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We deduce an evolution equation for an arbitrary hybrid Seiberg-Witten map for compact gauge groups
by using the antifield formalism. We show how this evolution equation can be used to obtain the hybrid
Seiberg-Witten map as an expansion, which is θ-exact, in the number of ordinary fields. We compute
explicitly this expansion up to order three in the number of ordinary gauge fields and then particularize it to
case of the Higgs of the noncommutative standard model.
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I. INTRODUCTION

The Seiberg-Witten map was introduced in Ref. [1] to
account for the fact that at the classical level the same
underlying field theory can be defined by using either
noncommutative gauge fields or ordinary gauge fields.
Indeed, when noncommutative gauge fields are used to
define the theory, the classical action is a polynomial with
regard to the ⋆-product of the noncommutative gauge fields
and their derivatives and it is, the classical action, invariant
under noncommutative UðnÞ gauge transformations.
However, this action turns out to contain an infinity of
terms with ever increasing powers of the noncommutativity
parameters, when ordinary gauge fields are employed to
define it. The action in question is invariant under ordinary
UðnÞ gauge transformations, when expressed in terms of
the ordinary fields.
Strictly speaking, before the formalism proposed in

Refs. [2–4] came about, the standard model of particle
interactions had no counterpart on noncommutative space-
time—see, though, Ref. [5] for a close relative of the
standard model. The formalism in question is called the
enveloping-algebra formalism because the noncommuta-
tive gauge fields take values in the enveloping algebra of
the Lie algebra of the corresponding ordinary gauge theory.
In the enveloping-algebra formalism the noncommutative
gauge fields are defined in terms of the ordinary gauge
fields by using a Seiberg-Witten map, and thus the ordinary
infinitesimal gauge orbits are mapped into infinitesimal
noncommutative ones. Noncommutative matter fields are
defined in terms of the ordinary gauge fields and matter
fields by using the appropriate Seiberg-Witten map. By
employing the enveloping-algebra formalism the noncom-
mutative counterpart of the standard model of particle
interactions was finally formulated in Ref. [6]. Some
phenomenological consequences that arise when the

standard model is formulated on noncommutative space-
time have been analyzed in Refs. [7–18]. The general
construction of noncommutative grand unified theories
was discussed in Ref. [19] and concrete examples were
given in Refs. [20,21]. The Seiberg-Witten map has also
been instrumental in the formulation of noncommutative
gravity theories: see, for instance, Refs. [22–27].
If the Seiberg-Witten map is computed by expanding the

noncommutative fields in powers of the noncommutativity
parameters and only a finite number of those terms are
considered in the computations, one misses the UV/IR
mixing effects that are a key feature [28,29] of non-
commutative gauge theories when formulated in terms of
the noncommutative fields. It was shown in Ref. [30] that
if the Seiberg-Witten map is defined as an expansion in
powers of the coupling constant, or as an expansion in the
number of ordinary fields, the UV/IR mixing effects do
occur also when the noncommutative theory is expressed
in terms of the ordinary fields; provided no expansion in
powers of the noncommutativity parameters is carried out.
This Seiberg-Witten map, where there is no expansion in
the noncommutativity parameters, is referred to as the θ-
exact Seiberg-Witten map. Several very interesting studies
of the properties and phenomenological implications of the
noncommutative field theories defined by means of the θ-
exact Seiberg-Witten map have been carried out so far—see
Refs. [31–36], but much work is still waiting to be done.
The computation of the θ-exact Seiberg-Witten map by

brute force—i.e., by coming up with an ansatz that solves
the Seiberg-Witten map equation—for non-Abelian gauge
groups is a daunting task due to the highly involved
nonpolynomial dependence of the map on the momenta.
In Ref. [37], it was put forward a recursive method to
construct a θ-exact Seiberg-Witten map for arbitrary gauge
groups. The method in question produces a solution to the
“evolution” Seiberg-Witten map equation, an equation
which was obtained in Refs. [38–41] by using the antifield
formalism techniques—see Refs. [42–44], for alternative
cohomogical approaches and also Ref. [45]. However, there
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is an important type of Seiberg-Witten map which was not
considered in Ref. [37] and whose “evolution” equation has
not been derived either in Refs. [38,39,41] or elsewhere.
This type of Seiberg-Witten map is called the hybrid
Seiberg-Witten map—see Ref. [46]—and it is needed
when we have noncommutative matter fields on which
some noncommutative gauge transformations act from the
left and others act from the right. The hybrid Seiberg-
Witten map is a must when one wants to analyze, using
ordinary fields, noncommutative theories with noncommu-
tative fields which transforms under the fundamental
representation of the Lie algebra of UðnLÞ on the left
and under the fundamental representation of Lie algebra of
UðnRÞ on the right. Actually, the concept of hybrid Seiberg-
Witten map was introduced in Ref. [6] to construct the
noncommutative Yukawa terms of the noncommutative
standard model. Generally speaking, a noncommutative
Yukawa term demands the existence of a hybrid Seiberg-
Witten map for it to be expressible in terms of ordinary
fields [19,47].
The purpose of this paper is threefold. First, to obtain, by

using the antifield techniques of Refs. [38–41], an “evo-
lution” equation for a general hybrid Seiberg-Witten map.
The reason why we shall use the antifield formalism, and
not a more direct method as in Ref. [1], is that we want to
fill a non-negligible gap that exists in the current literature.
Indeed, we want to show that noncommutative gauge
theories where there is a hybrid Seiberg-Witten map—
the noncommutative standard model, in particular—also
fall in the category of consistent deformations of gauge
theories as defined in Ref. [38] by using the fruitful
antifield formalism and, hence, that the hybrid Seiberg-
Witten map corresponds to an anticanonical transforma-
tion. This approach—the consistent deformation one—to
the formulation of noncommutative gauge theories has
proved to be very illuminating and played a chief role [48]
in the proof of the triviality of the θ-dependent contribu-
tions to the noncommutative gauge anomaly expanded in
powers of θ. Second, to show that it can be solved
recursively in Fourier space by carrying out a formal
expansion of the noncommutative fields in terms of the
number of ordinary gauge fields. Thus, no expansion in the
noncommutativity parameters is introduced. Third, to work
out the θ-exact expression for a general hybrid Seiberg-
Witten map up to order three in the number of ordinary
gauge fields and particularize them to the noncommutative
Higgs fields that occur in the noncommutative standard
model of Ref. [6]. It should be stressed that defining the
Seiberg-Witten map as a formal expansion in the number of
ordinary gauge fields is quite in keeping with a formulation
of the corresponding quantum field theory in terms of
Feynman diagrams.
The layout of this paper is as follows. In Sec. I, we derive

by using the antifield formalism an “evolution” equation
which defines a general hybrid Seiberg-Witten map. In

Sec. II, we show how solve recursively the hybrid Seiberg-
Witten map “evolution” equation by expanding in the
number of gauge fields in Fourier space. The resulting
general hybrid Seiberg-Witten map is worked out explicitly
up to order three in the number of gauge fields. Then, the
general formulas are particularized to the standard model
Higgs case and a θ-exact expression is obtained for the
type of Yukawa terms that occur in the noncommutative
standard model. Several appendices are included, which
contain lengthy expressions not given in the main sections
of the paper.

II. THE HYBRID SEIBERG-WITTEN MAP
AND THE ANTIFIELD FORMALISM

Let La and Ra denote the generators, in arbitrary
faithful finite dimensional matrix unitary representations,
of compact Lie groups GL and GR, respectively. La and
Ra will be Hermitian matrices of dimension nL and nR,
respectively. Let aμðxÞ ¼ aaμðxÞLa and bμðxÞ ¼ baμðxÞRa

be ordinary gauge fields whose Becchi-Rouet-Stora-Tyutin
(BRST) transformations read

saμ ¼ ∂μλþ i½aμ; λ�; sbμ ¼ ∂μωþ i½bμ;ω�;

where λðxÞ ¼ λaðxÞLa and ωðxÞ ¼ ωaðxÞRa denote the
corresponding ordinary ghost fields. Let ϕðxÞ denote an
ordinary scalar field which transforms as follows

sϕ ¼ −iλϕþ iϕω;

under the BRST transformations that GL—acting from
the left—and GR—acting from the right—give rise to.
Notice that ϕðxÞ is valued in the space of nL × nR

complex matrices; where nL and nR are the dimensions
of the matrices which represent La and Ra, respectively.
Let us point out that it will become clear that the Seiberg-
Witten map “evolution” equations presented below
remain valid when ϕðxÞ is a fermion field, but that we
shall take ϕðxÞ to be a scalar to avoid the proliferation of
indices.
Let the Moyal product, ⋆h, of two functions, f1 and f2,

be defined as follows:

ðf1⋆hf2ÞðxÞ¼
Z

d4p
ð2πÞ4

d4q
ð2πÞ4

~f1ðpÞ ~f2ðqÞe−ih2ðp∧qÞe−iðpþqÞx;

where p ∧ q ¼ θijpiqj. ~f1 and ~f2 are the Fourier trans-
forms of f1 and f2, respectively.
In the enveloping-algebra formalism [4], to the ordinary

gauge fields aμ and its ghost field λ, one associates a
noncommutative gauge field, Aμ, and a noncommutative
ghost field Λ, respectively. Aμ¼Aμ½aρ;θ� and Λ¼Λ½aμ;λ;θ�
are functions of aμ, λ and θij, such that they are a solution to
the Seiberg-Witten map equations
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sNCAμ½aρ; θ� ¼ sAμ½aρ; θ�; sNCΛ½aρ; λ; θ� ¼ sΛ½aρ; λ; θ�;
Aμ½aρ; θ ¼ 0� ¼ aμ; Λ½aρ; λ; θ ¼ 0� ¼ λ: ð2:1Þ

Above, the symbol sNC denotes the noncommutative BRST
operator, which, by definition, acts on Aμ and Λ as follows:

sNCAμ ¼ ∂μΛþ i½Aμ;Λ�⋆h
; sNCΛ ¼ −iΛ⋆hΛ: ð2:2Þ

Analogously, one associates to the ordinary gauge
field bμ and its ghost field ω, a noncommutative field,
Bμ ¼ Bμ½bρ; θ�, and a noncommutative ghost field,
Ω ¼ Ω½bρ;ω; θ�. Bμ½bρ; θ� and Ω½bρ;ω; θ� are a solution to

sNCBμ½bρ;θ� ¼ sBμ½bρ;θ�; sNCΩ½bρ;ω;θ� ¼ sω½bρ;ω;θ�;
Bμ½bρ;θ¼ 0� ¼ bμ; ω½bρ;ω;θ¼ 0� ¼ω: ð2:3Þ

