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The light-trajectory in the gravitational field of N extended bodies in arbitrary motion is determined in
the first post-Newtonian approximation. According to the theory of reference systems, the gravitational
fields of these massive bodies are expressed in terms of their intrinsic multipoles, allowing for the arbitrary
shape and inner structure of these bodies. The results of this investigation aim towards a consistent general-
relativistic theory of light propagation in the Solar System for high-precision astrometry at the sub-

microarcsecond level of accuracy.
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I. INTRODUCTION

The primary objective of astrometry is the determination
of the positions and motions of celestial objects, like stars
or Solar system objects, from angular observations, that is
to say to trace a light ray detected by an observer back
to the celestial light source. Consequently, one fundamental
assignment in relativistic astrometry concerns the precise
description of the trajectory of a light signal, which is
emitted by the celestial object and propagates through the
gravitational field of the Solar system towards the observer.
The growing accuracy of observations and new observa-
tional techniques have made it necessary to take subtle
relativistic effects into account. In this respect, a break-
through in astrometric precision has been achieved by the
space-mission Hipparcos (launch: 8 August 1989) of
European Space Agency (ESA), which has accomplished
an astrometric precision of up to 1 milliarcsecond (mas) in
measuring the positions of stars [1,2]. The next milestone in
astrometry is established by the ESA astrometry mission
Gaia (launch: 19 December 2013), where the positions of
celestial objects can be determined within an accuracy of
several microarcseconds (uas) in the ideal case (bright
stars) [3].

While microarcsecond astrometry has been realized both
theoretically and technologically within the Gaia mission,
the dawning of sub-microarcsecond (sub-pas) or even
nanoarcsecond (nas) astrometry is going to pass into the
strategic focus of astronomers. For instance, NEAT [4,5]
has been proposed to ESA as a candidate for one of the
M-size missions within the Cosmic Vision 2015-2025, and
is intended to reach a precision of about 50 nas. To achieve
such accuracy, NEAT utilizes a pair of spacecraft that
would fly in formation at a separation of 40 meters. This
provides the long focal length necessary to generate high
angular resolution to detect Earth-like planets. Further
space missions like ASTROD [6,7], LATOR [8,9],
ODYSSEY [10], SAGAS [11], or TIPO [12] are under
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discussion by ESA which require the knowledge of light
propagation through the Solar System at the sub-upas or
even at the nas level of accuracy. These missions are
designed for a highly precise measurement of the spatial
distance between two spacecrafts in order to determine the
gravitational field within the Solar System. Also feasibility
studies of earth-bound telescopes are presently under
consideration which aim at an accuracy of about 10 nas
[13]. In view of these technological advancements, a
corresponding development in the theory of high-precision
astrometry and especially in the theory of light propagation
is indispensable.

In the limit of geometrical optics the path of a light signal
(photons) is a null geodesic, governed by the geodesic
equation which is valid in any coordinate system and reads
in the exact form [14,15]:

d*x*(2) dxt(2) dx*(2)
a =0, 1
22 R d da (1a)
dx*(2) dx (1)
—= =0, 1b
gaﬂ da di ( )

where (la) represents the geodesic equation, while the
so-called isotropic condition (1b) must be imposed as
additional constraint for null geodesics; x*(1) are the
four-coordinates of the photon which depend on the affine
curve parameter A, and the Christoffel symbols are func-
tions of the metric of curved spacetime,

1 (095, 09, 09
Fzyz_g(ﬁ< ﬁll_'_ pv Y , (2)

2 ox*  Oxt  Oxf

where ¢* and Jop are the contravariant and covariant
components of the metric tensor, respectively.

Facing the fact that in the Solar System the gravitational
fields are weak, GZMA < 1, and the orbital velocities of the
bodies are slow, 7"A<< 1, one is allowed for utilizing the
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post-Newtonian (PN) approximation for the metric tensor
Jap Which is based on both of these assumptions [16]; here
M,, Ry, and v, being mass, radius, and velocity, respec-
tively, of some massive Solar System body (e.g., A = Sun,
planets, moons, planetoids). This so-called weak-field
slow-motion approximation admits an expansion of the
metric of Solar System in powers of these small parameters,
that means in inverse powers of the speed of light, e.g. [17]:

2 3 4 _
Gap = flap + B3 + 1)+ 08+ O(c%),  (3)

where 77,5 = diag(—1,+1,+1,+1) is the metric tensor of

flat Minkowski spacetime, and hf;;) < 1 are small pertur-

bations of it, which scale as follows, h((;}s) ~ O(c™), while
their detailed structure will be considered later.

In doing so one has to bear in mind that such a post-
Newtonian expansion assumes from the very beginning that
all retardations are small. Therefore, the expansion in (3) is
only valid inside the so-called near zone of the Solar
System, |x| < A, characterized by the length of gravita-
tional waves, ﬂgr, emitted by the Solar System [14,18-20].
To get an idea about the magnitude, one can relate this
wavelength to a typical orbital period 7., of the Solar
System bodies by Ay ~ T gppic ~ 107 meter, where we
have considered as orbital period one revolution of
Jupiter around the Sun. Hence, the boundary of the near
zone, |x| < 107 meter, is still beyond the most outer
border of the Solar System and especially encompasses
all Solar System objects.

Since one can define the position of any object only with
respect to a concrete reference system, such description
necessarily implies to introduce global coordinates which
cover the entire curved spacetime and in respect to which
the positions of the massive bodies, celestial objects and
photons along their trajectories can be well defined.
According to the recommendations of the International
Astronomical Union (IAU) [21,22], the standard global
reference system adopted in modern astrometry is the
Barycentric Celestial Reference System (BCRS) with
coordinates (ct,x), where 7 is the coordinate time and x
are Cartesian-like spatial coordinates from the origin of the
global system (barycenter of the Solar System) to some
field point.

In BCRS coordinates the exact light trajectory from the
light source through the Solar System towards the observer,
that means the exact solution of geodesic equation (1a), can
be written as follows,

x(1) =xo+ c(t — ty)o + Ax(1,1y), (4)

where x = x(1,) is the position of the light source at the
moment #, of emission of the light signal, 6 = @ is the
unit-direction of the light ray at past-null infinity, and Ax
are gravitational corrections to the unperturbed light
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trajectory. These corrections are complicated expressions
which depend on all parameters which characterize the
metric of the Solar System. According to the post-
Newtonian expansion (3), the gravitational corrections to
the unperturbed light trajectory admit a corresponding
expansion,

Ax = Axjpy + Axspy + Axopy + O(c™),  (5)

where the terms Axpy, AX| spN, and Ax,py are of the order
O(c™?), O(c7?), and O(c™*), respectively.

As mentioned, today’s astrometric accuracy has reached
a level of a few microarcseconds in angular observations,
and the next scale of precision is the sub-microarcsecond
level; for an historical survey see [23]. In order to analyze
such highly precise astrometric data, a comprehensive
and systematic relativistic procedure of data reduction is
required [15,24]. Among several aspects of modern astrom-
etry, two specific issues have carefully to be treated:

(A) First, the most fundamental concept in astrometric
data reduction concerns the accurate definition of a set of
several reference systems plus the coordinate transforma-
tions among them. In particular, for the determination of the
light trajectory through the Solar System (N-body system),
the following N + 1 coordinate systems are of primary
importance: one global reference system (BCRS) with
coordinates (ct,x) and N local coordinate systems with
coordinates (c¢T,4,X,4), one for each massive body
(A=1,...,N) and comoving with it. These N + 1 refer-
ence systems are fully defined by the form of their metric
tensor. Furthermore, it is well known that the global
metric (3) of an N-body system in the region exterior
to the massive bodies admits a decomposition into two
families of global multipoles, namely global mass multi-
poles m; and global spin multipoles s; [20,25-28]:

hg/lf) = hlez(mL’ sL)s

for n =2,3,4. (6)
These global multipoles describe the multipole structure
of the entire Solar System as a whole. On the other side,
from the theory of reference systems and in accordance
with the TAU resolutions [21,22], it is clear that physically
meaningful multipole moments of some massive body A
have to be defined in the body’s local reference system,
namely local (also called intrinsic) mass multipoles M4
and local spin multipoles $7. These intrinsic multipoles
describe the multipole structure of each individual body
separately. Consequently, the problem arises about how to
express the global metric (3) in terms of local multipoles:

n) =l (M. SE). forn=2.3.4. (7)
In this respect, there are two advanced approaches in
the relativistic theory of reference systems: the
Brumberg-Kopeikin formalism (BK) [15,19,29-32] and
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the Damour-Soffel-Xu (DSX) approach [33—-36]. Both these
approaches coincide for all practical problems in celestial
mechanics and astrometry [37] and have become a part of
the TAU resolutions [21,22]. Thus it appears that the

explicit form of the metric perturbations hfﬁ) hffﬁ) and
hg(‘)) in (7) are well-established expressions in celestial

mechanics and modern astrometry, while the spatial com-
ponents hgj) in (7) deserve special attention in the case of
extended bodies with full multipole structure and is
presently an active field of research [38—41]; note that
K = 0.
0i

(B) Second, the Solar System can be described as an
isolated N-body system, where the bodies move under the
influence of their mutual gravitational interaction, there-
with associated are orbital motions of the bodies which are
highly complicated. One has to be aware that the metric (3)
and, therefore, the light trajectory (4) are functions of these
complicated world lines x,(7) of the massive bodies. In
order to simplify this problem, one might want to expand
the world line of some body A around some time moment
t, as follows,

b))+ 2 (1= 1,2 + O(ay),  (8)

\4
xa(1) = x4+ A (1= 1) + 52

1!

where x4, = x,(t4), v4 =va(t4) and @, = a,(t,) are the
position, velocity and acceleration of body A at time
moment ?4, respectively, which are constant parameters.
While terms like v,/c are beyond 1PN approximation in
the geodesic equation, one has to realize that the above
series expansion is not an expansion in powers over c, thus
all terms in (8) will contribute in 1PN approximation to the
light ray metric, at least as long as no further assumptions
like ay, ~G are asserted; cf. text below Eq. (80). In
principle, the expression in (8) can be implemented into
the metric tensor of the Solar System in (3). But such an
approach leads rapidly to involved integrals when solving
the geodesic equation in (1a), and implies an infinite series
of integrals that apparently cannot be summed. Also the
time-moment ¢, is actually an open parameter and remains
uncertain without further assumptions. Consequently,
instead to apply for such an approximative expansion in
(8), it is much preferable to find a solution for the light
trajectory in terms of arbitrary world lines x4 (¢). The actual
world line of some massive body can finally be concretized
by means of Solar System ephemerides; e.g. the JPL
DE421 [42]. Accordingly, an important point which has
to be carefully considered concerns the arbitrary motion of
the massive bodies.

In this investigation we will account for both of these
fundamental aspects addressed above: issue (A) is incor-
porated by the DSX approach, while issue (B) is accounted
for by integration by parts of geodesic equation plus the
evidence that the remnants of this procedure represent
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terms beyond 1PN approximation. In this way, a systematic
approach is developed in order to determine the light
trajectory in the Solar System in (4) in the first post-
Newtonian (1PN) approximation,

x(t) = xo + c(t = ty)o + Axpn(t, tg) + O(c™3), 9)

where the global metric of the Solar System is described
from the very beginning in terms of intrinsic multipoles of
the extended bodies in arbitrary motion. Such a systematic
formalism is an imperative prerequisite for extending the
model to higher-order terms in the post-Newtonian expan-
sion in (5).

The article is organized as follows: In Sec. II we will
motivate the inevitability for an analytical solution of
light trajectory in the field of N arbitrarily moving bodies
with full multipole structure in post-Newtonian order for
sub-microarcsecond astrometry. In Sec. III the geodesic
equation in 1PN approximation and the initial-boundary
conditions are introduced which determine a unique sol-
ution of the geodesic equation. The metric of the Solar
System in terms of intrinsic multipoles in accordance with
the IAU resolutions is given in Sec. IV. In order to simplify
the integration procedure, new variables for space and time
and the corresponding transformation of geodesic equation
and metric tensor are presented in Sec. V. In Sec. VI the first
integration of geodesic equation is performed, while in
Sec. VII some specific cases (arbitrarily moving monop-
oles, dipoles, quadrupoles, and one body at rest with full
multipole structure) are considered. It will be demonstrated
that in the limit of bodies at rest the results are in agreement
with known results in the literature. In Sec. VIII the second
integration of the geodesic equation is represented, while
some specific cases (arbitrarily moving monopoles,
dipoles, quadrupoles, and one body at rest with full
multipole structure) are considered in Sec. IX. In the limit
of bodies at rest an agreement with known results in the
literature is shown. Expressions for the observable relativ-
istic effects of time delay and light deflection are given in
Sec. X. A summary and outlook can be found in Sec. XI.

A. Notation of impact vectors

It appears to be considerate to introduce the notation in
use regarding the impact vectors, while further notations
are shifted to Appendix A.

While the exact light ray x(¢) in (4) is a complicated
function, the unperturbed light ray in flat Minkowski
spacetime is just given by a straight line,

xn(t) =x¢ + c(t—1y)0, (10)

where the subscript N stands for Newtonian limit. One may
introduce the following impact vector:

d=1g. (1)

E=0x(xx(1) X 6) =6 % (x) X 6),
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The impact-vector in (11) points from the origin of the
global system (BCRS) towards the point of closest
approach of the unperturbed light ray to that origin. The
impact vector in (11) is time independent, both in the case
of massive bodies at rest as well as in the case of massive
bodies in motion.

1. Massive bodies at rest

Massive bodies at rest means their positions to be
constant with respect to the global system: x, = const.
We will make use of the following notation for the vector
from the massive body at rest towards the photon propa-
gating along the exact light trajectory,

ry =x(1) — xy, (12)

with the absolute value r4 = |r,|. The vector from the
massive body at rest towards the photon along the unper-
turbed light trajectory reads

iy =xn(1) — x4
=xq+ c(t —tg)o — x4, (13)
with the absolute value r = ||, and obviously
ry =rY+ O(c7?). We also need the vector from the

massive body at rest towards the photon at the moment
of signal emission,

r =xp—x,, (14)

with the absolute value 7§ = |rY|. Note that in the case of
massive bodies at rest there will be no time argument in r
and rY), irrespective of the fact that the distance between the
photon and the body actually depends on time due to the
propagation of the photon. In the case of massive bodies at
rest, we introduce the following impact vector:
d,=0x(r} xo), dy = |dy]. (15)
The impact-vector in (15) is time independent, d 4 =0, and
points from the origin of local coordinate system of massive
body A towards the unperturbed light ray at the time of
closest approach to that origin, defined later by Eq. (33).
Notice that the term “weak gravitational field” implies

dy > s,

2. Massive bodies in motion

In the case of massive bodies in motion, their positions
become time dependent: x4(¢). Then we will make use of
the following notation for the vector from the massive body
towards the photon propagating along the exact light
trajectory:

PHYSICAL REVIEW D 92, 063015 (2015)
ra(t) = x(1) = x4(0), (16)

with the absolute value r4(7) = |r4(7)|. The vector from the
massive body in motion towards the photon along the
unperturbed light trajectory reads

ra () = xn(1) —xa(1)
=x0 +c(t—1g)o —x4(1), (17)
with the absolute value r(z) = |r){(¢)| and obviously
ra(t) = rY(1) + O(c™2). We also will need the vector from
the massive body towards the photon at the time moment of
emission of the light signal, given by

i (19) = xo — x4(19). (18)

with the absolute value r\(z5) = |[rY(y)|. In the case of
massive bodies in motion we introduce the following
impact vector:

dy(t) =6 x (ri(t) xe),  da(t) =|da()].  (19)
The impact vector in (19) is time dependent, d, # 0, and
points from the origin of local coordinate system of massive
body A towards the unperturbed light ray at the time of
closest approach to that origin. The time dependence of
the impact vector in (19) is solely caused by the motion
of the massive body, that means a time derivative of (19)
is proportional to the orbital velocity of this body,

d,(1) =6 x (6 xvy(1)).
field” implies d,(1}) > G?ff‘ for the time of closest
approach of the light ray to the massive body, which will
be defined later; see Eq. (33).

The term “weak gravitational

II. MOTIVATION

Before representing our approach, it is most appropriate
to review in brief the recent advancements in the theory of
light propagation in the weak gravitational field of N
massive bodies. It is clear that in a short review like the
present, it is impossible to consider all articles written on
the subject during the last decades, and many important
calculations must remain unmentioned. Instead, the brief
survey is enforced to be focussed on those results, which
are of upmost relevance for our considerations.

As mentioned in the introductory section, the BCRS
metric of Solar System admits an expansion in terms of
multipoles. By inserting the decomposition of the metric in
terms of global multipoles (6) into the geodesic equa-
tion (1a) one obtains a corresponding decomposition of the
light-ray perturbation (5) in terms of global multipoles:

(6]

Ax = Ax(my.sp) + O(c™). (20)

=0
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Likewise, inserting the decomposition of the metric in
terms of local multipoles (7) into the geodesic equation (1a)
one obtains a corresponding decomposition of the light-ray
perturbation (5) in terms of local multipoles:

Ax = io: Ax(M%, S3) + O(c73). (21)
=0

In the subsequent survey it will be carefully distinguished
whether a decomposition in terms of global multipoles (20)
or in terms of local multipoles (21) is meant. Let us
gradually consider these individual terms, depending on
the accuracy of the astrometric measurements.

