lifshitz scaling terms. We have
analyzed the ultraviolet modification of the @-black holes
including the simple scalar terms with z =2 Lifshitz
scaling, specifically, the quadratic term of spacial curvature
associated with the hypersurface orthogonal aether field
(R?), the quartic term of the aether acceleration (it*), and
the product of the spacial curvature and the quadratic term
of the aether acceleration (i*R).

Only for the case with the u* term (B; # 0 and
P> = g» = 0), we have succeeded in finding a black hole
solution with regular universal horizon, which is referred to
as uBH. In contrast to the &- case, the black hole solutions
are obtained without tuning the boundary parameter of the
aether field a,. In other words, uBH solutions exist in a
finite range in the (f,, a,) parameter plane (see Fig. 2). If
we select the parameter a, beyond this range, a singular
shell appears before forming a universal horizon. Whereas,
considering #>R and/or R? terms (f, # 0 and/or g, # 0),
any black hole solution with regular universal horizon
cannot be constructed due to the divergence of the basic
equations on the universal horizon (see Appendix C).
However, including only the R? term with negative gs,
we have found the solution with a thunderbolt singularity
(uTS), whose universal horizon is still singular but the
singularity is not observed by any outside observers.
Although this solution cannot be regarded as a black hole,
the cosmic censorship hypothesis is not violated. Since the
thunderbolt singularity has been discovered in the context of
the quantum gravity in lower dimension, the emergence of
this solution is not so strange since the z = 2 Lifshitz scaling
terms are regarded as quantum gravitational corrections.

We then studied several properties of our solutions
including spacetime structures with their Carter-Penrose
diagrams. To investigate the physical meaning of a,, we
have shown the effective energy momentum tensor of the

aether field T,[j,'i], i.e., the effective energy density and
pressure. From these results, the parameter a, seems
closely related to the distribution of the spherical aether
cloud. Namely, a large value of a, configures a dense aether
cloud and eventually induces a collapse of the aether field,
which results in a formation of a timelike singular shell
(¢INS). Moreover, we may speculate that regularity on the
(infrared limit of) scalar-graviton horizon is recovered due
to the localization of the aether field near the horizon,
which does not appear in the &-case.

Finally, we have explored the thermodynamical aspect of
the uBH solution. Since the maximum universal horizon
radius is obtained by choosing an appropriate value of a,
for a given mass M, the parameter a, may be fixed so that
the area of the black hole, which may be regarded as the
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black hole entropy, becomes maximum. This solution may
provide the most preferable black hole because it can be
thermodynamically stable. Additionally, Smarr’s formula
and the black hole temperature are also examined. When we
speculate the mass-temperature relation as (5.12), itis found
that the temperature does not obey the inverse M law at least
for small M, unlike @-case. It increases exponentially as M
approaches to M ;,, for which the horizon area vanishes.

Although there are several coupling constants in the
action we consider (2.5), we have manipulated only ultra-
violet coupling constants, i.e., 1, f», and g, from z = 2
Lifshitz scaling terms. The coupling constants c;3, ¢,, and
c14 are all fixed so that the @-black hole is restored in
infrared limit. However, we emphasize that the existence of
the other types of black hole solution should not be
excluded in this theory with the different values of the
coupling constants c¢; — c¢4. For example, nonblack hole
solution in @- theory (a static and spherically symmetric
solution with Killing horizon but without a universal
horizon found in [30]) may turn out to form a causal
boundary due to the Lifshitz scaling terms.

Turning our attention to a more energetic region, it is
obvious that the z =3 Lifshitz scaling terms that are
required by power-counting renormalizability of gravity
turn out to be dominant rather than z = 2 terms. Namely,
our analysis in this paper should correspond to the
intermediate region between the energy scale described
in @- theory and such an ultimately high energy scale. If we
consider more ultraviolet modification terms in action, we
may obtain the additional intriguing spacetime such as a
singularity-free solution that is discovered in the context the
early Universe in HL theory.

ACKNOWLEDGMENTS

Y. M. thanks T. Wiseman for giving an opportunity to
start this study and useful discussion when he was staying
at Imperial College London as the Erasmus Mundus PhD
fellow. He also thanks T. Kitamura for useful comments.
K. M. acknowledges S. Mukohyama, N. Ohta, and S. M.
Sibiryakov for discussions in the early stage of the present
study. This work is supported by a Waseda University
Grant for Special Research Projects (Grant No. 2015S-083)
and by Grants-in-Aid from the Scientific Research Fund of
the Japan Society for the Promotion of Science (Grant
No. 25400276).