The action on sNC on Bμ and Ω is defined thus

sNCBμ ¼ ∂μΩþ i½Bμ;Ω�⋆h
; sNCΩ ¼ −iΩ⋆hΩ: ð2:4Þ

Following Ref. [46], we shall associate a noncommuta-
tive field, Φ, to the ordinary field ϕ. We shall assume that
Φ ¼ Φ½ϕ; aρ; bρ; θ� is given by formal power series of the
ordinary fields ϕ, aμ and bμ such that it satisfies the
following equations

sNCΦ½ϕ; aρ; bρ; θ� ¼ sΦ½ϕ; aρ; bρ; θ�;
Φ½ϕ; aρ; bρ; θ ¼ 0� ¼ ϕ; ð2:5Þ

where

sNCΦ ¼ −iΛ⋆hΦþ iΦ⋆hΩ; ð2:6Þ

with Λ and Ω being the noncommutative ghost fields
defined by (2.1) and (2.3), respectively. AΦ¼Φ½ϕ;aρ;bρ;θ�
that solves (2.5) is called a hybrid Seiberg-Witten map.
This map defines the noncommutative field Φ in terms of
the ordinary field ϕ, aμ and bμ in such a way that maps the
ordinary infinitesimal gauge orbit of ϕ into the noncom-
mutative infinitesimal gauge orbit of Φ.
To construct real actions one also needs the Hermitian

conjugate of Φ and ϕ, which we shall denote by Φ̄ and ϕ̄,
respectively. As for the BRST transformations of Φ̄ and ϕ̄,
we shall demand that

sNCΦ̄¼ iΦ̄⋆hΛ− iΩ⋆hΦ̄; sϕ̄¼ iϕ̄λ− iωϕ̄;

sNCΦ̄½ϕ̄;aρ;bρ;θ�¼sΦ̄½ϕ̄;aρ;bρ;θ�; Φ̄½ϕ̄;aρ;bρ;θ¼0�¼ ϕ̄;

do hold.
The purpose of the current section is to show that a

solution to the hybrid Seiberg-Witten map equations in
(2.5)—i.e., a Seiberg-Witten map—can be found by solv-
ing the following “evolution” problem:

dΦ
dh

¼ 1

2
θijAi⋆h∂jΦþ i

4
θijAi⋆hAj⋆hΦþ 1

2
θij∂jΦ⋆hBi

−
i
4
θijΦ⋆hBj⋆hBi −

i
2
θijAi⋆hΦ⋆hBj

Φ½aρ; bρ;ϕ; hθ�jh¼0 ¼ ϕ; ð2:7Þ
where Ai and Bi solve the following equations

dAμ

dh
¼ 1

4
θijfAi; ∂jAμ þ Ajμg⋆h

; Aμ½aρ;hθ�jh¼0 ¼ aμ;

dBμ

dh
¼ 1

4
θijfBi; ∂jBμ þ Bjμg⋆h

; Bμ½aρ; hθ�jh¼0 ¼ bμ;

ð2:8Þ
respectively. We use the following notation: Aμν ¼ ∂μAν−
∂νAμ þ i½Aμ; Aν�⋆h

and Bμν ¼ ∂μBν − ∂νBμ þ i½Bμ; Bν�⋆h
.

It has already been shown—see [38,39]—that (2.8) solve
the Seiberg-Witten equations in (2.1) and (2.3).
To show that by solving (2.7) one obtains a hybrid

Seiberg-Witten map, we shall take advantage of the
cohomological techniques that were developed in
Refs. [38–41] in the context of the antifield formalism.
Following Ref. [39] we shall prove first that the previous
statement is correct for the case of ordinary fields aμ and λ
that take values in the fundamental representation of the
Lie algebra of UðnLÞ, along with ordinary fields bμ and ω
which take values in the fundamental representation of
UðnRÞ. Once the proof for this ðUðnLÞ; UðnRÞÞ case is
completed, one finishes the proof for the ðGL;GRÞ case by
constraining aμ and λ to take values in the initial nL-
dimensional matrix representation of the Lie algebra of GL,
and bμ and ω to be valued on the nR-matrix representation
of the Ra we started with. Notice that this procedure
works—see Ref. [39]—since we are considering faithful
representations of the compact Lie algebras of GL and GR
by Hermitian matrices of finite dimension. Hence, until
otherwise stated La and Ra will be in the fundamental
representation of UðnLÞ and UðnRÞ, respectively. This
implies that until we say otherwise aμ, λ, Aμ and Λ will
be elements of the Lie algebra of UðnLÞ, with coordinates
aaμ, λa, Aa

μ and Λa; and bμ, ω, Bμ and Ω will be elements of
the Lie algebra of UðnRÞ, with coordinates baμ, ωa, Ba

μ and
Ωa. We should like to point out that the requirement of
faithfulness of the representation is a technical condition,
not a fundamental one, needed for the approach used here
to work.
In the antifield formalism—see [49,50], for a review—

one starts by associating an antifield to each field and,
then, one sets up the antibracket and the master equation.
Let FM ¼ ðAa

μ;Λa; Ba
μ;Ωa;ΦiL

iR
; Φ̄iR

iL
Þ denote the noncom-

mutative fields collectively. Then F�
M ¼ ðA�μ

a ;Λ�
a; B

�μ
a ;Ω�

a;
Φ�iR

iL; Φ̄
�iL
iR
Þ will stand for the corresponding non-

commutative antifields. Analogously, we have fM ¼
ðaaμ; λa; baμ;ωa;ϕiL

iR
; ϕ̄iR

iL
Þ, for the ordinary fields, and
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f�M ¼ ða�μa ; λ�a; b
�μ
a ;ω�

a;ϕ�iL
iR
; ϕ̄�iR

iLÞ, for the ordinary anti-
fields. The antibracket for the FM and F�

M pairs, on the one
hand, and fM and f�M pairs, on the other, are defined as
follows

ðX; YÞ ¼
Z

d4x
∂rX̂
∂FM

∂lŶ
∂F�

M
−

∂rX̂
∂F�

M

∂lŶ
∂FM ;

ðX; YÞ ¼
Z

d4x
∂rX
∂fM

∂lY
∂f�M −

∂rX
∂f�M

∂lY
∂fM : ð2:9Þ

The outcome of the analysis carried out in Refs [38–41]
is that there are at least three equivalent ways to character-
ize a Seiberg-Witten map. The way to characterize a
Seiberg-Witten map that suits our purposes goes as follows.
A map FM½fM0

; f�M0 ; hθ�, F�
M½fM0

; f�M0 ; hθ� is a Seiberg-
Witten map if, only if, it solves the following problem

dFM

dh
¼ðĴ ;FMÞ; FM½fM0

;f�M0 ;hθ�jh¼0¼ fM;

dF�
M

dh
¼ðĴ ;F�

MÞ; F�
M½fM0

;f�M0 ;hθ�jh¼0¼ f�M; ð2:10Þ

where the functional Ĵ ½FM; F�
M; hθ� is such that the

following equation holds

∂Ŝ
∂h ¼ B̂0 þ ðĴ ; ŜÞ; ð2:11Þ

for some functional B̂0½fM; hθ�, which does not depend on
the ordinary antifields f�M. In the previous equation the
functional Ŝ½FM; F�

M; hθ� is the minimal proper solution—
see Refs. [49,50], for terminology—of the classical master
equation,

ðŜ; ŜÞ ¼ 0; ð2:12Þ

of the noncommutative gauge theory. In the previous
equation the antibracket is defined with regard to the
noncommutative fields and antifields—see (2.9).
It is assumed that the functionals Ŝ, B̂0 and Ĵ are

polynomials with regard to the star product of the

noncommutative fields, noncommutative antifields and
their derivatives. This will not be so if we expressed them
in terms of the ordinary fields and ordinary antifields.
Let Ŝ0½FM; hθ� denote a real functional which is invariant

under the BRST transformations in (2.2), (2.4) and (2.6).
Ŝ0½FM;hθ� is the classical noncommutative action of the
theory and it is constructed by using the noncommutative
field strengths and noncommutative covariant derivatives.
An example of such action which is a sum of integrated
monomials of the noncommutative fields, and their deriv-
atives, with mass dimension less than or equal to 4 are
given in Appendix A.
It is not difficult to show that the minimal proper

solution, Ŝ½FM; F�
M; hθ�, to the master equation (2.12),

which satisfies the boundary conditions

Ŝ½FM; F�
M ¼ 0; hθ� ¼ Ŝ0½FM; hθ�; ∂lŜ

∂F�
M

����
F�
M¼0

¼ sNCFM

reads

Ŝ½FM;F�
M; hθ� ¼ Ŝ0½FM; hθ�

þ ŜAntifields½FM; F�
M; hθ�;

ŜAntifields½FM;F�
M; hθ� ¼

Z
d4xðA�μ

a ðDμΛÞa þ B�μ
a ðDμΩÞa

− iΛ�
aðΛ⋆hΛÞa − iΩ�

aðΩ⋆hΩÞa
þ Φ�iR

iLð−iΛ⋆hΦþ iΦ⋆hΩÞiLiR
þ Φ̄�iL

iR
ðiΦ̄⋆hΛ − iΩ⋆hΦ̄ÞiRiLÞ:

ð2:13Þ
Let us recall that, for the time being, the noncommutative
fields Aμ and Λ—and their antifields—take values in the
Lie algebra of UðnLÞ in the fundamental representation;
whereas the noncommutative fields Bμ and Ω—and their
antifields—take values in the Lie algebra of UðnRÞ in the
fundamental representation.
Furnished with Ŝ½FM; F�

