
QCD equation of state and cosmological parameters in the early universe

P. Castorina,1,2 V. Greco,1,3 and S. Plumari1,3
1Dipartimento di Fisica e Astronomia, Università di Catania, Via Santa Sofia, 64, 95123 Catania, Italy

2INFN Sezione di Catania, Via Santa Sofia 64, I-95123 Catania, Italy
3INFN Laboratori Nazionali del Sud, Via Santa Sofia 62, I-95123 Catania, Italy

(Received 21 July 2015; published 22 September 2015)

The time evolution of cosmological parameters in the early Universe at the deconfinement transition is
studied by an equation of state (EoS) which takes into account the finite baryon density and the background
magnetic field. The nonperturbative dynamics is described by the field correlator method which gives, with
a small number of free parameters, a good fit of lattice data. The entire system has two components, i.e., the
quark-gluon plasma and the electroweak sector, and the solutions of the Friedmann equation show that the
scale factors aðtÞ andHðtÞ ¼ ð1=aÞda=dt are weakly dependent on the EoS, but the deceleration parameter
qðtÞ and the jerk jðtÞ are strongly modified above the critical temperature Tc, corresponding to a critical
time tc ≃ 20–25 μs. The time evolution of the cosmological parameters suggests that above and around Tc,
there is a transient state of acceleration typical of a matter-dominated universe; this is entailed by the QCD
strong interaction. The effect of the hadronic matter below Tc does not qualitatively change the previous
behavior and one can consistently follow the cosmological evolution up to 100 μs.
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I. INTRODUCTION

Lattice simulations of quantum chromodynamics
(QCD) and phenomenological analyses of relativistic
heavy ion collisions data clearly indicate that the transition
from a quark-gluon plasma to colorless states occurs in a
nonperturbative regime. For vanishing chemical potential,
μB, lattice QCD simulations show that it is a cross-over at
a (pseudo) critical temperature Tc ≃ 154� 9 Mev [1–4]
while for large μB several effective field theories suggest
that the transition is of first order [5–8]. The use of the
appropriate QCD equation of state including the phase
transition to hadronic matter is important for the phenom-
enology of heavy-ion collision experiments. In particular,
it has been shown that it affects the expansion of the quark
gluon plasma and it is crucial for the correct description of
the Hanbury-Brown-Twiss radii [9,10].
Moreover, lattice QCD in a background magnetic field B

shows [11,12] that the transition temperature is reduced by
the magnetic field.
The previous parameters T; μB and B give different and

important information on the dynamics of the phase
transition which, in turn, has strong implications at the
cosmological level in the early Universe (see [13–16] for a
recent review). In particular, the equation of state (EoS) in
the quark-gluon plasma phase affects directly the density
fluctuations of the thermodynamic quantities [17–20] and
the emission of gravitational waves [17,21–25] during the
cosmological evolution.
In Ref. [17] the density fluctuations in the early

Universe have been studied by using the MIT bag model
EoS and the old lattice QCD EoS with a first-order
deconfinement phase transition. A more recent and

realistic QCD EoS has been introduced in Ref. [19]
improving the reliability of the calculations of the fluc-
tuations and of the modifications in the time evolution of
the cosmological scale factor aðtÞ. The effects of the
external magnetic field on the energy density fluctuations
have been considered in Ref. [18] by a phenomenological
QCD EoS which includes B. An analogous analysis for
finite density with different variants of the MIT bag model
has been carried out in Ref. [20].
The results of the previous studies show a smooth time

dependence of the thermodynamic quantities; however,
they essentially consider the effect of the transition on the
thermodynamic fluctuations and on the scale factor.
In this paper we shall analyze the modifications on the

early Universe’s evolution by using a realistic EoS which
depends on T; μB and B, with a particular focus on the
evolution of the cosmological parameters rather than on the
fluctuations.
To describe the EoS in the quark-gluon plasma phase, we

shall apply the field correlator method (FCM) [26]. This
specific choice is motivated by the nonperturbative dynam-
ics of the FCM which describes, with a small number of
free parameters, lattice data of the thermodynamics quan-
tities (pressure and energy density) at finite temperature and
their dependence on μB and B [27–29]. Here we will also
show that its extension to a finite B [30,31] captures
correctly the main features of lQCD EoS under a magnetic
field.
The discussion of the combined effects of the chemical

