PHYSICAL REVIEW D 92, 065022 (2015)
More on soft theorems: Trees, loops, and strings
Massimo Bianchi,l’* Song He,2‘3’T Yu-tin Huang,“’i and Congkao Wen>®
lDipartimento di Fisica, Universita di Roma “Tor Vergata” and INFN Sezione di Roma “Tor Vergata,”
Via della Ricerca Scientifica, 00133 Roma, Italy
2School of Natural Sciences, Institute for Advanced Study, Princeton, New Jersey 08540, USA
3Perimeter Institute for Theoretical Physics, Waterloo, Ontario N2L 2Y5, Canada
4Deparlment of Physics and Astronomy, National Taiwan University, Taipei 10617,
Taiwan, Republic of China
Centre for Research in String Theory, Department of Physics, Queen Mary University of London,

Mile End Road, London EI 4NS, United Kingdom
(Received 13 September 2014; published 23 September 2015)

We study soft theorems in a broader context, their universality in effective field theories and string
theory, as well as continue the analysis of their fate at loop level. In effective field theories with F> and R’
interactions, the soft theorems are not modified. However, for gravity theories with R?¢ interactions, the
sub-subleading order soft graviton theorem, which is beyond what is implied by the extended Bondi, van
der Burg, Metzner, and Sachs symmetry, requires modifications at tree level for nonsupersymmetric
theories and at loop level for N < 4 supergravity due to anomalies. For open and closed superstrings at
finite o, via explicit calculation for lower-point examples as well as world sheet operator product
expansion analysis for arbitrary multiplicity, we show that scattering amplitudes satisfy the same soft
theorem as their field-theory counterpart. This is no longer true for closed bosonic or heterotic strings due to
the presence of R2¢ interactions. We also consider loop corrections to gauge theories in the planar limit,
where we show that tree-level soft gluon theorems are respected at the integrand level for I < N <4 SYM.
Finally, we discuss the fate of soft theorems for finite loop amplitudes in pure Yang-Mills theory and

gravity.
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I. INTRODUCTION

It is well known that scattering amplitudes in gauge and
gravity theories display universal behavior as one of the
external legs becomes soft. Historically, soft theorems at
tree level were derived using Feynman diagrams, at leading
order [1], and at subleading orders for soft photons [2,3]
and for soft gravitons [4]. More recently soft theorems have
been revived for gravity [5] and for Yang-Mills theory [6],
using BCFW recursion relations [7,8] for tree amplitudes.l
One of the motivations for studying soft graviton theorems
is to understand their relations with the conjectured new
infinite dimensional symmetry of gravitational scattering
amplitudes [13-19], extending the Bondi, van der Burg,
Metzner, and Sachs (BMS) symmetry [20] at null infinity.
Given all these different ways of motivating and deriving
soft theorems, it is natural to ask if these theorems are
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'The subleading soft graviton theorem was also proposed in
[9]. Both gauge and gravity soft theorems have been proven to
hold in arbitrary dimensions [10,11], based on scattering
equations [12].
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respected in more general gauge and gravity theories,
including string theory.

Furthermore, the soft behavior of loop-level amplitudes
has been studied at leading order [21-23] and more recently
at subleading orders [24,25], for both gauge theories and
gravity. It is well known that the leading soft graviton
theorem is protected from loop corrections [23], but
subleading soft graviton theorems and soft gluon theorems
both require corrections at loop level. On the other hand, it
has been argued in [26] that the distributional nature of the
soft limit implies an alternative way of studying soft
behaviors at loop level: one should first expand around
the soft limit and then perform the loop integrals for the
amplitude, which involves an expansion in the regulator.
With this prescription, it has been shown in [26] that the
subleading soft theorem is not renormalized in the example
of one-loop five-point amplitude in N = 8 supergravity.
Note that for the purpose of obtaining the correct infrared
behavior for scattering amplitudes, it is necessary to abide
by the usual procedure of regulating before taking the soft
limit [24]. The prescription prescribed by [26] instead
serves as constraint one can impose on D-dimensional
integrands.

In this paper we will continue the investigation of soft
theorems along these two directions: their universality in
effective field theories and string theory, as well as their fate

© 2015 American Physical Society
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at loop level and its implications. First we consider the
question of how universal are they at tree level. Naively one
would expect that subleading soft theorems may fail in any
effective field theory of gauge or gravity if the three-point
interaction is modified. In Sec. II, we will study effective
field theories with F> and R? interactions, and we will show
that soft theorems are not altered in theses cases. A
byproduct of our study is a BCFW recursion relation for
F3 amplitudes, written in momentum-twistor space in a
form very similar to that of Yang-Mills amplitudes.
However, for R?¢ interactions, the sub-subleading soft
graviton theorem needs modifications at tree level. Note
that while such interactions can be suppressed at tree level
via supersymmetry, they are generated in N <4 super-
gravity due to the presence of U(1) anomalies [27]. This
modification does not contradict with that implied by BMS
symmetry, since the latter only predicts universality for the
subleading soft behavior.

A more interesting aspect of universality is the soft
theorems for tree-level string amplitudes. Although o
expansions of string amplitudes are coded in effective field
theories, there is a priori no Feynman-diagram-like argu-
ment for soft theorems at finite «'. In Sec. III, we will show,
by explicit computations and using four-dimensional kin-
ematics for the cases of four and five points (a six-point
computation will be presented in Appendix B), that open
superstring amplitudes on the disk satisfy the same soft
gluon theorem as the corresponding gauge theory ampli-
tudes. Using KLT relations [28], we will also verify the soft
graviton theorem for four- and five-point closed superstring
amplitudes. The above result can be understood via BCFW
recursion relations for string amplitudes. Combining
BCFW recursion relations with the crucial observation
that only massless states can contribute to the soft limit, we
will argue generally that amplitudes for both bosonic and
super open-string theory satisfy the soft theorems. In
contrast, while supersymmetric closed-string theory satisfy
the soft theorems, the sub-subleading term in soft theorems
for bosonic closed-string amplitudes needs corrections.

We confirm the above analysis for general multiplicity
from a world sheet perspective. We will show that the soft
behavior is captured by the operator product expansion
(OPE) of the soft vertex operator with adjacent vertex
operators in the open-string case and with any hard vertex
operator in the closed-string case. BRST symmetry will
play a crucial role in the identification of the relevant terms
in the OPE and in the choice of the picture for the colliding
vertex operators. We will argue that soft theorems hold both
in D = 10 and in lower dimensions, where the gauge boson
and graviton vertex operators simply involve the identity
operator of the CFT, governing the dynamics of the
internal space.

Finally, we will also examine loop-level soft theorems
using the prescription of [26]. In Sec. V, we will argue that
for gauge theories in the planar limit, loop-level soft gluon
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theorems can be made manifest already at the integrand
level. In particular, we will show that the planar integrands
for N = 4 super Yang-Mills (SYM) theory, determined by
loop-level BCFW recursion relations [29], satisfy the soft
theorem to all loop orders, exactly as for the tree ampli-
tudes. For 1 < N <4 SYM, we show explicitly that the
same is true for one-loop MHV amplitudes in the CSW
representation. In practice, our analysis is simplified
significantly by using momentum-twistor variables [30]
and choosing to solve momentum conservation in a
canonical way for the planar case.

For nonsupersymmetric Yang-Mills theory or theories of
gravity, no such representation of the integrands is known;
thus, one has to verify the soft theorems in the same way as
in [26], i.e. performing the integrals after the soft expansion
of the integrand. In Sec. V B, we will carefully examine the
integrals from the soft expansion of all-plus one-loop
integrands in both Yang-Mills theory and pure gravity
theory; we will show that both soft theorems are respected,
i.e. the all-plus integrand has the interesting property that
taking the soft parameter and IR regulator to zero in
different orders commute. This is no longer the case for
the single-minus amplitude as observed in [25]. For the
latter, we demonstrate that the violation of tree-level soft
theorems can be tied to the presence of conformal anoma-
lies at loop level.

A. Review

We begin with a brief review of soft theorems for tree-
level amplitudes in gauge and gravity theories. The n-point
amplitude involving the emission of a soft photon can be
expanded in terms of the soft momentum s. The leading and
subleading terms in this expansion are given by universal
operators acting on the (n — 1)-point amplitude, a fact that
has been well understood since the work of Low [2], who
recognized this as a simple consequence of gauge invari-
ance. To see this, separate the Feynman diagrams into two
classes:

o

(a) (b)

Diagram (a) has the soft photon connected to an external
line which contributes to the leading divergence in the soft
limit, proportional to ) ", e; (€ - k;) /(s - k;) multiplied by the
remaining hard amplitude with one leg slightly off-shell.
Subleading terms are distributed between diagrams (a) and
(b), where the soft photon is connected to an internal line of
the Feynman diagram. Using the fact that the subleading
contribution from diagram (a) violates the Ward identity,
which is generated by expanding the (n— 1)-point
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amplitude near s = 0, gauge invariance requires the sub-
leading contribution from diagram (b) to be given by

differential operators acting on the (n — 1)-point amplitude.

This observation allowed Low to express the subleading
soft limit as a universal soft operator acting on the (n — 1)-
point amplitude. For further extension of Low’s result see
[3]. Generalizing Low’s argument to gravity, Gross and
Jackiw [4] obtained soft theorems for gravity accurate up to
terms of order O(s?), to be compared with O(s) for gauge
theory. Thus the tree-level soft theorems for gravity are
universal up to subleading expansion in s. For a more
recent analysis see [9].

An alternative way to derive the soft theorems is by using
BCFW recursion relations for Yang-Mills theory and the-
ories of gravity, as was done in [5,6]. Consider the BCFW
representation for tree-level gravity amplitude and choose
the soft leg to be one of the shifted lines. If the soft graviton
has positive helicity, shift the spinors holomorphically,

h=Ad 2 A=Ay — 2 (1.1)
and the resulting BCFW representation is given by
M, (1,2,....n,57)
= 1;11\43(s+, i, —ki‘Y)Ki?SMn(k,.s, LA)+R, (12)

where K;, = k; + k;, and R represents terms arising from
factorization poles 1/(k, + K)?, with K a non-null momen-
tum. The holomorphic soft limit is achieved by scaling
Ag — 0. It was shown explicitly in [5] that the function R is
finite under the holomorphic soft limit; thus

Mn+] (1, 2, RERR] n’ {5J’S’1S}+)|div

JUEEPSE | - .
= ZMS(S+71’_Kis)K_2Mn(Kis’""n)|div’ (1.3)
1<i<n is
where each term on the rhs can be written as
At - 25 1 - A
M (5% =Ki) 1 My (R o)
oo, ({ag 48 L L sty Y
(in) (ni)
(1.4)

where “...” indicates unshifted {4, 1}, and S; is the “inverse
soft function” that is independent of the helicity of the ith
leg,

S, = (1.5)

1 tni)"lis|
5 (ns)?(is)
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Expanding M, (K, ....,7) in &, it is straightforward to
obtain the divergent part of the holomorphic soft limit,

Mn+l (1’ - I, {5ls’is}+)|div

I 1 I
—~ <§S§§) + 58y +5sg>>M,,, (1.6)

(k)

where the operator S’ is defined as

9 =5 gsa(fn e ina 2

Note that M, is here still subject to the (n+ 1)-point
amplitude momentum conservation, which is solved by
expressing two 2’s in terms of the remaining (n — 1) ones.