A. Astrometry at the milliarcsecond level of accuracy

For astrometry on milliarcsecond (mas) level of accuracy
it is sufficient to approximate all Solar System bodies
as spherically symmetric objects. In the case of N monop-
oles at rest, the corresponding correction term in (21)
reads [15]

y 26 &
AleN(Wo):—7ZMA

A=l
N
dA dA rII;I—o"rA
* rN—z)'-rN_rO—z)'-ro_o-lnro—z)'-r0 ’
A A Ta A A A
(22)

where the sum in (22) runs over all massive bodies of the
Solar System. For a comparison of (22) with [15] it might
T —In
—0" rA A+
of light deflection for grazmg rays amounts to 1.75 x 103
mas for the Sun, 16.3 mas for Jupiter, 5.8 mas for Saturn,
2.1 mas for Uranus, and 2.5 mas for Neptune [43].
Since in reality these massive bodies are moving, the
question arises about how to implement the time depend-
ence of the positions of these gravitating bodies. This
particular issue has thoroughly been solved in [44] in first
post-Minkowskian (1PM) approximation, and will be one
aspect in the following section.

be useful to recall: ln The magnitude

B. Astrometry at the microarcsecond level of accuracy

Meanwhile, modern space-based astrometry has accom-
plished the step from milliarcsecond level to the micro-
arcsecond level of accuracy [23]. In order to determine the
light trajectory at the uas level of accuracy, some further
subtle relativistic effects of light propagation need to be
accounted for in addition to the monopole term in (22).
These include the following:

(i) the quadrupole structure of the massive bodies,

(i1) the motion of the massive bodies,

(iii) the post-post-Newtonian monopole term.

PHYSICAL REVIEW D 92, 063015 (2015)

The fundamentals of the corresponding theoretical model
of light propagation have been worked outin [15,17,43,45],
and later be refined in [46,47]. The results of these
investigations have been adopted as one of two model
for the Gaia data reduction and which is called the Gaia
relativistic model (GREM). Another approach has been
developed in [48—52], which is the second model in use for
Gaia data reduction and which is called the relativistic
astrometric model (RAMOD). Both these models are
designed for relativistic astrometry at the microarcsecond
level of accuracy and allow for an independent check of
their results. Let us consider in more detail each of these
three subtle effects which are listed above.

1. Impact of the quadrupole field on light trajectory

The analytical solution for the light trajectory in a
quadrupole field of a body at rest and in post-Newtonian
approximation has been determined in [45], where the time
dependence of the coordinates of the photon and the
solution of the boundary value problem for the geodesic
equations has been obtained at the first time. These results
were later confirmed by different approaches in [53-55].
The formula for the quadrupole light deflection in 1PN
approximation can be found in [17,43,45] and should be
given here in its complete form:

ZZ({ZaAuA u)

FPa(Va= V) +7a(Fa—F5) +64(E4—EY)]-
(23)

0
A‘leN t tO

The sum in (23) runs over all massive bodies of the Solar
System. In [47] it has been shown that all terms in the
second line of Eq. (23) are negligible for pas astrometry, but
this fact is not of much relevance in our investigation here.
The time-independent vectorial coefficients in (23) are
given by

=M}, dic" o™ +2M} dif —2M, do'iok
4
JZ M‘;‘llzd”d”dk (24)
ﬁg = +Mﬁi20i'0i26k — ZM‘,f‘lkO'il
4 2
—l—aﬂMﬁ,zdl’dk ol _d Mf*]lzd”dl2 ok (25)

i =+Mi, dididk — MY, didioh o

+2M4, dbdio ot (26)

i1in
Sk = —MA. d"dl2 kg Mﬁizdﬁailaizak
+2M4, d’zdk i, (27)

iyip
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with intrinsic mass quadrupole moments M‘i“1 ;,- The time-
dependent scalar functions in (23) are given by

1 +o6-r} 17 +o6-r9

U, = — A A, Z/{OI— A A’ 28
e ST

N 0

O"rA _0'~rA
Vy = e W = o (29)
Fp=— F= (30)

SN CVE AT

c-rY c-r
Er =, & =—4. 31
e ATwe B

The light deflection for grazing rays at giant planets due to
their quadrupole-structure amounts to 240 pas for Jupiter,
95 pas for Saturn, 8 pas for Uranus, and 10 pas for
Neptune [43], which clearly indicate that the effect of
quadrupole light deflection must be taken into account for
astrometry at the microarcsecond level of accuracy.

2. Impact of the motion of massive
bodies on light trajectory

One of the most sophisticated challenges in relativistic
astrometry concerns the problem of the motion of massive
bodies and its impact on the light trajectories. While the
solutions in (22) and (23) are valid for bodies at rest,
x, =0, in reality the global coordinates of the bodies
depend on time, x,(¢), which is a highly complicated
function in an N-body system due to the mutual gravita-
tional interaction of the massive bodies. These complicated
world lines of the massive bodies in the Solar System can
be series expanded [17,43],

X4 (1) = x4 +v4(t —14) + O(ay), (32)

where x, and v, can be thought of as the actual position and
velocity of body A taken from an ephemeris for some
instant of time #,. Let us underline here that the impact of
the term v, in (32) on the light trajectory is of 1PN order,
besides the fact that this term is proportional to the velocity
of the body; recall that on the other side terms proportional
to vy/c are of 1.5PN order in the theory of light
propagation; cf. text below Eq. (80).

An analytical integration of light trajectory in the field of
an uniformly moving body (32) has been derived in closed
form in 1PN approximation in [56] and later also in 1PM
approximation by means of a suitable Lorentz transforma-
tion of the light trajectory [57]. As long as one considers
uniformly moving bodies, the instant of time 7, in the
expansion (32) remains an open parameter, but by all
means heuristic arguments can be put forward for a
meaningful choice for it. Perhaps the most fruitful
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suggestion was that given in [58], where it was supposed
to accept that this parameter coincides with the time of
closest approach of the light ray to the massive body, #},
given by an implicit relation,

= 1y - & Fo = Xalih) ‘fo‘(tf**)) +O(?),  (33)

—1 _o- (i —xa(rh) +O(c?), (34)

C

where x, = x(t) is the global spatial coordinate of the
source at the moment of emission of the light signal and
x; =x(t;) is the global spatial coordinate of the space-
based observer at the moment of observation of the light
signal; cf. Eq. (5.13) in [17]. As a result, in the light
propagation formulas (22) and (23) one would have to
insert x, (¢} ). That educated guess was triggered by the idea
that the biggest influence on the light ray the body exerts
when the photon passes nearest to it. But a unique
justification of this suggestion has not been evidenced at
that time. Further arguments have later been put forward
that partially justify the computation of the parameters of
the linear model (32) to match the real position and velocity
of the body at the moment of closest approach between the
light ray and the real trajectory of the body [59].

A rigorous solution of the problem of light propagation
in the field of arbitrarily moving pointlike monopoles and
in the first post-Minkowskian approximation has been
found in [44], where advanced integration methods have
been applied that were originally been introduced in [53]
for stationary fields and further developed in [60] for time-
dependent fields. According to the solution in [44], the
positions of the bodies have to be computed at the retarded
instant of time, #', given by the implicit relation

t};‘et — - |x(t> _xA(ti\et)l ) (35)
c

The expression (35) is valid for an arbitrary time, e.g. either
t =ty or t = t. With the aid of this rigorous approach in
[44] it has been shown that if the positions and velocities of
the bodies are taken at 7' then the effects of acceleration
and the effects due to time dependence of velocity of the
bodies are much smaller than 1 micro-arcsecond. The
numerical accuracy of various approaches have been
investigated in [59], where it was demonstrated for the
monopole term that for an accuracy of 1 pas it is sufficient
to take the 1PN solution of a motionless body in (22), if the
position x4 of body A is taken at either 7} or 7f".

3. The post-post-Newtonian monopole term

Actually, corrections of post-post-Newtonian (2PN)
order to the light ray in (5) will not be on the scope of
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the present investigation, but should briefly be mentioned
here for reasons of completeness about uas astrometry.

While several post-post-Newtonian effects of light
deflection due to a monopole at rest have been determined
a long time ago [61-66], the determination of the explicit
time dependence of the photons coordinate is mandatory in
the data reduction for highly sophisticated astrometry
missions like Gaia. In general, such 2PN corrections to
the light ray caused by the monopole structure of one
massive body are proportional to the square of its mass M ,,
that means

2 X
Axlby (2. 1) __42 (36)

In this respect, an important progress has been made in
[67], where a 2PN solution for the light trajectory in the
Schwarzschild field as a function of coordinate time in a
number of coordinate gauges was obtained; see also
[15,17]. From the 2PN solution in [15,17,67], given in
an iterative form, one can deduce the expicit form of the
vectorial function C, in Eq. (36) (see Appendix B),

C, 4dA;_4i oory . 1n
Ty rﬁ—a rﬂ VEFE—O""E 4(”%)2
_4%mln(rl‘l—6‘r§)
—4—Aln(rAN o) = CZarctana('iAA
_ ?dA Gc‘lf B + arctan Gd?] : (37)

and €9 is deduced from (37) by the replacements r}{ — r

and Y — r9. Generalizations of that 2PN solution for the
case of the parametrized post-post-Newtonian metric have
been given in [46], where the numerical magnitudes of the
post-post-Newtonian terms have been estimated and a
practical algorithm for highly effective computation of
the post-post-Newtonian effects has been formulated.

Two alternative approaches to the calculation of propa-
gation time and direction of the light rays have been
formulated recently. Both approaches allow one to avoid
explicit integration of the geodesic equations for light rays.
The first approach in [68,69] is based on the use of Synge’s
world function. Another approach is based on the eikonal
concept and has been developed in [70] in order to
investigate the light propagation in the field of a spherically
symmetric body.

In order to get an idea about the magnitude of 2PN
effects, let us recall the well-known fact that the 2PN
monopole correction for grazing light rays at the Sun is
about 11 pas [15,17,61-66]. In the concrete case of ESA
astrometry-mission Gaia there is a sun shield which is tilted
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at a 45 degree angle to the Sun, so that the telescopes
observe a space region where the post-post-Newtonian
effects of the Sun become negligible. However, while the
Gaia mission will not observe close to the Sun, it will
observe very close to the surface of giant planets. A
corresponding detailed investigation in [46] has recovered
the remarkable fact, that post-post-Newtonian corrections
become relevant for light rays grazing the surface of the
giant planets. As outlined in [46], the reason for this
fact is the inevitable occurrence of coordinate-dependent
enhanced terms, because real astrometric measurements
incorporate the use of concrete global coordinate systems
and inherit the choice of coordinate-dependent impact
parameters, see also [71].

C. Astrometry at the sub-microarcsecond
level of accuracy

In order to determine the light trajectory with an
unprecedented accuracy at the sub-uas level of accuracy,
many further subtle relativistic effects in the theory of light
propagation have to be accounted for. Let us deploy just a
minimal set of corresponding requirements which need to
be considered:

(1) full set of mass multipoles,

(i1) spin-dipole,

(iii) some higher spin multipoles,

(iv) motion of arbitrarily moving massive bodies,

(v) post-post-Newtonian effects.

Of course, what is really necessary to implement into the
final relativistic model depends on what is actually meant
by the term “sub-uas level” of accuracy. For instance, for a
model aiming at an accuracy of 0.1 uas level, there is no
need to take into account any higher spin multipoles in
1.5PN approximation, while a model at the 0.01 pas level
necessitates such terms. Let us look at the present situation
in the theory of light propagation at the sub-uas level of
accuracy by considering each of these five issues
mentioned.

1. Impact of higher mass multipoles on light trajectory

Keeping the magnitude of quadrupole light deflection by
giant planets in mind, it can easily be foreseen that a light
propagation model at the sub-uas level needs to take into
account the impact of higher mass multipoles beyond the
well-known mass quadrupole term in (23).

A systematic approach to the integration of light geo-
desic equations in the stationary gravitational field of a
localized source at rest, x, = const, located at the origin of
coordinate system and having time-independent local
multipole structure, M4 and S7, has been worked out in
[53] in 1PN and 1.5PN approximation. In particular,
sophisticated integration methods have been introduced
in [53] allowing for analytical integrations of geodesic
equations in the complex field of multipoles to arbi-
trary order.
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Furthermore, the case of light propagation in the field of
a localized source at rest which is characterized by time-
dependent multipoles has been investigated in [72,73] in
1PM approximation. This solution can be interpreted in two
different ways:

(1) Either the localized source is thought of to be
composed of N arbitrarily moving bodies, but then
the time-dependent multipoles have to be interpreted
as global multipoles, m; (¢) and s; (¢), which char-
acterize the entire N-body system as a whole.

(i) Or the localized source is thought of as being just
one body A at rest with intrinsic multipoles, M4 (7)
and S7(7), which characterize that single body.

But neither of these two interpretations allow one to
consider the solution in [72,73] to be valid for the case of
arbitrarily moving bodies, x4 (), and with local multipoles
M4 (1) and S () characterizing each individual body A of
the N-body system.

The influence of time-independent intrinsic mass multi-
poles of higher order on a light ray by an isolated
axisymmetric body at rest has also been investigated in
[54], using a different approach based on the multipole
expansion of time transfer function. Explicitly, a formula
for the bending of light due to any order of multipole
moments has been derived and numerical estimates have
been presented. For instance, it has been found in [54] that
the light deflection due to the mass octupole structure
amounts to 0.016 pas, and due to the mass hexadecupole
structure it amounts to 9.6 pas for grazing rays at Jupiter.

Recently, in [74] the light propagation in the field of an
uniformly moving axisymmetric body has been determined
in terms of the full multipole structure of the body.
Furthermore, an analytical formula for the time delay
caused by the gravitational field of a body in slow and
uniform motion with arbitrary multipoles has been derived
in [75].

Assessment: According to these investigations in the
literature, the 1PN solution Axpyn(f,7y) in (9) in the
gravitational field of N arbitrarily moving bodies, x4(¢),
and with time-dependent intrinsic mass multipoles, M4 (7),
has not been determined thus far, but appears to be an
inevitable requirement for sub-uas astrometry.

2. Light propagation in the field of spin-dipoles

The next term beyond pas astrometry which is certainly
required at sub-uas level is the impact of rotational motion
of massive bodies on the light propagation; note that such a
term is already of 1.5PN order. For instance, the light
deflection due to rotational motion of Solar System bodies
amounts to 0.7 pas for the grazing ray at the Sun, 0.2 pas
for the grazing ray at Jupiter, and 0.04 pas for the grazing
ray at Saturn [43,45].

The first solution of the light trajectory Ax} <py (7, 1) in
the gravitational field of massive bodies at rest possessing
a time-independent intrinsic spin dipole, $*, has been
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obtained in [45]. This solution provides all the details of
light propagation, especially the time dependence of the
coordinates of the photon and the solution of the corre-
sponding boundary value problem.

Utilizing advanced integration methods, a solution for
the light trajectory in the field of one body at rest and
having time-independent local spin-dipole, $*, has also
been obtained in [53] in 1.5PN approximation. Moreover,
an analytical solution in 1PM approximation for the case of
light propagation in the field of an arbitrarily moving
pointlike spin-dipole, s(#) (expressed in terms of a global
spin-tensor) has been derived in [76].

Assessment: In view of these few investigations available
in the literature, the task remains to determine the light
trajectory Axj (2, 7) in the gravitational field of an
arbitrarily moving body, x,(¢), carrying a time-dependent
intrinsic spin-dipole, $*(z).

3. Impact of higher spin multipoles on light trajectory

As mentioned above, a solution for the light trajectory in
the stationary gravitational field of a localized source at
rest, x, = const, with time-independent local multipoles,
M? and S%, has been determined in 1.5PN approximation
in [53]. Furthermore, the light trajectory in the field of a
localized source with time-dependent global multipoles,
my (t) and s; (1), has been obtained in [72,73] in 1PM
approximation. As has been noticed already, the results in
[72,73] can be considered a solution for the light trajectory
in the field of either a system of N arbitrarily moving bodies
characterized by global multipoles or in the field of one
body A at rest characterized by local multipoles, but not as
solution for the light trajectory in the field of arbitrarily
moving bodies characterized by intrinsic multipoles.

Recent calculations [77] have revealed, that the light
deflection due to spin-octupole structure of massive bodies
at rest amounts to about 0.015 pas for Jupiter and about
0.006 pas for Saturn for grazing rays. Therefore, a model at
the sub-pas level has to take into account at least the spin-
octupole term which is of 1.5PN order in the theory of light
propagation.

Assessment: According to these facts, the 1.5PN solution
Ax; spn (2, 1g) in (5) in the gravitational field of N arbitrarily
moving bodies, x,(¢), and with time-dependent intrinsic
spin multipoles, S7 (), has not been determined so far and
remains an unavoidable task in order to achieve an
astrometric accuracy at the sub-uas level.

4. Impact of the motion of the bodies on light trajectory

The Solar System bodies are moving along their indi-
vidual world lines, x,(¢), which are complicated func-
tions of time due to the mutual interaction among the
bodies, implying that the metric and the light trajectory
become also complicated functions of time. As explicated
in Sec. II B2, for astrometry this highly sophisticated
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problem can be treated by using the standard 1PN solutions
of motionless bodies, x4, = const, as long as the positions
of the bodies are taken at either their retarded times 7" or at
their time of closest approach to the light ray 7}.
However, in the investigation [59] it has been shown that
for an astrometric astrometry better than 0.2 pas one needs
to take into account the motion of the bodies. In particular,
it is not sufficient to apply for a simple series-expansion of
the bodies world line, x4 () = x4 + v, (¢ — 1), as given by
Eq. (32). Instead, one has to determine the light trajectory
in the field of arbitrarily moving bodies x4 (¢). For the case
of arbitrarily moving monopoles such a solution has been
provided in [44], and for the case of arbitrarily moving
bodies with quadrupole structure such a solution has been
found in [78]. But for arbitrarily moving bodies with higher
intrinsic multipoles there are no solutions available so far.
Assessment: As a result, for sub-uas astrometry the
approximative expansion in (32) is not applicable, instead
of that one has to find a solution for the light trajectory in
terms of arbitrary world lines x 4 (7). The real world lines of
the massive bodies can finally be implemented into the
model by means of Solar System ephemerides [42].

