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The B-factories and Large Hadron Collider experiments have demonstrated the ability to observe and
measure the properties of bottomonium mesons. In order to discover missing states it is useful to know their
properties to develop a successful search strategy. To this end we calculate the masses and decay properties
of excited bottomonium states. We use the relativized quark model to calculate the masses and wave
functions and the 3P0 quark-pair creation model to calculate decay widths to open bottom. We also
summarize results for radiative transitions, annihilation decays, hadronic transitions and production cross
sections which are used to develop strategies to find these states. We find that the bb̄ system has a rich
spectroscopy that we expect to be substantially extended by the LHC and eþe− experiments in the near
future. Some of the most promising possibilities at the LHC are observing the χbð1;2Þð3PÞ, χbð1;2Þð4PÞ and
ηbð3SÞ states in γμþμ− final states that proceed via radiative transitions through ϒðnSÞ intermediate states
and 13DJ and 23DJ into γγμþμ− final states proceeding via 13PJ → 13S1 and 23PJ → 23S1 intermediate
states respectively. Some of the most interesting possibilities in eþe− collisions are studying the 13DJ states
via 4γ cascades starting with the ϒð3SÞ and the 33PJ states in γγμþμ− final states starting with the ϒð4SÞ
and proceeding via ϒðnSÞ intermediate states. Completing the bottomonium spectrum is an important
validation of lattice QCD calculations and a test of our understanding of bottomonium states in the context
of the quark model.
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I. INTRODUCTION

The Large Hadron Collider experiments have demon-
strated that they can discover some of the missing botto-
monium states. In fact, the first new particle discovered at
the LHC was a 3P bottomonium state [1,2]. The Belle II
experiment at SuperKEKB will also offer the possibility of
studying excited bottomonium states [3]. At the same time,
lattice QCD calculations of bottomonium properties have
advanced considerably in recent years [4–7] so it is
important to expand our experimental knowledge of bot-
tomonium states to test these calculations. With this
motivation, we calculate properties of bottomonium mes-
ons to suggest experimental strategies to observe missing
states. The observation of these states is a crucial test of
lattice QCD calculations and will also test the various
models of hadron properties. Some recent reviews of
bottomonium spectroscopy are Refs. [8–10].
We use the relativized quark model to calculate the

masses and wave functions [11]. The mass predictions for
this model are given in Sec. II. The wave functions are used
to calculate radiative transitions between states, to calculate
annihilation decays, and to estimate hadronic transitions as
described in Secs. III–V respectively. The strong decay
widths to open bottom are described in Sec. VI and are
calculated using the 3P0 model [12,13] with simple

harmonic oscillator (SHO) wave functions with the oscil-
lator parameters, β, found by fitting the SHO wave function
rms radii to those of the corresponding relativized quark
model wave functions. This approach has proven to be a
useful phenomenological tool for calculating hadron prop-
erties which has helped us to understand the observed
spectra [14–18]. Additional details of the 3P0 model are
given in the Appendix, primarily so that the various
conventions are written down explicitly so that the inter-
ested reader is able to reproduce our results.
We combine our results for the various decay modes to

produce branching ratios (BRs) for each of the bottomo-
nium states we study. The purpose of this paper is to
suggest strategies to find some of the missing bottomonium
states in pp collisions at the LHC and in eþe− collisions at
SuperKEKB. The final missing input is an estimate of
production rates for bottomonium states in pp and eþe−
collisions. This is described in Sec. VII. We combine the
cross sections with the expected integrated luminosities and
various BRs to estimate the number of events expected for
the production of bottomonium states with decays to
various final states. This is the main result of the paper,
to identify which of the missing bottomonium states
are most likely to be observed and the most promising
signal to find them. However, there are many experimental
issues that could alter our conclusions so we hope that the
interested reader can use the information in this paper as a
starting point to study other potentially useful experimental*godfrey@physics.carleton.ca
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signatures that we might have missed. In the final section
we summarize the most promising signatures.

II. SPECTROSCOPY

We calculate the bottomonium mass spectrum using the
relativized quark model [11]. This model assumes a
relativistic kinetic energy term and the potential incorpo-
rates a Lorentz vector one-gluon-exchange interaction with
a QCD motivated running coupling constant, αsðrÞ, and a
Lorentz scalar linear confining interaction. The details of
this model, including the parameters, can be found in
Ref. [11] (see also Refs. [19–22]). This is typical of most
such models which are based on some variant of the
Coulomb plus linear potential expected from QCD and
often include some relativistic effects. The relativized quark
model has been reasonably successful in describing most
known mesons and is a useful template against which to
identify newly found states. However in recent years,
starting with the discovery of the DsJð2317Þ [23–25]
and Xð3872Þ states [26], an increasing number of states
have been observed that do not fit into this picture [27–30]
pointing to the need to include physics which has hitherto
been neglected such as coupled channel effects [31]. As a
consequence of neglecting coupled channel effects and
the crudeness of the relativization procedure we do not
expect the mass predictions to be accurate to better than
∼10–20 MeV.
The bottomonium mass predictions for this model are

shown in Fig. 1. These are also listed in Tables I–II along
with known experimental masses and the effective SHO
wave function parameters, β. These, along with the masses

and effective β’s for the B meson states, listed in Table III,
are used in the calculations of the open bottom strong decay
widths as described in Sec. VI. We note that the 11P1 and
13P1 B meson states mix to form the physical 1P1 and 1P0

1

states, as defined in Table III, with a singlet-triplet mixing
angle of θ1P ¼ −30.3° for bq̄ ordering.
If available, the experimental masses are used as input in

our calculations rather than the predicted masses. When the
mass of only one meson in a multiplet has been measured,
we shift our input masses for the remaining states using the
measured mass and the predicted splittings. Specifically, to
obtain the ηbðn1S0Þ masses (for n ¼ 3; 4; 5; 6) we sub-
tracted the predicted n3S1 − n1S0 splitting from the mea-
sured ϒðn3S1Þ mass [32]. For the χbð3PÞ states, we
calculated the predicted mass differences with respect to
the χb1ð33P1Þ state and subtracted them from the observed
χb1ð33P1Þ mass recently measured by LHCb [33]. We used
a similar procedure for the ϒð1DÞ mesons [32] as well as
for the currently unobserved 1P B mesons [32] listed in
Table III.

III. RADIATIVE TRANSITIONS

Radiative transitions of excited bottomonium states are
of interest for a number of reasons. First, they probe the
internal structure of the states and provide a strong test of
the predictions of the various models. Moreover, for the
purposes of this paper they provide a means of accessing bb̄
states with different quantum numbers. Observation of the
photons emitted in radiative transitions between different
bb̄ states was in fact how the 3P bb̄ state was observed by
the ATLAS Collaboration [1,2] and subsequently by LHCb

FIG. 1. The bb̄ mass spectrum as predicted by the relativized quark model [11].
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[33,34]. E1 radiative partial widths of bottomonium are
typically Oð1–10Þ keV so they can represent a significant
BR for bb̄ states that are relatively narrow. As we will see, a
large number of bb̄ states fall into this category. With the
high statistics available at the LHC it should be possible
to observe some of the missing bb̄ states with a well-
constrained search strategy. Likewise, SuperKEKB can
provide large event samples of the ϒð3SÞ and ϒð4SÞ and
possibly the ϒð5SÞ and ϒð6SÞ which could be used to
identify radially excited P- and D-wave and other high
L states. eþe− collisions at SuperKEKB could also produce
the ϒð13D1Þ and ϒð23D1Þ directly which could be
observed by Belle II in decay chains involving radiative
transitions.
We calculate the E1 radiative partial widths using [35]

Γðn2Sþ1LJ → n02Sþ1L0
J0 þ γÞ

¼ 4αe2bk
3
γ

3
CfiδL;L0�1jhψfjrjψ iij2 ð1Þ

where the angular momentum matrix element is given by

Cfi ¼ maxðL; L0Þð2J0 þ 1Þ
�

J 1 J0

L0 S L

�
; ð2Þ

and f������g is a 6-j symbol, eb ¼ −1=3 is the b-quark charge
in units of jej, α is the fine-structure constant, kγ is the
photon energy and hψfjrjψ ii is the transition matrix

TABLE I. Masses and effective harmonic oscillator parameter
values (β) for S-, P- and D-wave bottomonium mesons.

Meson Mtheo (MeV) Mexp (MeV) β (GeV)

ϒð13S1Þ 9465 9460.30� 0.26a 1.157
ηbð11S0Þ 9402 9398.0� 3.2a 1.269
ϒð23S1Þ 10003 10023.26� 0.31a 0.819
ηbð21S0Þ 9976 9999.0� 3.5þ2.8

−1.9
a 0.854

ϒð33S1Þ 10354 10355.2� 0.5a 0.698
ηbð31S0Þ 10336 10337b 0.719
ϒð43S1Þ 10635 10579.4� 1.2a 0.638
ηbð41S0Þ 10623 10567b 0.654
ϒð53S1Þ 10878 10876� 11

a 0.600
ηbð51S0Þ 10869 10867b 0.615
ϒð63S1Þ 11102 11019� 8

a 0.578
ηbð61S0Þ 11097 11014b 0.593

χb2ð13P2Þ 9897 9912.21� 0.26� 0.31a 0.858
χb1ð13P1Þ 9876 9892.78� 0.26� 0.31a 0.889
χb0ð13P0Þ 9847 9859.44� 0.42� 0.31a 0.932
hbð11P1Þ 9882 9899.3� 1.0a 0.880
χb2ð23P2Þ 10261 10268.65� 0.22� 0.50a 0.711
χb1ð23P1Þ 10246 10255.46� 0.22� 0.50a 0.725
χb0ð23P0Þ 10226 10232.5� 0.4� 0.5a 0.742
hbð21P1Þ 10250 10259.8� 0.5� 1.1a 0.721
χb2ð33P2Þ 10550 10528b 0.640
χb1ð33P1Þ 10538 10515.7þ2.2þ1.5

−3.9−2.1
c 0.649

χb0ð33P0Þ 10522 10500b 0.660
hbð31P1Þ 10541 10519b 0.649
χb2ð43P2Þ 10798 N/A 0.598
χb1ð43P1Þ 10788 N/A 0.605
χb0ð43P0Þ 10775 N/A 0.613
hbð41P1Þ 10790 N/A 0.603
χb2ð53P2Þ 11022 N/A 0.570
χb1ð53P1Þ 11014 N/A 0.576
χb0ð53P0Þ 11004 N/A 0.585
hbð51P1Þ 11016 N/A 0.575

ϒ3ð13D3Þ 10155 10172b 0.752
ϒ2ð13D2Þ 10147 10163.7� 1.4a 0.763
ϒ1ð13D1Þ 10138 10155b 0.776
ηb2ð11D2Þ 10148 10165b 0.761
ϒ3ð23D3Þ 10455 N/A 0.660
ϒ2ð23D2Þ 10449 N/A 0.666
ϒ1ð23D1Þ 10441 N/A 0.672
ηb2ð21D2Þ 10450 N/A 0.665
ϒ3ð33D3Þ 10711 N/A 0.609
ϒ2ð33D2Þ 10705 N/A 0.613
ϒ1ð33D1Þ 10698 N/A 0.618
ηb2ð31D2Þ 10706 N/A 0.612
ϒ3ð43D3Þ 10939 N/A 0.577
ϒ2ð43D2Þ 10934 N/A 0.580
ϒ1ð43D1Þ 10928 N/A 0.583
ηb2ð41D2Þ 10935 N/A 0.579

aMeasured mass from Particle Data Group [32].
bUsing predicted multiplet mass splittings with measured mass

as described in Sec. II.
cMeasured mass from LHCb [33].

TABLE II. Masses and effective harmonic oscillator parameter
values (β) for F- and G-wave bottomonium mesons.

Meson Mtheo (MeV) Mexp (MeV) β (GeV)

χb4ð13F4Þ 10358 N/A 0.693
χb3ð13F3Þ 10355 N/A 0.698
χb2ð13F2Þ 10350 N/A 0.704
hb3ð11F3Þ 10355 N/A 0.698
χb4ð23F4Þ 10622 N/A 0.626
χb3ð23F3Þ 10619 N/A 0.630
χb2ð23F2Þ 10615 N/A 0.633
hb3ð21F3Þ 10619 N/A 0.629
χb4ð33F4Þ 10856 N/A 0.587
χb3ð33F3Þ 10853 N/A 0.590
χb2ð33F2Þ 10850 N/A 0.592
hb3ð31F3Þ 10853 N/A 0.589

ϒ5ð13G5Þ 10532 N/A 0.653
ϒ4ð13G4Þ 10531 N/A 0.656
ϒ3ð13G3Þ 10529 N/A 0.660
ηb4ð11G4Þ 10530 N/A 0.656
ϒ5ð23G5Þ 10772 N/A 0.602
ϒ4ð23G4Þ 10770 N/A 0.604
ϒ3ð23G3Þ 10769 N/A 0.606
ηb4ð21G4Þ 10770 N/A 0.604
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element from the initial state ψ i to the final state ψf. For
these initial and final states, we use the relativized quark
model wave functions [11]. The E1 radiative widths are
given in Tables IV–XXIII along with the matrix elements
so that the interested reader can reproduce our results. The
initial and final state masses are also listed in these tables
where Particle Data Group (PDG) [32] masses are used
when the masses are known. For unobserved states the
masses are taken from the predicted values in Tables I–II
except when a member of a multiplet has been observed. In
this latter case the mass used was obtained using the
procedure described in Sec. II.
An interesting observation is that the E1 transitions

3S → 1P are highly suppressed relative to other E1
transitions [37] (see Ref. [10] for a detailed discussion).
Grant and Rosner [38] showed this to be a general property
of E1 transitions, that E1 transitions between states that
differ by two radial nodes are highly suppressed relative to
the dominant E1 transitions and are in fact zero for the
three-dimensional harmonic oscillator. As a consequence,
these radiative transitions are particularly sensitive to
relativistic corrections [10]. We found that this pattern
was also apparent for similar transitions of the type
jn; li → jn − 2; l� 1i such as 5S → 3P, 3P → 1D,
4P → 2S, 4D → 2P, 3D → 1F etc.
M1 transition rates are typically weaker than E1 rates.

Nevertheless they have been useful in observing spin-
singlet states that are difficult to observe in other ways
[39,40]. The M1 radiative partial widths are evaluated
using [41]

Γðn2Sþ1LJ → n02S0þ1LJ0 þ γÞ

¼ 4αe2bk
3
γ

3m2
b

2J0 þ 1

2Lþ 1
δS;S0�1jhψfjj0ðkr=2Þjψ iij2 ð3Þ

where j0ðxÞ is the spherical Bessel function and the other
factors have been defined above. As with the E1 transitions,

we use the relativized quark model wave functions [11] for
the initial and final states.
The partial widths and branching ratios for the M1

radiative transitions are listed in Tables IV–XXIII as
appropriate. For comparison, other calculations of bb̄
radiative transitions can be found in Refs. [35,42–46].

