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We use exceptional field theory as a tool to work out the full nonlinear reduction ansatz for the
AdS5 × S5 compactification of IIB supergravity and its noncompact counterparts in which the sphere S5 is
replaced by the inhomogeneous hyperboloidal space Hp;q. The resulting theories are the maximal 5D
supergravities with gauge groups SOðp; qÞ. They are consistent truncations in the sense that every solution
of 5D supergravity lifts to a solution of IIB supergravity. In particular, every stationary point and every
holographic renormalization group flow of the scalar potentials for the compact and noncompact 5D
gaugings directly lift to solutions of IIB supergravity.
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I. INTRODUCTION

It is a notoriously difficult problem to establish the
consistency of Kaluza-Klein truncations. Consistency
requires that any solution of the lower-dimensional theory
can be lifted to a solution of the original higher-
dimensional theory [1]. While this condition is trivially
satisfied for torus compactifications, the compactification
on curved manifolds is generically inconsistent except for
very specific geometries and matter content of the theories.
Even in the case of maximally symmetric spherical
geometries, consistency only holds for a few very special
cases [2] and even then the proof is often surprisingly
laborious. An example for a Kaluza-Klein truncation for
which a complete proof of consistency was out of reach
until recently is that of type IIB supergravity on AdS5 × S5,
which is believed to have a consistent truncation to the
maximal SOð6Þ gauged supergravity in five dimensions
constructed in [3–5]. In general not even the form of the
nonlinear Kaluza-Klein reduction ansatz for the higher-
dimensional fields is explicitly known, in which case it is
not even known how to perform the Kaluza-Klein reduction
in principle. If the reduction ansatz is known it remains
the task to show that the internal coordinate dependence
of the higher-dimensional field equations factors out such
that these equations consistently reduce to those of the
lower-dimensional theory. Despite these complications,
consistency proofs have been obtained over the years for
various special cases. The maximal eleven-dimensional
supergravity admits consistent Kaluza-Klein truncations on
AdS4 × S7 [6] and AdS7 × S4 [7]. Subsectors of trunca-
tions of type IIB to five dimensions have been shown to be

consistent in [8–15]. More recently, a consistent truncation
of massive type IIA supergravity on S6 has been found [16].
In this paper we will present the explicit and complete

reduction formulas for a large class of truncations of type IIB
supergravity to maximal five-dimensional gauged super-
gravity, byworkingout thedetails of thegeneral construction
of [17]. This includes the famous reduction on AdS5 × S5 to
the maximal D ¼ 5 SOð6Þ gauged supergravity of [5], but
also reductions to noncompact gaugings, corresponding to
truncations with noncompact (hyperboloidal) internal mani-
folds. Consistency of the latter has first been conjectured in
[18] andmore recently beendiscussed in [19,20].The crucial
new ingredient that makes our construction feasible is
the recently constructed “exceptional field theory” (EFT)
[21–24] and its associated extended geometry, see
[25–28], and [29–32] for the closely related double field
theory. Within this framework, the complicated geometric
IIB reductions can very conveniently be formulated as
Scherk-Schwarz reductions on an exceptional space-time.
In order to illustrate this point, it is useful to compare it

with the toy example of an S2 compactification of the
D-dimensional Einstein-Maxwell theory, whose volume
form provides the source for the U(1) field strength. With a
particular dilaton coupling, this theory not only permits
a vacuum solution with S2 as the compact space but also a
consistent Kaluza-Klein truncation around this vacuum to
a ðD − 2Þ-dimensional theory [2]. The required dilaton
couplings are precisely those that follow from embedding
the original theory as the S1 reduction of pure gravity in
Dþ 1 dimensions. While the consistency of this reduction
can be shown by a direct computation, a far more elegant
proof relies on this geometric origin. As shown in [33],
from the point of view of ðDþ 1Þ-dimensional Einstein
gravity, the original S2 reduction takes the form of a
Scherk-Schwarz (or DeWitt) reduction on a three-
dimensional SOð3Þ group manifold via the Hopf fibration
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S1↪S3 → S2. For Scherk-Schwarz reductions, however,
consistency is guaranteed from symmetry arguments [34],
which then implies the consistency of the S2 reduction of
the Einstein-Maxwell theory. In this sense, the consistency
of the S2 reduction hinges on the fact that the original
theory is secretly a “geometric” theory in higher dimen-
sions (namely pure Einstein gravity).
Similarly, in exceptional field theory maximal super-

gravity is reformulated on an extended higher-dimensional
space that renders the theory covariant with respect to the
exceptional U-duality groups in the series EdðdÞ, 2 ≤ d ≤ 8.
In this case, the higher-dimensional theory is not simply
Einstein gravity, but EFT is subject to a covariant constraint
that implies that only a subspace of the extended space is
physical. Solving the constraint accordingly one obtains
either type IIB or eleven-dimensional supergravity.
Importantly, the gauge symmetries of EFT are governed
by “generalized Lie derivatives” that unify the usual
diffeomorphism and tensor gauge transformations of super-
gravity into generalized diffeomorphisms of the extended
space. Specifically, for the E6ð6Þ EFT that will be employed
in this paper the generalized Lie derivative for vector fields
VM, WM, M;N ¼ 1;…; 27, in the fundamental represen-
tation 2̄7 reads [26,35]

ðLVWÞM ≡ VN∂NWM −WN∂NVM

þ 10dMNPdKLP∂NVKWL; ð1:1Þ

where dMNK is a (symmetric) invariant tensor of E6ð6Þ. Here
the first two terms represent the standard Lie bracket or
derivative on the extended 27-dimensional space, while the
new term encodes the nontrivial modification of the diffeo-
morphism algebra.
It was shown in [17] how sphere compactifications of the

original supergravities and their noncompact cousins can be
realized in EFT through generalized Scherk-Schwarz com-
pactifications, which are governed by EdðdÞ valued “twist”
matrices. In terms of the duality covariant fields of EFT the
reduction formulas take the form of a simple Scherk-
Schwarz ansatz [see (2.1) below], proving the consistency
of the corresponding Kaluza-Klein truncation. Although
this settles the issue of consistency it may nevertheless be
useful to have the explicit reduction formulas in terms of
the conventional supergravity fields. This requires the
dictionary for identifying the original supergravity fields
in the EFT formulation. In this paper we work out the
explicit reduction formulas for the complete set of type IIB
supergravity fields, using the general embedding of type
IIB supergravity into the E6ð6Þ EFT given in [36]. In
particular, this includes all components of the IIB self-dual
four-form. Results for the scalar sector in the compact case
have appeared in [37–40]. The components of the twist
matrix give rise to various conventional tensors, including
for instance the Killing vectors in the case of S5 but also

various higher Killing-type tensors. We analyze the iden-
tities satisfied by these tensors by decomposing the
Lie derivatives (1.1), which can be thought of as giving
generalized Killing equations on the extended space.
Various identities that appear miraculous from the point
of view of standard geometry but are essential for con-
sistency of the Kaluza-Klein ansatz are thereby explained
in terms of the higher-dimensional E6ð6Þ covariant geometry
of EFT.
This paper is not completely self-contained in that we

assume some familiarity with the E6ð6Þ EFT of [22]. Our
recent review [36], which also gives the complete embedding
of type IIB, can serve as a preparatory article. In particular,
we use the same conventions. The rest of this paper is
organized as follows. In Sec. II we briefly review the
generalized Scherk-Schwarz ansatz and the consistency
conditions for the E6ð6Þ EFT and give the twist matrices.
The twist matrix gives rise to a set of generalized vectors of
the extended space satisfying an algebra of generalized Lie
derivatives (1.1) akin to the algebra of Killing vector fields
on a conventional manifold. In Sec. III we analyze the
various components of this equation and give the explicit
solutions in terms of various Killing-type tensors. In Sec. IV
we review the class of D ¼ 5 gauged supergravities that
will be embedded into type IIB. Finally, in Sec. V we work
out the complete Kaluza-Klein ansatz by using the general
embedding of type IIB established in [36]. In particular, we
show how to reconstruct the self-dual 4-form of type IIB
from the EFT fields. Along the way, we show that the
reduction ansatz reduces the ten-dimensional self-duality
equations to the equations of motion of the D ¼ 5 theory.
While this is guaranteed by the general argument, its explicit
realization requires an impressive interplay of Killing vector/
tensor identities and the E6ð6Þ=USpð8Þ coset space structure
of the five-dimensional scalar fields. In Sec. VI we sum-
marize the final results, the full set of reduction formulas,
and comment on the fermionic sector. Some technically
involved computations are relegated to an appendix.

II. GENERALIZED SCHERK-SCHWARZ
REDUCTION

We begin by giving the generalized Scherk-Schwarz
ansatz in terms of the variables of exceptional field theory.
This ansatz is governed by a group-valued twist matrix
U ∈ E6ð6Þ and a scale factor ρ, both of which depend only
on the internal coordinates Y. For the bosonic EFT fields,
the general reduction ansatz reads [17]

MMNðx; YÞ ¼ UM
KðYÞUN

LðYÞMKLðxÞ;
gμνðx; YÞ ¼ ρ−2ðYÞgμνðxÞ;

Aμ
Mðx; YÞ ¼ ρ−1ðYÞAμ

NðxÞðU−1ÞNMðYÞ;
BμνMðx; YÞ ¼ ρ−2ðYÞUM

NðYÞBμνNðxÞ: ð2:1Þ
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Here, indicesM;N label the fundamental representation 27
of E6ð6Þ, and the four lines refer to the internal metric,
external metric, vector fields and two-forms, respectively,
see [22] for details. In order for the ansatz (2.1) to be
consistent,U and ρ need to factor out homogeneously of all
covariant expressions defining the action and equations of
motion. This is the case provided the following two
consistency equations (“twist equations”) are satisfied:

∂NðU−1ÞKN − 4ðU−1ÞKNρ−1∂Nρ ¼ 3ρϑK;

½ðU−1ÞMKðU−1ÞNL∂KUL
P�351 ¼

1

5
ρΘM

αtαNP: ð2:2Þ

Here the constant tensors are ϑK, which defines the
embedding tensor of “trombone” gaugings, and ΘM

α,
which defines the embedding tensor of conventional
gaugings.
For the subsequent analysis it is convenient to reformu-

late these consistency conditions by rescaling the twist
matrix by ρ,

Û−1 ≡ ρ−1U−1: ð2:3Þ

This rescaling is such that Û−1 can be viewed as a
generalized vector of the same density weight as the gauge
parameters. Accordingly, one can define generalized Lie
derivatives with respect to this vector. The consistency
conditions can then be brought into the compact form

LÛ−1
M
Û−1

N ≡ −XMN
KÛ−1

K ; ð2:4Þ

where XMN
K are constants related to the D ¼ 5 embedding

tensor by

XMN
K ¼

�
ΘM

α þ 9

2
ϑLðtαÞML

�
ðtαÞNK − δN

KϑM: ð2:5Þ

This implies in particular that the first equation in (2.2) can
be written as

LÛ−1
M
ρ ¼ −ϑMρ: ð2:6Þ

In [17], the consistency equations (2.2) were solved for
the sphere and hyperboloid compactifications, with gauge
groups SOðp; 6 − pÞ and CSOðp; q; 6 − p − qÞ, explicitly
in terms of SL(6) group-valued twist matrices. Specifically,
with the fundamental representation of E6ð6Þ decomposing
as

fYMg → fYab; Yaαg; ð2:7Þ

into ð15; 1Þ ⊕ ð60; 2Þ under SLð6Þ × SLð2Þ, we single out
one of the fundamental SL(6) indices a → ð0; iÞ to define
the SL(6) matrix Ua

b as

U0
0 ≡ ð1 − vÞ−5=6ð1þ uKðu; vÞÞ;

U0
i ≡ −ηijyjð1 − vÞ−1=3Kðu; vÞ;

Ui
0 ≡ −ηijyjð1 − vÞ−1=3;

Ui
j ≡ ð1 − vÞ1=6δij; ð2:8Þ

with the combinations

u≡ yiδijyj; v≡ yiηijyj: ð2:9Þ

Here ηij is the metric

ηij ¼ diagð1;…; 1;|fflfflfflffl{zfflfflfflffl}
p−1

−1;…;−1|fflfflfflfflfflffl{zfflfflfflfflfflffl}
6−p

Þ; ð2:10Þ

and we define similarly the SOðp; 6 − pÞ invariant metric
ηab with signature ðp; 6 − pÞ. Note that in (2.9) we use
two different metrics, one Euclidean, the other pseudo-
Euclidean. The function Kðu; vÞ is the solution of the
differential equation

2ð1 − vÞðu∂vK þ v∂uKÞ ¼ ðð7 − 2pÞð1 − vÞ − uÞK − 1;

