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Laser interferometer response to scalar massive gravitational waves
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We analyze the response of the gravitational wave detector to a scalar massive plane gravitational wave.
We give the compact form of the response and discuss its angular and frequency characteristics. The
derivations are carried out in the conformal and the synchronous gauges, and the equivalence of the two
approaches is shown. In a particular example of the massive Brans—Dicke theory, we show as well the
equivalence of the two gauges on the level of the solution of the linearized field equation.
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I. INTRODUCTION

Alternatives to the general theory of relativity (GR) were
present already in the early times of its birth and subsequent
periods of its development, but they have been drawing
particular attention in the last two decades. The early
attempts (see Ref. [1] and references therein) aimed at
founding a theoretical framework for the ongoing weak-
field, low-energy experiments in the Earth and the Solar
System gravitational environments, strong-field astrophysi-
cal observations like those of pulsars and compact binary
systems, and then future gravitational wave detection
experiments [2] exploring the dynamical, strong-field
regime of gravity. The principal theoretical motivation
for studying extensions of GR have been the unification
of gravity with the rest of the Standard Model (SM)
interactions [3] and the formulation of the consistent
quantum theory of gravity—both issues still await fully
satisfactory solutions. Nevertheless, the studies of high-
energy unification models (string theory, supergravity,
effective theories emerging from quantum gravity, brane-
world models, extradimensional models, theories with
noncommutative geometries, and theories based on
deformed Lorentz symmetries) predict deviations from
GR at some high-energy level and in a lower-energy limit
lead to a number of competing effective theories. But can
we expect modifications of GR at the low-energy scale as
well? This cannot be excluded; although GR so far has
passed safely most of the local weak-field and strong-
field astrophysical tests, it is well known that it needs an
additional hypothetical contribution known as a dark matter
to explain the galactic and cluster scale observations of the
rotation profiles [4,5]. Recently, the new motivations have
come from cosmology: observations of the Supernovae
Type la [6] and cosmic microwave background radiation
anisotropies [7] revealed the accelerated expansion of the
Universe favoring the Lambda cold dark matter (ACDM)
model with another “dark”” component dubbed dark energy.
It is also well known that modified gravity can play a role in
the early-time cosmology. The first inflationary scenario
was proposed in the Starobinsky f(R) = R + R*/6M?>
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model [8]; the improvement of the chaotic inflation through
the nonminimal coupling {®?R of gravity and matter was
proposed in Ref. [9]; and an interesting example of the
unified picture of the gravity and SM particle physics was
given in Ref. [10], where it was argued that the SM Higgs
field H strongly nonminimally coupled to gravity, (HH'R,
¢ > 1, can give rise to inflation. (For a review of modified
gravity in cosmology, see, e.g., Ref. [11]). Furthermore,
one expects that working ground-based gravitational wave
detectors such as the Advanced Laser Interferometer
Gravitational Observatory [12] or the planned next-
generations ET [13] and space-based evolved Laser
Interferometer Space Antenna (eLISA) [14] will give a
unique opportunity to test GR and possibly to find some
interesting observational challenges pointing to a new
gravitational physics. In this respect, it is quite important
to know the signals at the detector to discern between
competing theories.

In this paper, we analyze the response of the gravitational
wave interferometer to gravitational wave signals that arise
in scalar-tensor (ST) theories (see, e.g., Ref. [15]). In those
theories, gravitational interactions are mediated by a non-
minimally coupled massless helicity 2 field and a scalar
field. In the most studied example, the Brans—Dicke (BD)
theory [16], the scalar field was massless, but recently the
massive scalar fields have been investigated for a potential
role they can play in the early- and late-time cosmology and
in astrophysics [17-19]. It was also recognized that the
Brans—Dicke theory with the BD parameter wgp equal to
zero contains as a subclass the so-called extended theories
of gravity with gravitational action defined by some
function f(R) of the scalar curvature [19,20]. In both those
theories, matter fields are coupled minimally to the tensor
field g,,. Dynamics of the metric field, however, differs
from the dynamics in GR due to the nontrivial interaction
of the metric with the scalar field in the ST theories and due
to the modified field equations in the case of extended
theories. For the gravitational waves, this shows up as an
additional, in general massive, spin-zero mode of the
wave that potentially can be detected by interferometers.

© 2015 American Physical Society
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Gravitational waves were also studied in other generalized
theories. Recently, an exact plane wave solution was found
in Ref. [21] for a class of Horndeski theory [22], which can
be considered as a generalization of the scalar-tensor
Brans—Dicke theory, and in Ref. [23] in the case of the
nonlinear massive dRGT gravity model [24].