Now we turn to the soft gluon theorem. Throughout the
paper, we will consider color-ordered, partial amplitudes
for gluons (in any gauge theories and open-string theories),

A, (19,29, n})

= ) TR(T%T% - T%)A,(15.2,...1,),
c€S,/Z,

(1.8)

where A denotes the full, color-dressed amplitude and A
the corresponding color-ordered amplitude. This is the
color decomposition at tree level, but, as we will restrict our
analysis to gauge theories in the planar limit wherein
N, — o0, Eq. (1.8) applies to loop amplitudes as well.

The soft gluon theorem can be derived in a parallel
fashion with gravity by using the BCFW representation of
tree-level color-ordered amplitudes: the divergent term in
the holomorphic soft limit is again isolated into the two-
particle channel (only one term, i = 1, contributes because
of the color ordering), and we find

Ao (s e s A b {82043 ) Lai

= 3 SR OA (A 3D (19

k=0,1
with
M) 1y = LD (lsm)s 0 (sl 9\
Swa(nst) =1 (ns)(sl)(ln)lls on Tt azﬂ) '

(1.10)

Thus, for tree-level amplitudes in Yang-Mills theories, only

Sgg\)d and S%\)/I are universal. Note that if we choose to solve

momentum conservation by expressing il , in in terms of
linear combinations of the remaining antiholomorphic
spinors, the subleading soft terms actually vanish. This
prescription is more natural for planar amplitudes,
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especially when expressed using momentum twistors, as
we will see in Sec. II. In fact, in momentum-twistor
representation it is often convenient to consider antiholo-
morphic soft limits of positive-helicity gluons. The corre-
sponding soft behavior can be straightforwardly obtained
from Eqgs. (1.9) and (1.10) via little group rescaling,

A ({1 A} o (s 2} {450 8451 )

_ (nl) ~ ~ N )
= e A A (o) +0 x4 O),

(1.11)

where the 0 comes from our convention of solving
momentum conservation through ;11 , in.

The derivation of the soft theorem from the recursion
relation mirrors the work by Low, in that the contribution
stems from two-particle channels that involve the soft leg.
While in Low’s work the subleading contribution also
stems from diagrams where the soft leg is attached to an
internal line, these contributions are controlled by the
leading contribution via Ward identities. Since the repre-
sentation based on recursion relations uses gauge invariant
building blocks, it is not a surprise that only the afore-
mentioned two-particle channels contribute.

II. SOFT THEOREMS FOR HIGHER-DERIVATIVE
INTERACTIONS

In this section, we would like to consider the extent to
which the soft theorem is universal for tree-level scattering
amplitudes of Yang-Mills and gravity theories coupled
matter, or for effective field theories with higher-
dimensional operators. The latter can be viewed as posing
the same question as tree-level string-theory amplitudes in
the o expansion. Recall that from Low’s work the soft
gluon/graviton behavior of perturbative scattering ampli-
tudes is determined by the three-point interaction of the
theory and gauge invariance; thus, one expects that only
higher-dimensional operators that modify the three-point
interaction are relevant to the discussion. While such
interactions are generically suppressed in the soft limit
by the extra power of soft invariants, this does not rule out
the possibility of modification in the subleading behaviors.

PHYSICAL REVIEW D 92, 065022 (2015)

Here we will only consider higher-dimensional operators
that involve massless fields. For massive fields, the soft
behavior is nontrivial at orders beyond that under discus-
sion for soft theorems. With that in mind, we will consider
amplitudes arising from F3, R, and R?¢, where the scalar
field is a massless dilaton.

A. Amplitudes from F3

We first consider amplitudes that are generated by the
self-dual contribution of a single F? operator, which
have been studied for general multiplicity in [31]. Here,
by self-dual we are referring to the part of the F° that
produces an all-minus three-point amplitude.

1. CSW representation of F> Amplitudes

Using a CSW representation, the n-point k-minus
helicity amplitude is given by a single F3, vertex con-
nected with k —3 YM MHYV vertices [32]. Thus, there are
two types of vertices in the CSW rule: (1) A white vertex,
representing a F3,, vertex, with its associated MHV
building block given by

1
L GRY2(RD (1)

o Givy Y

where the lines j, k, [ are the negative-helicity legs, and the
dots represent positive-helicity legs. (2) A black vertex
representing the usual YM MHYV vertices,

k
(jk)*
[T, i+ 1) 22)
J

Here we will consider diagrams with only one white vertex.
For example the NMHYV amplitude consists of two dia-
grams (here, N\'MHYV refers to k + 3 minus helicity legs),

(2.3)

where the arrows on the propagator indicate to which vertex the negative helicity is associated. The dotted lines simply
represent the legs that are adjacent to the propagator, and can be one of the minus legs. It is convenient to pull out an overall
Parke-Taylor factor, so that the contributions from the above two diagrams are given by
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(a): 1 ( (mymy)* (i —1i)(j = 1)) (m2m3>2<m3P>2<Pm2>2)
I+ 1) \(i = 1P)(P)) p? (Pi)(j—1P)
) 1 (miP)* (i = 1i)(j = Lj) (mams)*(mymy)* (myms)?
o s (e P ) 24
|
where (P| = P|u| for some reference spinor |u]. for a=1,...,n with a =1 modulo n. The Grassmann

2. F? amplitudes in momentum-twistor space
and recursions

To facilitate the analysis, we will now convert the
expressions into momentum-twistor space [30]. This will
allow us to reveal the fact that amplitudes of the F> operator
with at least one plus-helicity leg respect a BCFW
recursion. We write these (super) momentum twistors
(with 4|\ components) as Z, = (ZL|n2) = (A%, u&|y4)
for a = 1, ...,n, where for the bosonic part Z!, the first
two components are the holomorphic spinors A% and the
remaining two components can be used to express the

antiholomorphic spinors 1% as follows:
Mt
(a—1la)’

po_ (a—1la+1)ug

Y= (aa+1)  (a-la)(aa+1)

(2.5)

(PP) =

(ii—1 (xjj—1) N (xkk—1))

variables 74 can be written as the same linear combi-
nation of the Grassmann part of the twistors y* as 28
of u?.

The momentum-twistor space CSW prescription
for on-shell spinors are as follows. Consider a propa-
gator connecting two vertices defined by two regions
(i, j). In momentum-twistor space, they are given by

e ai (py = lald-Ui1e

j (1) (g —1)

(alj) (j—1]ii—1x)
(i1i=1)(jj—1)
(2.6)

where the equality holds due to the fact that the
reference twistor Z, = (0,4,0). If two propagators are
connected to the same vertex and adjacent, one then has

(x77—1[1) (i—1]kk — 1x)

(ti—1)(jj—1)(kk—1)

(ti—1)(jj—1)(kk—1) 27)

(xkk—1i—1)

(ii=1)(jj—1)(kk—1)

where in the final line i — 1 = (ii—1) N (xjj—1). These will be the fundamental identifications used throughout

this paper.

Using these identities, we find that the amplitudes in Eq. (2.4) can be rewritten in the following succinct form:

(@) Ty sl = 177 = 1)) s 1)2 m)?
(b): m (myi = 1)*[ii = 1jj = V%] (myms) (mymy) (mam;)2, (2.8)
|
where [ii — 1jj — 1% is defined as k' A k
\?/ (k) (K1)(17)*, } S Ukt
labede] = (abcd)(bcde){cdea)(deab){eabc)” (29) : : (2.10)

Thus for any CSW diagram, one simply replaces each
propagator by a factor of [xii — 1jj — 1], while each black
or white vertex is dressed with

Equipped with the momentum-twistor space representa-
tion, we will now show that if there is at least one plus-
helicity leg, the result from CSW construction satisfies the
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BCFW recursion relation similar to that in Yang-Mills
theory [(we use R to represent amplitudes with an overall

(IT.(ii + 1))" stripped off],
RE, =RE 4 [n=1n 1 j—LjRE (1. 1))
J

2
x RF

k—l—k’,n+2—j(_1

where 2<j<n, I;=(j-1j)N(n—1.n1), ;=
(n—1,n) N (1,j—1,j), and, similar to above, we have
assumed leg n to have positive helicity. Note that in
momentum space this corresponds to the [n — 1n) shift,
for which we have explicitly checked that up to six points,
the amplitudes listed in [31] indeed vanish at z — oo.
The proof proceeds exactly as in N'=4 SYM [33],
namely, by judiciously choosing the reference twistor,
one can show that the difference between the (n+ 1)-
and n-point CSW representations, R,f; - R,ﬁ 3,,_1, is given
by the last two terms in Eq. (2.11). First, note that as the
twistor Z, is a positive-helicity leg, it generically does not
appear in the two expressions, and hence most of the terms
cancel immediately. Let us first consider the NMHV tree
amplitude, where the mismatch is given simply by

RE, —RE, = <Z[*,n —1L,nj=1,X(n-1,n,j)

]
+) en L j=1.jX(n 1)
]

- Z[*,n -1,1,j-1,j]X(n -1, l,j)>,
(2.12)

where X simply denotes the vertex factors for each
diagram. Now, if we take Z, = Z;, the last two terms
vanish. To be more precise, while the denominator of
[x,n—1,1,j—1,/] contains three zeroes, the factor X
contains four factors of (a;P) = (a;[j)(j — 1]nl%), which
vanish as % = 1. Thus the CSW representation for the
NMHV tree-level amplitude is simply given as

RE=RE .+ [n=1Lnl1j—1jX(n=-1n,j).
J
(2.13)

Note that the factor in X which involves the propagator leg
|P) is evaluated at (j—1j) N (n—1,n,1), ie. it is given
by ;. Furthermore, since leg n has positive helicity, it does
not appear explicitly in the above representation and we are
free to make the identification for 7;.

For a general NMHYV amplitude, the proof of equiv-
alence again simply follows that of A" = 4 SYM given in

[33]. The classification of all CSW diagrams is given by a
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collection of 2k set of region momenta, separated into k
noncrossing pairs. The difference Ry, 3n - Ri ;_1 is given by
CSW diagrams where one of the noncrossing pairs is (2, 7).
The remaining pairs factorize. Distinct choices of i can then
be mapped into distinct helicity distributions in the BCFW
recursion. Again the only difference between the N' = 4
and the present case is the presence of the X factors arising
from each vertex.

3. Soft limits of F* amplitudes

We now consider the soft limits of F3 amplitudes. Note
that the recursion formula derived from above assumes that
there is at least one plus-helicity leg, n. This is no longer
valid for the all-minus amplitude that is also generated by
F3,. We will first treat such amplitudes separately. The
limit to analyze is the antiholomorphic soft limit, whose
tree-level behavior is simply the complex conjugate of
Eq. (1.9), and thus starts at 672

Fortunately, it is straightforward to study the antiholo-
morphic soft minus gluon limit in the CSW representation,
since the only place where antiholomorphic spinors appear
in the CSW representation is in the propagators and (P)|.
With a generic reference spinor, the only singularities that
appear are associated with the soft leg attached to a three-
point vertex with another external leg. If the three-point
vertex is an F3, then one has (with the propagator included)

1

PP (inln1)(1é)
ol iy

i

which is finite for the soft leg 1 and thus does not contribute
to the leading or subleading soft behavior. This is just a
reflection of the fact that F> operator is higher dimensional
and suppresses the soft divergence. If the three-point vertex
is the usual MHV vertex, then the soft theorem simply
follows from Low’s analysis (or by expanding MHV
diagrams to the subleading order).