ð2:11Þ

which can be solved analytically. For instance, for p ¼ 6,
i.e., for gauge group SO(6) relevant for the S5 compacti-
fication, the solution reads

p ¼ 6∶

KðuÞ ¼ 1

2
u−3

�
uðu − 3Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
uð1 − uÞ

p
ð3 arcsin ffiffiffi

u
p þ c0Þ

�
;

ð2:12Þ

with constant c0. We refer to [17] for other explicit forms.
The inverse twist matrix is given by

ðU−1Þ00 ¼ ð1 − vÞ5=6;
ðU−1Þ0i ¼ ηijyjð1 − vÞ1=3Kðu; vÞ;
ðU−1Þi0 ¼ ηijyjð1 − vÞ1=3;
ðU−1Þij ¼ ð1 − vÞ−1=6ðδij þ ηikηjlykylKðu; vÞÞ: ð2:13Þ

Finally, the density factor ρ is given by

ρ ¼ ð1 − vÞ1=6: ð2:14Þ

Upon embedding the SL(6) twist matrix (2.8) into E6ð6Þ,
one may verify that it satisfies the consistency equa-
tions (2.2) with an embedding tensor that describes the
gauge group SOðp; qÞ, where the physical coordinates are
embedded into the EFT coordinates via (2.7) according to
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yi ¼ Y ½0i�: ð2:15Þ

With the above form of the generalized Scherk-
Schwarz ansatz and the explicit form of the twist matrix
and the scale factor we have given the complete embed-
ding of the corresponding sphere and hyperboloid
compactifications into the E6ð6Þ EFT. It is instructive,
however, to clarify this embedding by analyzing it in
terms of more conventional geometric objects. Therefore,
in the next section we will analyze the consistency
conditions (2.4) under the appropriate decomposition
(that embeds, for instance, the standard algebra of
Killing vector fields on a sphere) and thereby reconstruct
the above solution in a more conventional language.
In particular, this will clarify the geometric significance
of the function K, which is related to the four-form
whose exterior derivative defines the volume form on the
five-sphere.

III. UNTANGLING THE TWIST EQUATIONS

A. General analysis

We now return to the “twist equations” (2.4) and
decompose them with respect to the subgroup appropriate
for the type IIB solution of the section constraint, i.e.

E6ð6Þ → GLð5Þ × SLð2Þ;
27 → ð5; 1Þ ⊕ ð50; 2Þ ⊕ ð10; 1Þ ⊕ ð1; 2Þ: ð3:1Þ

Accordingly, the fundamental index on the generalized
vector Û−1 decomposes as

ðÛ−1ÞMM ¼ fKM
m;RMmα;ZMmnk;SMn1…n5αg; ð3:2Þ

in terms of GL(5) indicesm; n ¼ 1;…; 5 and SL(2) indices
α; β ¼ 1; 2. In order to give the decomposition of the twist
equations (2.4) in terms of these objects we use the
definition (1.1) of the generalized Lie derivative and the
decomposition of the d-symbol (3.28) in [36]. A straight-
forward computation, largely analogous to those in, e.g.,
Sec. 3.3 of [36], then yields

−XMN
KKK

m ¼ LKM
KN

m; ð3:3Þ

−XMN
KRKmα ¼ LKM

RNmα − LKN
RMmα þ ∂mðKN

nRMnαÞ;
ð3:4Þ

−XMN
KZKkmn ¼ LKM

ZNkmn − LKN
ZMkmn

þ 3∂ ½kðKN
lZMmn�lÞ

þ 3
ffiffiffi
2

p
εαβ∂ ½kRMmjαjRNn�β; ð3:5Þ

−XMN
KSKn1…n5α ¼ LKM

SNn1…n5α

þ 20
ffiffiffi
2

p
ðZN½n1n2n3∂n4RMn5�α

− ∂ ½n1ZMn2n3n4RNn5�αÞ: ð3:6Þ

We will now successively analyze these equations. We
split the index as M → fA; ug, where A;B denote the
“gauge group directions” and u; v the remaining ones, and
assume that the only nonvanishing entries of XMN

K are

XAB
C ¼ −fABC; XAu

v ¼ ðDAÞuv; ð3:7Þ

given in terms of structure constants and representation
matrices of the underlying Lie algebra of the gauge group,
cf. [41]. Let us emphasize that XMN

K is not assumed to be
antisymmetric. In particular, for this ansatz we have, e.g.,
XuA

v ¼ 0. Let us also stress that this ansatz is not the
most general, but it is sufficient for the purposes in
this paper.
The first equation (3.3), specialized to external indices

ðA;BÞ, implies that the vector fields KA satisfy the Lie
bracket algebra

½KA;KB�m ≡ LKA
KB

m ¼ fABCKC
m: ð3:8Þ

In view of standard Kaluza-Klein compactifications it is
natural to interpret these vector fields as the Killing vectors
of some internal geometry. We now define a metric with
respect to which the KA are indeed Killing vectors by
setting for the inverse metric

~Gmn ≡KA
mKB

nηAB; ð3:9Þ

with the Cartan-Killing metric ηAB ≡ fACDfBDC. The
internal metric ~Gmn exists provided the Cartan-Killing
metric is invertible and that there are sufficiently many
vector fieldsKA

m to make ~Gmn invertible. This assumption,
which we will make throughout the following discussion, is
satisfied in the examples below. Since by (3.8) the KA
transform under themselves according to the adjoint group
action, under which the Cartan-Killing metric is invariant, it
follows that the vectors are indeed Killing:

LKA
~Gmn ≡∇mKAn þ∇nKAm ¼ 0; ð3:10Þ

where here and in the following ∇m denotes the covariant
derivative with respect to the metric (3.9), which is used to
raise and lower indices. The other nontrivial components of
(3.3), with external indices ðA; uÞ, ðu; AÞ and ðu; vÞ, imply
that the remaining vector fields Ku

m satisfy

LKA
Ku

m ¼ −ðDAÞuvKv
m ¼ 0;

LKu
Kv

m ≡ ½Ku;Kv�m ¼ 0: ð3:11Þ
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For nonvanishingKu the first equation can only be satisfied
if the representation encoded by the ðDAÞuv includes the
trivial (singlet) representation. In the following we will
analyze the remaining equations under the assumption that
the representation does not contain a trivial part, which then
requires

Ku
m ¼ 0: ð3:12Þ

We next consider the second equation (3.4), specialized
to external indices ðA; uÞ and ðu; AÞ to obtain

LKA
Rumα ¼ −ðDAÞuvRvmα ¼ ∂mðKA

nRunαÞ: ð3:13Þ

Writing out the Lie derivative on the left-hand side we
obtain in particular

KA
nð∂mRunα − ∂nRumαÞ ¼ 0: ð3:14Þ

With the above assumption that the metric (3.9) is invertible
it follows that the curl ofR is zero. Hence we can write it in
terms of a gradient,

Rumα ≡ ∂mYuα: ð3:15Þ

As we still have to solve the first equation of (3.13), we
must demand that the function Y transforms under the
Killing vectors in the representation DA,

LKA
Yu α ¼ −ðDAÞuvYv α; ð3:16Þ

for then (3.13) follows with the covariant relation (3.15).
Finally, specializing (3.4) to external indices ðA;BÞ, we
obtain

fABCRCmα ¼ LKA
RBmα − LKB

RAmα þ ∂mðKB
nRAnαÞ:

ð3:17Þ

This equation is solved by RAmα ¼ 0, and the latter indeed
holds for the SL(6) valued twist matrix to be discussed
below. In addition, we will find that for these twist matrices
also the components Zu and SA are zero, and therefore in
the following we analyze the equations for this special case:

RAmα ¼ Zumnk ¼ SAn1…n5 α ¼ 0: ð3:18Þ

Let us now turn to the third equation (3.5), which will
constrain the Z tensor. Specializing to external indices
ðA;BÞ, we obtain

fABCZCkmn ¼ LKA
ZBkmn − LKB

ZAkmn þ 3∂ ½kðKB
lZAmn�lÞ;
ð3:19Þ

where we used (3.18). Writing out the second Lie derivative
on the right-hand side, this can be reorganized as

LKA
ZBkmn − 4KB

p∂ ½pZAkmn� ¼ fABCZCkmn: ð3:20Þ

In order to solve this equation we make the following
ansatz:

ZAklm ≡ −
1

4

ffiffiffi
2

p
KAklm − 2

ffiffiffi
2

p
KA

p ~Cpklm; ð3:21Þ

in terms of a four-form ~C, where we chose the normali-
zation for later convenience, and we defined the Killing
tensor

KAklm ≡ 1

2
~ωklmpqKA

pq; KAmn ≡ 2∇½mKAn�; ð3:22Þ

with the volume form ~ωklmpq ≡ j ~Gj1=2εklmpq. We recall that

all internal indices are raised and lowered with ~Gmn defined
in (3.9).
It remains to determine ~Cpklm from the above system of

equations. In order to simplify the result of inserting (3.21)
into (3.20) we can use that the Killing tensor term trans-
forms “covariantly” under the Lie derivative,

LKA
KBmnk ¼ fABCKCmnk; ð3:23Þ

which follows from the corresponding property (3.8) of the
Killing vectors. For the second term on the left-hand side of
(3.20), however, we have to compute

KB
p∇½pKAkmn� ¼ KB

p∇½p

�
1

2
~ωkmn�lqKA

lq

�
¼ KB

p ~ωlq½kmn∇p�∇½lKA
q�

¼ −
1

2
KB

p ~ωkmnpl∇q∇½lKA
q�

¼ 1

2
KB

p ~ωkmnpl∇q∇qKA
l: ð3:24Þ

Here we used the D ¼ 5 Schouten identity ~ω½lqkmn∇p� ≡ 0

and that the Killing tensor written as KAmn ¼ 2∇mKAn is
automatically antisymmetric as a consequence of the
Killing equations (3.10). Using the latter fact again, the
last expression simplifies as follows:

∇q∇qKA
l ¼ −∇q∇lKA

q ¼ −½∇q;∇l�KA
q ¼ − ~RlpKAp:

ð3:25Þ

We will see momentarily that (3.20) can be solved
analytically by the above ansatz (3.21) if the metric ~G is
Einstein. We thus assume this to be the case, so that the
Ricci tensor reads ~Rmn ¼ λ ~Gmn, for some constant λ. Using
this in (3.25) and inserting back into (3.24) we obtain
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KB
p∇½pKAkmn� ¼

λ

2
~ωkmnplKA

pKB
l: ð3:26Þ

Next, insertion of the second term in (3.21) into (3.20)
yields the contribution

LKA
ðKB

p ~CpkmnÞ þ 4KB
p∂ ½pðKA

q ~Ckmn�qÞ
¼ fABCKC

p ~Cpkmn þ 5KA
pKB

q∂ ½p ~Cqkmn�: ð3:27Þ

Here we used (3.8) and combined the terms from LKA
~Cpkmn

with those from the second term on the left-hand side.
Employing now (3.26) and (3.27) we find that insertion of
(3.21) into (3.20) yields

0 ¼ KA
pKB

q
�
5∂ ½p ~Cqkmn� −

1

4
λ ~ωpqkmn

�
: ð3:28Þ

Thus, we have determined ~C, up to closed terms, to be

5∂ ½p ~Cqkmn� ¼
1

4
λ ~ωkmnpq; ð3:29Þ

which can be integrated to solve for ~Cklmn, since in five
coordinates the integrability condition is trivially satisfied. In
total we have proved that the ðA; BÞ component of the third
equation (3.5) of the system is solved by (3.21). We also
note that the remaining components of (3.5) are identically
satisfied under the assumption (3.18). [For the ðu; vÞ
component this requires using that the exterior derivative
ofRumα vanishes by (3.15).] For the subsequent analysis it
will be important to determine how ~C transforms under the
Killing vectors. To this end we recall that in the definition
(3.21) ~C is the only “noncovariant” contribution, which
therefore accounts for the second term on the left-hand side
of the defining equation (3.20). From this we read off

LKA
~Cmnkl ¼ −

ffiffiffi
2

p ∂ ½mZAnkl�: ð3:30Þ

Finally, we turn to the last equation (3.6), which
determines Su. Under the assumptions (3.12), (3.18), the
ðu; vÞ and ðu; AÞ components trivialize, while the ðA; uÞ
component implies

LKA
Sun1…n5α ¼ −ðDAÞuvSvn1…n5α

þ 20
ffiffiffi
2

p ∂ ½n1ZAn2n3n4Rjujn5�α: ð3:31Þ

We will now show that this equation is solved by

Sun1…n5α ¼ a ~ωn1…n5Yuα − 20 ~C½n1…n4∂n5�Yuα; ð3:32Þ

in terms of the volume form of ~Gmn, the function defined in
(3.15) and the four-form defined via (3.29). Here, a is an
arbitrary coefficient, while we set the second coefficient
to the value that is implied by the following analysis. We
first note that LKA

~ωn1…n5 ¼ 0, which follows from the

invariance under the Killing vectors of the metric ~G
defining ~ω. Second, we recall (3.16), which states that
the function Yu transforms covariantly underLKA

(i.e., with
respect to the representation matrices DA). Thus, all terms
in (3.32) transform covariantly, except for the four-form ~C,
whose “anomalous” transformation must therefore account
for the second term in LKA

Su on the right-hand side of

(3.31). Using the anomalous transformations of ~C given in
(3.30), it then follows that (3.32) solves (3.31) for arbitrary
coefficient a. This concludes our general discussion of the
system of equations (3.3)–(3.6).

