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We consider the minimal 3-3-1 model with a heavy scalar sextet and realize, at the tree level, an effective
dimension-five interaction that contributes to the mass of the charged leptons. In this case the charged
leptons masses arise from a sort of type-II seesawlike mechanism while the neutrino masses are generated
by a type-I mechanism. We also show that the parameters giving the correct lepton masses also
accommodate the Pontecorvo-Maki-Nakawaga-Sakata matrix. We give the scalar mass spectra of the
model and analyze under which conditions the fields in the scalar sextet are heavy even with small or zero
vacuum expectation values. We also show the conditions under which it is possible to have a stable
(bounded from below) potential and also a global minimum.
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I. INTRODUCTION

Although we have known since 2012 that there exists a
neutral spin-0 resonance with properties (mass and cou-
plings) that are compatible within the experimental error
with those of the scalar SM-Higgs boson [1,2], these data
do not exclude the existence of more fields of this sort. In
fact, almost all the extensions of the standard model (SM)
include extra scalar multiplets: complex [3] or real singlets
[4–6], two [7] or more doublets [8], and Hermitian [9] and/
or non-Hermitian triplets [10–13]. Moreover, extra scalar
multiplets are usually introduced in a given model just in
order to give masses to the neutrino and/or charged leptons.
Hence, they may have small vacuum expectation values
(VEV). However, this usually implies that there might be
light neutral scalars which can be easily ruled out by
phenomenology. In two-Higgs doublets this is not the case
when there is a positive quadratic term μ2 > 0, which
behaves like a positive mass square term in the scalar
potential. In this case such parameters may dominate the
contributions to the masses of the multiplets’ members,
which are almost mass degenerated, i.e., in the context of
models with one or more inert doublets (see [8] and [14]).
The 3-3-1 models are intrinsically multi-Higgs models.

For instance, in the minimal 3-3-1 model (here denoted by
m331 for short), the charged leptons gain mass from a triplet
and a sextet and the neutrino gain Majorana masses only
through the sextet [15–17]. On the other hand, in the model
with heavy charged [18] or neutral leptons [19], only the
triplets are needed if right-handed neutrinos are introduced
and the type-I seesaw mechanism is implemented.
Because of the sextet, the scalar potential in the m331

becomes more complicated; for this reason it was pointed

out in Ref. [20] that the sextet can be omitted if a dimension-
five effective operator, involving only triplets, is in charge of
the mass generation of the charged leptons and neutrinos.
Them331modelwithout the sextet was called the “reduced”
m331model in Ref. [21] because only the triplets ρ and χ are
introduced. However, there are important differences
between our model and those in Refs. [20,21] as we will
discuss in Sec. V. Moreover, as in the case of the SM, the
question now is, how does this effective operator arise at tree
and/or loop level [22–24]? In the context of them331model,
mechanisms for generating effective dimension-five oper-
ators for the case of the neutrino masses were given in
Ref. [25]. However, in those works the Pontecorvo-Maki-
Nakawaga-Sakata (PMNS) matrix was not considered. It is
far from obvious that the same parameters that allow us to
obtain the correct lepton masses also accommodate a
realistic PMNS matrix. We show that it is possible in the
m331model with a heavy sextet which implements a sort of
type-II seesawlike mechanism in the charged lepton sector
and, by introducing right-handed neutrinos, neutrinomasses
arise from a type-I seesaw mechanism.
In fact, we show that the sextet is just a way to generate, at

the tree level, the effective five-dimensional operator pro-
posed in Ref. [20] in order to give the charged leptons their
correct masses. This happens if all fields in this multiplet are
heavy and its neutral components gain a small (s02) or a zero
(s01) VEV. We also study in this model the conditions upon
the dimensionless coupling constants that imply a scalar
potential bounded from below, with a global minimum as
well. We obtain a realistic PMNS mixing matrix as well.
The outline of this paper is the following. In Sec. II we

give the scalar representation content of them331model and
the scalar potential of the model. In Sec. III we obtain the
scalar mass spectra of the model under the conditions of
Z7 ⊗ Z3 discrete symmetries. In Sec. IV we obtain the
charged lepton and neutrino masses and the corresponding
PMNS matrix. Our conclusions appear in Sec. V. The
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conditions for a stable minimum, at tree level, of the scalar
potential are obtained in Appendix A. In Appendix B we
consider the Goldstone bosons in the model with exact mass
matrices.

II. THE SCALAR SECTOR IN THE M331 MODEL

The scalar potential in several 3-3-1 models was con-
sidered in Refs. [26–29]. Here, however, we will study only
the m331 model in the situation in which the sextet gain a
small VEV, the extra scalars in the sextet are heavy, and
there is no explicit total lepton number violation in the
scalar potential, which is avoided by an appropriate discrete
symmetry.
In the m331 model the scalar sector is composed of a

sextet S ∼ ð6; 0Þ and three triplets: η ¼ ðη0 − η−1 η
þ
2 ÞT∼

ð3; 0Þ, ρ ¼ ðρþρ0ρþþÞT ∼ ð3; 1Þ, and χ ¼ ðχ−χ−−χ0ÞT∼
ð3;−1Þ, where ðx; yÞ refer to the ðSUð3ÞL; Uð1ÞXÞ trans-
formations. Only the triplet η and the sextet S,

S ¼

0
BBBBB@

s01
s−
1ffiffi
2

p sþ
2ffiffi
2

p

s−
1ffiffi
2

p S−−1
s0
2ffiffi
2

p

sþ
2ffiffi
2

p s0
2ffiffi
2

p Sþþ
2

1
CCCCCA
; ð1Þ

couple to the leptons through the Yukawa interactions
ðΨLÞcΨLS� and ðΨLÞcΨLη.
We can write the SUð3Þ multiplets above in terms of the

SUð2Þ ones. For the triplets we write

η ¼
�
Φη

ηþ2

�
∼ ð3; 0Þ;

ρ ¼
�

Φρ

ρþþ

�
∼ ð3; 1Þ;

χ ¼
�
Φχ

χ0

�
∼ ð3;−1Þ: ð2Þ

The sextet in Eq. (1) can be written as

S ¼

0
B@ T Φsffiffi

2
p

Φt
sffiffi
2

p S−−2

1
CA; S� ¼

0
B@T� Φ�

sffiffi
2

p

Φ†
sffiffi
2

p Sþþ
2

1
CA; ð3Þ

where Φt
s means the transpose of the doublet Φs. Under the

SUð2Þ ⊗ Uð1ÞY group, the multiplets Φη;ρ;χ;s in Eqs. (2)
and (3) transform as

Φη ¼
�

η0

−η−1

�
; Φρ ¼

�
ρþ

ρ0

�
;

Φχ ¼
�

χ−

χ−−

�
; Φs ¼

�
sþ2
s02

�
; ð4Þ

where these are doublets with weak hypercharge Y ¼ −1,
þ1, −3, þ1, and T in Eq. (3),

T ¼

0
B@ s01

sþ
1ffiffi
2

p

sþ
1ffiffi
2

p S−−1

1
CA; ð5Þ

is a triplet with Y ¼ 2. The SUð2Þ singlets ηþ2 , ρþþ, χ0, S−−2
have Y ¼ þ2, þ4, 0, þ4, respectively.
The total lepton number assignment in the scalar sector

is [30]

