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We present joint constraints on the number of effective neutrino speciesNeff and the sumof neutrinomassesP
mν, based on a technique which exploits the full information contained in the one-dimensional Lyman-α

forest flux power spectrum, complemented by additional cosmological probes. In particular, we obtainNeff ¼
2.91þ0.21

−0.22 (95% C.L.) and
P

mν < 0.15 eV (95% C.L.) when we combine BOSS Lyman-α forest data with
CMB (Planckþ ACTþ SPTþWMAP polarization) measurements, and Neff ¼ 2.88� 0.20 (95% C.L.)
and

P
mν < 0.14 eV (95% C.L.) when we further add baryon acoustic oscillations. Our results provide

strong evidence for the cosmic neutrino background fromNeff ∼ 3 (Neff ¼ 0 is rejected atmore than14σ), and
rule out the possibility of a sterile neutrino thermalized with active neutrinos (i.e., Neff ¼ 4)—or more
generally any decoupled relativistic relic withΔNeff ≃ 1—at a significance of over 5σ, the strongest bound to
date, implying that there is no need for exotic neutrino physics in the concordance ΛCDM model.
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I. INTRODUCTION

The Standard Model of particle physics predicts that
there are exactly three active neutrinos, one for each of the
three charged leptons, and that neutrinos are all left handed
and with zero mass [1]. However, from experimental results
on solar and atmospheric neutrino oscillations we now
know that neutrinos are massive, with at least two species
being nonrelativistic today [2–4]. The distinctness of the
three flavors, and the difference between neutrinos and
antineutrinos, depends critically on the condition of being
massless. Therefore, the discovery that neutrinos have
nonzero mass calls also into question the number of
neutrino species [5–7]. All these issues have triggered an
intense research activity in neutrino science over the
past few years, with a remarkable interplay and synergy
between cosmology and particle physics. The measurement
of the absolute neutrino mass scale remains the greatest
challenge for both disciplines. However, while particle
physics experiments are capable of determining two of the
squared mass differences, along with the number of active
neutrino families, their mixing angles, and one of the
complex phases [8], a combination of cosmological data
sets allows one to place more competitive upper limits on
the total neutrino mass (summed over the three families) as
opposed to beta-decay experiments [9–15]. The knowledge
of the total mass and type of hierarchy will complete the

understanding of the neutrino sector, and shed light into
several critical issues in particle physics—such as lepto-
genesis or baryogenesis.
A variety of cosmological probes and complementary

techniques can be used to study massive neutrinos, and to
obtain stringent constraints on their total mass. The analysis
of the cosmic microwave background (CMB) radiation
provides the most direct route, especially via the early
integrated Sachs-Wolfe effect in polarization maps [16–18]
and with gravitational lensing of the CMB by large-scale
structure (LSS) [17–21]. Other powerful LSS methods
include the study of galaxy clusters with the Sunyaev-
Zel’dovich effect, the determination of cosmic shear
through weak lensing, the measurement of the three-
dimensional matter power spectrum from galaxy surveys,
and 21 cm or Lyman-α (Lyα) probes where the underlying
tracer is neutral hydrogen (HI) [22–25]. In particular,
remarkable progress has been recently achieved by exploit-
ing the complementarity of the Lyα forest—i.e. the
absorption lines in the spectra of high-redshift quasars,
due to HI in the intervening photoionized intergalactic
medium (IGM)—with other cosmological probes. This has
been possible thanks to extensive data provided by the
Sloan Digital Sky Survey (SDSS) [26], which has dra-
matically increased the statistical power of the forest.
Several studies in the literature have exploited the Lyα
forest constraining power, mainly due to independent
systematics and contrasting directions of degeneracy in
parameter space [9,10,27–35]; the synergy with distinct
data sets has contributed to obtain competitive upper
bounds of the total neutrino mass [10–15].
Cosmological measurements are also capable of con-

straining the properties of relic neutrinos, and possibly of
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other light relic particles [2–4,7]. In particular, the density
of radiation ρR in the Universe (which includes photons and
additional species) is usually parametrized by the effective
number of neutrino species Neff , and the neutrino contri-
bution to the total radiation content is expressed in terms of
Neff via the relation

ρR ¼ ργ þ ρν ¼
�
1þ 7

8

�
4

11

�
4=3

Neff

�
ργ; ð1Þ

where ργ and ρν are the energy density of photons and
neutrinos, respectively [3]. This relation is valid when
neutrino decoupling is complete, and holds as long as all
neutrinos are relativistic. In the Standard Model, Neff ¼
3.046 due to noninstantaneous decoupling corrections (i.e.,
this corresponds to three active neutrinos, namely Nν ¼ 3),
and therefore any departure from this value would indicate
nonstandard neutrino features or an extra contribution from
other relativistic relics. Recently, there has been some mild
preference for Neff > 3.046 from CMB anisotropy measure-
ments [16,36,37]: an excess from the expected standard
number could be produced by sterile neutrinos, a neutrino/
antineutrino asymmetry or any other light relics in the
Universe; however, the latest results from Planck (2015)
[18] combinedwith further astrophysical data reported avalue
of Neff consistent with that predicted by the StandardModel.
To this end, big bang nucleosynthesis (BBN) is a

powerful tool for studying neutrino properties, as it
accurately predicts the primordial light element abundances
(i.e., deuterium, helium and lithium). Since the effective
number of neutrino species parametrizes the expansion
rate of the early Universe, precise measures of primordial
abundances can provide stringent bounds on Neff when
combined with a measure of the baryon density Ωbh2