B. Explicit tensors

We now return to the explicit twist matrices and read off
the tensors whose general structure we discussed in the
previous subsection. To this end we have to split the E6ð6Þ
indices further in order to make contact with the twist
matrices given in (2.8), (2.13). As it turns out, for these twist
matrices the split of indicesVM ≡ ðVA; VuÞ discussed before
(3.7), coincides with the split 27 ¼ 15þ 12 of (2.7)

VM ≡ ðVA; VuÞ≡ ðV ½ab�; VaαÞ;
a; b ¼ 0;…; 5; α; β ¼ 1; 2: ð3:33Þ

In several explicit formulas we will have to split ½ab� further,

½ab�≡ ð½0i�; ½ij�Þ; i; j ¼ 1…; 5: ð3:34Þ

Similarly, we perform the same index split for the
fundamental indexM under E6ð6Þ → SLð6Þ [and then further
to GLð5Þ × SLð2Þ according to (3.1)], thus giving up in the
following the distinction between bare and underlined
indices. Let us note that we employ the convention

V0i ≡ 1ffiffiffi
2

p Vi; ð3:35Þ

in agreement with the summation conventions of
Ref. [22]. In order to read off the various tensors from
the twist matrices let us first canonically embed the SL(6)
matrix Ua

b into E6ð6Þ. Under the above index split we have

UM
N ¼

�U½ab�½cd� U½ab�cα

Uaα;½cd� Uaα;
bβ

�

¼
�U½acUb�d 0

0 δαβðU−1Þba
�
: ð3:36Þ

With this embedding, and recalling the convention
(3.35), we can identify the Killing vector fields with
components of the twist matrices as follows:

K½ab�m ≡ ffiffiffi
2

p
ðÛ−1Þabm0; ð3:37Þ
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which yields

K½0i�mðyÞ ¼ −
1

2

ffiffiffi
2

p
ð1 − vÞ1=2δmi ;

K½ij�mðyÞ ¼
ffiffiffi
2

p
δm½i ηj�ky

k: ð3:38Þ

It is straightforward to verify that these vectors satisfy the
Lie bracket algebra (3.8). Specifically,

½Kab;Kcd�m ¼ −
ffiffiffi
2

p
fab;cdefKef

m;

fab;cdef ≡ 2δ½a½eηb�½cδd�f�; ð3:39Þ

with the SOðp; 6 − pÞ metric ηab. The Killing tensors
defined in (3.22) are then found to be

K½0i�mnk ¼ −
ffiffiffi
2

p
εmnkijyj;

K½ij�mnk ¼ −
ffiffiffi
2

p
ð1 − vÞ−1

2εmnkpqðδipδjq − 2δ½ipηj�lyqylÞ:
ð3:40Þ

We can now define the metric ~G as in (3.9) with respect
to which these vectors are Killing, using the Cartan-Killing
form ηab;cd ¼ ηa½cηd�b. This yields for the metric and its
inverse

~Gmn ¼ ηmn þ ð1 − vÞ−1ηmpηnqypyq;

~Gmn ¼ ηmn − ymyn: ð3:41Þ

One may verify that this metric describes the homogeneous
space SOðp; qÞ=SOðp − 1; qÞ with

~Rmn ¼ 4 ~Gmn; ð3:42Þ

determining the constant above, λ ¼ 4. The associated
volume form is given by

~ωmnklp ¼ ð1 − vÞ−1
2εmnklp: ð3:43Þ

Next we give the function defining R in (3.15) with
respect to the above index split,

Rumα ¼ Raβ
mα ¼ ∂mYaβ

α; ð3:44Þ

for which we read off from the twist matrix

Yaβ
α ¼Yaδβα with YaðyÞ≡

�ð1−vÞ1=2 a¼ 0

yi a¼ i
: ð3:45Þ

In agreement with (3.16) this transforms in the fundamental
representation of the algebra of Killing vector fields (3.38).
Specifically,

LK½ab�Y
c ¼ K½ab�m∂mYc ¼

ffiffiffi
2

p
δc½aYb�; ð3:46Þ

where Ya is obtained from Ya by means of ηab. Let us also
emphasize that the Ya can be viewed as “fundamental
harmonics,” satisfying

□Ya ¼ −5Ya; ð3:47Þ
in that all higher harmonics can then be constructed from
them. For instance, the Killing vectors themselves can be
written as

K½ab�m ¼
ffiffiffi
2

p
ð∂mY½aÞYb�: ð3:48Þ

Next we compute the four-form ~Cmnkl by integrating
(3.29). An explicit solution can be written in terms of the
function K from (2.11) as

~Cmnkl ¼
λ

16
ð1 − vÞ−1=2εmnklqðKδqrηrs þ δqs Þys; ð3:49Þ

whose exterior derivative is indeed proportional to the
volume form (3.43) for the metric ~Gmn. Together with the
Killing vectors and tensors defined above, the Z tensor is
now uniquely determined according to (3.21). Moreover, it
is related to the twist matrix according to

Z½ab�mnk ¼
1

2
εmnkpqðÛ−1Þ½ab�½pq�

¼ 1

2
εmnkpqρ

−1ðU−1Þ½apðU−1Þb�q; ð3:50Þ

which agrees with (3.21) for λ ¼ 4.
Finally, let us turn to the tensor Su whose general form is

given in (3.32). Under the above index split it is convenient
to write this tensor as

Sun1…n5β ≡ Saα
n1…n5β ≡ Saεn1…n5δ

α
β; ð3:51Þ

which is read off from the twist matrix as

Saα
n1…n5β ¼ εn1…n5ðÛ−1Þaα0β ¼ εn1…n5ρ

−1δαβU0
a; ð3:52Þ

leading with (2.8) to

Sa ¼
� ð1 − vÞ−1ð1þ uKÞ a ¼ 0

−ηijyjð1 − vÞ−1=2K a ¼ i
: ð3:53Þ

One may verify that this agrees with (3.32) for

a ¼ 1; λ ¼ 4: ð3:54Þ

C. Useful identities

In this final paragraph we collect various identities
satisfied by the above Killing-type tensors. These will be
useful in the following sections when explicitly verifying
the consistency of the Kaluza-Klein truncations. We find
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K½ab�
mnK½cd�n ¼ −

ffiffiffi
2

p
fcd;efabK½ef�

m

þ 2∂mðδ½c½aYb�Yd�Þ; ð3:55Þ

K½ab�
nK½cd�n ¼ 2δ½c½aYb�Yd�; ð3:56Þ

K½ab�kZ½cd�kmn þK½cd�kZ½ab�kmn

¼ −
1

8
εabcdefK½ef�

mn; ð3:57Þ

K½ab�
mnK½cd�mK½ef�n ¼ 4

ffiffiffi
2

p
δ½c½aYd�Y½eδf�b�; ð3:58Þ

K½cd�mK½ab�nK½ef�l∂lK½ab�
mn ¼ −8ηe½cYd�Yf

þ 8ηf½cYd�Ye; ð3:59Þ

which can be verified using the explicit tensors deter-
mined above.

IV. THE D ¼ 5 SUPERGRAVITY

The D ¼ 5 gauged theory with gauge group SOðp; qÞ
was originally constructed in [3–5]. For our purpose, the
most convenient description is its covariant form found in
the context of general gaugings [41] to which we refer
for details.1 In the covariant formulation, the D ¼ 5
gauged theory features 27 propagating vector fields
Aμ

M and up to 27 topological tensor fields BμνM. The
choice of gauge group and the precise number of tensor
fields involved is specified by the choice of an embed-
ding tensor ZMN ¼ Z½MN� in the 351 representation of
E6ð6Þ. E.g., the full non-Abelian vector field strengths are
given by

Fμν
M ¼ 2∂ ½μAν�M þ

ffiffiffi
2

p
XKL

MA½μKAν�L

− 2
ffiffiffi
2

p
ZMNBμνN; ð4:2Þ

with the tensor XKL
M carrying the gauge group structure

constants and defined in terms of the embedding tensor
ZMN as

XMN
P ¼ dMNQZPQ þ 10dMQSdNRTdPQRZST: ð4:3Þ

TheSOðp; qÞgaugingspreserve theglobalSL(2) subgroup
of the symmetry group E6ð6Þ of the ungauged theory, more
specifically thecentralizerof its subgroupSL(6).Accordingly,
the vector fields in the 27 of E6ð6Þ can be split as

Aμ
M → fAμ

ab;Aμaαg; a;b¼ 0;…;5; α¼ 1;2; ð4:4Þ

into 15 SL(2) singlets and 6 SL(2) doublets, cf. (3.33). The 27
two-forms BμνM split accordingly, with only the 6 SL(2)
doublets Bμν

aα entering the supergravity Lagrangian. In the
basis (4.4), the only nonvanishing components of the embed-
ding tensor ZMN are

Zaα;bβ ≡ −
1

2

ffiffiffi
5

p
εαβηab; ð4:5Þ

where the normalization has been chosen such as tomatch the
later expressions. With (4.3), we thus obtain2

XMN
K∶

�
Xab;cd

ef ¼ fab;cdef

Xab
cα

dβ ¼ −δ½acηb�dδαβ
; ð4:7Þ

with the SOðp; 6 − pÞ structure constants fab;cdef

from (3.39).
The form of the field strength (4.2) is the generic

structure of a covariant field strength in gauged super-
gravity, with non-Abelian Yang-Mills part and a
Stückelberg-type coupling to the two-forms. In the present
case, we can make use of the tensor gauge symmetry which
acts by shift δAμ aα ¼ Ξμ aα on the vector fields, to eliminate
all components Aμ aα from the Lagrangian and field
equations. This is the gauge we are going to impose in
the following, which brings the theory in the form of [5].3

As a result, the covariant object (4.2) splits into components
carrying the SOðp; qÞ Yang-Mills field strength, and the
two-forms Bμν

aα, respectively,

1To be precise, and to facilitate the embedding of this theory
into EFT, we choose the normalization of [22] for vector and
tensor fields which differs from [41] as

Aμ
M
½1312.0614� ¼

1ffiffiffi
2

p Aμ
M
½hep-th=0412173�;

BμνM ½1312.0614� ¼ −
1

4
BμνM ½hep-th=0412173�; ð4:1Þ

together with a rescaling of the associated symmetry parameters.
Moreover, we have set the coupling constant of [41] to g ¼ 1.

2The totally symmetric cubic d-symbol of E6ð6Þ in the
SLð6Þ × SLð2Þ basis (4.4) is given by

dMNK∶ dabcα;dβ ¼
1ffiffiffi
5

p δabcdεαβ;

dab;cd;ef ¼ 1ffiffiffiffiffi
80

p εabcdef: ð4:6Þ
3To be precise: this holds with a rescaling of p-forms

according to

Aμ
ab

½1312.0614� ¼ −
ffiffiffi
2

p
Aμ

ab
GRW;ffiffiffi

5
p

Bμν
aα

½1312.0614� ¼ Bμν
aα

GRW; ð4:8Þ

and with their coupling constant set to gGRW ¼ 2.
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Fμν
M ¼

�Fμν
ab ≡ 2∂ ½μAν�ab þ

ffiffiffi
2

p
fcd;efabAμ

cdAν
ef

Fμνaα ≡
ffiffiffiffiffi
10

p
εαβηabBμν

bβ
:

ð4:9Þ

In particular, fixing of the tensor gauge symmetry implies
that the two-forms Bμν

aα turn into topologically massive
fields, preserving the correct counting of degrees of freedom
[42]. The Lagrangian and field equations are still conven-
iently expressed in terms of the combined object Fμν

M.