LðT�; η−2 ;Φχ ; ρ−−; S−−2 Þ ¼ þ2; LðΦη;ρ;s; χ0Þ ¼ 0:

ð6Þ

Notice that the only scalar doublet carrying lepton number
is Φχ , and both members of the doublet have electric
charge; for this reason, hΦχi ¼ 0 always. The existence of
scalars carrying lepton number implies the possibility of
explicit breaking of this quantum number in the scalar
potential. It is possible to avoid such terms by imposing an
appropriate discrete symmetry. We show one possibility in
Table I. In the table, Q1;2 denote the quark triplets and Q3,
the quark antitriplet. jmR and J are exotic quarks carrying
electric charge of −4=3 and 5=3, in units of the positron
charge e. For more details, see Ref. [31].
Since the complex triplet T and the singlet [under SUð2Þ]

Sþþ
2 carry lepton number, they do not mix with Φη;ρ;χ if

there are no lepton number violating terms in the scalar
potential. As we will show below, there is some range of the
parameter space that allows hs01i ¼ 0 and hs02i=vW ≪ 1,
where vW ¼ 246 GeV is the electroweak energy scale. In
this situation the neutral scalar s01 does not participate in the
spontaneous symmetry breaking, and s02 has a small effect
on the vector and charged lepton masses. At this stage,
active neutrinos are massless and the charged leptons gain a
rather small mass. However, these scalar fields are heavy,
and the charged leptons gain the appropriate mass through
the interaction with the triplet η and an effective interaction
involving the triplets ρ and χ. Similar to the standard model,
a non-Hermitian scalar triplet generates, at tree level, the
neutrino masses by the interaction ð1=ΛÞϕ0ϕ0νν through
the exchange of a complex triplet [22] (see Fig. 1).
The most general scalar potential involving the three

triplets and the sextet is [30]

TABLE I. Transformation properties of the fermion and scalar
fields under Z7 ⊗ Z3. Here ω ¼ ei2π=7 and w ¼ ei2π=3.

Qð1;2ÞL Q3L UaR DaR ΨaL νaR η χ ρ S jmR JR

Z7 1 ω6 ω5 ω3 ω2 ω6 ω3 ω6 ω5 ω4 ω6 ω2

Z3 1 w2 w w w w w 1 w w 1 w
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Vðη; ρ; χ; SÞ ¼ Vð2Þ þ Vð3Þ þ Vð4aÞ þ � � � þ Vð4eÞ; ð7Þ
where

Vð2Þ ¼
X

X¼η;ρ;χ;S

μ2XTrðX†XÞ;

Vð3Þ ¼ 1

3!
f1ϵijkηiρjχk þ f2ðχTS�ρþ ρTS�χÞ

þ f3ηTS�ηþ
f4
3!

ϵijkϵmnlS�imS
�
jnS

�
kl;

Vð4aÞ ¼ a1ðη†ηÞ2 þ a2ðρ†ρÞ2 þ a3ðχ†χÞ2
þ χ†χða4η†ηþ a5ρ†ρÞ
þ a6ðη†ηÞðρ†ρÞa7ðχ†ηÞðη†χÞ þ a8ðχ†ρÞðρ†χÞ
þ a9ðη†ρÞðρ†ηÞ þ ½a10ðχ†ηÞðρ†ηÞ þ H:c:�;

Vð4bÞ ¼ b1χ†Sχ̂ηþ b2ρ†Sρ̂ηþ b3η†S½χ̂ρ − ρ̂χ� þ H:c:;

Vð4cÞ ¼ c1Tr½η̂Sη̂S� þ c2Tr½ρ̂Sχ̂S� þ H:c:;

Vð4dÞ ¼ d1ðχ†χÞTrSS� þ d2½ðχ†SÞðS�χÞ�
þ d3ðη†ηÞTrðSS�Þ þ d4Tr½ðS�ηÞðη†SÞ�
þ d5ðρ†ρÞTrSS� þ d6Tr½ðS�ρÞðρ†SÞ�;

Vð4eÞ ¼ e1ðTrSS�Þ2 þ e2TrðSS�SS�Þ; ð8Þ
and we have defined in the VðbÞ and VðcÞ terms x̂ij ¼ ϵijkxk,
with x ¼ η, ρ, χ. Notice also that S† ¼ S� since S is a
symmetric matrix. The conditions for having a potential
bounded from below in Eq. (8), under the conditions in
Table I, are given in Appendix A.

Concerning the vacuum alignment and the conservation
of the lepton number L, five possibilities can be considered
(see also Ref. [30]):
(a) Explicit L violation and hs01;2i ≠ 0 and arbitrary. This

is the most general case and it has not been consider in
the literature.

(b) Explicit lepton number violation in the scalar potential
and hs01i ¼ 0 and hs02i ≠ 0 at tree level, but hs01i ≠ 0 by
loop corrections [18,32].

(c) No explicit L violation and hs01i ¼ 0 and hs02i ¼ 0.
Notwithstanding, the latter condition is not stable
under radiative corrections unless a fine-tuning is
imposed.

(d) No explicit lepton number violation but hs01i ≠ 0 and
hs02i ≠ 0. In this case there is a triplet Majoron that has
been ruled out by the Z invisible width [33].

(e) No explicit L violation and hs01i ¼ 0 but hs02i ≠ 0.
Although L is conserved, there is violation of the
family numbers Le;μ;τ. In this case hs01i ¼ 0 is stable at
tree and higher-order level [17,18].

Here we will consider the last case, (e), with hs01i ¼ 0

and hs02i=vW ≪ 1. This case occurs if the constraint v2W ¼P
v2i ¼ ð246 GeVÞ2 (note that i ¼ ρ, η, s1, s2) is saturated

with the v2η and v2ρ as in Ref. [31]. Moreover, as we said
before, in order to simplify the scalar potential, we impose a
Z7 discrete symmetry which forbids the L violating terms,
f3, f4, a10, b3, c2 ¼ 0, but also the terms c1 and b1;2 are
forbidden if we impose an additional discrete Z3 symmetry.
See Table I.

III. SCALAR MASS SPECTRA IN THE MODEL

Let us consider the scalar potential in Eq. (8) with the
Z7 ⊗ Z3 symmetries given in Table I. We make as usual
y0 ¼ ð1= ffiffiffi