obtained from the CMB [38]. In turn, standard BBN, which
assumes microphysics characterized by Standard Model
particle content and interactions with three light neutrino
species, is a powerful probe for constraining physics
beyond the Standard Model. In this respect, while in
principle the 4He mass fraction is a very sensitive probe
of additional light degrees of freedom as pointed out long
ago [39], systematic uncertainties severely limit its cos-
mological use; nevertheless, the authors of [7] were able
to derive Neff constraints directly from BBN, bypassing
the CMB, and reported a robust Neff bound using 4He
measurements alone. Their findings support the fact that
extra radiation is strongly disfavored, if not excluded, by
BBN—as we confirm in this paper. Other results along
these lines can be found in [40]. Instead, as noted in [5], the
primordial deuterium ratio can provide more competitive
bounds on Neff when combined with CMB data. For
instance, [41] reported a value Neff ¼ 3.28� 0.28 from
a combination of CMB observations and a novel meas-
urement of primordial deuterium obtained from quasar
absorption systems, provided that the values of Neff and of
the baryon-to-photon ratio did not change between BBN

and recombination [42]. Their result is consistent with
Standard Model physics, and does not require additional
sterile neutrinos, as we find in this study with a different
technique and robust statistical significance. The number
of effective neutrino species can also be constrained with
several other late-time LSS probes; see for example [43],
where angle-averaged correlation functions and the cluster-
ing wedges measured from SDSS galaxies are used to
constrain Neff , in combination with CMB data, type Ia
supernovae, and baryon acoustic oscillations (BAO) from
other samples. In addition, forecasts for stage IV CMB
polarization experiments aboutNeff and other cosmological
parameters can be found in [44], and future prospects for
the quantification of neutrino properties through the cosmic
neutrino background (CNB) are reported in [45].
In this paper, we present a new method to obtain joint

constraints on Neff and the total neutrino mass
P

mν using
the information contained in the one-dimensional Lyα forest
flux power spectrum, complemented by other cosmological
probes. The work carried out here further extends the
technique used in [13] along two directions: by considering
joint constraints on Neff and

P
mν (an aspect not addressed

in [13]), and by expanding the global likelihood to accom-
modate nonstandard dark radiation models via a novel
analytic approximation (tested on a new set of nonstandard
cosmological hydrodynamical simulations with Neff differ-
ent from its canonical value). In particular, we show how this
technique is able to rule out the presence of an additional
sterile neutrino thermalized with three active neutrinos (i.e.,
Neff ¼ 4)—or more generally any dark radiation—at a
significance of over 5σ, and provide strong evidence (greater
than 14σ) for the CNB from Neff ∼ 3. Our results have
important implications in cosmology and particle physics,
especially suggesting that there is no indication for extra
relativistic degrees of freedom, and that the minimal ΛCDM
model does not need to be extended further to accommodate
nonstandard dark radiation.
The paper is organized as follows. In Sec. II, we describe

the various data sets adopted in this work with a particular
emphasis on the Lyα forest sample. In Sec. III, we briefly
illustrate our suite of hydrodynamical simulations with
massive neutrinos used in the study, and explain how
neutrinos are numerically implemented. In Sec. IV, we
outline our general technique to construct the global like-
lihood and obtain joint constraints on cosmological param-
eters; we also present our analytic approximation for the Lyα
likelihood to account for nonstandard dark radiation scenar-
ios, test the accuracy of the approximation in the linear
regime, and explain in detail our analysismethodology—i.e.,
frequentist versus Bayesian approach. Joint constraints on
Neff and

P
mν are presented in Sec. V, wherewe also test the

validity of our approximation in the nonlinear regime via
cosmological hydrodynamical simulations with nonstandard
Neff values. We conclude in Sec. VI, where we highlight the
major achievements of this work, discuss their implications
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in cosmology and particle physics, and indicate future
research directions.

II. DATA SETS

The joint constraints on Neff and
P

mν presented in this
paper are obtained from a combination of LSS and CMB
measurements.
As LSS probes, we used the one-dimensional Lyα forest

flux power spectrum derived from the Data Release 9
(DR9) of the Baryon Acoustic Spectroscopic Survey
(BOSS [26,46]) quasar data [35], combined with the
measurement of the BAO scale in the clustering of galaxies
from the BOSS Data Release 11 (DR11) [47]. BOSS [46]
is the cosmological counterpart of the third generation of
the SDSS, the leading ground-based astronomical survey
designed to explore the large-scale distribution of galaxies
and quasars by using a dedicated 2.5 m telescope at Apache
Point Observatory [26]. Specifically for the Lyα forest, our
data consist of 13 821 quasar spectra, carefully selected
according to their high quality, signal-to-noise ratio and
spectral resolution, to bring systematic uncertainties at the
same level of the statistical uncertainties. The Lyα forest
flux power spectrum is measured in twelve redshifts bins,
from hzi ¼ 2.2 to 4.4, in intervals of Δz ¼ 0.2, and spans
35 wave numbers in the k range [0.001–0.02], with k
expressed in ðkm=sÞ−1, which corresponds approximately
to ½0.1–2� ðMpc=hÞ−1 at z ∼ 3. Correlations between differ-
ent redshift bins were neglected, and the Lyα forest region
was divided into up to three distinct z-sectors to minimize
their impact. Noise, spectrograph resolution, metal con-
taminations and other systematic uncertainties were care-
fully subtracted out or accounted for in the modeling [35].
As CMB probes, we adopted a combination of data sets

collectively termed “CMB,” which includes Planck (2013)
temperature data from the March 2013 public release (both
high-l and low-l) [48], the high-l public likelihoods from
the Atacama Cosmology Telescope (ACT) [49] and the
South Pole Telescope (SPT) [50] experiments, and some
low-l WMAP polarization data [51].