5. Post-post-Newtonian effects

The most intricate issue in the theory of sub-microarc-
second astrometry will be the post-post-Newtonian effects
Ax,p(2, 1y) in (5). Such 2PN corrections to the light ray
will not be on the scope of this investigation, but some
remarks should be in order.

The largest perturbation term is of course the monopole
term, Axhy (2, 7o), which in the case of pointlike bodies at
rest, x4, = const, has been calculated for the first time in
[67]; see also [15,17]. In reality, the bodies are moving, and
one has to treat the problem of moving monopoles in post-
post-Newtonian approximation where, however, only very
limited results are available thus far. In particular, in [79]
the light deflection in 2PN approximation in the field of two
moving point-like bodies has been determined, using two
essential approximations: (i) both the light source and the
observer are assumed to be located at infinity in an
asymptotically flat space, and (ii) the relative separation
distance of the bodies is assumed to be much smaller than
the impact parameter of incoming light ray. These approx-
imations are of interest in the case of studying light
propagation in the field of a binary pulsar, but they are
not applicable for real astrometric observations in the Solar
System.

Presently it remains unknown, how large the impact of
higher mass multipoles on light deflection in post-
post-Newtonian order is. In order to tackle this problem,
an extension of the DSX metric [33,34] towards postlinear
order is mandatory; see text below Eq. (7). There are
several preliminary and promising efforts to extend rela-
tivistic astrometry to post-post-Newtonian order for light
rays, especially to focus on the 2PN gravitational field of
arbitrarily moving bodies endowed with arbitrary intrinsic

PHYSICAL REVIEW D 92, 063015 (2015)

mass- and spin-multipole moments. There have been
several attempts to solve this problem [38—40], but they
are far from being complete. Problems, that have been
ignored in these articles are related with the internal
structure of extended bodies. For a single body at rest
these problems are well understood for both the post-
Newtonian [25,26] and the post-Minkowskian case [27,28],
where many structure-dependent terms appear in inter-
mediate calculations that cancel exactly by virtue of the
local equations of motion or can be eliminated by corre-
sponding gauge transformations. However, in post-
post-Newtonian order the situation is still unclear. For a
spherically symmetric body the complete derivation of the
metric in the exterior of the massive body (Schwarzschild
metric) was recently solved in [41], where it has been
shown how such structure-dependent terms cancel so that
one finally ends up with the well-known Schwarzschild
solution in harmonic gauge. This work allows in principle
to determine the light trajectory in the field of a spherically
symmetric and extended massive body at rest in 2PN
approximation.

Assessment: So far, the light trajectory in 2PN approxi-
mation, Ax,pn(t,%y) in (5), is only known for pointlike
monopoles at rest. Moreover, the DSX metric in postlinear
approximation has to be determined, in order to ascertain
the impact on light deflection of terms in second post-
Newtonian order beyond the monopole term, either numeri-
cally or analytically.

III. GEODESIC EQUATION IN
1PN APPROXIMATION

The description of the metric of the Solar System
becomes more complex the more accurate the astrometric
measurements are and one has to resort on approximation
schemes to solve the geodesic equation (la). Since the
gravitational fields of Solar System are weak and the
motions of the massive bodies are slow, we can utilize
the so-called post-Newtonian expansion (weak-field slow-
motion approximation) for the metric as given by Eq. (3).
The main objective of this investigation is an analytical
solution for the light trajectory in 1PN approximation, see
Eq. (9). As a result, terms of the order O(c™2) in the metric
tensor are required for such an approximation:

ap(1.3) = gy + 1) (1.2) + O(c7). (38)

Inserting (38) into (1a) by virtue of (2) yields the geodesic
equation in 1PN approximation, which can be rewritten in
terms of global coordinate time (cf. Refs. [15,17,59] and
especially the first four terms in Eq. (A.4) in [59]),

b X/ (t X/ (1) xk
e s
zh,k, C“ F0 4 o), (39)
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where h(a?.l. = 8h£§}/ Ox', while a dot denotes a derivative

with respect to coordinate time. In order to find a unique
solution of the geodesic equation in (39), so-called
mixed initial-boundary conditions must be imposed,
which have extensively been used in the literature, e.g.
[15,17,46,53,60,67,72]:

xg = x(1o), (40)
o= tginw@. (41)

The first condition (40) defines the spatial coordinates of
the photon at the moment f, of emission of light. The
second condition (41) defines the unit-direction (6 -6 = 1)
of the light ray at past null infinity, that means the unit-
tangent vector along the light path at infinite distance in the
past from the origin of the global coordinate system.

The metric perturbations in (39) are functions of the
coordinates of the global reference system (BCRS). It is,
however, important to realize that in the geodesic equation
this coordinate dependence has always to be understood as
being the coordinates of the photon x(¢) at time ¢, which
means

2 2
1) = W) (1,5) [eo(o)- (42)

Consequently, the spatial derivatives in (39) are taken along
the light ray:

o 8hffﬁ)(t,x)

ap,i axi (43)

x=x(1)

The geodesic equation in (39) has usually been solved by
an iteration procedure. In the first iteration the right-hand
side in (39) vanishes, ¥’ = 0, and the integration of this
differential equation yields the unperturbed light ray in
Eq. (10). The exact light trajectory x(#) deviates from the
Newtonian approximation by terms of the order O(c™2),
which means

x(t) = xn(t) + O(c7?). (44)

Solving the geodesic equations (39) by iteration implies
that x() can be replaced by its Newtonian approximation,
xn(f) = co, which follows by time-derivative of (10), so
that the geodesic equation in (39) simplifies as follows:

Xi(l) 1 2 2) o 2 .
2 Eh(()o),i - h<()o),j" o/ — hz(j,)k‘ﬂ"k
1 :
+ Ehﬁ?ia-’ok +O(c3). (45)
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In 1PN approximation, the metric perturbations in (45)
have to be taken at the spatial coordinates of the unper-
turbed light ray given by (10), which means

2 2
hg’/") = h((zﬂ)(t’x) |x=xN(t)v (46)

and in (45) one has first to differentiate with respect to
spatial coordinates and afterwards one inserts the unper-
turbed light ray, that means

o) _ Ohg (%)

api — axi (47)

x=xn(1)

In our investigation we will solve the geodesic equation (45)
in 1PN approximation, that means the exact light trajectory
x(t) is determined up to terms of the order O(c™3):

x(1) = xppn (1) + O(c™?). (48)

The first and second integral of geodesic equations (45)
in 1PN approximation can formally be written as
follows [15]:

Xipn (1) = co + Axpn(1), (49)
xipn(t) = x(t) + co(t — ty) + Axipn(t. 1),  (50)

where Axpy are small perturbations of the unperturbed
light trajectory, and Ax;py is the time derivative of these
small perturbations.

IV. THE METRIC OF THE SOLAR SYSTEM

In order to describe and to interpret observational data in
astrometry correctly, a set of several reference systems and
the transformation laws among their coordinates must be
introduced. In this respect, two standard reference systems
are of fundamental importance, which are adopted by the
IAU resolution B1.3 (2000) [21]: the Barycentric Celestial
Reference System (BCRS) with coordinates (c7,x) and the
Geocentric Celestial Reference System (GCRS) with coor-
dinates (cT, X). Furthermore, for any massive body A of
the Solar System a so-called GCRS-like reference system
with coordinates (cT4,X4) can be introduced. In this
section we will give a summary about how to combine
these systems to a global metric tensor in terms of local
multipoles, which is the physically adequate reference
system for modeling of light trajectories through the
Solar System.

A. BCRS

The harmonic coordinates of BCRS are denoted by
x* = (ct, x'), where t = TCB is the BCRS coordinate time,
and cover the entire spacetime and can therefore be used to
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model light trajectories from distant celestial objects to the
observer. The origin of the BCRS is located at the bary-
center of the Solar System, and the IAU Resolution B2
(2006) [22] recommends the spatial axes of BCRS to be
oriented according to the spatial axes of the International
Celestial Reference System (ICRS) [80]. According to IAU
resolution B1.3 (2000) [21], the Solar System is assumed to
be isolated and the spacetime is asymptotically flat, that
means the BCRS metric g,,(#,x) at spatial infinity reads

lim g;w(t’x) = M- (51)

|x|—>00

The BCRS is completely characterized by the form of its
metric tensor, up to order O(c~>) given by [21]

2w(t,x)
Goo(t,x) = =1+ 2

+0(c™), (52)

goi(1.x) = O(c™), (53)

2w(t,x)

gij(t.x) = (1 +T>5’7 +0(c™).  (54)

The scalar gravitational potential in (52) and (54) is given
by the integral

w(t,x) _ Cg/dSX/ t00(t,x/’|> +O(C_2), (55)

lx —x
which runs over the entire Solar System, and where 1%
is the time-time component of the energy-momentum
tensor #* in global BCRS coordinates; recall the compo-
nents of the energy-momentum tensor scale as follows:
0 = 0(c?),1% = O(c!), 17 = O(Y).

The global gravitational potential in (55) admits an
expansion in terms of global STF multipoles, which
characterize the multipole structure of the Solar System
as a whole [25-27]: [81]:

_1)1
[!

my (10, % + 0@, (56)

7

w(t,x) =G
I

Il
=}

where 0; = ()% .. %. The global mass multipoles in (56)
are Cartesian symmetric and trace-free (STF) tensors, in

Newtonian approximation given by (cf. Eq. (2.34a) in [26])

(¢, x)

my (1) :/d3xch 2

+ O(c7?), (57)

where the integral runs over the entire Solar System. The
global mass monopole, i.e. [ = 0in Eq. (57), is just the total
(Newtonian) mass, M = const, of the entire Solar System,
while the global mass-dipole term vanishes, i.e. m; = 0,
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because the origin of BCRS is located at the barycenter of
the Solar System.

A further comment should be in order about a possible
retarded time argument of the energy-momentum tensor in
Eq. (55); cf. text below Eqgs. (17) in [21]. One may easily
recognize that such retarded time argument would be
beyond 1PN approximation for the light rays. In particular,
in terms of multipole expansion, one may demonstrate the
following relation,

my ()0 % +0(c7?)

(=1 0, @ + 0O(c™?), (58)

where the retarded time has been defined by Eq. (35). If one
expands the retarded multipoles [second line in Eq. (58)] in
inverse powers of ¢, then one finds that all terms propor-
tional to 1/c¢ cancel against each other. This cancellation is
important, because terms of odd powers 1/c¢ would violate
the time-reversal symmetry, cf. the corresponding state-
ment in the text below Eq. (17) in the AU resolutions [21].
The time-reversal symmetry is violated because of the
gravitational radiation emitted by the Solar System which
is, however, an effect much beyond 1PN approximation.

The expansion in (56) has two specific characteristics,
which prevent a direct use for our intentions:

(1) As emphasized in [25-28], the expansion in (57) is
valid outside a sphere which encloses the complete
N-body system, see also [82]. However, for a
description of light rays inside the Solar System
(light trajectories between the massive bodies) one
has to apply a metric tensor which is also valid inside
this sphere, i.e. in space-regions between these
massive bodies; cf. text on p. 3298 in [33].

(2) From the theory of relativistic reference systems it is
clear that physically meaningful multipole moments
of some body A have to be defined in the body’s
local reference system (¢4, Xy).

For these reasons, in our approach we will have to
express the gravitational potential in (56) by local (intrin-
sic) mass multipoles M4, which are defined in the local
coordinate system (cTy, X,) of the corresponding massive
body. This crucial issue will be the subject in what follows.

B. GCRS

The harmonic coordinates of GCRS are denoted by
X* = (cT,X"), where T = TCG is the GCRS coordinate
time. According to TAU resolution B1.3 (2000) [21], the
origin of GCRS is comoving with the Earth and located at
the barycenter of the Earth, and is adequate to describe
physical processes in the vicinity of the Earth. The spatial
axes of GCRS are kinematically nonrotating with respect to
BCRS; i.e., they are locally noninertial. The GCRS is
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completely characterized by the form of its metric tensor,
up to order O(c™3?) given by [21,33,34]

Goo(T.X) = =1+ w +0(c™),  (59)
Goi(T.X) = O(c™?), (60)
G,(T.X) = <1 +W(;’X)>5,-j+0(c-4). (61)

The scalar gravitational potential in (59) and (61) can
uniquely be separated into two terms: a local potential,
Wiee» Which originates from the body A itself and an
external potential, W, which is associated with inertial
effects (due to the accelerated motion of the local system)
and tidal forces (caused by the other bodies of the Solar
System) [21,33,34]:

W(T’X) = Wloc(T’ X) + Wext(T’X)' (62)

Explicit expressions for the external potential W, are
given in [33,34], while the potential W, is defined by the
following integral,

G (T, X' _
W]OC(T,X) = —2[/ d3x/ﬁ+ O(C 2), (63)

c
which runs over the entire volume V of the Earth, and
where T% is the time-time component of the energy-
momentum tensor 7 of the isolated Earth and expressed
in GCRS coordinates; recall the components of energy-
momentum tensor scale as follows: T% = O(c?),
7% = O(c"), TV = O(c"). The local potential (63) is
generated by the Earth and can be expanded into a
series of local STF multipole moments, which characterize
the multipole structure of the Earth as an isolated body
[21,25-28,33]:

W3 = 03 Ca (ryp, L+ 0, (69
=0 :

o)

where D, = dL, alar

The local mass monopole, i.e. [ = 0 in Eq. (64), is just
the (Newtonian) mass of the Earth, M = const. Actually,
the origin of the GCRS is assumed to be located at the
barycenter of the Earth; hence, the dipole term in (64)
vanishes: M; = 0. But in real measurements of celestial
mechanics the center-of-mass of massive Solar System
bodies can usually not be determined exactly, so it is
meaningful to keep this term and to assume M; # 0 in
general. The STF mass multipoles M; in (64) in Newtonian
approximation are given by
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(T, X

M,(T) = /V d3X)A(L672’)+O(c‘2). (65)

According to the theory of reference systems,
[15,21,29-36], the GCRS is the standard reference system
to define local multipoles of the Earth. However, as it has
been noted in [21], the detailed form of mass multipoles in
(65) is not needed for practical astrometry or celestial
mechanics, since these terms are related to observational
quantities. That means, the gravitational potentials can be
expanded in terms of vector spherical harmonics and the
coefficients of such an expansion are equivalent to the local
multipoles; see Appendix A in [21].

C. Metric of Solar System in terms of intrinsic
multipoles in the DSX framework

Physically meaningful multipoles of the massive bodies
can only be defined in their local reference systems. On
these grounds, for each massive body A of the Solar System
a GCRS-like reference system with coordinates (¢74,X,)
and comoving with the body A is introduced, to permit the
definition of local multipoles of this body. Hence, for an
N-body system, there are in total N + 1 reference systems,
one global chart (ct,x) and N local charts (¢T4, X 4), which
are linked to each other via coordinate transformations,
which allow the construction of one global reference
system in terms of local multipoles M7 of the massive
bodies A = 1, ..., N. That reference system is valid in the
entire near zone of the Solar System, and combines the
advantage of locally defined multipoles and is well defined
in space-regions between the massive bodies; cf. text above
Eq. (6.9a) in [33]. Such a system is also physically adequate
for modeling the light trajectory from a light source through
the near zone of the Solar System towards the observer. The
corresponding framework has been elaborated within the
DSX theory [33-36], which has originally been established
for celestial mechanics and for deriving the equations of
motion of a N-body system. This framework has later be
reformulated in terms of PPN formalism in [83], aiming at
several tests of relativity in celestial mechanics, e.g. tests of
equivalence principle. One main result of the DSX for-
malism are these transformation rules for the coordinates
(ct,x)«—(cT4,X4) and for the metric potentials w«—W,.
According to [33,34], the global coordinates (ctz,x) and the
local coordinates (cT4,X4) of some body A are related by
the following coordinate transformation; cf. Eq. (2.8a) in
[33] (for the inverse transformation, we refer to [21]),

2 = X4(Ty) + eh(T)XS + O(c2). (66)

where x/; is the world line of body A in BCRS coordinates
(i.e. a selected point associated with body A) and e} are
tetrads along the world line of this body (cf. Egs. (2.16)
in [33]),
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ry) =404 4 o, (67)

eo(Tx) = 84 + O(c™?), (68)

where in (67) a dot means derivative with respect to 7'4;
thus x4(7T,) are the spatial components of the three-
velocity of body A in the global system and given in terms
of the body’s local coordinate time 7',. Without going
into the details, using the tensorial transformation rule
for metric tensors in different coordinate systems (cf.
Eq. (4.11) in [33]), it has been demonstrated in [33] that
the global potential can be expressed in terms of local
(intrinsic) STF multipoles M‘z as follows (for the inverse
transformation we refer to [21]):

N
= walrx), (69)
A=l

= (1) L
walt.) = G Y L MAT DR+ O(e), (70)

=0 A

where in (69) the sum runs over all bodies of the N-body
system, R4 = |X,| is the spatial distance from the origin of
local coordinate system to some ﬁeld point located outside

the massive body, and D} = dxal . ax . The local STF

mass multipoles M4 in (70) in Newtonian approximation
are given by

V(T4.X,4)

MQ(TA):/V d3XAXAT+(’)(c‘2), (71)

where the integration runs over the volume V, of the
massive body A under consideration, and where T%, is the
time-time component of the energy-momentum tensor 7%
of the isolated massive body A and expressed in the
coordinates of the local reference system of that envisaged
body.