2
p Þðvy þ X0

y þ iI0yÞ, where y ¼ η, ρ, χ and s2.
The constraint equations, obtained by imposing that
∂V=∂vy ¼ 0, being V the potential in (8), under the
conditions of the item e) above and considering all
VEVs real, are given by

vη

�
μ2η þ a1v2η þ

a6
2
v2ρ þ

a4
2
v2χ þ d3v2s2 þ

f1vρvχ
2

ffiffiffi
2

p
vη

�
¼ 0;

vρ

�
μ2ρ þ

a6
2
v2η þ a2v2ρ þ

a5
2
v2χ þ

d56
2

v2s2 þ
ðf1vη þ f2vs2Þvχ

2
ffiffiffi
2

p
vρ

�
¼ 0;

vχ

�
μ2χ þ

a4
2
v2η þ

a5
2
v2ρ þ a3v2χ þ d12v2s2 þ

ðf1vηvρ þ f2vs2Þvρ
2

ffiffiffi
2

p
vχ

�
¼ 0;

vs2

�
2μ2S þ d3v2η þ

d56
2

v2ρ þ
d12
2

v2χ þ 2e12v2s2 þ
f2vρvχ
2

ffiffiffi
2

p
vs2

�
¼ 0; ð9Þ

FIG. 1. Tree-level realization of the effective dimension-five
operator in Eq. (24) with heavy scalar sextet.
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where we have defined d56 ¼ 2d5 þ d6, d12 ¼ 2d1 þ d2,
and e12 ¼ 2e1 þ e2. Notice that no VEV can be zero
unless f1 ¼ f2 ¼ 0. However, if this were the case, the
scalar potential has a non-Abelian symmetry larger than
the rest of the Lagrangian. Hence, f1, f2 ≠ 0 in order
that the gauge symmetry of the scalar potential is the
same as the other terms of the Lagrangian. In the case of
the sextet, even if we had begun with μ2S > 0 and vs2 ¼ 0,
the term f2 ≠ 0 induces a tadpole which implies a
counterterm, leaving this VEVarbitrary. Hence, we assume
μ2S < 0 and vs2 ≠ 0 but is small in the sense that
vs2=vW ≪ 1. In Appendix B we show explicitly the Gold-
stone bosons.
Here we will consider the mass matrices of the CP-even

scalars and other mass matrices in Appendix B, assuming
that vs2=vχ ≪ 1. We also disregard some off-diagonal

terms besides the ones from the assumption just mentioned,
assuming that the respective diagonal elements are much
bigger, to further simplify the matrices. In this approxi-
mation it is possible to obtain exact eigenvectors, but the
case of the CP-even neutral scalars is more complicated
and we will not consider here in detail. We show only that
at least the two neutral scalars in the sextet are heavy.
Analytical expressions, within the approximation above, of
the masses and the eigenstates of the neutral CP-odd and
charged sectors are given.

A. Neutral CP-even scalars

In this sector the mass matrix m2 is 5 × 5 decompose, in
the approximation used, into 4 × 4þ 1 × 1, where the
4 × 4 matrix, in the basis (X0

η, X0
ρ, X0

χ , X0
s2), is given by

0
BBBBBBBB@

2a1v2η −
f1vρvχffiffi

2
p

vη
a6vηvρ þ f1vχffiffi

2
p f1vρffiffi

2
p þ a4vηvχ d3vηvs2

4a2v3ρ−ð
ffiffi
2

p
f1vη−f2vs2 Þvχ
2vρ

f1vηffiffi
2

p þ f2vs2
2

þ a5vρvχ 1
2
½ð2d5 þ d6Þvρvs2 þ f2vχ �

4a3v3χ−
ffiffi
2

p
f1vηvρ−f2vρvs2
2vχ

1
2
½f2vρ þ ð2d1 þ d2Þvs2vχ �
ð2e1 þ e2Þv2s2 −

f2vρvχ
2vs2

1
CCCCCCCCA
; ð10Þ

and the 1 × 1 part implies the eigenvalue is m2
5¼

ðd2v2χþ2d4v2η−d6v2ρ−2e2v2s2 Þvs2−2f2vρvχ
4vs2

>0, which implies d2v2χ=4−
2f2vρvχ=vs2 > ð2d4v2η − d6v2ρ − 2e2v2s2Þ=4. Recall that
f2 < 0. Here the mass eigenstates are denoted by m2

i ,
i ¼ 1;…; 5. In fact, we can see that m2

5 ≈ ð1=4Þd2v2χ−
f2vρvχ=vs2 ; hence, this is a large mass. One of them must
be mainly that of the 125 GeV discovery at the LHC.
Although we have not given details, according to the results
in Ref. [31], if Reρ0 ¼ 0.42 hþ � � � this scalar has the same
coupling with the top quarks that is numerically equal to
that from the Higgs boson in the SM.

B. Neutral CP-odd scalars

The mass matrix in Eq. (B1), in the approximation of
subsection III A, also decomposes in 3 × 3 and diagonal
2 × 2 matrices. The 3 × 3 matrix, in the basis (I0η, I0ρ, I0χ), is

M2 ≈
1

2

0
BBBBB@

f1vρvχffiffi
2

p
vη

f1vχffiffi
2

p f1vρffiffi
2

p

f1vχffiffi
2

p f1vηvχffiffi
2

p
vρ

f1vηffiffi
2

p

f1vρffiffi
2

p f1vηffiffi
2

p f1vηvρffiffi
2

p
vχ

1
CCCCCA
: ð11Þ

This matrix has two zero eigenvalues and another non-
zero one,

M2
1 ¼ M2

2 ¼ 0

M2
3 ¼ −

f1ðv2ηðv2ρ þ v2χÞ þ v2ρv2χÞffiffiffi
2

p
vηvρvχ

≈ −
f1vηvχffiffiffi

2
p

vρ
> 0;

f1 < 0; ð12Þ

with respective eigenvectors given by the columns of the
matrix:

0
BBBBBBBB@

− vηffiffiffiffiffiffiffiffiffi
v2ηþv2χ

p − vηv2χffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðv2ηþv2χÞððv2ρþv2χÞv2ηþv2ρv2χÞ

p vχ

vη
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð 1

v2ρ
þ 1

v2η
Þv2χþ1

q

0 vρ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ηþv2χ

ðv2ρþv2χÞv2ηþv2ρv2χ

r
vηvχffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðv2ρþv2χÞv2ηþv2ρv2χ
p

vχffiffiffiffiffiffiffiffiffi
v2ηþv2χ

p − v2ηvχffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðv2ηþv2χÞððv2ρþv2χÞv2ηþv2ρv2χÞ

p vηvρffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðv2ρþv2χÞv2ηþv2ρv2χ

p

1
CCCCCCCCA
:

ð13Þ

The eigenvalues for the 2 × 2 part are M2
4 and M2

5:

M2
4 ¼ −

f2vρvχ
2vs2

> 0; f2 < 0

M2
5 ¼ −

d2vs2v
2
χ þ 2f2vρvχ
4vs2

> 0; 2jf2jvρ > d2vs2 :

ð14Þ
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We see from Eqs. (12) and (14) that the three physical
pseudoscalar fields are heavy and also induce the type-II
seesawlike mechanism in the charged lepton sector.

C. Singly charged scalars 1

If the lepton number is conserved in the scalar potential
(7) under the conditions in Table I, as we are assuming, the
charged scalar mass matrix splits in two sectors (ρþ, ηþ1 ,
hþ) and (χþ, ηþ2 , h

þ
2 ).

In the basis (ρþ, ηþ1 , h
þ), the mass matrix is

m2þ≈
1

2

0
BBBBB@

−2
ffiffi
2

p
f1vηvχ−2a9v2ηvρ

4vρ

f1vχffiffi
2

p −a9vηvρ
2

0

f1vχffiffi
2

p −a9vηvρ
2

1
4

�
2a9v2ρ−

2
ffiffi
2

p
f1vρvχ
vη

�
0

0 0 −f2vρvχ
2vs2

1
CCCCCA
;

ð15Þ

with the following eigenvalues,

m2
þ1 ¼ 0

m2
þ2 ¼ −

f2vρvχ
2vs2

> 0; f2 < 0

m2
þ3 ¼

ðv2η þ v2ρÞða9vηvρ −
ffiffiffi
2

p
f1vχÞ

2vηvρ
≈ −

1ffiffiffi
2

p f1vηvχ
vρ

> 0;

ð16Þ

and the eigenvectors are given by the column of the matrix

0
BBB@

vρffiffiffiffiffiffiffiffiffi
v2ηþv2ρ

p 0 − vηffiffiffiffiffiffiffiffiffi
v2ηþv2ρ

p
vηffiffiffiffiffiffiffiffiffi
v2ηþv2ρ

p 0
vρffiffiffiffiffiffiffiffiffi
v2ηþv2ρ

p
0 1 0

1
CCCA: ð17Þ

According to (16), both physical charged scalar in this
sector are very heavy.