Now consider the recursion in Eq. (2.11), and take the
positive-helicity leg n to be soft. We approach the soft limit
by deforming

Z,—>aZl, |+ pZ, + 6Z,, (2.14)
where ¢ is the soft parameter. To see why this corresponds
to the soft limit, from Eq. (2.5), observe that the deforma-
tion in Eq. (2.14) leads to

5 = gin=10ps + (As)py + {sn = Dy
" (1n —1)2ap ’

(2.15)

and thus implies that this corresponds to the antiholomor-

phic soft limit. Furthermore, since 4, is determined by the
twistors (Z,_1,Z4,Z,11), the deformation in Eq. (2.14)
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corresponds to deforming i,,_l and :11 as well, i.e. the
momentum conservation is preserved by having all a #
(n—1,1) 1,’s fixed and solving .1 and 2, in terms of
them. This is precisely the prescription that leads to
vanishing subleading soft corrections, as discussed in
Sec. I A, which can now be written in momentum-twistor
space,

vZn—l’Zn = aZn—l +ﬂZ1 + 525};
Zn_1}

npoints: {Zi, ...

(n—1) points: {Z,,... (2.16)

In the soft limit the shifted momentum twistor /; behaves as
I; = 6(j—1j) N (n—1,s1), while all other variables
remain unchanged.2 Let us first look at the factorization
terms in Eq. (2.11). The prefactor [n, 1,2, j — 1, j] behaves
as 672,

m—=1,n1,j—-1,]]
1
T Papn—11sj— 1)(n—lsj)n—11j— 1)
+0(57). (2.17)

On the other hand, /; appears in the tree amplitude on both
sides as (/;x) with degree 4 in (/;|. Thus the overall result

of the factorization terms is of degree O(5%), and in the
anti-holomorphic soft limit, we find

R{y = R,y +O@). (2.18)

Putting the stripped Parke-Taylor factor (] [;{ii 4+ 1)) back
into the expression, we see the above result is exactly the
tree-level Yang-Mills soft theorem in Eq. (1.11).

B. Higher-derivative gravitational interactions and
their soft limits

From the previous discussion, we have seen via both
heuristic arguments and explicit analysis that higher-
derivative operators do not modify soft theorems, due to
their suppression at small momenta. Extending the argu-
ment to gravity, one would reach the same conclusion as
gravity operators are further suppressed. However, it is easy
to see that this is not always true. Consider the tensoring of
two F? scattering amplitudes via KLT relations [28]. The
explicit amplitude up to six points was given in [31]. Take
for example

*Except for i, = (n— 1,n) N (1,j — 1) + O(5), but 2, never
explicitly appears in the expression.
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M(17,27,37,47,5%)
= is;ps3,AT (17,27,37,47, 50 AF (27,17,47,37,57)

+P(2,3). (2.19)
It is straightforward to verify that
2
M(17,27,37,47,5%) |1 L, = Z;Fsgksm +0("),
i (2.20)

where M, = M,(17,27,37,47). However, taking the anti-
holomorphic soft limit on leg 1, we find

M(l_, 2-, 3_’4_’5+)|/~1,—>571,

2
[ 1
- Z 5 SE})(I)Mzt + BA(Z) + 0(8°), (2.21)
i=0

where, now, M, = M,(2,37,47,5%), and A® is an
unknown correction to Sg ). The fact that S(G2 ) is violated
can be traced back to the presence of a dilaton exchange
induced by the higher-dimensional operator ¢R”. Using
string theory language the operator F* is of order o, and
thus via KLT one obtains an amplitude that is of order &’ in
the effective field theory. This receives a contribution from
R?, which is of order a2, and two insertions of ¢R?, each of
order o'. Let us consider the exchange of a dilaton between
a ¢R? vertex and a tree diagram associated with a single
¢R? operator. In the mostly minus amplitude, the two
gravitons on the ¢R? vertex must be of negative helicity,
and the contribution is proportional to

3 ~
X M),

(2.22)

where M, (¢) is a tree-level diagram with the dilaton leg
off-shell. As one can see, taking either leg to be soft, one

finds a % contribution proportional to the tree-level ampli-

tude generated by ¢R?. The latter can be easily obtained by
KLT tensoring the F? amplitude with the usual YM F?

amplitude. Indeed, the modification for Sg)

given by

is precisely

(1)3 . _
A<2):Z_2WM,L(¢,11,12,...,zn_2,n+), (2.23)
J

where j runs over all remaining minus helicity legs, and
(iy,....i,_,) #j. With this modification we indeed
reproduce the correct §~! term in Eq. (2.21).3 Note that

*We will find the same conclusion in Sec. III C for bosonic
closed-string amplitudes via BCFW recursion relations.
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this also explains why the plus-helicity soft limit of the
amplitude in Eq. (2.19) does not require modification:
for the presence of ¢R? to appear in the positive-helicity
soft channel, there must be at least two positive-helicity
legs. Such corrections to the subleading term are very
similar to the corrections present in the single-minus
amplitude of QCD [25], where the correction term is
proportional to a lower-point amplitude with one of the
states replaced due to the presence of a new effective
vertex.

While the above operators can be ruled out at tree level
for supersymmetric theories, such operators can still be
generated via anomalies at loop level in supergravity
theories. Indeed, the U(1) anomaly in N/ = 4 supergravity
is known to generate a term in the effective action that is of
the form (R™)27 [27], where R™ is the anti-self-dual part of
the (linearized) Riemann tensor and 7 is the scalar that lies
in the same on-shell multiplet as 41", Again, amplitudes
involving the insertion of (R*)*# and (R™)%t will also
encounter the same subleading soft corrections as men-
tioned before. This would imply, among other things, that
the two-loop four-point MHV amplitude will require
corrections to Sg> due to the presence of this term in
the effective action, on top of those necessary due to the
presence of IR divergences.

n—2 /2] k=1 . n=2  n-l Sk
F(2 ..... n-2) _ (_1)n—3/ de <H |Zil|m> < m> ( H Z ’">1
Zi<Ziy1 j=2 k=2 m=1<mk k=[n/2]+1 m=k+1 S

where the Mandelstam variables are defined as
s;j=d(k; —|—kj)2. Here we have fixed SL(2) symmetry
by choosing z; =0,z,.; =1 and z, = co. From the
general expression (3.1), we find the four-point amplitude

A(1,2,3,4) = FPAy\(1,2,3,4), (3.2)
with
1 sp—1
F) = 512/ dz,2" " (1= 29)*>
0
:F(1+S]2)F(1+523)‘ (33)

(14 512 + 523)
Using the fact that, in soft limit k, — 6k, with 6 — 0,

(14 512)0(1 + 553)
F(l + S12 + S23)

=1+ 0(8%), (3.4)

it is easy to see that A(1,2,3,4) satisfies the soft theorem,
since Uy, (123).4(134) = 0.

PHYSICAL REVIEW D 92, 065022 (2015)

III. SOFT THEOREMS FOR TREE_LEVEL
AMPLITUDES IN STRING THEORY

In this section, we will discuss the soft theorem for
superstring amplitudes. We will begin with explicit
four- and five-point examples in both open- and closed-
string theories. After establishing the soft theorem for
lower-point amplitudes, we will give a general argument
based on BCFW recursion relations of string amplitudes.
Furthermore, in Sec. IV, we will present yet another
independent analysis of the soft theorems in string ampli-
tudes based on the OPE of world sheet vertex operators.

A. Soft theorem for open-string amplitudes: Four- and
five-point examples

A general n-point color-ordered open string gluon
amplitude at tree level can be expressed in terms of a
basis of (n — 3)! functions [34,35],

A2, n) = 3 Fletn2))

x Aym(1,24, ..., (n=2),,n—1,n),

(3.1)

where multiple hypergeometric functions are given by

o°

Let us now move on to the study of the soft limit for the
five-point amplitude, which can be written as

A(1,2,3,4,5) = F®)Ay\(1,2,3,4,5)

+ FG2Ay\(1,3,2,4,5), (3.5

where

1
F@3) — 512534/ dz,
0
1
s1p—1 -
R e (RN ET RN )
22
1
FO2) = 51350 dz,
0
1
s -1 -
x [z -y -
22
(3.6)
with 23, = 23 — 2.

In D = 4, we can take k,,_, = k3 to be soft and solve for
A4 and A5 using momentum conservation,
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5 (5IL+2) (53 = @(1+2) (43
YT (45) (45)° ST (54) (54)°
(3.7)

from which we can conveniently define

;141 +2) _ 143
ki = 45y YTy (38)
;)4 +2) [5)(4[3
5=y Py B

Integrating over zz and keeping terms up to subleading
order, we obtain

1 ¢y —
F§d) = SuA dzyz5 7 (1 = 29)
X [1+6(s523 + 8300 + 8, ) log(1 — 25)].  (3.10)

The leading term simply gives F(1,2,4/,5’), which appears
in the four-point amplitude, and leads to*

1
5—25@4(234)&1,2, 5. (3.11)
In contrast, the subleading term, denoted by F (sz(],)3)’ reads

3 _ (349G
Fs<'>3 =T sy w

] y —_ 9
X/ 2z, (1= 2) log(1 - z2),  (3.12)
0

8§23 + S34/ + S2p4 = %513[%1] has

been used. The above integral can be computed straight-
forwardly; however, this is not necessary for our
purposes, as we will compare its expression with
S\ (234) A(1,2,4',5') at the level of integrands. Similar
consideration applies to F32) which has a subleading
contribution only, given by

where the identity

1
32 s Syl —
Ffsm) = —513S24'[) dzpz5" (1 = 25)"# ' log(z;).  (3.13)

Combining the two contributions and
A(1,2,3,4,5"), we find the subleading term

pan (@4 en, (12) 6o
AYM(1,2,4,5)5<WFSM3 +WF§U )

(3.14)

expanding

“The leading soft-limit term for n-point amplitudes was
analyzed in [34].
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Now we are ready to compare this with the result of the soft
operator acting on the four-point string amplitude,

S(234)A(1,2.4.5)

1 ~ 0O 1 ~ 0
— (ozdy e+ o dy = ) A(1,2,4, 5
(<23> o B az) ( )

(24)(51Y[31] 9 <12>[f3] )
( (23)(45)

8524r <23> 6512

)A(1,2,4’,5/),

(3.15)

where it is understood that :14 and :15 are solved by
momentum conservation, and thus the result of the action

of % on the amplitude vanishes. Now it is straightforward
4

to see that

24) o _ 24511 9 o
WF;“? T (23)(45) aS24,F(2)(1»2,4,5)
(12) 32 (12)[13] 0 .
e s =Ty o, R (319)

where F(z)(l, 2,4',5') is given in (3.3). In order to check
the validity of the second line in the above equation, it is
convenient to use

1
F(2)(1,2,4’,5’):s24// dzy 257 (1 — 7)1 (3.17)
0

This thus establishes the soft theorem for the five-point
open-superstring amplitude. Similar direct analysis can be
applied to higher-point amplitudes; we have checked
analytically that (3.1) satisfies the soft theorem for six
points, see Appendix B.