In order to complete the transformation, also the partial
derivatives in (70) have to be transformed, which follow
from the coordinate transformations (66) and read explic-
itly (cf. Egs. (2.10) by virtue of Egs. (2.16) in [33])

9 ”A(TA>
OcTy 8ct ¢ Oxt

+ O(c™?), (72)

0 _ 0 a0
X4 Ox° c Oct

+O(c?).  (73)

Let us note already here that the second term in (72)
and (73) yields terms of the order O(c™*) in the global
metric; hence, these terms do not finally appear in Eq. (77).
Furthermore, we note that from (66) follows the relation
[19,21,33,34]
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Ry =Jx —x,(1)] + O(c™?), (74)

where according to (46) the field point x in (74) will later be
replaced by the photon’s light trajectory. The coordinate
time in the global and local systems is related via
[19,21,33,34]:

Ty=1+0(c?). (75)

Actually, a constant 5% could be added on the right-hand
side in (75), which would indicate different initial times of
the clocks in the global and local systems (cf. Eq. (4) in
[84]), but has been omitted in favor of simpler notation and
could formally be added at any stage of the calculations;
concerning the general problem of clock synchronization in
the gravitational field of the Solar System, we refer to [85].
From (75) we conclude

MA(T,) = MA(1) + O(c™). (76)
where the neglected terms in (76) are beyond 1PN
approximation for light rays. By inserting (72)—(76) into
(69)—(70), we arrive at the global gravitational potential in
terms of local mass multipoles M4,

(=)
*G; TR N )

+O(c™?), (77)

where r, (1) = [x —x,(1)], and 0, = 55 ... 5% are partial

derivatives in the global system. In summary of this section,
the metric perturbation in the near zone of the Solar System
and expressed in terms of local multipoles is given by

N
2 2)A

hig (r.x) = Y hig (1), (78)

A=1

24 2G &
hg = , 79
c? ; ! rA(t) (79)
2 2

n (1,x) = 5;h) (1,x), (80)

where the sum in (78) runs over all massive bodies of the
Solar System and the metric perturbation caused by one
individual body is given by (79). The metric perturbation in
(78)—(80) has to be implemented into the geodesic equation
in (45).

At this stage let us underline again that an implementa-
tion of the infinite series expansion (8) into (79) via
ra(t) = |x —x4(1)|, would more explicitly elucidate the
fact that an arbitrary world line of the body, x,(7),
implicitly generates terms in the metric tensor (79) which
are proportional to the velocity and acceleration of the
body. However, such terms would be proportional either to
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va(t—1t4) or a,(t—1,)?% but neither to v,/c nor a,/c;
hence, they would not be beyond 1PN approximation for
the light rays. From this consideration it becomes obvious
that an arbitrary world line x4(¢) implies a summation
over all terms in the series expansion (8) and, therefore, a
solution of the geodesic equation in terms of arbitrary
world lines x 4 () is much preferable compared to a solution
in terms of approximative world lines (8).

V. TRANSFORMATION OF
GEODESIC EQUATION

According to Eqgs. (46)—(47), the geodesic equation in
(45) has to be integrated along the unperturbed light
trajectory (10). In view of this fact, it is meaningful to
express the geodesic equation, i.e. the metric tensor and the
derivatives, in terms of new parameters which characterize
the unperturbed light trajectory from the very beginning of
the integration procedure. In this respect, the investigations
in [60,72,73] have recovered the remarkable efficiency of
the following two independent variables 7 and &:

ct =6 -xx(1), ctg = 6 - xx (1), (81)

& = Pia(1), (82)

where P’ = P;; = P is the operator of projection onto the
plane perpendicular to the vector o,

Pij = 51] - GiGj. (83)

The three-vector &€ =6 X (xx(f) X 6) =6 X (xg X 6) in
(82) is the impact vector of the unperturbed light ray,
see also Eq. (11). In particular, € is time independent and
directed from the origin of global coordinate system to the
point of closest approach of the unperturbed light trajec-
tory; its absolute value is denoted by d = |€|.

While some detailed explanations and geometrical
elucidations can be found in [60], two comments should
be in order about these new variables.

(i) First, one can easily recognize that (81) can
also be written in the form ¢z =c¢(r—1¢*) and
cty = c(tg — 1*), where

G- X\

F=ty— , (84)
C

is the time of closest approach of unperturbed light
ray to the origin of the global coordinate system;
note that (84) differs from (33) which is the time of
closest approach of the light ray to the origin of the
local coordinate system of some massive body A.
With the aid of these new variables & and z, the
mixed initial-boundary conditions (40) and (41) take
the form
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exact light - trajectory

unperturbed light - trajectory

worldline of body A
BCRS

FIG. 1. A geometrical representation of the light trajectory
through the Solar System in terms of the new variables € and 7.
The impact vector € is defined by Eq. (82) and points from
the origin of global system to the point of closest approach of the
unperturbed light ray to that origin, and is time independent. The
impact vector d4 (7 + t*) is defined by Eq. (90) and points from
the origin of local system of body A towards the point of closest
approach of unperturbed light ray to that origin, and is time
dependent due to the motion of the body. Furthermore, x(z + *)
and x (7 + t*) are the global spatial positions of the photon of the
exact light trajectory and unperturbed light trajectory, respec-
tively. The world line of massive body A in the global system is
given by x, (z + 1), and 4 (z + t*) points from the origin of local
system towards the exact position of the photon, while r (7 + ¢*)
points from the origin of local system towards the unperturbed
light ray.

xo =x(79 + 1%), (85)
6= lim X2 (86)
T——00 C

where a dot means derivative with respect to variable
7. In terms of the new variables the interpretation of
these initial-boundary conditions remains the same:
the first condition (85) defines the spatial coordi-
nates of the photon at the moment of emission of
light, while the second condition (86) defines the
unit-direction (¢ - 6 = 1) at infinite past and infinite
distance from the origin of global coordinate system,
that means at the so-called past null infinity.

(ii) Second, it is important to mention that with the aid
of the new variable (81) and (82), the unperturbed
light ray in (10) transforms as follows [86]:

xn(z+17) = E+ cro. (87)

In these new variables, the vector from the arbitrarily
moving body and the light trajectory in (16) transforms as
follows:

rat+ 1) =x(t+ 1) —xu(r + 1), (88)
with the absolute value ry(z + 1) = |ry(z + *)|, while

the distance between the unperturbed light ray and the
arbitrarily moving body in (17) now reads
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(t+ 1) =xn(z+1°) —x4(z + 1)
=&+ cto —x,(r+17), (89)

with the absolute value 7\ (z + r*) = |[r\(z + #*)|, and we
notery(z + t*) =i (z + 1) + O(c™?). The impact param-
eter in (19) for arbitrarily moving bodies in these new
variables reads

dy(z+1t)=0x((zr+1) x0), (90)
with the absolute value dy (7 + t*) = |d4 (7 + ¢*)|. For an
illustration of the expressions in Egs. (82) and (87)—(90)
see Fig. 1.

Furthermore, it has been outlined in [60,76] that by
means of the new variables (81) and (82), the following

relation is valid for a smooth function F(¢,x) (cf. Eq. (33)
in [60] or Eq. (C4) in [76]):

o .0
<8xi +o %> F(#,%) |y (1)

<P” 8851 +o ar) F(t+t,E+ ct6). (91)

Itis important to realize that on the left-hand side in (91) one
has first to differentiate with respect to the fieldpoint x and
global coordinate time ¢ and afterwards one has to substitute
the unperturbed light ray xn(7) = x¢ + ¢(t — ty)6, while on
the right-hand side in (91) one has first to substitute 7 + ¢*
and xn(7 + 1*) = E+ c6 and afterwards to perform the
differentiation with respect to € and .

From now on, the smooth function F(¢,x) in relation

(91) is considered to be one of the components of the metric

perturbation h,(j),) (t,x). Then, the derivatives with respect to

variable ct on the left-hand side of relation (91) yield only
terms of higher-order beyond 1PN approximation,
©)

PullD o) 92)
get ey
because they are proportional to either M7 /c or v, /c; for
the same reason, there is no time derivative in the geodesic
equation either [see (39) or (45)]. However, one has to keep
the differentiation with respect to variable ¢z in the right-
hand side of relation (91), because that derivative does not
only act on the multipoles M4 (z + *) and spatial coor-
dinates of the massive bodies x,(z + t*), but also on the
unperturbed light ray &€ + c7e. Therefore, in 1PN approxi-
mation the relation (91) simplifies as follows:

on)(1,x)
Ox'

x=xn(1)

0 9\, =
ij z *
(p 8§J+ e >haﬁ(r+t LE+ ct6) + O(c™).

(93)
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If the derivative with respect to variable ¢z in (93) acts on
the multipoles or spatial coordinates of the massive bodies,
then terms will be generated which are beyond 1PN
approximation, namely terms proportional to either
M? /c or v,/c, respectively, which, however, can easily
be identified.

By means of relation (93), the geodesic equation in 1PN
approximation in (45) transforms as follows:

¥(r+ 1) 1 0 ) 1.0
N 7 Pllih s
c? +2 &0 "2% 9ep W
1 0 1 0
+ 26k01P”a_§Jhl(€l) +_ i ]0 a—h§k>
; 0

where the double-dot on the left-hand side in (94) means
twice of the total derivative with respect to the new variable
7. By taking into account (80), the geodesic equation
further simplifies:

¥ (r + t* 0 .0 B
% I)U ag] h(()%)) — Jl%h(()%)) + O(C 3). (95)

In the next step, the metric perturbations in (78)—(80) have
to be transformed in terms of these new variables € and 7.
Since the metric perturbations in (79) contain spatial
derivatives, 0,r;'(t), we will have to transform these
differential operators in terms of these new variables.
For that one might want to use relation (91), which is
valid for any smooth function, but a possible time deriva-
tive on the left-hand side of (91) generates only terms
beyond 1PN approximation,

0 1
Octry(t)

= O(c™). (96)

x=xy(1)

Therefore, like in (93), we may use the simpler relation,

o 1

2P0 o

97)

0 1
Pt o o | s+
x=xy (1) ( ¢/ 6507) ra(T+r)

where we have taken into account that the derivative with
respect to ¢z in the right-hand side of (97) must be kept
because of [cf. relation (F6)]

7_6-1‘21(14—2‘*) U_A
Gt ro(2) o

o0
et rl (t+ 1)

The outcome of (97) and (98) is, that the metric perturba-
tion in (79) for one massive body A and in terms of these
new variables & and 7 is given by
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= ni (= 8), (99)

A=1

e 26 & ) I
=" e+ 10—
02; ! JOL mN(z+ 1)

(100)

where, by means of binomial theorem, the spatial deriv-
atives in (100) in terms of new variables can be written in
the following form (cf. Eq. (24) in [53]):

l

I . S -

— 27011 .ol Plo+idpr  PUli
I—p)ip!
«(I=p)lp

p:
O 0oy

The insertion of metric perturbation (99)-(100) into the
geodesic equation (95) finally yields the geodesic equation
for light rays which propagate in the gravitational field of
one arbitrarily moving body A:

(101)

(z+1)
(72
2G . 0 S (-1) 1
— pi_— A *
+55P ag}; M+ )0 N
26, 9 (-1 . 1
T D AR L ey
+0O(c™), (102)

where the derivative operator J; is given by (101).
Equation (102) completes the transformation of geodesic
equation in 1PN approximation and for the case of one
arbitrarily moving massive body having arbitrary shape and
structure. Due to the linearity of post-Newtonian equations,
the case of N arbitrarily moving bodies is easily obtained
by a summation over all massive bodies A = 1,2, ..., N.

In the limit of (i) one massive body at rest, (ii) time-
independent multipoles, and (iii) assuming that the center
of mass is located at the origin of the global coordinate-
system, the geodesic equation (102) agrees with the
geodesic equation given in [53]; recall that there are no
spin-multipole terms in (102) because they contribute to the
order O(c™3).

VI. FIRST INTEGRATION OF THE
GEODESIC EQUATION

The first integral of geodesic equation determines the
coordinate-velocity of the photon and is formally written as
follows [cf. Eq. (49)],
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N
.X'fle(T‘f't*) = CG"‘ZAX?PN(T‘Ft*)’ (103)

A=1

where the corrections to the unperturbed light ray due to
one body A are given by

Axfpy (7 + 1) _ /T ded Aiéfpy (7 + 1)

_ c? '

(104)

c 0

where the integrand is given by Eq. (102). Accordingly, one
obtains for one body A:

Akfpy(z+17) pii 9 (=1
c agflzoz g aEtrd)
) !
—ZC—GaiZ( 1)13(¢+z*,§). (105)

The integrals in (105) are defined by (the arguments of
the integrals are omitted)

Ty= de?’ M4 (7 + t* ~ T 106

v [ deemp(@ )0, s (109
T 5‘ 1

IB:/ 8 (T +t> LW, (107)
—00 A

where the differential operator 0} in (106) and (107) is
given by [cf. Eq. (101)]

l

! ) o .
= i o PP

p=0

0 0 g \?
— = . 108
™ Ol " B <8cr’> (108)
In (105) we have taken into account that dr = d7’ for the

total differentials because #* = const is a constant for each
individual light ray. Also the following integration rule
(recall that 7 and € are independent variables) for indefinite
integrals along the unperturbed light ray has been used (cf.,
Eq. (4.10) in [72]):

[aet s = o [ actse). (109)
The integral in (106) runs over the unknown world line
x4 (1) of the massive body A and, therefore, can only be
integrated by parts. Such strategy intrinsically inherits to
demonstrate that the nonintegrated terms of the integration
procedure involve terms which are beyond 1PN approxi-
mation, that means it elaborates on the fact that the
nonintegrated terms imply an additional factor ¢~!. In this
way, the integral 7, is determined by Egs. (C2)—(C4) in
Appendix C, while the integral 7; can immediately be
calculated without integration by parts:
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1
7z t,&) = M} "0 ——. 110
e +0.8) = ME(r + )0, e (10)
Altogether one obtains the first integral of geodesic equation in the gravitational field of one extended body A:
Aoy (1) 26 11 o D 0 O\ dy(c+1)
—_— — MA t* Lot Pttt [ P —— [ —— [ — ——
c Py et ot...o 987 08 \dex) (A (x+ 1))
2G A (-1) - 0 0 dy(r+ 1) 1
-— M} )PP —— —
c? IZO: ! Lle 1) OEN T+ 1) —6 P\ (4 1) (2 + 1)
26 S 1 ! R 0 o (9N 1
-— MA t Pt PV —— L — | — | 111
o zz: ? ( Lz 4ot 0 OEIr1 " g (801) ™ (z+ 1) (111)

pP=

It should be
underlined that after performing of the differentiations in
(111) one can replace 7 + ¢* by the global coordinate time ¢.
Let us also note that the following relations have been used
in order to obtain (111):

where we recall the notation M7 = M7} .

0 1 di(t+1)
ij _—_ =__4 , 112
& i (z +17) (M (z+17))3 (112)
and
P’filn[ (t+1)—6-r(z+ 1)

Og! 4

di(t+ 1) 1

- rij(r—l—t*) FE(T—I—I*)—O"FSI(T—Ft*)’ (113)

and the relation PU(& — x) (¢ + 1)) = d'\ (t + 1).

VII. SOME SPECIAL CASES OF
FIRST INTEGRATION

Modern computer algebra systems allow for highly
efficient computation of partial differentiations which occur
in the first integral (111) of geodesic equation. Here, the
first few terms of (111) as instructive examples are
considered and compared with known results in the
literature, namely, arbitrarily moving monopoles, dipoles,
quadrupoles, and the case of one massive body at rest with
full mass-multipole structure. These examples can also
serve as further elucidation about how the formula in
(111) works.

A. Monopoles in arbitrary motion

For the case of light propagation in the gravitational field
of N extended mass monopoles in arbitrary motion, we
have to consider the term / = 0 in (111), which reads

Aky(r) _ 2G~ My da(1)
D Py ><rA<> ar§<>“’>’ (114)

where 7+ * has finally been replaced by the global
coordinate time 7. We recall that r\(z) = xn(7) — x4(1),
with xy(7) being the spatial position of the unperturbed
light signal and x4(7) the spatial position of the arbitrarily
moving massive monopole.

By taking the limit of monopoles at rest x4, = const in
(114), one may easily recognize an agreement of (114) with
Eq. (3.2.14) in [15] and with Eq. (28) in [43], where the
mass monopoles are displaced by some constant vector x4
from the origin of the global coordinate system.

In [44] the light trajectory in the field of N arbitrarily
moving pointlike monopoles has been determined in 1PM
approximation. The 1PM approximation is a weak-field
approximation, that means the pointlike monopoles could
even be in ultra-relativistic motion, while (114) is for
extended monopoles but in 1PN approximation, which is a
weak-field slow-motion approximation. By expansion of
the 1PM solution (Egs. (32) and (34) in [44]) in powers of
v4/c, one may show an agreement with our solution in
(114) up to terms of the order O(v,/c).