APPENDIX A: THE DISFORMAL
TRANSFORMATION IN A STATIC AND
SPHERICALLY SYMMETRIC SPACETIME WITH
ASYMPTOTIC FLATNESS

In this section, we show the transformation law in
Eddington-Finkelstein-like ansatz (3.1) under the disformal
transformation. We also confirm that the spacetime
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properties, i.e., time independence, spherical symmetry,
and asymptotic flatness, are held.
The disformal transformation we consider is
g;w = g;w + (1 - 6)”/4”1/’ w = G_I/ZMﬂ’ (Al)

where the original metric g,, and aether u* are given by
(3.1). Then each component of g,, and & is given by

ds? = —?(r)dvz+2§(r)d1;dr—|—j”(r)dr2+r2dQ2, (A2)
= (a(r),b(r),0,0), (A3)

where
70 =10 - (1 =) [Fg 5O g
E(r) :%B(r)[l +0—(1=0)a(r)*T(r)], (AS)
f(r)=(1=0)a(r)*B(r)?, (A6)
a(r) =o""2a(r), (A7)
l;(r) _ a(r)*T(r)—1 (A8)

From these forms, we find that the time independence and
spherical symmetry are held after transformation. Hence,
the horizon radius for the propagating degree of freedom
whose sound speed is unity in this frame is given by a null
surface 7'(r) = 0.

Note that the (7, r) component of the metric §,, = f(r) is
generated, unlike in the original Eddington-Finkelstein-
type ansatz. It is not quite unnatural considering the
geometrical meaning of the disformal transformation.
More specifically, the transformation can be interpreted
as a rescaling of timelike separation between two spacelike
hypersurfaces with fixed three-dimensional space. Then the
light cone whose opening angle is 90° in original (g, u)
frame is distorted after disformal transformation. Hence,
the null coordinate v in original (g, u) frame is no longer
null in (g, &) frame.

We then introduce new coordinate system (v*,r) in
which v* becomes a null coordinate. v* is defined by

B(r) = /B(r2 + T(n} ()

dv* = 6'/? | dv — _ dr
T(r)
2(1 = 6"*)a(r)*B(r)
=c'2|d dr|.
’ [”+1+ol/2—(1—o'/Z)a(r)ZT(r) '

(A9)
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Then the metric and the aether field are transformed into

ds? = =T*(r)dv*® + 2B*(r)dv*dr + r*dQ?,

i = (a*(r), b*(r),0,0), (A10)
where
I'(r) =o' T(r) + (1= 07") [%} (Al
B(r) = BO) (a12)
A o 251/2(1(7‘)
a*(r) = 1+6/2— (1- 61/2)a(r)2T(r) ) (A13)
Pin) = % (A14)

Since the Eddington-Finkelstein-type metric is restored,
i.e., the (r, r) component of the metric has vanished, we can
regard v* as a null coordinate in (g, i) frame.

We now focus on the asymptotic property. Substituting
(3.8), we find

T*(r) =1 +%+(’)(r‘2), (A15)

B (r)=1+0(r2), (A16)
at(r)=1 +(1;:1#+C’)(r‘2), (A17)
b*(r) = O(r2). (A18)

Thus, it is found that the asymptotic flatness is held even if
the disformal transformation is performed. Additionally,
the mass of the spherical object, i.e., Noether charge with
respect to time translational symmetry, is also invariant
under the disformal transformation.

APPENDIX B: THE INVARIANCE OF SPATIAL
CURVATURE UNDER DISFORMAL
TRANSFORMATION

As we mentioned, the action of @- theory has an
invariance except for each coupling constant. In this
section, we show the transformation law in detail. For
convenience, we define a new tensoral quantity X%, as a
change of Christoffel symbol,

Faﬂy =1 + X%,

X%, = (1—0)lo™ u"Kys, — it"ugu,], (B1)
where C,,, =7,V u,) is an extrinsic curvature associated

with the aether Note that K. = Ky, is imposed by the
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hypersurface orthogonality of the aether. Then the covariant
derivative of the aether is given by

ﬁaﬁﬁ = 61/2[v(1u/} - (1 - G_l)}Caﬂ]’ (Bz)
and we find the aether is invariant,
i, = 0V i, = it,. (B3)

Thus, the ¢3, ¢, and ¢y, terms in the action (2.5) are
transformed into

(Vi) (Vy
(v A>

“)

:)

o~ (Vo) (Vgu®),
o™ (V- u)?,

||
e
S

(B4)

The four-dimensional Riemann tensor R? 5, is transformed

into

upv
R4, = R%,5, + VX%, -V, X,

+ XX — XaWvaﬂ’ (B3)

and thus, we find the transformation law of Ricci scalar R
as follows:

R=R- (1 - 0_1)[(vauﬂ)(v/}

+ (total derivative term).

w) = (V- u)’]
(B6)

Since the total derivative term in the action can be
integrated out, we abbreviate it.

