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Recent developments showed that light-cone parton distributions can be studied by investigating the
large momentum limit of the so-called quasiparton distributions, which are defined in terms of spacelike
correlators, and therefore can be readily computed on the lattice. These two distributions can be connected
to each other by a perturbative factorization formula or matching condition that allows one to convert the
latter into the former. Here we present the one-loop matching condition for the transversity generalized
quark distribution in the nonsinglet case.
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I. INTRODUCTION

Understanding the internal structure of the proton is an
important goal of hadron physics. Although the fundamen-
tal constituents of the proton—quarks and gluons—can be
well described by the QCD Lagrangian, we are still lacking
a systematic framework enabling us to fully calculate the
proton properties from its quark and gluon constituents.
Therefore, we have to resort to phenomenological functions
to characterize the proton structure and determine them by
fitting to experimental data. One example of such functions
is the parton distribution functions, which characterize the
momentum distribution of quarks and gluons inside the
proton and play a crucial role in computing physical cross
sections at hadron colliders such as the Large Hadron
Collider.
The parton distributions are defined as the forward

hadronic matrix element of nonlocal light-cone correlations
where the initial and final hadron have identical four-
momenta. They have been intensively studied in the
literature in the past few decades. In recent years, their
generalization to nonforward kinematics, the generalized
parton distributions (GPDs) [1–4], also received consid-
erable attention. In contrast to the parton distributions, the
GPDs encode more information about the internal structure
of nucleons and can shed light on the three-dimensional
spatial picture [5–7] and the spin structure of the nucleon
[1]. Experimentally, the GPDs can be accessed in exclusive
processes such as deeply virtual Compton scattering or
meson production. However, they are rather difficult to
access theoretically from lattice QCD, since their definition
explicitly involves light-cone correlations.

Recent developments [8–19] showed that hadronic
matrix elements involving light-cone correlations can be
studied by moving the hadron slightly off the light cone
and then boosting back. In the case of parton distributions,
their light-cone definition can be approached by first
considering the hadronic matrix element of suitable space-
like correlations at a finite but large hadron momentum
and then taking the infinite momentum limit. Of course,
taking the infinite momentum limit does not directly yield
the light-cone result, as it contains a singular dependence
on the hadron momentum. However, this singular momen-
tum dependence can be traded into the renormalization
scale dependence of the light-cone result by a perturbative
factorization formula or matching condition. Some explicit
examples of such a matching have been given in
Refs. [8,11], where the perturbative matching factor
was computed up to one-loop level. The advantage of
the above approach is that it offers a practical possibility to
tackle the difficult task of computing hadronic matrix
elements of light-cone correlations by dividing it into two
parts that are separately computable: the matrix elements
of spacelike correlations at a finite hadron momentum can
be computed on the lattice, and the matching condition is
perturbative.
In Ref. [19], we have considered the one-loop matching

for the unpolarized and longitudinally polarized GPDs. The
main purpose of the present paper is to establish the one-
loop matching for the quark’s transversity GPD, which is
defined through the following parametrization of the non-
forward nucleon matrix element [20]:
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2
; Δμ ¼ p00μ − p0μ;

ξ ¼ p00þ − p0þ

p00þ þ p0þ ; t ¼ Δ2: ð2Þ

In the forward limit ξ; t → 0, HTðx; ξ; tÞ reduces to the
quark transversity distribution δqðxÞ, while ~HTðx; ξ; tÞ and
ETðx; ξ; tÞ are absent because they are associated with the
momentum transfer Δμ. Also ~ETðx; ξ; tÞ drops out due to
the Gordon identity. Unlike the unpolarized and longitu-
dinally polarized GPDs that preserve quark helicity, the
transversity GPD describes quark helicity flip due to the
σþ⊥ structure in the bilocal field correlator which also
appears in the quark transversity distribution. Therefore,
the transversity GPD is a chiral-odd distribution and
difficult to probe in experiments, since to access it requires
hard processes allowing for the quark to change its
chirality, e.g., the double vector meson photoproduction
γ�TN → ρLρTN0 and the exclusive π0; η electroproduction
γ�N → π0ðηÞN0 [21–24]. The transversity GPDs ~H and E
can be related to the quark contribution to the nucleon
transverse anomalous magnetic moment by [25]