potential and of the external magnetic field, during the
deconfinement transition, in the Friedmann equations is of
interest in its own right. However, as we shall see, the most
interesting results are on the behavior of the deceleration
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parameters q and the jerk j, defined as ( 0 indicates the time
derivative)

q ¼ −
a00a
a02

ð1Þ

j ¼ a000a2

a03
; ð2Þ

which have an important role in describing the cosmologi-
cal evolution [32,33].
Indeed, it turns out that the deceleration and the jerk are

strongly modified above the critical temperature Tc, cor-
responding to a critical time tc ≃ 20–25 μs, and that the
EoS and the time evolution of the cosmological parameters
suggest that above and near Tc, the system has the typical
behavior of a matter-dominated universe, with clusters
of colored particles, which evolves towards a radiation-
dominated universe. The introduction of the hadronic
degrees of freedom, by a hadron resonance gas, below
Tc does not qualitatively change this conclusion.
The plan of the paper is as follows. In Sec. I we shall

consider the relevant cosmological equations and param-
eters. The FCM, with the dependence on μB and B, is
recalled and compared with lattice data in Sec. II.
Section III is devoted to the solution of the Friedmann
equation with the FCM EoS, and Sec. IV contains the
electroweak contributions to the EoS of the entire dynami-
cal system. In Sec. V the results on the cosmological
parameters are discussed, and our comments and conclu-
sions are in Sec. VI.

II. COSMOLOGICAL PARAMETERS

The parameters HðtÞ ¼ a0=a, qðtÞ and jðtÞ can naturally
be defined making use of a Taylor series for the scale factor
aðtÞ near a generic time t�,

aðtÞ ¼ aðt�Þ þ a0ðt�Þðt − t�Þ þ 1

2
a00ðt�Þðt − t�Þ2

þ 1

3!
a000ðt�Þðt − t�Þ3 þ � � � ; ð3Þ

which can be written as

aðtÞ ¼ aðt�Þ½1þHðt�Þðt − t�Þ − 1

2
ðqH2Þðt�Þðt − t�Þ2

þ 1

3!
ðjH3Þðt�Þðt − t�Þ3 þ � � � : ð4Þ

Basic characteristics of the cosmological evolution, both
static and dynamical, can be expressed in terms of H0,
the present time value ofHðtÞ, and the deceleration q0. The
other parameters, i.e., the higher time derivatives of the
scale factor, enable us to construct the model-independent
kinematics of the cosmological expansion.

Indeed, cosmological models can be tested by expressing
the Friedmann equation in terms of directly measurable
cosmological scalars constructed out of higher derivatives
of the scale factor, i.e., q; j;… [32,33].
To illustrate this aspect, let us consider a simple two-

component universe filled with nonrelativistic matter with
density Mm=a3 and radiation with densityMr=a4 (Mm;Mr
constants) which do not interact with each other [33]
and are without a magnetic background. By writing the
Friedmann equation in the form (8πG=3 ¼ 1)

a02

a2
þ k
a2

¼ Mm

a3
þMr

a4
ð5Þ

and differentiating twice with respect to t, one gets

a00 ¼ −
1

2

Mm

a2
−
Mr

a3
ð6Þ

and

a000 ¼ Mm

a3
a0 þ 3

Mr

a4
a0: ð7Þ

Then the deceleration and the jerk can be written as
q ¼ A=2þ R and j ¼ Aþ 3R, where A ¼ Mm=a3H2

and R ¼ Mr=a4H2. For a flat universe filled only with
nonrelativistic matter, one has R ¼ 0, q ¼ 1=2, A ¼ 1, and
j ¼ 1; if one considers only radiation, then A ¼ 0, q ¼ 1,
R ¼ 1, and j ¼ 3. A deviation from these values of q and j
indicates a mixture of matter and radiation and/or an
interaction between the two components. Indeed, the same
values can be easily obtained by a simple application of the
Friedmann equation (for k ¼ 0), written as