M; hθ� in (2.13), we shall look
for a functional Ĵ ½FM; F�

M; hθ� such that (2.11) holds. We
claim that the Ĵ ½FM; F�

M; hθ� in question reads thus

Ĵ ½FM; F�
M; hθ� ¼ −

Z
d4x

�
A�μ
a
θij

4
ðfAi; ∂jAμ þ Ajμg⋆h

Þa þ B�μ
a
θij

4
ðfBi; ∂jBμ þ Bjμg⋆h

Þa

þ Λ�
a
θij

4
ðf∂iΛ; Ajg⋆h

Þa þ Ω�
a
θij

4
ðf∂iΩ; Bjg⋆h

Þa

− Φ�iR
iL

�
θij

2
Ai⋆h∂jΦþ i

θij

4
Ai⋆hAj⋆hΦþ θij

2
∂jΦ⋆hBi − i

θij

4
Φ⋆hBj⋆hBi − i

θij

2
Ai⋆hΦ⋆hBj

�
iL

iR

− Φ̄�iL
iR

�
θij

2
∂jΦ̄⋆hAi − i

θij

4
Φ̄⋆hAj⋆hAi þ

θij

2
Bi⋆h∂jΦ̄þ i

θij

4
Bi⋆hBj⋆hΦ̄þ i

θij

2
Bj⋆hΦ̄⋆hAi

�
iR

iL

�
:

ð2:14Þ
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Since Ĵ is linear in the noncommutative antifields F�
M,

to show that our claim is correct it is enough to prove that
the F�

M-dependent bit of

∂Ŝ½FM; F�
M; hθ�

∂h
is equal to the F�

M-dependent part of

ðĴ ; ŜÞ:

Let Â½FM; F�
M; hθ� denote the contribution to ðĴ ; ŜÞ

which does depend on the noncommutative antifields,
F�
M, i.e., the contribution that vanishes when the noncom-

mutative antifields are set to zero.Now, the fact that Ĵ is linear
in the noncommutative antifields F�

M leads to the conclusion
that the classical noncommutative action, Ŝ0½FM; hθ�—
which in turn does not depend on the noncommutative
antifields, does not contribute to Â½FM; F�

M; hθ�. Indeed,

Â½FM; F�
M; hθ� ¼ ðĴ ; ŜAntifieldsÞ; ð2:15Þ

where ŜAntifields is given in (2.13). Avery long, but straightfor-
ward, computation—see Appendix B, for details—yields the
following result:

Â½FM; F�
M; hθ� ¼ −

θij

2

Z
d4x½A�μ

a ðf∂iAμ; ∂jΛg⋆h
Þa

þ B�μ
a ðf∂iBμ; ∂jΩg⋆h

Þa
− Λ�

að∂iΛ⋆h∂jΛÞa þΩ�
að∂iΩ⋆h∂jΩÞa

þ Φ�iR
iLð−∂iΛ⋆h∂jΦþ ∂iΦ⋆h∂jΩÞiLiR

þ Φ̄�iL
iR
ð∂iΦ̄⋆h∂jΛ − ∂iΩ⋆h∂jΦ̄ÞiRiL �:

ð2:16Þ

By computing the partial derivative of ŜAntifields½FM;
F�
M; hθ� in (2.13) with respect to h—recall that no deriv-

atives of FM and F�
M with respect to h are taken, one also

obtains the right-hand side of (2.16). Thus we come to be
conclusion that

∂Ŝ½FM; F�
M; hθ�

∂h − ðĴ ; ŜÞ ¼ ∂Ŝ0½FM;hθ�
∂h − ðĴ ; Ŝ0Þ

þ ∂ŜAntifields½FM; F�
M; hθ�

∂h
− Â½FM; F�

M; hθ�

¼ ∂Ŝ0½FM;hθ�
∂h − ðĴ ; Ŝ0Þ

¼ B0½Aa
μ; Ba

μ;Φ
iL
iR
; Φ̂iR

iL
;hθ�:

It is key to realize that B0½Aa
μ; Ba

μ;Φ
iL
iR
; Φ̂iR

iL
; hθ� does not

depend on the noncommutative antifields.
Now, taking into account that Ĵ in (2.14) is linear in the

noncommutative antifields, one comes to the conclusion
that ðĴ ; FMÞ does not depend on the noncommutative
antifields. Hence the solution to the “evolution” problem

dFM

dh
¼ ðĴ ; FMÞ; FM½fM0

; f�M0 ; hθ�jh¼0 ¼ fM ð2:17Þ

only involves the ordinary fields, fM, and not the ordinary
antifields f�M: FM ¼ FM½fM0

; hθ�. Thus, in our case
B0½Aa

μ; Ba
μ;Φ

iL
iR
; Φ̂iR

iL
; hθ� does not depend on the ordinary

antifields when we replace Aa
μ, Ba

μ, Φ
iL
iR

and Φ̂iR
iL

in (2.14)
with the corresponding solution to (2.17). We have thus
finished the proof that the equations in (2.10) define a
Seiberg-Witten map for the Ĵ in (2.14).
Notice that for Ĵ in (2.14), one has

ðĴ ; Aa
μÞLa ¼

1

4
θijfAi; ∂jAμ þ Ajμg⋆h

; ðĴ ;ΛaÞLa ¼
1

4
θijf∂iΛ; Ajg⋆h

;

ðĴ ; Ba
μÞRa ¼

1

4
θijfBi; ∂jBμ þ Bjμg⋆h

; ðĴ ;ΩaÞRa ¼
1

4
θijf∂iΩ; Bjg⋆h

;

ðĴ ;ΦiL
iR
Þ ¼

�
1

2
θijAi⋆h∂jΦþ i

4
θijAi⋆hAj⋆hΦ

�
iL

iR

þ
�
1

2
θij∂jΦ⋆hBi −

i
4
θijΦ⋆hBj⋆hBi −

i
2
θijAi⋆hΦ⋆hBj

�
iL

iR

;

ðĴ ; Φ̄iR
iL
Þ ¼

�
1

2
θij∂jΦ̄⋆hAi −

i
4
θijΦ̄⋆hAj⋆hAi

�
iR

iL

þ
�
1

2
θijBi⋆h∂jΦ̄þ i

4
θijBi⋆hBj⋆hΦ̄þ i

2
θijBj⋆hΦ̄⋆hAi

�
iR

iL

; ð2:18Þ

where La and Ra are the generators of UðnLÞ and UðnRÞ in
the corresponding fundamental representations. La and Ra
are normalized so that TrðLaLbÞ ¼ δab and TrðRaRbÞ ¼
δab. Hence, taking into account the results in (2.18) and the
equations in (2.17), one concludes that the “evolution”
equations in (2.7) and (2.8) define a Seiberg-Witten map.

So far the ordinary fields aμ and λ take values in the
Lie algebra of UðnLÞ, in the fundamental representation,
and the ordinary fields bμ and ω take values in Lie
algebra of UðnRÞ, also in the fundamental representa-
tion. Let us now move on and consider the case when
the ordinary gauge fields and ghosts take values in
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faithful matrix representations of Lie algebras of com-
pact Lie groups.
Let ML denote the Lie algebra of nL × nL matrices

which constitutes the finite faithful representation of the
Lie algebra of the compact Lie group GL we had at the
beginning of this section. Analogously, let MR denote
the Lie algebra of nR × nR matrices which realize a
faithful representation of the Lie algebra of the compact
Lie group GR we introduced above. ML is a Lie
subalgebra of the Lie algebra of UðnLÞ in the funda-
mental representation. Similarly, MR is a Lie subalge-
bras of the Lie algebra of UðnRÞ in the fundamental
representation. Then, then by restricting aμ and λ to take
values in ML, and bμ and ω to take values in MR, we
conclude that the “evolution” equations in (2.7) and
(2.8) define a hybrid Seiberg-Witten map for arbitrary
compact groups in faithful unitary finite dimensional
representations.

III. SOLVING THE HYBRID SEIBERG-WITTEN
MAP EQUATION IN A θ-EXACT WAY

Let us embrace the notion that in a noncommutative
quantum field theory each interaction vertex in momentum
space is a monomial in the ordinary fields. Then one finds
it natural to solve the problem in (2.7) by expanding
Φ½aμ; bμ;ϕ; hθ� in the number of ordinary gauge fields.
Hence, Φ½aμ; bμ;ϕ; hθ� will be given by

Φ½aμ; bμ;ϕ; hθ� ¼
X
n≥0

ΦðnÞ½aμ; bμ;ϕ; hθ�; ð3:1Þ

where the superscript n in ΦðnÞ½aμ; bμ;ϕ;hθ� signals that its
Fourier transform is a monomial of degree n in the ordinary
gauge fields. Obviously,

Φð0Þ½aμ; bμ;ϕ; hθ�jh¼0 ¼ ϕ;

n > 0 ⇒ ΦðnÞ½aμ; bμ;ϕ; hθ�jh¼0 ¼ 0; ð3:2Þ

if the “initial” condition in (2.7) is to be met.
Substituting the expansion in (3.1) in the “evolution”

equation in (2.7), one finds that the differential equation can
be solved recursively. Indeed,ΦðnÞ½aμ; bμ;ϕ; hθ� is given by

dΦðnÞ

dh
¼ 1

2
θij

X
m1þm2¼n

Aðm2Þ
i ⋆h∂jΦðm1Þ

þ i
4
θij

X
m1þm2þm3¼n

Aðm2Þ
i ⋆hA

ðm3Þ
j ⋆hΦðm1Þ

þ 1

2
θij

X
m1þm2¼n

∂jΦðm1Þ⋆hB
ðm2Þ
i

−
i
4
θij

X
m1þm2þm3¼n

Φðm1Þ⋆hB
ðm3Þ
j ⋆hB

ðm2Þ
i

−
i
2
θij

X
m1þm2þm3¼n

Aðm2Þ
i ⋆hΦðm1Þ⋆hB

ðm3Þ
j :

It is important to stress that in the previous equationm2 ≥ 1

and m3 ≥ 1, whereas m1 ≥ 0. AðmÞ
μ ½aν;hθ� and BðmÞ

μ ½bν; hθ�
are such that their Fourier transform are monomials of
degree m in aν and bν, respectively, and they furnish the
following solutions to the Seiberg-Witten problems in (2.8):

Aμ½aμ;hθ�¼
X
m≥1

AðmÞ
μ ½aν;hθ�; Bμ½bν;hθ�¼

X
m≥1

BðmÞ
μ ½bν;hθ�:

AðmÞ
μ ½aν; hθ�—and, therefore BðmÞ

μ ½bν; hθ�—has been com-
puted in [37] for m ¼ 1; 2; 3.
Let us work out ΦðnÞ½aμ; bμ;ϕ; hθ� for n ¼ 0; 1; 2; 3.