E.g. the first order duality equation between vector and
tensor fields is given by

3D½μBνρ�aα ¼
1

2
ffiffiffiffiffi
10

p
ffiffiffiffiffiffi
jgj

p
εμνρστMaα

NFστN; ð4:10Þ

which upon expanding around the scalar origin and with
(4.9) yields the first order topologically massive field
equation for the two-form tensors. The full bosonic
Lagrangian reads

L ¼
ffiffiffiffiffiffi
jgj

p
R −

1

4

ffiffiffiffiffiffi
jgj

p
MMNFμν

MFμνN þ 1

24

ffiffiffiffiffiffi
jgj

p
DμMMNDμMMN

þ εμνρστ
�
5

4
εαβηabBμν

aαDρBστ
bβ þ 1

24

ffiffiffi
2

p
εabcdefAμ

ab∂νAρ
cd∂σAτ

ef

�

þ 1

16
εμνρστεabcdeffgh;ijabAμ

cdAν
ghAρ

ij

�
∂σAτ

ef þ 1

5

ffiffiffi
2

p
fkl;mn

efAσ
klAτ

mn

�
−

ffiffiffiffiffiffi
jgj

p
VðMMNÞ: ð4:11Þ

Here, the 42 scalar fields parametrize the coset space
E6ð6Þ=USpð8Þ via the symmetric E6ð6Þ matrix MMN which
can be decomposed in the basis (4.4) as

MMN ¼
�
Mab;cd Mab

cγ

Maα
bc Maα;cγ

�
; ð4:12Þ

with the SOðp; 6 − pÞ covariant derivatives defined accord-
ing to

DμXa ≡ ∂μXa þ
ffiffiffi
2

p
Aμ

abηbdXd; ð4:13Þ

and similarly on the different blocks of (4.12). The scalar
potential V in (4.11) is given by the following contraction
of the generalized structure constants (4.7) with the scalar
matrix (4.12):

VðMMNÞ ¼
1

30
MMNXMP

Qð5XNQ
P þ XNR

SMPRMQSÞ:
ð4:14Þ

For later use, let us explicitly state the vector field
equations obtained from (4.11) which take the form

0 ¼
ffiffiffiffiffiffi
jgj

p
εμνρστðηc½aDτMb�d;NMN;cd þ

ffiffiffi
2

p
DλðFτλNMN;abÞÞ

þ 3

2
εabcdefF½μνcdFρσ�ef þ 60εαβηacηbdB½μνcαBρσ�dβ:

ð4:15Þ

We will also need part of the scalar field equations that are
obtained by varying in (4.11) the scalar matrix (4.12) with
an SL(6) generator Xa

b

0 ¼ 1

4
DμðMadKDμMKbdÞ −

1

2
MbcNFμν

acFμνN þ 1

4

ffiffiffiffiffi
10

p
ηbcεαβMaα

NBμν
cβFμνN

þ
�
2Mae;fc þ 4

15
Mde;hðaMcÞj;fgMdg;hj þ

1

15
Mde;hðaMcÞβ;fαMdα;hβ

�
ηbcηef

−
2

15
ðMde;kðaMcÞα

dgMkα
fg þMde;hðaMcÞg

dαMfα
hgÞηefηbc − ½trace�ba: ð4:16Þ

V. THE IIB REDUCTION ANSATZ

In terms of the E6ð6Þ EFT fields, the reduction ansatz is
given by the simple factorization (2.1) with the twist
matrix U given by (2.13). In order to translate this into
the original IIB theory, we may first decompose the EFT
fields under (3.1), according to the IIB solution of the
section constraint, and collect the expressions for the

various components. We do this separately for EFT
vectors, two-forms, metric, and scalars, and subsequently
derive the expressions for three- and four-forms from the
IIB self-duality equations, as outlined in the general case
in [36]. In a second step, we can then recombine the
various EFT components into the original IIB fields,
upon applying the explicit dictionary [22,36] from IIB
into EFT.
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In particular, the explicit expression for the full IIB
metric allows one to determine the background metric,
i.e. the IIB metric at the point where all D ¼ 5 scalar
fields are set to zero. This metric may or may not extend
to a solution of the IIB field equations, depending on
whether the scalar potential of the D ¼ 5 theory has a
stationary point at its origin. It is known [5] that this is
the case for the D ¼ 5 theories with gauge group SOð6Þ
and SOð3; 3Þ, with anti–de Sitter (AdS) and de Sitter (dS)
vacuum, respectively. Accordingly, the internal manifolds
S5 and H3;3 extend to solutions of the full IIB field
equations, with the external geometry given by AdS5 or
dS5, respectively.

A. IIB supergravity

Let us briefly review our conventions for theD ¼ 10 IIB
supergravity [43–45]. The IIB field equations can be most
compactly obtained from the pseudoaction

S ¼
Z

d10x̂
ffiffiffiffiffiffiffi
jGj

p �
R̂þ 1

4
∂ μ̂mαβ∂ μ̂mαβ

−
1

12
F̂μ̂1μ̂2μ̂3

αF̂μ̂1μ̂2μ̂3βmαβ −
1

30
F̂μ̂1μ̂2μ̂3μ̂4μ̂5F̂

μ̂1μ̂2μ̂3μ̂4μ̂5

�

−
1

864

Z
d10x̂εαβεμ̂1…μ̂10Cμ̂1μ̂2μ̂3μ̂4F̂μ̂6μ̂7μ̂8

αF̂μ̂8μ̂9μ̂10
β:

ð5:1Þ

Here,D ¼ 10 coordinates are denoted by xμ̂, and the action
carries the field strengths

F̂μ̂ ν̂ ρ̂
α ≡ 3∂ ½μ̂Ĉν̂ ρ̂�α;

F̂μ̂1…μ̂5 ≡ 5∂ ½μ̂1Ĉμ̂2…μ̂5� −
5

4
εαβĈ½μ̂1μ̂2

αF̂μ̂3μ̂4μ̂5�
β; ð5:2Þ

of two- and four-form gauge potential. After variation, the
field equations derived from (5.1) have to be supplemented
with the standard self-duality equations for the 5-form field
strength

F̂μ̂ ν̂ ρ̂ σ̂ τ̂ ¼
1

5!

ffiffiffiffiffiffiffi
jGj

p
εμ̂ ν̂ ρ̂ σ̂ τ̂ μ̂1μ̂2μ̂3μ̂4μ̂5F̂

μ̂1μ̂2μ̂3μ̂4μ̂5 : ð5:3Þ

Finally, the symmetric SL(2) matrix mαβ parametrizes the
coset space SLð2Þ=SOð2Þ and carries dilaton and axion. In
the notation of [44] it is parametrized by a complex scalar B
as

mαβ ≡ ð1−BB�Þ−1
� ð1−BÞð1−B�Þ iðB−B�Þ

iðB−B�Þ ð1þBÞð1þB�Þ

�
:

ð5:4Þ

As a first step for the reduction ansatz, we perform the
5þ 5 Kaluza-Klein decomposition of coordinates fxμ̂g ¼
fxμ; ymg and fields, starting from the ten-dimensional
vielbein

Eμ̂
â ¼

� ðdetϕÞ−1=3eμa Aμ
mϕm

α

0 ϕm
α

�
; ð5:5Þ

but keeping the dependence on all 10 coordinates.
Decomposition of the p-forms in standard Kaluza-Klein
manner then involves the projector Pμ

ν̂ ¼ Eμ
aEa

ν̂ together
with a further redefinition of fields due to the Chern-
Simons contribution in (5.2), see [36] for details. This leads
to the components

Cmn
α ≡ Ĉmn

α;

Cμm
α ≡ Ĉμm

α − Aμ
pĈpm

α;

Cμν
α ≡ Ĉμν

α − 2A½μpĈjpjν�α þ Aμ
pAν

qĈpq
α;

Cmnkl ≡ Ĉmnkl;

Cμnkl ≡ Ĉμnkl − Aμ
pĈpnkl −

3

8
εαβCμ½nαCkl�β;

Cμνkl ≡ Ĉμνkl − 2A½μpĈjpjν�kl þ Aμ
pAν

qĈpqkl −
1

8
εαβCμν

αCkl
β;

Cμνρm ≡ Ĉμνρm − 3A½μpĈjpjνρ�m þ 3A½μpAν
qĈjpqjρ�m − Aμ

pAν
qAρ

rĈpqrm

−
3

8
εαβC½μναCρ�mβ;

Cμνρσ ≡ Ĉμνρσ − 4A½μpĈjpjνρσ� þ 6A½μpAν
qĈjpqjρσ� − 4A½μpAν

qAρ
rĈjpqrjσ�

þ Aμ
pAν

qAρ
rAσ

sĈpqrs; ð5:6Þ
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in terms of which the reduction ansatz is most naturally
given in the following.

B. Vector and two-form fields

Breaking the 27 EFT vector fields according to (3.1) into

fAμ
m;Aμmα;Aμkmn;Aμαg; ð5:7Þ

we read off the reduction ansatz from (2.1), (3.2), which in
particular gives rise to

Aμ
mðx; yÞ ¼ K½ab�mðyÞAab

μ ðxÞ;
Aμkmnðx; yÞ ¼ Z½ab�kmnðyÞAab

μ ðxÞ: ð5:8Þ

The Kaluza-Klein vector field Aμ
m ¼ Aμ

m thus reduces in
the standard way with the 15 Killing vectors K½ab�mðyÞ
whose algebra defines the gauge group of theD ¼ 5 theory.
Note, however, that these extend to Killing vectors of the
internal space-time metric only in case of the compact
gauge group SO(6). In the general case, as discussed above,
the K½ab�mðyÞ are the Killing vector fields of an auxiliary
homogeneous Lorentzian metric (3.9), compare also [18–
20]. The vector field components Aμkmn are expressed in
terms of the same 15 D ¼ 5 vector fields. Their internal
coordinate dependence is not exclusively carried by Killing
vectors and tensors, but exhibits via the tensor Z½ab�kmnðyÞ
an inhomogeneous term carrying the four-form ~Cmnkl
according to (3.21).4 This is similar to reduction formulas
for the dual vector fields in the S7 reduction of D ¼ 11
supergravity [46], which, however, in the present case
already show up among the fundamental vectors.
For the remaining vector field components, the ansatz

(2.1), (3.2), at first yields the reduction formulas

Aμmαðx; yÞ ¼ Raβ
mαðyÞAμaβðxÞ ¼ ∂mYaðyÞAμaαðxÞ;

Aμαðx; yÞ ¼ SaðyÞAμaαðxÞ

¼ j ~Gj1=2
�
YaðyÞ − 1

6
~ωklmnp ~Cklmn∂pYaðyÞ

�
× AμaαðxÞ; ð5:9Þ

in terms of the 12 vector fields Aμaα in D ¼ 5 and the
tensors defined in (3.32) and (3.44). However, as discussed
in the previous section, for the SOðp; qÞ gauged theories, a
natural gauge fixing of the two-form tensor gauge trans-
formations allows us to eliminate these vector fields in
exchange for giving topological mass to the two-forms. As
a result, the final reduction ansatz reduces to

Aμmα ¼ 0 ¼ Aμα: ð5:10Þ

For the two-forms, upon breaking them into GL(5)
components

fBμν
α;Bμνmn;Bμν

mα;Bμνmg; ð5:11Þ

similar reasoning via (2.1) and evaluation of the twist
matrix ρ−2UM

N gives the following ansatz for the SL(2)
doublets:

Bμν
αðx; yÞ ¼ YaðyÞBμν

aαðxÞ;
Bμν

mαðx; yÞ ¼ Za
mðyÞBμν

aαðxÞ; ð5:12Þ

in terms of the 12 topologically massive two-form fields of
the D ¼ 5 theory. Here, Za

mðyÞ is the vector density4

Za
m ¼ j ~Gj1=2

�
~Gmn∂nYa þ

1

6
~ωmklpq ~CklpqYa

�
; ð5:13Þ

in terms of the Lorentzian metric ~Gmn, vector field Ya, and
four-form ~Cklmn. As is obvious from their index structure,
the fields Bμν

mα contribute to the dual six-form doublet of
the IIB theory, but not to the original IIB fields.
Accordingly, for matching the EFT Lagrangian to the
IIB dynamics, these fields are integrated out from the
theory [22,36]. For the IIB embedding of D ¼ 5 super-
gravity, we will thus only need the first line of (5.12).
For the remaining two-form fields, the reduction ansatz

(2.1) yields the explicit expressions

Bμνmðx; yÞ ¼ Z½ab�
mðyÞBμνabðxÞ;

Bμνmnðx; yÞ ¼ −
1

4

ffiffiffi
2

p
K½ab�

mnðyÞBμνabðxÞ; ð5:14Þ

with the Killing tensor K½ab�
mn ¼ 2∂ ½mK½ab�

n�, and the
tensor density Z½ab�

m given by

Z½ab�
m ¼ j ~Gj1=2

�
K½ab�

m þ 1

12
~ωklnpqK½ab�

mk
~Clnpq

�
:

ð5:15Þ

Here, the 15 D ¼ 5 two-forms Bμνab are in fact absent in
the SOðp; qÞ supergravities, described in the previous
section. In principle, they may be introduced on-shell,
employing the formulation of these theories given in
[41,47], however, subject to an additional (three-form
tensor) gauge freedom, which subsequently allows one
to set them to zero. Hence, in the following we adopt
BμνabðxÞ ¼ 0, such that (5.14) reduces to

Bμνm ¼ 0 ¼ Bμνmn: ð5:16Þ

4This seems to differ from the ansatz derived in [40]. The
precise comparison should take into account that the Aμ, Bμν are
non-gauge-invariant vector potentials. In the present discussion,
the inhomogeneous term in Z½ab�kmnðyÞ played a crucial role in
the verification of the proper algebraic relations.
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Within EFT, consistency of this choice with the reduction
ansatz (5.14) can be understood by the fact that the fields
Bμνm (related to the IIB dual graviton) do not even enter the
EFT Lagrangian, while the fields Bμνmn enter subject to
gauge freedom

δBμνmn ¼ 2∂ ½mΛn�μν; ð5:17Þ

(descending from tensor gauge transformations of the IIB
four-form potential), which allows us to explicitly gauge
the reduction ansatz (5.14) to zero.
Combining the reduction formulas for the EFT fields

with the explicit dictionary given in Sec. 5.2 of [36],
we can use the results of this section to give the explicit
expressions for the different components (5.6) of the
type IIB form fields. This gives the following reduction
formulas:

Cμν
αðx; yÞ ¼

ffiffiffiffiffi
10

p
YaðyÞBμν

aαðxÞ;
Cμm

αðx; yÞ ¼ 0; ð5:18Þ

Cμνmnðx; yÞ ¼
ffiffiffi
2

p

4
K½ab�kðyÞZ½cd�kmnðyÞA½μabðxÞAν�cdðxÞ;

Cμkmnðx; yÞ ¼
ffiffiffi
2

p

4
Z½ab�kmnðyÞAμ

abðxÞ; ð5:19Þ

for two- and four form gauge potential in the basis after
standard Kaluza-Klein decomposition. In the next subsec-
tion, we collect the expressions for the scalar components
Cmn

α and Cklmn, and in Sec. V E we derive the reduction
formulas for the last missing components Cμνρm, and Cμνρσ

of the four-form.
Let us finally note that with the reduction formulas given

in this section, also the non-Abelian EFT field strengths of
the vector fields factorize canonically, as can be explicitly
verified with the identities given in (3.8), (3.19). Explicitly,
we find

F μν
m≡2∂ ½μAν�m−Aμ

n∂nAν
mþAν

n∂nAμ
m

¼K½ab�mðyÞð2∂ ½μAν�abðxÞþ
ffiffiffi
2

p
fcd;efabAμ

cdAν
efðxÞÞ

¼K½ab�mðyÞFμν
abðxÞ;

F μνkmn≡2∂ ½μAν�kmn−2A½μl∂lAν�kmn−3∂ ½kA½μlAν�mn�l
þ3A½μl∂ ½kAν�mn�l

¼Z½ab�kmnðyÞFμν
abðxÞ; ð5:20Þ

in terms of the non-Abelian SOðp; qÞ field strength
Fμν

abðxÞ from (4.9).

C. EFT scalar fields and metric

Similar to the discussion of the form fields, the reduction
of the EFT scalars can be read off from (2.1) upon proper
parametrization of the matrixMMN . We recall from [22,36]

thatMMN is a real symmetric E6ð6Þ matrix parametrized by
the 42 scalar fields

fGmn; Cmn
α; Cklmn; mαβg; ð5:21Þ

where Cmn
α ¼ C½mn�α, and Cklmn ¼ C½klmn� are fully anti-

symmetric in their internal indices, Gmn ¼ GðmnÞ is the
symmetric 5 × 5 matrix, representing the internal part
of the IIB metric, and mαβ ¼ mðαβÞ is the unimodular
symmetric 2 × 2 matrix parametrizing the coset space
SLð2Þ=SOð2Þ carrying the IIB dilaton and axion.
Decomposing the matrix MMN into blocks according to
the basis (5.7)

MKM ¼

0
BBB@

Mk;m Mk
mβ Mk;mn Mk

β

Mkα
m Mkα;mβ Mkα

mn Mkα;β

Mkl;m Mkl
mβ Mkl;mn Mkl

β

Mα
m Mα;mβ Mα

mn Mα;β

1
CCCA; ð5:22Þ

the scalar fields (5.21) can be read off from the various
components of MMN and its inverse MMN . We refer to
[36] for the explicit formulas and collect the final result

Gmn ¼ ðdetGÞ1=3Mm;n;

mαβ ¼ ðdetGÞ2=3Mα;β;

Cmn
α ¼

ffiffiffi
2

p
εαβðdetGÞ2=3mβγMγ

mn

¼ −εαβðdetGÞ1=3GnkMmβ
k;

Cklmn ¼
1

8
ðdetGÞ2=3εklmnpmαβMα;pβ

¼ −
ffiffiffi
2

p

16
ðdetGÞ1=3εklmnpGqrMpq;r; ð5:23Þ

where Gmn and mαβ denote the inverse matrices of Gmn
andmαβ from (5.21). The last four lines represent examples
how the Cmn

α and Cklmn can be obtained in different
but equivalent ways either from components of MMN

or MMN. This of course does not come as a surprise but is
a simple consequence of the fact that the 27 × 27 matrix
MMN representing the 42-dimensional coset space
E6ð6Þ=USpð8Þ is subject to a large number of nonlinear
identities.
With (5.23), the reduction formulas for the EFT scalars

are immediately derived from (2.1). For the IIB metric and
dilaton/axion, this gives rise to the expressions

Gmnðx; yÞ ¼ Δ2=3ðx; yÞK½ab�mðyÞK½cd�nðyÞMab;cdðxÞ;
mαβðx; yÞ ¼ Δ4=3ðx; yÞYaðyÞYbðyÞMaα;bβðxÞ; ð5:24Þ

with the function Δðx; yÞ defined by

Δðx;yÞ≡ρ3ðyÞðdetGÞ1=2¼ð1−vÞ1=2ðdetGÞ1=2; ð5:25Þ
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and the 42 five-dimensional scalar fields parametrizing
the symmetric E6ð6Þ matrix MMN decomposed into an
SLð6Þ × SLð2Þ basis as (4.12).
Similarly, the reduction formula for the internal compo-

nents of the two-form Cmn
α is read off as

Cmn
αðx; yÞ ¼ −εαβΔ2=3ðx; yÞGnkðx; yÞ∂mYcðyÞ

×K½ab�kðyÞMab
cβðxÞ

¼ −
1

2
εαβΔ4=3ðx; yÞmβγðx; yÞYcðyÞ

×K½ab�
mnðyÞMab

cγðxÞ; ð5:26Þ
featuring the inverse matrices of (5.24), with the two
alternative expressions corresponding to using the different
equivalent expressions in (5.23). To explicitly show the
second equality in (5.26) requires rather nontrivial quad-
ratic identities among the components (4.12) of an E6ð6Þ
matrix, together with nontrivial identities among the Killing
vectors and tensors. In contrast, this identity simply follows
on general grounds from the equivalence of the two
expressions in (5.23), i.e., it follows from the group
property of MMN and the twist matrix UM

N . Let us also
stress, that throughout all indices on the Killing vectors
K½ab�m and tensors are raised and lowered with the

Lorentzian x-independent metric ~GmnðyÞ from (3.9), not
with the space-time metric Gmnðx; yÞ.
Eventually, the same reasoning gives the reduction

formula for Cmnkl

Cklmnðx; yÞ ¼
1

8
εklmnpΔ4=3ðx; yÞmαβðx; yÞYaðyÞ

× Zb
pðyÞMaα;bβðxÞ; ð5:27Þ

with Zb
pðyÞ from (5.13). Explicitly, this takes the form

Cklmnðx; yÞ ¼
1

16
~ωklmnpΔ4=3ðx; yÞmαβðx; yÞ ~GpqðyÞ

× ∂qðΔ−4=3ðx; yÞmαβðx; yÞÞ þ ~CklmnðyÞ:
ð5:28Þ

On the other hand, using the last identity in (5.28) to
express Cklmn, the reduction formula is read off as

Cklmnðx; yÞ ¼
ffiffiffi
2

p

4
Δ2=3ðx; yÞZ½ab�½klmðyÞGn�rðx; yÞ

×K½cd�rðyÞMab;cdðxÞ

¼ ~CmnklðyÞ −
1

8
Δ2=3ðx; yÞK½ab�pðyÞ

×K½cd�½klmðyÞGn�pðx; yÞMab;cdðxÞ; ð5:29Þ
where we have used the explicit expression (3.21) for
Z½ab�klm. Again, the equivalence between (5.28) and (5.29)
is far from obvious, but a consequence of the group

property of MMN and the twist matrix UM
N . For the case

of the sphere S5, several of these reduction formulas have
appeared in the literature [11,37–40]. Here we find that they
naturally generalize to the case of hyperboloids, inducing
the D ¼ 5 noncompact SOðp; qÞ gaugings.
Let us finally spell out the reduction ansatz for the five-

dimensional metric which follows directly from (2.1) as

gμνðx; YÞ ¼ ρ−2ðyÞgμνðxÞ: ð5:30Þ

Putting this together with the parametrization of the IIB
metric in terms of the EFT fields, and the reduction (5.8) of
the Kaluza-Klein vector field, we arrive at the full expres-
sion for the IIB metric

ds2 ¼ Δ−2=3ðx; yÞgμνðxÞdxμdxν
þGmnðx; yÞðdym þK½ab�mðyÞAab

μ ðxÞdxμÞ
× ðdyn þK½cd�nðyÞAcd

ν ðxÞdxνÞ; ð5:31Þ
in standard Kaluza-Klein form [48], with Gmn given by the
inverse of (5.24).

D. Background geometry

It is instructive to evaluate the above formulas at the par-
ticular point where allD ¼ 5 fields vanish; i.e. in particular
the scalar matrix MMN reduces to the identity matrix

MMNðxÞ ¼ δMN: ð5:32Þ

This determines the background geometry around which
the generalized Scherk-Schwarz reduction ansatz captures
the fluctuations. Depending on whether or not the scalar
potential of D ¼ 5 gauged supergravity has a stationary
point at the origin—which is the case for the SO(6) and SO
(3,3) gaugings [5]—this background geometry will corre-
spond to a solution of the IIB field equations.
With (5.32) and the vanishing of the Kaluza-Klein vector

fields, the IIB metric (5.31) reduces to

ds2 ¼ G
∘
μ̂ ν̂dXμ̂dXν̂

≡ ð1þ u − vÞ1=2g∘μνðxÞdxμdxν þ ð1þ u − vÞ−1=2

×

�
δmn þ

ηmiηnjyiyj

1 − v

�
dymdyn; ð5:33Þ

where we have used the relations

δacδbdK½ab�mðyÞK½cd�nðyÞ ¼ ð1þ u − vÞδmn − ηmiηnjyiyj;

Δ
∘
¼ ð1þ u − vÞ−3=4: ð5:34Þ

The internal metric of (5.33) is conformally equivalent to
the hyperboloid Hp;6−p defined by the embedding of the
surface
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z21 þ � � � þ z2p − z2pþ1 − � � � − z26 ≡ 1; ð5:35Þ

in R6. This is a Euclidean five-dimensional space with
isometry group SOðpÞ × SOð6 − pÞ, inhomogeneous for
p ¼ 2; 3; 4. Except for p ¼ 6, this metric differs from the
homogeneous Lorentzian metric defined in (3.9) with
respect to which the Killing vectors and tensors para-
metrizing the reduction ansatz are defined.
Using that YaYbδ

ab ¼ 1þ u − v, it follows from (5.24)
that the IIB dilaton and axion are constant

m
∘ αβ ¼ δαβ; ð5:36Þ

while the internal two-form (5.26) vanishes due to the fact
that (5.32) does not break the SL(2). Eventually, the four-
form Cklmn is most conveniently evaluated from (5.28) as

C
∘
klmn ¼ ~Cklmn −

1

6
~ωklmnp

~GpqΔ
∘ −1∂qΔ

∘

¼ 1

4
εklmnpη

pqyqð1 − vÞ−1=2ðKðu; vÞ
þ ð1þ u − vÞ−1Þ; ð5:37Þ

which can also be confirmed from (5.29). In particular, its
field strength is given by

5∂ ½kC
∘
lmnp� ¼

1

2
εklmnp

p − 4þ ðp − 3Þðu − vÞ
ð1 − vÞ1=2ð1þ u − vÞ2 ; ð5:38Þ

where we have used the differential equation (2.11) for
the function Kðu; vÞ. Again, it is only for p ¼ 6, that the

background four-form potential C
∘
klmn coincides with the

four-form ~Cklmn that parametrizes the twist matrix UM
N .