B. Dipoles in arbitrary motion
Let us consider the dipole term, given by the term [ = 1
in (111). Inserting the derivatives given by Egs. (F4)—(F6)
in Appendix F, we obtain
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AR (1) 2G LA MA(®r) 1 zcio“Mﬁ(z)( (1) i _af(a-rg’(t))>
(

¢ T TEERWAN-e R0 F & A0 K0P A0 -e A0 (1)
26l (MA (1) [ o di (1) & (1)
i (1) <r§<r)+r£§()(r§(t) o rﬁ(t))+(r§(t)—6-r§(t))2)' (115)

If the origin of the local reference system (cT4, X ) is located exactly at the center of mass of the massive body A, then the
dipole moment of this body vanishes, Mj‘l = 0. However, in real high-precision astrometry, the center of mass of, for
instance, a planet like Jupiter cannot be determined precisely. Therefore, for real astrometric measurements, M f‘] # 0; hence,

the light deflection caused by the dipole moment of a massive body has to be taken into account, which is purely a
coordinate effect; see also [19,78].

C. Quadrupoles in arbitrary motion

As further instructive example we consider the case of light propagation in the gravitational field of N arbitrarily moving
quadrupoles, given by [ = 2 in (111), which reads

N i N i
M_ _GZ ol Piajs a L_E MA. gilo-izi dA
¢ 2 oER ()3 ¢? L—h et (rY)?
G d 9 d 1 G o9 91
= piiphp,_—__— _TA TN MA Giglgh -
221 iiiy N R o o U e hiy® 70 dct der i
26 Y 9 01 G o 0 1
- MA i 511 Plzjz — M PHJ] Plzjz 116
c2 A§=:1 170 O&n acrr T2 A§=:1 1% O&n 6512 N (116)

where here for simpler notation the time arguments have been omitted, ie. r\\y = r}(z+1*), r\ =r(r+ 1),
dy=d,(t+1t), and M}, = M? (t+1). The derivatives in (116) are given in Appendix F, and by inserting

iyl iyia

(F7)—(F12) into (116) one obtains the first integral of geodesic equation in the field of N arbitrarily moving quadrupoles:

2l 0% i [0 a0 P A, S, (17)

where 7 + ¢* has finally been replaced by coordinate time ¢ in (117), i.e. after performance of all differentiations in (116).
Adopting similar notation as used in [45], the vectorial coefficients in (117) are given by

A (1) = =M, (14 (10" o + 2MA, (1)} (1) = 2V, (D3 (10" o ——— M2, (N} (N3 (1), (118)

TN
Ph(0) = 430, (007 0k = 28 (1) + s MY (D))" = s MY, (O (5 (0% (119)
7A(0) = + M, ()4 (15 ()4 1) = M, (0§ (0 (100" o + 20, (05 () (1) (120
34(6) = =M (0 ()5 (1)0* + ML, (03 (10" 0" + 203, ()5 (1 (1) (121

The scalar functions in (117) are given by

Z;{A(t)_ dz(t> 1 o 1 1
¢ (M@)>Pri@) —e-ri(r) (r + . (,))’ (122)

(123)
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Fa) oA
e = Er (124)
EA(f) . 1 (6-r)\(1 )?
¢ CBOF T AWF 125)

In the limit of quadrupoles at rest, x, = const, and time-
independent quadrupole moments, Mf‘l ;, = const, the
expression in (117)—(125) coincides with the corresponding
results in [17,43,45] [cf. Egs. (23)-(31)].

|
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D. Body at rest with full mass-multipole structure

The light trajectory in the gravitational field of one
massive body A at rest and located at the origin of coordinate
system, x4, = 0, has been determined in [53] in post-
Newtonian approximation for the case of time-independent
multipoles. In such situation, we have to make the
following replacements: d, (7 +t*) — &, du(v + 1) —> d,
N >r=§&+cte, M(t+1)->r=vVd +c* and
M4 (7 + t*) — M?%. Then, our solution in (111) simplifies
as follows (we omit the monopole and the dipole term,
because the former one has already been considered above,
while the latter one is not determined in [53]):

Ak o(t+0) 2GS (=) DD ct. o
A= MAPII | Pijl -
c 2 l; TR o D Lzz( Tt r}
26 S PP L0 o (0 \r1&-crol
7;}):] M ..ol Plostlpst | Pl g B <%) —5 (126)
|
where we have used - =~ and (;%)7 1 = — (%)~ <

The expression in (126) agrees with the time derivative of
Eq. (36) in [53].

Needless to say that one cannot deduce the general
expression in (111) from the specific solution in (126) by
some kind of an inverse replacement procedure, because
such an approach would not be unique. For instance, the
above replacement d4 — d is unique, but the inverse
procedure is not unique, because it could either be d —
|E| ord — |d|. Similar ambiguities would appear in inverse
replacements regarding variables € or cz. In other words:
one cannot deduce the general expression in (111) from the
specific solution given by Eq. (34) in [53].

VIII. SECOND INTEGRATION OF
GEODESIC EQUATION

The second integral of geodesic equation governs the
trajectory of the photon and is formally written as follows
[cf. Eq. (50)]:

N
xpn(T+ 1) = E+ ct6 + Z Axfon (T + 1%, 79 + 1),
A=l

(127)

where the corrections to the unperturbed light ray due to
one body A are given by

T

dct’

’

LA
Axipn (T +
Ax{pn(t+ 110+ 1) = / —]PN(C )

0

(128)

where the integrand in given by Eq. (111). How one goes
about performing the second integration is not much
different in principle from the first integration represented
in Sec. VI. Using relations (112) and (113) we obtain the
following expression for the second integration of geodesic
equation for the light trajectory in the gravitational field of
one extended body A in arbitrary motion:

4 2G .0 X (=P . 0
iA * *\ =~ pi i 1 i
Axfpy(z 41,70+ 1) =+ Pj_agf;(Z— l)lalpzfz...Pmaéjz - gan ke
26 0 S~ (- - B)
— PV — ot Pleetdpet P ——  —T
+ 2 35/;;(1_19)!1,!6 o O&ipt T 9P
2G .. 0 XK (-1) 0 6 2G & . 0 0
- pii — piir. piii—. Saadpt P T
2 3@; I oEn " 5)511 2° 2] oEh o~ ¢
2G by (=1 i iy Py it 0
- 2° ;;(l_p)!p!a'...aﬂPr’+lfP+1...P'fl g o LT (129)
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In order to obtain the form of the first two terms and of
the last two terms in (129), the summation over [, p has
been separated as follows:

NgE
MN
NgE
MN

F(l,p)=Y F(L.p=1)+ F(l, p),
=1 p=1 I=1 =2 p=2
(130)
izF(LP) = iF(l,p :0)+§:ZF(l,p).
=0 p=0 =0 =1 p=1
(131)

In (129) we encounter four kinds of integrals:

T MA / t*
Ic:/ dcr’#

132
0 rA(T/+l*) ' ( )

7 /Tdc’MA(’+t*) o\ 1 (133)
b= T Oct’ N+ 1)’

0

Ip= / det?' M} (7 + 1)
7o

< In [N + ) =6 - (& + )], (134)

Al (e + 1) = =293 D" w4 )i poin_piir 0
IPN 2= (1-1)!
26 !

M (z 4 %) Pivir . Pii

26 _~(=1) A *\ pitj i 9
+?a; T ML(T—l—t)PlJl...Plflagjl...aéj]

(=1

1
(1) S N
N L My (e + £)oM .ol Piriri Pl
(I-p)pt*
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T 0 p 1
— IAJA () *
IF_/[ det?’ M4 (v +t)(861’> N 1)

0

(135)

which are determined in Appendix D. These integrals run
over the unknown world line x4 (¢) of massive body A, and
can also be integrated by parts, that means the procedure it
essentially based upon the fact that the nonintegrated
remnants are beyond 1PN approximation, because they
imply an additional factor ¢~'.

Then, inserting the solutions of these four integrals,
given by Egs. (D2), (D4), (D8) and (D9), into Eq. (129)
and performing the differentiations with respect to
P 0%», the second integration of the geodesic equation
for the light trajectory in the field of one body A is
given by

Axfpn (T + 1%, 70 + 1)

= Axfp\ (T4 1) — Axfpy (7o + 1), (136)

where the contribution of one body A is given by

8§j2 85’7 rﬁ(r—l— [*) VE(T—F t*) _o'.rgI(T-l- [*)

9 9 (9\r? dyrtr)
o 9E \der) (N (z+ 1))

) dy(z+1)

&I T g rg(r + 1) —O'-I‘RI(T-F )

0

In[(z+1)—6-r(z+1")]

26 S 3 o 0 o o\ 1
- -~ Z ) 41 Lp Plp+1Jp+1 1] _ — | — -
c E g (l—p)!p!ML(T+[ Jo't...c'" P ”'Puaf,’/n“ ae <8c1> )

(137)

where we recall the notation M’z = M?l...i,' In order to obtain (137), the relations (112) and (113) and

PUi (e+)+o- e+ )In[N(z+71)—6-r(z+ 1)) =

&l

di(z+1)
ARGt r)—e ()

(138)
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have also been used. The expression in (137) represents
the solution for the second integration of geodesic
equation in 1PN approximation, in the field of one
arbitrarily moving body A and to any order of intrinsic
mass multipoles. Like in the first integral in (111), after
the differentiations in (137) the replacement of 7 + ¢* by
the global coordinate time ¢ can be performed. One may
easily check that the time differentiation of (137) yields
immediately the first integral in (111) up to terms of
higher-order beyond 1PN approximation. So the solution
in (137) is consistent with the solution in (111).

PHYSICAL REVIEW D 92, 063015 (2015)

IX. SOME SPECIAL CASES OF
SECOND INTEGRATION

Like in the case of first integration, let us consider the
very first few terms of (137) as instructive examples, and
compare them with research findings in the literature,
namely: arbitrarily moving monopoles, dipoles, quadru-
poles, and the case of one massive body at rest with full
mass-multipole structure.

A. Monopoles in arbitrary motion
For the monopole term (I = 0), we obtain from (136) and (137):

da(t)

—o-r(7)

2G d
Axy, l lo ZMA( A(t) T,Ij(lo)

where in the final expression we have replaced 7 + * = ¢
and 1o+t =15 recall rY(r) =xn(t) —x4(f) and
i (1) = xo —x4(t). The time derivative of (139) yields
immediately (114) up to terms of order O(v4/c¢).

In the limit of massive bodies at rest, the expression
(139) coincides with Eq. (3.2.13) in [15] and with Eq. (22)
in [43], where the mass monopoles are not located at the
origin of the coordinate-system but displaced by some
constant vector x4; cf. Eq. (22).

26 & N()—6-mM(1
+— Myln—2 RS
rfi(m)) "Z AN (1) — 67 (1)

In [44] the light trajectory in the field of N arbitrarily
moving pointlike monopoles has been determined in first
post-Minkowskian approximation (1PM), that means
where the pointlike monopoles could even move with
ultra-relativistic speed, while (139) is for extended monop-
oles in 1PN approximation. By expansion of the 1PM
solution (Egs. (33) and (35) in [44]) in powers of v, /c, one
may show an agreement with our solution in (139) up to
terms of the order O(v,/c).

B. Dipoles in arbitrary motion

From (137) we obtain for the dipole term (I = 1)

Axp(t.19) = Ax;‘;<r> — Axiy(1o).

ZMA

_2G i]()

AxD

¢? £~ rﬁ(t)

where we have used the derivatives given in Appendix G.
The time derivative of (140) yields immediately (115) up to
terms of order O(v,/c). As mentioned above, if the origin
of the local reference system (c¢7T'4, X ) is located exactly at
the center of mass of the massive body A, then the dipole
moment M{‘] of this body vanishes and there would be no
dipole term. But in reality one cannot determine precisely
the center of mass of a massive body (e.g. giant planets) so
that M?l # 0 and one has carefully to take into account the
change in the light trajectory caused by the dipole term,
which is purely a coordinate effect; cf. Ref. [19,78].

(140)

C. Quadrupoles in arbitrary motion

Now we consider the light trajectory in the gravitational
field of N arbitrarily moving quadrupoles, given by the
term [ = 2 in (137), which reads

Axy(z+ 1,79 + 1°) = Axy (7 + 1) = Axiy(zg + 1),

(141)

with
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al d, 1
A t ol Pi2i2 A4
) = Y M P ey

G igin i 1 G o o

- 1 lz N Pivji piajz , _ A
2 27: 0,0 N 2 Az :l i1 O&I Q&I rgl -0 I’E
G ZN 0
—26 & Mlll?Pllj]Phh@aé]zl (I’A o'-rg])
26 & G &L 1

- 72 Agz lllzgllPlsz agjz WA — ;al AEZI Milizgllglz aCTWA’ (142)

where here for simpler notation the time arguments have
been omitted, ie. N\ =N (c+1), i =ri(z+1),
dy=dy(c+r), and M}, =M}, (t+1*). The deriva-
tives in the first, fifth, and sixth term in (142) were already
given in Appendix F, while the derivatives of the third and
fourth term in (142) were already given in Appendix G.
After performing these derivatives the replacements have to
be performed: 7+ t* =t and 7y + * = t;. By inserting
relations (F4), (F6), (G3), (G4) into (142), one obtains the
light trajectory in the field of N arbitrarily moving quadru-
poles:

Axg(t.10) = Axgl) = rglir).  (143)

with

Aw@=%§%&ﬂ(ﬂhm+m@m@
F7A(DF (D) + 80084 (0)]. (144)

The vectorial coefficients in (144) were given by
Egs. (118)—(121) and the scalar functions in (144) are
given by

= AG e 0%
V(i) = "’;E’?t()’) 1. (146)
710 = G )

The time derivative of (144) yields (117) up to terms of
higher order, i.e., either O(v,/c) or O(M ,I,z/c)

In the limit of bodies at rest, x4, = const, and time-
independent quadrupole moments, M?l ;, = const, the
expression in (144)—(148) coincides with the corresponding
results in [17,43,45] [cf. Egs. (23)-(31)].

One should keep in view that a series expansion
of the vectorial coefficients (118)—(121) does not neces-
sarily create terms beyond 1PN approximation. For
instance, a series expansion of the vectorial coefficients
around some time moment f, implies a corresponding
series expansion of the impact vector and quadrupole
moment,

dy (1) =d(10) +6x (6 xva(10))(1 = 1) + O(as),  (149)

M} (1) =M} (to) + M7, (fo)(f—f0)+O(Mﬁi2)v (150)

iyia iy

which are proportional either to v, (¢ — f) or M4 (1= 19),
but neither to v,/c nor M4 i,/ ¢. Consequently, the indi-
vidual terms in a series expansion of vectorial coefficients
are not necessarily beyond 1PN approximation.

Results for the light trajectory in the field of quadru-
poles in uniform motion, v, = const, were represented in
[52]. In the limit of uniform motion the expression in
(143)—(148) should coincide with the results in [52].
For such a comparison the series-expansion in (32) would
have to be inserted into the solution (143)—(148),
which leads rapidly to cumbersome expressions.
Consequently, such a comparison constitutes a rather
ambitious assignment of a task and spoils the intention of
the investigation.

D. Body at rest with full mass-multipole structure

As it has been mentioned above, the light trajectory in
the gravitational field of one massive body at rest and
located at the origin of coordinate system, x, = 0, has been
determined in [53] in post-Newtonian approximation and
for the case of time-independent multipoles. In such
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situation, we have to make the following replacements: du(t+1*) =& dy(t+1*) —>d, rf >r=E+ cro,
MN(z+ 1) > r=Vd* + ¢**, and M} (7 + t*) - M%. Then our solution in (137) simplifies as follows (without the

monopole and the dipole term):

e}
Q

(=1

AXZA=0(7+[*) = - (l—l)'

35}

c

(-
~
~—~
|
—_—
S~—

_ W

(
)l

<

e
Q

SIS
M 1 o

(S}
~

! /!

9
U
[N

which is in agreement with Eq. (36) in [53], and the time
derivative of (151) yields (126). Let us note, that expression
(151) has to be understood in combination with (136), that
means in the first line the term fl—Lr” has been replaced by

%%, and also In r;:;:o = - lnrgi—go has been used.

It is of course impossible to deduce the general solution
in (137) from the specific solution in (151), by reason that
an inverse replacement procedure would not be unique,
because it could either be d — |€| or d — |d,|; similar
problems concern the variables € or c¢z. Stated somewhat
differently: one cannot deduce the general expression in
(137) from the specific solution given by Eq. (36) in [53];
cf. text below Eq. (126).

X. OBSERVABLE RELATIVISTIC EFFECTS

Let us consider two observable effects which are of
decisive importance in relativistic astrometry: the time
delay and the deflection of photons propagating through
the Solar System. The observer and the celestial light
source are assumed to be at rest with respect to the global
system.

A. Time delay

The classical relativistic effect of time delay when a light
signal propagates through the static gravitational field of a
spherically symmetric massive body (monopole) has been
predicted by Shapiro in 1963 [87] and were detected soon
afterwards [88,89]. The results of these experiments have
been confirmed with increasing accuracy, and the todays
most accurate measurement of Shapiro delay was achieved
in 2003 [90] using Cassini spacecraft. The solution in (127)
allows to determine the time delay of light signals propa-
gating through the gravitational field of a system of N
arbitrarily moving massive bodies.