The nonrelativistic sector of gravitational interactions in
these theories is also modified. For example, if the scalar
field in massive BD theory satisfies the Klein—Gordon
equation with the mass parameter m, one expects that the
effective Newtonian gravitational potential in the near zone
of a source will be modified by the Yukawa-type correc-
tions, ~exp (—mr). These corrections would manifest
themselves as a deviation from Keppler’s third law and
can be investigated by observing the dynamics of the
planets of the Solar System [25]. The uncertainty of those
measurements can be interpreted as providing the upper
bounds on the mass parameter. The strongest upper bound,
m < 4.4 x 1072 eV, comes from the observations of Mars
[26]. But whatever the Solar System bounds might be, one
must take notice that in theories predicting massive scalar
waves the mass parameter may have a dynamical origin.
For example, in massive ST theories, it is defined by the
local minimum of some potential V(¢) which determines
the dynamics of ¢. However, one can also consider
potentials having a number of local extrema which,
depending on the external conditions and directly on the
value of the scalar field, could lead to different dynamically
generated masses. This would not be an unusual scenario,
and in fact it is analogous to the SM Higgs mechanism for
spontaneous mass generation. The desired nonperturbative
effect in ST theory would be the scalarization phenomenon
in neutron stars where nontrivial configurations of a large
scalar field can appear [27]. Another example comes from
Einstein—Aether theory, which predicts gravitational waves
of different polarizations and different propagation speeds
although all modes are massless; i.e., their frequencies are
proportional to wave vectors [28]. These examples illustrate
that the relativistic, strong-field domain may have quite
distinctive features compared to those predicted or extrapo-
lated from the nonrelativistic and low-energy ranges and
show that the gravitational waves may be good probes in
exploring this regime.

The response of the gravitational wave detectors to the
scalar mode was investigated already in Refs. [29-32],
and the detection capability together with astrophysical
and cosmological application were presented in
Refs. [31,33-35]. Here, we continue these efforts and
further analyze the detector response. We present the
compact form of the detector response for massive scalar
perturbations that straightforwardly reveals the angular and
frequency characteristics of the antenna in the whole
frequency domain. The detector response is obtained by
analyzing the motion of the emitter, detector, and laser light
in the conformal gauge and synchronous gauge. Working in
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the synchronous gauge in which the free motion of test
particles (thus, e.g., emitters, beam splitters of a freely
falling gravitational wave detectors) can be easily com-
puted is particularly convenient for space-based interfer-
ometers where the high-frequency domain of the detector
response usually plays an important role. Furthermore, we
show the equivalence of the two gauges by giving the
explicit gauge transformation for the massive scalar wave
solutions. This result is also generalized to theories in
which a scalar field can have modified dispersion relations.

The paper is organized as follows. In Sec. II, we
recount the massive Branse—Dicke theory. In Sec. III, we
investigate the detector response in the conformal gauge,
and in Sec. IV, we investigate the response in the
synchronous gauge. In Sec. V, we give the angular and
frequency characteristics of the one-arm one-way detector.
In Appendix A, we recall the definitions of the scalar
polarization tensors; in Appendix B, we derive the vacuum
plane wave solution in the linearized massive Brans—Dicke
theory, working directly in the synchronous gauge; in
Appendix C, we show the equivalence of the two gauges
by explicitly giving the gauge transformation.

Greek letters denote spacetime indices and take the values
0, 1,2, 3; Latin letters i, j, k denote space indices and take the
values 1, 2, 3; coordinates (x°, x!, x?, x*) are denoted also as
(t,x,y,z); colon “:” denotes contraction of tensors..

II. MASSIVE BRANS-DICKE GRAVITY

In this section, we give a brief account of the theory in
which the gravitational interaction is mediated by two
fields, the standard metric tensor field and the massive
scalar field. We rederive solutions of the linearized field
equations for the general gravitational wave comprising
two massless tensor modes and one massive scalar mode.

We recall that a class of massive scalar-tensor theories
described by the action

SGu> #wil = Solgu- @] + Sulgu-yml, (2.1)
Syl =16, [ @373 oR="L 440,04 V(0)|.
(22)

Sl G Win] = / d*x/=gLnWm. 9], (23)

where g, is a metric field, ¢ is a scalar field, and y,
denotes collection of matter fields, were introduced in
Refs. [36] and [37]. Here, @ and V are two coupling
functions, and R is the scalar curvature of the metric. The
effects of the function @ on the dynamics of compact
binaries have been extensively studied in Refs. [38—41]
or in the cosmological context in Ref. [42]. The self-
interaction potential V' in turn can play a role of the
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cosmological constant and give rise to a mass term in the
linearized theory.