With this ansatz, the type IIB field equations reduce to
the Einstein equations, which in this normalization take the
form

R
∘
mn ¼ T

∘
mn ≡ 25

6
∂ ½mC

∘
klpq�∂ ½nC

∘
rstu�G

∘ kr
G
∘ ls

G
∘ pt

G
∘ qu

; ð5:39Þ

and similar for R
∘
μν. With (5.33) and (5.38), the energy-

momentum tensor takes a particularly simple form for
p ¼ 6 and p ¼ 3:

T
∘
mn ¼

8<
: 4G

∘
mn p ¼ 6

ð1þ u − vÞ−5=2G∘ mn p ¼ 3

: ð5:40Þ

For the x-dependent background metric g
∘
μνðxÞ the most

symmetric ansatz assumes an Einstein space (dS, AdS, or
Minkowski)

R½g∘�μν ¼ kg
∘
μν; ð5:41Þ

upon which the IIB Ricci tensor associated with (5.33)
turns out to be blockwise proportional to the IIB metric for
the same two cases p ¼ 6 and p ¼ 3

R
∘
mn ¼

(
4G

∘
mn p ¼ 6

ð1þ u − vÞ−5=2G∘ mn p ¼ 3

;

R
∘
μν ¼

(
kG
∘
μν p ¼ 6

−ð1þ u − vÞ−5=2ð1þ ð2 − kÞð1þ u − vÞ2ÞG∘ μν p ¼ 3

: ð5:42Þ

Together it follows that (5.33), (5.37), (5.41) solve the IIB
field equations forp ¼ 3, k ¼ 2 andp ¼ 6, k ¼ −4, cf. [18].
The resulting backgrounds are AdS5 × S5 and dS5 ×H3;3

and the inducedD ¼ 5 theories correspond to the SO(6) and
the SO(3,3) gaugings of [5], respectively. For 3 ≠ p ≠ 6, the
background geometry is not a solution to the IIB field
equations. Let us stress, however, that also in these cases the
reduction ansatz presented in the previous sections describes
a consistent truncation of the IIB theory to an effectively
D ¼ 5 supergravity theory, but this theory does not have a
simple ground state with all fields vanishing.

E. Reconstructing 3-form and 4-form

We have in the previous sections derived the reduction
formulas for all EFT scalars, vectors, and two-forms. Upon
using the explicit dictionary into the IIB fields [22,36], this

allowsus to reconstruct themajorpartof theoriginal IIBfields.
More precisely, among the components of the fundamental
IIB fields only Ĉμνρm and Ĉμνρσ with three and four external
legs of the IIB four-form potential remain undetermined from
the previous analysis. These in turn can be reconstructed from
the IIB self-duality equations, which are induced by the EFT
dynamics. We refer to [36] for the details of the general
procedure, which we work out in the following with the
generalized Scherk-Schwarz reduction ansatz.
The starting point is the duality equation between EFT

vectors and two-forms that follows from the Lagrangian

∂ ½k

�
~Hjμνρjmn� −

1

2
eMmn�;NF στNεμνρστ

�
¼ 0; ð5:43Þ

where F μν
N is the non-Abelian field strength associated

with the vector fields Aμ
N , and ~Hjμνρjmn carries the field
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strength of the two-forms Bμνmn. Taking into account the
reduction ansatz (5.10), (5.16), it takes the explicit form

~Hμνρmn ¼ −∂ ½μAν
kAρ�kmn −A½μk∂νAρ�kmn − F ½μνkAρ�kmn

−A½μkF νρ�kmn þ 2∂ ½mðA½μkAν
lAρ�n�klÞ; ð5:44Þ

in terms of the remaining vector fields and field strengths
from (5.20). Since (5.43) is of the form of a vanishing curl,
the equation can be integrated in the internal coordinates up
to a curl ∂ ½mCn�μνρ related to the corresponding component
of the IIB four-form, explicitly

∂ ½mCn�μνρ ¼
1

16

ffiffiffi
2

p
eεμνρστMmn;NF στN −

1

8

ffiffiffi
2

p
~Hμνρmn:

ð5:45Þ
It is a useful consistency test of the present construction,
that with the reduction ansatz described in the previous
sections, the rhs of this equation indeed takes the form of a
curl in the internal variables. Let us verify this explicitly.
Since the reduction ansatz is covariant, the first term
reduces according to the form of its free indices ½mn�,
cf. (5.14)

eMmn;NF στN ¼ −
1

2

ffiffiffi
2

p ∂ ½mK½ab�
n�
� ffiffiffiffiffiffi

jgj
p

Mab;NFστN
�
;

ð5:46Þ
which indeed takes the form of a curl. We recall that the
D ¼ 5 field strength Fμν

N combines the 15 non-Abelian
field strengths Fμν

ab and the 12 two-forms Bμνaα according
to (4.9). The reduction of the second term on the rhs of
(5.45) is less obvious, since ~Hμνρmn is not a manifestly
covariant object, and we have computed it explicitly by
combining its defining equation (5.44) with the reduction
of the vector fields (5.8) and field strengths (5.20). With the
identity (3.57) among the Killing vectors and tensors, the
second term on the rhs of (5.45) then reduces according to

~Hμνρmn ¼
1

8
εabcdefK½ef�

mnΩabcd
μνρ þ 2∂ ½mðA½μkAν

lAρ�n�klÞ:
ð5:47Þ

with thenon-AbelianSOðp; qÞChern-Simons formdefinedas

Ωabcd
μνρ ¼ ∂ ½μAν

abAρ�cd þ F½μνabAρ�cd; ð5:48Þ

in terms of the SOðp; 6 − pÞYang-Mills field strengthFμν
ab.

Again, (5.47) takes the form of a curl in the internal variables,
such that Eq. (5.45) can be explicitly integrated to

Cmμνρ ¼ −
1

32
K½ab�

m

�
2

ffiffiffiffiffiffi
jgj

p
εμνρστMab;NFστN

þ
ffiffiffi
2

p
εabcdefΩ

cdef
μνρ

�
−
1

4

ffiffiffi
2

p
K½ab�kK½cd�lZ½ef�mklðA½μabAν

cdAρ�efÞ:
ð5:49Þ

This yields the full reduction ansatz for the componentCmμνρ.
Obviously,Cmμνρ is determined by (5.45) only up to a gradient
∂mΛμνρ in the internal variables,which corresponds to a gauge
transformation of the IIB four-form. Choosing the reduction
ansatz (5.49), we have thus made a particular choice for this
gauge freedom.
In a similar way, the last missing component Cμνρσ can

be reconstructed by further manipulating the equations
and comparing to the IIB self-duality equations [36].
Concretely, taking the external curl of (5.45) and using
Bianchi identities and field equations on the rhs yields a
differential equation that can be integrated in the internal
variable to

− 1

6
eεμνρσλεkpqrsðdetGÞ−1GnkD̂

λCpqrs

¼ 16DKK
½μ Cνρσ�n − 30εαβB½μνα∂nBρσ�β

þ 6
ffiffiffi
2

p
F ½μνkAρ

lAσ�lkn þ 4∂nCμνρσ; ð5:50Þ
up to an external gradient ∂nCμνρσ which carries the last
missing component of the IIB four-form. Here, DKK

μ

denotes the Kaluza-Klein covariant derivative

DKK
μ Cn ≡ ∂μCn −Aμ

k∂kCn − ∂nAμ
kCk; etc:; ð5:51Þ

and D̂μCpqrs is a particular combination of scalar covariant
derivatives [36], which is most compactly defined via
particular components of the scalar currents as

DμMmn;NMNn

¼
ffiffiffi
2

p

3
ðdetGÞ−1Gmnε

npqrsD̂μCpqrs; ð5:52Þ

where Dμ refers to the full EFT derivative, covariant
under generalized diffeomorphisms. Again, it is a useful
consistency check of the construction that with the reduction
ansatz developed so far, Eq. (5.50) indeed turns into a
total gradient, from which we may read off the function
Cμνρσ . For the lhs this is most conveniently seen by virtue
of (5.52) and the reduction ansatz (2.1) for MMN, giving
rise to

−4eðdet GÞ−1Gmkε
kpqrsD̂μCpqrs ¼ 3

ffiffiffiffiffiffi
jgj

p
K½ab�

mnK½cd�nDμMab;NMNcd

¼ 6
ffiffiffiffiffiffi
jgj

p
ð

ffiffiffi
2

p
K½cb�

mηac − ∂mðYbYaÞÞDμMbd;NMNda; ð5:53Þ
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where we have used (3.55). The derivativesDμ on the rhs now refer to the SOðp; 6 − pÞ covariant derivatives (4.13). For the
terms on the rhs of (5.50), we find with (5.8), (5.12), and (3.48)

−30εαβB½μνα∂nBρσ�β ¼ 15
ffiffiffi
2

p
εαβB½μνaαBρσ�bβK½ab�n;

6
ffiffiffi
2

p
F ½μνkAρ

lAσ�lkn ¼ −6
ffiffiffi
2

p
F½μνabAρ

cdAσ�efK½ab�kK½cd�lZ½ef�nkl; ð5:54Þ

as well as

16DKK
½μ Cνρσ�m ¼ 1

2
K½ab�

m

� ffiffiffiffiffiffi
jgj

p
εμνρστDλðMab;NFτλNÞ þ

ffiffiffi
2

p
εabcdefD½μΩ

cdef
νρσ�

�
þ 4

ffiffiffi
2

p
F ½μνkAρ

lAσ�mkl þ 2
ffiffiffi
2

p
A½μkAν

lF ρσ�mkl

þ
ffiffiffi
2

p
A½μkAν

lð2Aρ
n∂ jnjAσ�klm þ 3∂ ½mAρ

nAσ�kl�n − 3Aρ
n∂ ½mAσ�kl�nÞ − 2

ffiffiffi
2

p
A½μkAνjkmnjðAρ

l∂ jljAσ�nÞ
−

ffiffiffi
2

p ∂mðA½μkAν
lAρ

nAσ�klnÞ; ð5:55Þ

where we have explicitly evaluated the Kaluza-Klein covariant derivativeDμ on Cμνρm, the latter given by (5.49). Moreover,
we have arranged the A4 terms such that they allow for a convenient evaluation of their reduction formulas. Namely, in the
last two lines we have factored out the quadratic polynomials that correspond to the A2 terms in the non-Abelian field
strengths (5.20) and thus upon reduction factor in analogy to the field strengths, leaving us with the A4 terms

AAAA → −2fef;ghijKk
½ab�ðZ½cd�mklKl

½ij� þKl
½cd�Z½ij�mklÞA½μabAν

cdAρ
efAσ�gh −

ffiffiffi
2

p ∂mðA½μkAν
lAρ

nAσ�klnÞ

¼ −
1

4

ffiffiffi
2

p
fab;uvxyfef;ghijεcdijxyK

½uv�
m A½μabAν

cdAρ
efAσ�gh þ

1

2
fef;ghijεcdijau∂mðYuYbÞA½μabAν

cdAρ
efAσ�gh

−
ffiffiffi
2

p ∂mðA½μkAν
lAρ

nAσ�klnÞ; ð5:56Þ

upon using the identities (3.57), (3.55). While the last two terms are total gradients, the first term cancels against the
corresponding contribution from the derivative of the Chern-Simons form Ωabcd

μνρ in (5.55)

D½μΩ
cdef
νρσ� εabcdef ¼

3

4
F½μνcdFρσ�efεabcdef −

1

2

ffiffiffi
2

p
A½μcdAν

efFρσ�ghfab;efuvεcdghuv −
1

2
A½μcdAν

efAρ
ghAσ�ijfcd;efrsfgh;ijuvεabrsuv:

ð5:57Þ

Similarly, the FAA terms in (5.55) combine with those of (5.54) according to

FAA → −2
ffiffiffi
2

p
F½μνabAρ

cdAσ�efKl
½cd�ðKk

½ab�Z½ef�mkl þKk
½ef�Z½ab�mklÞ

¼ 1

2
fcd;ijghK½ij�

mF½μνabAρ
cdAσ�efεabefgh −

1

2

ffiffiffi
2

p
F½μνabAρ

cdAσ�efεabefch∂mðYhYdÞ: ð5:58Þ

Again, the first term cancels against the corresponding contribution from the derivative of the Chern-Simons form Ωabcd
μνρ ,

given in (5.57).
Collecting all the remaining terms, Eq. (5.50) takes the final form