Let x; = x(t;) be the global spatial coordinate of the
space-based observer at the moment of observation #; and
xo = x(t,) be the global spatial coordinate of the source at
the moment of emission f; of the light signal which is

M‘zailPi]7+ljp+] L. P

65j1)+1 e af]l

M?Piljl P i B

g [& ;
- 9e [—(r—l—cr) +o'ln (r—l—cr)},

& r r

0 [éi ct 0’]

Y P R
T MAgh . i Pipeiire . Pl 0 A ‘5#
!p! O&lret 7 98 \ Oct r

= (151)

I
observed at x(#;). In terms of the new variables & and ,

both of these spatial coordinates are given by x; =
x(7y + t*) and x) = x(z7y + ¢*). Furthermore, we introduce
the following vectors:

R =x(r; + ") —x(zy + 1), (152)

k= R (153)
where R = |R| with R being the vector from the source (at
the moment of emission) to the observer (at the moment of
observation) and k is the corresponding unit direction.
Then, using the same procedure as described in [60], one
obtains from Eq. (127) the following expression for the
relativistic time delay (cf. [43])

c(t1 = 70)1pn

N
= R= k- (Axfy(ey + P+ 1)), (154)

=1

where the perturbation terms Ax;py are given by (137);
note that the below standing relation (157) has also been
used. In the case of N arbitrarily moving monopoles
Eq. (154) agrees with formula (51) in [44] up to order
O(vy/c), and in the case of N quadrupoles at rest,
Eq. (154) agrees with formula (23) in [47].

The result in (154) is valid for N slowly moving bodies
with full mass-multipole structure. But even for future
highly precise astrometry missions aiming to determine
relativity within the Solar System (e.g. ASTROD [6,7],
LATOR [8,9], ODYSSEY [10], SAGAS [11], TIPO [12])
only the impact of the very first few multipoles could be
detected. However, the exact determination of these rel-
evant parts of the perturbation terms in (154) implies some
remarkable effort (see for instance [47] for the efficient
computation of the quadrupole term) and is beyond the
scope of our present investigation.
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B. Light deflection

The light deflection at the observer’s position,
x; = x(t;), which is assumed to be at rest with respect
to the global coordinate system, is defined by the unit
tangent vector of the light ray at the observer’s position:

Xipn(7) +1F)

e ipn (7 + 79)] (155)

nipn(7) + 1) =

Using (103), one obtains

1
nle (3 +t 6+ZGX ( IPN Tl T >XO'>, (156)

where the perturbation terms Axpy are given by (111).
This expression is valid for light sources at far distances. In
the case of N arbitrarily moving monopoles, our result in
(156) agrees with Eq. (69) in [44], and in the case of N
quadrupoles at rest, our result in (156) agrees with Eq. (7)
in [47]. But one has to bear in mind that for astrometry
within the near zone of the Solar System, where the light
sources are at finite distance, one needs to determine the
light deflection as function of k instead of &, both of which
are related by (cf. [43])

M=

1
6= k_E [k x (Axipy (71 + 17,79 + 1) x k)], (157)

A=1

which follows from (127) and the definition in (152)
and (153). Inserting (157) into (156) yields the expression
for the light deflection (cf. [43])

N A .
Ax t
nipn (7 + 1) =k+ > _kx (Mxk)
C

A=1
1 N

_Ezkx ton (1 + 15,70+ 17) X k).
A=1

(158)

In the case of quadrupoles at rest, our result in (158) agrees
with Eq. (14) in [47]. Let us notice here that in order to
determine the unit tangent vector of the light ray at the
observer’s position, one needs to ascertain both the term
Axpy as well as Axipy, which are given by (111)
and (137), respectively.

The formulae in (156) and (158) determine the light
deflection in the field of N arbitrarily moving massive bodies
with full mass-multipole structure. Like in the case of time
delay, only the very first few multipoles in (156) or (158)
have to be taken into account for sub-microarcsecond
astrometry. But such an exact determination of the relevant
multipoles implies some considerable amount of effort, see
for instance [47] for the quadrupole part, and will therefore
not be on the scope of the present investigation.
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XI. SUMMARY AND OUTLOOK

While the precision of astrometric measurements has
made an advance from the milliarcsecond to microarc-
second in the angle determination of celestial objects,
prospective developments in the nearest future aim at the
sub-microarcsecond or even nanoarcsecond level of accu-
racy. It is clear that such extremely high accuracy implies
the precise determination of the light trajectory x () from
the celestial object through the Solar System towards the
observer. As a result, two aspects are of specific
importance:

(A) In the region exterior of the massive bodies, the
global metric of the Solar System (BCRS coordinates:
ct,x) can be expressed in terms of two families of global
multipoles [25-28]: global mass multipoles m; and global
spin multipoles s; , which define the multipole structure of
the Solar System as a whole. On the other side, from the
theory of relativistic reference systems follows that the
multipole structure of the gravitational field of some
massive body A can only be defined in a physically
meaningful way within the local reference system
(GCRS-like coordinates: ¢T4,X,) comoving with that
body. In accordance with these requirements, highly precise
astrometric measurements appeal for the use of a global
metric expressed in terms of intrinsic mass multipoles M4
and intrinsic spin multipoles S4 of each individual body.
Such a metric is provided by the Brumberg-Kopeikin (BK)
formalism [15,19,29-32] as well as by the Damour-Soffel-
Xu (DSX) approach [33-36], originally been introduced for
celestial mechanics, and which have become a part of the
IAU resolutions B1.3 (2000) [21].

(B) Another aspect in the theory of light propagation
concerns the fact that the massive bodies of the Solar
System are moving along their world line x4 (¢), which is a
highly complicated function because of the mutual inter-
action of the massive bodies. Formally, the world line of
some massive body A can be series-expanded around some
time moment 7,,

— 1)+ At 1,2 + O(ay),

5 (159)

xa(t) = x4+ 24 (1 -

where x4, v4 and a, are the position, velocity and
acceleration of body A at time moment 74, respectively.

The expansion (159) has some drawbacks:

(1) It implies to introduce an instant of time ¢4, which
remains an open parameter, as long as no additional
arguments are put forward to identify that parameter
with the time of closest approach (33) or with the
retarded time (35). But so far, a unique justification
of that suggestion exists only for pointlike bodies in
arbitrary motion, but not for extended bodies in
arbitrary motion and expressed in terms of intrinsic
multipoles.
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(i) If the expansion (159) is implemented into the
metric, it leads to rather cumbersome expressions
when integrating the geodesic equation.

(iii) One has also to realize that (159) is not an expansion
in inverse powers of the speed of light; hence, these
terms are not necessarily beyond 1PN approxima-
tion of geodesic equation.

These facts make it much preferable to determine the light
trajectory as function of arbitrary world lines x 4 (7), that means
to determine the light trajectory in the field of arbitrarily
moving massive bodies. The actual world line of the massive
bodies can finally be concretized and implemented by some
Solar System ephemerides; e.g. the JPL DE421 [42].

As outlined in some detail by a brief survey of recent

advancements in the theory of light propagation, so far
there was no solution derived for the light trajectory in the
gravitational field of arbitrarily shaped bodies in arbitrary
motion and described in terms of their local multipoles.
According to the IAU recommendations [21], in this
investigation the DSX metric has been employed in order
to determine the light trajectory in 1PN approximation in
the gravitational field of N arbitrarily moving massive
bodies with full mass-multipole structure:
x(t) = xo + c(t = t)e + Axipn(1.19) + O(c7?).  (160)
The main results of this investigation are given by Eq. (111)
and Eq. (137). These solutions have taken into account both
of these issues (A) and (B) outlined above: expression
(111) represents the first integration of geodesic equation,
while expression (137) represents the second integration of
geodesic equation, that means the light trajectory in the
gravitational field of N arbitrarily moving and extended
massive bodies and expressed in terms of their intrinsic
multipoles. Furthermore, it has been shown that the results
presented agree in special cases with well-established
results in the literature, namely monopoles, quadrupoles,
and arbitrarily shaped bodies at rest as well as monopoles in
arbitrary motion.

It is clear that a comprehensive model of light propa-
gation at the sub-uas or even at the nas level of accuracy
requires at least the solution of light trajectory in 1.5PN
approximation as well:

x(t) = xo + c(t = ty)6 + Axypn (1. 1)

+ Axyspn (1, 19) + O(c™). (161)

For instance, the light deflection of a grazing ray at Jupiter
amounts to about n1QPN ~ 240 pas [43,45]. Such terms are
already implemented in the 1PN solution. On the other
side, a typical term of 1.5PN approximation would be

n@opn ~ %y va/c, which in the case of Jupiter
(v4/c~4.5x1073) yields a light deflection of about
ngSPN ~0.01 pas. Another typical term of 1.5PN approxi-
mation is the light deflection due to the spin of the massive
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bodies, which have been determined to be about
"f‘spN ~ 0.7 pas,0.2 pas, and 0.04 pas for grazing light
rays at Sun, Jupiter, and Saturn, respectively [43,45].
Moreover, recent investigations [77] have recovered, that
the light deflection due to the spin-octupole structure of
massive bodies amounts to about 0.015 uas for Jupiter and
about 0.006 pas for Saturn for grazing rays. Therefore, a
model at the sub-uas level has also to account for higher
spin-multipole terms which are of 1.5PN order.

Clearly, the post-Newtonian approach allows for astrom-
etry within the boundary of the near zone of the Solar
System, |x| < A ~ 3 parsec, while light rays which origi-
nate from sources lying far outside of the Solar System are
subject of the far-zone astrometry. The perturbations of the
light trajectory in the far zone of the Solar System are
extremely weak (less than 1 uas in the light deflection), but
might be of relevance for sub-microarcsecond astrometry.
These effects can be investigated by means of a matching
procedure of two asymptotic solutions (near-zone and far-
zone solution) proposed in [17] and further elaborated in
[91], and will be on the scope of a further investigation [92].

A further problem concerns the retardation effect due to
the finite speed at which gravitational action travels. It has,
however, been elucidated by Eq. (58) that the effect of
retardation cannot be taken into account within 1PN
approximation for the light rays. For this fact, the solution
for the light trajectory in 1PN approximation, Eqs. (111)
and (137), are functions of the instantaneous distance
between the photon and massive body, as given by
Eq. (17) or Eq. (89).

Furthermore, the light trajectory in 2PN approximation
reads formally

x(1) = xo + c(t = tg)6 + Ax pn (2, 1)

+ Axy spa (1. 19) + Axopn (2. 79) + O(c™3).  (162)

The most dominant post-post-Newtonian correction is the
monopole term, Axg’f,N, which is well known for bodies at
rest. Following a suggestion in [57], for the case of
uniformly moving bodies this term can be obtained by
an appropriate Lorentz transformation, while for the case of
arbitrarily moving bodies the solution might be acquired
with the aid of sophisticated integration methods men-
tioned in this article. It might even be that some very few
terms in 2PN approximation beyond the monopole term are
required for nanoarcsecond accuracy. Such terms will
rapidly decrease with increasing impact parameter d, of
the light ray and might only be of relevance for grazing
rays, i.e. where d, equals the radius R, of the body. But for
all that, the final level of ambition must include a rigorous
estimation of such terms, implicating a clear understanding
about whether or not some 2PN terms beyond the monop-
ole term become relevant for astrometry at the nanoarc-
second level.
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APPENDIX A: NOTATIONS

Throughout the article the following notations are in use:
(1) G is the Newtonian constant of gravitation.
(ii) ¢ is the vacuum speed of light in flat Minkow-

ski space.

(iii) Lower case Latin indices a,b,...,i,j,... take
values 1,2,3.

(iv) Lower case Greek indices a,f,...,u,v,... take

values 0,1,2,3.

(v) 8;; =&Y = diag(+1,+1,+1) is Kronecker delta.

(vi) The three-dimensional coordinate quantities (“three-
vectors”) referred to the spatial axes of the corre-
sponding reference system are set in boldface: a.

(vii) The contravariant components of “three-vectors”
are a' = (a', a®, a?).

(viii) The contravariant components of ‘“four-vectors”
are a* = (a°,a', a*, a*).

(ix) Repeated indices imply the Einstein’s summation
irrespective of their positions (e.g. a’b’ = a'b' +
a’b? +a*b® and a®b® = a’b° + a'b' + a’b>+
ab?).

(x) The absolute value (Euclidean norm) of a “three-
vector” a is denoted as |a| or, simply, a and can be
computed as a = |a| = (a'a' + a*a® + a’a®)'/2.

(xi) The scalar product of any two “three-vectors” a
and b with respect to the Euclidean metric &;; is
denoted by a-b and can be computed as
a-b= (3l-jaibj = (libi.

(xii) The vector product of any two “three-vectors” a and
b is designated by @ x b and can be computed as
(@ x b)" = &;,a’b*, where e, = (i — j)(j — k) (k —
i)/2 is the fully antisymmetric Levi-Civita symbol.

(xiii) The global coordinate system is denoted by lower-
case letters: (ct,x).

(xiv) The local coordinate system of a massive body A is
denoted by uppercase letters: (¢T4,Xy4).

(xv) The photon trajectory is denoted by x(¢). In order to
distinguish the photon’s spatial coordinate x(#) from
the spatial coordinate x of the global system, the
time dependence of a photon’s spatial coordinate
will everywhere be shown explicitly throughout the
article.

(xvi) The world line of massive body A is denoted by
x4 (1) or x4(Ts).

(xvii) Partial denvatlves 1n the global coordinate system:
0, = W or 0; = a_x
(xviii) Pamal denvatlves in the local coordinate system of
body A: D4 = a7 OF DA =

E)X"
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(xix) n!=n(n—1)(n—=2)...2-1 is the faculty for the
positive integer; 0! = 1.

(xx) L =iyiy...i; is a Cartesian multi-index of a given
tensor 7, that means 7 =T, ;, ;. and each index
i1, I3, ...,0; runs from 1 to 3 (i.e. over the Cartesian
coordinate label).

(xxi) Two identical multi-indices imply summation,
e.g: 0T, = Zil.._i,ail...i,Til...i,-

(xxii) The symmetric part of a Cartesian tensor 7 is (cf.
Eq. (2.1) in [25])

(A1)

1 Z
= ﬁ Aia(l).‘.iﬁ(”’
o

Ty =T .0

where ¢ is running over all permutations of
(1,2,...,1).

(xxiii) The symmetric tracefree (STF) part of a Cartesian
tensor 7', (notation: TL = STFTL) is (cf. Eq. (2.2)
in [25])

(/2]

Ty = z :alk5(ili2'~5i2k—1iZkSi2k+l...i1)alal.,.akak’ (A2)
k=0

where [//2] means the largest integer less than or
equal to //2, and §; =T abbreviates the sym-

metric part of tensor 7;. For instance, TZ/} means
STF with respect to indices L but not with respect to
indices a, f. The coefficient in (A2) is given by

I (20=2k— 1)
(I=2k)! (21 = )N 2K

ap = (=1)k (A3)

As instructive examples of (A2), let us consider the
cases [ =2 and [ = 3:

A 1

ij — T( ;T s,

ij) _§ ij (A4)

~

1
ijk = T(ljk 5 (5 T(ku‘) + 5jkT(isx) + 5kiT(jss))'
(A5)
Throughout the article, the “hat” will be omitted for

the multipoles, M} =M}, m, =m,, S}=357,
s; = 3, but kept for spatial coordinates, X; .

APPENDIX B: THE POST-POST-NEWTONIAN
TERM IN EQ. (36)

The light trajectory in 2PN approximation in the field of
one monopole at rest reads
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xyin(t1g) = X0 + c(t—19)6

+ Axihy (2, 10) + Axdpy (2, 19),  (B1)
where it has been taken into account that there is no
correction term in 1.5PN order. In order to derive the
expression in (36)—(37), we use the iterative solution in
[15,17,46,67], according to which we have

Axibn (1. 10) + Ax3y (2. 10)

= + OB ) - By ()

G2M 2
+

A [By(r}) = By (r})]. (B2)

The vectorial functions in (B2) are defined by (cf. Egs. (50)
and (51) in [46]):

6 x (r\!N x o)

B,(ri™) = -2 g +261n (riN =6 - riPN),
(B3)
c d
B,(rY) = +4 +4 A
2 =y (rf—o-r))?
1A s

0 Lo
pPii_—_T * " s,
gElat O =D e

'GipPip+ljp+l .. _Piljl
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where the expressions r\ and riN are given by
rIIj:xO—FC(t—to)G—xA, (BS)
GM d
riPN = t—10)6 — Xy — 25—
A X0 + C( 0)6 XA C2 rg] —0c- rg]
(ry —o-r)). (B6)

while r{ is defined by Eq. (14). Accordingly, the expression
(B3) is the source of 1PN and 2PN terms. By inserting (B6)
into (B3), and by inserting (B5) into (B4), one may identify
the 2PN terms uniquely and obtain the 2PN expression
Axhhy in (36)—(37).