D. Singly charged scalars 2

In the other singly charged sector, the mass matrix in the
basis (χþ, ηþ2 , h

þ
2 ) is

M2þ ≈
1

2

0
BBBBB@

− 2
ffiffi
2

p
f1vηvρ−2a7v2ηvχ

4vχ
1
2
ða7vηvχ −

ffiffiffi
2

p
f1vρÞ 0

1
2
ða7vηvχ −

ffiffiffi
2

p
f1vρÞ 1

2
vχ
�
a7vχ −

ffiffi
2

p
f1vρ
vη

�
0

0 0 − vχð2f2vρþd2vs2vχÞ
4vs2

1
CCCCCA
; ð18Þ

the mass eigenvalues are

M2
þ1 ¼ 0

M2
þ2 ¼ −

vχðd2vs2vχ þ 2f2vρÞ
4vs2

> 0;

2jf2jvρ > d2vs2vχ

M2
þ3 ¼

ðv2η þ v2χÞða7vηvχ −
ffiffiffi
2

p
f1vρÞ

2vηvχ
> 0; ð19Þ

with the following eigenvectors:

0
BBB@

− vχffiffiffiffiffiffiffiffiffi
v2ηþv2χ

p 0
vηffiffiffiffiffiffiffiffiffi
v2ηþv2χ

p
vηffiffiffiffiffiffiffiffiffi
v2ηþv2χ

p 0
vχffiffiffiffiffiffiffiffiffi
v2ηþv2χ

p
0 1 0

1
CCCA: ð20Þ

Again, the charged scalar masses in this sector might be
heavy [see Eq. (19)].

E. Doubly charged scalars

The mass matrix in the basis (χþþ, ρþþ, Sþþ
1 , Sþþ

2 ) is

M2þþ ≈
1

2

0
BBBBBBBB@

vρða8vρvχ−
ffiffi
2

p
f1vηÞ

2vχ
1
2
ða8vρvχ −

ffiffiffi
2

p
f1vηÞ 0 0

1
2
ða8vρvχ −

ffiffiffi
2

p
f1vηÞ vχða8vρvχ−

ffiffi
2

p
f1vηÞ

2vρ
0 0

0 0 − vχð2f2vρþd2vs2vχÞ
4vs2

0

0 0 0
vχðd2vs2vχ−2f2vρÞ

4vs2

1
CCCCCCCCA
; ð21Þ
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and the masses squared of the fields are

M2
þþ1 ¼ 0

M2
þþ2 ¼

vχðd2vs2vχ − 2f2vρÞ
4vs2

> 0;

M2
þþ3 ¼ −

vχðd2vs2vχ þ 2f2vρÞ
4vs2

> 0

M2
þþ4 ¼

ðv2ρ þ v2χÞða8vρvχ −
ffiffiffi
2

p
f1vηÞ

2vρvχ
> 0; ð22Þ

with the following respective eigenvectors:

0
BBBBBB@

− vχffiffiffiffiffiffiffiffiffi
v2ρþv2χ

p 0 0
vρffiffiffiffiffiffiffiffiffi
v2ρþv2χ

p
vρffiffiffiffiffiffiffiffiffi
v2ρþv2χ

p 0 0
vχffiffiffiffiffiffiffiffiffi
v2ρþv2χ

p
0 0 1 0

0 1 0 0

1
CCCCCCA
: ð23Þ

In this doubly charged sector, all physical scalars might be
heavy.

IV. THE LEPTON MASSES AND
THE PMNS MATRIX

The problem of the leptonic mixing matrix has already
been considered in the context of some 331 models without
quarks with exotic charge, right-handed neutrinos trans-
forming nontrivially under SUð3ÞL, three right-handed
Majorana leptons, and with flavor symmetries like T7

[34], A4 [35] and extra scalars transforming as singlets
under SUð3Þ. In these sorts of models an S3 [36] symmetry
is also used. Here, however, we will consider the m331
using only the gauge symmetries and also right-handed
neutrinos as the extra degrees of freedom.
As said before, the possibility that the lepton masses are

generated by an effective dimensional operator was pre-
sented in Ref. [20]. However, here we will consider the case
when the sextet is introduced but its degrees of freedom are
heavy enough to generate an effective nonrenormalizable
interaction. This implements a type-II seesaw mechanism in
the charged lepton sector. The latter situation arises when the
members of the sextet are very heavy and one of the neutral
scalars gains a zeroVEVand the other onegains a smallVEV.
The Yukawa interactions are given by

−Llep
1 ¼ −

1

2
ϵijkðΨiaÞcGη

abΨjbηk

þ 1

2Λl
ðΨaÞc ~Gs

abðχ�ρ† þ ρ�χ†ÞΨb

þ ðΨaLÞðGνÞabνaRηþ ðνaRÞcðMRÞabνbR
þ ðΨiaÞcGs

abΨjbSij þ H:c:; ð24Þ

where Λl is a mass scale related to the origin of the
dimension-five interaction. The second term in the first line
of Eq. (24), the dimension-five operator, is generated by the
loop in Fig. 1. Notice that in Eq. (24) the interactions with
the sextet appear and, although they do not contribute
significantly to the charged lepton masses, the degrees of
freedom in this multiplet might be exited at high energies.
We will assume, for the sake of simplicity, that MR is

diagonal and that m3R ≡M > mR1, mR2, and M−1
R ¼

ð1=MÞM̄R, where M̄ ¼ diagðr1; r2; 1Þ and r1 ≡M=mR1,
r2 ≡M=mR2. In this case we have the mass matrices in the
lepton sector:

Mν ≈ −
v2η
2
Gν M̄R

M
GνT; Ml

ab ¼ Gη
ab

vηffiffiffi
2

p þ 1

Λl

~Gs
abvρvχ :

ð25Þ

If it is the sextet, through the interaction ðΨaiÞcGs
abΨjbSij

and the f2 trilinear term in the scalar potential involving ρ,
χ, and S, then we have 1=Λl ¼ f2=m2

s2 and ~Gs ¼ Gs.
These mass matrices are diagonalized as follows:

M̂ν ¼ VνT
L MνVν

L; M̂l ¼ Vl†
LM

lVl
R; ð26Þ

where M̂ν ¼ diagðm1; m2; m3Þ, M̂l ¼ diagðme;mμ; mτÞ.
The relation between symmetry eigenstates (primed) and
mass eigenstates (unprimed) are l0L;R ¼ Vl

L;RlL;R and
ν0L ¼ Vν

LνL, where l0L;R ¼ ðe0; μ0; τ0ÞTL;R, lL;R ¼ ðe; μ; τÞTL;R
and ν0L ¼ ðνeνμντÞTL, νL ¼ ðν1ν2ν3ÞL.
In the following we assume vχ ≈ Λl and, as in Ref. [31],

vρ ∼ 54; vη ∼ 240 GeV. The neutrino mass matrix is as in
Eq. (25). Solving simultaneously the following equations,