IV. ANNIHILATION DECAYS

Annihilation decays into gluons and light quarks make
significant contributions to the total widths of some bb̄
resonances. In addition, annihilation decays into leptons
or photons can be useful for the production and identi-
fication of some bottomonium states. For example, the
vector mesons are produced in eþe− collisions through
their couplings to eþe−. Annihilation decay rates have been
studied extensively using perturbative QCD (pQCD) meth-
ods [41,47–59]. The relevant formulas for S- and P-wave
states including first-order QCD corrections (when they
are known) are summarized in Ref. [53]. Expressions for
D- and F-wave decays are given in Refs. [56,57] and
Refs. [55,58] respectively. The expression for 3D1 → eþe−
including the QCD correction comes from Ref. [59].
Ackleh and Barnes [54] give a general expression for
singlet decays to two gluons. A general property of
annihilation decays is that the decay amplitude for a state
with orbital angular momentum l goes like RðlÞ=m2lþ2

Q

where RðlÞ is the lth derivative of the radial wave function.
RðlÞ is typically Oð1Þ so for bottom quark masses the
magnitude of the annihilation decay widths decreases
rapidly as the orbital angular momentum of the bottomo-
nium state increases. Expressions for the decay widths
including first-order QCD corrections when known are
summarized in Table XXIV. To obtain our numerical
results for these partial widths we take the number of light
quarks to be nf ¼ 4; assumed mb ¼ 4.977 GeV, αs ≈ 0.18
(with some weak mass dependence); and used the wave

TABLE III. Masses and effective β values for B mesons used in the calculations of bottomonium strong decay
widths. The physical 1P1

0 and 1P1 states are mixtures of 11P1 and 13P1 with singlet-triplet mixing angle θ1P ¼
−30.3° for bq̄ ordering. Where two values of β are listed, the first (second) value is for the singlet (triplet) state.

Meson State Mtheo (MeV) Mexp (MeV) β (GeV)

B� 11S0 5312 5279.26� 0.17a 0.580
B0 11S0 5312 5279.58� 0.17a 0.580
B� 13S1 5371 5325.2� 0.4a 0.542
Bð13P0Þ 13P0 5756 5702b 0.536
Bð1P1Þ cos θ1Pð11P1Þ þ sin θ1Pð13P1Þ 5777 5723.5� 2.0a 0.499, 0.511
Bð1P0

1Þ − sin θ1Pð11P1Þ þ cos θ1Pð13P1Þ 5784 5730b 0.499, 0.511
Bð13P2Þ 13P2 5797 5743� 5

a 0.472
Bs 11S0 5394 5366.77� 0.24a 0.636
B�
s 13S1 5450 5415.4þ2.4

−2.1
a 0.595

aMeasured mass from Particle Data Group [32].
bInput mass from predicted mass splittings, as described in Sec. II.
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functions found using the model of Ref. [11] as described
in Sec. II.
Considerable uncertainties arise in these expressions

from the model dependence of the wave functions and
possible relativistic and QCD radiative corrections (see for
example the discussion in Ref. [11]). One example is that
the logarithm evident in some of these formulas is
evaluated at a rather arbitrarily chosen scale, and that the
pQCD radiative corrections to these processes are often
found to be large, but are prescription dependent and so are
numerically unreliable. As a consequence, these formulas
should be regarded as estimates of the partial widths for
these annihilation processes rather than precise predictions.
The numerical results for partial widths for the annihilation
processes are included in Tables IV–XXII.

V. HADRONIC TRANSITIONS

Hadronic transitions between quarkonium levels are
needed to estimate branching ratios and potentially offer

useful signatures for some missing bottomonium states.
There have been numerous theoretical estimates of had-
ronic transitions over the years [60–73]. In some cases the
estimates disagree by orders of magnitude [64]. Hadronic
transitions are typically described as a two-step process in
which the gluons are first emitted from the heavy quarks
and then recombine into light quarks. A multipole expan-
sion of the color gauge field is employed to describe the
emission process where the intermediate color octet quar-
konium state is typically modeled by some sort of quarko-
nium hybrid wave function [61,73]. An uncertainty in
predictions arises from how the rehadronization step is
estimated. To some extent this latter uncertainty can be
reduced by employing the multipole expansion of the color
gauge fields developed by Yan and collaborators [60–63]
together with the Wigner-Eckart theorem to estimate the
E1-E1 transition rates [60].
In addition to E1-E1 transitions such as 3S1 → 3S1ππ,

there will be other transitions such as 3S1 → 3S1 þ η, which

TABLE IV. Partial widths and branching ratios for strong and electromagnetic decays and transitions for the 1S and 2S bottomonium
states. The state’s mass is given in GeVand is listed below the state’s name in column 1. Column 4, labeledM, gives the matrix element
appropriate to the particular decay; for S-wave annihilation decays M designates Ψð0Þ ¼ Rð0Þ= ffiffiffiffiffi

4π
p

representing the wave function at
the origin and for radiative transitions the E1 or M1 matrix elements are hψfjrjψ ii (GeV−1) and hψfjj0ðkr=2Þjψ ii respectively. Details
of the calculations are given in the text.

Predicted Measured
Initial state Final state Mf (GeV) M Width (keV) BR (%) Width (keV) BR (%)

ϒð13S1Þ lþl− 0.793 1.44 2.71 1.34� 0.04 2.48� 0.05a

9.460a ggg 0.793 47.6 89.6 44.1� 1.1 81.7� 0.7a

γgg 0.793 1.2 2.3 1.2� 0.3 2.2� 0.6a

γγγ 0.793 1.7 × 10−5 3.2 × 10−5

ηbð11S0Þγ 9.398a 0.9947 0.010 0.019
Total 53.1 100 54.02� 1.25a

ηbð11S0Þ gg 1.081 16.6 MeV ∼100
9.398a γγ 1.081 0.94 0.0057

Total 16.6 MeV 100 10:8þ6.0
−4.2 MeVa

ϒð23S1Þ lþl− 0.597 0.73 1.8 0.62� 0.06 1.93� 0.17
10.023a ggg 0.597 26.3 65.4 18.8� 1.6 58.8� 1.2

γgg 0.597 0.68 1.7 2.81� 0.42 8.8� 1.1
γγγ 0.597 9.8 × 10−6 2.4 × 10−5

χb2ð13P2Þγ 9.912a −1.524 1.88 4.67 2.29� 0.22 7.15� 0.35a

χb1ð13P1Þγ 9.893a −1.440 1.63 4.05 2.21� 0.22 6.9� 0.4a

χb0ð13P0Þγ 9.859a −1.330 0.91 2.3 1.22� 0.16 3.8� 0.4a

ηbð21S0Þγ 9.999a 0.9924 5.9 × 10−4 1.5 × 10−3

ηbð11S0Þγ 9.398a 0.0913 0.081 0.20 0.012� 0.004 ð3.9� 1.5Þ × 10−2
a

ϒð13S1Þππ 8.46a 21.0 8.46� 0.71 26.45� 0.48a

Total 40.2 100 31.98� 2.63

ηbð21S0Þ gg 0.718 7.2 MeV ∼100
9.999a γγ 0.718 0.41 5.7 × 10−3

hbð11P1Þγ 9.899a −1.526 2.48 0.034
ϒð13S1Þγ 9.460 −0.0610 0.068 9.4 × 10−4

ηbð11S0Þππ 12.4 0.17
Total 7.2 MeV 100 <24 MeVa

aPDG Ref. [32].
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goes via M1-M1 and E1-M2 multipoles and spin-flip
transitions such as 3S1 → 1P1ππ, which goes via E1-M1
[61]. These transitions are suppressed by inverse powers of
the quark masses and are expected to be small compared to
the E1-E1 and electromagnetic transitions. As a conse-
quence, we will neglect them in our estimates of branching
ratios. We note, however, that in certain situations they have
provided a pathway to otherwise difficult-to-observe states
such as the hc and hb [74,75] and have played an important
role in these states’ discoveries [76,77]. Another example
of a higher multipole transition is χb1;b2ð2PÞ → ωϒð1SÞ
[78] which proceeds via three E1 gluons although it turns
out that this particular example has a larger branching ratio
than the 2P → 1Pþ ππ transition [32].
The differential rate for E1-E1 transitions from an initial

quarkonium state Φ0 to the final quarkonium state Φ, and a
systemof light hadrons,h, is given by the expression [60,61]

dΓ
dM2

½Φ0 → Φþ h�

¼ ð2J þ 1Þ
X2
k¼0

�
k l0 l

s J J0

�
2

Akðl0;lÞ ð4Þ

where l0, l are the orbital angular momentum and J0, J are
the total angular momentum of the initial and final states
respectively; s is the spin of the QQ̄ pair; M2 is the
invariant mass squared of the light hadron system; and
Akðl0;lÞ are the reduced matrix elements. For the con-
venience of the reader we give the expressions for the
transition rates in terms of the reduced matrix elements
in Table XXV. The magnitudes of the Akðl0;lÞ are model
dependent with a large variation in their estimates.
The Akðl0;lÞ are a product of a phase space factor,
overlap integrals with the intermediate hybrid wave func-
tion and a fitted constant. There is a large variation in the
predicted reduced rates. For example, for the transition
13D1 → 13S1 þ ππ, estimates for A2ð2; 0Þ differ by almost
3 orders of magnitude [61,64,71,72]. In an attempt to
minimize the theoretical uncertainty we estimate the
reduced matrix elements by rescaling measured transition
rates by phase space factors and interquark separation
expectation values. While imperfect, we hope that this
approach captures the essential features of the reduced
matrix elements and gives a reasonable order of magnitude
estimate of the partial widths. In the soft-pion limit the A1

contributions are suppressed so, as is the usual practice, we

TABLE V. Partial widths and branching ratios for strong and electromagnetic decays and transitions for the 3S states. See the caption
to Table IV for further details.

Predicted Measured
Initial state Final state Mf (GeV) M Width (keV) BR (%) Width (keV) BR (%)

ϒð33S1Þ lþl− 0.523 0.53 1.8 0.44� 0.06 2.18� 0.21
10.355a ggg 0.523 19.8 67.9 7.25� 0.84 35.7� 2.6

γgg 0.523 0.52 1.8 0.20� 0.04 0.97� 0.18
γγγ 0.523 7.6 × 10−6 2.6 × 10−5

χb2ð23P2Þγ 10.269a −2.446 2.30 7.90 2.66� 0.40 13.1� 1.6a

χb1ð23P1Þγ 10.255a −2.326 1.91 6.56 2.56� 0.34 12.6� 1.2a

χb0ð23P0Þγ 10.232a −2.169 1.03 3.54 1.20� 0.16 5.9� 0.6a

χb2ð13P2Þγ 9.912a 0.096 0.45 1.5 0.20� 0.03 0.99� 0.13a

χb1ð13P1Þγ 9.893a 0.039 0.05 0.2 0.018� 0.010 0.09� 0.05a

χb0ð13P0Þγ 9.859a −0.028 0.01 0.03 0.055� 0.010 0.27� 0.04a

ηbð31S0Þγ 10.337a 0.9920 2.5 × 10−4 8.6 × 10−4

ηbð21S0Þγ 9.999a 0.1003 0.19 0.65 <0.12 <0.062 at 90% C.L.a

ηbð11S0Þγ 9.398a 0.0427 0.060 0.20 0.01� 0.002 0.051� 0.007a

ϒð13S1Þππ 1.34a 4.60 1.335� 0.125 6.57� 0.15a

ϒð23S1Þππ 0.95a 3.3 0.949� 0.098 4.67� 0.23a

Total 29.1 100 20.32� 1.85

ηbð31S0Þ gg 0.601 4.9 MeV ∼100
10.337b γγ 0.601 0.29 5.9 × 10−3

hbð21P1Þγ 10.260a −2.461 2.96 0.060
hbð11P1Þγ 9.899a 0.1235 1.3 0.026
ϒð23S1Þγ 10.023a −0.0484 9.1 × 10−3 1.8 × 10−4

ϒð13S1Þγ 9.460a −0.031 0.074 1.5 × 10−3

ηbð11S0Þππ 1.70� 0.12 3.5 × 10−2

ηbð21S0Þππ 1.16� 0.10 2.4 × 10−2

Total 4.9 MeV 100
aPDG Ref. [32].
bUsing predicted 33S1 − 31S0 splitting and measured 33S1 mass.
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will take A1ðl0;lÞ ¼ 0 [60] (see also Ref. [79]) so that in
practice only A0ðl0;lÞ and/or A2ðl0;lÞ will contribute to a
given transition. The A0 and A2 amplitudes have phase
space integrals of the form [61]

G ¼ 3

4

Mf

Mi
π3

Z
dM2

ππK

�
1 −

4m2
π

M2
ππ

�
1=2

ðM2
ππ − 2m2

πÞ2 ð5Þ

and

TABLE VI. Partial widths and branching ratios for strong and electromagnetic decays and transitions and OZI allowed strong decays
for the 4S and 5S bottomonium states. Details of the OZI allowed decay amplitudes are described in the Appendix. See the caption to
Table IV for further details.

Predicted Measured
Initial state Final state Mf (GeV) M Width (keV) BR (%) Width (keV) BR (%)

ϒð43S1Þ lþl− 0.459 0.39 1.8 × 10−3 0.32� 0.04a ð1.57� 0.08Þ × 10−3
a

10.579a ggg 0.459 15.1 0.0686
γgg 0.459 0.40 1.8 × 10−3

γγγ 0.459 6.0 × 10−6 2.7 × 10−8

χb2ð33P2Þγ 10.528d −3.223 0.82 3.7 × 10−3

χb1ð33P1Þγ 10.516d −3.072 0.84 3.8 × 10−3

χb0ð33P0Þγ 10.500d −2.869 0.48 2.2 × 10−3

ϒð13S1Þπþπ− 1.66b 7.54 × 10−3 1.66� 0.24b ð8.1� 0.6Þ × 10−3
a

ϒð23S1Þπþπ− 1.76b 8.00 × 10−3 1.76� 0.34b ð8.6� 1.3Þ × 10−3
a

BB 22.0 MeV ∼100 >96 at 95% C.L.a

Total 22.0 MeV 100 20.5� 2.5 MeVa

ηbð41S0Þ gg 0.500 3.4 MeV ∼100
10.567c γγ 0.500 0.20 5.9 × 10−3

hbð31P1Þγ 10.519d −3.238 1.24 3.6 × 10−2

ηbð11S0Þπþπ− 2.03� 0.29 6.0 × 10−2

ηbð21S0Þπþπ− 1.90� 0.36 5.6 × 10−2

Total 3.4 MeV 100

ϒð53S1Þ lþl− 0.432 0.33 1.2 × 10−3 0.31� 0.23a ð5.6� 3.1Þ × 10−4
a

10.876a ggg 0.432 13.1 4.78 × 10−2

χb2ð43P2Þγ 10.798 −3.908 4.3 1.6 × 10−2

χb1ð43P1Þγ 10.788 −3.724 3.4 1.2 × 10−2

χb0ð43P0Þγ 10.775 −3.483 1.5 5.5 × 10−3

χb2ð33P2Þγ 10.528d 0.131 0.42 1.5 × 10−3

χb1ð33P1Þγ 10.516d 0.0020 6.2 × 10−5 2.3 × 10−7

χb0ð33P0Þγ 10.500d −0.156 0.15 5.5 × 10−4

BB 5.35 MeV 19.5 3.0� 1.6 MeVb
5.5� 1.0a

BB� 16.6 MeV 60.6 7.5� 3.9 MeVb
13.7� 1.6a

B�B� 2.42 MeV 8.83 21� 11 MeVb
38.1� 3.4a

BsBs 0.157 MeV 0.573 0.3� 0.3 MeVb
0.5� 0.5a

BsB�
s 0.833 MeV 3.04 0.74� 0.42 MeVb

1.35� 0.32a

B�
sB�

s 2.00 MeV 7.30 9.7� 5.1 MeVb
17.6� 2.7a

Total 27.4 MeV 100 55� 28 MeVa

ηbð51S0Þ gg 0.464 2.9 MeV 13
10.867c γγ 0.464 0.17 7.4 × 10−4

hbð41P1Þγ 10.790 3.925 7.5 3.3 × 10−2

hbð31P1Þγ 10.519d 0.162 1.1 4.8 × 10−3

BB� 13.1 MeV 57.0
B�B� 0.914 MeV 3.97
BsB�

s 0.559 MeV 2.43
B�
sB�

s 5.49 MeV 23.9
Total 23.0 MeV 100

aFrom PDG Ref. [32].
bFound by combining the PDG BR with the PDG total widths for the ϒð43S1Þ or ϒð53S1Þ [32] as appropriate.
cUsing predicted n3S1 − n1S0 splitting and measured n3S1 mass.
d
33P1 from LHCb [33] and 33P2, 33P0 and 31P1 using predicted splittings with 33P1 measured mass.
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H ¼ 1

20

Mf

Mi
π3

Z
dM2

ππK

�
1 −

4m2
π

M2
ππ

�
1=2

×

�
ðM2

ππ − 4m2
πÞ2

�
1þ 2

3

K2

M2
ππ

�

þ K2

15M4
ππ
ðM4

ππ þ 2m2
πM2

ππ þ 6m4
πÞ
�

ð6Þ

respectively where

K ¼ 1

2Mi
½ðMi þMfÞ2 −M2

ππ�1=2½ðMi −MfÞ2 −M2
ππ�1=2:

ð7Þ

The amplitudes for E1-E1 transitions depend quadratically
on the interquark separation so the scaling law between
decay rates for two bb̄ states is given by [60]

ΓðΦ1Þ
ΓðΦ2Þ

¼ hr2ðΦ1Þi2
hr2ðΦ2Þi2

: ð8Þ

Because each set of transitions uses different experimental
input we will give details of how we rescale the Akðl0;lÞ
sector by sector in the following subsections and give the
predicted partial widths in the summary tables.