APPENDIX C: INTEGRAL 7,

The integral Z, in (106) reads
(C1)

:Z-A(T‘i‘t*,g)—/_deT/Mé(T/+t*) /LW

In order to determine the integral Z,, it is useful to
incorporate the operator P/ -Z 38 which stands in front of
this integral according to Eq. (105). Furthermore, using the
expression in (108) for the differential operator J}, the
integral 7, can be separated into two kinds of integrals:
integral Z; which contains differentiations with respect to
the time variable (i.e. p > 1) and integral Z, which does not
contain such differentiations (i.e. p = 0), which means

0 0

iji

Ii(z+1".§)

p:] agj/7+l o 86]1 aé]
i Wi 0 0 pi 0
+ Pl P oen " oE fa—ngz(r—l— 1, E). (C2)
The integral Z,, with the differential operation P/ -2 FE] in front, is given by
0 0 o \r 1
ij_— * ij_— /A A
P 8§JI(T+I’§) P o8 dCTM(T +t)<8cr’> N )
0 0 \r! 1 M3
= Pi_— M} —~— —L).

o0& s )<8CT) ™ (z 4 1%) * O( c ) (C3)

The integral in (C3) has been integrated by part, using
the integration rule for integrals along the unperturbed
light ray as given by Eq. (4.9) in [72]. It is important to
note that the neglected terms are of the order M4 /¢ and,
therefore, they are beyond 1PN approximation because

they imply an additional factor ¢~ which is not canceled
by the factor ¢ in the differential dc7’ in the nominator.
In view of (C4) the proof of this fact is rather simple

The integral Z,, with the differential operation P¥ -2 28 in
front, is given by
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”ifz(f'i‘f &)

o¢’

— pii a%] /_ ; ded Ar/g}((;/ :_r:))

(e eyp OIAGEE géja.rg(fﬂ*)]
+o<Mf)+o<c> (c4)

where for the lower integration limit, we have used

(C5)

0
lim P”%ln[rA(T—l—t J—o-r\(z+1)]=0.
Let us note that the physical dimension of a length in the
argument of the logarithm in (C4) is not a problem at all
and has to be treated according to Eq. (113). The integral in
(C4) has been integrated by parts, using

1 O +1r)—6-r(7 + 1)
N +1) det’

+0<%)
c

where the terms proportional to v, /c in (C6) will be given
later; see Eq. (E1). The fact that the neglected terms (C4)

are beyond 1PN approximation is evidenced in
Appendix E.

(Co)

APPENDIX D: INTEGRALS Z, Zp, Tz, Zr

The four integrals in Egs. (132)-(135) will be deter-
mined; in what follows, the time arguments 7 + ¢* and 7 +
t* of these integrals are omitted for simpler notation. In the
calculation of the integrals, all terms are neglected which
are proportional to either v, /¢ or M% /¢ because they are of
higher order beyond 1PN approximation. The proof for
|

1
pi 07— e pypu 200

N(z +17)
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these assertions will not be given explicitly because they
are very similar to the example elaborated in Appendix E.

1. Integral Z .
The integral Z - reads

T MA / s
Ic :/ dcr’%.
- (7 + 1)

This integral occurs in the first and fourth term of Eq. (129).

(D1)

2. Integral Z . for the case [ =0

Let us first consider the integral (D1) for the case [ = 0,
which occurs in the fourth term in (129). One obtains, by
means of relation (C6), the following solution:

: M
I’O:/ det! ——-2—
¢ 70 rE(TI—'_t*)
N k — rN k
— M, ry(t+1t)—o-ri(t+1)
(7 + 1) —6-ry(g + 1)

+0 (”—A> .
c
3. Integral Z - for the case [ > 1
Now we consider the integral (D1) for the case [ > 1,
which occurs in the first and fourth term in (129). In this
case, we always have the differential operation P/ -Z i

96 1
front,

M} (7 + 1)

NG (D3)

L a L a ’
Pja—(:]z- _Pja_(f]/ dCT/

For evaluating this integral we can use the result in (C4),
and obtain

—o - ri(w+ 1)

o0&/

O&
;;0In [ (79 + 1)

+ M?(TO + [*)P

(D4)

_ . N * ‘A

4. Integral Ip

According to expression (129), the differential operation P/ -2

consider

38 is always in front of the integral Z, (p > 2), so we may

0 0 0 \r! 1
ij_— — pij _—_ IAJA () *
P (%JID P o8 dch 77+t )<8cr’>

_ 11 A a p=2 1 _
+P165M( +t)<8cr> et

A&+ 7)

0 g \r2 1 M4
0 MA(z + +0(—% D
d OEl 10 +1) (8610) (7o + 1%) O( c >’ (D3)
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which has been solved using integration by parts. The proof

that the correction terms are in fact of the order O(M% /c) is
straightforward.

5. Integral Z

Now we consider the integral (134). According to (129),
the differential operation PV 65 is always in front of the
integral Z (p > 1), so we consider

In(r(Z+1)—6-r\(7 +1)) =

NN +1t)+o-r (7 +1)In(r

PHYSICAL REVIEW D 92, 063015 (2015)

0 0

ij ij ! AA
P (9<§/IE P 851/ de? My (7 + 1)
x In [ (7' + 1)

—6-MN(7 + ). (D6)

In order to solve that integral, we may use the following
relation:

N+ 1) —6-r(7 +1))]

of2)

Oct’'

(D7)

Like in relation (C6), the form of the expressions proportional to v4/c in (D7) can easily be determined. By inserting
relation (D7) into the integral (D6), one obtains, by integration by part,

9
DE oE
9
— pii —
DE

o) oft)

M3 (tg+ ) [N (zo + 1°) + 6 - ¥\ (zg + 1*) In (P} (7o + 1)

Pi_—Tp= +P'13MA(r+t*)[r§(r+t*> to-ri(t+t)In(ri(c+ 1) —o-ri(z+1))

—o 1)z +1))]

(D8)

The proof that the neglected terms are in fact of the order v, /c is very similar to the example elaborated in Appendix E.

6. Integral Z

Now we consider the integral (135). According to (129), at least one differential operation of the form P2

front of the integral Zr (p > 1), so we consider

1

28 is always in

P’/iI —/TdCT’MA(T’—I—t*) 9.}’
et )., L ot ) (7 +1)

_+Plj£MA( +t*) a P—l; Pl]iMA( +t*) a p_l
e L det ™ (z+ 1) gl LT dcry ™ (zo + 1)

M
+o(*E).
¢
which has been solved using integration by parts.

APPENDIX E: ESTIMATION OF NEGLECTED
TERMS: AN EXAMPLE

As a typical example, let us consider the neglected terms
in the solution (C4), where the relation (C6) has been used,
which in its exact form reads (the variables 7/ 4 * will be
suppressed for simpler notation):

1 Ol[l-e-r] 1vy ro-r} (ED)
o det e M—e-r’

1

Inserting this relation into (C4), one obtains an additional
integral proportional to v,/c, namely,

0 T MAVA dA
P”—j/ de? > (6-x—_—x) (E2)
0¢ |-« ry ¢ ry—6-ry

where ri = d, + o(c - r}) has been used. The first term of
this integral is identical to the integral (C4), except the
additional factor 6 -v,/c. So it remains to consider the
second term in (E2); the sign in front is not relevant here,
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A
7 :pi/i/ dopMLva _da
08 |_o moe M-6-r

Using relation (G2), one can rewrite this integral in the
following form:

(E3)

T

0 d vq
IG = Plja_éjpaba_gb/_oo dCT/Mé?Aln [rﬁ —Grf]
(E4)
Using relation (D7), this integral can be integrated by parts:

véi .0 0
Is=M}2Pi_—pb _—
¢ Le™ og  ogb
X[y +o-rin(r -6 -r))][Z, +O(c?). (ES5)
Performing the differentiations, one finally arrives at

4 1 did

T, = MA “A ai __ AYA , E6
ot (P ey)

up to terms of the order O(c~?), and the absolute value can

be estimated by

v 1

A YA
Zg| <2M} 24—
Cry—06-r,

(E7)
As stated in relation (C4), the expression in (E6) is of the
order v, /c, hence, beyond 1PN approximation. The fact
that in extreme astrometric configurations, 6 -\, — r\, the
expression in (E6) becomes formally large is not of much
relevance since there are many other terms of the order
v,/ ¢ which presumably cancel this term. The proof of such
an assertion is, of course, beyond 1PN approximation and
involves an exact consideration of all terms to that order.

APPENDIX F: PARTIAL DERIVATIVES
FOR THE FIRST INTEGRATION

Throughout this section we will use the following
abbreviated notation, r\ =r\(z +1*), dy =d,(r +1*),
and corresponding notation for their absolute values.

1. Example

Let us consider an example of how the differentiation is
meant within the formalism:

o0 1
P —
oE Y

— pi —_ 1

OF \/€ + 7% +x3 — 26 -x, —2c16 - x4
(F1)
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where (89) has been used; recall €-6=0 and
x4 = x4 (7 + r*). Inserting the projector (83), one finds

Pi,j,ii:_gil — x4 +0'1(6-x,)
OEN Y |E + cto — x|

E + cto — Xl — o' (ct— 6 - x4)
€+ ct6 — x4

(F2)

In view of o - € = 0, the following term in the nominator
can be rewritten as follows: c¢r—0-x,4 =
6 (£+ ct6 —x,) =6 - 1. Then, by using the definition
of impact vector (90), we finally arrive at

Ph/lilz_ dAl .
95 A ()

(F3)

All subsequent derivatives have been determined in a
similar way.
2. Partial derivatives for the dipole term

In order to obtain the dipole term in (115), we need the
following derivatives:

. d 1
Pllll . A
OEn N —6 - Y
- 1
ra(ri —e-r))
didi d'd
x (Phi— A4 AA ) (F4)
( () (Y —e-ry)

and

91 d'
pih A F
OEN i (r)3’ (F5)
01 c-rY Vg
=20 0B, F
et rlY (r§)3+0<c) (Fo)

3. Partial derivatives for the quadrupole term
In (116) the derivatives (g‘f: = (’)(MT/Z) and % = 0(*%)
are beyond 1PN approximation. Hence, we are left with the
following expressions:

pin 0 dy __didi P
0¢> (ry)? (ra) ()

(F7)

and
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Pilj]PiZjZ i a difl“i
Ol p&I2 r}j —0-

oY
a

i 1 /1 1 Pt 2 1 1
= —-pPhh__ 4 — 1+ — T —
Ao AER A e ) TP A e A\ e

Ta
P d) 1 1 d, didy [ 3 3 2
_N2NAN_N+ N NANANI: Ny2 TN/ N N TN ) (F8)
(r{)?ry—e-ri \ri  ri-o-r) ra—o-ry (ry)” \(ri)”  ry(ra—o-ry)  (ri—o-ry)
A o 1 _did; P®
piipi —_ ~_ _ —3"AZA _ , F9
pF B () () )
9 91 d? v
pa = 2 3 A _(g. /Ny L o(A), F10
D87 Do S (A @A) T (c (F10)
g 91 1 (6-r))? N
— = 3 A +0(-2). F11
e B PN LR P R = (F11)
o 1 (6-r) 4
— =-3 o(—=1, F12
ez ()3 s O\ (F12)
where P/2(&2 — xJ?) = d} has frequently been used; note that §; ; P/t P22 = piti2,
APPENDIX G: PARTIAL DERIVATIVES FOR THE SECOND INTEGRATION
Throughout this section the abbreviated notation is used: rY = r\(z + *) and r}} = |r\(z + 17)|.
1. Partial derivatives for the dipole term
In order to obtain the dipole term in (140), we need the following derivatives:
. d 1 ) dd|
i — A = pin—__ CATA s Gl
swronmmen (M awE o) .
e N di 1
PIJI@IH(FA—U'I'):W@, (G2)
where the last relation has already been given by (113).
2. Partial derivatives for the quadrupole term
In order to obtain the quadrupole term in (141), we need the following derivatives:
pith phajz 8' 8‘ di, _ Pindy B Pi2d) B Phi2d’,
OEN OER N — 6 - 1Y N =) N —6-r)? MY —6-rY)?
did'}d? did'’ d?
2 , G3
IR R A G e o
N 0 pirz dd? d)dy
Piji piaj i 1 N _ rN — _ AYA _ AYA . G4
e G LG B R GG Brar

063015-31



SVEN ZSCHOCKE

[1] E. Hog, G. Béssgen, U. Bastian et al., The Tycho catalogue,
Astron. Astrophys. 323, L57 (1997).

[2] E. Hgg, C. Fabricius, V. V. Makarov et al., The Tycho-2
catalogue of the 2.5 million brightest stars, Astron.
Astrophys. 355, L27 (2000).

[3] The Three-Dimensional Universe with Gaia, Observatoire
de Paris-Meudon, France, 2004, edited by C. Turon, K. S.
O’Flaherty, and M. A. C. Perryman, (ESA SP-576, Paris,
2004).

[4] Nearby Earth Astrometric
.ujf-grenoble.fr/NEAT.html.

[5] F. Malbet, A. Léger, R. Goullioud et al., An astrometric
telescope to probe planetary systems down to the Earth mass
around nearby solar-type stars, arXiv:1108.4784.

[6] Wei-Tou Ni, Astrod and Astrod 1—overview and progress,
Int. J. Mod. Phys. D 17, 921 (2008).

[7] C. Braxmaier, H. Dittus, B. Foulon et al., Astrodynamical
space test of relativity using optical devices I, Exp. Astron.
34, 181 (2012).

[8] J. E. Plowman and R. W. Hellings, Lator covariance analy-
sis, Classical Quantum Gravity 23, 309 (2006).

[9] S. G. Turyshev, M. Shao, K. L. Nordtvedt et al., Advancing
fundamental physics with the laser astrometric test of
relativity, Exp. Astron. 27, 27 (2009).

[10] B. Christophe, P. H. Andersen, J. D. Anderson et al., Odys-
sey: a Solar system mission, Exp. Astron. 23, 529 (2009).

[11] P. Wolf, Ch.J. Bordé, A. Clairon et al., Quantum physics
exploring gravity in the outer Solar system: The Sagas
project, Exp. Astron. 23, 651 (2009).

[12] E. Samain, in Proceedings of one way laser ranging in the
Solar System: Tipo, EGS XXVII General Assembly, Nice,
2002, p. 80 (European Space Agency, Nice, 2002).

[13] O. Guyon, E. A. Bendek, T. D. Milster et al., High-precision
astrometry with a diffractive pupil telescope, Astrophys. J.
Suppl. Ser. 200, 11 (2012).

[14] C. W. Misner, K. S. Thorne, and J. A. Wheeler, Gravitation
(Macmillan, New York, 1973).

[15] V. A. Brumberg, Essential Relativistic Celestial Mechanics,
(Adam Hilder, Bristol, England, 1991).

[16] A complete list of small parameters characterizing the
Solar system and allowing for utilizing the post-Newtonian
expansion can be found in the introductory section in [17].

[17] S. A. Klioner and S. M. Kopeikin, Microarcsecond astrom-
etry in space: Relativistic effects and reduction of observa-
tions, Astron. J. 104, 897 (1992).

[18] E. Poisson and C.M. Will, Gravity—Newtonian,
Post-Newtonian, Relativistic (Cambridge University Press,
Cambridge, England, 2014).

[19] S. Kopeikin, M. Efroimsky, and G. Kaplan, Relativistic
Celestial Mechanics of the Solar System (Wiley, New York,
2012).

[20] L. Blanchet, Gravitational radiation from post-Newtonian
sources and inspiralling compact binaries, Living Rev.
Relativity 9, 4 (2006).

[21] M. Soffel, S. A. Klioner, G. Petit et al., The TAU 2000
resolutions for astrometry, celestial mechanics and metrol-
ogy in the relativistic framework: explanatory supplement,
Astron. J. 126, 2687 (2003).

[22] International Astronomical Union (IAU), http://www.iau
.org.

Telescope, http://neat.obs

PHYSICAL REVIEW D 92, 063015 (2015)

[23] M. Perryman, The history of astrometry, Eur. Phys. J. H 37,
745 (2012).

[24] J. Kovalevsky, 2nd ed. Modern Astrometry (Springer,
New York, 2002).

[25] K. S. Thorne, Multipole expansions of gravitational radia-
tion, Rev. Mod. Phys. 52, 299 (1980).

[26] L. Blanchet and T. Damour, Radiative gravitational fields in
general relativity: I. General structure of the field outside the
source, Phil. Trans. R. Soc. A 320, 379 (1986).

[27] L. Blanchet and T. Damour, Post-Newtonian generation of
gravitational waves, Ann. I. H. P.: Phys. Theor. 50,377 (1989).

[28] T. Damour and B.R. Iyer, Multipole analysis for electro-
magnetism and linearized gravity with irreducible Cartesian
tensors, Phys. Rev. D 43, 3259 (1991).

[29] V. A. Brumberg and S. M. Kopeikin, in Reference Frames,
edited by J. Kovalevsky, I.1. Mueller, and B. Kolaczek
(Kluwer, Dordrecht, 1989), p. 115.

[30] S.M. Kopeikin, Celestial coordinate reference systems in
curved space-time, Celest. Mech. 44, 87 (1988).

[31] S. M. Kopeikin, Theory of relativity in observational radio
astronomy, Sov. Astron. 34, 5 (1990).

[32] S. A. Klioner and A.V. Voinov, Relativistic theory of
reference systems in closed form, Phys. Rev. D 48, 1451
(1993).

[33] T. Damour, M. Soffel, and C. Xu, General-relativistic
celestial mechanics. I. Method and definition of reference
systems, Phys. Rev. D 43, 3273 (1991).

[34] T. Damour, M. Soffel, and C. Xu, General-relativistic
celestial mechanics. II. Translational equations of motion,
Phys. Rev. D 45, 1017 (1992).

[35] T. Damour, M. Soffel, and C. Xu, General-relativistic
celestial mechanics. III. Rotational equations of motion,
Phys. Rev. D 47, 3124 (1993).