III. SIMULATIONS

To constrain neutrino masses and possible extra relativ-
istic degrees of freedom exploiting Lyα forest information,
a detailed modeling of the line-of-sight power spectrum of
the Lyα transmitted flux is required. This is because the
scales probed lie fully in the nonlinear regime, and there-
fore nonlinear simulations are necessary to compare to the
Lyα one-dimensional flux power spectra (while the BAO
peak scale is not relevant here). To this end, we devised a
novel suite of hydrodynamical cosmological simulations
which include massive neutrinos [52] to map the parameter
space around the central reference model on a regularly
spaced grid, and compute first- and second-order deriva-
tives in the Taylor expansion of the Lyα forest flux. We use

those simulations here in combination with the previously
described data sets to obtain bounds on Neff and

P
mν,

together with an analytic approximation to include non-
standard dark radiation scenarios in the Lyα likelihood. We
also run several nonstandard dark radiation simulations to
test the validity of such approximation in the nonlinear
regime. In what follows, we first briefly review the basic
characteristics of our simulation suite, and then digress on
the numerical implementation of massive neutrinos.

A. Simulation suite with massive neutrinos

We modeled the nonlinear evolution of the gas, dark
matter, and neutrinos with a smoothed particle hydro-
dynamics (SPH) Lagrangian technique in its “entropy
formulation” [53–55], where all the components are treated
individually as a set of separate particles [55]. The gas,
photoionized and heated by a spatially uniform ionizing
background, is assumed to be of primordial composition
with a helium mass fraction of Y ¼ 0.24, while metals and
evolution of elementary abundances are neglected. This
background was applied in the optically thin limit and
switched on at z ¼ 9; the thermal history in the simulations
is consistent with the temperature measurements of [56]
through an adaptation of the cooling routines. We also
explored a variety of different thermal histories, by rescal-
ing the amplitude and density dependence of the photo-
ionization heating rates in the simulations. We used the
same simplified criterion for star formation as in [34], but
improved on previous studies in several direction, in
particular with updated routines for IGM radiative cooling
and heating processes, and initial conditions based on
second-order Lagrangian perturbation theory (2LPT) rather
than the Zel’dovich approximation. We adopted GADGET-3
[57,58] for evolving Euler hydrodynamical equations,
primordial chemistry with cooling and some externally
specified ultraviolet (UV) background, supplemented by
CAMB [59] and a modified version of 2LPT [60] for
determining the initial conditions. We disabled feedback
options, and neglected galactic winds.
For a given neutrino mass and various combinations

of cosmological parameters, we performed a set of three
simulations with different box sizes and number of particles
appropriate for the quality of BOSS—but readily adaptable
for upcoming or future experiments, such as eBOSS and
DESI [61–63]. We assumed periodic boundary conditions,
adopted a box size of 100 h−1Mpc for large-scale power
with a number of particles per component Np ¼ 7683 and a
box size of 25 h−1Mpc for small-scale power, in the latter
case with Np ¼ 7683 or 1923, respectively. Aside from the
central cosmological simulation indicated as the “best guess”
run, which has only a massless neutrino component, all our
other simulations contain three degenerate species ofmassive
neutrinos with

P
mν ¼ 0.1; 0.2; 0.3; 0.4; 0.8 eV, respec-

tively. A splicing technique introduced by [64] is further
used to achieve an equivalent resolution of 3 × 30723 ≃ 87
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billion particles in a ð100 h−1MpcÞ3 box size—reducing the
resolution and thus the computational requirements of our
numerical simulations. To this end, the small-scale neutrino
clustering has also been neglected.
We started our runs at z ¼ 30, with 2LPTinitial conditions

having the same random seed, and produced snapshots at
regular intervals in redshift between z ¼ 4.6 − 2.2, with
Δz ¼ 0.2. For each individual simulation, 100 000 skewers
were drawn with random origin and direction, and the one-
dimensional power spectrum computed at different redshifts.
The final theoretical power spectrum is an average obtained
from all the individual skewers, for any given model.
We acknowledge that, even though we used 2LPT initial
conditions, an earlier starting redshift would have been
more ideal because the neutrino background energy density
is slightly relativistic and at early times deviates from
Ωνða ¼ 1Þ=a3—with a the expansion factor and Ων the
neutrino density—thus altering the growth rate; our final
choice for the starting redshift was mainly a compromise
between the available computational time and the large
number of simulations we had to perform for our grid-based
technique. For more technical details on the simulations,
pipeline, and neutrino inclusionwe refer the interested reader
to [52].

B. Numerical implementation of massive neutrinos

We modeled massive neutrinos as a separate set of
particles in our simulations, similarly to what is routinely
done for the gas and the dark matter components when an
SPH formulation is adopted [53–55]. A full hydrodynam-
ical treatment is then carried out, well inside the nonlinear
regime, including the effects of baryonic physics which
affect the IGM—resulting in a computationally intensive
approach. Within the range of degenerate neutrino masses,
their thermal velocities can be approximated as [3]

vth ∼ 150ð1þ zÞ
�
1 eVP

mν

�
km=s: ð2Þ

Clearly, given their high thermal velocities, modeling
massive neutrinos numerically is a nontrivial task, particu-
larly because of significant shot noise. However, resolving
nonlinear scales is important for our detailed modeling
of the small-scale flux power spectrum; to this end, using
some accurate approximate linear solutions such as those
proposed by [65,66] would help in speeding up the
calculations considerably, but we instead opted for a fully
nonlinear N-body treatment in this work.
The central element of our joint constraints on Neff andP
mν is our simulation-based Taylor expansion model for

the dependence of the Lyα power spectrum on cosmologi-
cal and astrophysical parameters. In particular, as shown
in [13], the small but significant scale dependence of the
total matter power spectrum response is a consequence of
nonlinear evolution that can only be modeled accurately

using hydrodynamical simulations having a neutrino com-
ponent implemented as a separate set of particles: this
allows one to quantify the response of the power spectrum
to isolated variations in individual parameters, and in
particular to disentangle the well-known degeneracy
between

P
mν and the power spectrum amplitude σ8

[3,4,34]. However, what is really driving the neutrino mass
constraints is the amplitude of the Lyα flux power spectrum
at small scales, while the dependence of the flux power
spectrum on

P
mν with σ8 fixed is less than 1% for a 2σ

change (see Fig. 12 in [13]), compatible with the uncer-
tainty associated with our numerical simulations and there-
fore not significant.
Several alternative attempts to model neutrinos in

numerical simulations, either by using linear approxima-
tions, hybrid techniques, or treating neutrinos as a fluid
with a grid method can be found in [65–69]—but those
implementations are not further considered here.