The equations to be solved recursively, for the “initial”
conditions in (3.2), read

dΦð0Þ

dh
¼ 0;

dΦð1Þ

dh
¼ 1

2
θijAð1Þ

i ⋆h∂jΦð0Þ þ 1

2
θij∂jΦð0Þ⋆hB

ð1Þ
i ;

dΦð2Þ

dh
¼ 1

2
θijAð1Þ

i ⋆h∂jΦð1Þ þ 1

2
θijAð2Þ

i ⋆h∂jΦð0Þ þ i
4
θijAð1Þ

i ⋆hA
ð1Þ
j ⋆hΦð0Þ þ 1

2
θij∂jΦð1Þ⋆hB

ð1Þ
i þ 1

2
θij∂jΦð0Þ⋆hB

ð2Þ
i

−
i
4
θijΦð0Þ⋆hB

ð1Þ
j ⋆hB

ð1Þ
i −

i
2
θijAð1Þ

i ⋆hΦð0Þ⋆hB
ð1Þ
j ;

dΦð3Þ

dh
¼ 1

2
θijAð3Þ

i ⋆h∂jΦð0Þ þ 1

2
θijAð2Þ

i ⋆h∂jΦð1Þ þ 1

2
θijAð1Þ

i ⋆h∂jΦð2Þ þ i
4
θijAð2Þ

i ⋆hA
ð1Þ
j ⋆hΦð0Þ þ i

4
θijAð1Þ

i ⋆hA
ð2Þ
j ⋆hΦð0Þ

þ i
4
θijAð1Þ

i ⋆hA
ð1Þ
j ⋆hΦð1Þ þ 1

2
θij∂jΦð0Þ⋆hB

ð3Þ
i þ 1

2
θij∂jΦð1Þ⋆hB

ð2Þ
i þ 1

2
θij∂jΦð2Þ⋆hB

ð1Þ
i −

i
4
θijΦð0Þ⋆hB

ð1Þ
j ⋆hB

ð2Þ
i

−
i
4
θijΦð0Þ⋆hB

ð2Þ
j ⋆hB

ð1Þ
i −

i
4
θijΦð1Þ⋆hB

ð1Þ
j ⋆hB

ð1Þ
i −

i
2
θijAð2Þ

i ⋆hΦð0Þ⋆hB
ð1Þ
j −

i
2
θijAð1Þ

i ⋆hΦð1Þ⋆hB
ð1Þ
j

−
i
2
θijAð1Þ

i ⋆hΦð0Þ⋆hB
ð2Þ
j : ð3:3Þ
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Hence, by integrating with regard to h both sides of each differential equation in (3.3), one obtains

Φð0Þ½aμ; bμ;ϕ; hθ� ¼ ϕ;

Φð1Þ½aμ; bμ;ϕ; hθ� ¼
Z

h

0

dt

�
1

2
θijai⋆t∂jϕþ 1

2
θij∂jϕ⋆tbi

�
;

Φð2Þ½aρ; bρ;Φ; hθ� ¼
Z

h

0

dt

�
1

2
θijai⋆t∂jΦð1Þ½tθ� þ 1

2
θijAð2Þ

i ½tθ�⋆t∂jϕþ i
4
θijai⋆taj⋆tϕþ 1

2
θij∂jΦð1Þ½tθ�⋆tbi

þ 1

2
θij∂jϕ⋆tB

ð2Þ
i ½tθ� − i

4
θijϕ⋆tbj⋆tbi −

i
2
θijai⋆tϕ⋆tbj

�
;

Φð3Þ½aμ; bμ;ϕ; hθ� ¼
Z

h

0

dt

�
1

2
θijAð3Þ

i ½tθ�⋆t∂jϕþ 1

2
θijAð2Þ

i ½tθ�⋆t∂jΦð1Þ½tθ� þ 1

2
θijai⋆t∂jΦð2Þ½tθ� þ i

4
θijAð2Þ

i ½tθ�⋆taj⋆tϕ

þ i
4
θijai⋆tA

ð2Þ
j ½tθ�⋆tϕþ i

4
θijai⋆taj⋆tΦð1Þ½tθ� þ 1

2
θij∂jϕ⋆tB

ð3Þ
i ½tθ� þ 1

2
θij∂jΦð1Þ½tθ�⋆tB

ð2Þ
i ½tθ�

þ 1

2
θij∂jΦð2Þ½tθ�⋆tbi½tθ� −

i
4
θijϕ⋆tbj½tθ�⋆tB

ð2Þ
i ½tθ� − i

4
θijϕ⋆tB

ð2Þ
j ½tθ�⋆tbi½tθ� −

i
4
θijΦð1Þ½tθ�⋆tbj⋆tbi

−
i
2
θijAð2Þ

i ½tθ�⋆tϕ⋆tbj½tθ� −
i
2
θijai½tθ�⋆tΦð1Þ½tθ�⋆tbj½tθ� −

i
2
θijai⋆tϕ⋆tB

ð2Þ
j ½tθ�

�
; ð3:4Þ

where we have taken into account that Að1Þ½aμ; hθ� ¼ aμ and Bð1Þ½bμ; hθ� ¼ bμ—see [37].
Next, let us carry out the integrations over t in the integrals in (3.4). Then, the following expressions for Φð1Þ and Φð2Þ are

obtained in momentum space:

Φð1ÞiL
iR
ðxÞ ¼

Z
d4p1

ð2πÞ4
d4p2

ð2πÞ4 e
−iðp1þp2Þxθijp2j

e−i
h
2
ðp1∧p2Þ − 1

p1 ∧ p2

ðLaÞiLjLaai ðp1Þϕðp2ÞjLiR

þ
Z

d4p1

ð2πÞ4
d4p2

ð2πÞ4 e
−iðp1þp2Þxθijp2j

e−i
h
2
ðp2∧p1Þ − 1

p2 ∧ p1

ðRbÞjRiR bbi ðp1Þϕðp2ÞiLjR ;

Φð2ÞiL
iR
ðxÞ ¼

Z Y3
i¼1

d4pi

ð2πÞ4 e
−iðp1þp2þp3Þx

× fMð2;0Þ½ðμ1; p1Þ; ðμ2; p2Þ;p3; hθ�ðLa1La2ÞiLjLa
a1
μ1ðp1Þaa2μ2ðp2Þϕðp3ÞjLiR

þMð1;1Þ½ðμ1; p1Þ; ðμ2; p2Þ;p3; hθ�ðLa1ÞiLjLðRa2ÞjRiR a
a1
μ1ðp1Þba2μ2ðp2Þϕðp3ÞjLjR

þMð0;2Þ½ðμ1; p1Þ; ðμ2; p2Þ;p3; hθ�ðRa1Ra2ÞjRiR ba1μ1 ðp1Þba2μ2ðp2Þϕðp3ÞiLjRg;

where

Mð2;0Þ½ðμ1;p1Þ; ðμ2; p2Þ;p3;hθ� ¼ −
1

2
θijδμ1i δ

μ2
j

�
e−i

h
2
ðp1∧p2þp1∧p3þp2∧p3Þ − 1

p1 ∧ p2 þp1 ∧ p3 þp2 ∧ p3

�

þ θijθklδμ1i δμ2k ðp2 þp3Þjp3l
1

p2 ∧ p3

�
e−i

h
2
ðp1∧p2þp1∧p3þp2∧p3Þ − 1

p1 ∧ p2 þp1 ∧ p3 þp2 ∧ p3

−
e−i

h
2
p1∧ðp2þp3Þ − 1

p1 ∧ ðp2 þp3Þ
�

þ 1

2
θijθkl½2ðp2lδ

μ1
k δ

μ2
i þp1lδ

μ2
k δ

μ1
i Þ− ðp2 −p1Þiδμ1k δμ2l �p3j

×
1

p1 ∧ p2

�
e−i

h
2
ðp1∧p2þp1∧p3þp2∧p3Þ − 1

p1 ∧ p2 þp1 ∧ p3 þp2 ∧ p3

−
e−i

h
2
ðp1þp2Þ∧p3 − 1

ðp1 þp2Þ ∧ p3

�
;
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Mð1;1Þ½ðμ1;p1Þ; ðμ2;p2Þ;p3;hθ� ¼ θijθklδμ1k δ
μ2
i ðp1þp3Þjp3l

1

p1 ∧ p3

�
e−i

h
2
ðp1∧p2þp1∧p3þp3∧p2Þ − 1

p1 ∧ p2þp1 ∧ p3þp3 ∧ p2

−
e−i

h
2
ðp1∧p2þp3∧p2Þ − 1

p1 ∧ p2þp3 ∧ p2

�

− θijθklðp2þp3Þjp3lδ
μ1
i δ

μ2
k

1

p2 ∧ p3

�
e−i

h
2
ðp1∧p2þp1∧p3þp3∧p2Þ − 1

p1 ∧ p2þp1 ∧ p3þp3 ∧ p2

−
e−i

h
2
ðp1∧p2þp1∧p3Þ − 1

p1 ∧ p2þp1 ∧ p3

�

þ θijδμ1i δ
μ2
j

e−i
h
2
ðp1∧p2þp1∧p3þp3∧p2Þ− 1

p1 ∧ p2þp1 ∧ p3þp3 ∧ p2

;

Mð0;2Þ½ðμ1;p1Þ; ðμ2;p2Þ;p3;hθ� ¼Mð2;0Þ½ðμ2;−p2Þ; ðμ1;−p1Þ;−p3;hθ�:

The bar above Mð2;0Þ stands for complex conjugate.
To carry out the integration over t in the expression in (3.4) givingΦð3Þ½aμ; bμ;ϕ; hθ�, one needs Að3Þ

i ½tθ�, Að2Þ
i ½tθ�, Bð3Þ

i ½tθ�
and Bð2Þ

i ½tθ�: these are given in Ref. [37]. A lengthy computation yields

Φð3ÞiL
iR
ðxÞ ¼

Z Y4
i¼1

d4pi

ð2πÞ4 e
−iðp1þp2þp3þp4Þx

× fMð3;0Þ½ðμ1; p1Þ; ðμ2; p2Þ; ðμ3; p3Þ;p4; hθ�ðLa1La2La3ÞiLjLa
a1
μ1ðp1Þaa2μ2ðp2Þaa3μ3ðp3Þϕðp4ÞjLiR

þMð2;1Þ½ðμ1; p1Þ; ðμ2; p2Þ; ðμ3; p3Þ;p4; hθ�ðLa1La2ÞiLjLðRa3ÞjRiR a
a1
μ1ðp1Þaa2μ2ðp2Þba3μ3ðp3Þϕðp4ÞjLjR

þMð1;2Þ½ðμ1; p1Þ; ðμ2; p2Þ; ðμ3; p3Þ;p4; hθ�ðLa1ÞiLjLðRa2Ra3ÞjRiR a
a1
μ1ðp1Þba2μ2ðp2Þba3μ3ðp3Þϕðp4ÞjLjR

þMð0;3Þ½ðμ1; p1Þ; ðμ2; p2Þ; ðμ3; p3Þ;p4; hθ�ðRa1Ra2Ra3ÞiLjLb
a1
μ1ðp1Þba2μ2ðp2Þba3μ3ðp3Þϕðp4ÞjLiR g; ð3:5Þ

where Mð3;0Þ½·; θ�, Mð2;1Þ½·; θ�, Mð1;2Þ½·; θ� and Mð0;3Þ½·; θ� are
given in Appendix C.