M̂ν
ab ¼ VνT

L Mν
abV

ν
L;

Vl†
LM

lMl†Vl
L ¼ Vl†

RM
l†MlVl

R ¼ ðM̂lÞ2;
VPMNS ¼ Vl†

L V
ν
L; ð27Þ

whereMν andMl are defined in Eq. (25), and VPMNS is the
mixing matrix in the lepton sector (PMNS), the values for
the charged lepton masses obtained are (in MeV)
ðme;mμ; mτÞ ¼ ð0.509648; 105.541; 1775.87Þ and for the
neutrinos masses (in eV) ðm1; m2; m3Þ ¼ ð0.051;−0.0194;
0.0174Þ which are consistent with Δm2

23 ¼ 2.219 ×
10−3 ðeVÞ2 and Δm2

21 ¼ 7.5 × 10−5 ðeVÞ2. These values
for the masses arise from the following values for the
Yukawa matrices: v2η=M ¼ 0.33 eV, Gν

11 ¼ 0.109, Gν
12 ¼

0.097, Gν
13 ¼ 0.101, Gν

22 ¼ 0.09, Gν
23 ¼ −0.02, Gν

33 ¼
0.0106 in the neutrino sector, and Gs

11 ¼ −0.0453,
Gs

12 ¼ −0.0076, Gs
13 ¼ −0.0008, Gs

22 ¼ 0.0015, Gs
23 ¼

0.0001, Gs
33 ¼ 1.84 × 10−5, Gη

12 ¼, Gη
13 ¼ Gη

13 ¼
−0.00001 in the charged lepton sector. The only way to

G. DE CONTO, A. C. B. MACHADO, AND V. PLEITEZ PHYSICAL REVIEW D 92, 075031 (2015)

075031-6



avoid the latter fine-tuning is to consider vη smaller, but in
the context of Ref. [31] this VEV is already fixed.
We obtain for the diagonalization matrices:

Vν
L ≈

0
B@

−0.24825 −0.57732 0.77786

0.73980 −0.40539 0.53698

−0.62535 −0.70877 0.32647

1
CA ð28Þ

and

Vl
L ≈

0
B@

−0.00985 0.01457 −0.99984
−0.31848 −0.94787 −0.01067
0.94788 −0.31833 −0.01398

1
CA;

Vl
R ≈

0
B@

0.00501 0.00716 0.99996

0.00261 0.9910 −0.00717
0.99998 −0.00265 −0.00499

1
CA: ð29Þ

Notice that we have defined the lepton mixing matrix as
VPMNS ¼ Vl†

L V
ν
L, which means that this matrix appears in

the charged currents coupled to W−. We obtain from
Eqs. (28) and (29) the following values for the PMNS
matrix:

jVPMNSj ≈

0
B@

0.826 0.548 0.130

0.506 0.618 0.602

0.249 0.563 0.788

1
CA; ð30Þ

which are in agreement, within 3σ, with the experimental
data given in Ref. [37],

jVPMNSj≈

0
B@
0.795−0.846 0.513−0.585 0.126−0.178

0.205−0.543 0.416−0.730 0.579−0.808

0.215−0.548 0.409−0.725 0.567−0.800

1
CA;

ð31Þ

and we see that it is possible to accommodate all lepton
masses and the PMNS matrix. We do not consider CP
violation here.

V. CONCLUSIONS

We have shown that even if we introduce the sextet in
such a way that it practically does not contribute to the
lepton masses because of the small VEVs, and since its
components are very heavy, it might generate the dimen-
sion-five operator involving only the triplets ρ and χ in
Eq. (24) trough a process like the one shown in Fig. 1. A
similar operator can be obtained for the neutrinos as in
Ref. [20], but here we prefer to introduce right-handed
neutrinos in order to implement a type-I seesaw mecha-
nism. Moreover, in the charged lepton sector the mass
generation is similar to the type-II seesaw mechanism

inducing small masses for neutrinos through the exchange
of a heavy non-Hermitian triplet [10–12]. The existence of
several mechanisms to generate this interaction in the
context of the standard model have been shown in the
literature [22–24]. Notwithstanding, the effective operator
in Eq. (24) can be originated by the effects of higher-
dimension operators.
In our case, the sextet is introduced in the model as in the

m331 model, and through its interactions with the other
scalars in the scalar potential and with leptons in the
Yukawa interactions, their degrees of freedom can be exited
at high energies mainly in lepton colliders. Notice that all
extra scalars in the model are heavy except for two neutral
scalars that correspond to the fields in a two-Higgs-doublet
extension of the SM. We also show the conditions under
which we have a weak copositivity of the scalar potential
and generate the vacuum stability at tree level and a global
minimum as well. It is interesting to study the same
problem at the one-loop level. For instance, in a model
with two doublets (one of them inert) taking into account a
neutral scalar with a mass of 125 GeV, the stability of the
vacuum was shown in Ref. [38]; however, such analysis is
beyond the scope of our paper.
In order to obtain the correct mass for the charged

leptons, besides the effective interaction, it is necessary to
consider the interactions with the triplet η. For neutrinos, as
we are considering that vs1 ¼ 0, we have introduced right-
handed components to generate the type-I seesaw mecha-
nism. With the unitary (orthogonal if we neglect phases)
matrices that diagonalize the mass matrices in the lepton
sector, it is possible to accommodate a realistic Pontecorvo-
Maki-Nakawaga-Sakata matrix. The constraints on the
masses of the extra particles in the m331 model coming
from lepton violation processes will be considered else-
where. In the present context we recall that it is the neutral
scalar ρ0 which has the larger projection on the neutral
scalar with a mass of near 125 GeV. For details
see Ref. [31].
Finally, we would like to discuss the differences between

our present model and those in Refs. [20,21]. Our model is
the usual minimal 3-3-1 (in the sense that the lepton sector
consists only of the known leptons) and the four scalar
multiplets, three triplets, and one sextet plus right-handed
neutrinos. Although the sextet has interactions mediated by
scalars [see Eq. (24)], its neutral components do not
contribute significantly to the lepton masses. The degrees
of freedom in the sextet decouple at low energies; however,
its interactions have to be taken into account for some
phenomenology at sufficiently high energy. For instance, if
this mechanism is implemented at the 100 GeV–1 TeV
scale, the interactions of the charged leptons with the left-
handed neutrinos could have some signature at the LHC or
other colliders. (See [39] and references therein.)
In Ref. [20], only three triplets η, ρ, and χ were

considered, being the sextet avoided at all, with the charged
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leptons and neutrinos gain mass only through nonrenor-
malizable interactions. The model in Ref. [21] is considered
the so-called “reduced” 3-3-1 model with only the triplets ρ
and χ (with no η and S at all). Therefore, for generating all
the fermion masses they need, besides the usual Yukawa
interactions with these triplets, nonrenormalizable inter-
actions involving the same triplets. Although this is an
interesting situation, the model with only the triplets ρ and
χ has experimental troubles if we accept the existence of
the Landau-like pole. See Ref. [40] for a discussion of the
3-3-1 models with only two triplets, in particular the
troubles with the “reduced” minimal 3-3-1 model [21].
Thus, in the limit of a heavy sextet, our model is a 3-3-1

model with three triplets and the sextet, but the latter one
does not contribute to the lepton masses and almost not at
all to the spontaneous symmetry breaking since its VEVs
are zero or very small in the sense of vs2=vW ≪ 1. The
lepton interactions with the sextet and the interactions
among all the scalars become important only at high
energies. Our case is more similar to the type-II seesaw
mechanism in which a complex heavy triplet is in charge of
generating the neutrino masses [22].
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APPENDIX A: STABILITY OF THE SCALAR
POTENTIAL