In what follows, we consider the massive Brans—Dicke
theory in which the coupling parameter w is given by the
constant Brans-Dicke parameter, w(¢) = wpp. The field
equations obtained by varying the action Slg,,.¢] with
respect to the metric g,, and the scalar field ¢ are given
by [15]

1 V(o)
R/w 2 Gt — 7
82Ty, a) qﬁ. , — U
== ;?’(¢ $u— $w¢ ) e
PV'(#) =2V () 82T
U = 2.4
g¢ + 3 + szD 3 + Z(DBD ’ ( )
where R, is the Ricci tensor, U, =

(=0 20,(=g) P, T = F S
V= Zg We consider small perturbations over the back-
ground configuration of the Minkowski metric #,, and a

constant field ¢(x) = ¢,

T=g,T", and

g/w = r];w + h/w’ ¢ = ¢0 + 5¢’
|h,| <1, |6¢| < 1. (2.5)

To preserve the asymptotic flatness of solutions and
to neglect higher-order self-interaction terms for the
scalar field beside the mass term, we assume [18]

V(¢) =1V"(dh)5¢*. Substituting (2.5) into the field
equations (2 4) and introducing the mass of the scalar field
m? = — 3+2wBD V"(¢y), one finds
RY —L1g R = _p 0,® 2.6
uv _Egﬂy - = ,ﬂu+77ﬂu n ( . )
0,0 = m*®, (2.7)
where U, =#*90,0,, o =-2" and we denote RIE()D/,, R,(,p,

and R() as the linearizations 0f the Riemann tensor, Ricci
tensor, and Ricci scalar to first order in A, respectively

(the explicit form of the RLL)D/} is given in Ref. [43] and

recalled in Appendix B).
One way to obtain the solutions of the linearized field
equations (2.6), (2.7) (see, e.g., Ref. [30]) is to define

1
O = hy —nw<2h - <I>>,

and to use the gauge freedom h,, — hy,, ¢ = ¢/,

h=n"h,  (2.8)
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h//w(x) - hﬂl/('x) - C(/LI/)’ |Z:/4| <1
¢'(x) = (), (2.9)
with the gauge parameter ¢, satisfying
0,8 =0,", (2.10)

to impose on 6, the Lorentz gauge condition (we omit
primes in the transformed fields)
o, =0. (2.11)

In this gauge, the field equations have the form of the wave
and the Klein—Gordon equations in the flat spacetime,

0,0,, =0, (2.12)
0,% = m2®, (2.13)

describing the (superpositions) of the plane monochromatic
waves

6./41/ = A/we_ik”x”v k= (w’ k)’
o = k|, k,A* =0 (2.14)
O = Ae~ W = (w,1), o =\1?+m?,
(2.15)
which can be written as
0,, = A, e =%, Q=k/k| (2.16)
o =AU, Q=11 (2.17)

where ’s are unit vectors along the wave propagation and
||

v is the w-dependent phase velocity, v(w) = T of the

scalar field. (The phase velocity diverges when w tends
to m. This is because the wavelength 1 = 27/Vw* — m?
grows then to infinity; in the limit @ = m, the solutions
of Egs. (2.16) and (2.17) are therefore proportional to
space-independent oscillations e.) At this step, we have
Ry = 0,, —1,,(560 — @), where 0 = 70, but the Lorentz
condition (2.11) is preserved under the supplementary
gauge transformation (2.9) with ¢, satisfying

0,8, =0, (2.18)

(2.19)

rendering the trace of 6, equal to zero and giving
h,, = 6,, + ®n,,. The residual gauge freedom
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(2.20)

(2.21)

is exactly the same as the gauge freedom that is left after
specifying the Lorentz condition and imposing traceless-
ness on the metric perturbation in GR and can be used to
transform 6,,, to the transverse-traceless (TT) form [43]. We
call the resulting gauge the conformal gauge since it allows
us to represent an arbitrary gravitational wave in the theory
as a sum,

hy, (t,x) = A, (1, X) + ®(1,X)1,,, (2.22)
of the TT wave A, satisfying A, =0, AV ; =0, A’; =0,
and the scalar wave conformal to the Minkowski metric,
®(t,x)n,,. For the plane wave propagating in the —z
direction, Eq. (2.22) simplifies to

h;w(t7 Z) = A+(t + Z)e;ru + AX(Z + Z)eiu + (I)(t’ Z)G}Yw,

(2.23)
with the polarization tensors
-1 0 0 O
: 0 1 00
e = ,
0 010
0 0 0 1
00 0 O
o= 01 0 O ’
0 0 -1 0
00 0 O
00 0 O
0010
e = (2.24)
01 0 O
00 0 O

In Appendix B, we derive the solutions to the linearized
vacuum field equations (2.6), (2.7) directly in the gauge
ho=0.