[36] T. Damour, M. Soffel, and C. Xu, General-relativistic
celestial mechanics. IV. Theory of satellite motion, Phys.
Rev. D 49, 618 (1994).

[37] A.V. Krivov, On the Brumberg-Kopeikin and Damour-
Soffel-Xu approaches in the relativistic theory of reference
systems, in Proceedings of Dynamics, Ephemerides and
Astrometry of the Solar System, IAU-Symposium 172, Paris,
July 1995, Edited by S. Ferraz-Mello, B. Morando, and J.-E.
Arlot (Springer, New York, 1996).

[38] C. Xu and X. Wu, Extending the first-order post-Newtonian
scheme in multiple systems to the second-order contribu-
tions to light propagation, Chin. Phys. Lett. 20, 195 (2003).

[39] C. Xu, Y. Gong, X. Wu, M. Soffel, and S. A. Klioner,
Second order post-Newtonian Equations of light propaga-
tion in multiple systems, arXiv:gr-qc/0510074.

[40] O. Minazzolli and B. Chauvineau, Post-Newtonian metric
of general relativity including all the ¢~ terms in the
continuity of the TAU2000 resolutions, Phys. Rev. D 79,
084027 (2009).

[41] S. A. Klioner and M. H. Soffel, The post-linear Schwarzs-
child solution in harmonic coordinates: elimination of
structure-dependent terms, Phys. Rev. D 89, 104056 (2014).

[42] W.M. Folkner, J. G. Williams, and D.H. Boggs, The
Planetary and Lunar Ephemeris DE421, JPL Interoffice
Memorandum IOM 343.R-08-003, Jet Propulsion Labora-
tory, Pasadena, California, IPN Progress Report 42-178
(2009).

063015-32


http://neat.obs.ujf-grenoble.fr/NEAT.html
http://neat.obs.ujf-grenoble.fr/NEAT.html
http://neat.obs.ujf-grenoble.fr/NEAT.html
http://neat.obs.ujf-grenoble.fr/NEAT.html
http://neat.obs.ujf-grenoble.fr/NEAT.html
http://arXiv.org/abs/1108.4784
http://dx.doi.org/10.1142/S0218271808012619
http://dx.doi.org/10.1007/s10686-011-9281-y
http://dx.doi.org/10.1007/s10686-011-9281-y
http://dx.doi.org/10.1088/0264-9381/23/2/002
http://dx.doi.org/10.1007/s10686-009-9170-9
http://dx.doi.org/10.1007/s10686-008-9084-y
http://dx.doi.org/10.1007/s10686-008-9118-5
http://dx.doi.org/10.1088/0067-0049/200/2/11
http://dx.doi.org/10.1088/0067-0049/200/2/11
http://dx.doi.org/10.1086/116284
http://dx.doi.org/10.12942/lrr-2006-4
http://dx.doi.org/10.12942/lrr-2006-4
http://dx.doi.org/10.1086/378162
http://www.iau.org
http://www.iau.org
http://www.iau.org
http://dx.doi.org/10.1140/epjh/e2012-30039-4
http://dx.doi.org/10.1140/epjh/e2012-30039-4
http://dx.doi.org/10.1103/RevModPhys.52.299
http://dx.doi.org/10.1098/rsta.1986.0125
http://dx.doi.org/10.1103/PhysRevD.43.3259
http://dx.doi.org/10.1007/BF01230709
http://dx.doi.org/10.1103/PhysRevD.48.1451
http://dx.doi.org/10.1103/PhysRevD.48.1451
http://dx.doi.org/10.1103/PhysRevD.43.3273
http://dx.doi.org/10.1103/PhysRevD.45.1017
http://dx.doi.org/10.1103/PhysRevD.47.3124
http://dx.doi.org/10.1103/PhysRevD.49.618
http://dx.doi.org/10.1103/PhysRevD.49.618
http://dx.doi.org/10.1088/0256-307X/20/2/307
http://arXiv.org/abs/gr-qc/0510074
http://dx.doi.org/10.1103/PhysRevD.79.084027
http://dx.doi.org/10.1103/PhysRevD.79.084027
http://dx.doi.org/10.1103/PhysRevD.89.104056

LIGHT PROPAGATION IN THE FIELD OF N ...

[43] S. A. Klioner, Practical relativistic model of microarcsecond
astrometry in space, Astron. J. 125, 1580 (2003).

[44] S. M. Kopeikin and G. Schifer, Lorentz covariant theory of
light propagation in gravitational fields of arbitrary-moving
bodies, Phys. Rev. D 60, 124002 (1999).

[45] S. A. Klioner, Influence of the quadrupole field and rotation
of objects on light propagation, Sov. Astron. 35, 523
(1991).

[46] S. A. Klioner and S. Zschocke, Numerical versus analytical
accuracy of the formulas for light propagation, Classical
Quantum Gravity 27, 075015 (2010).

[47] S.Zschocke and S. A. Klioner, On the efficient computation
of the quadrupole light-deflection, Classical Quantum
Gravity 28, 015009 (2011).

[48] D. Bini, M. Crosta, and F. de Felice, Orbiting frames and
satellite attitudes in relativistic astrometry, Classical Quan-
tum Gravity 20, 4695 (2003).

[49] F. de Felice, M. Crosta, A. Vecchiato, M. G. Lattanzi, and B.
Bucciarelli, A general relativistic model of light propagation
in the gravitational field of the Solar System: The static case,
Astrophys. J. 607, 580 (2004).

[50] F. de Felice, A. Vecchiato, M. Crosta, B. Bucciarelli, and
M. G. Lattanzi, A general relativistic model of light propa-
gation in the gravitational field of the Solar System: The
dynamical case, Astrophys. J. 653, 1552 (2006).

[51] M. Crosta, Tracing light propagation to the intrinsic accu-
racy of space-time geometry, Classical Quantum Gravity 28,
235013 (2011).

[52] M. Crosta, A. Vecchiato, F. de Felice, and M. G. Lattanzi,
The ray tracing analytical solution within the RAMOD
framework. The case of a Gaia-like observer, Classical
Quantum Gravity 32, 165008 (2015).

[53] S. M. Kopeikin, Propagation of light in the stationary field
of multipole gravitational lens, J. Math. Phys. (N.Y.) 38,
2587 (1997).

[54] Chr. Le Poncin-Lafitte and P. Teyssandier, Influence of mass
multipole moments on the deflection of a lightray by an
isolated axisymmetric body, Phys. Rev. D 77, 044029
(2008).

[55] D. Bini, M. Crosta, F. de Felice, A. Geralico, and A.
Vecchiato, The Erez-Rosen metric and the role of the
quadrupole on light propagation, Classical Quantum
Gravity 30, 045009 (2013).

[56] S. A. Klioner, Propagation of the light in the barycentric
reference system considering the motion of the gravitating
masses, Communications of the Institute of Applied
Astronomy 6, 21 (1989) (in Russian).

[57] S. A. Klioner, Light Propagation in the Gravitational Field
of Moving Bodies by means of Lorentz Transformation. L.
Mass monopoles moving with constant velocities, Astron.
Astrophys. 404, 783 (2003).

[58] R. W. Hellings, Relativistic effects in astronomical timing
measurements, Astron. J. 91, 650 (1986).

[59] S. A. Klioner and M. Peip, Numerical simulations of the
light propagation in the gravitational field of moving bodies,
Astron. Astrophys. 410, 1063 (2003).

[60] S.M. Kopeikin, G. Schifer, C.R. Gwinn, and T.M.
Eubanks, Astrometric and timing effects of gravitational
waves from localized sources, Phys. Rev. D 59, 084023
(1999).

PHYSICAL REVIEW D 92, 063015 (2015)

[61] R. Epstein and I. I. Shapiro, Post-post-Newtonian deflection
of light by the Sun, Phys. Rev. D 22, 2947 (1980).

[62] E. Fischbach and B. S. Freeman, Second-oder contribution
to the gravitational deflection of light, Phys. Rev. D 22,
2950 (1980).

[63] G. W. Richter and A. Matzner, Second-order contributions
to gravitational deflection of light in the parametrized post-
Newtonian formalism, Phys. Rev. D 26, 1219 (1982).

[64] G. W. Richter and A. Matzner, Second-order contributions
to gravitational deflection of light in the parametrized post-
Newtonian formalism. II. Photon orbits and deflections in
three dimensions, Phys. Rev. D 26, 2549 (1982).

[65] G. W. Richter and A. Matzner, Second-order contributions
to relativistic time delay in the parametrized post-Newtonian
formalism, Phys. Rev. D 28, 3007 (1983).

[66] S.A. Cowling, Gravitational light-deflection in the Solar
System, Mon. Not. R. Astron. Soc. 209, 415 (1984).

[67] V. A. Brumberg, Post-post-Newtonian propagation of light
in the Schwarzschild field, Kinematica i physika nebesnykh
tel 3, 8 (1987) (in Russian).

[68] Chr. Le Poncin-Lafitte, B. Linet, and P. Teyssandier,
World function and time transfer: general post-
Minkowskian expansions, Classical Quantum Gravity 21,
4463 (2004).

[69] P. Teyssandier and Chr. Le Poncin-Lafitte, General post-
Minkowskian expansion of time transfer functions,
Classical Quantum Gravity 25, 145020 (2008).

[70] N. Ashby and B. Bertotti, Accurate light-time correction due
to a gravitating mass, Classical Quantum Gravity 27,
145013 (2010).

[71] J. Bodenner and C. M. Will, Deflection of light to second
order: A tool for illustrating principles of general relativity,
Am. J. Phys. 71, 770 (2003).

[72] S. Kopeikin, P. Korobkov, and A. Polnarev, Propagation of
light in the field of stationary and radiative gravitational
multipoles, Classical Quantum Gravity 23, 4299 (2006).

[73] S. Kopeikin and P. Korobkov, General relativistic theory of
light propagation in the field of radiative gravitational
multipoles, arXiv:gr-qc/0510084v2.

[74] A. Hees, S. Bertone, and C. Le Poncin-Lafitte, Light
propagation in the field of a moving axisymmetric body:
theory and application to JUNO, Phys. Rev. D 90, 084020
(2014).

[75] M. H. Soffel and Wen-Biao Han, The gravitational time
delay in the field of a slowly moving body with arbitrary
multipoles, Phys. Lett. A 379, 233 (2015).

[76] S.M. Kopeikin and B. Mashhoon, Gravitomagnetic-effects
in the propagation of electromagnetic waves in variable
gravitational fields of arbitrary-moving and spinning bodies,
Phys. Rev. D 65, 064025 (2002).

[77] J. Meichsner, Physics in gravity fields with higher spin
multipole moments, Diploma thesis, Technical University
Dresden, 2015.

[78] S. M. Kopeikin and V. V. Makarov, Gravitational bending of
light by planetary multipoles and its measurement with
micro-arcsecond astronomical interferometers, Phys. Rev. D
75, 062002 (2007).

[79] M. H. Briigmann, Light deflection in the post-linear gravi-
tational field of bounded point-like masses, Phys. Rev. D 72,
024012 (2005).

063015-33


http://dx.doi.org/10.1086/367593
http://dx.doi.org/10.1103/PhysRevD.60.124002
http://dx.doi.org/10.1088/0264-9381/27/7/075015
http://dx.doi.org/10.1088/0264-9381/27/7/075015
http://dx.doi.org/10.1088/0264-9381/28/1/015009
http://dx.doi.org/10.1088/0264-9381/28/1/015009
http://dx.doi.org/10.1088/0264-9381/20/21/009
http://dx.doi.org/10.1088/0264-9381/20/21/009
http://dx.doi.org/10.1086/383244
http://dx.doi.org/10.1086/508701
http://dx.doi.org/10.1088/0264-9381/28/23/235013
http://dx.doi.org/10.1088/0264-9381/28/23/235013
http://dx.doi.org/10.1088/0264-9381/32/16/165008
http://dx.doi.org/10.1088/0264-9381/32/16/165008
http://dx.doi.org/10.1063/1.531997
http://dx.doi.org/10.1063/1.531997
http://dx.doi.org/10.1103/PhysRevD.77.044029
http://dx.doi.org/10.1103/PhysRevD.77.044029
http://dx.doi.org/10.1088/0264-9381/30/4/045009
http://dx.doi.org/10.1088/0264-9381/30/4/045009
http://dx.doi.org/10.1051/0004-6361:20030559
http://dx.doi.org/10.1051/0004-6361:20030559
http://dx.doi.org/10.1086/114048
http://dx.doi.org/10.1051/0004-6361:20031283
http://dx.doi.org/10.1103/PhysRevD.59.084023
http://dx.doi.org/10.1103/PhysRevD.59.084023
http://dx.doi.org/10.1103/PhysRevD.22.2947
http://dx.doi.org/10.1103/PhysRevD.22.2950
http://dx.doi.org/10.1103/PhysRevD.22.2950
http://dx.doi.org/10.1103/PhysRevD.26.1219
http://dx.doi.org/10.1103/PhysRevD.26.2549
http://dx.doi.org/10.1103/PhysRevD.28.3007
http://dx.doi.org/10.1093/mnras/209.3.415
http://dx.doi.org/10.1088/0264-9381/21/18/012
http://dx.doi.org/10.1088/0264-9381/21/18/012
http://dx.doi.org/10.1088/0264-9381/25/14/145020
http://dx.doi.org/10.1088/0264-9381/27/14/145013
http://dx.doi.org/10.1088/0264-9381/27/14/145013
http://dx.doi.org/10.1119/1.1570416
http://dx.doi.org/10.1088/0264-9381/23/13/001
http://arXiv.org/abs/gr-qc/0510084v2
http://dx.doi.org/10.1103/PhysRevD.90.084020
http://dx.doi.org/10.1103/PhysRevD.90.084020
http://dx.doi.org/10.1016/j.physleta.2014.11.047
http://dx.doi.org/10.1103/PhysRevD.65.064025
http://dx.doi.org/10.1103/PhysRevD.75.062002
http://dx.doi.org/10.1103/PhysRevD.75.062002
http://dx.doi.org/10.1103/PhysRevD.72.024012
http://dx.doi.org/10.1103/PhysRevD.72.024012

SVEN ZSCHOCKE

[80] E.F. Arias, P. Charlot, M. Feissel, and J.-F. Lestrade, The
extragalactic reference system of the International Earth
Rotation Service, ICRS, Astron. Astrophys. 303, 604 (1995).

[81] For the relations between metric tensor and gothic metric
tensorin [26,27], werefer to [25]; see also Appendix A in [84].

[82] S.Zschocke, A detailed proof of the fundamental theorem of
STF multipole expansion in linearized gravity, Int. J. Mod.
Phys. D 23, 1450003 (2014).

[83] S. A. Klioner and M. H. Soffel, Relativistic celestial mechan-
ics with PPN parameters, Phys. Rev. D 62, 024019 (2000).

[84] S. Zschocke and M. H. Soffel, Gravitational field of one
uniformly moving extended body and N arbitrarily moving
pointlike bodies in post-Minkowskian approximation,
Classical Quantum Gravity 31, 175001 (2014).

[85] S. A. Klioner, The problem of clock synchronization: A
relativistic approach, Celestial Mechanics 53, 81 (1992).

[86] The unperturbed light ray in Eq. (10) for t = 7 4 ¢* reads
xn(t+ 1) =xqg+c(t+ 1 —1ty)e. By means of the
above- mentioned relation f* =1¢;— %, one obtains
xn(t+ 1) =x) —6(6-xy) + cte. Using the definition

PHYSICAL REVIEW D 92, 063015 (2015)

(82), one obtains xy(z+ ") = E+ cre, which is just
relation (87).

[87] I.1. Shapiro, Fourth Test of General Relativity, Phys. Rev.
Lett. 13, 789 (1964).

[88] L. 1. Shapiro, G. H. Pettengill, M. E. Ash, M. L. Stone, W. B.
Smith, R. P. Ingalls, and R. A. Brockelman, Fourth Test of
General Relativity: Preliminary Results, Phys. Rev. Lett. 20,
1265 (1968).

[89] I. 1. Shapiro, M. E. Ash, R.P. Ingalls, W. B. Smith, D.B.
Campbell, R. B. Dyce, R. F. Jurgens, and G. H. Pettengill,
Fourth Test of General Relativity: New Radar Result, Phys.
Rev. Lett. 26, 1132 (1971).

[90] B. Bertotti, L. Iess, and P. Tortora, A test of general relativity
using radio links with the Cassini spacecraft, Nature
(London) 425, 374 (2003).

[91] C. M. Will, Propagation speed of gravity and the relativistic
time delay, Astrophys. J. 590, 683 (2003).

[92] S. Zschocke, Light propagation in the gravitational field of
N arbitrarily moving bodies in 1.5PN approximation for
high-precision astrometry (to be published).

063015-34


http://dx.doi.org/10.1142/S0218271814500035
http://dx.doi.org/10.1142/S0218271814500035
http://dx.doi.org/10.1103/PhysRevD.62.024019
http://dx.doi.org/10.1088/0264-9381/31/17/175001
http://dx.doi.org/10.1103/PhysRevLett.13.789
http://dx.doi.org/10.1103/PhysRevLett.13.789
http://dx.doi.org/10.1103/PhysRevLett.20.1265
http://dx.doi.org/10.1103/PhysRevLett.20.1265
http://dx.doi.org/10.1103/PhysRevLett.26.1132
http://dx.doi.org/10.1103/PhysRevLett.26.1132
http://dx.doi.org/10.1038/nature01997
http://dx.doi.org/10.1038/nature01997
http://dx.doi.org/10.1086/375164