B. Soft theorem for closed-string amplitudes:
Four- and five-point examples

The tree-level closed-string amplitude can be written in
terms of open-string tree amplitudes via KLT relations
[28,36],

M, =m"A,(1,2,...,n)
X Zf(ih~-~viL§J—1)J_C(j17--~vj[§J—2)]
{ir.{i}
x A,({i},1.n—1,{j}.n) +Perm(2,....,n —2),
(3.18)

where the sum inside the bracket is over {i} €
Perm(2,....[5]), {j} €Perm([5]+1,...,n—=2), and
the functions f and f are defined as
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where momentum conservation has been used in the last
f(irsiy) =sin(msy;, HSln”<slzk+ Z 9(ix. iy > step. Thanks to
I=k+1
- S sSn(123)80,(421) = 88 (2),
f(]l"' ’]m _Sln Sjin—1 HSIH]Z’ jkn—l+zg(.]l7]k) ’ (1) @)
=1 5 (2)M;5(1,3,4) = S5’ (2)M5(1,3,4) =0,

1
(3.19) we find that the closed-string four-point amplitude satisfies

the soft theorem.

with g(i, j) = s;; for i > j and O otherwise. For four points, . . . .
901 j) y ot = P We then study the closed-string amplitude at five points,

we have which again can be expressed via KLT relations
M,({1.2.3.4}) Ms({1.2.3,4,5}) = 772(As(1,2.3,4.5) A5(2,1,4,3,5)
= 77,'_1 Sin(ﬂle)A4(1,2,3,4)./44(2, 1,3,4) (320) x Sin(ﬂslz) Sin(ﬂS34)
Considering the soft limit k, — dk,,5 — 0, we find +As(1,3,2,4,5)A5(3,1,4,2,5)
X sin(zs3) sin(zsyy)). (3.22)

M4({1.2,3,4})giv
1 ) 0) We will take leg 3 to be soft, and with four-dimensional
= §SYM(123)SYM(421) kinematics we solve 44 and 45 using momentum conserva-
5 e 0 tion, with &}, k5 and py, ps defined as in (3.8).
X A(1,3,4)(s12 = G5y (812 + 523 + 524) At the leading order, we have sin(zs3;) = zs3; + O(8°),
1 (0) (0) and using the leading soft theorem for open-string ampli-
= — 512Sym (123)Syp (421)M5(1,3,4), 3.21 & & p g amp
5 25 (123) Sy (421 M ) (2D ides we have (if we take the holomorphic limit)
|

Ms = 6353,80,(2.3,4)80, (4, 3,5 [z~ sin(zs12) Ay (1, 2.4, 5) As(2, 1,4, 5)]
+673 s13SYM(1 3, 2)SYM(5’ 3, 1) [z sin(zspq ) Ay (1,2,4,5) Ay (4, 2,5, 1)] + O(572), (3.23)

where we recognize that the two combinations inside square brackets are two KLT representations of the same four-point
amplitude, My ({1,2,4',5'}), and the prefactors combine to the leading gravity soft factor

5 . .
) 3_ ) ZS% ~ >, (3.24)

i=1 i=14

where we have used the four-dimensional form of S(GO ) and for the gauge choice we choose x =2,y = 5.
The subleading order of Eq. (3.22) receives contribution from the subleading order of As’s: for the first term,

we have a—(i in S%,(Z,3,4’)A4(1,2,4’,5’), and for the second term, BL in S%l\)/[(l 3,2)A4(1,2,4',5") and 9%1 in

S%[(S’,&1).A4(4’,2,5’,1). Combining these terms and the subleading term from sin(msy,) = sin(zsyy) +
67 cos(78,4)55,,, we find

1 - 0AL(1.2.4.5) [ [34](4'5") , [13](5'1)
— 1 . IR _ W A 1 I
MSlO(&’Z) =T <23> 13 612 51n(ﬂ512) <35,> A4(2, 1, 4 s 5 ) Sln(ﬂ'S24) <5,3> A4(4 , 2, 5 s 1)
o 1 = 0A,(1,2.4,5)[13)(5'1)
1 . / !
+ 51n(7rs24) <13> 3 azl <5/3> A4(4,2,5 71)
o 1 - 0A#.2,5.1)[1.3)(21)
1 . ! gl
+ Sln(ﬂ.’S24)<]3>l3 8;11 <23> A4(1,2,4,5)

_ Cos(ﬂs24/)z3 . 8S3’4I [13} <12>

oi (13)(32)

A4(1’274/9 5/)A4(4152’ 5/7 1)5 (3.25)

where on the last line we have rewritten s,,, 52{13/1(132)5( ) (5'31) as a derivative operator acting on s,4.
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Now we compare this with S (3)M4, which is given by

3 3 G G s

i= l¢3

(3.26)
The crucial step in dealing with the big bracket in (3.25) is
the use of the monodromy relation

sin(zs) Ay (2,1,4,5") = sin(zssy) Ay (4,2,5, 1),
(3.27)

in order to simplify it to [32%53 sin(7zsyy ) Ag(4,2,5,1).
This in turn can be combined with the third line to produce
(S8)(3)A44(1,2,4",5')) sin(zs, ) As (4,25, 1) with the
gauge choice x = y = 5. Since S(Gl)(?)) is gauge invariant,
we can make a different choice x = y = 2; in this form the

result is simply Sg)(3) acting on the second KLT repre-

sentation of M, in Eq. (3.23),
EEP)

(13)(32) o1,

X [ sin(zsou ) Ag(1,2,4,5

= S5/ (BIM,({1,2.4,5}).

M |0(5-

)A4 (4,25, 1)]
(3.28)

Finally, we move to the order O(5~!), where one needs
to consider the product of subleading contributions from
the As’s, the sub-subleading contribution from the sin
factors, and the sub-subleading contribution from either of
the A5’s. We have worked out all contributions analytically
(the details can be found in Appendix C); checked numeri-

cally against S ( M4 ({1,2,4,5'}), we found perfect
agreement.

Two comments regarding closed-string soft theorems are
in order. First, we believe that the pattern we observed in
the proof for S(G0 and Sé) at five points can be generalized
to higher points. It would be desirable to explicitly check
these first two orders of the soft graviton theorem by KLT
relations and the repeated use of monodromy relations.

In addition, we want to stress that the agreement at sub-
subleading order, unlike the first two orders, is not a direct
consequence of KLT and monodromy relations. In particu-
lar, in the KLT representation the agreement involves
nonuniversal sub-subleading soft behavior of open-string
amplitudes, and it would be interesting to better understand
how they combine nicely into the universal SE; acting on
the lower-point amplitude.

C. Soft theorems of string amplitudes from BCFW
recursion relations

In this section we will give a general argument for the
soft theorems in string theories based on BCFW recursion

PHYSICAL REVIEW D 92, 065022 (2015)

relations. BCFW recursion relations for scattering ampli-
tudes in field theories [7,8] have been generalized to open-
and closed-string amplitudes [37,3 8].5 For instance, for the
color-ordered open-string amplitudes, one has

1
T g

i states]

X Ag(=Li+1,.... 7).

Ln—1,n)

A(1,2, ..
(3.29)

In practice, since the sum runs over an infinite number of
states, the recursion may not be so useful for computing
scattering amplitudes in string theories. (See Refs. [39,40]
for recent developments on the application of BCFW
recursion relations in string amplitudes.) However, the
above recursion relation is very useful for our purpose
of proving the soft theorems. Here we take holomorphic
soft limit on leg 1. First, the terms with i > 2 in the
recursion relation (3.29) are regular, just as the recursion
relations for field theories. As for the case when i = 2, the
crucial observation is that only massless states can con-
tribute to the soft limit, since the singularity arises from
porm + 2 Thanks to the recursion relation, in the soft limit, the
d1vergent part of an open-superstring amplitude reduces to

N 1
./4(1,2,...,11— 1,n)|div :A3(1,2,1)P

1

Ay (=1.3,....7).
(3.30)

Note that the internal state is a massless gluon now. Since
the three-point open-superstring amplitude is identical to
the one in SYM, we see that the result of this particular
BCFW channel takes the same form as for Yang-Mills
amplitudes, i.e. Eq. (1.9),

1
A2 e = 1)y = (5 500012) 550y 12 )
x A,_1(2,3,...,n) (3.31)
The same argument applies to closed-superstring
amplitudes.

The BCFW argument can also apply to bosonic string
amplitudes. For the case of open strings, the conclusion is
the same since there is no other massless state, except for
the gluon. In contrast, for bosonic closed strings as well as
heterotic strings, in addition to the graviton we have also
the massless dilaton (the Kalb-Ramond field does not
contribute since there is no three-point amplitude with
two gravitons and a Kalb-Ramond field), which could

contribute to M, |4, - The contribution of the dilaton ¢ is of
order O(57"), and spoils the Sg )Mn_l term by a factor of

>We are aware that the recursion relation has only been
explicitly checked to be correct for a few examples.
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1
M{/)(1+52,-- ) ‘le ZM kZ
1

x M"_l(_17 39 ey n)
} A
g [(1:]) M, (9.3, ... 1),

where we have emphasized the fact that only the amplitude
with helicity (A", k™, ¢) (or its conjugate) is nonvanish-
ing by making helicity dependence explicit.

IV. SOFT LIMIT OF SUPERSTRING
AMPLITUDES: WORLD SHEET ANALYSIS

We here discuss how to derive soft theorems for string
amplitudes from the perspective of world sheet OPE in the
Neveu-Schwarz Ramond (NS-R) approach. The analysis
can be systematized and, in principle, one can even derive
further subleading terms and investigate their universality.

A. Preliminaries

The Euclidean world sheet is parameterized by the
coordinates z = ", w = v + ic, where for open strings
o € [0,7], 7 € (—o0,+0), and for closed strings we have
o € [0,2x], T € (—o0, +0). For convenience, we will use
units such as 2o/ = 1 for open strings and ' = 2 for closed
strings [41].

We will analyze both the bosonic string and the super-
string. For the open bosonic string, the vertex operator for a
massless vector boson is

Va= (e 0X)e'*¥, (4.1)
where k> = e -k = 0. Similarly, for the closed bosonic
string, the graviton vertex operator is

Vg = E, 0X'0X"e™X, (4.2)
where E,, =E,,, k* =k'E,, = ¢*E,, =0. In explicit
computations, it is often convenient to set E,,
and factorize the vertex into two chiral parts.

In the Neveu-Schwarz (NS) sector of the superstring, the
vertex operator for a gauge boson in the (-1) superghost
picture is

= €,€,

Vﬁ(l) (€-y)e ?e*X, (4.3)

where ¢ is the boson for the superghosts. For the graviton,
one has

V(G_ T = Eptyre et eltX, (4.4)
The vertex operators in the (0) picture are
VI = (ie- 0X + k - ye - p)el™X (4.5)

PHYSICAL REVIEW D 92, 065022 (2015)

VOO — £, (i0X" + k - yyt) (i0XF + k -y e*X . (4.6)

We will use the following normalization for the correlators:
(X'(21)X"(z2)) = =g In|z) — 2%,

v (4.7)
" (z)y*(z2)) = P

In the following, we will need the generators of the
Lorentz group. In the open bosonic strings they are

1 T
JH = — / do[X*9, X" — X*8, X, (4.8)
T Jo

while for the open superstring in the ¢ = 0 superghost
picture, we have

1 b4
Iy == A do[X"9, X" — XY0,XV + yhyt].

(4.9)
The commutator of J#* with the gauge boson vertex
operator takes the form

0 0

[ Va(k)] = (%@ + k[y@

)VA(k). (4.10)

This analysis extends directly to the open superstring (or
the other open fermionic strings) and to the closed bosonic
and super- (or fermionic) strings. In the latter cases one
should keep in mind that there is a single conserved center
of mass momentum P* = pfj and a single conserved
angular momentum

Jh = xopl — xbpl + T7 + TR (4.11)

where J/*; denotes the contribution of the oscillators
including fermionic zero modes yjyl or Wy (the

Ramond sector of the superstring). With some effort one
can check that

0 0

for the graviton with E,, . An important property
that will be relevant to our dlscussmn is that J*¥ is BRST
invariant, and thus the commutator of V and J remains
BRST invariant. Note also that the leading term in the gluon
vertex operator contains the world sheet current [Jp

0, X! = 0. X" =TI* (momentum conjugate to X*) for the
space-time momentum operator P#, while the subleading
term contains the world sheet current j’]‘” = Xt9, X" —
X0, X" + why” for angular momentum J*.