a0

a
¼ −

dϵ=dt
3ðϵþ pÞ ¼

ffiffiffiffiffiffiffiffiffi
8πG
3

r ffiffiffi
ϵ

p
; ð8Þ

by the EoS p ¼ c2sϵ with a constant speed of sound. The
analytic solution is

ϵðtÞ ¼ 4ϵðt0Þh
3

ffiffiffiffiffiffiffiffiffiffiffiffiffi
8πGϵðt0Þ

3

q
ð1þ c2sÞðt − t0Þ þ 2

i
2

ð9Þ

and

aðtÞ
aðt0Þ

¼
�
3

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8πGϵðt0Þ

3

r
ð1þ c2sÞðt − t0Þ þ 1

� 2

3ð1þc2s Þ ð10Þ

and one obtains

q ¼ −
a00a
a02

¼ 1þ 3c2s
2

ð11Þ
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j ¼ a000a2

a03
¼

�
1þ 3c2s

2

�
ð2þ 3c2sÞ ð12Þ

which reproduce the previous values for a matter-
dominated (c2s ¼ 0) and radiation-dominated (c2s ¼ 1=3)
universe.
In general, the speed of sound is not constant, and in the

next sections we shall discuss the behavior of the cosmo-
logical parameters q and j during the deconfinement
transition on the basis of the Friedmann equation (8)
and by using the energy density ϵ and the pressure p in
the FCM, after fitting the QCD lattice data at finite
temperature μB and B.

III. FIELD CORRELATOR METHOD

Many phenomenological models of QCD at finite
temperature and density cannot make reliable predictions
for the two relevant limits, i.e. high temperature and small
chemical potential or high chemical potential and low
temperature. This is clearly a serious drawback since those
models cannot be fully tested. One of the few exceptions is
the field correlator method [26], which is able to cover the
full temperature-chemical potential-magnetic background
field space and contains ab initio the property of confine-
ment, which is expected to play a role, at variance with
other models like, e.g., the Nambu-Jona-Lasinio model.
Indeed, the approach based on the FCM provides a

systematic tool to treat nonperturbative effects in QCD by
gauge invariant field correlators and gives a natural treat-
ment of the dynamics of confinement (and of the decon-
finement transition) in terms of the Gaussian, i.e., quadratic
in the tensor Fμν correlators for the chromoelectric (CE)
field DE and DE

1 and for the chromomagnetic field (CM)
DH andDH

1 . In particular, these correlators are related to the
simplest nontrivial 2-point correlators for the CE and CM
fields by

g2hTrf½CiðxÞΦðx; yÞCkðyÞΦðy; xÞ�i

¼ δik

�
DCðzÞ þDC

1 ðzÞ þ z24
∂DC

1 ðzÞ
∂z2

�
� zizk

∂DC
1 ðzÞ

∂z2 ;

ð13Þ

where z ¼ x − y and C indicates the CE (E) field
or CM (H) field (the minus sign in the previous expression
corresponds to the magnetic case) and

Φ ¼ P exp

�
ig
Z

y

x
Aμdzμ

�
ð14Þ

is the parallel transporter.
The FCM has been extended to finite temperature and

chemical potential [27–29], and the analytical results, in the
Gaussian approximation, are in good agreement with the

lattice data on thermodynamic quantities, (available for
small μB only). Moreover, the application of the FCM for
large values of the chemical potential allows us to obtain a
simple expression of the equation of state of the quark-
gluon matter in the range of the baryon density relevant for
the study of neutron stars [34–37].
The comparisons with lattice data of the FCM predic-

tions for the pressure (p=T4), the interaction measure
Δ=T4 ¼ ðϵ − 3pÞ=T4, and the speed of sound at μB ¼ 0
and μB ¼ 0.4 GeV are depicted in Figs. 1, 2, and 3.
More recently, the effect of a background magnetic field

B has been included in the FCM equation of state [30,31]
and the quark (q) pressure and the gluon (g) pressure turn
out to be

pqðBÞ ¼
NceqB

2π2

�
ϕðμÞ þ ϕð−μÞ þ 2

3

ðλðμÞ þ λð−μÞÞ
eqB

−
eqB

24
ðτðμÞ þ τð−μÞÞ

�
; ð15Þ

pg ¼
N2

c − 1

3π2
T4

Z
∞

0

z3dz

exp
�
zþ 9

4

V1ðTÞ
2T

�
− 1

; ð16Þ

where ϕðμÞ, λðμÞ, and τðμÞ are, respectively, given by

ϕðμÞ ¼
Z

∞

0

pzdpz

1þ expðpz−μ̄
T Þ ð17Þ
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lQCD: μ
B
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lQCD: μ
B
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FC method: μ
B
=0.0 GeV