A. n01S0 → n1S0 þ ππ

The n01S0 → n1S0 þ ππ partial widths are found
by rescaling the measured n03S1 → n3S1 þ ππ partial

TABLE VII. Partial widths and branching ratios for strong and electromagnetic decays and transitions and OZI allowed strong
decays for the 6S states. Details of the OZI allowed decay amplitudes are described in the Appendix. See the caption to Table IV for
further details.

Predicted Measured
Initial state Final state Mf M Width (keV) BR (%) Width (keV) BR (%)

ϒð63S1Þ lþl− 0.396 0.27 8.0 × 10−4 0.13� 0.05a ð1.6� 0.5Þ × 10−4
a

11.019a ggg 0.396 11.0 0.0324
χb2ð53P2Þγ 11.022 Below threshold
χb1ð53P1Þγ 11.014 −4.282 8.3 × 10−4 2.4 × 10−6

χb0ð53P0Þγ 11.004 −3.992 6.4 × 10−3 1.9 × 10−5

χb2ð43P2Þγ 10.798 0.116 8.5 × 10−2 2.5 × 10−4

χb1ð43P1Þγ 10.788 −0.054 0.012 3.5 × 10−5

χb0ð43P0Þγ 10.775 −0.244 0.1 3 × 10−4

χb2ð33P2Þγ 10.528c 0.089 0.53 1.6 × 10−3

χb1ð33P1Þγ 10.516c 0.100 0.43 1.3 × 10−3

χb0ð33P0Þγ 10.500c 0.115 0.21 6.2 × 10−4

BB 1.32 MeV 3.89
BB� 7.59 MeV 22.4
BBð1P1Þ 7.81 MeV 23.0
BBð1P0

1Þ 10.8 MeV 31.8
B�B� 5.89 MeV 17.4
BsBs 1.31 3.86 × 10−3

BsB�
s 0.136 MeV 0.401

B�
sB�

s 0.310 MeV 0.914
Total 33.9 MeV 100 79� 16 MeVa

ηbð61S0Þ gg 0.410 2.2 MeV 16
11.014b γγ 0.410 0.14 1.0 × 10−3

hbð51P1Þγ 11.016 Below threshold
hbð41P1Þγ 10.790 0.136 0.22 1.6 × 10−3

hbð31P1Þγ 10.519c 0.123 1.8 1.3 × 10−2

BB� 8.98 MeV 66.0
BBð13P0Þ 0.745 MeV 5.48
B�B� 1.14 MeV 8.38
BsB�

s 0.420 MeV 3.09
B�
sB�

s 0.156 MeV 1.15
Total 13.6 MeV 100

aFrom PDG Ref. [32].
bUsing predicted n3S1 − n1S0 splitting and measured n3S1 mass.
c
33P1 from LHCb [33] and 33P2, 33P0 and 31P1 using predicted splittings with 33P1 measured mass.
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widths [32]. The n0S → nSþ ππ transitions are described
by A0ð0; 0Þ amplitudes so that Γðn01S0 → n1S0 þ ππÞ are
given by

Γðn01S0Þ ¼
hr2ðn01S0Þi2
hr2ðn03S1Þi2

×
Gðn01S0 → n1S0ππÞ
Gðn03S1 → n3S1ππÞ

× Γðn03S1Þ: ð9Þ

The hadronic transition partial widths for the n01S0 states
are given in Tables IV–VI for n0 ¼ 2; 3; 4.
We do not make predictions for the ηbð5SÞ state as the

measured hadronic transition rates for the ϒð5SÞ are
anomalously large and inconsistent with other transitions
between S-waves [80]. This has resulted in speculation that
the ϒð5SÞ is mixed with a hybrid state leading to its
anomalously large hadronic transition rates [81], contains a
sizable tetraquark component [82,83] or is the consequence
of Bð�ÞB̄ð�Þ rescattering [84]. See also Refs. [3,9]. It could
also be the result of a large overlap with the intermediate
states. This subject needs a separate more detailed study
which lies outside the present work. We also do not include
hadronic transitions for the 6S states as there are no
measurements of hadronic transitions originating from
the 63S1 state and in any case, the total widths for the
6S states are quite large so that the BRs for hadronic
transitions would be rather small.

B. n0PJ → nPJ þ ππ

All n0PJ → nPJ þ ππ transitions can be expressed in
terms of A0ð1; 1Þ and A2ð1; 1Þ where we have taken
A1ð1; 1Þ ¼ 0. The expressions relating the various partial
widths in terms of these reduced amplitudes are summa-
rized in Table XXV. We can obtain A0ð1; 1Þ and A2ð1; 1Þ
from the measured values for Γð23P2 → 13P2 þ ππÞ and
Γð23P1 → 13P1 þ ππÞ. These partial widths were obtained
by first finding the total widths for the χb2ð2PÞ and
χb1ð2PÞ using the measured BRs from the PDG [32] with
our predicted partial widths for E1 transitions for
χb2ð1Þð2PÞ→γϒð2SÞ and χb2ð1Þð2PÞ → γϒð1SÞ. We obtain
Γðχb2Þ ¼ 122� 11 keV and Γðχb1Þ ¼ 62.6� 4.0 keV.
Combining with the measured hadronic BRs we find
Γð23P2 → 13P2 þ ππÞ ¼ 0.62� 0.12 keV and Γð23P1 →
13P1 þ ππÞ ¼ 0.57� 0.09 keV leading to A2ð1; 1Þ ¼
1.5 keV and A0ð1; 1Þ ¼ 1.335 keV. We neglected the
small differences in phase space between the χb1 and χb2
transitions and remind the reader that model dependence
has been introduced into these results by using model
predictions for the radiative transition partial widths. For
example, using the E1 partial width predictions from
Kwong and Rosner [35] results in slightly different total
widths and hadronic transition partial widths. Using these
values for A0 and A2 with Eq. (4) we obtain the hadronic
transition partial widths for 2P → 1P transitions given in
Table IX. A note of caution is that A0 and A2 are sensitive to
small variations in the input values of the partial widths so

TABLE VIII. Partial widths and branching ratios for strong and electromagnetic decays and transitions for the 1P states. For P-wave
annihilation decays M designates R0ð0Þ, the first derivative of the radial wave function at the origin. See the caption to Table IV for
further details.

Predicted Measured
Initial state Final state Mf (GeV) M Width (keV) BR (%) BR (%)

χb2ð13P2Þ gg 1.318 147 81.7
9.912a γγ 1.318 9.3 × 10−3 5.2 × 10−3

ϒð13S1Þγ 9.460 1.028 32.8 18.2 19.1� 1.2a

hbð11P1Þγ 9.899 1.000 9.6 × 10−5 5.3 × 10−5

Total 180 100

χb1ð13P1Þ qq̄þ g 1.700 67 70
9.893a ϒð13S1Þγ 9.460 1.040 29.5 31 33.9� 2.2a

Total 96 100

χb0ð13P0Þ gg 2.255 2.6 MeV ∼100
9.859a γγ 2.255 0.15 5.8 × 10−3

ϒð13S1Þγ 9.460 1.050 23.8 0.92 1.76� 0.35a

Total 2.6 MeV 100

hbð11P1Þ ggg 1.583 37 51
9.899a ηbð11S0Þγ 9.398 0.922 35.7 49 49þ8

−7
a

χb1ð13P1Þγ 9.893 1.000 1.0 × 10−5 1.4 × 10−5

χb0ð13P0Þγ 9.859 0.998 8.9 × 10−4 1.2 × 10−5

Total 73 100
aFrom PDG Ref. [32].
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given the experimental errors on the input values, the
predictions should only be regarded as rough estimates.
There are no measured BRs for 3P hadronic transitions

that can be used as input for other 3P transitions.
Furthermore, as pointed out by Kuang and Yan [61],

hadronic transitions are dependent on intermediate states
with complicated cancellations contributing to the ampli-
tudes so that predictions are rather model dependent. To try
to take into account the structure dependence of the
amplitudes we make the assumption that once phase space

TABLE IX. Partial widths and branching ratios for strong and electromagnetic decays and transitions for the 2P states. For P-wave
annihilation decays M designates R0ð0Þ, the first derivative of the radial wave function at the origin. See the caption to Table IV for
further details.

Predicted Measured
Initial state Final state Mf (GeV) M Width (keV) BR (%) BR (%)

χb2ð23P2Þ gg 1.528 207 89.0
10.269a γγ 1.528 1.2 × 10−2 5.2 × 10−3

ϒð23S1Þγ 10.023 1.667 14.3 6.15 10.6� 2.6a

ϒð13S1Þγ 9.460 0.224 8.4 3.6 7.0� 0.7a

ϒ3ð13D3Þγ 10.172 −1.684 1.5 0.65
ϒ2ð13D2Þγ 10.164 −1.625 0.3 0.1
ϒ1ð13D1Þγ 10.154 −1.561 0.03 0.01
hbð21P1Þγ 10.260 1.000 2.8 × 10−5 1.2 × 10−5

hbð11P1Þγ 9.899 −0.011 2.4 × 10−4 1.0 × 10−4

χb2ð13P2Þππ 0.62� 0.12b 0.27 0.51� 0.09a

χb1ð13P1Þππ 0.23 0.10
χb0ð13P0Þππ 0.10 0.043
Total 232.5 100

χb1ð23P1Þ qq̄þ g 1.857 96 82
10.255a ϒð23S1Þγ 10.023 1.749 13.3 11.3 19.9� 1.9a

ϒð13S1Þγ 9.460 0.184 5.5 4.7 9.2� 0.8a

ϒ2ð13D2Þγ 10.164 −1.701 1.2 1.0
ϒ1ð13D1Þγ 10.154 −1.639 0.5 0.4
hbð11P1Þγ 9.899 −0.035 2.2 × 10−3 1.9 × 10−3

χb2ð13P2Þππ 0.38 0.32
χb1ð13P1Þππ 0.57� 0.09b 0.48 0.91� 0.13a

χb0ð13P0Þππ ∼0 ∼0
Total 117 100

χb0ð23P0Þ gg 2.290 2.6 MeV ∼100
10.232a γγ 2.290 0.15 5.7 × 10−3

ϒð23S1Þγ 10.023 1.842 10.9 0.42 4.6� 2.1a

ϒð13S1Þγ 9.460 0.130 2.5 9.6 × 10−2 0.9� 0.6a

ϒ1ð13D1Þγ 10.154 −1.731 1.0 3.8 × 10−2

hbð11P1Þγ 9.899 −0.079 9.7 × 10−3 3.7 × 10−4

χb2ð13P2Þππ 0.5 2 × 10−2

χb1ð13P1Þππ ∼0 ∼0
χb0ð13P0Þππ 0.44 1.7 × 10−2

Total 2.6 MeV 100

hbð21P1Þ ggg 1.758 54 64
10.260a ηbð21S0Þγ 9.999 1.510 14.1 17 48� 13

a

ηbð11S0Þγ 9.398 0.252 13.0 15 22� 5
a

ηb2ð11D2Þγ 10.165 −1.689 1.7 2.0
χb2ð13P2Þγ 9.912 −0.027 2.2 × 10−3 2.6 × 10−3

χb1ð13P1Þγ 9.893 −0.023 1.1 × 10−3 1.3 × 10−3

χb0ð13P0Þγ 9.859 0.019 3.2 × 10−4 3.8 × 10−4

hbð11P1Þππ 0.94 1.1
Total 84 100

aFrom PDG Ref. [32].
bInput, see text.
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TABLE X. Partial widths and branching ratios for strong and electromagnetic decays and transitions for the 3P states. For P-wave
annihilation decays M designates R0ð0Þ, the first derivative of the radial wave function at the origin. See the caption to Table IV for
further details.

Initial state Final state Mf (GeV) M Width (keV) BR (%)

χb2ð33P2Þ gg 1.584 227 91.9
10.528b γγ 1.584 1.3 × 10−2 5.3 × 10−3

ϒð33S1Þγ 10.355 2.255 9.3 3.8
ϒð23S1Þγ 10.023 0.323 4.5 1.8
ϒð13S1Þγ 9.460 0.086 2.8 1.1
ϒ3ð23D3Þγ 10.455 −2.568 1.5 0.61
ϒ2ð23D2Þγ 10.449 −2.482 0.32 0.13
ϒ1ð23D1Þγ 10.441 −2.389 0.027 0.011
ϒ3ð13D3Þγ 10.172 0.042 0.046 0.019
χb2ð13P2Þππ 0.68 0.28
χb1ð13P1Þππ 0.52 0.21
χb0ð13P0Þππ 0.24 0.10
Total 247 100

χb1ð33P1Þ qq̄þ g 1.814 101 86.3
10.516a ϒð33S1Þγ 10.355 2.388 8.4 7.2

ϒð23S1Þγ 10.023 0.278 3.1 2.6
ϒð13S1Þγ 9.460 0.061 1.3 1.1
ϒ2ð23D2Þγ 10.449 −2.595 1.1 0.94
ϒ1ð23D1Þγ 10.441 −2.506 0.47 0.40
ϒ2ð13D2Þγ 10.164 0.060 0.080 0.068
ϒ1ð13D1Þγ 10.154 0.029 7.0 × 10−3 6.0 × 10−3

χb2ð13P2Þππ 0.88 0.75
χb1ð13P1Þππ 0.56 0.48
χb0ð13P0Þππ ∼0 ∼0
Total 117 100

χb0ð33P0Þ gg 2.104 2.2 MeV ∼100
10.500b γγ 2.104 0.13 5.9 × 10−3

ϒð33S1Þγ 10.355 2.537 6.9 0.31
ϒð23S1Þγ 10.023 0.213 1.7 0.077
ϒð13S1Þγ 9.460 0.029 0.3 0.01
ϒ1ð23D1Þγ 10.441 −2.637 1.0 0.045
ϒ1ð13D1Þγ 10.154 0.084 0.20 0.0091
χb2ð13P2Þππ 1.2 0.054
χb1ð13P1Þππ ∼0 ∼0
χb0ð13P0Þππ 0.27 0.012
Total 2.2 MeV 100

hbð31P1Þ ggg 1.749 59 71
10.519b ηbð31S0Þγ 10.337 2.047 8.9 11

ηbð21S0Þγ 9.999 0.418 8.2 9.9
ηbð11S0Þγ 9.398 0.091 3.6 4.3
ηb2ð21D2Þγ 10.450 −2.579 1.6 1.9
ηb2ð11D2Þγ 10.165 0.052 0.081 0.098
χb2ð13P2Þγ 9.912 −0.032 1.4 × 10−2 1.7 × 10−2

χb1ð13P1Þγ 9.893 −0.031 9.3 × 10−3 1.1 × 10−2

χb0ð13P0Þγ 9.859 −0.016 9.8 × 10−4 1.2 × 10−3

hbð11P1Þππ 1.4 1.7
Total 83 100

aFrom LHCb Ref. [33].
bUsing the predicted 3P splittings with the measured 33P1 mass.
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TABLE XI. Partial widths and branching ratios for strong and electromagnetic decays and transitions and OZI allowed strong decays
for the 4P states. For P-wave annihilation decays M designates R0ð0Þ, the first derivative of the radial wave function at the origin.
Details of the OZI allowed decay amplitudes are described in the Appendix. See the caption to Table IV for further details.