10

III. DETECTOR RESPONSE IN THE
CONFORMAL GAUGE

In this section, we investigate the motion of a free test
mass in the background field of the plane, massive scalar
gravitational wave in the conformal gauge. The result will
be next used in deriving the response of the laser interfer-
ometer in this gauge; here, we make use of the derivation
given in Refs. [29] and [31] for the massless scalar field.
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To this end, we first consider an arbitrary conformal
wave moving in the direction —z with the velocity v,
hy(t,z) = hy(t + z/v) [so, e.g., it can be one of a Fourier
modes of the Eq. (2.17)], in which case the background
geometry has the form

ds®> = [1 + hy <t + %) } Ny dxtdx”. (3.1)

The free motion of a test body can be obtained from the
Lagrangian

N b e
L(x,x) =5 [1 + hy <t+z>] (=2 + % +y* + 22),
A\

where the dot stands for the proper time derivative,
(7)) = d%f(f) The equations of motion read

d ) 1 o r
= [(1+ hy)i] = —Ehs,,(—z2 +2+32+22)  (3.2)
d v 1 2 22 °2 22
a[(lJrhs)x]:Ehs,i(—t + X7+ Y+ 27),
i=1,2.3. (3.3)

We assume that in the absence of gravitational wave the test
body was at rest with respect to the coordinates, and hence
we seek for the leading-order solution having the form
t =1+ A,h, x' = A;h. From Egs. (3.3), it follows that, as a
first step, we can specify A, = A, = 0. Using the (leading-
order) identities h, = hs and h, = izs /v from Eqgs. (3.2)

and (3.3), it then follows that A, = —1, A, = —5-, and we
get
x(1) = xg (3.4)
y(1) = yo (3.5)
z2(t) =z —i/th [/ + z(7)/v]dl
0 v - s
L[ ) 3.6
_ZO_EOO s(v)dv (3.6)
1 [+
7(t) =t + 5/ hy(v)dv, (3.7)

where v(') =7 + z(¢')/v and xy, yo, zo are the initial
positions set at t - —oo. To have the motion of the test
particle in the case of the plane wave propagating along
the unit vector Q = (—cos¢sinf, —sin¢psin, —cos 6),
one rotates the frame,
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Xnew cosfcos¢p —sing sinfcos¢p X
Yoew | = | cosfsingg cos¢  sin@sing v,
Znew —sind 0 cosd z
(3.8)
to get in the new coordinates (we omit the subindex new),
Q [0
x(1) = xo + /) hy(v)dv (3.9)
1 I_Q.-xo
o) =1+ E/ " b (v)do, (3.10)
with Xy = (xg,y0,20) and Q- Xy = —x(cos ¢ sinH—

Yo Sin ¢ sin @ — z cos 6.

To obtain the detector response, we place the freely
moving emitter and the detector initially at the points Xg,
and xp( = Xgy + Lngp, respectively, where ng, is the unit
vector from the emitter to the detector and L is the length of
the detector arm both defined with respect to the three-
dimensional Euclidean metric §;;. We assume that clocks
that measure the proper times along the trajectories of the
emitter and detector were synchronized in the absence of
the wave. Then the time of flight of the light signal from £
to D, Atgp(t) = tp(t) — Tt — 61(1)], where ¢ and t — 5¢(¢)
are the coordinate times of the emission and the detection,
respectively, is a coordinate-independent quantity; in fact, it
enters the detector response of all the gravitational wave
laser interferometers. Namely, if we compare a laser signal
Ap = Ay et with angular frequency w; sent from the
emitter to the detector with the identical template laser
signal A, = A, e/®™ at the detector, the change in the
phase will be proportional to Azgp:

Ap(tp(1)) — Aglrp(t — 61(1))]

= Apiwy[tp(t) — tg[t — 61(1)]]. (3.11)

In the background given by Eq. (3.1), light travels along the
null lines of the Minkowski metric 7, thus to the leading
order

ot(t) = |xp(t) = xg(t = L)|

Q
=|Xpo — Xgo + v / hy(v)dv
(—L—2XE0
I—M
Q-n
=L+ 2VED / hy(v)dv

and using (3.10)
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1-2Xp0
Meplt) =1+ / h (v)do
Q
- {t -L- ZI:]ED / hy(v)dv
—|—1 / hy(v)d
= v)dv
2 S
(2200
1 Q
=L —1—5 (1 + nED) / hg(v)dv

In Eq. (3.6), we have parametrized the constant phase
surfaces v’s with the coordinate time ¢ along the particle
trajectory. Now, we change the parametrization and will
use a parameter A along the laser ray. To this end, we
notice that the trajectory [ty(4), X((4)] of the laser ray from
Xgo to Xpo [end points are needed only in the zeroth
order in the argument of the integrand A, of Eq. (3.12)] is
given by