FC method: μ
B
=0.4 GeV

FIG. 1 (color online). Comparison with lattice data [2,4,38] of
the pressure p evaluated by the FCM.
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λðμÞ ¼
Z

∞

0

p4dpffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ ~m2

q

q 1

exp
� ffiffiffiffiffiffiffiffiffiffiffi

p2þ ~m2
q

p
−μ̄

T

�
þ 1

; ð18Þ

τðμÞ ¼
Z

∞

0

dpzffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
z þ ~m2

q

q 1

exp
� ffiffiffiffiffiffiffiffiffiffiffi

p2
zþ ~m2

q

p
−μ̄

T

�
þ 1

; ð19Þ

with μ̄ ¼ μ − V1ðTÞ
2

, ~m2
q ¼ m2

q þ eqB, with mq the current
mass (md ¼ 5 GeV, mu ¼ 10 MeV and ms ¼ 140 MeV)
and

V1ðTÞ ¼ c0 þ fðT=TcÞ ¼ 0.15þ 0.175

�
1.35

T
TC

− 1

�
−1

ð20Þ

the quark-quark interaction potential.
In the limit eB → 0 the only nonzero terms are λðμÞ

and λð−μÞ and the previous formulas reproduce the case
μB ≠ 0 [27].
In Fig. 4 one compares the ratio s=T3 (s being the

entropy density) evaluated in the FCM with lattice data for
different values of the background field [38].
We consider a value of eB ¼ 0.6 GeV2 that corresponds

to a maximum estimate of the magnetic field generated at
the early times [39]. In some possible scenario a finite μB
could also still be significant (μB ≈ T) at the QCD transition
[14]. We consider μB ¼ 0.4 GeV, but we will see that its
impact is quite limited.
The deconfinement temperature depends on μB and B

and, therefore, the critical time tc of the transition turns
out to be 24, 21.5, 15.6, and 13.6 μs, respectively,
for μB ¼ 0.0 GeV and B ¼ 0.0, μB ¼ 0.4 GeV and
B ¼ 0.0, μB ¼ 0.0 and B ¼ 0.6 GeV2, and μB ¼
0.4 GeV and B ¼ 0.6 GeV2.

100 200 300 400 500
T (MeV)

0

1

2

3

4

5

6

(ε
-3

p)
/T

4

lQCD: μ
B
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=0.0 GeV

FC method: μ
B
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FIG. 2 (color online). Comparison with lattice data [2,4,38] of
the interaction measure Δ ¼ ðϵ − 3pÞ=T4 evaluated by the FCM.
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FIG. 3 (color online). Comparison with lattice data [2,4,38] of
the speed of sound evaluated by the FCM.
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FIG. 4 (color online). Comparison of the FCM calculations for
the entropy density with lattice data [12] for QCD in a back-
ground magnetic field B.
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IV. FRIEDMANN EQUATION AND
QUARK-GLUON PLASMA IN THE FCM

In the FCM the EoS of the quark-gluon plasma, i.e.,
pðϵÞ, is obtained by direct calculations of pðTÞ and ϵðTÞ,
which inserted in the Friedman equation (8) give the time
dependence of the temperature TðtÞ and the corresponding
time evolution of the thermodynamic quantities.
For the initial conditions ti ¼ 1μs, Ti ≃ 500 MeV, and

ϵi ≃ 110 GeV=fm3, the function TðtÞ, the solution of the
Friedman equation, is shown in Fig. 5 for different values
of μB and compared with the MIT bag model with the same
initial conditions and a bag pressure Bmit ¼ 220 MeV=fm3.
The arrows in Fig. 5 (and in the next figures) correspond

to the critical temperatures for the different specific sets
of parameters and, therefore, to the corresponding critical
time tc when the phase transition occurs. The critical
temperature Tc ¼ 160 MeV for μB ¼ 0 corresponds to
tc ≃ 25 μs, which decreases to tc ≃ 22 μs for
μB ¼ 0.4 GeV. The curves are also plotted for t > tc,
i.e., for temperature below the transition point, although
the effective degrees of freedom below Tc are not included
in the present paper.
The equation of state p=ϵ in the FCM, reported in Fig. 6,

shows a small dependence on μB up to 400 MeV.
The role of the background magnetic field in the

calculation of TðtÞ and in the time evolution of the EoS
are reported in Fig. 7 and in Fig. 8, which also describe the
combined effect of the finite density and the background
magnetic field.
Notice that the results in the MIT bag model (green

curves in Figs. 6, 7, and 8) are clearly different from the

EoS evaluated by the FCM and that the magnetic field B
can move down tc by nearly a factor of 2.