Initial state Final state Mf (GeV) M Width (keV) BR (%)

χb2ð43P2Þ gg 1.646 248 0.569
10.798 γγ 1.646 1.5 × 10−2 3.4 × 10−5

ϒð43S1Þγ 10.579 2.765 28.1 6.44 × 10−2

ϒð33S1Þγ 10.355 0.427 5.4 1.2 × 10−2

ϒð23S1Þγ 10.023 0.063 0.59 1.4 × 10−3

ϒð13S1Þγ 9.460 0.056 2.2 5.0 × 10−3

ϒ3ð33D3Þγ 10.711 −3.310 4.3 9.9 × 10−3

ϒ2ð33D2Þγ 10.705 −3.202 0.88 2.0 × 10−3

ϒ1ð33D1Þγ 10.698 −3.084 0.68 1.6 × 10−3

BB 8.74 MeV 20.0
BB� 28.1 MeV 64.4
B�B� 5.05 MeV 11.6
BsBs 0.593 MeV 1.36
BsB�

s 0.833 MeV 1.91
Total 43.6 MeV 100

χb1ð43P1Þ qq̄þ g 1.849 110 0.36
10.788 ϒð43S1Þγ 10.579 2.942 27.7 9.17 × 10−2

ϒð33S1Þγ 10.355 0.373 3.8 1.3 × 10−2

ϒð23S1Þγ 10.023 0.035 0.18 6.0 × 10−4

ϒð13S1Þγ 9.460 0.038 1.0 3.3 × 10−3

ϒ2ð33D2Þγ 10.705 −3.345 3.4 1.1 × 10−2

ϒ1ð33D1Þγ 10.698 −3.234 1.4 4.6 × 10−3

BB� 20.6 MeV 68.3
B�B� 0.478 MeV 1.58
BsB�

s 8.93 MeV 29.6
Total 30.2 MeV 100

χb0ð43P0Þ gg 2.079 2.1 MeV 6.1
10.775 γγ 2.079 0.13 3.8 × 10−4

ϒð43S1Þγ 10.579 3.139 26.0 7.54 × 10−2

ϒð33S1Þγ 10.355 0.295 2.2 6.4 × 10−3

ϒð23S1Þγ 10.023 −0.001 9 × 10−5 3 × 10−7

ϒð13S1Þγ 9.460 0.017 0.21 6.1 × 10−4

ϒ1ð33D1Þγ 10.698 −3.397 3.8 1.1 × 10−2

BB 20.0 MeV 58.0
B�B� 12.2 MeV 35.4
BsBs 0.129 MeV 0.374
Total 34.5 MeV 100

hbð41P1Þ ggg 1.790 64 0.16
10.790 ηbð41S0Þγ 10.567 2.808 24.4 6.07 × 10−2

ηbð31S0Þγ 10.337 0.587 10.8 2.69 × 10−2

ηbð21S0Þγ 9.999 0.055 0.48 1.2 × 10−3

ηbð11S0Þγ 9.398 0.052 2.1 5.2 × 10−3

ηb2ð31D2Þγ 10.790 −3.325 4.7 1.2 × 10−2

BB� 31.8 MeV 79.1
B�B� 4.09 MeV 10.2
BsB�

s 4.18 MeV 10.4
Total 40.2 MeV 100
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and scaling factors [as in Eq. (8)] are factored out, the ratios
of amplitudes will be approximately the same for transi-
tions between states with the same number of nodes in the
initial and final states, i.e.,

A0ð3P → 1PÞ
A0ð2P → 1PÞ ∼

A0ð3S → 1SÞ
A0ð2S → 1SÞ ð10Þ

where the A0’s have factored out the phase space and
scaling factors in the amplitude. Thus, we will relate the
3P → 1P partial widths to measured 2P → 1P partial
widths by rescaling the phase space, the bb̄ separation
factors and using the relationship between amplitudes
outlined in Eq. (10). We understand that this is far from
rigorous but hope that it captures the gross features of the
transition and will give us an order of magnitude estimate
of the transitions that can at least tell us if the transition is
big or small and how significant its contribution to the

total width will be. With this prescription we obtain
A0ð3P→ 1PÞ¼ 0.68 keV and A2ð3P → 1PÞ ¼ 4.94 keV.
The resulting estimates for the 3P → 1P hadronic tran-
sitions are given in Table X. To obtain these results we used
spin averaged P-wave masses for the phase space factors
given all the other uncertainties in these estimates. If we do
not include the hr2i rescaling factors, the partial widths
increase by 45%, which is another reminder that these
estimates should be regarded as educated guesses that
hopefully get the order of magnitude right.

C. 1DJ → 1Sþ ππ and 2DJ → 1Dþ ππ

The BABAR collaboration measured BRð13D2 →
ϒð1SÞ þ πþπ−Þ ¼ ð0.66� 0.16Þ% [36]. It should be noted
that BABAR used the predicted partial widths for χbJ0 →
γϒð13DJÞ from Ref. [35] as input to obtain this value.
Combining this measured BR with the remaining 13D2

TABLE XII. Partial widths and branching ratios for strong and electromagnetic transitions and OZI allowed strong decays for the
53P2 and 53P1 states. Details of the OZI allowed decay amplitudes are described in the Appendix. See the caption to Table IV for
further details.

Initial state Final state Mf (GeV) M Width (keV) BR (%)

χb2ð53P2Þ ϒð53S1Þγ 10.876 3.232 11.5 2.06 × 10−2

11.022 ϒð43S1Þγ 10.579 0.595 10.4 1.86 × 10−2

ϒð33S1Þγ 10.355 0.024 0.06 1 × 10−4

ϒð23S1Þγ 10.023 0.067 1.4 2.5 × 10−3

ϒð13S1Þγ 9.460 0.042 1.9 3.4 × 10−3

ϒ3ð43D3Þγ 10.939 −3.955 5.4 9.7 × 10−3

ϒ2ð43D2Þγ 10.934 −3.828 1.1 2.0 × 10−3

ϒ1ð43D1Þγ 10.928 −3.685 0.08 1 × 10−4

BB 0.456 MeV 0.816
BB� 2.71 MeV 4.85
BBð1P1Þ 4.72 MeV 8.44
BBð1P0

1Þ 15.8 MeV 28.3
B�B� 31.3 MeV 56.0
BsBs 0.154 MeV 0.275
BsB�

s 0.130 MeV 0.232
B�
sB�

s 0.618 MeV 1.10
Total 55.9 MeV 100

χb1ð53P1Þ ϒð53S1Þγ 10.876 3.439 11.0 1.75 × 10−2

11.014 ϒð43S1Þγ 10.579 0.534 8.0 1.3 × 10−2

ϒð33S1Þγ 10.355 −0.006 2.8 × 10−3 4.4 × 10−6

ϒð23S1Þγ 10.023 0.052 0.83 1.3 × 10−3

ϒð13S1Þγ 9.460 0.029 0.90 1.4 × 10−3

ϒ2ð43D2Þγ 10.934 −3.990 4.4 7.0 × 10−3

ϒ1ð43D1Þγ 10.928 −3.857 1.7 2.7 × 10−3

BB� 16.7 MeV 26.5
BBð3P0Þ 0.306 4.86 × 10−4

BBð1P1Þ 13.5 MeV 21.4
BBð1P0

1Þ 6.82 MeV 10.8
B�B� 25.1 MeV 39.8
BsB�

s 21.5 3.41 × 10−2

B�
sB�

s 0.614 MeV 0.975
Total 63.0 MeV 100
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partial decay widths given in Table XIV we obtain
Γð13D2 → ϒð1SÞ þ πþπ−Þ ¼ 0.169� 0.045 keV. For
comparison, using the predictions for the 13D2 decays
from Ref. [35] we obtain the hadronic width Γ ¼
0.186� 0.047 keV. Prior to the BABAR measurement,
predictions for this transition varied from 0.07 keV to
24 keV [61,64,71,72]. Using the partial width value
Γ ¼ 0.169� 0.045 keV as input we obtain A2ð2; 0Þ ¼
0.845 keV which we use along with phase space
[Eq. (6)] and hr2i rescaling factors [Eq. (8)] to obtain
the 1D → 1Sππ transitions given in Table XIV. For
comparison we include the measurements for the 13D1

and 13D3 transitions from Ref. [36] which are less certain
than those for the 13D2 transitions.
Because we have no data on the 2D states we use the

same strategy to estimate 2D → 1D transitions as we did in
estimating the 3P → 1P transitions. We assume that
rescaling an amplitude with the same number of nodes
in the initial and final state wave functions will capture the
gross features of the complicated overlap integrals with
intermediate wave functions. We use the A0 and A2

amplitudes from the 2P → 1P transitions as input and
rescale the amplitudes using the appropriate phase space

factors and hr2i rescaling factors. This gives A0ð2; 2Þ ¼
3.1 × 10−2 keV and A2ð2; 2Þ ¼ 4.6 × 10−5 keV. As a
check we also estimated A0 found by rescaling the A0

amplitude obtained from the 2S → 1S transition where only
A0 contributes and found it to be roughly a factor of 40
smaller than the value obtained from the 2P → 1P tran-
sition. This should be kept in mind when assessing the
reliability of our predictions. In any case, the partial widths
obtained for the 2D → 1D hadronic transitions are suffi-
ciently small (see Table XV) that the large uncertainties will
not change our conclusions regarding the 2D states.

D. 1F → 1Pþ ππ and 1G → 1Dþ ππ

We take the same approach as we used to estimate some
of the hadronic transition widths given above. We take a
measured width, in this case the 13D2 → ϒð1SÞπþπ−, and
rescale it using ratios of phase space factors and separation
factors to estimate the 1F → 1P and 1G → 1D transitions.
We obtain A2ð1F→1PÞ¼0.027keV and A2ð1G→1DÞ¼
1.94×10−3 keV. These small values are primarily due to
the ratio of phase space factors which roughly go like the
mass difference to the seventh power. Given that the
1D − 1S, 1F − 1P and 1G − 1D mass splittings are

TABLE XIII. Partial widths and branching ratios for strong and electromagnetic transitions and OZI allowed strong decays
for the 53P0 and 51P1 states. Details of the OZI allowed decay amplitudes are described in the Appendix. See the caption to Table IV for
further details.

Initial state Final state Mf (GeV) M Width (keV) BR (%)

χb0ð53P0Þ ϒð53S1Þγ 10.876 3.668 10.0 1.86 × 10−2

11.004 ϒð43S1Þγ 10.579 0.446 5.2 9.6 × 10−3

ϒð33S1Þγ 10.355 −0.043 0.16 3.0 × 10−4

ϒð23S1Þγ 10.023 0.035 0.36 6.7 × 10−4

ϒð13S1Þγ 9.460 0.014 0.22 4.1 × 10−4

ϒ1ð43D1Þγ 10.928 −4.038 5.1 9.5 × 10−3

BB 4.52 MeV 8.38
BBð1P1Þ 7.16 MeV 13.3
B�B� 40.3 MeV 74.8
BsBs 0.166 MeV 0.308
B�
sB�

s 1.71 MeV 3.17
Total 53.9 MeV 100

hbð51P1Þ ηbð51S0Þγ 10.867 2.900 9.8 2.1 × 10−2

11.016 ηbð41S0Þγ 10.567 0.824 20.8 4.54 × 10−2

ηbð31S0Þγ 10.337 −0.003 9.7 × 10−4 2.1 × 10−6

ηbð21S0Þγ 9.999 0.030 0.29 6.3 × 10−4

ηbð11S0Þγ 9.398 0.042 2.2 4.8 × 10−3

ηb2ð41D2Þγ 10.790 −3.967 6.0 1.3 × 10−2

BB� 11.7 MeV 25.5
BBð13P0Þ 6.81 MeV 14.9
BBð1P1Þ 0.412 9.00 × 10−4

BBð1P0
1Þ 0.689 1.50 × 10−3

B�B� 26.4 MeV 57.6
BsB�

s 55.8 0.122
B�
sB�

s 0.670 MeV 1.46
Total 45.8 MeV 100
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∼0.69, 0.46 and 0.38 MeV respectively resulting in little
available phase space one can understand why the ampli-
tudes are small. We include our estimates for these
transitions in Tables XIX and XXII. While the estimates
may be crude the point is that we expect these partial widths
to be quite small.

VI. STRONG DECAYS

For states above the BB̄ threshold, we calculate Okubo-
Zweig-Iizuka (OZI) allowed strong decay widths using the
3P0 quark pair creation model [12,13,16,17,85] which
proceeds through the production of a light qq̄ pair
(q ¼ u; d; s) followed by separation into BB̄ mesons.
The qq̄ pair is assumed to be produced with vacuum
quantum numbers (0þþ). There are a number of predictions
for ϒ strong decay widths in the literature using the 3P0

model [86,87] and other models [88], but a complete
analysis of their strong decays had yet to be carried out
prior to this work. We give details regarding the notation
and conventions used in our 3P0 model calculations in the
Appendix to make it more transparent for an interested
reader to reproduce our results.
We use the meson masses listed in Tables I–III. If

available, the measured value, Mexp, is used as input for

calculating the strong decay widths, rather than the pre-
dicted value,Mtheo. When the mass of only one meson in a
multiplet has been measured, we estimate the input masses
for the remaining states following the procedure described
at the end of Sec. II.
We use simple harmonic oscillator wave functions with

the effective oscillator parameter, β, obtained by equating
the rms radius of the harmonic oscillator wave function
for the specified ðn; lÞ quantum numbers to the rms radius
of the wave functions calculated using the relativized quark
model of Ref. [11]. The effective harmonic oscillator wave
function parameters found in this way are listed in the final
column of Tables I–III. For the constituent quark masses in
our calculations of both the meson masses and of the strong
decay widths, we use mb ¼ 4.977 GeV, ms ¼ 0.419 GeV,
and mq ¼ 0.220 GeV (q ¼ u; d). Finally, we use “relativ-
istic phase space” as described in Refs. [16,85] and in the
Appendix.
Typical values of the parameters β and γ are found from

fits to light meson decays [16,89,90]. The predicted widths
are fairly insensitive to the precise values used for β
provided γ is appropriately rescaled. However γ can vary
as much as 30% and still give reasonable overall fits of light
meson decay widths [89,90]. This can result in factor-of-2

TABLE XIV. Partial widths and branching ratios for strong and electromagnetic decays and transitions for the 1D states. For D-wave
annihilation decays M designates R00ð0Þ, the second derivative of the radial wave function at the origin. See the caption to Table IV for
further details.