—€€
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This is in line with the fact that the on-shell vertex
operator for a massless vector at k = 0, i.e. with a con-
stant field strength, is precisely Vyp = F* [ dz[X,0X,—
X,0X, +w,p,]. Indeed, when V is inserted in the action
it changes the boundary conditions from X,0,X¥|,_, , = 0
to X,0,X*|,—0, = X, F*,0,X"|,_o, and similarly for fer-
mions (when present).

B. Open superstring amplitudes on the disk

Color-ordered disk amplitudes are given by

) = g / dzy...dz,(cV(1)
0<2,<...2,,<1

x V(2)...cV(n—1)cV(n)), (4.13)
where V denotes the vertex operators and ¢ the conformal
ghost. In order to saturate the superghost charge one needs
>":q; = —2. This can be satisfied by taking two vertices in
the ¢ = —1 picture and the remaining n —2 in the ¢ =0
picture. In order to make the analysis of the soft limit
transparent, it is convenient to take the vertex that goes
“soft” in the ¢ = O picture and the two neighboring ones in
the ¢ = —1 picture. We will follow our previous convention
where the soft leg is in the last position labeled by n + 1
We now consider the OPE between the soft vertex V

(-1

and its adjacent vertices V,, ’ at z; and z,,,

V@V (20) |2, = 2 fetaml emolan) il )X
X (€S : knen '

+€,- esks : l//)(zn) +e

—€p- ksex 4
(4.14)

where ... indicate terms subleading in |z, —z,|. The
integral over z, can be done using the identity

[ =L o)

thus the leading term in the expansion of k;

ply (65 : kn/ks : kn)V,Et_])(n)
At the next order, from the terms appearing in Eq. (4.14)
we obtain

(4.15)

is sim-

e_(ﬂ( ) lk in)( kne

ks . kn l//kx X+e,- kses 4

— €y €sks : W) (Zn)' (416)

The term proportional to k- X is responsible for the
logarithms that appear in the explicit expansion of the
amplitudes in the soft limit [see e.g. (3.10)] and can be
decomposed into a symmetric and antisymmetric piece

Grng + - . _
This is a consequence of §(x) = lim,_¢sx*~".
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under the exchange k; <> €,. The symmetric piece is BRST
exact. To see this, note that the term we are interested in,
e, k,k,- X + kg - k,e, - X, can be written as

k p 2
kg, XUuRE) = S / dod X x?)
4 0

k z
:M/ do{Qpgrst, DX"X"},  (4.17)
0

T

where b is the antighost. Thus only the antisymmetric piece
is in the BRST cohomology. Putting everything together,
we find that the subleading soft term is given by

FS v

E{ ),:’ (iknX e, -y + enyp)e e tX (z,)
 (Fouw o) J\ ., (-1
k\ <kﬂ aknl/ + 6‘” aenl/) VA (Z”)’

where Fy = k€5, In other words, the two terms com-
bined neatly produce

(Fy)w

v -1
eV @)l

(4.18)

where J,,, is the total angular momentum, defined before,
that acts on both polarization (spin) and momentum
(orbital). Thus we find that in the soft limit, the subleading
contribution is given by the commutator of a BRST
invariant operator with its adjacent vertex operators,

g‘f)ﬁj VIV @) )
(Fs)/,w

R CHI AT RICH RPN RD)

Let us stress that the final results, derived with a specific
choice of superghost pictures and position of the soft gluon,
are very general and do not depend on these choices at all.
In particular, had we chosen one of the “hard” vertices to be
in the g = 0 picture or the “soft” vertex to be in the g = —1
picture, the leading singularity in the OPE would have
contained terms like

|z, — 2K 2e, - ee!®HIX (1 or

) (4.20)
that would have not contributed to the leading term in the
soft limit, since it would have produced a “pole” 1/(k;

k — 1) upon integration over z; around z. The subleading

terms in the OPE such as

g = 2| * e X e - ek — k) - OX + e - yre -y

x (1 or e2) (4.21)
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would have then produced the desired pole 1/k, -k in
the soft limit. With some effort, one could check that the
leading and subleading terms in the soft expansion are the
same as in our analysis.

Moreover, our analysis applies to superstring gluon
amplitudes at tree level in any dimension D < 10.
Indeed, even after compactification the vertex operator
for a massless gluon remains unchanged. One should
simply restrict momentum and polarization to have nonzero
components only along the noncompact directions. In other
words the vertex operator involves the “identity” operator
of the CFT, governing the dynamics of the internal space.
In particular, in D = 4 there are only two physical polar-
izations, and one can conveniently switch to the spinor
helicity basis, wherein a generic massless vector polariza-
tion is the sum of plus and minus helicities.

C. Closed superstring amplitudes on the sphere

In order to derive the behavior of graviton (in fact any
NS-NS massless state) amplitudes for closed superstrings
on the sphere, we start from the standard definition

|

Ve Ve )

X (€5 - ki€; -y —

o(z:)—a(
éi : Fs ' lp)(zl)(ex :
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W =i [ dzsdz eV

x V(2)...

M(1,2, ...,

ccV(n—1)ceV(n)), (4.22)

where V = V,;Vy denotes closed-string vertex operators
and ¢ the conformal ghost.

As in the open superstring case, in order to saturate the
superghost charge on the sphere one needs ) ,q; = =2
both for left and right movers. The simplest way to satisfy
this condition is to take two vertices in the g = —1 picture
and the remaining n — 2 in the ¢ = 0 picture. In order to
make the analysis of the soft limit transparent, it is
convenient to take the closed-string vertex that becomes
soft in the g = O picture.

In the soft limit, k — 0, V(G )( s) becomes a total
derivative and the integral over z, only receives a con-
tribution from the boundary points z, = z;, where the soft
vertex in the ¢ = 0 picture collides with nonsoft ones. If the
latter is in the g = —1 picture, the result is completely
determined by the OPE,

%) pilks+ki) X (2;.2)

kiei~w —e; Fy-y)(z;) + -

Integration over zs produces a pole z/k - k; from the most singular term in the OPE and, up to an overall operator

e_(/)(zl) ( ) lkX(Z, 1

O(k3) (&
O(ks):

“ki€; - 1l7)(€s - ki€ '1//)

, the numerator can be expanded in k; as

{i(ks 'X)(é.v < ki€; - ‘/7)(€s “kie; - W) -
_Es'kiéi'l/?(ei'Fs'l//)}

€ 'kiei'l//(ei - Fy 117)

O(k3): {i(ks - X)[(E; - ki€ - y)e; - Fy -y + (e - ki€ - w)E; - i:s 27
(k X) (es kez )<€r kez )/24—5,";}'17/6,--[73‘1//}. (4'23)
At O(K?), this gives the leading soft behavior as
€ - ki k;
Ok ﬂwvc (2). (4.24)
ks - k;

From the open-string analysis, we have seen that it is convenient to rewrite the relevant terms in the form

€ Fy-y=F¢ iei -y, (X - [ky) (8] - ki&; - p)etkeX = Frvk, & - peiX, (4.25)
b " Oev ‘ ”ak”

Using these identifications and taking into account the symmetrization of the polarization vectors on leg s, for the

subleading term we find

k

€ * kiks : kl)élfl

U gtota 1,-1
e e, v ),

wiku — € kii:.}fw(éi;t : aéf)

(4.26)
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where J©@ = J + J and E** = eev) /2. Similar analysis
for the sub-subleading order contribution yields

EY
2k, - k;

OkY): = [k, - SO, - ol LT (2] (4.27)

Thus we see that by soft expanding the result of the OPE
between the soft and hard vertex operators, we recover the
field theory soft theorem, written in BRST invariant
operator language.

For closed bosonic and heterotic strings, the presence at
tree level of the higher derivative ¢R* coupling spoils the
universality of the sub-subleading terms. The higher
derivative R, present in the bosonic string but not in the
heterotic string, does not affect the soft theorem, as already
observed earlier.

Finally, notice that if one replaces the soft graviton with a
soft dilaton or a soft Kalb-Ramond B-field, the leading term
vanishes. It is well known that the soft-dilaton limit of the
(n + 1)-point amplitude gives the derivative of the ampli-
tude with respect to the string tension, since the zero-
momentum dilaton vertex operator is essentially the world
sheet action [42,43].

In general, the dilaton in D = 10 and the other moduli
fields in lower dimensions are governed by a nonlinear ¢
model and decouple at zero momentum like soft pions. An
(n + 1)-point amplitude with a soft modulus field is finite
and given by the sum of n contributions that represent the
derivative with respect to the constant Vaccum Expectation
Value (VEV) of the modulus field of the n-point amplitude
without modulus field. Following this line of argument,
many threshold corrections to (higher-derivative) terms in
the effective superstring actions have been computed. See
e.g. [41] for a pedagogical presentation and references
therein.

A slightly different story can be told for the insertion of a
soft dilaton in the bulk of a disk with open-string insertions
on the boundary. The soft dilaton tadpole captures the
divergence of the loop amplitude on a cylinder in the limit
where it becomes infinitely long and thin. This divergence
studied in detail in the early days of “dual” models [44] is
absent in any consistent superstring background since it is
related by supersymmetry to tadpoles in the R-R sector
which, in turn, cancel in anomaly-free theories [45].

V. THE SOFT THEOREMS FOR LOOP
INTEGRANDS

As discussed in the Introduction, the loop-level soft
theorem can be formulated in two distinct prescriptions:
(1) taking ¢ — 0 before expanding in the soft parameter 6,
or (2) first expanding the integrand in the soft parameter J,
and then performing the integration with the regularization.
For general integrands the two limits do not commute, as
was pointed out in [26]. That this is the case can be simply
understood from the fact that soft expansion of the
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integrand assumes that the loop momentum is hard com-
pared to the soft external momenta. This assumption
becomes untenable in the region where the loop momentum
itself is soft, which is precisely the region to be regulated by
€. For the purpose of obtaining the correct infrared physics,
one should take prescription (1), as discussed in detail
in [24].

On the other hand, it is still interesting to ask whether or
not the soft behavior is modified in the context of
prescription (2), as it may yield nontrivial constraints for
the integrand of the theory. As we will see, the planar
integrand of N < 4 SYM manifestly respects the tree-level
soft theorems prior to integration. For all-plus YM and
gravity amplitudes, we will show that the soft behavior of
one-loop amplitudes is nonrenormalized in both prescrip-
tions; in other words, the relevant integrands enjoy the
property that the two limits commute. The tree-level soft
theorem is known to be violated for the single-minus one-
loop amplitudes [24,25].

A. Soft limits of the planar integrand of SYM

In this subsection, we consider supersymmetric Yang-
Mills theories in the planar limit. The advantage of working
in the planar limit is that the four-dimensional integrand is
well defined. We will argue that the Yang-Mills soft
theorem works directly at the level of the integrand, and
can be derived in essentially the same way as the BCFW
derivation at tree level.

For color-ordered amplitudes in the planar limit, we find
it convenient to choose the momenta adjacent to the soft
particle for solving momentum conservation, in which case
the soft theorem states that the subleading term should
vanish. We will show that this is indeed the case for loop
integrands of amplitudes in planar SYM theories with N
supercharges. For convenience, let us strip off an overall
MHV prefactor

SN (ST As(glnd))
(12)...(n—1n)(nl) ~

Ay (5.1)

with @ = 1,2, & = 1,2 Lorentz indices, and A = 1, ..., \
the SU(N') R-symmetry index. Note that, by definition,
MHYV tree amplitudes are given by (a, b)*~" where a, b are
the two negative-helicity particles (for N' =4 it is sim-
ply unity).