V. ELECTROWEAK CONTRIBUTION
TO THE EQUATION OF STATE

The time evolution of the cosmological parameters
depend on the EoS of the entire system and, therefore,
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MIT: μ
B
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B
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FC: μ
B
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FIG. 5 (color online). TðtÞ solution of the Friedmannn equa-
tion (8) by using the EoS in the FCM. The arrows indicate the
critical time, tc of the transition given in the text.
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FIG. 6 (color online). EoS in the FCM for finite chemical
potential. The green curve refers to the MIT bag model
calculation with the parameters given in the text.
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FIG. 7 (color online). The temperature profile TðtÞ for different
values of μB and B.
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one has to take into account not only the quark gluon
plasma degrees of freedom, discussed in the previous
section, but also the contributions of the electroweak
sector to the pressure pew and the energy density ϵew.
The total pressure and energy density are, therefore,
ptot ¼ pqgp þ pew and ϵtot ¼ ϵqgp þ ϵew.
The electroweak sector is described as a system of free

massless particles, i.e.,

ϵew ¼ gew
π2

30
T4; ð21Þ

pew ¼ gew
π2

90
T4; ð22Þ

with the number of degrees of freedom gew ¼ 14.45.
The temperature profile is almost unmodified by the

introduction of the electroweak contributions as one can see
from Fig. 9, where the curves are plotted for μB ¼ 0, since
the chemical potential produces negligible changes (see
Figs. 5 and 6).
On the other hand, the EoS of the entire system strongly

reflects the presence of the electroweak terms. In Fig. 10
the time evolution of p=ϵ for the entire system is depicted
and, indeed, one immediately notes that in the time interval
t≃ 10–25 μs, the electroweak part has a minor role, but
near the critical temperature there is a clear change in the
shape and the EoS tends to p ¼ ϵ=3, i.e., to a radiation-
dominated universe, for the long time. The curves are
plotted for time longer than tc, just to show the behavior
below Tc without the contribution of the colorless effective
degrees of freedom after the transition, which is not
included in the present analysis and will be discussed in
a forthcoming paper.

VI. EVOLUTION OF THE
COSMOLOGICAL PARAMETERS

The evolution of the cosmological parameters during the
deconfinement transition is directly related to the EoS. In
Figures 11 and 12, respectively, depict the time behavior of
the scale factor and of HðtÞ for different values of the
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FIG. 8 (color online). Time evolution of the EoS in the FCM for
finite chemical potential and background magnetic field.
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FIG. 9 (color online). TðtÞ with and without the electroweak
contribution and the background magnetic field.
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FIG. 10 (color online). EoS with and without the electroweak
contribution and the background magnetic field for μB ¼ 0.
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chemical potential and the magnetic field with and without
the electroweak contribution. The final result is essentially
independent of the specific setting.
However, the deceleration qðtÞ and the jerk jðtÞ strongly

follow the time evolution of the EoS (in Fig. 10).
Both q and j (see Fig. 13 and Fig. 14), after initial
values corresponding to a radiation-dominated universe
(q≃ 1, j≃ 3), tend to q≃ 1=2 and j≃ 1, typical of a