Predicted Measured
Initial state Final state Mf (GeV) M Width (keV) BR (%) BR (%)

ϒ3ð13D3Þ χb2ð13P2Þγ 9.912 1.830 24.3 91.0
10.172b ηb2ð11D2Þγ 10.165 1.000 1.5 × 10−5 5.6 × 10−5

ggg 0.9923 2.07 7.75
ϒð13S1Þπþπ− 0.197 0.738 0.29� 0.23 (or < 0.62 at 90% C.L.)a

Total 26.7 100

ϒ2ð13D2Þ χb2ð13P2Þγ 9.912 1.835 5.6 22
10.164a χb1ð13P1Þγ 9.893 1.762 19.2 74.7

ggg 1.149 0.69 2.7
ϒð13S1Þπþπ− 0.169� 0.045c 0.658 0.66� 0.16a

Total 25.7 100

ϒ1ð13D1Þ lþl− 1.38 eV 3.93 × 10−3

10.155b χb2ð13P2Þγ 9.912 1.839 0.56 1.6
χb1ð13P1Þγ 9.893 1.768 9.7 28
χb0ð13P0Þγ 9.859 1.673 16.5 47.1
ggg 1.356 8.11 23.1
ϒð13S1Þπþπ− 0.140 0.399 0.42� 0.29 (or < 0.82 at 90% C.L.)a

Total 35.1 100

ηb2ð11D2Þ hbð11P1Þγ 9.899 0.178 24.9 91.5
10.165b ηbð11S0Þπþπ− 0.35 1.3

gg 1.130 1.8 6.6
Total 27.2 100

aFrom BABAR [36].
bUsing predicted splittings and 13D2 mass from Ref. [36].
cSee Sec. IV C for the details of how this was obtained.
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TABLE XV. Partial widths and branching ratios for strong and electromagnetic decays and transitions for the 2D states. For D-wave
annihilation decays M designates R00ð0Þ, the second derivative of the radial wave function at the origin. See the caption to Table IV for
further details.

Initial state Final state Mf (GeV) M Width (keV) BR (%)

ϒ3ð23D3Þ χb2ð23P2Þγ 10.269 2.445 16.4 65.1
10.455 χb2ð13P2Þγ 9.912 0.200 2.6 10.

χb4ð13F4Þγ 10.358 −1.798 1.7 6.7
χb3ð13F3Þγ 10.355 −1.751 0.16 0.63
χb2ð13F2Þγ 10.350 −1.702 5 × 10−3 2 × 10−2

ηb2ð21D2Þγ 10.450 0.999 6.5 × 10−6 2.6 × 10−5

ηb2ð11D2Þγ 10.165 −0.033 1.1 × 10−3 4.4 × 10−3

ggg 1.389 4.3 17
ϒ3ð13D3Þππ 7.4 × 10−3 2.9 × 10−2

ϒ2ð13D2Þππ 1.9 × 10−6 7.5 × 10−6

ϒ1ð13D1Þππ 1.9 × 10−7 7.5 × 10−7

Total 25.2 100

ϒ2ð23D2Þ χb2ð23P2Þγ 10.269 2.490 3.8 17
10.449 χb1ð23P1Þγ 10.255 2.359 12.7 56.2

χb2ð13P2Þγ 9.912 0.161 0.4 2
χb1ð13P1Þγ 9.893 0.224 2.6 12
χb3ð13F3Þγ 10.355 −1.806 1.5 6.6
χb2ð13F2Þγ 10.350 −1.758 0.21 0.93
ηb2ð11D2Þγ 10.165 −0.047 2.1 × 10−3 9.3 × 10−3

ggg 1.568 1.4 6.2
ϒ3ð13D3Þππ 2.6 × 10−6 1.2 × 10−5

ϒ2ð13D2Þππ 7.4 × 10−3 3.3 × 10−2

ϒ1ð13D1Þππ 2.3 × 10−6 1.0 × 10−5

Total 22.6 100

ϒ1ð23D1Þ lþl− 1.99 eV 5.28 × 10−3

10.441 χb2ð23P2Þγ 10.269 2.535 0.4 1
χb1ð23P1Þγ 10.255 2.409 6.5 17
χb0ð23P0Þγ 10.232 2.243 10.6 28.1
χb2ð13P2Þγ 9.912 0.118 0.02 0.05
χb1ð13P1Þγ 9.893 0.184 0.9 2
χb0ð13P0Þγ 9.859 0.260 2.9 7.7
χb2ð13F2Þγ 10.350 −1.815 1.6 4.2
ηb2ð11D2Þγ 10.165 −0.061 3.3 × 10−3 8.8 × 10−3

ggg 1.771 14.8 39.2
ϒ3ð13D3Þππ 4.4 × 10−7 1.2 × 10−6

ϒ2ð13D2Þππ 3.9 × 10−6 1.0 × 10−5

ϒ1ð13D1Þππ 7.4 × 10−3 2.0 × 10−2

Total 37.7 100

ηb2ð21D2Þ hbð21P1Þγ 10.260 2.390 16.5 67.1
10.450 hbð11P1Þγ 9.899 0.212 3.0 12

hb3ð11F3Þγ 10.355 −1.802 1.8 7.3
ϒ3ð13D3Þγ 10.172 −0.072 6.5 × 10−3 2.6 × 10−2

ϒ2ð13D2Þγ 10.164 −0.048 2.2 × 10−3 8.9 × 10−3

ϒ1ð13D1Þγ 10.154 −0.046 1.4 × 10−3 5.7 × 10−3

gg 1.530 3.3 13
ηb2ð11D2Þππ 7.4 × 10−3 3.0 × 10−2

Total 24.6 100
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TABLE XVI. Partial widths and branching ratios for strong and electromagnetic decays and transitions and OZI allowed decays for the
3D states. For D-wave annihilation decays M designates R00ð0Þ, the second derivative of the radial wave function at the origin. Details
of the OZI allowed decays amplitudes are described in the Appendix. See the caption to Table IV for further details.

Initial state Final state Mf (GeV) M Width (keV) BR (%)

ϒ3ð33D3Þ χb2ð33P2Þγ 10.528 3.022 23.6 1.19 × 10−2

10.711 χb2ð23P2Þγ 10.269 0.265 2.5 1.3 × 10−3

χb2ð13P2Þγ 9.912 0.064 0.82 4.1 × 10−4

χb4ð23F4Þγ 10.622 −2.683 3.0 1.5 × 10−3

χb3ð23F3Þγ 10.619 −2.617 0.27 1.4 × 10−4

χb2ð23F2Þγ 10.615 −2.545 8 × 10−3 4 × 10−6

ggg 1.691 6.6 3.3 × 10−3

BB 16.3 MeV 8.23
BB� 72.9 MeV 36.8
B�B� 109 MeV 55.0
Total 198 MeV 100

ϒ2ð33D2Þ χb2ð33P2Þγ 10.528 3.098 5.6 4.3 × 10−3

10.705 χb1ð33P1Þγ 10.516 2.919 18.2 1.41 × 10−2

χb2ð23P2Þγ 10.269 0.218 0.40 3.1 × 10−4

χb1ð23P1Þγ 10.255 0.303 2.5 1.9 × 10−3

χb2ð13P2Þγ 9.912 0.043 0.09 7 × 10−5

χb1ð13P1Þγ 9.893 0.062 0.59 4.6 × 10−4

χb3ð23F3Þγ 10.619 −2.698 2.6 2.0 × 10−3

χb2ð23F2Þγ 10.615 −2.628 0.36 2.8 × 10−4

ggg 1.875 2.0 1.6 × 10−3

BB� 52.4 MeV 40.6
B�B� 76.5 MeV 59.3
Total 128.9 MeV 100

ϒ1ð33D1Þ lþl− 2.38 eV 2.30 × 10−6

10.698 χb2ð33P2Þγ 10.528 3.174 0.58 5.6 × 10−4

χb1ð33P1Þγ 10.516 3.003 9.5 9.2 × 10−3

χb0ð33P0Þγ 10.500 2.775 14.0 1.35 × 10−2

χb2ð23P2Þγ 10.269 0.165 0.02 2 × 10−5

χb1ð23P1Þγ 10.255 0.256 0.96 9.3 × 10−4

χb0ð23P0Þγ 10.233 0.354 2.8 2.7 × 10−3

χb0ð13P1Þγ 9.893 0.040 0.13 1.3 × 10−4

χb0ð13P0Þγ 9.859 0.069 0.59 5.7 × 10−4

χb2ð23F2Þγ 10.615 −2.712 2.7 2.6 × 10−3

χb2ð13F2Þγ 10.350 0.039 0.39 3.8 × 10−5

ggg 2.081 21.2 2.05 × 10−2

BB 23.8 MeV 23.0
BB� 0.245 MeV 0.236
B�B� 79.5 MeV 76.7
Total 103.6 MeV 100

ηb2ð31D2Þ hb1ð31P1Þγ 10.519 2.956 24.1 1.43 × 10−2

10.706 hb1ð21P1Þγ 10.260 0.285 2.9 1.7 × 10−3

hb1ð11P1Þγ 9.899 0.061 0.76 4.5 × 10−4

hb3ð21F3Þγ 10.619 −2.691 3.1 1.8 × 10−3

hb2ð11F2Þγ 10.355 0.030 0.02 1 × 10−5

gg 1.839 4.7 2.8 × 10−3

BB� 77.8 MeV 46.1
B�B� 90.9 MeV 53.9
Total 168.7 MeV 100
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changes to predicted widths, both smaller or larger. In our
calculations of Ds meson strong decay widths in [18], we
used a value of γ ¼ 0.4, which has also been found to give a
good description of strong decays of charmonium [17].
However, we found that this value underestimated the
bottomonium strong decay widths when compared to the
PDG values for the ϒð4SÞ, ϒð5SÞ and ϒð6SÞ widths.
Therefore, we used a value of γ ¼ 0.6 in our strong decay
width calculations in this paper, which was determined by
fitting our results to the PDG values in the ϒ sector. This
scaling of the value of γ in different quarkonia sectors has
been studied in [87]. The resulting strong decay widths are
listed in Tables VI–XXIII in which we use a more concise
notation where BB refers to the BB̄ decay mode, BB� refers
to BB̄� þ B̄B�, etc.
We note that our results differ from the recent work of

Ferretti and Santopinto [86], in some cases quite substan-
tially. This is primarily due to the values chosen for the
harmonic oscillator parameter β (with a corresponding
change in the pair creation strength γ). In our calculations

we used a value for β found by fitting the rms radius of a
harmonic oscillator wave function to the “exact” wave
function for each state while Ferretti and Santopinto used a
common value for all states. Another reason our results
differ is because Ferretti and Santopinto included an
additional Gaussian smearing function in their momen-
tum-space wave function overlap to model the nonpointlike
nature of the created qq̄ pair. As a numerical check of our
programs we reproduced their results using their parame-
ters and including the Gaussian smearing function,
although we found that the latter had little effect on our
results. We believe our approach best describes the proper-
ties of individual states but this underlines the importance
of experimental input to test models and improve
predictions.

VII. SEARCH STRATEGIES

An important motivation for this work is to suggest
strategies to observe some of the missing bottomonium

TABLE XVII. Predicted partial widths and branching ratios for strong and electromagnetic transitions and OZI allowed decays for the
43D3 and 43D2 states. Details of the OZI allowed decay amplitudes are described in the Appendix. See the caption to Table IV for further
details.

Initial state Final state Mf (GeV) M Width (keV) BR (%)

ϒ3ð43D3Þ χb2ð43P2Þγ 10.798 3.553 15.0 2.59 × 10−2

10.939 χb2ð33P2Þγ 10.528 0.322 2.9 5.0 × 10−3

χb2ð23P2Þγ 10.269 0.073 0.63 1.1 × 10−3

χb2ð13P2Þγ 9.912 0.035 0.50 8.6 × 10−4

χb4ð33F4Þγ 10.856 −3.143 3.9 6.7 × 10−3

χb3ð33F3Þγ 10.853 −3.330 0.36 6.2 × 10−4

χb2ð33F2Þγ 10.850 −3.241 0.01 2 × 10−5

BB 0.726 MeV 1.25
BB� 2.94 MeV 5.07
B�B� 51.5 MeV 88.8
BsBs 0.265 MeV 0.457
BsB�

s 0.0827 MeV 0.142
B�
sB�

s 2.44 MeV 4.21
Total 58.0 MeV 100

ϒ2ð43D2Þ χb2ð43P2Þγ 10.798 3.655 3.6 5.6 × 10−3

10.934 χb1ð43P1Þγ 10.788 3.428 11.6 1.80 × 10−2

χb2ð33P2Þγ 10.528 0.270 0.50 7.8 × 10−4

χb1ð33P1Þγ 10.516 0.384 3.3 5.1 × 10−3

χb2ð23P2Þγ 10.269 0.048 0.07 1 × 10−4

χb1ð23P1Þγ 10.255 0.061 0.35 5.4 × 10−4

χb2ð13P2Þγ 9.912 0.022 0.05 8 × 10−5

χb1ð13P1Þγ 9.893 0.046 0.68 1.1 × 10−3

χb3ð33F3Þγ 10.853 −3.431 3.6 5.6 × 10−3

χb2ð33F2Þγ 10.850 −3.344 0.47 7.3 × 10−4

BB� 25.7 MeV 40.0
B�B� 36.4 MeV 56.6
BsB�

s 0.357 MeV 0.56
B�
sB�

s 1.80 MeV 2.80
Total 64.3 MeV 100
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mesons. While there are similarities between searches at
hadron colliders and eþe− colliders there are important
differences. As a consequence we will consider the two
production channels separately.

A. At the large hadron collider

1. Production

An important ingredient needed in discussing searches
for the missing bottomonium states at a hadron collider is
an estimate of the production rate for the different states
[8,91–94]. The production cross sections for the ϒðnSÞ and
χbJ states are in good agreement with predictions of
nonrelativistic QCD (NRQCD) also referred to as the color
octet model. However we are interested in higher excita-
tions with both higher principle quantum number and
higher orbital angular momentum for which we are not
aware of any existing calculations. To estimate production
rates we use the NRQCD factorization approach to rescale

measured event rates. In the NRQCD factorization
approach the cross section goes like [8]

σðHÞ ¼
X
n

σnðΛÞhOH
n ðΛÞi ð11Þ

for quarkonium stateH and where n denotes the color, spin
and angular momentum of the intermediate bb̄ pair, σnðΛÞ
is the perturbative short distance (parton level) cross section
and hOH

n ðΛÞi is the long distance matrix element (LDME)
which includes the color octet QQ̄ pair that evolves into
quarkonium. We work with the assumption that the
quarkonium state dependence resides primarily in the
LDME which goes very roughly like (see Ref. [91])

hOð2Sþ1LJÞi ∝ ð2J þ 1Þ jR
ðlÞ
nL ð0Þj2
M2Lþ2

ð12Þ

where RðlÞ
nL ð0Þ is the lth derivative of the wave function at

the origin and M is the mass of the state being produced.

TABLE XVIII. Predicted partial widths and branching ratios for strong and electromagnetic transitions for 43D1 and 41D2 states.
Details of the OZI allowed decay amplitudes are described in the Appendix. See the caption to Table IV for further details.