IV. METHODOLOGY

To derive joint constraints onNeff and
P

mν, we extended
the procedure applied in [13] by using an analytic approxi-
mation to include nonstandard dark radiation models in the
Lyα likelihood. Inwhat follows,we first describe our general
technique to construct the global likelihood; we then clarify
our frequentist-based analysis method, digress on the com-
parison between frequentist and Bayesian techniques, and
finally elaborate on the analytic approximation adopted
when Neff is different from the canonical expectation.

A. Multidimensional likelihood construction
and frequentist analysis

Our main goal is to construct a multidimensional
likelihood L, which is the product of individual
likelihoods defining the various cosmological probes
considered (LSS and CMB), i.e., L ¼ LLSSLCMB ¼
LLyαLBAOLPlanckLACTLSPTLWMAP. Along the lines of
[13], for the CMB likelihood we assumed the best-fit
and covariance matrix directly from the Planck results
[17,48] in the case of a ΛCDM model extended to massive
neutrinos and an arbitrary number of massless extra degrees
of freedom, while we used the correlation matrix with a
posterior based on BAOs from the official Planck (2013)
chains to account for LBAO; therefore, all the correlations
between parameters are taken into account with our
technique. We then constructed the Lyα forest likelihood
with an elaborated procedure briefly described as follows—
but see [13,52,70] for all the numerical and data-oriented
aspects. In detail, for a model M defined by three
categories of parameters—cosmological (α), astrophysical
(β), nuisance (γ)—globally indicated with the multidimen-
sional vector Θ ¼ ðα; β; γÞ, and for a Nk × Nz data set X of
power spectra Pðki; zjÞ measured in Nk bins in k and Nz

bins in redshift with experimental Gaussian errors σi;j, with
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σ ¼ fσi;jg, i ¼ 1; Nk and j ¼ 1; Nz, the Lyα likelihood is
written as

LLyαðX; σjΘÞ ¼ exp½−ðΔTC−1ΔÞ=2�
ð2πÞNkNz

2

ffiffiffiffiffiffijCjp LLyα
priorðγÞ; ð3Þ

where Δ is a Nk × Nz matrix with elements
Δðki; zjÞ ¼ Pðki; zjÞ − Pthðki; zjÞ, Pthðki; zjÞ is the pre-
dicted theoretical value of the power spectrum for the
bin ki and redshift zj given the parameters (α; β) and
computed from simulations [52], C is the sum of the data
and simulation covariance matrices, and LLyα

priorðγÞ accounts
for the nuisance parameters, a subset of the parameters Θ.
For the baseline model, we considered five cosmological
parameters α in the context of the ΛCDM paradigm
assuming flatness, i.e. α ¼ ðns; σ8;Ωm;H0;

P
mνÞ, four

astrophysical parameters β related to the state of the IGM—
two for the effective optical depth of the gas assuming a
power law evolution, and two related to the heating rate of
the IGM—and 12 nuisance parameters γ to account for
imperfections in the measurements and in the modeling,
plus two additional parameters for the correlated absorption
of Lyα and either Si-III or Si-II. The theoretical Lyα power
spectrum Pthðki; zjÞ, as a function of α and β, is obtained
via a second-order Taylor expansion around a central model
chosen to be in agreement with Planck (2013) cosmological
results, and computed using the grid of simulations [52]
previously described.
The global likelihood L is finally interpreted in the

context of the frequentist approach [71]. This is done by
minimizing the quantity χ2ðX; σjΘÞ ¼ −2 ln½LðX; σjΘÞ�
for data measurementsX with experimental Gaussian errors
σ. In particular, first we compute the global minimum χ20,
leaving all the N cosmological parameters free; we then
set confidence levels (C.L.) on a chosen parameter αi by
performing the minimization for a series of fixed values of
αi—thus with N − 1 degrees of freedom. The difference
between χ20 and the new minimum allows us to compute the
C.L. on αi. This technique is readily extended to higher
dimensions, in order to derive joint constraints on two (or
more) cosmological parameters.
When computing the uncertainties on the parameters,

an exact profiling is done (frequentist equivalent to the
Bayesian marginalization), by refitting all the parameters
on every single point of the χ2 map: we state uncertainty
ranges obtained by letting all other parameters vary.
Specifically, this means that nuisance parameters are
allowed to take different values. The confidence intervals
are thus directly comparable to other papers, as was
demonstrated in [13] by a proper comparison between
the frequentist approach used here and a full Bayesian
approach. Such a comparison has also been studied by the
Planck collaboration in [72]. In particular, the uncertainty
on Neff is derived by letting

P
mν vary as all other

parameters (including nuisance parameters)—equivalently
to marginalizing over

P
mν. In addition, we require thatP

mν > 0. Since the minimum of the fit occurs for a
negative value of

P
mν > 0, the χ2 difference is therefore

computed with respect to the χ2 value for
P

mν ¼ 0. This
approach is very similar to the prescription of Feldman-
Cousins [73], as verified in [13]. We also note that, with
respect to the CMB likelihood, the marginalization is done
using the full correlation matrix publicly released by the
Planck collaboration, and asymmetric errors are also
accounted for by the use of an asymmetric Gaussian width
on either side of the maximum—directly derived from the
asymmetric uncertainties in the Planck full likelihood. This
approach has been thoroughly tested in [13], and shown to
give identical results, both in terms of central fit values,
uncertainties and correlations between parameters, of a
canonical Bayesian methodology based on the full Planck
likelihood. We have thus chosen here the approach that is
less time consuming and more flexible, and adopted the
same strategy in [14]. Next, we provide a concise com-
parison between our selected statistical method and a more
standard Bayesian interpretation.