The scalar potential has to be bounded from below to
ensure its stability. In the SM this is easy: we just have to
ensure that λ > 0 (this also ensure the existence of a global
minimum). In theories that increase the number of scalars, it
is more difficult to ensure that the potential is bounded from
below in all directions. The following cases are based on the
copositivity matrix presented in Eq. (A2) below. Each case
corresponds to different sign possibilities of the matrix
elements. Also, for every case, all diagonal elements have to
be positive. Here we follow Refs. [41,42]. The copositivity
criteria only assure that the potential is bounded from below.
In order to verify if there exists a global minimum, it must be
calculated only numerically. This is very complicated even
for the case of the SM extensions with two [43] and three
[44] scalar doublets. However, we show below that there is a
global minimum in the scalar potential if some reasonable
conditions are imposed.
A scalar potential has a quadratic form in the quadratic

couplings in the form Aabϕ
2
aϕ

2
b; if the matrix Aab is

copositive it is possible to ensure that the potential has a
global minimum. To do this analysis, we can ignore any
terms with couplings with dimension, mass, or soft terms
since in the limit of large field values, terms with dimension
smaller than four are negligible in comparison with the

quartic part of the scalar potential V4. In addition, we will
assume the conditions from Table I, so that f3, f4, a10, b1,
b2, b3, c1, c2 ¼ 0. Taking the potential in Eq. (8), we
redefine the triplets and the sextet as

jHij2 ¼ h2i ; H†
i Hj ¼ hihjrijeiθij ; ðA1Þ

where H1;2;3;4 ¼ η; ρ; χ; S. The parameters rij and θij are
not physical parameters, ranging from 0 to 1 and 0 to 2π,
respectively. They are used to analyze the four-field
direction by demanding the maximization of the parameter
space. Then they should be set to values which allow the
most parameter space.
Rewriting the quartic terms of the potential in Eq. (8),

and using Eqs. (A1) and Table I, we find that the matrix A
in the basis ðh21; h22; h23; h24Þ is written as

A¼

0
BBBBB@

a1 a6þa9r212 a4þa7r213 d3þd4r214
a6þa9r212 a2 a5þa8r223 d5þd6r224
a4þa7r213 a5þa8r223 a3 d1þd2r234
d3þd4r214 d5þd6r224 d1þd2r234 e1þe2

1
CCCCCA
:

ðA2Þ

In order to analyze the copositivity of the matrix A
above, we have to choose values for the rij that minimize
the entries of the matrix. For the off-diagonal elements,
which involve sums, two cases are relevant: if both
coupling constants are positive/negative, the minimum
comes from choosing rij ¼ 0; if the constants have
opposite signs, the minimum comes from rij ¼ 1. For
the sake of simplicity, we will assume all coupling con-
stants on each entry to have the same sign; therefore, we
make all rij ¼ 0 and consider six cases for the copositivity.
Below are shown the different conditions under which

the potential is bounded from below. All indices i; j; k; l;…
are fixed and different from each other. Also, we want to
remind the reader that all diagonal elements from matrix A
given in Eq. (A2) should be positive to have copositivity.
Case 1. All Aij positive.
All couplings positive, and E ¼ e1 þ e2 > 0.
Case 2. Aij ≤ 0 with i; j and the other entries positive.
(1) If a6 ≤ 0 we have a1a2 − a26 > 0.
(2) If a4 ≤ 0, then a1a3 − a24 > 0.
(3) If a5 ≤ 0, then a2a3 − a25 > 0.
(4) If d3 ≤ 0, then a1E − d23 > 0.
(5) If d5 ≤ 0, then −d25 þ a2E > 0.
(6) If d1 ≤ 0, then −d21 þ a3E > 0.
Case 3. Aij ≤ 0, Akl ≤ 0, and the other entries positive.
(1) If a5 ≤ 0 and a6 ≤ 0, we have a1a2 − a26 > 0

and a2a3 − a25 > 0.
(2) If a6 ≤ 0 and d5 ≤ 0, then a1a2 − a26 > 0 and

−d25 þ a2E > 0.
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(3) If a6 ≤ 0 and d1 ≤ 0, then a1a2 − a26 > 0 and
−d21 þ a3E > 0.

(4) If a4 ≤ 0 and d5 ≤ 0, then a1a3 − a24 > 0 and
−d25 þ a2E > 0.

(5) If a4 ≤ 0 and d1 ≤ 0, then a1a3 − a24 > 0 and
−d21 þ a3E > 0.

(6) If a5 ≤ 0 and d3 ≤ 0, then a2a3 − a25 > 0 and
−d23 þ a1E > 0.

(7) If a5 ≤ 0 and d1 ≤ 0, then a2a3 − a25 > 0 and
−d21 þ a3E > 0.

Case 4. As in case 3: Aij ≤ 0, Aik ≤ 0 and the other
entries positive.

(1) If a4 ≤ 0 and a6 ≤ 0, then a1a5 þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða1a3 − a24Þða1a2 − a26Þ

q
> 0.

(2) If a6 ≤ 0 and d3 ≤ 0, then a1d5 þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða1a2 − a26Þð−d23 þ a1EÞ

q
> 0.

(3) If a4 ≤ 0 and d3 ≤ 0, then a1d1 þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða1a3 − a24Þð−d23 þ a1EÞ

p
> 0.

(4) If a5 ≤ 0 and d5 ≤ 0, then a2d1 þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða2a3 − a25Þ½−d25 þ a2E�

q
> 0.

Case 5. Aij ≤ 0, Ajk ≤ 0, Aik ≤ 0 and the other entries
positive.

(1) If a4, a5, a6 ≤ 0, then
ffiffiffiffiffiffiffiffiffiffi
a1a2

p þ a6 > 0;
ffiffiffiffiffiffiffiffiffiffi
a1a3

p þ a4 > 0;
ffiffiffiffiffiffiffiffiffiffi
a2a3

p þ a5 > 0;

a1a2a3 − a2a24 − a1a25 þ 2a4a5a6 − a3a26 > 0: ðA3Þ

(2) If a6, d5, d3 ≤ 0, then

ffiffiffiffiffiffiffiffiffiffi
a1a2

p þ a6 > 0; d3 þ
ffiffiffiffiffiffiffiffi
a1E

p
> 0; d5 þ

ffiffiffiffiffiffiffiffi
a2E

p
> 0;

− a2d23 þ 2a6d3d5 − a1d25 þ ða1a2 − a26ÞE > 0: ðA4Þ

(3) If a4, d1, d3 ≤ 0, then

ffiffiffiffiffiffiffiffiffiffi
a1a3

p þ a4 > 0; d3 þ
ffiffiffiffiffiffiffiffi
a1E

p
> 0; d1 þ

ffiffiffiffiffiffiffiffi
a3E

p
> 0;