Initial state Final state Mf (GeV) M Width (keV) BR (%)

ϒ1ð43D1Þ lþl− 2.18 eV 3.04 × 10−6

10.928 χb2ð43P2Þγ 10.798 3.756 0.36 5.0 × 10−4

χb1ð43P1Þγ 10.788 3.538 6.1 8.5 × 10−3

χb0ð43P0Þγ 10.775 3.262 9.0 1.2 × 10−2

χb2ð33P2Þγ 10.528 0.210 0.03 4 × 10−5

χb1ð33P1Þγ 10.516 0.331 1.3 1.8 × 10−3

χb0ð33P0Þγ 10.500 0.476 4.0 5.6 × 10−3

χb2ð23P2Þγ 10.269 0.022 1.5 × 10−3 2.1 × 10−6

χb1ð23P1Þγ 10.255 0.037 0.07 1 × 10−4

χb0ð23P0Þγ 10.233 0.060 0.26 3.6 × 10−4

χb1ð13P1Þγ 9.893 0.033 0.19 2.6 × 10−4

χb0ð13P0Þγ 9.859 0.054 0.75 1.0 × 10−3

χb2ð33F2Þγ 10.850 −3.448 3.6 5.0 × 10−3

BB 3.85 MeV 5.36
BB� 14.0 MeV 19.5
B�B� 50.6 MeV 70.5
BsBs 0.101 MeV 0.141
BsB�

s 0.332 MeV 0.462
B�
sB�

s 2.94 MeV 4.09
Total 71.8 MeV 100

ηb2ð41D2Þ hbð41P1Þγ 10.790 3.477 15.6 2.58 × 10−2

10.935 hbð31P1Þγ 10.519 0.362 3.8 6.3 × 10−3

hbð21P1Þγ 10.260 0.065 0.51 8.4 × 10−4

hbð11P1Þγ 9.899 0.042 0.75 1.2 × 10−3

hb3ð31F3Þγ 10.853 −3.423 4.1 6.8 × 10−3

BB� 19.4 MeV 32.1
B�B� 38.9 MeV 64.3
BsB�

s 0.239 MeV 0.395
B�
sB�

s 1.92 MeV 3.17
Total 60.5 MeV 100
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There are numerical factors, the operator coefficients of
order 1 that have only been computed for the S- and P-
wave states [91]. This gives, for example, an additional
factor of 3 in the numerator for P-wave states in Eq. (12).
We note that at LO, NRQCD predictions are not in good
agreement with experiment but at NLO the agreement is
much better [8]. Some of the additional factors that
contribute to the uncertainty in our crude estimates are
not calculating the relative contributions of color singlet
and color octet contributions, the neglect of higher-order
QCD corrections, the sensitivity of event rates to the pT
cuts used in the analysis, and ignoring the dependence of
detector efficiencies on photon energies.
We will base our estimates on LHCb expectations but

expect similar estimates for the collider experiments
ATLAS and CMS based on the measured event rates for
bottomonium production by LHCb [34], ATLAS [95] and
CMS [96]. However, there are differences between these
experiments as LHCb covers the low pT region while
ATLAS and CMS extend to higher pT so that the
production rates are not expected to be identical [92], only
that the general trends are expected to be similar.
To estimate production rates we start with the production

rates measured by LHCb for LHC Run I and rescale them
using Eq. (12). Further, it is expected that the cross sections
will more than double going from 8 TeV to 14 TeV [94] and
the total integrated luminosity is expected to be an order of

magnitude larger for Run II compared to Run I. LHCb
observed ∼1.07 × 106 ϒð1SÞ’s in the μþμ− final state for
the combined 7 TeV and 8 TeV runs [34]. Taking into
account theϒð1SÞ → μþμ− BR, roughly 4.3 × 107 ϒð1SÞ’s
were produced. Multiplying this value by the expected
doubling of the production cross section going to the
current 13 TeV center-of-mass energy and the factor of
10 in integrated luminosity leads to 8.6 × 108 ϒð1SÞ’s as
our starting point. We rescale this using Eq. (12) and use
our estimates for the branching ratios for decay chains to
estimate event rates. Our results can easily be rescaled to
correct for the actual integrated luminosity.
We find that this crude approach agrees with the LHCb

event rates for nS and nP [34] within roughly a factor of 2, in
some cases too small and in other cases too large.
Considering the crudeness of these estimates and the many
factors listed above which were not included we consider
this to be acceptable agreement. We want to emphasize
before proceeding that we only expect our estimates to be
reliable as order of magnitude estimates but this should be
sufficient to identify the most promising channels to pursue.
In the following subsections we generally focus on bb̄

states below BB̄ threshold, as the BRs for decay chains
originating from states above BB̄ threshold will generally
result in too few events to be observable. Likewise, the
production cross sections for high L states are suppressed
by large powers of masses in the denominator.

TABLE XIX. Predicted partial widths and branching ratios for strong and electromagnetic decays and transitions for 1F-wave states.
For F-wave annihilation decays M designates R000ð0Þ, the third derivative of the radial wave function at the origin. See the caption to
Table IV for further details.

Initial state Final state Mf (GeV) M Width (keV) BR (%)

χb4ð13F4Þ ϒ3ð13D3Þγ 10.172 2.479 18.0 ∼100
10.358 χb2ð13P2Þππ 3.9 × 10−3 2.2 × 10−2

gg 0.868 0.048 0.27
Total 18.0 100

χb3ð13F3Þ ϒ3ð13D3Þγ 10.172 2.482 1.9 10.
10.355 ϒ2ð13D2Þγ 10.164 2.442 16.7 89.3

gg 0.974 0.060 0.32
χb2ð13P2Þππ 1.3 × 10−3 7.0 × 10−3

χb1ð13P1Þππ 2.6 × 10−3 1.4 × 10−2

Total 18.7 100

χb2ð13F2Þ ϒ3ð13D3Þγ 10.172 2.485 0.070 0.35
10.350 ϒ2ð13D2Þγ 10.164 2.446 2.7 14

ϒ1ð13D1Þγ 10.154 2.402 16.4 82.4
gg 1.091 0.70 3.5
χb2ð13P2Þππ 2.6 × 10−4 1.3 × 10−3

χb1ð13P1Þππ 1.8 × 10−3 9.0 × 10−3

χb0ð13P0Þππ 1.8 × 10−3 9.0 × 10−3

Total 19.9 100

hb3ð11F3Þ ηb2ð11D2Þγ 10.165 2.449 18.8 ∼100
10.355 hbð11P1Þππ 3.9 × 10−3 2.1 × 10−2

Total 18.8 100
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We also focus on decay chains involving radiative
transitions although hadronic transitions with charged
pions often have higher detection efficiencies. However,
hadronic transitions are not nearly as well understood as
radiative transitions so we were only able to even attempt to
estimate a limited number of cases that, as discussed, we
could relate to measured transitions. In addition, in many
cases of interest, hadronic transitions are expected to be
small. Nevertheless, as demonstrated by the study of the
ϒð13DJÞ by the BABAR Collaboration [36] and the hbð1PÞ
and hbð2PÞ by the Belle Collaboration [97], hadronic
transitions offer another means to find and study botto-
monium states. We include a few examples in the tables that
follow but they are by no means an exhaustive compilation

and we encourage experimentalists to not neglect this
decay mode.

2. The 3S and higher excited S-wave states

We start with the S-wave states. Our interest is that they
will be produced in large quantities and their decay chains
include states we are interested in such as excited P- andD-
waves and will therefore add to the statistics for those states.
We therefore focus on decay chains that include these states.
The 3S decay chains of interest are given in Table XXVI.

The estimates for the number of events expected for LHCb
are included but we also include a column with estimates
for eþe− collisions expected by Belle II which we discuss

TABLE XX. Predicted partial widths and branching ratios for strong decays and electromagnetic transitions for the 2F-wave states.
For F-wave annihilation decays M designates R000ð0Þ, the third derivative of the radial wave function at the origin. Details of the OZI
allowed decay amplitudes are described in the Appendix. See the caption to Table IV for further details.

Initial state Final state Mf (GeV) M Width (keV) BR (%)

χb4ð23F4Þ ϒ3ð23D3Þγ 10.455 3.053 19.6 0.700
10.622 ϒ3ð13D3Þγ 10.172 0.191 1.4 5.0 × 10−2

ϒ5ð13G5Þγ 10.532 −1.886 1.5 5.4 × 10−2

ϒ4ð13G4Þγ 10.531 −1.848 0.08 3 × 10−3

ϒ3ð13G3Þγ 10.529 −1.808 1 × 10−3 4 × 10−5

gg 1.455 0.13 4.6 × 10−3

BB 2.73 MeV 97.5
BB� 0.0462 MeV 1.65
Total 2.80 MeV 100

χb3ð23F3Þ ϒ3ð23D3Þγ 10.455 3.084 2.1 1.4 × 10−2

10.619 ϒ2ð23D2Þγ 10.449 3.009 17.9 0.116
ϒ3ð13D3Þγ 10.172 0.156 0.1 6 × 10−4

ϒ2ð13D2Þγ 10.164 0.199 1.4 9.1 × 10−3

ϒ4ð13G4Þγ 10.531 −1.892 1.4 9.1 × 10−3

ϒ3ð13G3Þγ 10.529 −1.852 0.10 6.5 × 10−4

gg 1.583 0.16 1.0 × 10−3

BB� 15.4 MeV ∼100
Total 15.4 MeV 100

χb2ð23F2Þ ϒ3ð23D3Þγ 10.455 3.114 0.08 9 × 10−5

10.615 ϒ2ð23D2Þγ 10.449 3.042 3.0 3.4 × 10−3

ϒ1ð23D1Þγ 10.441 2.961 17.5 1.98 × 10−2

ϒ3ð13D3Þγ 10.172 0.118 2 × 10−3 2 × 10−6

ϒ2ð13D2Þγ 10.164 0.163 0.16 1.8 × 10−4

ϒ1ð13D1Þγ 10.154 0.210 1.6 1.8 × 10−3

ϒ3ð13G3Þγ 10.529 −1.898 1.4 1.6 × 10−3

gg 1.752 1.77 2.00 × 10−3

BB 83.4 MeV 94.1
BB� 5.20 MeV 5.987
Total 88.6 MeV 100

hb3ð21F3Þ ηb2ð21D2Þγ 10.450 3.019 19.9 0.169
10.619 ηb2ð11D2Þγ 10.148 0.196 1.6 1.4 × 10−2

ηb4ð11G4Þγ 10.530 −1.890 1.5 1.3 × 10−2

BB� 11.8 MeV ∼100
Total 11.8 MeV 100
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in Sec. VII B. What is relevant is that numerous 1D states
will be produced in this manner and when added to those
produced directly and via P-wave initial states will give rise
to significant statistics in 2γ þ μþμ− final states. In addi-
tion, it might be possible to observe the ηbð3SÞ in a γμþμ−
final state from the ηbð3SÞ → ϒð1SÞ M1 transition.

The 43S1 state can decay to 3P states which can
subsequently decay to 2D or 1D states, as shown in
Table XXVII. The 43S1 is above the BB̄ threshold so
has a much larger total width than the lower mass S-waves
leading to a much smaller BR for radiative transitions.
Decay chains to F-waves involve too many transitions

TABLE XXI. Partial widths and branching ratios for electromagnetic transitions and OZI allowed decays for the 3F-wave states.
Details of the OZI allowed decay amplitudes are described in the Appendix. See the caption to Table IV for further details.

Initial state Final state Mf (GeV) M Width (keV) BR (%)

χb4ð33F4Þ ϒ3ð23D3Þγ 10.711 3.593 17.9 1.87 × 10−2

10.856 ϒ3ð23D3Þγ 10.455 0.256 1.9 2.0 × 10−3

ϒ3ð13D3Þγ 10.172 0.050 0.34 3.6 × 10−4

ϒ5ð23G5Þγ 10.772 −2.776 2.6 2.7 × 10−3

ϒ4ð23G4Þγ 10.771 −2.722 0.14 1.5 × 10−4

ϒ3ð23G3Þγ 10.769 −2.664 2.2 × 10−3 2.3 × 10−6

BB 2.84 MeV 2.97
BB� 0.681 MeV 0.713
B�B� 85.7 MeV 89.7
BsBs 0.733 MeV 0.768
BsB�

s 1.14 MeV 1.19
B�
sB�

s 4.43 MeV 4.64
Total 95.5 MeV 100

χb3ð33F3Þ ϒ3ð23D3Þγ 10.711 3.646 1.9 1.9 × 10−3

10.853 ϒ2ð23D2Þγ 10.705 3.542 16.4 1.62 × 10−2

ϒ3ð23D3Þγ 10.455 0.214 0.14 1.4 × 10−4

ϒ2ð23D2Þγ 10.449 0.271 1.9 1.9 × 10−3

ϒ4ð23G4Þγ 10.771 −2.785 2.4 2.4 × 10−3

ϒ3ð23G3Þγ 10.709 −2.728 0.17 1.7 × 10−4

BB� 43.8 MeV 43.2
B�B� 52.4 MeV 51.7
BsB�

s 3.83 MeV 3.78
B�
sB�

s 1.30 MeV 1.28
Total 101.4 MeV 100

χb2ð33F2Þ ϒ3ð33D3Þγ 10.711 3.699 0.07 6 × 10−5

10.850 ϒ2ð33D2Þγ 10.705 3.598 2.8 2.6 × 10−3

ϒ1ð33D1Þγ 10.698 3.487 16.3 1.50 × 10−2

ϒ1ð23D1Þγ 10.441 0.290 2.1 1.9 × 10−3

ϒ3ð23G3Þγ 10.769 −2.794 2.5 2.3 × 10−3

BB 7.85 MeV 7.21
BB� 32.0 MeV 29.4
B�B� 66.0 MeV 60.6
BsBs 0.709 6.51 × 10−4

BsB�
s 2.50 MeV 2.30

B�
sB�

s 0.557 MeV 0.511
Total 108.9 MeV 100

hb3ð31F3Þ ηb2ð31D2Þγ 10.706 3.555 18.2 1.88 × 10−2

10.853 ηb2ð21D2Þγ 10.450 0.264 2.0 2.1 × 10−3

ηb2ð11D2Þγ 10.165 0.053 0.4 4 × 10−4

ηb4ð21G4Þγ 10.770 −2.781 2.7 2.8 × 10−3

BB� 33.2 MeV 34.3
B�B� 58.2 MeV 60.2
BsB�

s 3.32 MeV 3.43
B�
sB�

s 1.93 MeV 2.00
Total 96.7 MeV 100
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TABLE XXII. Predicted partial widths and branching ratios for strong and electromagnetic transitions for the 1G-wave states. For
G-wave annihilation decays M designates RðivÞð0Þ, the fourth derivative of the radial wave function at the origin. See the caption to
Table IV for further details.

Initial state Final state Mf (GeV) M Width (keV) BR (%)

ϒ5ð13G5Þ χb4ð13F4Þγ 10.358 3.057 23.1 ∼100
10.532 ϒ3ð13D3Þππ 2.2 × 10−4 9.5 × 10−4

Total 23.1 100

ϒ4ð13G4Þ χb4ð13F4Þγ 10.358 3.059 1.4 6.0
10.531 χb3ð13F3Þγ 10.355 3.032 22.0 94.0

ϒ3ð13D3Þππ 4.0 × 10−5 1.7 × 10−4

ϒ2ð13D2Þππ 1.8 × 10−4 7.7 × 10−4

Total 23.4 100

ϒ3ð13G3Þ χb4ð13F4Þγ 10.358 3.060 0.028 0.12
10.529 χb3ð13F3Þγ 10.355 3.034 1.8 7.5

χb2ð13F2Þγ 10.350 3.005 22.3 92.4
ϒ3ð13D3Þππ 3.1 × 10−6 1.3 × 10−5

ϒ2ð13D2Þππ 4.6 × 10−5 1.9 × 10−4

ϒ1ð13D1Þππ 1.7 × 10−4 7.0 × 10−4

Total 24.1 100

ηb4ð11G4Þ hb3ð11F3Þγ 10.355 3.034 23.1 ∼100
10.530 gg 1.005 2.3 × 10−3 1.0 × 10−2

ηb2ð12D2Þππ 2.2 × 10−4 9.5 × 10−4

Total 23.1 100

TABLE XXIII. Predicted partial widths and branching ratios for electromagnetic transitions and OZI allowed strong decays for the
2G-wave states. Details of the OZI allowed decay amplitudes are described in the Appendix. See the caption to Table IV for further
details.