Xo(4) = Xpo = ngp(t — 4); (3.13)
thus, changing the variables, v(1) = to(4) — Q- x¢(4)/V,

one finds

Qngp
Argp(t) =L + 1- ey / hy[v(A)]dA

x / hy[v(4))dA, (3.14)

t—L

where the 3 x 3 matrices, €’ and €', are defined in
Appendix A. They play the role of the two (spatial)
polarization tensors of the scalar transversal and scalar
longitudinal modes of which the components in the
synchronous gauge and in the source frame read
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1 00 0 0 O
e'=10 1 0], el=[0 0 0]. (3.15
0 0 O 0 0 1

IV. DETECTOR RESPONSE IN THE
SYNCHRONOUS GAUGE

In the synchronous gauge, the metric is given by

g = —dtz + (511 + hij)dxidxj. (41)
The condition h,; = 0 implies that the motion of test bodies
is trivial: one can assume that the emitter and detector stay
at fixed coordinates, x! (1) = const., and the coordinate time
t is equal to the proper times along their trajectories,
75(t) = 7p(t) = 1. The time of flight is then equal to the
difference in the coordinate times of the detection and
emission and is given by the integral

Atpp(t) = t(dp) —t(Ag) = / \/gij[t(l),X(ﬂ)]‘j;cz ,
(4.2)

where [t(4),7ep(4)] = [t(A),x(4)] parametrizes the null
geodesic of the light ray from the emitter to the detector
with the arrival time at the detector t(4p) =+ In the
synchronous coordinates, trajectories of photons in the
perturbed background (4.1) differ in general from straight
lines, but as was shown by Finn [44] (see also Refs. [45]
and [46]), the integral on the right-hand side of Eq. (4.2)
is unchanged when computed along the unperturbed
trajectory

to(4) = 4, Xo(4) = xp —mgp(t—1). (43)
This gives to the leading order
t
n n
Argp(t) =L+ LB [ hy(2). xo(2)di
-L
» t
Nngp nzp: €
=L+ % / h,[v(2)]dA, (4.4)
—L

where in the last line of Eq. (4.4) we have specified the
p-polarized plane wave having the (spatial) polarization
tensor €” propagating along the vector Q with the velocity
v, h(t,x) =€’h,(t—Q-x/v), and we have defined
v(4) = to(4) = Q- Xo(4)/v.

Comparison of Egs. (4.4) and (3.14) suggests that the
scalar wave defined in the conformal gauge corresponds to
a superposition of scalar transversal and scalar longitudinal
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waves defined in the synchronous gauge (and in the frame
in which the wave propagates in the —z direction) as

ds®> = —dt* + hy, (z + 5) (dx* + dy*) + hy <z + 5) dz?,
\ A\
(4.5)

with

(4.6)

1
hst - hs, hsl - <1 ——2> hS'
\%

This is indeed the case, and in Appendix C, we give the
gauge transformation that connects both gauges. There, it is
shown that a more general result holds: given a scalar mode
hy(t,z) that in the conformal gauge satisfies the field
equation 9?h; = F[0_]h,, the corresponding synchronous

gauge wave is given by
F[0.] - 02
7[  — O hs(t,z)).

h(z,z) = diag (O, hy(t,2), hy(t, 2), Flo]

(4.7)

Beside the massive Brans-Dicke and f(R) theories, this
result includes also theories with a modified dispersion
relation [47] that can arise, e.g., as the effective level of
some approaches to quantum gravity or in Lorentz-
symmetry violating theories [48—50]. We note here that
usually the effects of modification of the dispersion
relations are considered to be suppressed by the Planck
scale, but Refs. [51] and [52] indicated the possibility of
their enhancement when the renormalization is taken into
account in Lorentz symmetry breaking models.

V. SENSITIVITY OF ONE-ARM
INTERFEROMETER

Integration of the right-hand side Eq. (4.4) for the scalar
monochromatic p-polarized wave h(z.x) = h)ei (=)
(p = sl,st) leads to the following result for the time-
dependent part of the time of flight:

spp(t) = ATE;)(I) = FP(ngp)T (x; cpp)h(t, Xp),

(5.1)

— OQn — 1 .
where CEp = VED, X = LO), Fp(nED) = inED ® nED.ep

is the (one-arm) antenna pattern function, and 7 (x; cgp) =

x(1=cgp)y ,—i"U=¢ED)
[ ) ]e 2

sinc is the frequency response of the (one-
arm and one-way) detector.