We turn our attention to the transformation law of the
spatial three-curvature R,,. From the Gauss-Codazzi rela-
tion, the spatial curvature can be expressed in terms of g,
and u':

R;w = yﬁyyﬁuyyaRaﬁyé + Kyalcau - ICIC/ID' (B7)
Since the three metric y,, is invariant, we have only to
consider the terms associated with X%, in (B5) to see the
transformation of the first term. Then
yﬁyyﬁyy},avyxaﬂé = _(1 - U_I)ICIC/MJ’
yﬁyyéyy},(lvﬁx{l/}y = ( )’C/,ta,ca
yﬁﬂ}/éuyyaxar[yxrlﬁé =0,
Vﬂyyéy}’yaxanéxnﬂy =0. (B8)
The last two terms on the rhs of (B7) are transformed into
KK, = U‘IICWIC"‘,J,

KK, = 67'KK,,. (B9)
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Thus, we can find that R, is invariant under the trans-
formation and obtain (2.15).

Since R,, and #" are invariant under the disformal
transformation which is a rescaling of timelike separation
between two spacelike hypersurfaces, we expect that its
spatial covariant derivatives are also invariant. In order to
confirm this, we examine the transformation law of a purely

spatial tensoral quantity Z,,.. so that ZM,,.“ =Z,,.. and

u'Zgy.. =uZ,, =---=0. Then
DuZop. = 3,00, - VaZp,..
= 7/4 7’1//}7/; tee [vazﬂy'“ + X‘saﬂZ(;y,,_
+ X0 Zps.. 4+,
=Du2y. (B10)

The terms proportional to X%, in the second line have
vanished due to the spatial property of Z,,... Thus, we
conclude that all of the spatial higher derivative terms
derived by nonprojectable HL gravity are invariant under
disformal transformation.

APPENDIX C: THE REGULARITY CONDITIONS
OF HORIZON

We illustrate the detail of the regularity on the black
hole horizons with/without z # 1 Lifshitz scaling terms.
In order to investigate the behavior near horizon, we
focus on the highest r-derivative terms in the basic
equations.

1. Einstein-aether case: f; =, =g, =0

In this case, the set of the evolution equations, (v, v) and
(6,0) components of (2.29) and s# component of (2.30),
can be simplified into the following form:

" =T'[T,T',B,a,d, (C1)
B =BT, T',B,a,d], (C2)
a'=d'[T,T'" B,a,d]. (C3)

2c13 = 2¢14 +C13€14 — 2(1 - C13>C14T/<rSH)a
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To see the cause of singular behavior on the scalar-graviton
horizon, we expand (C1)-(C3) around rgy = 0. We then
find

T~<r>:T ’SH Zm(rm Ts(r)]",  (C4)
B’(r)—B[“ rSH ZB rs) T, (C5)
a”(r): rSH Za[n] rsw)[Ts(r)]",  (C6)

where Tg(r) = Ts'(rsu)(r — rsu) and Tia)s B} @la)> Ty
By, and aj, are functionals with respect to 7'(rgy),
B(rsu), a(rsy), and d'(rgy). Obviously, the irregularity
on the scalar-graviton horizon is due to the coefficient of
Ts(r)™" terms. As a result, for regularity, all of T, B,
and aje) must vanish; otherwise, the evolution equations
diverge at r = rgy. Although the explicit form of the
coefficients of Tg(r)~! terms is quite complicated for
general setting of the coupling constants cy3, ¢, and
C14, 1t can be reduced to slightly simplified form consid-
ering the disformal transformation (2.12). By the disformal
transformation with ¢ = ¢, we can set the sound speed of
the scalar graviton to be unity without loss of generality. In
this frame, the scalar-graviton horizon coincides with the
metric horizon, i.e., Ts(rsy) = T(rgg) = 0.