IV. HYBRID SEIBERG-WITTEN MAPS OF THE
HIGGS FIELD IN THE NONCOMMUTATIVE

STANDARD MODEL

In this section, aμðxÞ, bμðxÞ and GμðxÞ will denote the
Uð1Þ, SUð2Þ and SUð3Þ gauge fields of the ordinary
standard model; ϕðxÞ will stand for the ordinary Higgs
doublet and 1I2will stand for the unit onC2. Let us recall that
aμðxÞ is a real vector field, that bμðxÞ is a Hermitian complex
matrix and that ϕðxÞ takes values inC2. Below, we shall use
the entries, Gμ

s1
s2
ðxÞ, s1; s2 ¼ 1; 2; 3, of the matrix GμðxÞ,

rather than the matrix itself, and, thus, make apparent the
doublet structure of the expressions displayed therein.
The reader should look up, in the previous section,

the definitions of the functions Mð2;0Þ½ðμ1; p1Þ; ðμ2; p2Þ;
p3; hθ�, Mð1;1Þ½ðμ1; p1Þ; ðμ2; p2Þ;p3; hθ�, Mð0;2Þ½ðμ1; p1Þ;
ðμ2; p2Þ;p3; hθ�, Mð2;1Þ½ðμ1; p1Þ; ðμ2; p2Þ; ðμ3; p3Þ;p4; hθ�,
Mð3;0Þ½ðμ1; p1Þ; ðμ2; p2Þ; ðμ3; p3Þ;p4; hθ�, Mð3;0Þ½ðμ1; p1Þ;

ðμ2; p2Þ; ðμ3; p3Þ;p4; hθ� and Mð1;2Þ½ðμ1; p1Þ; ðμ2; p2Þ;
ðμ3; p3Þ;p4; hθ�, which shall occur below.
The construction of the noncommutative Yukawa terms

of the noncommutative standard model of Ref. [6] requires
three types of hybrid Seiberg-Witten map of the ordinary
Higgs field: one for leptons and two for quarks. Let us
begin with lepton case.
The noncommutative Yukawa term for leptons reads [6]

X
f1f2

Z
d4xYðleptonÞ

f1f2
¯̂Lðf1Þ
L ⋆Φlepton⋆êðf2ÞR :

Here, the noncommutative Higgs field, Φlepton, is defined
by the following hybrid Seiberg-Witten map

ΦleptonðxÞ ¼ ϕðxÞ þ Φð1Þ
leptonðxÞ þ Φð2Þ

leptonðxÞ þ Φð3Þ
leptonðxÞ

þ � � � :;

where

Φð1Þ
leptonðxÞ ¼

Z
d4p1

ð2πÞ4
d4p2

ð2πÞ4 e
−iðp1þp2Þxθijp2j

e−i
h
2
ðp1∧p2Þ − 1

p1 ∧ p2

�
−
1

2
g0aiðp1Þϕðp2Þ þ gbiðp1Þϕðp2Þ

�

þ
Z

d4p1

ð2πÞ4
d4p2

ð2πÞ4 e
−iðp1þp2Þxθijp2j

e−i
h
2
ðp2∧p1Þ − 1

p2 ∧ p1

½g0aiðp1Þϕðp2Þ�;
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Φð2Þ
leptonðxÞ ¼

Z Y3
i¼1

d4pi

ð2πÞ4 e
−iðp1þp2þp3Þx

×

�
Mð2;0Þ½ðμ1; p1Þ; ðμ2; p2Þ;p3; hθ�

��
−
1

2
g0aμ1ðp1Þ12 þ gbμ1ðp1Þ

��
−
1

2
g0aμ2ðp2Þ12 þ gbμ2ðp2Þ

��
ϕðp3Þ

þMð1;1Þ½ðμ1; p1Þ; ðμ2; p2Þ;p3; hθ�
��

−
1

2
g0aμ1ðp1Þ12 þ gbμ1ðp1Þ

�
g0aμ2ðp2Þ12

�
ϕðp3Þ

þMð0;2Þ½ðμ1; p1Þ; ðμ2; p2Þ;p3; hθ�ððg0Þ2aμ1ðp1Þaμ2ðp2Þ12Þϕðp3Þ
�

and

Φð3Þ
leptonðxÞ ¼

Z Y4
i¼1

d4pi

ð2πÞ4 e
−iðp1þp2þp3þp4Þx

×

�
Mð3;0Þ½ðμ1; p1Þ; ðμ2; p2Þ; ðμ3; p3Þ;p4; hθ�

��
−
1

2
g0aμ1ðp1Þ12 þ gbμ1ðp1Þ

��
−
1

2
g0aμ2ðp2Þ12 þ gbμ2ðp2Þ

�

×

�
−
1

2
g0aμ3ðp3Þ12 þ gbμ3ðp3Þ

��
ϕðp4Þ þMð2;1Þ½ðμ1; p1Þ; ðμ2; p2Þ; ðμ3; p3Þ;p4; hθ�

×

��
−
1

2
g0aμ1ðp1Þ12 þ gbμ1ðp1Þ

��
−
1

2
g0aμ2ðp2Þ12 þ gbμ2ðp2Þ

�
g0aμ3ðp3Þ12

�
ϕðp4Þ

þMð1;2Þ½ðμ1; p1Þ; ðμ2; p2Þ; ðμ3; p3Þ;p4; hθ�
��

−
1

2
g0aμ1ðp1Þ12 þ gbμ1ðp1Þ

�
ðg0Þ2aμ2ðp2Þaμ3ðp3Þ12

�
ϕðp4Þ

þMð0;3Þ½ðμ1; p1Þ; ðμ2; p2Þ; ðμ3; p3Þ;p4; hθ�ðg0Þ3aμ1ðp1Þaμ2ðp2Þaμ3ðp3Þ12ϕðp4Þ
�
:

The noncommutative Yukawa term for the down-type
quarks is [6]

X
f1f2

Z
d4xYðdownÞ

f1f2
¯̂Qðf1Þ
s1L ⋆Φdown

s1
s2⋆d̂ðf2Þs2R : ð4:1Þ

In the previous expression, the indices s1 and s2 run from 1
to 3, since the ordinary quarks are in the fundamental
representation of SUð3Þ. The noncommutative Higgs field,

Φdown
s1
s2ðxÞ, in (4.1) is defined by the hybrid Seiberg-Witten

map, with expansion

Φdown
s1
s2ðxÞ ¼ ϕðxÞδs1s2 þ Φð1Þ

down
s1
s2
ðxÞ þ Φð2Þ

down
s1
s2
ðxÞ

þ Φð3Þ
down

s1
s2
ðxÞ þ � � � ;

that is obtained by setting zd ¼ 1=3 in the following
expressions:

Φð1Þ
down

s1
s2
ðxÞ ¼

Z
d4p1

ð2πÞ4
d4p2

ð2πÞ4 e
−iðp1þp2Þxθijp2j

e−i
h
2
ðp1∧p2Þ − 1

p1 ∧ p2

�
1

6
g0aiðp1Þϕðp2Þδs1s2 þ gbiðp1Þϕðp2Þδs1s2 þ gsGi

s1
s2ðp1Þϕðp2Þ

�

þ
Z

d4p1

ð2πÞ4
d4p2

ð2πÞ4 e
−iðp1þp2Þxθijp2j

e−i
h
2
ðp2∧p1Þ − 1

p2 ∧ p1

½zdg0aiðp1Þϕðp2Þδs1s2 − gsGi
s1
s2ðp1Þϕðp2Þ�; ð4:2Þ
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Φð2Þ
down