It was already observed in Ref. [53] that the frequency-
independent maximum of the frequency transfer function,
T =1, is achieved when the wave passes through the arm
at the particular angle Q - ngp = cos 9 = v, and this is only
possible when v < 1; this is illustrated in Fig. 1(a). To see
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®) ta

FIG. 1. Left: plane section of the frequency transfer function
|7|. The arm ngp of the detector is inclined at 0°
v =2Q-ngp = cos%; the arrow represents one of the directions
Q. of the maximal sensitivity. The normalized frequencies x =
wL equal zero (dotted), 2 (dashed), 5 (thick), and 10 (thin). Right:
section of the null cone and the hypersurface of the constant
phase passing through the emitter.

the geometrical picture behind that angle, we notice first
that it is zero when v = 1. In this case, as remarked in
Refs. [46] and [45], the one-arm frequency transfer
function 7 does not depend on frequency. This, together
with nonvanishing antenna pattern function along the
detector’s arm for the scalar longitudinal mode, leads to
the preferable detection feasibility at high frequencies for
that mode. The reason for this is simple: the spacetime
trajectory of the light ray lies on the three-dimensional
hypersurface of the constant phase of the passing plane
gravitational wave, and therefore photons perceive it as a
constant field. The same is true for v < 1, but in this case,
planes of the constant phases of the gravitational wave are
no longer tangent to null cones of the light rays. In the case
of v < 1, the light cone formed by light rays emitted from
x and the plane of the constant phase passing through xz
intersect, and the null lines of the intersection determine
a set of null trajectories that satisfy Q-ngp = v; see
Fig. 1(b). For v > 1, light cones and planes of the constant
phases do not intersect, and the effect does not arise.
Interestingly, for v < 1, the direction of the maximum has

(b)

270°

270°
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nonvanishing components parallel and orthogonal to
nzp, and thus one expects that all polarization modes of
gravitational waves, transversal and longitudinal, will share
the property of having frequency-independent one-arm
response functions, F”(ngp)7 (x;cgp), in the directions
determined by Q- ngp = v [see Figs. 2(a) and 2(b)]. In
fact, this feature for the 4+ and X tensorial modes was
explored in Ref. [53] and used in putting the limits on
the speed of gravitational waves from pulsar timing
and providing a bound on the graviton mass m, <
8.5 x 1072* eV. Here, however, we restrict ourselves from
the beginning to the theories in which the standard + and x
modes travel with the speed of light unlike the scalar modes
of which the amplitudes as shown in the previous chapter
are related. Thus, the detector response for the scalar wave
having in the conformal gauge the form [(1 + h,(,x)]n,,
with the amplitude hy(z, x) = h0e!@(=%/V) is given by the
Eq. (5.1) with the antenna pattern function that reads

Fi(ngp) = F'(ngp) + <1 - %) F(ngp)
1

B 1

2 V2

v — (Q- nED)2

. (52)

if we use F*' + F*! =1 Fs! = 1(Q - ngp)*. We notice that
the antenna pattern function F* must preserve the property
of frequency-independence for the detector response for
the wave coming from the direction determined by
Q- ngp = v since both antenna patterns F* and F*' do.
But interestingly, for the particular combination of the
scalar modes which is motivated on the theoretical grounds
by the massive scalar-tensor theories, the net sensitivity is
null for Q- ngp = v, [see Eq. (5.2) and Fig. 2(c)].
Similarly, one can obtain the detector response for the
scalar wave that in the conformal gauge has the form

h,(t,x) = h%€” cos {a)(t - ?) + t/)o} ;o (5.3)

FIG. 2. Planar sections of the detector response |F?” (ngp )7 (x; cgp)| for the st (a), s/ (b), and s (c) modes; notation and parameters as
in Fig. 1. In cases a, b, ¢, responses for the signal coming from 150° are frequency independent; for c, it is zero.
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it is given by [the real part of Eq. (5.1)

sep(f) = sinc {X“‘ZED)] F5(npp)h0

X COS [w(t—Q'VXE) —g(l + cep) + o -
(5.4)

We see that, due to the relation (4.6) between the scalar
transversal and longitudinal modes, the initial phase ¢,
of the #*" and h*! signals is the same. From the one-arm
response, one can construct in a standard way other
responses; e.g., the Michelson interferometer based on
ngp, and ngp, is defined as

M(t) = sgp, (t = L) + sp,e(t) — sep, (t = L) = sp,e(2).
(5.5)
Furthermore, we see that the long-wavelength (LW)

limit defined as the leading x term of the response (5.4)
is given by

Q.
SEN () = F* () cos |ao(r — —E

)+ 0|, (5.6)

so the corresponding Michelson interferometer MWV will
not discern h*, h*, and h*! signals whatever the orientation
of the two arms ngp, and ngp, is [note that the same is true
for some other responses, e.g., the Sagnac interferometer
S(t)=sgp, (t=2L)+sp,p,(t=L)+5p,e(t) = sp,(1—2L)—
sp,p, (t—L)—sp, £(t)]. However, beyond the LW limit, the
responses of the Michelson interferometers M are different
due to the orientation-dependent higher-frequency terms
which potentially enable us to discriminate between the
modes. On the other hand, the difference between the v = 1
and v # 1 cases shows up already in the LW limit, for
instance, in the massive Brans—Dicke theory as the cor-
rections ~Q - Xz(%)? in the signal’s phase.