B. Frequentist versus Bayesian interpretation

A dispute between the frequentist approach (most
common in particle physics) as opposed to Bayesian
techniques (often adopted in cosmology) is beyond the
scope of this paper. However, we would like to reiterate a
few key concepts in support of our chosen interpretation
methodology previously detailed.
The frequentist (or classical) method, originally intro-

duced by [71], is based on a concept of probability that
concerns the number of expected outcomes in a series of
repeated tests, and is primarily focused on the probability of
the data X given the parameters Θ, i.e., the likelihood
L ¼ pðXjΘÞ. In the frequentist sense, the best estimator of
a parameter is the value of the parameter which maximizes
the likelihood. Along with the global maximum likelihood,
often the maximum likelihood at every fixed value of the
parameter of interest is also given (i.e., the one-dimensional
profile likelihood); a maximum likelihood estimator which
maximizes L is then identified. By definition, the frequent-
ist approach does not require any marginalization to
determine the sensitivity on a single parameter, and in
principle no prior information is required. With this
approach, correlations between variables are naturally
encoded, and the minimization fit can explore the entire
phase space of parameters considered.
Bayesian techniques are based instead on a different

concept of probability, intended as the “degree of belief”
about a particular assertion. Within this framework, the
primarily focus is the posterior probability pðΘjXÞ, namely
the probability of the parameters Θ given the data X. The
full posterior can be marginalized over some of the model
parameters, to provide a posterior on the remaining
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parameters; this allows one to compute credible intervals
for each single parameters, along with joint confidence
contours on parameter pairs.
The frequentist quantity of interest pðXjΘÞ and the

Bayesian posterior pðΘjXÞ are related through the Bayes
equation:

pðXjΘÞpðΘÞ ¼ pðΘjXÞpðXÞ: ð4Þ

For problems of parameter inference, the normalizing
Bayesian evidence may be neglected, and for the case
where priors are flat and fully enclose the likelihood the
posterior is proportional to the likelihood, namely,

pðXjΘÞ ∝ pðΘjXÞ: ð5Þ

In the latter case, both the posterior and the likelihood peak
in exactly the same place in parameter space, and therefore
both methods should provide an identical answer. The
slight controversy from the frequentist point of view lies in
the necessity of specifying the prior probability of the
unknown parameters pðΘÞ, as it implies that some
informed guess must be made in advance of the collection
of the observed data, concerning the plausible values of the
unknown parameters. In this respect, priors must be care-
fully specified, and can be a delicate issue. On the other
hand, the advantage of being able to specify priors allows
one to quantify skepticism about the quality of the experi-
ment, or to test theoretical ideas or additional issues.
In [13] we have performed both a frequentist and a

Bayesian analysis, and proved for a large number of
configurations that we obtain the same results using the
two radically different approaches—confirming the robust-
ness of our parameter constraints. In particular, Table 4 in
[13] reports the results of a Bayesian analysis performed
with ten redshift bins and a free neutrino mass, when
considering the Lyα forest alone; the first column of the
same table shows results when flat priors are assumed for
all parameters (except for H0, which has a Gaussian prior),
and can be directly compared with the frequentist results in
the last column of Table 3 in [13], obtained under the same
assumptions. Similarly, for the combination Lyαþ CMB,
the frequentist and Bayesian results can be compared
through the fourth column of Table 5 in [13] and the third
column in Table 6 of the same paper. Remarkably, the
constraints obtained with the frequentist and the Bayesian
techniques are very similar on all fit parameters, with only
very minor differences in the final confidence limits.
Hence, the two approaches are in excellent agreement
for central and 1σ values, and therefore our bounds on
cosmological parameters are robust even against a change
of statistics; the exact 2D contours may differ slightly but
the accuracy of either approach is sufficient for the scope
of this study. As discussed also in [13], the conceptual
difference between the two methods should not lead to

major discrepancies in the estimate of physical parameters
and their confidence intervals when the model parameters
can be contained by the data, and confidence intervals
obtained with both methods are thus directly comparable to
other literature results. Due to the large number of nuisance
parameters associated to the Planck, ACT/SPT and Lyα
likelihoods, and to our extended parameter space, we chose
here the less time-consuming and more flexible approach,
and adopted the same strategy in [14]. Before moving on to
our main results, we briefly describe our analytic approxi-
mation used to incorporate nonstandard radiation models
in LLyα.

C. Approximation for dark radiation models

To account for nonstandard dark radiation scenarios in
LLyα, we extended the parameter spaceΘ to include models
with sterile neutrinos or more generic relic radiation, where
Neff is different from the canonical reference value corre-
sponding to three thermalized active neutrinos (i.e.,
Neff ¼ 3.046). The Taylor expansion of the one-dimen-
sional Lyα flux power spectrum will then include further
terms, due to the presence of a nonstandard Neff value, but
the logic leading to the construction of LLyα remains
essentially the same. Hence, in principle we just require
additional cosmological hydrodynamical simulations to
map out the extended parameter space and evaluate extra
cross-derivative terms in the Taylor expansion. However,
this computationally expensive procedure can be avoided
with the following strategy. Consider two models M and
~M defined by N cosmological parameters α and ~α, which
also include massive neutrinos. Model M is the reference
model with the standard value of Neff ¼ 3.046, while
model ~M has ~Neff ¼ Neff þ ΔNeff , with ΔNeff ≠ 0. We
restrict our analysis to the case of three species of
degenerate massive neutrinos and assume individual neu-
trino massesmν;i < 0.6 eV, so that they are fully relativistic
at the redshift of equality zeq. The basic idea is to map the

model M into a different model ~M with Neff ≠ 3.046,
which produces the same (or almost the same) total matter
linear power spectrum as M. If the two models are
characterized by the same linear matter power spectrum,
they will also have nearly identical nonlinear matter and
flux power spectra. Hence, one can simply rely on linear
theory and on simulations with standard Neff to specify
more exotic dark radiation scenarios. In practice, there
should also be a small effect due to the fact that the
expansion rate changes with Neff , but this effect is ignored
here since we neglect radiation density in our simulations.
It is easy to prove that the previous condition is realized if
M and ~M have the same values of zeq, Ωm, ωb=ωc and fν,
with Ωm the matter density, ω ¼ Ωh2, and fν ¼ ων=Ωm—
where the labels m; b; c; ν stand for total matter, baryons,
cold dark matter, and neutrinos, respectively. This is true up
to small differences in the scale of BAO peaks, but the fact
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that the location of BAOs slightly differs in the two cases
is unimportant for the Lyα likelihood. In particular, the
condition on fν guarantees that both the small-scale
suppression in the matter power spectrum and the small-
scale linear growth factor are identical inM and ~M. Based
on these requirements, the following two models will have
nearly the same total linear matter power spectrum:

M ¼ fωb;ωc; H0; Neff ;ωνg ð6Þ

~M ¼ f ~ωb; ~ωc; ~H0; ~Neff ; ~ωνg
¼ fη2ωb; η2ωc; ηH0; Neff þ ΔNeff ; η2ωνg ð7Þ

with

η2 ¼ ½1þ 0.2271ðNeff þ ΔNeffÞ�=½1þ 0.2271Neff � ð8Þ

and ~Mν ¼ ~Ma
ν þ ~Ms

ν ¼ η2Mν—where in the last passage
we distinguish between the active and sterile contributions
to the total mass (if the sterile neutrino has nonzero mass),
and Mν ¼

P
mν. To this end, in terms of structure

formation there is no actual difference if the total mass
is given by a combination of active or sterile neutrinos, or
just by active neutrinos for example—since what is really
relevant is eventually the total neutrino number density.
However, our formalism is more general and can also
account for the mass fraction of a sterile neutrino if the
latter one is assumed to be massive.
Figure 1 shows that the previous approximation is

accurate within 1% in the regime of interest (i.e., BOSS

Lyα forest region, shaded cyan area in the left panel), which
is comparable with our expected uncertainties from hydro-
dynamical simulations (see the next section). In essence,
the figure illustrates a 1% difference between the remap-
ping and the exact formulation when one considers linear
evolution, which we take as our systematics. Specifically,
the left panel shows linear power spectra computed with
CAMB [59] for different dark radiation models ~M having
ΔNeff ¼ 1 at z ¼ 3 (chosen as an indicative central redshift
value for our simulations), normalized by the baseline
modelM which has Neff ¼ 3.046 and assumes three active
neutrinos of degenerate mass—when Mν ¼ 0.3 eV. In
particular, model A1—characterized by a massless sterile
neutrino thermalized with three active neutrinos of degen-
erate mass—is the main focus of this study, while in the
other models the sterile neutrino is massive, thermalized,
and shares the same mass as the three active species (B1),
or has a different mass (C1); in the latter case, the mass
fraction of the sterile neutrino is ð1 − η−2Þ of the total
neutrino mass of the baseline model. Note that the small
tilt between models is mainly due to whether or not the
sterile neutrino is assumed to be massive, and therefore
differences between A1 and either B1 or C1 are more
pronounced (rather than between B1 and C1). The right
panel shows the CMB power spectra for the same models,
which are significantly different—unlike the linear matter
power spectra. At higher redshift and up to the time of
radiation-to-matter equality, the difference between the
various linear power spectra is as small as at z ¼ 0. Our
strategy is to use this analytic approximation only in the
Lyα likelihood; for the CMB and BAO scale likelihoods,
we always assume the full exact models.

FIG. 1 (color online). Linear theory test of the accuracy of our analytic approximation to include nonstandard dark radiation models.
(Left) Linear matter power spectra for a series of models ~M having ΔNeff ¼ 1 at z ¼ 3 (chosen as a representative central value for the
redshift range considered in this study), normalized by the baseline modelMwithNeff ¼ 3.046 and three active neutrinos of degenerate
mass, when Mν ¼ 0.3 eV. See the main text for more details. (Right) Corresponding CMB temperature power spectra for the same
models. Both panels show small differences in the scale of BAO and CMB peaks, but those differences do not affect the Lyα likelihood.
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V. RESULTS

The accuracy of our analytic approximation [Eqs. (6)–(8)]
to include nonstandard dark radiation models in the Lyα
likelihood has also been tested in the nonlinear regime, by
performing cosmological hydrodynamical simulations with
nonstandard Neff values and verifying the robustness of our
fitting procedure—along with the correct recovery of the
nonlinear matter and Lyα flux power spectra. For example,
we run a simulation based on a model ~M with ~Neff ¼ 4 and
~Mν ¼ 0.4 eV, where an additional massless sterile neutrino

is assumed to be in thermal equilibriumwith three degenerate
active massive neutrinos; we also run the corresponding
baseline model M having Neff ¼ 3 and Mν ¼ ~Mν=η2 ¼
0.35 eV—where the cosmological parameters are deter-
mined according to (6) and (7). Figure 2 shows selected
snapshots at z ¼ 3 from those simulations: the left panels
refer to the baseline model M, while right panels are for
the nonstandard model ~M. In the top panels, we display
projections of the gas density along the x and y directions
(and across z) for a 25 h−1 Mpc box size and a resolution

log internal energy log internal energy

FIG. 2 (color online). Snapshots at z ¼ 3 from simulations with a canonical value of Neff (left panels), and when Neff ¼ 4 (right
panels). The two cosmologies are related by our analytic remapping: ~Mν ¼ 0.35 eV for the baseline model, while ~Mν ¼ 0.4 eV for the
nonstandard model which contains an additional massless sterile neutrino assumed to be in thermal equilibrium with three degenerate
active massive neutrinos. Top panels show projections of the gas density along the x and y directions (and across z) for a 25 h−1 Mpc box
size and a resolution Np ¼ 1923 particles per type; bottom panels display slices of the internal energy of the gas, for the same redshift
interval. Although the two cosmologies are rather different, our remapping (6)–(8) produces almost identical nonlinear total matter and
flux power spectra, and therefore a similar LSS morphology with no perceptible visual differences in the cosmic web structure.
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Np ¼ 1923 particles per type; in the bottom ones, we show
slices of the internal energy of the gas for the same redshift
interval. The axis scales are in h−1 Mpc, and the various plots
are smoothed with a cubic spline kernel. The main point of
the plot is to provide a visual proof that essentially models
with rather different cosmologies, mapped through our
approximation, eventually produce almost identical non-
linear total matter and flux power spectra, and therefore
present nearly the sameLSSmorphology (differences are not
visually perceptible).
Figure 3 is a further confirmation that the discrepancy