κqT ¼
Z

1

ξ−1
dx½2 ~Hq

Tðx; ξ; tÞ þ Eq
Tðx; ξ; tÞ�ξ¼0;t¼0: ð3Þ

The impact parameter space probability interpretation of
GPDs can also be extended to the chiral-odd GPDs: the
two-dimensional Fourier transform of the combination

2 ~Hq
Tðx; ξ ¼ 0;− ~Δ2

⊥Þ þ Eq
Tðx; ξ ¼ 0;−~Δ2

⊥Þ has been shown
to measure the distortion of quark distribution on the
transverse impact parameter plane inside a transversely
polarized nucleon [25].
The rest of the paper is organized as follows. In Sec. II,

we present the definition of the quasitransversity GPD, and
the one-loop results for the quasi- and light-cone trans-
versity GPD in the nonsinglet case. In Sec. III, we present
the factorization formula for the quasitransversity GPD and
the one-loop matching factor. Section IV contains our
conclusion.

II. ONE-LOOP RESULT FOR TRANSVERSITY
QUARK GPDS

According to Ref. [9], the quasiquark transversity GPD
can be defined in complete analogy with its light-cone
counterpart as
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The gauge link L now points along the spatial z direction.
We denote

p0μ ¼ pμ −
Δμ

2
; p00μ ¼ pμ þ Δμ

2
;

pμ ¼ ðp0; 0; 0; pzÞ; ξ ¼ p00z − p0z

2pz ¼ Δz

2pz ; ð5Þ

t ¼ Δ2 is the same as in the light-cone GPD since it is
Lorentz invariant, and the skewness parameter ξ is now

defined in terms of the z component of the external
momenta. By construction, the quasi GPD defined above
approaches the light-cone one in the limit pz → ∞. How-
ever, in a practical computation of hadronic matrix ele-
ments (e.g., in lattice computations), one has to start with a
finite pz. The result then exhibits a different UV behavior
from that of the light-cone one, because the limit pz → ∞
and UV regularization are not interchangeable. However,
these two results can be related to each other by a
perturbative factorization formula or matching condition
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up to corrections suppressed by powers of pz [9]. Note that
in the quasi distribution, the functions HT , ~HT , ET and ~ET
may have pz dependence at a finite pz. In order not to lose

generality, we choose ~Δ⊥ to have both x and y components,
as the nucleon is now transversely polarized. ξ is con-

strained by the requirement ~Δ2
⊥ ≥ 0 which leads to

0 < ξ <
1
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4
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r
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Here we assume ξ > 0; the case ξ < 0 can be related to
ξ > 0 by time reversal invariance.
Let us first take a quark as the external state. It is

straightforward to show that the quasi- and light-cone
transversity GPD yield the same result at tree level, where

Hð0Þ
T ðx; ξ; tÞ ¼ Hð0Þ

T ðx; ξ; t; pzÞ ¼ δð1 − xÞ; ð7Þ

while all the other functions ~HT , ~HT , ET , ET , ~ET , and ~ET
vanish at this level.

The one-loop calculation can in principle be carried out
in any gauge, since the definition is gauge invariant. We
will choose the axial gauge Az ¼ n · A ¼ 0, in which the
gauge link becomes unity. In this gauge, the contributing
Feynman diagrams are shown in Fig. 1, and the gluon
propagator is
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k2 þ iϵ

�
gμν −
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n · k

þ n2
kμkν

ðn · kÞ2
�
; ð8Þ

where n · k ¼ kz and n2 ¼ −1. If one chooses to work in
the covariant Feynman gauge, the second and last term in
the above gluon propagator will correspond to the gauge
link diagrams in the Feynman gauge and will yield the
same one-loop result.
In the following, we separately compute the contribution

coming from the three terms in the gluon propagator in
Eq. (8) and regularize the UV divergences by a transverse
momentum cutoff μ. The gμν term leads to
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After introducing a Feynman parametrization and integrating over k, one has
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The spinor structure has been rewritten as the combination ofH, ~H, E and ~E in Eq. (4) using the Gordon identity and Dirac
equation. Integrating out the Feynman parameters gives