Transforming into the ¢ = 1 frame reduces the three-
dimensional parameter space of coupling constants (c;3, €5,
c14) into the two-dimensional one. In other words, one of
these coupling constants is expressed by the other two.
More explicitly, for example, we can eliminate ¢, from the
evolution equations as follows: Performing simple calcu-
lation, we find ¢ = 1 for any c3 and cyy, if we set

2
—2ci3 +2¢14 — ¢i3¢14
2 —4C14 + 3C13C14

¢ = (€7)

In this frame, we finally obtain the explicit forms of T,
B[(E], and Ll[w] as

Tle) = —[

c14B(rsn)

2¢14(1 = ¢13)B(rsn)

2
- (rSH)rSH:| B[w]’ (Cg)
a*(rsu)rsu

B, =
[w] {SV(CM_Z)(Z deiy +3ci3c14)a

—2(1 = cy3)c14a (rsp)rsu

rSH:|ZB[cen rSH

(€9)

o |:(2—C13)(2_Cl4)a(r5H)
] 2¢14(1 = ¢13)B(rsp)rsy

}BM, (C10)
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where

B[w,o] =

Bip) = 8(1 - c13)c1ad (rsu) s

PHYSICAL REVIEW D 92, 084049 (2015)

[4ci3 —4(1 + c13 — ci3)crg + (4 = 3eps)eiy)a (rsp) réy.

Beo) = —4(1 = ¢13)(2 = 2c14 + c13¢14),

Blps =2[-8 +4ci3+4(2 - c13)%ciq —
By g =8(1— c13)?c1aT (rsu)rsus
B, 5 =0,

Bleg) =

Thus, we conclude that Bj,) = 0 should be imposed for
regularity of the scalar-graviton horizon.

As for the regularity on the universal horizon, we also
expand the basic equations for 7, B, and a around the
universal horizon ryy, where (u-&)(ryy) = 0. We then
find there is no term with negative power of
U(r) == U'(ryn)(r — ryg). This means that the universal
horizon is always regular, if it exists, unlike the scalar-
graviton horizon.

2. The case with the * term: f; £0 and g, = f, =

The set of the evolution equations can be decomposed
into T(r), B(r), and a(r) equations similar to the Einstein-
aether case (C1)—(C3), i.e., the linear-order differential
equation for B(r) and the second-order differential equa-
tions for T(r) and a(r). The expanded equations around
rsg = 0 are given by

T"(r ZT (rsu)[Ts(r)]" (C12)
n>0
ZB[n] rsu)[Ts(r)]", (C13)
n>0
Zd (rse)[Ts(r)]" (C14)
n>0
where Ts(r) = T(rsp)(r — rsy) and Tff]‘), B[(g‘), and aff]l>

are functionals with respect to 7" (rsy), B(rsy), a(rsy), and
a'(rsy). Since all of these equations have no terms with
negative power of 7Ts(r) in the expansion near the scalar-
graviton horizon, it is always regular without tuning a,.
Similarly, it can be confirmed that the universal horizon is
always regular in the same way. Namely, the black hole
solutions turn to depend on the mass parameter 7'y as well
as the extra parameter a,. Actually we find the black hole
solutions in a certain range of a, in Sec. IV B.

[4ci3 —4(1 + c13 — cf3)crs + (4 = 3e13) et ) T (rsu) rn.

(4 =3ci3) ety T (rsu)d (rsu) rép

(C11)

[

3. The case with the R? and/or >R
term: g, # 0 and/or f, # 0

In this case we find that 7"(r), B”'(r), and a”(r), which
are the highest r derivatives in the equations, appear only in
the (6,0) component of (2.29). This means that the
evolution equations cannot be separated into 7(r), B(r),
and a(r) equations unlike the Einstein-aether only with
the i* term. Therefore, we just focus on the coefficients of
7" (r), B"(r), and a”(r) terms in the (6,6) component
of (2.29). To see the behavior near the universal horizon
where u - £ =0, we express these terms using U(r) :=
U'(ryn)(r — ryy) instead of T(r) = T'(rsy)(r — rsu):

0~ 0;T"(r)+0B"(r) +0©,a"(r), (C15)

where O, Op, and O, are the functionals that are given by

O = a(rUH)Uz(”)[ZgzU(r) — ParunU’ (run)]
T °— )
r%HB4(rUH>
) 492U4(’”)
B *— 3 BS )
rouB’ (run)
and

o :=_2U2(r)[1+a(rUH)U(r)H292U(r)_ﬁZVUHU/(rUH)]‘
‘ rona (run) B (run)

Clearly, it is impossible to avoid the divergence of this
equation on the universal horizon because all of the
coefficients @7, Oy, and ®, must not vanish simultane-
ously at ryy for regularity. Therefore, we conclude that the
universal horizon is always singular. As a result, the
thunderbolt singularity appears if the R* and/or >R terms
are joined.
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