s1
s2
ðxÞ¼

Z Y3
i¼1

d4pi

ð2πÞ4e
−iðp1þp2þp3Þx

�
Mð2;0Þ½ðμ1;p1Þ;ðμ2;p2Þ;p3;hθ�

��
1

6
g0aμ1ðp1Þδs1s312þgbμ1ðp1Þδs1s3þgsGμ1

s1
s3ðp1Þ12

�

×

�
1

6
g0aμ2ðp2Þδs3s212þgbμ2ðp2Þδs3s2þgsGμ2

s3
s2
ðp2Þ12Þ

�
ϕðp3Þ

þMð1;1Þ½ðμ1;p1Þ;ðμ2;p2Þ;p3;hθ�
��

1

6
g0aμ1ðp1Þδs1s312þgbμ1ðp1Þδs1s3þgsGμ1

s1
s3
ðp1Þ12

�

×ðzdg0aμ2ðp2Þδs3s212−gsGμ2
s3
s2
ðp2Þ12ÞÞϕðp3Þ

þMð0;2Þ½ðμ1;p1Þ;ðμ2;p2Þ;p3;hθ�ððzdg0aμ1ðp1Þδs1s312−gsGμ1
s1
s3
ðp1Þ12Þ

×ðzdg0aμ2ðp2Þδs3s212−gsGμ2
s3
s2
ðp2Þ12ÞÞϕðp3Þ

�
ð4:3Þ

and

Φð3Þ
down

s1
s2
ðxÞ ¼

Z Y4
i¼1

d4pi

ð2πÞ4 e
−iðp1þp2þp3þp4Þx

�
Mð3;0Þ½ðμ1; p1Þ; ðμ2; p2Þ; ðμ3; p3Þ;p4; hθ�

×

��
1

6
g0aμ1ðp1Þδs1s312 þ gbμ1ðp1Þδs1s3 þ gsGμ1

s1
s3
ðp1Þ12

��
1

6
g0aμ2ðp2Þδs3s412 þ gbμ2ðp2Þδs3s4 þ gsGμ1

s3
s4
ðp2Þ12

�

×

�
1

6
g0aμ3ðp3Þδs4s212 þ gbμ3ðp3Þδs4s2 þ gsGμ1

s4
s2
ðp3Þ12

��
ϕðp4Þ

þMð2;1Þ½ðμ1; p1Þ; ðμ2; p2Þ; ðμ3; p3Þ;p4; hθ�
��

1

6
g0aμ1ðp1Þδs1s312 þ gbμ1ðp1Þδs1s3 þ gsGμ1

s1
s3
ðp1Þ12

�

×

�
1

6
g0aμ2ðp2Þδs3s412 þ gbμ2ðp2Þδs3s4 þ gsGμ1

s3
s4
ðp2Þ12

�
ðzdg0aμ3ðp3Þδs4s212 − gsGμ1

s4
s2
ðp3Þ12Þ

�
ϕðp4Þ

þMð1;2Þ½ðμ1; p1Þ; ðμ2; p2Þ; ðμ3; p3Þ;p4; hθ�
��

1

6
g0aμ1ðp1Þδs1s312 þ gbμ1ðp1Þδs1s3 þ gsGμ1

s1
s3
ðp1Þ12

�

× ðzdg0aμ2ðp2Þδs3s412 − gsGμ1
s3
s4
ðp2Þ12Þðzdg0aμ3ðp3Þδs4s212 − gsGμ1

s4
s2
ðp3Þ12Þ

�
ϕðp4Þ

þMð0;3Þ½ðμ1; p1Þ; ðμ2; p2Þ; ðμ3; p3Þ;p4; hθ�ððzdg0aμ1ðp1Þδs1s312 − gsGμ1
s1
s3
ðp1Þ12Þ

× ðzdg0aμ2ðp2Þδs3s412 − gsGμ1
s3
s4
ðp2ÞÞðzdg0aμ3ðp3Þδs4s212 − gsGμ1

s4
s2
ðp3Þ12ÞÞϕðp4Þ

�
: ð4:4Þ

Finally, the noncommutative Yukawa term for the up-
type quarks [6] reads

X
f1f2

Z
d4xYðupÞ

f1f2
¯̂Qðf1Þ
s1L ⋆Φup

s1
s2
⋆ûðf2Þs2R :

The noncommutative Higgs field, Φup
s1
s2, is a hybrid

Seiberg-Witten map with an expansion in the number of
gauge fields,

Φup
s1
s2
ðxÞ ¼ iτ2ϕðxÞδs1s2 þ Φð1Þ

up
s1
s2
ðxÞ þ Φð2Þ

up
s1
s2
ðxÞ

þ Φð3Þ
up

s1
s2
ðxÞ þ � � � ;

whose terms Φð1Þ
up s2

s1ðxÞ, Φð2Þ
up s2

s1ðxÞ and Φð3Þ
up s2

s1ðxÞ are
obtained by setting zd ¼ −2=3 and replacing ϕ with iτ2ϕ
in (4.2), (4.3) and (4.4), respectively.
To close this section we shall derive, following Ref. [25],

a θ-exact expression of a general Yukawa term of the form

SYukawa½θμν� ¼
Z

d4xΨ⋆Φ⋆χ;

where Φ is a noncommutative scalar field defined by the
hybrid Seiberg-Witten map in (2.7) and Ψ and χ are
noncommutative spinor fields defined by the following
equations
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dΨ
dh

¼ 1

2
θij∂jΨ⋆hAi −

i
4
θijΨ⋆hAj⋆hAi

dξ
dh

¼ 1

2
θijBi⋆h∂jχ þ

i
4
θijBi⋆hBj⋆hχ: ð4:5Þ

Notice that Ψ and χ transforms under noncommutative
BRS transformations as follows

sNCΨ ¼ iΦ⋆hΛ; sNCχ ¼ −iΩ⋆hχ;

so that SYukawa is BRS invariant.
Now replacing θμν with hθμν in SYukawa½θμν� and using

(2.7) and (4.5), one obtains after some algebra

dSYukawa½hθ�
dh

¼
Z

d4x

�
−
i
2
θijDiΨ½h�⋆hΦ½h�⋆hDjχ½h�

þ θij

4
Ψ½h�⋆hAij½h�⋆hΦ½h�⋆hχ½h�

þ θij

4
Ψ½h�⋆hBij½h�⋆hΦ½h�⋆hχ½h�

�
:

Aμν and Bμν are the field strengths of Aμ and Bμ,
respectively. Integrating both sides of the previous equation
with respect to h one gets

SYukawa½θμν� ¼ SYukawa½0� þ Snccorrection½θμν�;

Snccorrection½θμν� ¼
Z

d4x
Z

1

0

dh

�
−
i
2
θijDiΨ½h�⋆hΦ½h�⋆hDjχ½h� þ

θij

4
Ψ½h�⋆hAij½h�⋆hΦ½h�⋆hχ½h�

þ θij

4
Ψ½h�⋆hBij½h�⋆hΦ½h�⋆hχ½h�

�
; ð4:6Þ

where SYukawa½0� is the Yukawa term on ordinary space-
time. The previous expression is a θ-exact closed expres-
sion for SYukawa½θμν� in terms of the θ-exact Seiberg-Witten
maps where the full θ-exact noncommutative correction to
the ordinary Yukawa term has been isolated and can be
used to iteratively compute such correction as powers in
the number of ordinary gauge fields. Notice that what
(4.6) shows is that the noncommutative Yukawa correction,
Snccorrection½θμν�, has a beautiful expression in terms of the
noncommutative differential-geometric objects—namely,
the gauge curvatures and the covariant derivatives—and
is thus explicitly gauge invariant. The particularization of
the previous expression to the noncommutative standard
model is straightforward.

V. FINAL COMMENTS AND OUTLOOK

In this paper we have shown how the antifield formalism
can be successfully used to derive an “evolution" equation
for the hybrid Seiberg-Witten map for arbitrary compact
gauge groups in arbitrary faithful matrix representations,
thus implying that noncommutative gauge theories with
hybrid Seiberg-Witten map are consistent deformations of
ordinary gauge theories in the sense of [38]. We have also
shown that this “evolution” equation can be solved recur-
sively in a θ-exact way, thus providing a tool to system-
atically construct hybrid Seiberg-Witten maps which will
give rise to UV/IR mixing effects. We have computed the
expansion of a general θ-exact hybrid Seiberg-Witten up to
order three in the number of ordinary gauge fields. Finally,
we have worked out explicitly, up to three ordinary gauge
fields, the three θ-exact hybrid Seiberg-Witten map that are

needed to formulate the Yukawa terms of the noncommu-
tative standard model. We also derive the general expres-
sion of the θ-exact noncommutative corrections to a general
ordinary Yukawa term in terms of noncommutative field
strengths and covariant derivatives. Furnished with for-
mulas presented in this paper—along with the results
in Ref. [37]—a systematic study of the occurrence of
noncommutative effects—UV/IR mixing phenomena, in
particular—on the physics of the Higgs particle and other
particles of the standard model can be launched. Besides,
the equivalence, at the quantum level, of supersymmetric
noncommutative UðnÞ gauge theories formulated in terms
of noncommutative fields and the same classical theories
formulated, by means of the Seiberg-Witten map, in terms
of ordinary fields can be systematically analyzed for matter
in the fundamental, antifundamental and bifundamnetal
representations.
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APPENDIX A: GENERAL ACTION

Let ΦiL
iR
be a boson field. Let

Aμν ¼ ∂μAν − ∂νAμ þ i½Aμ; Aν�⋆;
Bμν ¼ ∂μBν − ∂νBμ þ i½Bμ; Bν�⋆;
DμΦ ¼ ∂μΦþ iAμ⋆Φ − iΦ⋆Bμ:
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Then, a standard functional that is invariant under the
BRST transformations in (2.2), (2.4) and (2.6) reads

Ŝ0 ¼ −
1

4g2A

Z
d4xTrAμν⋆Aμν −

1

4g2B

Z
d4xTrBμν⋆Bμν

þ
Z

d4xðDμΦ̄ÞiRiL⋆ðDμΦÞiLiR − V½ΦiL
iR
; Φ̄iR

iL
�;

where

V½ΦiL
iR
;Φ̄iR

iL
�¼�M2

Z
d4xΦ̄iR

iL
⋆ΦiL

iR
þλ

Z
d4xΦ̄iR

jL
⋆ΦjL

i0R
⋆Φ̄i0R

j0L
⋆Φj0L

iR
:

In the equations above repeated indices indicates sum over
all their values.

APPENDIX B: ANTIFIELD COMPUTATIONS

Here we shall give some details of the computation of
Â½FM; F�

M; hθ� in (2.15) and (2.16). We shall focus on the
contributions that are linear in the antifields Φ�iR

iL
.