0 ¼ 1

2
K½ab�

m

ffiffiffiffiffiffi
jgj

p
εμνρστ

�
1

2

ffiffiffi
2

p
ηdaDτMcb;NMNcd þDλðMab;NFτλNÞ

�

þ 3

8

ffiffiffi
2

p
K½ab�

mðεabcdefF½μνcdFρσ�ef þ 40εαβηacηbdB½μνcαBρσ�dβÞ þ
1

2
fef;ghijεcdijay∂mðYyYbÞA½μabAν

cdAρ
efAσ�gh

−
1

4

ffiffiffiffiffiffi
jgj

p
εμνρστ∂mðYbYdÞDτMab;NMNad −

1

2

ffiffiffi
2

p
F½μνabAρ

cdAσ�efεabefch∂mðYhYdÞ
−

ffiffiffi
2

p ∂mðA½μkAν
lAρ

nAσ�klnÞ þ 4∂mCμνρσ: ð5:59Þ

Now the first two terms on the rhs precisely correspond to the vector field equations (4.15) of the D ¼ 5 theory, which
confirms that on-shell this equation reduces to a total gradient in the internal variables. Although guaranteed by the
consistency of the generalized Scherk-Schwarz ansatz and the general analysis of [36], it is gratifying that this structure is
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confirmed by explicit calculation based on theD ¼ 5 field equations and the nontrivial identities among the Killing vectors.
We are thus in position to read off from (5.59) the final expression for the 4-form as

Cμνρσ ¼ −
1

16
YaYb

� ffiffiffiffiffiffi
jgj

p
εμνρστDτMbc;NMNca þ 2

ffiffiffi
2

p
εcdefgbF½μνcdAρ

efAσ�ga
�

þ 1

4

� ffiffiffi
2

p
K½ab�kK½cd�lK½ef�nZ½gh�kln − YhYjεabcegjηdf

�
A½μabAν

cdAρ
efAσ�gh þ ΛμνρσðxÞ; ð5:60Þ

in terms of the D ¼ 5 fields, up to an y-independent term ΛμνρσðxÞ, left undetermined by Eq. (5.50) and fixed by the last
component of the IIB self-duality equations (5.3). This equation translates into

4DKK
½μ Cνρστ� ¼ 30εαβB½μναDKK

ρ Bστ�β þ 8F ½μνkCρστ�k −
1

120
eεμνρστεklmnpðdetGÞ−4=3Xklmnp; ð5:61Þ

where Xklmnp is a combination of internal derivatives of the scalar fields, cf. [36], that is most compactly given by

1

120
εkpqrsXkpqrs ¼ −

1

20

ffiffiffi
2

p
ðdetGÞGml∂lMmn;NMNn; ð5:62Þ

in analogy to (5.52). It can be shown that Eq. (5.61) can be derived from the external curl of Eqs. (5.50) upon using the EFT
field equations and Bianchi identities, up to a y-independent equation that defines the last missing function Λμνρσ. For the
general case this has been worked out in [36]. Alternatively, it can be confirmed by explicit calculation with the Scherk-
Schwarz reduction ansatz, that Eq. (5.61) with the components Cμνρm and Cμνρσ from (5.49) and (5.60), respectively,
decomposes into a y-dependent part, which vanishes due to theD ¼ 5 scalar equations of motion, and a y-independent part,
that defines the function Λμνρσ. The calculation is similar (but more lengthy) than the previous steps, requires the same
nontrivial identities among Killing vectors derived above, but also some nontrivial algebraic identities among the
components of the scalar E6ð6Þ matrix MMN . We relegate the rather lengthy details to the appendix and simply report the
final result from Eq. (A20)

D½μΛνρστ� ¼ −
1

480

ffiffiffiffiffiffi
jgj

p
εμνρστDλðMNacDλMac;NÞ þ

1

240

ffiffiffiffiffiffi
jgj

p
εμνρστFκλN

�
Mab;NFκλ

ab −
1

2

ffiffiffiffiffi
10

p
εαβηabMaα

NBκλ
bβ

�

þ 1

600

ffiffiffiffiffiffi
jgj

p
εμνρστð10δdhδae þ 2Mfd;gaMgh;fe −Meα

gaMgh
dαÞMbh;ecηcdηab þ

1

32

ffiffiffi
2

p
εabcdefF½μνabFρσ

cdAτ�ef

þ 1

16
F½μνabAρ

cdAσ
efAτ�ghεabcdehηfh þ

1

40

ffiffiffi
2

p
A½μabAν

cdAρ
efAσ

ghAτ�ijεabcegiηdfηhj: ð5:63Þ

Since there is no nontrivial Bianchi identity for (5.63), this
equation can be integrated and yields the last missing term
in the four-form potential (5.60). This completes the
reduction formulas for the full set of fundamental IIB fields.

VI. SUMMARY

We have in this paper derived the explicit reduction
formulas for the full set of IIB fields in the compactification
on the sphere S5 and the inhomogeneous hyperboloids
Hp;6−p. The fluctuations around the background geometry
are described by aD ¼ 5maximal supergravity, with gauge
group SOðp; 6 − pÞ. The dependence on the internal vari-
ables is explicitly expressed in terms of (i) a set of vectors
K½ab�m which are Killing vectors of a homogeneous metric
~Gmn (3.9), and (ii) a four-form ~Cμνρσ whose field strength
yields the Lorentzian volume form (3.29). Only for the
compact case of S5, the metric ~Gmn and four-form ~Cklmn

coincide with the space-time background geometry. In the
noncompact case, they refer to a (virtual) homogeneous
Lorentzian geometry which encodes the inhomogeneous
space-time background geometry via the formulas provided.
This is in accordancewith the ansatz proposed and tested for
some stationarypoints of thenoncompactD ¼ 4gaugings in
[20], see also [18,19] for earlier work. Only for p ¼ 6 and
p ¼ 3 does the background geometry provide a solution to
the IIB field equations. We stress, that also in the remaining
cases, the reduction ansatz describes a consistent truncation
of the IIB theory to an effectivelyD ¼ 5 supergravity theory,
just this theory does not have a simple ground state with all
fields vanishing. Still, any stationary point or holographic
renormalization group flow of these noncompact gaugings
as well as any other solution to their field equations lifts to a
IIB solution by virtue of the explicit reduction formulas.
The explicit reduction formulas are derived via the EFT

formulation of the IIB theory by evaluating the formulas of
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the generalized Scherk-Schwarz reduction ansatz for the
twist matrices obtained in [17]. The Scherk-Schwarz origin
also proves consistency of the truncation in the sense that
all solutions of the respective D ¼ 5 maximal supergrav-
ities lift to solutions of the type IIB fields equations.
By virtue of the explicit embedding of the IIB theory into
EFT [22,36] these formulas can be pulled back to read
off the reduction formulas for the original type IIB fields.
Upon some further computational effort we have also
derived the explicit expressions for all the components
of the IIB four-form. Along the way, we explicitly verified
the IIB self-duality equations. Although their consistency
is guaranteed by the general construction, we have seen
that their validation by virtue of nontrivial Killing vector
identities still represents a rewarding exercise.
We have in this paper restricted the construction to the

bosonic sector of type IIB supergravity. In the EFT frame-
work, consistency of the reduction of the fermionic sector
follows along the same lines from the supersymmetric
extension of the E6ð6Þ exceptional field theory [49] which
upon generalized Scherk-Schwarz reduction yields the
fermionic sector of the D ¼ 5 gauged supergravities [17].
In particular, compared to the bosonic reduction ansatz (2.1),
the EFT fermions reduce as scalar densities, i.e. their y-
dependence is carried by somepower of the scale factor, such
asψμ

iðx; yÞ ¼ ρ−
1
2ðyÞψμ

iðxÞ, etc. A derivation of the explicit
reduction formulas for the original IIB fermions would
require the dictionary of the fermionic sector of EFT into
the IIB theory, presumably along the lines of [40]. The very
existence of a consistent reduction of the fermionic sector
can also be inferred on general grounds [2] combining the
bosonic results with the supersymmetry of the IIB theory.
We close by recollecting the full set of IIB reduction

formulas derived in this paper. The IIB metric is given by

ds2 ¼ Δ−2=3ðx; yÞgμνðxÞdxμdxν
þGmnðx; yÞðdym þK½ab�mðyÞAab

μ ðxÞdxμÞ
× ðdyn þK½cd�nðyÞAcd

ν ðxÞdxνÞ; ð6:1Þ

in standard Kaluza-Klein form, in terms of vectors K½ab�m

from (3.38) that are Killing for the (Lorentzian) metric ~Gmn
from (3.9), and the internal block Gmn of the metric (6.1)
given by the inverse of

Gmnðx; yÞ ¼ Δ2=3ðx; yÞK½ab�mðyÞK½cd�nðyÞMab;cdðxÞ:
ð6:2Þ

The IIB dilaton and axion combine into the symmetric SL
(2) matrix

mαβðx; yÞ ¼ Δ4=3ðx; yÞYaðyÞYbðyÞMaα;bβðxÞ; ð6:3Þ

in terms of the harmonics Ya from (3.45). Since
detmαβ ¼ 1, this equation can also be used as a defining
equation for the functionΔðx; yÞ. The different components
of the two-form doublet are given by

Cmn
αðx; yÞ ¼ −

1

2
εαβΔ4=3ðx; yÞmβγðx; yÞYcðyÞ

×K½ab�
mnðyÞMab

cγðxÞ;
Cμm

αðx; yÞ ¼ 0;

Cμν
αðx; yÞ ¼

ffiffiffiffiffi
10

p
YaðyÞBμν

aαðxÞ: ð6:4Þ

Next, we give the uplift formulas for the four-form
components in terms of the Killing vectors K½ab�mðyÞ,
Killing tensors K½ab�mnðyÞ, the sphere harmonics YaðyÞ
given in (3.45), the function Z½ab�kmnðyÞ given by (3.21),

and the four-form ~CklmnðyÞ from (3.49). In order not to
clutter the formulas, in the following we do not display the
dependence on the arguments x and y as it is always clear
from the definition of the various objects whether they
depend on the external or internal coordinates or both. The
final result reads

Cklmn ¼ ~Cklmn þ
1

16
~ωklmnpΔ4=3mαβ

~Gpq∂qðΔ−4=3mαβÞ;

Cμkmn ¼
ffiffiffi
2

p

4
Z½ab�kmnAμ

ab;

Cμνmn ¼
ffiffiffi
2

p

4
K½ab�kZ½cd�kmnA½μabAν�cd;

Cmμνρ ¼ −
1

32
K½ab�m

�
2

ffiffiffiffiffiffi
jgj

p
εμνρστMab;NFστN þ

ffiffiffi
2

p
εabcdefΩ

cdef
μνρ

�
−
1

4

ffiffiffi
2

p
K½ab�kK½cd�lZ½ef�mklðA½μabAν

cdAρ�efÞ;

Cμνρσ ¼ −
1

16
YaYb

� ffiffiffiffiffiffi
jgj

p
εμνρστDτMbc;NMNca þ 2

ffiffiffi
2

p
εcdefgbF½μνcdAρ

efAσ�ga
�

þ 1

4

� ffiffiffi
2

p
K½ab�kK½cd�lK½ef�nZ½gh�kln − YhYjεabcegjηdf

�
A½μabAν

cdAρ
efAσ�gh þ ΛμνρσðxÞ: ð6:5Þ
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We recall, that the curved indices on these objects are
raised and lowered with the x-independent metric ~GmnðyÞ
from (3.9) and not with the background metric Gmn. The
function ΛμνρσðxÞ is defined by Eq. (5.63). All p-form
components are given in the basis after standard Kaluza-
Klein decomposition, explicitly related to the original IIB
fields by (5.6).
With the reduction ansatz (6.1)–(6.5), the type IIB field

equations reduce to the D ¼ 5 field equations derived from
the Lagrangian (4.11). As a consequence, these formulas
lift every solution of D ¼ 5, SOðp; qÞ gauged supergravity
to a solution of IIB supergravity.
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APPENDIX: FINDING Λμνρσ

In order to find the last missing contribution Λμνρσ

in the expression (5.60) for the four-form component

Cμνρσ let us study the reduction of the different terms of
Eq. (5.61)

1

120
eεμνρστεklmnpðdetGÞ−4=3Xklmnp

¼ 30εαβB½μναDKK
ρ Bστ�β þ 8F ½μνkCρστ�k − 4DKK

½μ Cνρστ�:

ðA1Þ

By construction, after imposing the generalized
Scherk-Schwarz ansatz this equation should split into a
y-dependent part proportional to the D ¼ 5 scalar field
equations (4.16), and a y-independent part which deter-
mines the function Λμνρσ.
The first term on the rhs simply reduces according to the

reduction ansatz (5.12)