2a4d1d3 − a3d23 þ ða1a3 − a24ÞE − a1d21 > 0: ðA5Þ

(4) If a5, d1, d5 ≤ 0, then
ffiffiffiffiffiffiffiffiffiffi
a2a3

p þ a5 > 0; d5 þ
ffiffiffiffiffiffiffiffi
a2E

p
> 0; d1 þ

ffiffiffiffiffiffiffiffi
a3E

p
> 0;

− a2d21 þ 2a5d1d5 − a3d25 þ a2a3e1 − a25e1 þ a2a3e2 − a25e2 > 0. ðA6Þ

Case 6. Aij ≤ 0, Aik ≤ 0, Ail ≤ 0, and the other entries positive.
(1) If a4, a6, d3 ≤ 0, then

a1a2 − a26 > 0; a1a3 − a24 > 0; − d23 þ a1E > 0;

a1a5 − a4a6 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða1a3 − a24Þða1a2 − a26Þ

q
> 0;

a1d5 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða1a2 − a26Þ½−d23 þ a1E�

q
> 0;

a1d1 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða1a3 − a24Þ½−d23 þ a1E�

q
> 0;

− a21f−2a2a4d1d3 þ a2a3d23 − a25d
2
3 þ 2a4a5d3d5 − a24d

2
5

þ a2a24Eþ a26ð−d21 þ a3EÞ þ 2a6ða5d1d3 þ a4d1d5 − a3d3d5 − a4a5EÞ
þ a1ð−2a5d1d5 þ a3d25 þ a25Eþ a2ðd21 − a3EÞÞg > 0: ðA7Þ
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(2) If a5, a6, d5 ≤ 0, then

a1a2 − a26 > 0; a2a3 − a25 > 0; − d5 þ a2E > 0;

a2a4 − a5a6 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða2a3 − a25Þða1a2 − a26Þ

q
> 0;

− a22f−a26d21 þ 2a4a6d1d5 þ a1a3d25 − a24d
2
5 þ a3a26E

þ a25a1Eþ 2a5ð−a1d1d5 − a4a6EÞ
þ a2½þa1d21 þ a24E − a3a1E�g > 0: ðA8Þ

(3) If a4, a5, d1 ≤ 0, then

a1a3 − a24 > 0; a2a3 − a25 > 0; − d1 þ a3E > 0;

− a4a5 þ a3a6 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða1a3 − a24Þða2a3 − a25Þ

q
> 0;

− a4d1 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða1a3 − a24Þ½−d21 þ a3E�

q
> 0;

− a23f−a26d21 þ 2a4a6d1d5 þ a1a3d25 − a24d
2
5 þ a3a26E

þ a25a1Eþ 2a5ð−a1d1d5 − a4a6EÞ
þ a2 þ a1d21 þ a24E − a3a1EÞ�g > 0: ðA9Þ

(4) If d1, d3, d5 ≤ 0, then

− d23 þ a1E > 0; − d25 þ a2E > 0; − d21 þ a3E > 0;

a6Eþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½−d23 þ a1E�½−d25 þ a2E�

q
> 0;

a4Eþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½−d23 þ a1E�½−d21 þ a3E�

q
> 0;

− d1d5 þ a5Eþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½−d25 þ a2E�½−d21 þ a3E�

q
> 0;

E2f2a2a4d1d3 − a2a3d23 þ a5d23 − 2a4a5d3d5 þ a24d
2
5 − a2a24E

þ a26ðd21 − a3EÞ þ 2a6ð−a5d1d3 − a4d1d5 þ a3d3d5 þ a4a5EÞ
− a1ð−2a5d1d5 þ a3d25 þ a25Eþ a2ðd21 − a3EÞÞg > 0: ðA10Þ

The potential at the minimum is

V ¼ 1

2
ðμ2ηv2η þ μ2ρv2ρ þ μ2χv2χ þ μ2Sv

2
s2Þ þ

1

2
ffiffiffi
2

p ðf1vηvρvχ þ f2v2vρvχÞ þ
1

4
ð2v4s2ð2e1 þ e2Þ

þ v2ηð2d3v2s2 þ a6v2ρ þ a4v2χ þ a1v2ηÞÞ þ
1

4
ðv2χðð2d1 þ d2Þv2s2 þ a5v2ρ þ a3v2χÞ þ v2ρðð2d5 þ d6Þv2s2ÞÞ; ðA11Þ

and since all VEVs are positive and μ2X, f1, f2 < 0, if we
impose that a4 < 0, a3 ≪ ja4j and a6, a1, a5 < ja4j, the
potential is at a global minimum independent of the sign of
the other terms in (A11) once they are negligible.

APPENDIX B: GOLDSTONE BOSONS

In this appendix we present all the mass matrices for the
scalars in the potential without any approximation. When

analytical results are available for the mass eigenvalues,
they are presented right below the mass matrix. We also
present the Goldstone eigenvectors for the applicable
matrices.

1. Neutral CP-odd scalars

Mass matrix M2
I , in the basis ðI0ηI0ρI0χI0s2Þ, is given

by
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0
BBBBBBBB@

− f1vρvχffiffi
2

p
vη

− f1vχffiffi
2

p − f1vρffiffi
2

p 0

− ð ffiffi
2

p
f1vηþf2vs2 Þvχ

2vρ
− f1vηffiffi

2
p − f2vs2

2
− 1

2
f2vχ

− vρð
ffiffi
2

p
f1vηþf2vs2 Þ
2vχ

− 1
2
f2vρ

− f2vρvχ
2vs2

1
CCCCCCCCA
: ðB1Þ

The mass eigenvalues are denoted by m2
i , i ¼ 1;…; 5. This matrix also decomposes into 4 × 4þ 1 × 1, and it has the

following eigenvalues. The eigenvalue for the 1 × 1 part is denoted by λ5 and is presented below.

M2
1 ¼ M2

2 ¼ 0

M2
3 ¼ −

1

4vηvρvs2vχ
f½½

ffiffiffi
2

p
f1vs2 ½v2ηðv2ρ þ v2χÞ þ v2ρv2χ � þ f2vη½v2ρðv2s2 þ v2χÞ þ v2s2v

2
χ ��2

− 4
ffiffiffi
2

p
f1f2vηv2ρvs2v

2
χ ½v2χv2W þ v2ρðv2η þ v2s2Þ��

1
2 þ

ffiffiffi
2

p
f1vs2ðv2ηðv2ρ þ v2χÞ þ v2ρv2χÞ þ f2vηðv2ρðv2s2 þ v2χÞ þ v2s2v

2
χÞg

M2
4 ¼

1

4vηvρvs2vχ
f½½

ffiffiffi
2

p
f1vs2ðv2ηðv2ρ þ v2χÞ þ v2ρv2χ � þ f2vηðv2ρðv2s2 þ v2χÞ þ v2s2v

2
χÞÞ2

− 4
ffiffiffi
2

p
f1f2vηv2ρvs2v

2
χ ½v2χv2W þ v2ρðv2η þ v2s2Þ��

1
2 −

ffiffiffi
2

p
f1vs2 ½v2ηðv2ρ þ v2χÞ þ v2ρv2χ � − f2vη½v2ρðv2s2 þ v2χÞ þ v2s2v

2
χ �g

M2
5 ¼

1

4vs2
ðd2vs2v2χ þ 2d4v2ηvs2 − d6v2ρvs2 − 2e2v3s2 − 2f2vρvχÞ; ðB2Þ

where we have defined v2W ¼ v2η þ v2ρ þ v2s2 . We write explicitly only the Goldstone eigenvectors:

G0
1 ¼

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2η þ v2χ þ v2s2

q ðvη; 0;−vχ ; vs2 ; 0ÞT ðB3Þ

G0
2 ¼

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2χv2W þ v2ρðv2η þ v2s2Þ

q

0
BBBBBBBBBBBB@

− vηv2χffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðv2ηþv2s2þv2χÞ

p

vρ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2η þ v2s2 þ v2χ

q

− vχðv2ηþv2s2 Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðv2ηþv2s2þv2χÞ

p

− vs2v
2
χffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðv2ηþv2s2þv2χÞ
p

0

1
CCCCCCCCCCCCA

: ðB4Þ

2. Singly charged scalars 1

The mass matrix is M2
c1, with the basis ðρþηþ1 hþÞ given by

0
BBBBB@

ð2a9v2η−d6v2s2 Þvρ−2ð
ffiffi
2

p
f1vηþf2vs2 Þvχ

4vρ

f1vχffiffi
2

p − a9vηvρ
2

1
4
ðd6vρvs2 þ 2f2vχÞ

1
4

�
2a9v2ρ −

2
ffiffi
2

p
f1vχvρ
vη

þ d4v2s2

�
− 1

4
d4vηvs2

d4v2ηvs2−vρðd6vρvs2þ2f2vχÞ
4vs2

1
CCCCCA

ðB5Þ

The mass eigenvalues are

m2
þ1 ¼ 0; m2

þ2 ¼ −
1

8vηvρvs2
ðAþ BÞ; m2

þ3 ¼ −
1

8vηvρvs2
ðA − BÞ; ðB6Þ

where
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A ¼ vηvρvs2 ½ð2a9ðv2η þ v2ρÞ þ d4ðv2η þ v2s2Þ − d6ðv2ρ þ v2s2ÞÞ − 2vχð
ffiffiffi
2

p
f1vs2ðv2η þ v2ρÞ þ f2vηðv2ρ þ v2s2ÞÞÞ2

− 4v2Wð2a9vηvρðd4v2ηvs2 − vρðd6vρvs2 þ 2f2vχÞÞ þ 2
ffiffiffi
2

p
f1vχðvρðd6vρvs2 þ 2f2vχÞ − d4v2ηvs2Þ

− d4vηv2s2ðd6vρvs2 þ 2f2vχÞÞ�12
B ¼ vηvρvs2 ½−2a9ðv2η þ v2ρÞ − d4ðv2η − v2s2Þ þ d6ðv2ρ þ v2s2Þ� þ 2vχ ½

ffiffiffi
2

p
f1vs2ðv2η þ v2ρÞ þ f2vηðv2ρ þ v2s2Þ�: ðB7Þ

The Goldstone eigenvector is

G−
1 ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v2ρ þ v2η þ v2s2

q ðvρ; vη; vs2ÞT: ðB8Þ

3. Singly charged scalars 2

The mass matrix is M2
c2, with the basis ðχþηþ2 hþ2 Þ given by

0
BBBBB@

2a7vχv2η−2
ffiffi
2

p
f1vρvη−2f2vρvs2−d2v

2
s2
vχ

4vχ
1
2
ða7vηvχ −

ffiffiffi
2

p
f1vρÞ 1

4
ð2f2vρ þ d2vs2vχÞ

1
4

�
d4v2s2 þ 2vχ

�
a7vχ −

ffiffi
2

p
f1vρ
vη

��
1
4
d4vηvs2

d4v2ηvs2−vχð2f2vρþd2vs2vχÞ
4vs2

1
CCCCCA
: ðB9Þ

The mass eigenvalues are

M2
þ1 ¼ 0; M2

þ2 ¼ −
1

8vηvs2vχ
½A0 þ B0�; M2

þ2 ¼ −
1

8vηvs2vχ
½A0 − B0�; ðB10Þ

where

A0 ¼ ½ðvηð2f2vρðv2s2 þ v2χÞ − vs2vχð2a7ðv2η þ v2χÞ − d2ðv2s2 þ v2χÞ þ d4ðv2η þ v2s2ÞÞÞ
þ 2

ffiffiffi
2

p
f1vρvs2ðv2η þ v2χÞÞ2 þ 4vηvs2vχðv2η þ v2s2 þ v2χÞðd4vηvs2ð−2a7v2ηvχ þ d2v2s2vχ

þ 2
ffiffiffi
2

p
f1vηvρ þ 2f2vρvs2Þ þ 2vχða7vηvχ −

ffiffiffi
2

p
f1vρÞðd2vs2vχ þ 2f2vρÞÞ�12

B0 ¼ −vηðvs2vχð2a7ðv2η þ v2χÞ − d2ðv2s2 þ v2χÞ þ d4ðv2η þ v2s2ÞÞ − 2f2vρðv2s2 þ v2χÞÞ þ 2
ffiffiffi
2

p
f1vρvs2ðv2η þ v2χÞ: ðB11Þ

In this case the Goldstone boson is given by

G−
2 ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v2χ þ v2η þ v2s2

q ðvχ ;−vη; vs2ÞT: ðB12Þ

4. Doubly charged scalars

The mass matrix is M2þþ, with the basis ðχþþρþþSþþ
1 Sþþ

2 Þ given by

ðM2þþÞ11 ¼
vρð−

ffiffiffi
2

p
f1vη − f2vs2 þ a8vρvχÞ

2vχ
; ðM2þþÞ12 ¼

1

2
ð−

ffiffiffi
2

p
f1vη þ f2vs2 þ a8vρvχÞ;

ðM2þþÞ13 ¼
2f2vρ þ d2vs2vχ

2
ffiffiffi
2

p ; ðM2þþÞ14 ¼
d2vs2vχ
2

ffiffiffi
2

p ; ðM2þþÞ22 ¼
vχð−

ffiffiffi
2

p
f1vη − f2vs2 þ a8vρvχÞ

2vρ
;

ðM2þþÞ23 ¼
d6vρvs2
2

ffiffiffi
2

p ; ðM2þþÞ24 ¼
d6vρvs2 þ 2f2vχ

2
ffiffiffi
2

p ; ðM2þþÞ33 ¼
2e2v3s2 þ d6v2ρvs2 − vχð2f2vρ þ d2vs2vχÞ

4vs2
;

ðM2þþÞ34 ¼
e2v2s2
2

; ðM2þþÞ44 ¼
2e2v3s2 − d6v2ρvs2 þ vχðd2vs2vχ − 2f2vρÞ

4vs2
: ðB13Þ

G. DE CONTO, A. C. B. MACHADO, AND V. PLEITEZ PHYSICAL REVIEW D 92, 075031 (2015)

075031-12



This mass matrix has only one analytical eigenvalue: M2
þþ1 ¼ 0. The respective Goldstone boson is

G−− ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ρ þ v2χ þ 4v2s2

q ðvχ ;−vη; vs2 ;−
ffiffiffi
2

p
vs2ÞT: ðB14Þ
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