FIG. 1. One-loop diagrams for quark transversity GPD.
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From the above results, ~HT;1 is power suppressed by pz and will be omitted.
The second term in the gluon propagator gives
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and the result is
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The third term in the gluon propagator gives
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It contributes to HT only with
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Summing over all the above contributions, we obtain the complete result of the gluon exchange diagram in Fig. 1:
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The light-cone quark transversity GPDs are obtained by taking the limit pz → ∞ before UV regularization. That is, we

first integrate over k0, then make a pz → ∞ expansion and integrate out ~k⊥. The corresponding results for the three terms in
the gluon propagator are

ONE-LOOP MATCHING FOR TRANSVERSITY … PHYSICAL REVIEW D 92, 054037 (2015)

054037-5



HT;1ðx; ξ; tÞ ¼
αsCF

2π

8>>>>>><
>>>>>>:

− xþξ
ð1þξÞð1−xÞ ln

−t
m2 þ x−ξ2

ð1−xÞð1−ξ2Þ ln
ξ−x
ξþx

− ξ
1−ξ2 ln

ð1þξÞ2ðξ2−x2Þ
4ð1−xÞ2ξ2 −ξ < x < ξ

− 2ðx−ξ2Þ
ð1−ξ2Þð1−xÞ ln

−t
m2 − 2ξ

1−ξ2 ln
1þξ
1−ξ ξ < x < 1

0 otherwise;

HT;2ðx; ξ; tÞ ¼
αsCF

2π

8>>>>>><
>>>>>>:

ðxþξÞ
ð1þξÞð1−xÞ

	
ln μ2

m2 þ 2 ln 1þξ
1−x



−ξ < x < ξ

2ðx−ξ2Þ
ð1−ξ2Þð1−xÞ ln

μ2

m2 þ 2ðxþξÞ
ð1þξÞð1−xÞ ln

1þξ
1−x

þ 2ðx−ξÞ
ð1−ξÞð1−xÞ ln

1−ξ
1−x ξ < x < 1

0 otherwise;

~HT;f1;2gðx; ξ; tÞ ¼ O
�

m2

ðpzÞ2
�
: ð17Þ

ET and ~ET are the same as ET and ~ET , respectively. The third term in the gluon propagator clearly vanishes on the light cone.
Summing over all these contributions leads to the following light-cone result:
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As in the case of unpolarized and longitudinally polarized quark GPDs, the quasi result does not vanish in the full x
region, whereas the light-cone result is nonvanishing only in the Efremov-Radyushkin-Brodsky-Lepage (ERBL) and
Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) region −ξ < x < ξ and ξ < x < 1. Moreover, there is no ln μ
dependence in the quasi result; instead it contains a lnpz dependence. The reason is that the limit pz → ∞ does not
commute with the UV regularization. However, the lnpz term in the quasi distribution has the same coefficient as the ln μ
term in the light-cone distribution; the former can actually be traded into the latter by a matching factor of the form
lnpz=μ.
The quark self-energy diagrams in Fig. 1 lead to the quark wave function renormalization factor, which has been

calculated in Ref. [19]. For completeness, we list the result here:
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Zð1Þ
F ¼ −

αSCF

2π

Z
dy

8>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>:

	
fðξ; yÞ ln y−ξ

y−1 þ fð−ξ; yÞ ln yþξ
y−1



− 1

1−ξ2 þ μ
pzð1−yÞ2 y < −ξ

−fð−ξ; yÞ ln p2
z

m2 − fðξ; yÞ ln 1−y
ξ−y þ fð−ξ; yÞ ln 1−y

4ð1þξÞ2ðξþyÞ
þ4fð−ξ; yÞ − 1

1−ξ2 þ 2
1−y þ μ

pzð1−yÞ2 −ξ < y < ξ

−ðfðξ; yÞ þ fð−ξ; yÞÞ ln p2
z

m2 þ fðξ; yÞ ln 1−y
4ðy−ξÞð1−ξÞ2

þfð−ξ; yÞ ln 1−y
4ðyþξÞð1þξÞ2 þ 4ðfðξ; yÞ þ fð−ξ; yÞÞ þ 4

1−y −
1

1−ξ2

þ μ
pzð1−yÞ2 ξ < y < 1

−fðξ; yÞ ln y−ξ
y−1 − fð−ξ; yÞ ln yþξ

y−1 þ 1
1−ξ2 þ μ

pzð1−yÞ2 y > 1;

Zð1Þ
F ¼ −

αSCF

2π

Z
dy

8>>>>><
>>>>>:

−fð−ξ; yÞ ln μ2

m2 − 2fð−ξ; yÞ ln 1þξ
1−y þ 1

1þξ −
1

1−y −ξ < y < ξ

−ðfðξ; yÞ þ fð−ξ; yÞÞ ln μ2

m2 − 2fðξ; yÞ ln 1−ξ
1−y

−2fð−ξ; yÞ ln 1þξ
1−y þ 1

1−ξ þ 1
1þξ −

2
1−y ξ < y < 1

0 otherwise;

ð19Þ

where Zð1Þ
F ; Zð1Þ

F are for the quasi and the light-cone
distribution, respectively, and

fðξ; yÞ ¼ 1

1 − ξ
−

1

1 − y
−

1 − y
2ð1 − ξÞ2 : ð20Þ

III. ONE-LOOP FACTORIZATION

Following Refs. [11,19], the factorization connecting the
quasi GPDHT and the light-cone GPDHT can be written as

HTðx; ξ; t; μ; pzÞ ¼
Z

1

−1

dy
jyjZHT

�
x
y
;
ξ

y
;
μ

pz

�
HTðy; ξ; t; μÞ

ð21Þ

up to power corrections suppressed by pz, where the
integration range is given by the support property of the

light-cone GPD. The matching factor ZHT
is completely

perturbative and can be expanded as

ZHT

�
x
y
;
ξ

y
;
μ

pz

�
¼ δ

�
1 −

x
y

�
þ αs
2π

Zð1Þ
HT

�
x
y
;
ξ

y
;
μ

pz

�
þ H:o:;

ð22Þ

where h.o. denotes higher-order corrections. Substituting the
above expansion of ZHT

into the matching condition, one
obtains

Zð1Þ
HT
ðη; ζ; μ; pzÞ ¼ 2π

αs
½Hð1Þ

T ðη; ζ; pzÞ −Hð1Þ
T ðη; ζ; μÞ�; ð23Þ

which is given by

Zð1Þ
HT
ðη; ζ; μ=pzÞ=CF ¼

8>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>:

1
1−η

	
ηþζ
1þζ ln

η−1
ηþζ þ η−ζ

1−ζ ln
η−1
η−ζ



þ μ

ð1−ηÞ2pz η < −ζ

ηþζ
ð1þζÞð1−ηÞ ln

ðpzÞ2
μ2

þ 1
1−η

	
ηþζ
1þζ ln

ηþζ
1−η þ ζ−η

1−ζ ln
ζ−η
1−η



þ ηþζ

ð1−ηÞð1þζÞ ðlnð4ð1 − ηÞ2Þ − 1Þ þ μ
ð1−ηÞ2pz −ζ < η < ζ

2ðη−ζ2Þ
ð1−ηÞð1−ζ2Þ

	
ln ðpzÞ2

μ2
þ ln ð4ð1 − ηÞ2Þ − 1



þ ηþζ

ð1−ηÞð1þζÞ ln
ηþζ
1−η þ η−ζ

ð1−ηÞð1−ζÞ ln
η−ζ
1−η þ μ

ð1−ηÞ2pz ζ < η < 1

− 1
1−η

	
ηþζ
1þζ ln

η−1
ηþζ þ η−ζ

1−ζ ln
η−1
η−ζ



þ μ

ð1−ηÞ2pz η > 1:

ð24Þ
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The above result is valid only for y > ξ. However, it can be extended to the whole y region as

1

jyjZ
ð1Þ
HT

�
x
y
;
ξ

y
;
μ

pz

�
=CF ¼ 1

y

�
Zð1Þ
HT;1

�
x
y
;
ξ

y
;
μ

pz

�
θðx < −ξÞθðx < yÞ

þ Zð1Þ
HT;2

�
x
y
;
ξ

y
;
μ

pz

�
θð−ξ < x < ξÞθðx < yÞ

þ Zð1Þ
HT;3

�
x
y
;
ξ

y
;
μ

pz

�
θðξ < x < yÞ þ Zð1Þ

HT;4

�
x
y
;
ξ

y
;
μ

pz

�
θðx > ξÞθðx > yÞ

�
; ð25Þ

where Zð1Þ
HT;i

are the analytic continuation of the above
matching factor in the four different regions in Eq. (24) so
that they are real functions (one simply needs to replace ln a
with 1=2 ln a2), and pz shall be replaced by yPz with Pz the
averaged longitudinal momentum of the external hadrons.
The validity of the above equation can be checked by
explicit computations.

The wave function renormalization factor introduces an
extra contribution to the matching factor near η ¼ x=y ¼ 1:

Zð1Þ
HT

�
x
y
;
ξ

y
;
μ

pz

�
¼ δð1 − ηÞδZð1Þ

H =

�
αs
2π

�
; ð26Þ

where δZð1Þ
H has been calculated in Ref. [19]:

δZð1Þ
H ¼ −

αSCF

2π

Z
dη

8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

	
fðζ; ηÞ ln η−ζ

η−1 þ fð−ζ; ηÞ ln ηþζ
η−1



− 1

1−ζ2 þ μ
pzð1−ηÞ2 η < −ζ

−fð−ζ; ηÞ ln p2
z

μ2
− fðζ; ηÞ ln 1−η

ζ−η − fð−ζ; ηÞ ln½4ðζ þ ηÞð1 − ηÞ�
þ4fð−ζ; ηÞ − 1

1−ζ2 −
1

1þζ þ 3
1−η þ μ

pzð1−ηÞ2 −ζ < η < ζ

−ðfðζ; ηÞ þ fð−ζ; ηÞÞ ln p2
z

μ2
− fðζ; ηÞ ln½4ðη − ζÞð1 − ηÞ�

−fð−ζ; ηÞ ln½4ðζ þ ηÞð1 − ηÞ� þ 4ðfðζ; ηÞ þ fð−ζ; ηÞÞ þ 6
1−η

− 3
1−ζ2 þ μ

pzð1−ηÞ2 ζ < η < 1

−fðζ; ηÞ ln η−ζ
η−1 − fð−ζ; ηÞ ln ηþζ

η−1 þ 1
1−ζ2 þ μ

pzð1−ηÞ2 η > 1:

ð27Þ

Now we have the complete one-loop matching factor for
HT . As for ET and ~ET , we can see from the results in the
previous section that the matching factor is a trivial δ
function

Zð1Þ
ET
ðη; ζÞ ¼ Zð1Þ

~ET
ðη; ζÞ ¼ δðη − 1Þ ð28Þ

up to one-loop level and leading pz accuracy. The reason is
that the light-cone GPDs ET , ~ET vanish at tree level and
therefore must be UV finite at one-loop level. They do not
have a cutoff dependence. Accordingly, ET and ~ET do not
have a logarithmic dependence on pz. ET and ~ET can
therefore be smoothly approached by the large momentum
limit of their quasi counterparts.

IV. CONCLUSION

Wehave presented the one-loopmatching condition for the
quark transversity GPD in the nonsinglet case. The matching
factor for the GPDHT is nontrivial and reduces to that for the
transversity quark distribution in the forward limit. The
matching factor for ET and ~ET is a trivial δ function to
one-loop and leading power accuracy. Both ~HT and its quasi
counterpart ~HT are power suppressed by the hadron momen-
tum and therefore are omitted at leading power accuracy.
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