The antibracket ðĴ ; ŜAntifieldsÞ is defined, in full detail, as
follows

ðĴ ; ŜAntifieldsÞ ¼
Z

d4x

�∂rĴ
∂Aa

μ

∂lŜAntifields
∂A�

a
μ −

∂rĴ
∂A�μ

a

∂lŜAntifields
∂Aa

μ
þ ∂rĴ

∂Ba
μ

∂lŜAntifields
∂B�μ

a
−

∂rĴ
∂B�μ

a

∂lŜAntifields
∂Ba

μ
þ ∂rĴ

∂Λa

∂lŜAntifields
∂Λ�

a

−
∂rĴ
∂Λ�

a

∂lŜAntifields
∂Λa þ ∂rĴ

∂Ωa

∂lŜAntifields
∂Ω�

a
−
∂rĴ
∂Ω�

a

∂lŜAntifields
∂Ωa þ ∂rĴ

∂ΦiL
iR

∂lŜAntifields
∂Φ�iR

iL

−
∂rĴ

∂Φ�iR
iL

∂lŜAntifields
∂ΦiL

iR

þ ∂rĴ

∂Φ̄iR
iL

∂lŜAntifields
∂Φ̄�iL

iR

−
∂rĴ

∂Φ̄�iL
iR

∂lŜAntifields
∂Φ̄iR

iL

�
: ðB1Þ

Let us display the contributions to the previous equation which are linear in Φ�iR
iL
:

Z
d4x

∂rĴ
∂Aa

μ

∂lŜAntifields
∂A�μ

a
¼−

Z
d4xΦ�iR

iL

�
θij

2
DiΛ⋆h∂jΦþ i

θij

4
DiΛ⋆hAj⋆hΦþ i

θij

4
Ai⋆hDjΛ⋆h⋆hΦ− i

θij

2
DiΛ⋆hΦ⋆hBj

�
iL

iR

;

Z
d4x

∂rĴ
∂Ba

μ

∂lŜAntifields
∂B�μ

a
¼−

Z
d4xΦ�iR

iL

�
θij

2
∂jΦ⋆hDiΩ− i

θij

4
Φ⋆hDjΩ⋆hBi− i

θij

4
Φ⋆hBj⋆hDiΩ− i

θij

2
Ai⋆hΦ⋆hDjΩ

�
iL

iR

;

Z
d4x

∂rĴ
∂Λa

∂lŜAntifields
∂Λ�

a
¼−

Z
d4xΦ�iR

iL
i
θij

4
ð∂iΛ⋆hAj⋆hΦþAj⋆h∂iΛ⋆hΦÞiLiR ;

Z
d4x

∂rĴ
∂Ωa

∂lŜAntifields
∂Ω�

a
¼
Z

d4xΦ�iR
iL
i
θij

4
ðΦ⋆h∂iΩBjþΦ⋆hBj⋆h∂iΩÞiLiR ;

Z
d4x

∂rĴ

∂ΦiL
iR

∂lŜAntifields
∂Φ�iR

iL

¼−
Z

d4x

�
Φ�iR

iL

�
θij

2
Ai⋆h½−iΛ⋆hΦþ iΦ⋆hΩ�þ i

θij

4
Ai⋆hAj⋆h½−iΛ⋆hΦþ iΦ⋆hΩ�

þθij

2
∂j½−iΛ⋆hΦþ iΦ⋆hΩ�⋆hBi− i

θij

4
½−iΛ⋆hΦþ iΦ⋆hΩ�⋆hBj⋆hBi

−
θij

2
Ai⋆h½−iΛ⋆hΦþ iΦ⋆hΩ�⋆hBj

�
iL

iR

�
;

Z
d4x

∂rĴ

∂Φ�iR
iL

∂lŜAntifields
∂ΦiL

iR

¼
Z
d4xΦ�iR

iL

��
iΛ⋆h

�
θij

2
Ai⋆h∂jΦþ i

θij

4
Ai⋆hAj⋆hΦþθij

2
∂jΦ⋆hBi

− i
θij

4
Φ⋆hBj⋆hBi−

θij

2
Ai⋆hΦ⋆hBj

��
iL

iR

þ
��

θij

2
Ai⋆h∂jΦþ i

θij

4
Ai⋆hAj⋆hΦþθij

2
∂jΦ⋆hBi− i

θij

4
Φ⋆hBj⋆hBi−

θij

2
Ai⋆hΦ⋆hBj

�
⋆hΩ

�
iL

iR

�
:

The substitution of the previous results in (B1) and some lengthy algebra yields that the contribution to Â½FM; F�
M; hθ�

that is linear in Φ�iR
iL
reads Z

d4xΦ�iR
iL

θij

2
ð∂iΛ⋆h∂jΦ − ∂iΦ⋆h∂jΩÞiLiR ;
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which matches the appropriate summands in the right-hand side of (2.16). All the remaining summands in the right-hand
side of (2.16) are obtained by carrying out similar algebraic computations.

APPENDIX C: SEIBERG-WITTEN MAP TERMS INCLUDING THREE GAUGE FIELDS

In this Appendix we give the value Mð3;0Þ½ðμ1; p1Þ; ðμ2; p2Þ; ðμ3; p3Þ;p4; hθ�, Mð3;0Þ½ðμ1;p1Þ;ðμ2;p2Þ;ðμ3;p3Þ;
p4;hθ�, Mð2;1Þ½ðμ1; p1Þ; ðμ2; p2Þ; ðμ3; p3Þ;p4; hθ� and Mð1;2Þ½ðμ1; p1Þ; ðμ2; p2Þ; ðμ3; p3Þ;p4; hθ� in (3.5). Let us begin with
some definitions

Pð3Þ
m ½ðp1;μ1Þ; ðp2;μ2Þ; ðp3;μ3Þ;θ� ¼

1

4
θijθklf½4ðp3lδ

μ2
k δμ3i þp2lδ

μ2
i δμ3k Þ− 2ðp3 −p2Þiδμ2k δμ3l �p1jδ

μ1
m

þ ½4ðp3lδ
μ2
k δμ3m þp2lδ

μ2
m δμ3k Þ− 2ðp3 −p2Þmδμ2k δμ3l �ðp2 þp3Þjδμ1i

− ½2ðp3lδ
μ2
k δμ3i þp2lδ

μ2
i δμ3k Þ− ðp3 −p2Þiδμ2k δμ3l �p1mδ

μ1
j

− ½2ðp3lδ
μ2
k δμ3j þp2lδ

μ2
j δμ3k Þ− ðp3 −p2Þjδμ2k δμ3l �ðp2 þp3Þmδμ1i g;

Qð3Þ
m ½μ1;μ2;μ3;θ� ¼ −

1

2
θijðδμ1i δμ2j δμ3m − δμ1i δμ2m δμ3j Þ:

Σðp1;p2;p3;p4;θÞ ¼
X
i<j

p1 ∧ pj ¼ ðp1 þp2 þp3Þ ∧ p4 þp2 ∧ p3 þp1 ∧ ðp2 þp3Þ;

Θðp1;p2;p3;p4;θÞ ¼ ðp1 þp2 þp3Þ ∧ p4 þp2 ∧ p3 −p1 ∧ ðp2 þp3Þ;

L1ðp1;p2;p3;p4;h;θÞ ¼
1

p1 ∧ ðp2 þp3Þ þp2 ∧ p3

�
e−i

h
2
Σðp1;p2;p3;p4 ;θÞ − 1

Σðp1;p2;p3; p4;θÞ
−
e−i

h
2
ðp1þp2þp3Þ∧p4 − 1

ðp1 þp2 þp3Þ ∧ p4

�
;

L2ðp1;p2;p3;p4;h;θÞ ¼
1

−p1 ∧ ðp2 þp3Þ þp2 ∧ p3

�
e−i

h
2
Θðp1;p2;p3 ;p4 ;θÞ − 1

Θðp1;p2;p3;p4;θÞ
−
e−i

h
2
ðp1þp2þp3Þ∧p4 − 1

ðp1 þp2 þp3Þ ∧ p4

�
;

K1ðp1;p2;p3;p4;h;θÞ ¼
1

p2 ∧ p3

�
L1ðp1;p2;p3;h;θÞ

−
1

p1 ∧ ðp2 þp3Þ
�

e−i
h
2
½ðp1þp2þp3Þ∧p4þp1∧ðp2þp3Þ� − 1

ðp1 þp2 þp3Þ ∧ p4 þp1 ∧ ðp2 þp3Þ
−
e−i

h
2
ðp1þp2þp3Þ∧p4 − 1

ðp1 þp2 þp3Þ ∧ p4

��
;

K2ðp1;p2;p3;p4;h;θÞ ¼
1

p2 ∧ p3

�
L2ðp1;p2;p3;h;θÞ

þ 1

p1 ∧ ðp2 þp3Þ
�

e−i
h
2
½ðp1þp2þp3Þ∧p4−p1∧ðp2þp3Þ� − 1

ðp1 þp2 þp3Þ ∧ p4 −p1 ∧ ðp2 þp3Þ
−
e−i

h
2
ðp1þp2þp3Þ∧p4 − 1

ðp1 þp2 þp3Þ ∧ p4

��
;

K3ðp1;p2;p3;p4;h;θÞ ¼
1

ðp1 ∧ p2Þðp3 ∧ p4Þ
�
e−i

h
2
Σðp1 ;p2 ;p3;p4;θÞ − 1

Σðp1;p2;p3;p4;θÞ
−

e−i
h
2
½p1∧p2þðp1þp2Þ∧ðp3þp4Þ� − 1

p1 ∧ p2 þ ðp1 þp2Þ ∧ ðp3 þp4Þ

−
e−i

h
2
½p3∧p4þðp1þp2Þ∧ðp3þp4Þ� − 1

p3 ∧ p4 þ ðp1 þp2Þ ∧ ðp3 þp4Þ
þ e−i

h
2
ðp1þp2Þ∧ðp3þp4Þ − 1

ðp1 þp2Þ ∧ ðp3 þp4Þ
�
;

K4ðp1;p2;p3;p4;h;θÞ ¼
1

p3 ∧ p4

�
1

p2 ∧ p3 þ ðp2 þp3Þ ∧ p4

�
e−i

h
2
Σðp1;p2;p3;p4;θÞ − 1

Σðp1;p2;p3;p4;θÞ
−
e−i

h
2
p1∧ðp2þp3þp4Þ − 1

p1 ∧ ðp2 þp3 þp4Þ
�

−
1

p2 ∧ ðp3 þp4Þ
�

e−i
h
2
½p1∧ðp2þp3þp4Þþp2∧ðp3þp4Þ� − 1

p1 ∧ ðp2 þp3 þp4Þ þp2 ∧ ðp3 þp4Þ
−
e−i

h
2
p1∧ðp2þp3þp4Þ − 1

p1 ∧ ðp2 þp3 þp4Þ
��

;