Initial state Final state Mf (GeV) M Width (keV) BR (%)

ϒ5ð23G5Þ χb4ð23F4Þγ 10.622 3.598 20.6 7.20 × 10−3

10.772 χb4ð13F4Þγ 10.358 0.186 1.1 3.8 × 10−4

BB 25.9 MeV 9.06
BB� 42.4 MeV 14.8
B�B� 218 MeV 76.2
BsBs 4.72 1.65 × 10−3

Total 286 MeV 100

ϒ4ð23G4Þ χb4ð23F4Þγ 10.622 3.620 1.3 6.0 × 10−4

10.770 χb3ð23F3Þγ 10.619 3.570 19.7 9.1 × 10−3

BB� 116 MeV 53.7
B�B� 100. MeV 46.3
Total 216 MeV 100

ϒ3ð23G3Þ χb4ð23F4Þγ 10.622 3.643 0.025 1.6 × 10−5

10.769 χb3ð23F3Þγ 10.619 3.593 1.6 1.0 × 10−3

χb2ð23F2Þγ 10.615 3.538 19.8 1.28 × 10−2

BB 10.3 MeV 6.68
BB� 68.3 MeV 44.3
B�B� 74.8 MeV 48.5
BsBs 0.744 MeV 0.482
Total 154.2 MeV 100

ηb4ð21G4Þ hb3ð21F3Þγ 10.619 3.573 20.7 9.00 × 10−3

10.770 BB� 108 MeV 47.0
B�B� 122 MeV 53.0
Total 230. MeV 100
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making them difficult to reconstruct so we do not include
them in our tables. We also include decay chains which
might be of interest for eþe− studies but would result in
insufficient statistics to be relevant to hadron collider
studies. We do not include the 41S0 state as the decay
chains have too small combined BR to be observed.
For the 53S1, the BRs to the 43PJ states areOð10−4Þ and

the BRs of the 43PJ are ≲10−4 so this product BR is quite
small. When we include BRs to interesting states such as
the 33DJ states the product BRs are likely to be far too

small to be observable. The BRs to the 33PJ states are
comparable to the 4S → 3P transitions, Oð10−5Þ so it
might be possible to see 3P states starting from the
53S1. It is not likely that the 2D and 1D states can be

TABLE XXIV. Summary of lowest-order expressions and first-
order QCD corrections with αs computed at the mass scale of the
decaying state (see Sec. IV for references).

Process Rate Correction
1S0 → gg 8πα2s

3m2
Q
jΨð0Þj2 ð1þ 4.4αs

π Þ (for bb̄)
1S0 → γγ 12πe4Qα

2

m2
Q

jΨð0Þj2 ð1 − 3.4αs
π Þ

3S1 → ggg 40ðπ2−9Þα3s
81m2

Q
jΨð0Þj2 ð1 − 4.9αs

π Þ (for bb̄)
3S1 → γgg 32ðπ2−9Þe2Qαα2s

9m2
Q

jΨð0Þj2 ð1 − 7.4αs
π Þ (for bb̄)

3S1 → γγγ 16ðπ2−9Þe6Qα3
3m2

Q
jΨð0Þj2 ð1 − 12.6αs

π Þ
3S1 → eþe− 16πe2Qα

2

M2 jΨð0Þj2 ð1 − 16αs
3π Þ

3P2 → gg 8α2s
5m4

Q
jR0

nPð0Þj2 ð1 − 0.2αs
π Þ (χb2ð1PÞ)

ð1þ 0.83αs
π Þ (χb2ð2PÞ)

ð1þ 1.47αs
π Þ (χb2ð3PÞ)

ð1þ 1.91αs
π Þ (χb2ð4PÞ)

3P2 → γγ 36e4Qα
2

5m4
Q

jR0
nPð0Þj2 ð1 − 16αs

3π Þ
3P1 → qq̄þ g 32α3s

9πm4
Q
jR0

nPð0Þj2 lnðmQhRiÞ
3P0 → gg 6α2s

m4
Q
jR0

nPð0Þj2 ð1þ 9.9αs
π Þ (χb0ð1PÞ)

ð1þ 10.2αs
π Þ (χb0ð2PÞ)

ð1þ 10.3αs
π Þ (χb0ð3PÞ)

ð1þ 10.5αs
π Þ (χb0ð4PÞ)

3P0 → γγ 27e4Qα
2

m4
Q

jR0
nPð0Þj2 ð1þ 0.2αs

π Þ
1P1 → ggg 20α3s

9πm4
Q
jR0

nPð0Þj2 lnðmQhRiÞ
3D3 → ggg 40α3s

9πm6
Q
jR00

nDð0Þj2 lnð4mQhRiÞ
3D2 → ggg 10α3s

9πm6
Q
jR00

nDð0Þj2 lnð4mQhRiÞ
3D1 → ggg 760α3s

81πm6
Q
jR00

nDð0Þj2 lnð4mQhRiÞ
3D1 → eþe− 200e2Qα

2

M6 jR00
nDð0Þj2 ð1 − 16αs

3π Þ
1D2 → gg 2α2s

3πm6
Q
jR00

nDð0Þj2
3F4 → gg 20α2s

27m8
Q
jR000

nFð0Þj2
3F3 → gg 20α2s

27m8
Q
jR000

nFð0Þj2
3F2 → gg 919α2s

135m8
Q
jR000

nFð0Þj2
1G4 → gg 2α2s

3πm10
Q
jRiv

nGð0Þj2

TABLE XXV. Expressions for hadronic transitions in terms of
the reduced amplitudes Akðl0;lÞ. Note that reduced amplitudes
are dependent on the initial and final states. Because the A1

contributions are suppressed we follow the usual practice and will
take A1ðl0;lÞ ¼ 0 although we include them in the table. The
details on how we obtain numerical estimates for amplitudes are
described in the text.

Process Expression
3S1 → 3S1 þ ππ A0ð0; 0Þ
1S0 → 1S0 þ ππ A0ð0; 0Þ
3P2 → 3P2 þ ππ 1

3
A0ð1; 1Þ þ 1

4
A1ð1; 1Þ þ 7

60
A2ð1; 1Þ

3P2 → 3P1 þ ππ 1
12
A1ð1; 1Þ þ 3

20
A2ð1; 1Þ

3P2 → 3P0 þ ππ 1
15
A2ð1; 1Þ

3P1 → 3P2 þ ππ 5
36
A1ð1; 1Þ þ 1

4
A2ð1; 1Þ

3P1 → 3P1 þ ππ 1
3
A0ð1; 1Þ þ 1

12
A1ð1; 1Þ þ 1

12
A2ð1; 1Þ

3P1 → 3P0 þ ππ 1
9
A1ð1; 1Þ

3P0 → 3P2 þ ππ 1
3
A2ð1; 1Þ

3P0 → 3P1 þ ππ 1
3
A1ð1; 1Þ

3P0 → 3P0 þ ππ 1
3
A0ð1; 1Þ

1P1 → 1P1 þ ππ 1
3
A0ð1; 1Þ þ 1

3
A1ð1; 1Þ þ 1

3
A2ð1; 1Þ

3D3 → 3D3 þ ππ 1
5
A0ð2; 2Þ þ 8

45
A1ð2; 2Þ þ 24

175
A2ð2; 2Þ

3D3 → 3D2 þ ππ 1
45
A1ð2; 2Þ þ 2

35
A2ð2; 2Þ

3D3 → 3D1 þ ππ 1
175

A2ð2; 2Þ
3D2 → 3D3 þ ππ 7

225
A1ð2; 2Þ þ 2

25
A2ð2; 2Þ

3D2 → 3D2 þ ππ 1
5
A0ð2; 2Þ þ 5

36
A1ð2; 2Þ þ 1

20
A2ð2; 2Þ

3D2 → 3D1 þ ππ 3
100

A1ð2; 2Þ þ 7
100

A2ð2; 2Þ
3D1 → 3D3 þ ππ 1

75
A2ð2; 2Þ

3D1 → 3D2 þ ππ 1
20
A1ð2; 2Þ þ 7

60
A2ð2; 2Þ

3D1 → 3D1 þ ππ 1
5
A0ð2; 2Þ þ 3

20
A1ð2; 2Þ þ 7

100
A2ð2; 2Þ

1D2 → 1D2 þ ππ 1
5
A0ð2; 2Þ þ 1

5
A1ð2; 2Þ þ 1

5
A2ð2; 2Þ

3D3 → 3S1 þ ππ 1
5
A2ð2; 0Þ

3D2 → 3S1 þ ππ 1
5
A2ð2; 0Þ

3D1 → 3S1 þ ππ 1
5
A2ð2; 0Þ

1D2 → 1S0 þ ππ 1
5
A2ð2; 0Þ

3F4 → 3P2 þ ππ 1
7
A2ð3; 1Þ

3F3 → 3P2 þ ππ 1
21
A2ð3; 1Þ

3F3 → 3P1 þ ππ 2
21
A2ð3; 1Þ

3F2 → 3P2 þ ππ 1
105

A2ð3; 1Þ
3F2 → 3P1 þ ππ 1

15
A2ð3; 1Þ

3F2 → 3P0 þ ππ 1
15
A2ð3; 1Þ

1F3 → 1P1 þ ππ 1
7
A2ð3; 1Þ

3G5 → 3D3 þ ππ 1
9
A2ð4; 2Þ

3G4 → 3D3 þ ππ 1
54
A2ð4; 2Þ

3G4 → 3D2 þ ππ 5
54
A2ð4; 2Þ

3G3 → 3D3 þ ππ 1
630

A2ð4; 2Þ
3G3 → 3D2 þ ππ 1

42
A2ð4; 2Þ

3G3 → 3D1 þ ππ 3
35
A2ð4; 2Þ

1G4 → 1D2 þ ππ 1
9
A2ð4; 2Þ
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observed in decay chains originating from the 53S1. We
arrive at similar conclusions for the 63S1 and conclude that
the only possible states that might be observed are the 33PJ
states.

3. The 2P states

The 2P states are of course well known. We include them
as they can decay to the 1D states and hence contribute to
the 1D event rates which was the discovery channel for the
13D2 state [98] (see also Ref. [99]). We only include event
chains relevant to these final states which we list in
Table XXVIII. In an attempt to reduce the theoretical
uncertainties in the 2P → 1D BRs, rather than using the
predictions for total widths and BRs in Table IX we
estimate the χbJð2PÞ total widths using the PDG values
[32] for the BRs for the 2P → 2Sþ γ and 2P → 1Sþ γ
transitions together with our predictions for these partial
widths as was described in Sec. V B. The values for
Γð23P2Þ and Γð23P1Þ were given there. Similarly we find
Γð23P0Þ ¼ 247� 93 keV. Combining these total widths
with the partial widths for 2P → 1D transitions given in
Table IX, Γð23P2 → 13D3;2;1Þ ¼ 1.5, 0.3 and 0.03 keV
respectively, we obtain the corresponding BRs of 1.2%,
0.2% and 0.02%. Likewise Γð23P1 → 13D2;1Þ ¼ 1.2 and

0.5 keV give the corresponding BRs 1.9% and 0.80%, and
Γð23P0 → 13D1Þ ¼ 1.0 keV has BR ¼ 0.4%. There is
uncertainty in these estimates as can be seen by comparing
the PDG values [32] we used in our estimates to recent
BABAR measurements [100] and by comparing our pre-
dictions for the partial widths to those of Kwong and
Rosner [35]. Nevertheless these estimates are sufficient for
estimating the 2P → 1Dþ γ BRs and the resulting event
rates for the purposes of identifying promising channels.
The important point is that in all cases, significant numbers
of bottomonium D-waves will be produced from P-wave
production and decay which will improve the statistics
from those that are produced directly.

4. The 3P states

The observation of the χbð3PÞ by the ATLAS
Collaboration [1] through its radiative transitions to
ϒð1SÞ and ϒð2SÞ with ϒð1S; 2SÞ → μþμ− was the first
new particle discovered at the LHC. This decay chain
represents a clean experimental signature with the two final
state muons a clean signal to trigger on. The χbð3PÞ was
confirmed by the D0 Collaboration [101] and by the LHCb
Collaboration [33,34]. Further, LHCb identified the state as
the χb1ð3PÞwith mass 10515.7þ2.2

−3.9ðstatÞþ1.5
−2.1ðsystÞ MeV=c2

[33]. Using the approach outlined above we calculate for

TABLE XXVI. The 3S decay chains, branching ratios and event estimates for LHCb Run II and Belle II. The numbers of events in the
pp column are based on producing 3.1 × 108 ϒð3SÞ’s and 1.4 × 108 ηbð3SÞ’s as described in the text while those in the eþe− column are
based on 109 ϒð3SÞ’s assuming 250 fb−1 integrated luminosity. The BR for each step in the decay chain is shown above the
corresponding arrow, and for radiative transitions, the photon energy in keV is indicated in brackets.

Combined Events
Parent Decay chain BR pp eþe−

33S1 !13.1%23P2γð86.2Þ !1.2%13D3γð96.5Þ !91.0%13P2γð256.0Þ !19.1%13S1γð441.6Þ !2.48%μþμ− 6.8 × 10−6 2100 6800

!13.1%23P2γð86.2Þ !0.2%13D2γð104.4Þ!22%13P2γð248.4Þ !19.1%13S1γð441.6Þ !2.48%μþμ− 2.7 × 10−7 84 270

!13.1%23P2γð86.2Þ !0.2%13D2γð104.4Þ !74.7%13P1γð267.3Þ !33.9%13S1γð423.0Þ !2.48%μþμ− 1.6 × 10−6 500 1600

!13.1%23P2γð86.2Þ !0.02%13D1γð78.0Þ !1.6%13P2γð239.1Þ !19.1%13S1γð441.6Þ !2.48%μþμ− 2.0 × 10−9 0.6 2

!13.1%23P2γð86.2Þ !0.02%13D1γð78.0Þ!28%13P1γð258.0Þ !33.9%13S1γð423.0Þ !2.48%μþμ− 6.2 × 10−8 19 62

!13.1%23P2γð86.2Þ !0.02%13D1γð78.0Þ !47.1%13P0γð290.5Þ !1.76%13S1γð391.1Þ !2.48%μþμ− 5.4 × 10−9 2 5

!13.1%23P2γð86.2Þ !0.02%13D1γð78.0Þ !0.00393%
μþμ− 1.0 × 10−9 0.3 1

!12.6%23P1γð99.3Þ !1.9%13D2γð91.3Þ!22%13P2γð248.4Þ !19.1%13S1γð441.6Þ !2.48%μþμ− 2.5 × 10−6 780 2500

!12.6%23P1γð99.3Þ !1.9%13D2γð91.3Þ !74.7%13P1γð267.3Þ !33.9%13S1γð423.0Þ !2.48%μþμ− 1.5 × 10−5 4650 15,000

!12.6%23P1γð99.3Þ !0.80%13D1γð100.8Þ !1.6%13P2γð239.1Þ !19.1%13S1γð441.6Þ !2.48%μþμ− 7.6 × 10−8 24 76

!12.6%23P1γð99.3Þ !0.80%13D1γð100.8Þ!28%13P1γð258.0Þ !33.9%13S1γð423.0Þ !2.48%μþμ− 2.4 × 10−6 740 2400

!12.6%23P1γð99.3Þ !0.80%13D1γð100.8Þ !47.1%13P0γð290.5Þ !1.76%13S1γð391.1Þ !2.48%μþμ− 2.1 × 10−7 65 210

!5.9%23P0γð122.0Þ !0.4%13D1γð78.0Þ !1.6%13P2γð239.1Þ !19.1%13S1γð441.6Þ !2.48%μþμ− 1.8 × 10−8 6 18

!5.9%23P0γð122.0Þ !0.4%13D1γð78.0Þ!28%13P1γð258.0Þ !33.9%13S1γð423.0Þ !2.48%μþμ− 5.6 × 10−7 170 560

!5.9%23P0γð122.0Þ !0.4%13D1γð78.0Þ !47.1%13P0γð290.5Þ !1.76%13S1γð391.1Þ !2.48%μþμ− 4.8 × 10−8 15 48

31S0 !1.8×10−6
23S1γð309.2Þ !1.93%μþμ− 3.4 × 10−8 5 NA

!1.5×10−5
13S1γð840.0Þ !2.48%μþμ− 3.7 × 10−7 52 NA
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TABLE XXVII. 43S1 decay chains, branching ratios and event estimates for LHCb Run II and Belle II. The numbers of events in the
pp column are based on producing 2.3 × 108 ϒð4SÞs as described in the text while those in the eþe− column are based on 1010 ϒð4SÞ’s
assuming 10 ab−1 integrated luminosity. The BRs for the hadronic transitions were taken from the PDG [32].