between the exact formulation and our approximated
remapping procedure is not worse than 1% even in the
nonlinear regime, thus at the same level of agreement as the
aforementioned assumed systematic uncertainty when we
consider the linear regime. The figure shows the ratios of
synthetic Lyα forest flux power spectra extracted at differ-
ent redshifts from those two models (note that this is not the
expected signal): even in the nonlinear regime, we find that
deviations in the power spectra of ~M andM are within 1%
for all the z-intervals of interest.
It is also useful to quantify the total variation in the Lyα

forest flux power spectrum due to a change in Neff , in order
to assess the magnitude of the systematic error related to
our remapping procedure—along with the uncertainty
associated with our simulations—relative to the magnitude
of the change in Neff we are seeking. For some represen-
tative redshift values (i.e., z ¼ 2.2, 3.0, 4.0), Figure 4
shows that a variation ΔNeff ¼ �1 in Neff from its central

value (assumed to be Neff ¼ 3), indicated respectively with
solid or dotted lines in the figure, causes a global change in
the Lyα flux from 2.2% up to 3% at the various redshifts
considered. Therefore, the effect we are looking for is more
significant than our uncertainty associated with simula-
tions, or with our dark radiation approximation (both
within 1% level). In [13], the response of the Lyα
flux to isolated variations in other individual parameters,
such as the total neutrino mass, σ8, the spectral index ns,
H0 or Ωm, has been quantified (see their Fig. 12 and
their Sec. 5.1), and coherent percent-level changes in the
power spectrum across multiple k-bins and redshift slices
have been proven to be detectable with very high statistical
significance.
Having fully validated our analytic approximation and

quantified the sensitivity of the Lyα flux power spectrum to
a variation in Neff , we implemented the extension to dark
radiation models in the procedure applied in [13], and then
interpreted the global likelihood L in the context of the
frequentist approach [71]—along the lines explained in
Sec. IVA. Figure 5 summarizes the main results of our
fitting procedure for the values of Neff and

P
mν, derived

by combining CMB (Planckþ ACTþ SPTþWMAP
polarization; blue contours) with Lyα forest data (red
contours), or by further adding BAO information (green
contours). Specifically, we obtain Neff ¼ 2.91þ0.21

−0.22
(95% C.L.) and

P
mν < 0.15 eV (95% C.L.) in the first

case, and Neff ¼ 2.88� 0.20 (95% C.L.) and
P

mν <
0.14 eV (95% C.L.) in the second. Table I reports the
final results of the fits for all the main cosmological
parameters (α), in addition to Neff and

P
mν, for the

two combinations of data sets considered (i.e., CMBþLyα
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or CMBþ Lyαþ BAO). In particular, our tight constraints
on Neff exclude the possibility of a sterile neutrino
thermalized with active neutrinos—or more generally
of any decoupled relativistic relic with ΔNeff ≃ 1—at
significance of over 5σ, the strongest bound to date, and
are fully consistent with the latest constraints recently
reported by Planck (2015) [18]. We discuss the major
implications of these results in cosmology and particle
physics next.

VI. DISCUSSION

Simultaneous constraints on Neff and
P

mν are interest-
ing, since extra relics could coexist with massive neutrinos
or could themselves have a mass in the eV range. From
CMB measurements alone, these two parameters do not
show significant correlations because their physical effects
can be resolved individually, while Neff and

P
mν may be

partially degenerate when considering LSS tracers—
actually, in the range of validity of the analytic approxi-
mation that we use for Lyα data, these two parameters are
totally degenerate, but outside of that regime the two
quantities may not be fully degenerate because of different
effects on the expansion rate and growth factor. As reported
in [13], the main correlation observed is between

P
mν and

σ8, where the correlation coefficient reaches ∼70%; also,
for a fixed σ8 the change in the Lyα flux power spectrum is
a nearly constant 1% increase at z ¼ 4.0, while at z ¼ 2.2
the change declines to nearly zero (see again their Fig. 12
and their Sec. 5.1). Similarly, in the region of interest here
Neff is also essentially degenerate with σ8 (compare our
Fig. 4 with Fig. 12 in [13] for σ8). However, interestingly
enough, this degeneracy can be broken at larger scales,
for instance by considering voids as LSS tracers and their
properties in relation to massive neutrinos. Indeed, the
limiting factor in cosmological constraints is the ability to
break degeneracies among the effects of different param-
eters. However, the most constraining power comes from
the combination of CMB and LSS, because distinct
cosmological probes have different and independent sys-
tematic errors, and contrasting directions of degeneracy in
parameter space. This is particularly true for the Lyα forest,
which reduces the uncertainties on cosmological parame-
ters quite significantly when combined with CMB mea-
surements. With respect to the total neutrino mass, the
ability to place a strong upper limit ultimately derives from
the fact that the distinctive scale- and redshift-dependence
suppression of power in the matter and Lyα flux power
spectrum caused by neutrinos cannot be mimicked by a
combination of other parameters, and is not fully degen-
erate. In the case of Neff , most of the information comes
from precise measurements of the photon diffusion scale
relative to the sound horizon scale (hence from the CMB),
but the combination of other parameters in the Lyα like-
lihood and very different directions of degeneracy in
parameter space contribute to tighter limits. For example,
we tested this by completely removing the dependence on
Neff in LLyα, and found that our final limits on Neff varied
only marginally—confirming that most of the constraining
power on the number of effective neutrino species indeed
resides in the CMB, although some additional—albeit
small—information is also contained in the Lyα forest.
Therefore, we would expect that the combination of
CMBþ Lyα will always perform better than the CMB
alone, and if combined with the new Planck (2015) data
[74] the results presented here will be even tighter. In
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FIG. 5 (color online). Joint constraints on the number of
effective neutrino species Neff and the total neutrino massP

mν, obtained from different cosmological probes. Red con-
tours refer to the combination of CMBþ Lyα data, while green
contours include additional information from BAOs; in the first
case we obtain Neff ¼ 2.91þ0.21