VI. SUMMARY

The analysis of the response of the laser interferometer
to passing gravitational waves is a starting point in the
gravitational waves detection experiments. Especially at the
present moment of awaiting the first detection by the
advanced detectors, there is a good opportunity to routinely
confront GR with the alternative theories testing gravity in
the new dynamical, relativistic regime [54]. The theoretical
framework for the classification of waves in alternative
theories was given in Ref. [2] under the assumption of the
minimal coupling of gravity to matter fields and with the
restriction that the waves must travel at exactly the speed
of light. The present paper deals with theories where the
former assumption is fulfilled but the later restriction is
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relaxed. The detectability of gravitational wave signals in
the massless scalar-tensor theory of Brans and Dicke where
both modes, scalar and tensor, move with the speed of light
was studied in Ref. [55] for inspiralling compact binaries.
In Ref. [29], the detectability of massless scalar waves was
investigated in the case of gravitational collapse, and the
analysis of the detector response for those modes was also
given. In this context, finding the detection methods to
discern between the scalar and tensor waves and thorough
analysis of the signals in the detector was desirable. With
this aim, the rigorous examination of the frequency
response and the antenna sensitivity pattern for the mass-
less scalar waves was performed in Ref. [31] in the whole
frequency domain; in Ref. [30], the detector response was
analyzed in the conformal and in the synchronous gauges in
the long wavelength limit, and the equivalence of the two
approaches was demonstrated.

In the paper, we studied these basic issues in the case of
the massive scalar wave. These kinds of perturbations can
arise in a number of alternative theories; in particular, they
can be realized in the massive Branse—Dicke theory or in a
class of the f(R) extended theories of gravity [33,56]. The
detector response for this case was studied in Ref. [30] in the
long wavelength limit and in Ref. [33] for the full frequency
spectrum. Here, we carry out the analysis of the response of
the laser interferometer to the scalar wave in the conformal
gauge and in the synchronous gauge for all frequencies, and
we show the equivalence of the two approaches. We show as
well the equivalence of these two gauges on the level of the
solutions of the linearized field equations of the massive
Brans—Dicke theory. We present basic angular and frequency
characteristics of the gravitational wave antenna. The
response of the detector written in the synchronous gauge
is particularly useful since in these coordinates the free
motion of test bodies (like the beam splitter, mirrors, etc.) is
simple. Thus, although the response was explicitly given for
the static interferometer, the motion of the detector can
straightforwardly be taken into account. This analysis can be
applied to currently working Earth-based detectors and, in
particular, to the future, next-generation experiments like the
Einstein telescope or space-based missions like eLISA where
it may be also essential to go beyond the long-wavelength
approximation of the interferometer response, which is
usually assumed when working in the local Lorentz frame.
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APPENDIX A: SCALAR POLARIZATION MODES

Let the orthonormal basis {e,, e,, e, = Q} represents the
source frame and n be the unit vector along the detector
arm; then,
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el=e.®e.=QQQ

€'=e, Qe +e Qe, (A1)
and thus

n®n: e = (n-Q)?

n®n: e =m-e)+m-e)=1-(n-Q7> (A2)

We can now identify arbitrary Cartesian coordinates having
{e,.e,,e, = Q} as an orthonormal basis with the spatial
part of our synchronous coordinate system. We can aslo
relate vectors and covectors in the canonical way:
Q; = Q/8;; = Q. Therefore, in arbitrary synchronous
coordinates, the spatial tensors €, e’ can be written as

€Sl = Q,-dexidxj

et = (5ij _ _Qin)dxidxj- (A3)

APPENDIX B: GRAVITATIONAL WAVES IN
THE MASSIVE BRANS-DICKE THEORY
IN THE SYNCHRONOUS GAUGE

In this Appendix, we obtain the solution of the linearized
field equations (2.6), (2.7) in the gauge h,y = 0. To this

end, we recall the explicit form of RIEL)Dﬂ [43]:

m _1
R’mvﬂ T2 [h"/}’”“ T Moayp = Muvap = ha/i,/w}' (B1)

Now, we choose the gauge h,y = 0, and we assume the
plane wave solutions #;;(t,z), ®(t,z) for a wave propa-
gating along the z direction; taking the spatial trace of the
field Egs. (2.6) and using Eq. (2.7), we obtain

~0hhyy = Ohhyy + hss e + 3m*® =0,

where [, = -9? + 92.  (B2)
Substituting h33 ,, obtained in Eq. (B2) to “11” and “22”
components of Egs. (2.6), one gets