For the n-point, NN\MHV amplitude at L loops, AL et

nk>

us denote the integrand (after stripping off A) by R;(qu)

) fL)?

(5.2)

A,(f,ﬁ = Ag X /del'"deLREfk)(l,---,n;fh..-

where ¢4, ...Z;, denotes the loop variables, and D = 4 — 2¢
with € as the dimensional regulator.
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We will again consider the loop integrand in momentum-
twistor space. The new ingredient is that the loop variables
are given by L bitwistors ¢; = (A;,B;) fori =1,...,L. In

terms of these variables, RﬁlL,g is a degree-(4k — 8) poly-

nomial of y4’s and a rational function of the totally
antisymmetric contractions (abcd) = €15, ZLZ{ZKZE of
external and loop (bosonic) twistors. Note that the two-
bracket of holomorphic spinors is given by (ab) = (abl)
where [ is the infinity (bi)twistor projecting any twistor to
its first two components.

We would now like to show that the subleading soft
expansion of momentum-twistor space integrand begins at
O(8°) for a negative-helicity soft leg, and at O(8%) for a
positive-helicity soft leg.7 It suffices to focus on the case of
a positive-helicity particle, i.e. the k-preserving soft limit,

|

n,
L' ki

(L-1)

—|—/ [l,A,B,n—l,n]RnHka(l,...
GL(2)

where we suppress the sum over distributions of loop
variables 7, ..., £ on both factorization and forward-limit
terms, and where for the latter one needs to perform
fermionic and GL(2) integrals. In addition, 7; =
(n=1n)N(li=1i), L;=((-1)N(dn—-1n), n=
(n—1n) N (1AB), B = (AB) N (1n — 1n) with the inter-
section defined as (ab) N (ijk) = Z,(bijk) — Z,(aijk),
and the R-invariant of five (super)twistors is defined as

8% (y,(bede) + cyc)
{(abcd)(bcde){cdea)(deab){eabc) "
(5.5)

la,b,c,d, e] =

It is not a coincidence that we choose to shift the
momentum twistor Z, of the soft particle a la BCFW.
For this shift, the first term in the recursion corresponds to
the special BCFW factorization term: the (n — 1)-point, k-
preserving amplitude, multiplied by three-point anti-MHV
amplitude; we will show that it is the only term that
contributes to the first two orders of the soft expansion,
which is a fact we are familiar with at tree level. This turns
out to be a direct generalization of the BCFW argument for
soft theorem at tree level.

Let us first see how the soft-theorem is derived from
Eq. (5.4) for tree amplitudes, L = 0, where only the first
line contributes. In the soft limit, [, =6(i—1i) N
(In—1s)=46l;, Z, = 2,4+ O(5); thus, the two

"It is O(8%) for the positive-helicity leg because we need to
rescale the holomorphic soft behavior by &* to see the anti-
holomorphic soft behavior.

i—

L L r 1
R k) = Ri—)l,k + ZRE,k’>(1’ i = L)L,
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in which case we will take Eq. (2.14) supersymmetrically.
Note that the MHYV prefactor absorbs the leading soft factor
Sg?lz,[, thus making the stripped amplitude behave trivially at
leading order. We claim that the following soft theorem
holds for the planar integrand of SYM to any loop order:

L)

RMY(Z, . 2) = RY, (21, Z,)) +0x 5+ O(S).

(5.3)

1. All-loop integrand of N' = 4 SYM

We first consider the N' = 4 integrand, which satisfies a
BCFW-like recursion relation most compactly written in
momentum-twistor space [29],

(L-L)

1, i, n— 1, n]Rn+2—i,k—l—k/(Ii’ i, ceey i’\ll)

,A,B),

>

(5.4)

subamplitudes are both nonsingular as we take & — O.
The R-invariant, [1,i — 1, i,n — 1, n], however, becomes of
order &2,

8 By (iln — 1s1) + x,(1i — lin))

“h 3
op = Lin= 1) {n = Isti— {n=Is1) 0 )

(5.6)

where in the numerator we have used the fact that terms
involving y,_; and y; cancel with each other, and [i — 1, {]
means antisymmetrization with respect to the two labels.
Thus we recovered the soft gluon theorem at tree level,

RO =RY,, +0(&). (5.7)

e

Now it becomes clear that the first two orders in the soft
expansion of the loop integrand are identical to those of tree
amplitudes. The factorization part works exactly as before,
except that now we need to use the fact that subamplitudes
are nonsingular at the loop integrand level. For the forward-
limit term, the R-invariant, [1,A,B,n—1,n], behaves
exactly as that in the factorization term,

[1,A,B,n—1,n]

8 " (ra(Bln = Is1) + y,(1ABn))
" ap (ABln—1)3(1An — 1s)(1Bn — 1s)

+O(8).
(5.8)

In addition, the lower-loop integrand is again nonsingular,
with Z;, = Z, + O(8) and B = §(AB) N (1n — 1s) = 6B'.
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After performing the fermionic and GL(2) integrals we find
that the entire forward-limit term goes like O(8%) in the
limit; thus, we conclude that the soft theorem holds for all-
loop integrand in ' =4 SYM,

L L
RY =RV, +0().

n—

(5.9)

Note that although the sub-subleading [O(5%)] order is no
longer universal, it takes a relatively simple form: it is given
by factorization and forward-limit terms with Egs. (5.6),
|
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(5.8), where the dependence on the parameters is always
through the prefactor 6%/ (ap).

Before ending the discussion for N' =4 SYM, let us
look at the soft behavior of forward-limit terms even
more explicitly for the one-loop integrand. One can
easily see that indeed each forward-limit term at one loop
goes like O(8%) when we take the BCFW-shifted particle,
n, to be soft. For example, forward-limit terms for the one-
loop MHV integrand, K;, with 2 <i <n, are given
by [29],

(AB(1i —1i) N (1n = 1n))?

Kin=-—

52

(AB1i—1)(AB1i){ABi — 1i)(AB1n — 1)(AB1n)(ABn — 1n)
(AB(1i —1i) N (1n — 1s))?

~af " (ABli— 1)(ABLi)(ABi — 1i){ABln — 1)

2. Integrands for N' < 4 SYM

Now we turn to the soft theorem for N/ <4 SYM
theories. It is illuminating to first write down BCFW
recursion relations for tree amplitudes in any A < 4 gauge
theories in terms of momentum-twistor variables [46], from
which again the soft gluon theorem follows immediately.

When taking the BCFW shift of Z,, without loss of
generality we assume the helicity of particle n to be
positive; then, the recursion relation is almost identical
to the V' = 4 case,

0 0 0 .
RO =R+ S RO i=1I)[a.b.c.d. ]y
ki

« RV

nra—idet—p (<Lis By oo A7), (5.11)

where the shifted twistors are the same as above, the
helicity of I; depends on k" and i [46], and the general
N < 4 five-bracket is defined as

N (n,(bede) + cyclic)
{(abcd)(bcde)(cdea)(deab){eabc)
(5.12)

la,b,c.d, e]y =

To see the soft theorem at work, note that although the R-
invariant behaves like §V=2 in the soft limit, the two
subamplitudes will provide the additional powers of §.
This is because, unlike N' = 4 amplitudes in momentum-
twistor space, N < 4 amplitudes carry nonzero weights for
|

s+ 0(8). (5.10)

negative-helicity particles, which is the case for one of the
I;’s in the subamplitudes. Since I; = 6I, we have

RO, ..i=1,1)RY)

pinisot—g (=Lisis s A7)
~O(8*N),

(5.13)

thus rendering these factorization terms again vanishing
as &%

At loop level, integrands in N' < 4 SYM can also be
obtained from e.g. CSW diagrams [32,47]. For N = 4
SYM, McLoughlin and one of the authors [33] proved that
the integrand obtained from CSW diagrams is identical
to the one from BCFW recursion relations above (see
Sec. II A for a generalization to F> amplitude). Given the
similarity of the structures of integrands in N =4 and
N < 4, we conjecture that the soft theorem again holds at
the integrand level.

We now study one-loop amplitudes explicitly, as an
example which provides strong evidence for our conjecture.
The integrand for " < 4 SYM amplitudes at one loop can
be written in terms of the one in A/ = 4 and including a part
from A = 1 chiral multiplets, and it is sufficient to look at
the soft behavior of the latter. A compact formula for the
N =1 chiral part of the integrand has been written in
momentum-twistor space using CSW diagrams [46]: with

a, b as the negative-helicity particles, the N' = 1 chiral part

)chiral

of the integrand, Ril_z , is given by

(al;){bI;)

chiral chiral B B
R(l). h 1_R(1). hiral __ (a >><b )

n,2 n—1,2 -

(AB)*(AB1n — 1){ABn — 1n)(ABln) 4= (ABli— 1){ABi - 1i)(AB1i)’

(5.14)

where the hallmark of an A/ = 1 chiral integrand is the appearance of the prefactor 1/(AB)> = 1/(ABI)>.
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The soft behavior of REL %Chlral is given by REL )ldznral

PHYSICAL REVIEW D 92, 065022 (2015)

, plus that of the rhs of Eq. (5.14). Recall that /; = I and B = 6B'; we

see that the soft behavior is identical to the N' = 4 case in Eq. (5.10),

(aB) (b

B)({al;)(b1;)

~ (AB)*(ABln — 1)(ABn — 1n>< Bl

/\

& (aB')(bB

n)(AB1i — 1)(ABi — 1i)(ABLi)
){al})(PI;)

=—X
afp

Thus, the soft theorem holds for the one-loop MHV
integrand in N' < 4 SYM. In addition, to obtain the N =
1 chiral part for non-MHYV amplitudes, one only needs to
dress the above formula with two tree subamplitudes, so we
conclude that the soft theorem, Eq. (5.3), holds for all one-
loop amplitudes in 1 <N < 4 SYM.

Note that although the soft theorem is quite transparent
using the BCFW-like recursion (when we shift the soft
particle), it can be very nontrivial to see in terms of other
representations of the same integrand, such as the local
form based on leading singularities [48]. For example, in
that representation, the subleading terms cancel between
different terms in a nontrivial way even for the one-loop
integrand.

More importantly, the soft theorem is generally not
manifest at the integrand level for other representations,
such as the form in [49] and [50]) for the one-loop five-
point amplitude in A'=4 SYM, which is given by
scalar boxes and pentagons related to Eq. (5.10) by
integral reduction. The soft theorem is expected to hold
only when we perform the integrals after the soft
expansion.

We have not discussed loop integrands in pure Yang-
Mills theory, A/ = 0, because it is not clear to us how to
write down a four-dimensional integrand that manifests the
soft theorem. It is also unclear how to apply our argument
to cases where the definition of an integrand may be
ambiguous, e.g. nonplanar theories such as gravity. In

|

ottt
As

(AB)2(AB1n — 13 (ABli — 1)(ABi — 1i)(ABLi)

H4512S23
d,d,dsds

“men (.

(5.15)

[

Sec. V B, we will discuss the soft theorem with the integrals
performed for the case of all-plus amplitudes in both YM
theory and gravity.

B. Soft theorems for finite loop amplitudes

We now consider an interesting example where the
integrand does not manifestly satisfy the tree-level soft
theorem, but does so only after integration. These are the
finite rational terms of all-plus Yang-Mills and gravity one-
loop amplitudes.