K5ðp1;p2;p3;p4;h;θÞ ¼
1

p2 ∧ p3

�
1

p2 ∧ p3 þ ðp2 þp3Þ ∧ p4

�
e−i

h
2
Σðp1;p2;p3;p4;θÞ − 1

Σðp1;p2;p3;p4;θÞ
−
e−i

h
2
p1∧ðp2þp3þp4Þ − 1

p1 ∧ ðp2 þp3 þp4Þ
�

−
1

ðp2 þp3Þ ∧ p4

�
e−i

h
2
½p1∧ðp2þp3þp4Þþðp2þp3Þ∧p4� − 1

p1 ∧ ðp2 þp3 þp4Þ þ ðp2 þp3Þ ∧ p4

−
e−i

h
2
p1∧ðp2þp3þp4Þ − 1

p1 ∧ ðp2 þp3 þp4Þ
��

;

K6ðp1;p2;p3;p4;h;θÞ ¼
1

p2 ∧ p3 þ ðp2 þp3Þ ∧ p4

�
e−i

h
2
Σðp1;p2;p3;p4 ;θÞ − 1

Σðp1;p2;p3; p4;θÞ
−
e−i

h
2
p1∧ðp2þp3þp4Þ − 1

p1 ∧ ðp2 þp3 þp4Þ
�

K7ðp1;p2;p3;p4;h;θÞ ¼
1

p1 ∧ p2

�
e−i

h
2
Σðp1;p2 ;p3 ;p4 ;θÞ − 1

Σðp1;p2;p3;p4;θÞ
−

e−i
h
2
½ðp1þp2Þ∧ðp3þp4Þþp3∧p4� − 1

ðp1 þp2Þ ∧ ðp3 þp4Þ þp3 ∧ p4

�
;

K8ðp1;p2;p3;p4;h;θÞ ¼
1

p2 ∧ p3

�
e−i

h
2
Σðp1;p2 ;p3 ;p4 ;θÞ − 1

Σðp1;p2;p3;p4;θÞ
−

e−i
h
2
½p1∧ðp2þp3þp4Þþðp2þp3Þ∧p4� − 1

p1 ∧ ðp2 þp3 þp4Þ þ ðp2 þp3Þ ∧ p4

�
;

K9ðp1;p2;p3;p4;h;θÞ ¼
1

p3 ∧ p4

�
e−i

h
2
Σðp1;p2 ;p3 ;p4 ;θÞ − 1

Σðp1;p2;p3;p4;θÞ
−

e−i
h
2
½p1∧ðp2þp3þp4Þþp2∧ðp3þp4Þ� − 1

p1 ∧ ðp2 þp3 þp4Þ þp2 ∧ ðp3 þp4Þ
�
:
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Then

Mð3;0Þ½ðμ1;p1Þ; ðμ2;p2Þ;ðμ3;p3Þ;p4;hθ�
¼ θmnp4n½Pð3Þ

m ½ðp1;μ1Þ;ðp2;μ2Þ; ðp3;μ3Þ;θ�K1ðp1;p2;p3;p4;h;θÞþQð3Þ
m ½μ1;μ2;μ3;θ�L1ðp1;p2;p3;p4;h;θÞ

þPð3Þ
m ½ðp3;μ3Þ; ðp1;μ1Þ;ðp2;μ2Þ;θ�K2ðp3;p1;p2;p4;h;θÞþQð3Þ

m ½μ3;μ1;μ2;θ�L2ðp3;p1;p2;p4;h;θÞ�

þ θijθmnθkl
�
1

2
ðp3þp4Þj½2ðp2lδ

μ1
k δμ2i þp1lδ

μ2
k δμ1i Þ− ðp2 −p1Þiδμ1k δμ2l �δμ3m p4nK3ðp1;p2;p3;p4;h;θÞ

þ δμ1i δμ2m δμ3k ðp2þp3þp4Þjðp3þp4Þnp4lK4ðp1;p2;p3;p4;h;θÞ

þ 1

2
δμ1i ðp2þp3þp4Þjp4n½2ðp3lδ

μ2
k δμ3m þp2lδ

μ2
m δμ3k Þ− ðp3 −p2Þmδμ2k δμ3l �K5ðp1;p2;p3;p4;h;θÞ

�

−
1

2
θijθklδμ1i δμ2k δμ3l ðp2þp3þp4ÞjK6ðp1;p2;p3;p4;h;θÞ

−
1

4
θijθkl½½2ðp2lδ

μ1
k δμ2i þp1lδ

μ2
k δμ1i Þ− ðp2 −p1Þiδμ1k δμ2l �δμ3j K7ðp1;p2;p3;p4;h;θÞ

þ δμ1i ½2ðp3lδ
μ2
k δμ3j þp2lδ

μ2
j δμ3k Þ− ðp3 −p2Þjδμ2k δμ3l �K8ðp1;p2;p3;p4;h;θÞ

þ 2δμ1i δμ2j δμ3k p4lK9ðp1;p2;p3;p4;h;θÞ�;
Mð2;1Þ½ðμ1;p1Þ; ðμ2;p2Þ;ðμ3;p3Þ;p4;hθ�

¼
�
1

2
θijθklð2p2lδ

μ1
k δμ2i þ 2p1lδ

μ1
i δμ2k − ðp1 −p2Þiδμ1l δμ2k Þδμ3j

�

×
1

p1 ∧ p2

�
e−i

h
2
½p1∧ðp2þp3þp4Þþp2∧ðp3þp4Þþp4∧p3�− 1

p1 ∧ ðp2þp3þp4Þþp2 ∧ ðp3þp4Þþp4 ∧ p3

−
e−i

h
2
½p1∧ðp3þp4Þþp2∧ðp3þp4Þþp4∧p3� − 1

p1 ∧ ðp3þp4Þþp2 ∧ ðp3þp4Þþp4 ∧ p3

�

þ θijθklδμ1i δμ2k δμ3j p4l

×
1

p2 ∧ p4

�
e−i

h
2
½p1∧ðp2þp3þp4Þþp2∧ðp3þp4Þþp4∧p3�− 1

p1 ∧ ðp2þp3þp4Þþp2 ∧ ðp3þp4Þþp4 ∧ p3

−
e−i

h
2
½p1∧ðp2þp3þp4Þþðp2þp4Þ∧p3�− 1

p1 ∧ ðp2þp3þp4Þþ ðp2þp4Þ∧ p3

�

þ 1

2
θijθklð2p2lδ

μ1
k δμ2i −p2iδ

μ1
k δμ2l þ 2p1lδ

μ1
i δμ2k −p1iδ

μ1
l δμ2k Þðp3þp4Þjθmnp4nδ

μ3
m

1

ðp1 ∧ p2Þðp4 ∧ p3Þ

×

�
e−i

h
2
½p1∧p2þp4∧p3þðp1þp2Þ∧ðp3þp4Þ� − 1

p1 ∧ p2þp4 ∧ p3þðp1þp2Þ∧ ðp3þp4Þ
−

e−i
h
2
½p1∧p2þðp1þp2Þ∧ðp3þp4Þ� − 1

p1 ∧ p2þðp1þp2Þ∧ ðp3þp4Þ

−
e−i

h
2
½p4∧p3þðp1þp2Þ∧ðp3þp4Þ� − 1

p4 ∧ p3þðp1þp2Þ∧ ðp3þp4Þ
þ e−i

h
2
ðp1þp2Þ∧ðp3þp4Þ − 1

ðp1þp2Þ∧ ðp3þp4Þ
�

þ θijδμ1i ðp2þp3þp4Þj
��

θklθmnδμ2m δμ3k ðp2þp4Þlp4n
1

p2 ∧ p4

− θklθmnðp3þp4Þlp4nδ
μ2
k δμ3m

1

p3 ∧ p4

þ θklδμ2k δμ3l

�

×
1

p2 ∧ ðp3þp4Þþp4 ∧ p3

�
e−i

h
2
½p2∧ðp3þp4Þþp4∧p3þp1∧ðp2þp3þp4Þ� − 1

p2 ∧ ðp3þp4Þþp4 ∧ p3þp1 ∧ ðp2þp3þp4Þ
−
e−i

h
2
½p1∧ðp2þp3þp4Þ� − 1

p1 ∧ ðp2þp3þp4Þ
�

− θklθmnδμ2m δμ3k ðp2þp4Þlp4n
1

p2 ∧ p4

1

ðp2þp4Þ∧ p3

�
e−i

h
2
½ðp2þp4Þ∧p3þp1∧ðp2þp3þp4Þ� − 1

ðp2þp4Þ∧ p3þp1 ∧ ðp2þp3þp4Þ
−
e−i

h
2
½p1∧ðp2þp3þp4Þ� − 1

p1 ∧ ðp2þp3þp4Þ
�

þ θklθmnðp3þp4Þlp4nδ
μ2
k δμ3m

1

p3 ∧ p4

1

p2 ∧ ðp3þp4Þ
�

e−i
h
2
½p2∧ðp3þp4Þþp1∧ðp2þp3þp4Þ� − 1

p2 ∧ ðp3þp4Þþp1 ∧ ðp2þp3þp4Þ
−
e−i

h
2
½p1∧ðp2þp3þp4Þ� − 1

p1 ∧ ðp2þp3þp4Þ
��

−
1

2
θijθklδμ1i δμ2j δμ3k p4l

1

p4 ∧ p3

�
e−i

h
2
½p1∧ðp2þp3þp4Þþp2∧ðp3þp4Þþp4∧p3� − 1

p1 ∧ ðp2þp3þp4Þþp2 ∧ ðp3þp4Þþp4 ∧ p3

−
e−i

h
2
½p1∧ðp2þp3þp4Þþp2∧ðp3þp4Þ� − 1

p1 ∧ ðp2þp3þp4Þþp2 ∧ ðp3þp4Þ
�
;

Mð1;2Þ½ðμ1;p1Þ;ðμ2;p2Þ; ðμ3;p3Þ;p4;hθ� ¼Mð2;1Þ½ðμ3;−p3Þ; ðμ2;−p2Þ; ðμ1;−p1Þ;−p4;hθ�;
Mð0;3Þ½ðμ1;p1Þ;ðμ2;p2Þ; ðμ3;p3Þ;p4;hθ� ¼Mð3;0Þ½ðμ3;−p3Þ; ðμ2;−p2Þ; ðμ1;−p1Þ;−p4;hθ�:

The bar above Mð1;2Þ and Mð3;0Þ denotes complex conjugation.
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