Dzh’ll = m2(1> (B3)

|:|2,’l22 = mz@, <B4)
with the solutions /iy =® + A, and hy = @ + hY,,
where hY, and h), solve the homogeneous wave equation;
in turn, the “00” component of (2.6),

1 1
—*h”’zz — 7h22.zz + mz@ + (ptl = 0,

> > (B5)
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imposes the trace-free condition for the homogeneous
solutions, h, = hY, = —hY,. From the “33” part of the
system (2.6), using Egs. (B2) and (B4), one obtains

hyz = -m*®, (B6)
whereas the “12” part gives
Lhhp =0; (B7)

the remaining equations (2.6) are identities or show that
hi3 = hy3 = 0. Thus, the full set of modes consists
of two standard massless helicity 2 states h,, h, = hy»,
and two massive modes (but 1 degree of freedom),
hst =9, hsl = h33'

APPENDIX C: EQUIVALENCE OF THE
CONFORMAL AND SYNCHRONOUS GAUGES

In this Appendix, we show the equivalence of the two
gauges, the conformal gauge, Eq. (3.1), and the synchro-
nous gauge, Eq. (4.5). Note that under three-dimensional
rigid rotations in the conformal coordinates components of
the gravitational wave tensor /,(t, X),, transform as a set
of four scalar fields, whereas in the synchronous gauge, the
diagonal form of the tensor is not preserved, and thus one
expects off-diagonal terms of the scalar modes as well
which will mix with the transverse traceless modes. To
simplify the calculations, we will treat here only the scalar
modes; we will work in the frame in which the wave
propagates in an arbitrary direction Q;

First, we assume the gravitational wave of the form
hy(t—Q-x/v). In this case, the transformation of
coordinates

1
X:X/—I—Ef(t/—Q‘X//V), f(f —Q-x'/v)
z’—“T’"
Q
== | n(v)d
N o
1
t:t/+§g(t/—Q-X//V), g(f —Q-x'/v)

/_Q-x’
[

(C1)

gives
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Q
dx = dx’ +2—hx(t’ —-Q-x'/v)dt
v
—gh (f —Q-x'/v)(Q-dx)
v

1
dt = dr' — Ehs(t’ -Q-x'/v)dr

1
+2—hs(t’—§2-x’/v)(Q-dx’), (C2)
v
which leads to
(1 + hy)n,dxtdx” = n,,dx'"dx" + hy(dx'* + dy'?)
Q Q;
L hodx'idx']
v?
= 1, dx"*dx"" + €"hy
1
+ <1 —) sy, (C3)
v2
according to Eq. (A3).
ia)(t—Q~x/V)’

For a superposition of monochromatic waves e

h(7,x) = / " dw /S 2 dQei =X/ Q)ly (g Q)

where the form of a possibly orientation-dependent
dispersion relation v(w, Q) is dictated by the field equa-
tions for h, the generators f, g of the gauge transformation,
Eq. (C1), are given, respectively, by

Q )
@ / do / O — Q- X' Jv(w, Q)],
2v m s?
- /°° da)/ dQqlt — Q- X' Jv(w, Q)],
m s2
and then the scalar modes in the synchronous gauge read

[Cmfelerer (1))

zw[t Qx/(va, Q)]Z(w’ Q) (C4)
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As an example, let us consider the massive Brans—Dicke
theory; in the conformal coordinates, we have
|| 1 m

T T T o

w-—m

Oh, = m?hy, v(iw) =

The gauge transformation (C1) for the plane wave propa-
gating in the —z direction, i, = [%_ dwe*/")y (@), with

f= <O, 0, /oo da)lei“’(’+Z/V))((a))>,
m @V

g :/ da) elo(t+z/v) (w) (CS)
m 0)
connects then
h(z, z) = diag(—hy(z, 2), h(2, 2), hy(2, 2), hy(2, 7)) (C6)

with

. m?
W (1) = diag (o,hsu',z'),hs(ﬂ,z’»mhs(ﬂ,z)).

_Z/

(€7)

We see that the scalar mode has the same form as the
solutions to the linearized field equations of the massive
Brans—Dicke model obtained in Appendix B. Note that for
m = 0 the generators of the gauge transformation given in
Eq. (C1) or (C5) reduce to the transformation given in
Ref. [30], Egs. (B5) and (B6). We stress, however, that the
result given here is more general: for any mode /4, that in
the conformal gauge is constrained by the field equation
0?hy = F[0,]h,, the corresponding synchronous-gauge
form of the wave (in the frame where the wave propagates

along the z axis) reads
Flo,] - 02 >
—=_—*h .
Fog

(C8)

h(t,z) = diag (O, hy (¢, z),h(2, 2),
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