matter-dominated universe, approaching from above the
critical temperature. Indeed, without the electroweak sec-
tor, the values of the cosmological parameters for time t≃
100 μs would be the typical ones of a matter-dominated
universe. However, near the transition point, the electro-
weak terms in the EoS start to be relevant and, therefore,
q → 1 and j → 3 for the long time.
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FIG. 11 (color online). Time evolution of the scale factor for
finite chemical potential, with and without the electroweak
contribution and the background magnetic field.
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FIG. 12 (color online). HðtÞ for finite chemical potential, with
and without the electroweak contribution and the background
magnetic field.
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FIG. 13 (color online). qðtÞ for finite chemical potential, with
and without the electroweak contribution and the background
magnetic field.
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FIG. 14 (color online). jðtÞ for finite chemical potential, with
and without the electroweak contribution and the background
magnetic field.
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A possible interpretation of this peculiar behavior can be
made with the help of the simple model in Sec. I, where
A ¼ −2jþ 6q and R ¼ j − 2q are, respectively, the matter
and radiation terms in the Friedmann equation. For a
matter-dominated flat universe, A ¼ 1 and R ¼ 0; for a
radiation-dominated one, A ¼ 0 and R ¼ 1. Since in
Eq. (5) there is no interaction between the two components,
Aþ R ¼ 1. Of course, this condition is not satisfied by
using q and j calculated in the FCM, and different values of
A and R signal a mixture and/or an interaction between the
two components.
By using the values of q and j in the FCM, the time

evolution of A and R is given in Fig. 15. R decreases from
an initial value ≃1 to ≃0.3 at t≃ 25 μs and to ≃0 at
t≃ 32 μs and then quickly reaches again the value of a
radiation-dominated universe. A has the corresponding
evolution, starting from A≃ 0.0, increasing to a value
≃1 at t≃ 25 μs, with a maximum A≃ 1.8 at t≃ 35 μs,
and finally decreasing to A≃ 0, i.e., a radiation-dominated
universe. Therefore, there is a clear mixture of the two
components which strongly interact with each other.
The observed behavior of A and R implies that above the

transition and before the dominance of the electroweak
sector, the system has essentially the EoS of interacting
matter. On the other hand, above Tc the color degrees of
freedom are still not neutralized and, therefore, the previous
results suggest the formation of colored and massive
clusters near the deconfinement transition before the
formation of colorless bound states.
Indeed, this is a well-known interpretation of the

QCD EoS at finite temperature in terms of quasiparticles
where quasiquarks and quasigluons have dynamical,

temperature-dependent, effective masses which mimic
the interaction and that near Tc are large, i.e., in the range
≃0.6–1.2 GeV μB ¼ 0 ¼ B [40–43].

VII. COMMENTS AND CONCLUSIONS

The analysis in the previous sections shows that during
the deconfinement transition, the time evolution of the scale
factor and of HðtÞ are weakly sensitive to the EoS and that,
on the contrary, the cosmological parameters qðtÞ and jðtÞ
follow the behavior of the ratio p=ϵ. Starting from a
radiation-dominated universe, the time evolution of the
EoS indicates that above and near the transition time tc the
entire system (quark gluon plasmaþ electroweak sector)
is in a matter-dominated state (q ≈ 0.5 and j ≈ 1). For a
longer time, the evolution is again dominated by the
radiation EoS. The introduction of a finite baryon chemical
potential and a background magnetic field do not qualita-
tively change this dynamical picture.
On the other hand, since above and near Tc one has

color degrees of freedom, the matter state which drives the
EoS is, presumably, formed by color massive objects, as
suggested by the quasiparticle models [40,41,44]. Indeed,
the behavior of AðtÞ, i.e., of the matter content of the
system, reported in Fig. 15 is analogous to the time
evolution of the interaction measure ðϵ − 3pÞ=T4, in
Fig. 16, where the electroweak sector has no role.
It should be stressed that although the QCD lattice data

have been described by the FCM, the final results are
independent of this specific framework and depend on the
nonperturbative QCD EoS only.
Below Tc, i.e. for t > tc, the effective degrees of freedom

can be described by a hadron resonance gas (HRG) model
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FIG. 15 (color online). Time evolution of A and R according to
the simple model in Eq. (5) but using qðtÞ and jðtÞ in the FCM.
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FIG. 16. Time evolution of the interaction measure.
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which is able to give a good description of the QCD matter
down to T ∼ 1=3Tc [45,46].
The HRG contribution, in the formulation in Ref. [46],

to the EoS has been included in the Friedmann equations
in such a way that one can consistently follow the time
evolution of the cosmological parameters down to
t ≈ 100 fm=c. The final results are depicted in Figs. 17
and 18 where the yellow lines show the behavior of q and j

when the system contains the HRG and the electroweak
sector.
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