1. All-plus Yang-Mills amplitude

The D-dimensional all-plus integrand can be obtained
straightforwardly from the A/ =4 SYM integrand by
simply multiplying it by extra powers of the regulator
mass (u?)? [51]. Naively, since we have already shown
that the planar integrand vanishes for the subleading
term in the kinematic configuration of Eq. (5.3), multi-
plying by an overall factor would not change this result.
However, as one converts the momentum-twistor inte-
grand into momentum space, the nonuniqueness of the
identification of Z obscures this property and integration
is necessary to show the vanishing of the sublead-
ing terms.

Let us first consider the one-loop five-point all-plus
amplitude. The D-dimensional integrand is given as [51]

4i;46€(1234)> (5.16)

i
roe ]C] " did,dsd,ds

where d; = ¢? and ¢; = ¢ + 23‘:1 k;, and thus ¢ is positioned between 5 and 1. In the soft limit, the numerators of the

above integrand behave as

$12823 = S112823 + 052382, »

$34845 = 85385 + O(5%),

where s; P

S45851 =
6(1’ 2’ 3’4) = 56(])1, k2’ k37 k4/) =+ 5€<k1" k2’ k3’ p4) =+ 0(52)’

$23834 = $238347 + 052353,

O(8%). 551512 = 651285 + O(8%)

(5.17)

= (k; + p;)* and we have used the following notation:
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ki =K, +opi,

k4 = kil- +5p49

Note that ky/ + k, + k3 + k4 = 0. Since the Parke-Taylor
prefactor behaves as 1/8%, the leading soft contribution
comes from the first two terms in the square bracket in
Eq. (5.16), which indeed is S A"+ at the integrand
level. For the subleading term, again only for the first two
terms in the square bracket does one need to soft expand the
integrand. Note that since the integrand integrates to a
constant, there is no subleading contribution if one follows
prescription (1). On the other hand, since

Imb'lzr] = _6(1 - 6) s (V -1- g)(4ﬂ-)r12:4+2r—26’
(5.19)

the fact that the preexpanded integral is a constant implies
that the 10=42"=2¢ in the above is logarithmic divergent.
The soft expansion then introduces an additional propaga-
tor which would render 72=#+2~2¢ finite, leading to a
vanishing result as well. Thus to order e, the two pre-
scriptions agree and the soft theorem is nonrenormalized in
both cases.

The same analysis applies to general n. As N' = 4 SYM
contains no triangles or bubbles, the dimension-shifting
formula tells us that the all-plus integrand can be simply
expressed in terms of scalar boxes and pentagons multi-
plied by (4?)% The subleading soft expansion of these
integrals vanishes, in agreement with the expansion of the
integrated results. Note that if the integrand includes scalar
triangle and bubbles, I5[u*"] and I, [*"], the two limits may
no longer commute. This is due to the fact that the soft
expansion can introduce scale-free integrals which strictly
integrate to zero in dimension regularization, but are of
order ¢ if one expands the integrated result. A trivial
example would be the following bubble integral:

i
which integrates to k2, in prescription (1), and thus becomes
of order 6, while in prescription (2) it integrates to 6 x 0,
since in the soft limit the integrand becomes a massless
bubble integral. Similarly for /5[], if the soft leg is on a
massless corner the soft expansion is of order § in
prescription (1), while it vanishes in prescription (2).
The possible disagreement of soft theorems between

prescriptions (1) and (2) for the single-minus amplitude
can be traced to the presence of these integrals in the final

PHYSICAL REVIEW D 92, 065022 (2015)

<4—;'>>[i, ” :—|1>%[5|
1) (15)

ps =) 151

i (5.18)

N

answer. Indeed, at four points A4(—,+,+,+) already
contains the bubble integrals mentioned above [52].

2. All-plus gravity amplitude

We now consider all-plus gravity amplitudes. The
integrand is given by dimension-shifting formulas from
the one-loop MHV amplitude in N = 8 supergravity [23].
Note that due to higher powers of x?, the fact that the two
limits commute is rather nontrivial. Consider

M5 — ﬁ123<45>1123[(ﬂ2)4] + 7/12345112345[(#2>10} + Perm,

(5.20)
where
g 1127237,
(14)(15) (34)(35) (45)
12345 _ [12][23][34][45][51]
Y = T 323 (34) (@5) (5 1) (5:21)

and one sums over 30 inequivalent box integrals and 12
pentagons. First let us consider to which order in § one
should expand the integrals in the above representation. For
the pentagon, since the prefactor begins at order 572, for the
first subleading behavior of the integrand, we do not need
to expand the pentagon integrand. For the box integrals,
there are three distinct types to consider in the soft limit: (I)
If the soft leg is on the massive corner, there are 12 such
diagrams. (II) If the soft leg is on the massless corner
adjacent to the massive corner, there are again 12 such
diagrams. (IIT) If the soft leg is diagonal to the massive
corner, there are six diagrams. The coefficient for the last
case (III) behaves as O(8°) in the soft limit and thus will not
participate in the discussion. The prefactor for case (II)
behaves as O(8%) and thus there is no need to expand the
integrand. Finally, case (I) is of order 5—1; and thus we need
the result of the integral expanded to order 6. Denoting the
integrand by its three massless legs 1,(i, j, k),

k
-5

-

I4(i,§, k) = 420 x (5.22)
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We list the order O(5) contribution in the following table:

PHYSICAL REVIEW D 92, 065022 (2015)

05"
1,(1,2,3) —2u(py k') = (4s +1)(p1 - k)
1,(3,1,2) —(65 + 3u)(py - ky) — (6u +3s)(p - k3)
L34, 1) —(4s+1)(ps-ks) — (Ss +12)(py - k') = (75 + 141)(py - ka') = 2[u(ps - k3) + (25 +41)(ps - k') + (s +31)(ps - ki')]
1,(1,3,4) —(6u +3s)(py - k3) +2t(py - k') +2t(ps - ky') = Bu + 65)(py - k3)

while all others are related by symmetry. It is straightforward to check that the above result is the same as O(5') of

I4<1,2, 3) -

_ 2S%2 + 25%3 + 2(K2)2 + S12823 + 2S12K2 + 2S23K2

where K is the momenta on the massive leg. Thus we see
for the subleading soft contribution that the two prescrip-
tions again commute and the soft theorem is unrenormal-
ized in both descriptions.

The above analysis should come as no surprise given the
fact that the integrals involved remain finite, whether or not
the soft expansion is done before or after the integration,
and thus the limits should commute. Again, for bubble and
triangle integrals, the two limits no longer commute; thus,
the fact that the soft theorem for the all-plus gravity
amplitude agrees in both prescriptions can be associated
with the fact that the dimension-shifting formula allows
only box and pentagon integrals in the representation.

An alternative way of understanding why the tree-level
soft theorems are not corrected for all-plus amplitudes, and
fail for single-minus amplitudes, is to use symmetry
principles. As discussed in [53], given the leading soft
function the subleading soft operator is determined by the
conformal symmetry of the tree-level amplitude. Thus the
tree-level soft functions can be viewed as the homogenous
solutions to the differential equation implied by the
conformal boost generators. The all-plus one-loop ampli-
tudes are generated by the self-dual Yang-Mills theory [54],
and hence preserve conformal invariance at loop level. The
same is no longer true for the single minus. We leave a
detailed discussion to Appendix D.

VI. CONCLUSIONS

In this paper we addressed two questions regarding soft
gluon and graviton theorems. (1) Are the tree-level soft
theorems protected and unmodified, for effective theories
with higher-dimensional operators or string theory at finite
a'? (2) How are tree-level soft theorems modified (or not)
for loop-level integrands and integrated amplitudes? For
(1), we found that soft theorems are respected in a wide
range of effective field theories, even for those with F 3 or
R? interaction vertices; more importantly, they hold for
open- and closed-superstring tree-level amplitudes, as
verified by explicit computations as well as by general
analysis based on BCFW recursion relations and world
sheet OPE. However, the sub-subleading soft graviton

5 , (5.23)

theorem is modified at tree level for theories with a R%¢
vertex, and for closed bosonic as well as heterotic string
theory. Note that while R?¢ interaction terms appear at tree
level in heterotic strings, and they can be generated at one
loop in type II superstrings. For A <4 supergravity
theories the R?¢ arises as a consequence of U(1) anomalies.
Concerning (2), we have found that for planar N =4
SYM, the momentum-twistor representation derived
from loop-level BCFW recursion indeed manifests the
soft behavior dictated by the unrenormalized (tree) soft
theorem. A similar conclusion can be arrived at for
one-loop amplitudes for N <4 SYM in the CSW
representation.

It is highly desirable to generalize our investigations to
string amplitudes with higher genus. In this respect, it is
quite remarkable that the BCFW-like recursion relation
(5.4) derived in [29] closely resembles the three boundary
contributions (pinching limits) of the world sheet moduli
space of a string amplitude at higher genus. The first
corresponds to the collision of two external vertices, the
second to the factorization into two lower-genus amplitudes
(separating tube), and the third to the degeneration of a
tube/strip (pinching cycle). This analogy strongly suggests
that, at least in the maximally supersymmetric case, super-
string loop amplitudes should satisfy the same soft theo-
rems as at tree level. It would also be interesting to further
investigate the role of soft dilaton limits in the renormal-
ization of the string tension and coupling constant.

Regarding (2), one interesting further direction would be
turning integrand soft theorems into a constructive way of
constraining the form of loop integrands in more general
theories. We have seen that only those exact integrands in
planar SYM exhibit manifest soft behavior identical to that
of tree-level amplitudes. As discussed in [26], it could be
worthwhile to interpret not only the soft limit but also
collinear and factorization limits for loop amplitudes as
kinematic limits to be taken before expanding in regulators.
In this way loop integrands behave very similar to tree-level
amplitudes, as we can see from the BCFW-like recursion in
N = 4. Tt would be fascinating to explore other formula-
tions of loop integrands resembling those at tree level (e.g.
twistor-string [55] or scattering-equation [12] formulas), in
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N =4 and beyond, based on their behavior in such
kinematic limits.

For integrated soft theorems, we have shown that loop
corrections can be easily understood via the presence of
symmetry anomalies, in particular conformal anomalies.
Note that we have only used the conformal anomaly
associated with generic kinematics, whose analytic form
is not well known. On the other hand, the conformal
anomaly associated with collinear kinematics is well
studied, and thus it will be interesting to work out what
constraints these collinear anomalies do impose. Finally,
the fact that gluon soft theorems for all-plus amplitude are
not renormalized can be associated with conformal sym-
metry being unbroken at loop level for self-dual Yang-
Mills. Similarly, the all-plus amplitude for gravity is also
unrenormalized. Might there be some hidden symmetry for
tree-level gravity amplitudes that is respected at loop level
for self-dual gravity, such that the soft theorems are
protected?.
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APPENDIX A: SYMMETRY CONSTRAINTS
ON SOFT FUNCTIONS

Here, we will derive the supersoft functions using the
special SUSY generator ©,, = Zlmd—(w which holds

classically for super Yang-Mills theory. Again we impose
1 1 <o L.
@0+3@s §S< )An+38< JA, ) =0. (A1)

We will begin with the well-known result that S© = §©);
then, order 673 is trivially satisfied. For 57> we have the
following constraint:
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W0 D

(ns)?om, (1s)?om )"

+&,S8MA, = 0.