−0.22 and
P

mν < 0.15 eV, while in
the second Neff ¼ 2.88� 0.20 and

P
mν < 0.14 eV—all at

95% C.L. Our results exclude the possibility of a sterile
neutrino—thermalized with active neutrinos—at a significance
of over 5σ, and provide strong evidence for the CNB from
Neff ∼ 3—as Neff ¼ 0 is rejected at more than 14σ.

TABLE I. Values of the main cosmological parameters
obtained from a frequentist analysis of the likelihood L, as
explained in the main text, for the two combinations of
data sets considered in this paper—CMBþ Lyα or CMBþ
Lyαþ BAO.

Parameter CMBþ Lyα CMBþ Lyαþ BAO

ns 0.950þ0.007
−0.008 0.949� 0.007

H0 [km/s/Mpc] 67.0� 1.3 66.8� 1.3P
mν [eV] < 0.15 (95%) < 0.14 (95%)

σ8 0.831þ0.013
−0.015 0.834þ0.015

−0.020
Ωm 0.308� 0.015 0.311� 0.009
Neff 2.91þ0.21

−0.22 2.88� 0.20
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essence, the key is the synergy of the CMB with a high-
redshift tracer having different systematics and probing
different directions in parameter space. We also note that
there is no significant correlation betweenNeff and

P
mν in

the CMBþ Lyα contours (essentially because the CMB is
driving the constraints particularly on Neff , and as pre-
viously mentioned from CMB measurements alone these
two parameters do not show significant correlations), and
therefore our upper limits on the total neutrino mass
obtained from a joint analysis are consistent with [13].
There has long been a worry about being able to trust

Lyα forest data and extract the power spectrum at small
scales. However, in the recent few years the statistical
power of the forest has increased dramatically thanks to
new exquisite data from the SDSS survey, and in particular
to BOSS [26,46]. The situation will certainly improve with
eBOSS and DESI [61,63]. Along with better and higher-
quality data, our understanding of the various systematics
affecting the Lyα forest has also improved significantly
over the past few years. To this end, [35] has conducted a
careful analysis of Lyα forest data from BOSS, and
accounted for a long list of systematic effects. From the
numerical side, [52] performed a detailed analysis of the
modeling of the small-scale Lyα flux spectrum in presence
of massive neutrinos, quantifying (from a pure theoretical
ground) the impact of systematics at small scales. In
addition, [13] presented an accurate analysis on small-
scale systematics. In general, a rather conservative assess-
ment of the neutrino mass limits has been performed,
particularly regarding the splicing technique. The impact of
the major known systematics have been quantified and
taken into account in our technique with a series of
nuisance parameters. In particular, UV fluctuations,
AGN and SNe feedback, high-density absorbers, point
spread function of BOSS spectra and splicing uncertainties
have been translated in terms of uncertainties in our quoted
limits on Neff and

P
mν. However, even after accounting

for all the possible known systematics, a small tension
between Lyα forest and CMB data remains, namely the
power spectrum amplitude obtained from the former probe
is somewhat larger than that preferred by the latter one, and
this fact may be driving our tighter limits; further inves-
tigation along these lines is ongoing work.
Joint constraints on the number of effective neutrino

species and the total neutrino mass are also in general
model dependent. In this study, to derive our limits on Neff
and

P
mν we assumed that the three active neutrinos share

a mass of
P

mν=3, where mν;i < 0.6 eV, and may coexist
with massless extra species contributing to Neff as ΔNeff .
Based on these assumptions, the main conclusions of our

analysis are as follows: (1) the possibility of a sterile
neutrino thermalized with active neutrinos—or more gen-
erally of any decoupled relativistic relic withΔNeff ≃ 1—is
ruled out at a significance of over 5σ, the strongest bound to
date; (2) as in [13], we obtain a tight and competitive upper
bound on the total neutrino mass, which eventually will be
helpful in solving the neutrino hierarchy problem; (3) by
rejectingNeff ¼ 0 at more than 14σ, our constraints provide
the strongest evidence for the CNB from Neff ∼ 3. These
results have several important implications in particle
physics and cosmology. In particular, the effective number
of neutrino-like relativistic degrees of freedom is found
compatible with the canonical value of 3.046 at high
confidence, suggesting that the minimal ΛCDM model—
along with its thermal history—is strongly favored over
extensions with nonstandard neutrino properties or with
extralight degrees of freedom, and the measured energy
density is composed of standard model neutrinos. Hence,
no new neutrino physics nor new particles are required,
and the theoretical assumptions going into the standard
cosmology theory are correct. In addition, along with [13],
our stringent upper bounds on

P
mν suggest interesting

complementarity with future particle physics direct mea-
surements of the effective electron neutrino mass [8].
Finally, our conclusions on the CNB nicely complement
recent results from Planck (2015), which has detected
the free-streaming nature of the species responsible for
Neff ∼ 3 with high significance [18,75]. We expect that our
joint constraints on Neff and

P
mν will be improved by a

factor of 2 by including eBOSS measurements, while
DESI should improve these constraints even further
[61–63]—and likely shed a novel light into the hierarchy
nature of the masses of active neutrinos, along with the
reconstruction of the individual mass of each neutrino mass
eigenstate.
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