30εαβB½μναDKK
ρ Bστ�β ¼ 30εαβYaYbB½μνaαDρBστ�bβ: ðA2Þ

Note that the Kaluza-Klein covariant derivative turns into
the SOðp; 6 − pÞ covariant derivative by virtue of (3.46).
With (5.49) and the identity (3.56), we find for the second
term on the rhs of (A1)

8F ½μνkCρστ�k ¼ −
1

2
YbYaF½μνcb

�
2

ffiffiffiffiffiffi
jgj

p
ερστ�κλMac;NFκλN þ

ffiffiffi
2

p
Ωefgh

ρστ� εacefgh
�

þ 2
ffiffiffi
2

p
F½μνabAρ

cdAσ
efAτ�ghK½ab�mK½cd�kK½ef�lZ½gh�mkl: ðA3Þ

Next, we have to work out the covariant curl ofCμνρσ with the explicit expression (5.60). To this end, we first note that for all
terms with y-dependence proportional to YaYb, the Kaluza-Klein covariant derivative reduces to

DKK
μ ðYaYbXabÞ ¼ YaYbDμXab; ðA4Þ

in view of the property (3.46) of the harmonics Ya. We thus find

−4DKK
½μ Cνρστ� ¼

1

20
YaYb

ffiffiffiffiffiffi
jgj

p
εμνρστDλðMNcaDλMbc;NÞ − 4D½μΛνρστ�

þ 1

2

ffiffiffi
2

p
YbYaεacdefgD½μðFνρ

cdAσ
efAτ�bg þ

ffiffiffi
2

p
Aν

cdAρ
ehAσ

fjAτ�bgηhjÞ
−

ffiffiffi
2

p
DKK

½μ ðK½ab�kK½cd�lK½ef�nZ½gh�klnAν
abAρ

cdAσ
efAτ�ghÞ: ðA5Þ

In order to evaluate the last term it is important to note that unlike in (A4), the Kaluza-Klein covariant derivative here cannot
just be pulled through the (noncovariant) y-dependent functions but has to be evaluated explicitly leading to

−
ffiffiffi
2

p
DKK

½μ ðAν
kAρ

lAn
σAτ�klnÞ ¼ −

3

2

ffiffiffi
2

p
F½μνabAρ

cdAσ
efAτ�ghK½ab�kK½cd�lK½ef�nZ½gh�kln

þ 1

2

ffiffiffi
2

p
F½μνabAρ

cdAσ
efAτ�ghK½cd�kK½ef�lK½gh�nZ½ab�kln

þ 3

10

ffiffiffi
2

p
A½μrsAν

uvAρ
cdAσ

efAτ�ghfcd;rsabεabuvgeYfYh;

after some manipulation of the functions K½ab�, Z½ab�. Putting everything together and again using once more the identity
(3.57), the full rhs of Eq. (A1) is given by
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ðA1Þrhs ¼
1

20
YaYb

ffiffiffiffiffiffi
jgj

p
εμνρστDλðMNcaDλMbc;NÞ − 4D½μΛνρστ�

þ 1

2

ffiffiffi
2

p
YaYbεbcdefgD½μðFνρ

cdAσ
efAτ�ag þ

ffiffiffi
2

p
Aν

cdAρ
ehAσ

fjAτ�agηhjÞ

þ 1

2
εdfghceYaYbF½μνdfAρ

acAσ
beAτ�gh þ 30εαβYaYbB½μνaαDρBστ�bβ

þ 3

5

ffiffiffi
2

p
εcsuvgeYaYbηdrA½μrsAν

uvAρ
cdAσ

aeAτ�bg

−
1

2
YbYaF½μνcbð2

ffiffiffiffiffiffi
jgj

p
ερστ�κλMac;NFκλN þ

ffiffiffi
2

p
Ωefgh

ρστ� εacefghÞ: ðA6Þ

Some calculation and use of the Schouten identity shows that all terms carrying explicit gauge fields add up precisely such
that their y-dependence drops out due to YaYa ¼ 1. Specifically, we find

ðA1ÞrhsjFFA ¼ 1

8

ffiffiffi
2

p
εabcdefF½μνabFρσ

cdAτ�ef;

ðA1ÞrhsjFAAA ¼ 1

4
F½μνabAρ

cdAσ
efAτ�ghεabcdehηfh;

ðA1ÞrhsjAAAAA ¼ 1

10

ffiffiffi
2

p
A½μabAν

cdAρ
efAσ

ghAτ�ijεabcegiηdfηhj: ðA7Þ

In addition, we use the D ¼ 5 duality equation (4.10) in order to rewrite the BDB term of (A1) and arrive at

ðA1Þrhs ¼ −
1

20
YaYb

ffiffiffiffiffiffi
jgj

p
εμνρστDλðMNacDλMbc;NÞ − 4D½μΛνρστ�

þ 1

10
YaYb

ffiffiffiffiffiffi
jgj

p
εμνρστFκλN

�
Mbc;NFκλ

ac −
1

2

ffiffiffiffiffi
10

p
εαβηdbMdα

NBκλ
aβ

�

þ 1

8

ffiffiffi
2

p
εabcdefF½μνabFρσ

cdAτ�ef þ
1

4
F½μνabAρ

cdAσ
efAτ�ghεabcdehηfh

þ 1

10

ffiffiffi
2

p
A½μabAν

cdAρ
efAσ

ghAτ�ijεabcegiηdfηhj: ðA8Þ

Structurewise, the rhs of Eq. (A1) is thus of the
form

ðA1Þrhs ¼
�
YaðyÞYbðyÞ −

1

6
ηab

�
E1abðxÞ þ E2ðxÞ: ðA9Þ

Consistency of the reduction ansatz then implies that
also the lhs of (A1) organizes into the same structure.
The coefficients multiplying the y-dependent factor
ðYaðyÞYbðyÞ − 1

6
ηabÞ must combine into a D ¼ 5 field

equation in order to reduce (A1) to a y-independent
equation which then provides the defining equation for
Λμνρσ.
In order to see this explicitly, we recall, that the lhs of

(A1) is defined by (5.62), which together with the reduction
ansatz (2.1) for MMN may be used to read off the form
of this term after reduction. After some manipulation of
the Killing vectors and tensors and use of the identities
collected in Sec. III C, we obtain

1

120
eεklmnpðdetGÞ−4=3Xklmnp

¼ −
1

10

ffiffiffi
2

p ffiffiffiffiffiffi
jgj

p
YaYbX ðabÞcd;e

fðU−1ÞeqK½cd�m∂mUq
f

−
2

5

ffiffiffiffiffiffi
jgj

p
YaYbηcdMac;bd ðA10Þ

in terms of the SL(6) twist matrix (2.8), and the combi-
nation

X ðabÞcd;e
f ¼ X ðabÞ½cd�;e

f

≡ 2Mje;gðaMbÞh;cdMgh;jf −Mfα
gðaMbÞh;cdMgh

eα;

ðA11Þ

of matrix components of (4.12). At first view, the
structure of this expression in no way resembles the
form of (A9), with a far more complicated y-dependence
in its first term. This seemingly jeopardizes the
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consistency of the reduction of Eq. (A1), which after all
should be guaranteed by consistency of the ansatz.
What comes to the rescue is some additional properties
of the twist matrix together with some highly nontrivial

nonlinear identities among the components of an
E6ð6Þ matrix. Namely the last factor in the first term
of (A10) drastically reduces upon certain index
projections

ðU−1ÞaqK½bc�m∂mUq
c þ ðU−1ÞbqK½ac�m∂mUq

c ¼ −
ffiffiffi
2

p
ηab;

ðU−1ÞaqK½bc�m∂mUq
d þ ðU−1ÞbqK½ca�m∂mUq

d þ ðU−1ÞcqK½ab�m∂mUq
d ¼ 0; ðA12Þ

as may be verified by explicit computation. Moreover, the
tensor X ðabÞcd;e

f defined in (A11) is of quite restricted
nature and satisfies

X ðabÞcd;e
f ¼ X ðabÞ½cd;e�

f −
2

5
δf

½cX ðabÞd�g;e
g

−
2

45
δf

½cX ðabÞd�e;g
g þ

1

9
δf

eX ðabÞcd;g
g; ðA13Þ

implying in particular that

X ðabÞe½c;d�
e ¼ −

1

6
X ðabÞcd;e

e: ðA14Þ

The identity (A13) is far from obvious and hinges
on the group properties of the matrix (4.12). It can be
verified by choosing an explicit parametrization of this
matrix (e.g. as given in [36]), at least with the help of
some computer algebra [50–52]. Combining this identity
with the properties (A12) of the twist matrix, we conclude

that the first term on the rhs of (A10) simplifies according
to

X ðabÞcd;e
fðU−1ÞeqK½cd�m∂mUq

f

¼ 2

5
X ðabÞgðd;eÞ

gðU−1ÞeqK½fd�m∂mUq
f

¼ 1

5

ffiffiffi
2

p
X ðabÞgd;e

gηde; ðA15Þ

such that its y-dependence reduces to the harmonics YaYb.
As a consequence, together with (A12), we conclude that

the penultimate term in (A10) reduces to

−
1

10

ffiffiffi
2

p ffiffiffiffiffi
jgj

p
YaYbX ðabÞcd;e

fðU−1ÞeqK½cd�l∂lUq
f

¼ −
1

25

ffiffiffiffiffi
jgj

p
YaYbX ðabÞgc;d

gηcd: ðA16Þ

Together with (A8), Eq. (A1) then eventually reduces to

D½μΛνρστ� ¼ −
1

80
YaYb

ffiffiffiffiffiffi
jgj

p
εμνρστDλðMNacDλMbc;NÞ

þ 1

40
YaYb

ffiffiffiffiffiffi
jgj

p
εμνρστFκλN

�
Mbc;NFκλ

ac −
1

2

ffiffiffiffiffi
10

p
εαβηdbMdα

NBκλ
aβ

�

þ 1

100

ffiffiffiffiffiffi
jgj

p
εμνρστYaYbð10Mac;fd þ X ðafÞec;d

eÞηcdηbf

þ 1

32

ffiffiffi
2

p
εabcdefF½μνabFρσ

cdAτ�ef þ
1

16
F½μνabAρ

cdAσ
efAτ�ghεabcdehηfh

þ 1

40

ffiffiffi
2

p
A½μabAν

cdAρ
efAσ

ghAτ�ijεabcegiηdfηhj; ðA17Þ

such that the y-dependence of the entire equation organizes into the form (A9). Now the x-dependent coefficient of the
traceless combination ðYaYb − 1

6
ηabÞ precisely reproduces the D ¼ 5 scalar equations of motion (4.16). In particular, the

third line of (A17) coincides with the SL(6) variation of the scalar potential (4.14). This match requires additional nontrivial
relations among the components of an E6ð6Þ matrix (4.12)

ηefMdα
hðaMbÞc;deMfα

ch ¼ ηefMgα
deMfc;gðaMbÞα

cd;

ηefMde;cðaMbÞγ;fαMdα;cγ ¼ 2ηefMde;cðaMbÞh;fgMdg;ch þ ηefMdα
hðaMbÞc;deMfα

ch; ðA18Þ

which can be proven similar to (A13). From these it is straightforward to deduce that
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X ðafÞec;d
e ¼ −

4

3
Mde;cðaMbÞh;fgMdg;chηef −

1

3
ηefMde;cðaMbÞγ;fαMdα;cγ

þ 2

3
ηdeMcd;gðaMbα

cfMgα
ef þ 2

3
ηefMde;cðaMbÞh

dαMfα
ch; ðA19Þ

thus matching the expression obtained from variation of the scalar potential in (4.16). As a consequence, the y-dependent
part of Eq. (A17) vanishes on-shell, such that the equation reduces to

D½μΛνρστ� ¼ −
1

480

ffiffiffiffiffiffi
jgj

p
εμνρστDλðMNacDλMac;NÞ

þ 1

240

ffiffiffiffiffiffi
jgj

p
εμνρστFκλN

�
Mab;NFκλ

ab −
1

2

ffiffiffiffiffi
10

p
εαβηabMaα

NBκλ
bβ

�

þ 1

600

ffiffiffiffiffiffi
jgj

p
εμνρστð10Mac;fd þ X ðafÞec;d

eÞηcdηaf

þ 1

32

ffiffiffi
2

p
εabcdefF½μνabFρσ

cdAτ�ef þ
1

16
F½μνabAρ

cdAσ
efAτ�ghεabcdehηfh

þ 1

40

ffiffiffi
2

p
A½μabAν

cdAρ
efAσ

ghAτ�ijεabcegiηdfηhj: ðA20Þ

This equation can be integrated to yield the function Λμνρρ. This yields the last missing part in the reduction ansatz of the IIB
four-form (5.60) and establishes the full type IIB self-duality equation.
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