©,504, + &,8MA, = —<
(A2)

Now applying &, on the bosonic part of S() gives 0;
thus, in order for the above equation to hold, one must
include a fermionic term. Again going through the same
analysis, one finds that the requisite fermionic piece is
given by

ny 0 ny 0

(s1)om, "+ {sm) O, (A3)

Thus we see that the supersymmetrized soft function is
given by

S0 g [ (;ls Do .i)
on,

(1n
o (253

which is exactly what was found in [25] via recursion
relations.

(A4)

APPENDIX B: SOFT THEOREM FOR SIX-POINT
OPEN-STRING AMPLITUDE

The six-point open-superstring amplitude can be
expressed in terms of (6 —3)! =6 YM amplitudes and
as many multiple hypergeometric functions, which only
depend on the momenta. We will separate its contributions
into two classes according to the color ordering of Yang-
Mills amplitudes. Each class contains three terms. The first
class includes terms with color ordering {1,2,3,4,5,6},
{1,2,4,3,5,6}, and {1,4,2,3,5,6}, whereas the second
class includes terms with color ordering {1,3,2,4,5,6},
{1,3,4,2,5,6}, and {1,4,3,2,5,6}. We will prove
that in the soft limit k4, — 0, the sum of terms in the
first class reduces to the soft factors multiplying
Aym(1,2,3,5,6)F>3) appearing in the five-point ampli-
tude, and the sum of the terms in the second class reduces to
the soft factors multiplying Ayy(1,3,2,5,6)F32) Tt is
convenient to solve for 15 and A using momentum
conservation, and define

, _ 15)(6l(1+2+3) _ 15){6l4
, _16)51(1+2+3) _16)(5]4
k6 = <65> s Pe = <65> . (BZ)

Let us start with the terms in the first class. From the term
with color ordering {1,2,3,4,5,6}, we have
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) Ky K K
F(234) — /dzdegdm (H|le|s,)ﬁ< 34+ 35> 45
i<l 212 \%34 235 Z45

(B3)

where we use SL(2) to fix z; = 0,z5 = 1, and zg = o0. It is
straightforward to see that this term produces a leading term
given by

1
YM(345) F23(1,2,3,5,6)Ay(1,2,3,5,6').  (B4)
Focusing on the subleading part, we find
/dzzdzs (HZ 1|S’> sﬁF(gM)’ (B5)
i<l 212

where the Koba-Nielsen factor [ [;_,|z;|*" is for five-point

kinematics {ky, ky, k3, k%, kg } and F (234) , of order O(§), is
given by
234) O
Fs™7 = —[(sys + 534 + 53, ) [1 + 535 log(1 — z3)]

<35
+ (824 + 52p, ) 535 log(1 = 25)].

Similarly, from the terms with color ordering
{1,2,4,3,5,6} and {1,4,2,3,5,6}, we find that the
corresponding Fg 243) and F 2423) are given by
Sag/
F = 572 [ 10g(23) + 524 log(22s) = s Tog(1 = )]
5
™ = =67 51 10g(z3). (B6)
35

Combining all the terms and putting back é-independent
terms, we obtain

1
§AYM(1,2,3,5,6)/dz2d13§—z<H|Zil|s"’>

i<l

which we find to agree with

1
SS§}§4(345)F<2»3>(1,2,3,5',6/)AYM(1,2,3,5/,6'), (B7)

at the level of the integrand.

We then consider the expansion of terms in the second
class. First we observe that color orderings {1,3,2,4,5,6}
and {1,3,4,2,5,6} both contain leading terms, and they
combine to produce

PHYSICAL REVIEW D 92, 065022 (2015)

1
2

5 S (345)FG2(1,3,2,5',6') Ay(1,3,2.5.6).  (BS)

Now consider the subleading terms. From color ordering
{1,3,2,4,5,6}, we get

(324) S
/deng (H|Z 1| '1> s 5
213

i<l

(B9)

with the subleading term F ((5324)

. l
324 s 25/

S451 + 534 + 53, ) log(1 — z3)
Zzs

1
+ (524 + 52p, ) log(1 = z)] + 7(324 + 52, )-
25

Finally, from terms with color ordering {1,3,4,2,5,6} and
{1,4,3,2,5.6}, we find

1)
Fé342) - ; [s25/ (524 10g(232) + k2 - pslog(1 — z5)

+ (834 + Sa5 + 53,,) log(1 = 23)) + 525,

1)
F§432) _ __514[5'25/ 10g(Z3) + 1]
<25

(B10)

Combining all the relevant terms, we find

1
52AYM(1 3 2 5/ 6/>/dZ2dZ3s£ <H|Z,’]|Sil>

213 i<l

which can be checked to agree with

1
552}134(345)1?(3-2)(1,2,3,5’,6’)AYM(1,3,2,5/,6’). (B11)

This ends the proof of the soft theorem for six-point open-
superstring amplitudes.

APPENDIX C: SOFT THEOREM FOR
FIVE-POINT CLOSED-STRING
AMPLITUDES

In this appendix we will check the validity of the soft
theorem, especially S(G), for closed-superstring amplitudes
at five points. As we discussed in Sec. III B, in order to use
the KLT formula, we need to expand five-point open-
superstring amplitudes to sub-subleading order. Here we
will again solve for J4 and ;15, and take k3 to be the soft leg.
Expanding up to order O(8%), we obtain the five-point disk
integral for open superstring amplitudes
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F23) — T(1 + 504 )0°(1 + 512)
C(1+ 500 +512)

(14577 + 857V + 0), (cn)
where the subleading and sub-subleading terms are given by
(2.3)
F1U7 = (Sp, + 823 + 830) [H(s20) — H(s20 + 512)].

23
fé )= 513530 (WO (s12) = WO (1 + 520 + 512)) WO (1 + 520) = O (1 + 500 + 512))

12 F({l,l,l,l+S12},{2,2,2+S24/‘|‘S12}11)]

—y DA 450y +5p)+—
"4 ( 24 12) (1—|—s24/—|—s12)

1
+ 5 (52p, T 523 + 5302 (WO (1 + 520 + 512) = O (1 + 520))> + WV (1 + 550)

2
=y (1 + 529 + 512)] = 830/ (513 + 523) 2, (C2)
where H is the harmonic number, F is the generalized hypergeometric function, and finally y/")(z) = % log(I'(z)) is the

polygamma function of order 7. Similarly, we find the result of expanding F>?), which now starts from subleading order,
as

T(1 4 554 )T(1 + 515)
(1 + 54 +512)

FG2) = g4 60 + 8157 + 08, (C3)

and for f <,3’2), f§3'2>, which are given by

32
f(l )= H(soy +512) — H(s12),
f(23'2) = Szm[(l//(())(l + 520+ 512) =W D (520)) WO (1 + 512) =y O (1 + 520 + 512))

1
+y (1 + sop + 1) = P
2

(14 512)(523 + S34) F
1+ Soar + 812

[W(O)(l + SIZ) — W(O)(l + Sog + 512)]]

{1, 1L,1,245121,{2,2,2 + s04 + 510}, 1)

1
—5(513 +53) (WO (1 + 510) = O (1 + 500 + 512))* + w1V (1 + 512)

— W (1 + sy + 512)] = (523 + 530) 80 (C4)

We thus obtain the expansion of the five-point open-string amplitude up to sub-subleading order by substituting the above
expansions into the expression for As(1,2,3,4,5),

As(1,2,3,4,5) = F®IA4(1,2,3,4,5) + FODAy\(1,3,2,4,5).

Similarly, one can work out other open-superstring amplitudes entering the KLT relation for the five-point closed-
superstring amplitude,

Ms({1,2,3,4,5)) = 72(A5(1,2,3,4,5)A5(1,4,3,5,2) sin(zs 1) sin(7s34)
+ As(5,1,3,2,4)A5(2,5,3, 1,4) sin(zs3) sin(zsay)). (C5)

With the above results up to the necessary order, we find that Ms({1,2,3,4,5}) satisfies the soft theorem by numerically
comparing it with

(%SE?)@) Fs3)+ gs&”@))m({l, 2.4.571). (Co)

This explicit numerical test of the soft theorem is consistent with the argument based on BCFW recursion relations and the
world sheet OPE analysis presented in Secs. III and IV.
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APPENDIX D: CONFORMAL ANOMALY AND
THE INTEGRATED SOFT THEOREMS

An alternative way to understand why the integrated
soft theorems for the all-plus amplitude is not corrected,
while the single-minus are, is via symmetries. Indeed, it
was demonstrated in [53] that given the leading soft
function, with suitable assumptions, the subleading soft
operator is determined by the conformal symmetry of
tree-level amplitude. Thus the tree-level soft functions
can be viewed as the homogenous solutions to the
differential equation implied by the symmetry constraints.
From this point of view, the loop-level corrections can be
attributed to the fact that this symmetry becomes anoma-
lous at loop level. In particular, since the all-plus
amplitude is generated by the self-dual sector of Yang-
Mills theory, it is protected and conformal symmetry is
preserved, implying that the soft function is not cor-
rected. For the single-minus amplitude, this is no longer
the case and potential correction terms arise, as verified
in [24,25].

To see this, note that conformal symmetry of the (n + 1)-
point amplitude implies8

(10 3

where we have separated the conformal boost generator
into

AT Ar
S A +5 5 A

,,) =0, (DI)

0 9
dAs 02,

(D2)

0
S TS

O(53)

O62)  Ko(S5aA, +A0)

Now, as the all-plus amplitude is associated with the self-
dual sector of YM theory, which is exact, this implies
that its amplitude is conformally invariant. Thus we
expect no correction to the soft functions, i.e.
A" =0. For the single-minus amplitude, this is no
longer true and potential correction terms may arise. It
is straightforward to verify that in the soft limit, if the
soft leg is minus helicity, then the anomaly is finite; thus,
Eq. (D6) reduces to zero on the rhs, leading to the
conclusion that one only has the tree-level soft theorem.

$Unlike other sections, here we put a superscript “tree” on

Sﬁ‘f{(i) to emphasize they are tree-level results, and we will

consider corresponding loop corrections.

+ R, (S5NA, + AD) =42,
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where we have suppressed the Lorentz indices a, &. Now,

starting with S = <n<s’>’&>, at order O(67%) Eq. (D1) is

trivially satisfied, while at O(6
constraint:

~2) we have the following

ree ree A O A 0
QOStYMw)An + RsStYMU)An = _< : > n

s o, " (151204,)"

+ (RS VA, =0, (D3)
One can check that the tree-level soft function St\r(i;(l) is the
homogenous solution to the above conformal boost equa-
tion. The same analysis applies to the supersoft functions,
as we show in Appendix A.

A consequence of this analysis is that if conformal
symmetry becomes anomalous, as one expects at loop
level, then the soft function has to be modified. Let us
consider the conformal boost equations in the presence of
anomalies,

1 ~
(ﬁo ‘|‘5~"§‘Y>An+1({/11'»/11‘}\5’15"}L Za"ﬂ“lél (D4)

where the ag;’s are the conformal anomaly expanded in the
soft parameter. We begin with the following ansatz for the
soft expansion of A, :

1
I
> S An A+ O(°).

i=0

(D5)

From Eq. (D4), we have the following constraints on the
unknown function A():

S{y(stree( )A —|—A ))_ (=3)

Ayt

(D6)

n+1

|

For the negative-helicity leg the anomaly begins at §72.
The absence of a( ? implies A(® =0, and thus A"
must satisfy

-2 0
K,A0) = a7 - af.

(D7)

The explicit correction term for the single-minus ampli-
tude is given in [25],

(n)*  (n—1s)[nn +1]
[T, i+ 1) (n—1n)(ns)> °

We have explicitly verified that the above expression
indeed satisfies Eq. (D7).

A = _

(D8)
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