Combined Events
Parent Decay chain BR pp eþe−

43S1 !1.57×10−5
μþμ− 1.6 × 10−5 3680 1.6 × 105

!3.7×10−5
33P2γð50.8Þ !3.8%33S1 γð171.6Þ !2.18%μþμ− 3.1 × 10−8 7 310

!3.7×10−5
33P2γð50.8Þ !1.8%23S1 γð492.9Þ !1.93%μþμ− 1.3 × 10−8 3 130

!3.7×10−5
33P2γð50.8Þ !1.1%13S1 γð1013.8Þ !2.48%μþμ− 1.0 × 10−8 2 100

!3.7×10−5
33P2γð50.8Þ !3.8%33S1 γð171.6Þ !2.82%23S1πþπ− !1.93%μþμ− 7.7 × 10−10 0.2 8

!3.7×10−5
33P2γð50.8Þ !3.8%33S1 γð171.6Þ !4.37%13S1πþπ− !2.48%μþμ− 1.5 × 10−9 0.3 15

!3.7×10−5
33P2γð50.8Þ !1.8%23S1 γð492.9Þ !17.85%

13S1πþπ− !2.48%μþμ− 2.9 × 10−9 0.7 29

!3.7×10−5
33P2γð50.8Þ !0.61%23D3 γð72.7Þ !65.1%23P2γð185.0Þ !10.6%23S1γð242.5Þ !1.93%μþμ− 3.0 × 10−10 0.07 3

!3.7×10−5
33P2γð50.8Þ !0.61%23D3 γð72.7Þ !65.1%23P2γð185.0Þ !7.0%13S1γð776.5Þ !2.48%μþμ− 2.6 × 10−10 0.06 3

!3.7×10−5
33P2γð50.8Þ !0.61%23D3 γð72.7Þ!10%13P2γð529.0Þ !19.1%13S1γð441.6Þ !2.48%μþμ− 1.1 × 10−10 0.03 1

!3.7×10−5
33P2γð50.8Þ !0.61%23D3 γð72.7Þ !6.7%13F4γð96.7Þ

!100%13D3γð200.9Þ !91.0%13P2γð256.0Þ !19.1%13S1γð441.6Þ !2.48%μþμ− 6.5 × 10−11 0.01 0.6

!3.7×10−5
33P2γð50.8Þ !0.019%

13D3γð350.0Þ !91.0%13P2γð256.0Þ !19.1%13S1γð441.6Þ !2.48%μþμ− 3.0 × 10−11 � � � 0.3

!3.7×10−5
33P2γð50.8Þ !0.13%23D2 γð78.7Þ !56.2%23P1γð191.6Þ !19.9%23S1γð229.6Þ !1.93%μþμ− 1.0 × 10−10 0.02 1

!3.8×10−5
33P1γð62.8Þ !7.2%33S1 γð159.8Þ !2.18%μþμ− 6.1 × 10−8 15 610

!3.8×10−5
33P1γð62.8Þ !2.6%23S1 γð481.4Þ !1.93%μþμ− 1.9 × 10−8 4 190

!3.8×10−5
33P1γð62.8Þ !1.1%13S1 γð1003.0Þ !2.48%μþμ− 1.0 × 10−8 2 100

!3.8×10−5
33P1γð62.8Þ !7.2%33S1 γð159.8Þ !2.82%23S1πþπ− !1.93%μþμ− 1.5 × 10−9 0.3 15

!3.8×10−5
33P1γð62.8Þ !7.2%33S1 γð159.8Þ !4.37%13S1πþπ− !2.48%μþμ− 3.0 × 10−9 0.7 30

!3.8×10−5
33P1γð62.8Þ !2.6%23S1 γð481.4Þ !17.85%

13S1πþπ− !2.48%μþμ− 4.4 × 10−9 1 44

!3.8×10−5
33P1γð62.8Þ !0.94%23D2 γð66.8Þ!17%23P2γð178.6Þ !10.6%23S1γð242.5Þ !1.93%μþμ− 1.2 × 10−10 0.03 1

!3.8×10−5
33P1γð62.8Þ !0.94%23D2 γð66.8Þ!17%23P2γð178.6Þ !7.0%13S1γð776.5Þ !2.48%μþμ− 1.0 × 10−10 0.02 1

!3.8×10−5
33P1γð62.8Þ !0.94%23D2 γð66.8Þ !56.2%23P1γð191.6Þ !19.9%23S1γð229.6Þ !1.93%μþμ− 7.7 × 10−10 0.2 8

!3.8×10−5
33P1γð62.8Þ !0.94%23D2 γð66.8Þ !56.2%23P1γð191.6Þ !9.2%13S1γð764.3Þ !2.48%μþμ− 4.6 × 10−10 0.1 5

!3.8×10−5
33P1γð62.8Þ !0.94%23D2 γð66.8Þ!12%13P1γð541.2Þ !33.9%13S1γð423.0Þ !2.48%μþμ− 3.6 × 10−10 0.08 4

!3.8×10−5
33P1γð62.8Þ !0.40%23D1 γð74.7Þ!17%23P1γð183.9Þ !19.9%23S1γð229.6Þ !1.93%μþμ− 9.9 × 10−11 0.02 1

!3.8×10−5
33P1γð62.8Þ !0.40%23D1 γð74.7Þ !28.1%23P0γð206.4Þ !0.9%13S1γð743.1Þ !2.48%μþμ− 9.5 × 10−12 � � � 0.1

!2.2×10−5
33P0γð78.7Þ !0.31%33S1 γð144.0Þ !2.18%μþμ− 1.5 × 10−9 0.3 15

!2.2×10−5
33P0γð78.7Þ !0.077%

23S1 γð466.2Þ !1.93%μþμ− 3.3 × 10−10 0.08 3

!2.2×10−5
33P0γð78.7Þ !0.01%13S1 γð1003.0Þ !2.48%μþμ− 5.5 × 10−11 0.01 0.6

!2.2×10−5
33P0γð78.7Þ !0.31%33S1 γð144.0Þ !2.82%23S1πþπ− !1.93%μþμ− 3.7 × 10−11 � � � 0.4

!2.2×10−5
33P0γð78.7Þ !0.31%33S1 γð144.0Þ !4.37%13S1πþπ− !2.48%μþμ− 7.4 × 10−11 0.02 1

!2.2×10−5
33P0γð78.7Þ !0.077%

23S1 γð466.2Þ !17.85%
13S1πþπ− !2.48%μþμ− 7.5 × 10−11 0.02 1

!2.2×10−5
33P0γð78.7Þ !0.045%

23D1γð58.8Þ!17%23P1γð183.9Þ !19.9%23S1γð229.6Þ !1.93%μþμ− 6.5 × 10−12 � � � 0.06

!2.2×10−5
33P0γð78.7Þ !0.0091%

13D1γð340.2Þ !1.6%13P2γð239.1Þ !19.1%13S1γð441.6Þ !2.48%μþμ− 1.5 × 10−13 � � � � � �

!2.2×10−5
33P0γð78.7Þ !0.0091%

13D1γð340.2Þ!28%13P1γð258.0Þ !33.9%13S1γð423.0Þ !2.48%μþμ− 4.7 × 10−12 � � � � � �

!2.2×10−5
33P0γð78.7Þ !0.0091%

13D1γð340.2Þ !47.1%13P0γð290.5Þ !1.76%13S1γð391.1Þ !2.48%μþμ− 4.1 × 10−13 � � � � � �
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Run I ∼243 events for the decay chain χð3PÞ →
ϒð1SÞ → μþμ−, ∼371 for the ϒð2SÞ decay chain, and
∼1030 for theϒð3SÞ decay chain compared to the observed
numbers of events of 329� 59, 121� 31 and 182� 23
respectively [34]. The agreement is reasonable for the
ϒð1SÞ chain but becomes decreasingly so for the ϒð2SÞ
and ϒð3SÞ chains. We assume this is due to decreasing
photon detection efficiency as the photon energy goes
down. Overall the agreement is not unreasonable con-
sidering the approximations used to obtain these values
and our neglect of detector efficiencies and helps the
reader judge the general reliability of our predictions for
event rates.
In Table XXIX we summarize the event rates expected

for the most promising decay chains. The χb0ð3PÞ state is
much broader and decays predominantly to light hadrons
via gluon intermediate states with a small BR to γϒð1SÞ
(∼10−4) so it would be quite challenging to observe
although it might be possible to observe via hadronic
transitions to the 13P2 state which subsequently undergoes
a radiative transition to the 13S1 state.
For both the χb2ð3PÞ and χb1ð3PÞ the decay chains to

ϒðnSÞ → μþμ− where n ¼ 1, 2, 3 give rise to the largest
event rates and are the simplest to reconstruct so it is not
surprising that these were the discovery channels. Run II
should provide sufficient statistics to separately fit the
χb2ð3PÞ and χb1ð3PÞ using these decay chains. Other decay
chains are potentially interesting as they involve the
undiscovered 23D3, 23D2, 23D1, 13D3, 13F4 and 13F3

bb̄ states. However they generally have multiple photons in
the final state making it difficult to reconstruct the initial
particle. In addition, some of the photons in the decay
chains are relatively low energy so could have low

detection efficiencies. The one exception is 33P1 →
23D1γ → μþμ−. This final state is relatively clean but
has a low combined BR. As we noted, we would not be
surprised if our production rates are off by an order of
magnitude so we do not rule out the possibility that the
23D1 could be observed in this process.
We do not include decay chains for the hbð3PÞ state,

with two exceptions, as we believe it would be very difficult
to reconstruct in a hadronic environment for the following
reasons. It decays predominantly to hadronic final states
(∼70% of the time) which would be difficult to identify in
hadron collisions. The next largest BRs are to the ηbð3SÞ,
ηbð2SÞ and ηbð1SÞ. All of these decay almost 100% of the
time to hadronic final states. The ηbð3SÞ and ηbð2SÞ have
small BRs to hbðnPÞ and very small BRs to ϒð1SÞ. While
there are several hundred hb’s produced they would be
difficult to see and the combined BR to ϒð1SÞ → μþμ− is
too small to produce sufficient numbers to observe. We
include the decay chain hbð3PÞ → ηbð1SÞγ → gg as it
might be possible to reconstruct the hbð3PÞ using the
one final state photon and possibly simple ηb hadronic final
states and likewise the decay chain hbð3PÞ → hbð1PÞ þ
ππ → ηbð1SÞγ → gg for the same reasons.

5. The 4P and 5P states

The 4P and 5P states are above BB̄ threshold and have
total widths of the order of tens of MeV so that BRs for
radiative transitions are relatively small,Oð10−4Þ. However
they undergo radiative transitions to ϒðnSÞ states which
decay to μþμ− offering a clean final state to study. Our
estimates for the expected number of events from these
decay chains are given in Table XXX. While the number of

TABLE XXVIII. The 2P decay chains, branching ratios and event estimates for LHCb Run II. These are based on producing 1.0 × 107

χb2ð2PÞ’s, 9.1 × 106 χb1ð2PÞ’s, 4.7 × 106 χb0ð2PÞ’s and 7.4 × 106 hbð2PÞ’s as described in the text.

Parent Decay chain Combined BR Events

23P2 !1.2%13D3γð96.5Þ !91.0%13P2γð256.0Þ !19.1%13S1γð441.6Þ !2.48%μþμ− 5.2 × 10−5 517

!0.2%13D2γð104.4Þ!22%13P2γð248.4Þ !19.1%13S1γð441.6Þ !2.48%μþμ− 2.1 × 10−6 21

!0.2%13D2γð104.4Þ !74.7%13P1γð267.3Þ !33.9%13S1γð423.0Þ !2.48%μþμ− 1.2 × 10−5 124

23P1 !1.9%13D2γð91.3Þ!22%13P2γð248.4Þ !19.1%13S1γð441.6Þ !2.48%μþμ− 2.0 × 10−5 180

!1.9%13D2γð91.3Þ !74.7%13P1γð267.3Þ !33.9%13S1γð423.0Þ !2.48%μþμ− 1.2 × 10−4 1100

!0.80%13D1γð100.8Þ !1.6%13P2γð239.1Þ !19.1%13S1γð441.6Þ !2.48%μþμ− 6.1 × 10−7 6

!0.80%13D1γð100.8Þ!28%13P1γð258.0Þ !33.9%13S1γð423.0Þ !2.48%μþμ− 1.9 × 10−5 174

!0.80%13D1γð100.8Þ !47.1%13P0γð290.5Þ !1.76%13S1γð391.1Þ !2.48%μþμ− 1.6 × 10−6 15

23P0 !0.4%13D1γð78.0Þ !1.6%13P2γð239.1Þ !19.1%13S1γð441.6Þ !2.48%μþμ− 3.0 × 10−7 1

!0.4%13D1γð78.0Þ!28%13P1γð258.0Þ !33.9%13S1γð423.0Þ !2.48%μþμ− 9.4 × 10−6 44

21P1 !2.0%11D2γð111.4Þ !91.5%11P1γð262.5Þ!49%11S0γð488.3Þ !100%gg 9.0 × 10−3 6.6 × 104

!48%21S0 γð257.7Þ !100%gg 0.48 3.6 × 106

!22%11S0 γð825.8Þ !100%gg 0.22 1.6 × 106
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TABLE XXIX. 33PJ decay chains, branching ratios and event estimates for LHCb Run II. These are based on producing 9.9 × 106

χb2ð3PÞ’s, 7.9 × 106 χb1ð3PÞ’s, 3.5 × 106 χb0ð3PÞ’s and 7.3 × 106 hbð3PÞ’s as described in the text.

Parent Decay chain Combined BR Events

33P2 !3.8%33S1 γð171.6Þ !2.18%μþμ− 8.3 × 10−4 8,240

!1.8%23S1 γð492.9Þ !1.93%μþμ− 3.5 × 10−4 3,460

!1.1%13S1 γð1013.8Þ !2.48%μþμ− 2.7 × 10−4 2,710

!0.28%13P2ππ !19.1%13S1γð441.6Þ !2.48%μþμ− 1.3 × 10−5 132

!0.21%13P1ππ !33.9%13S1γð423.0Þ !2.48%μþμ− 1.8 × 10−5 173

!0.61%23D3 γð72.7Þ !65.1%23P2γð185.0Þ !10.6%23S1γð242.5Þ !1.93%μþμ− 8.1 × 10−6 80

!0.61%23D3 γð72.7Þ !65.1%23P2γð185.0Þ !7.0%13S1γð776.5Þ !2.48%μþμ− 6.9 × 10−6 68

!0.61%23D3 γð72.7Þ!10%13P2γð529.0Þ !19.1%13S1γð441.6Þ !2.48%μþμ− 2.9 × 10−6 29

!0.61%23D3 γð72.7Þ !6.7%13F4γð96.7Þ !100%13D3γð200.9Þ !91.0%13P2γð256.0Þ
!19.1%13S1γð441.6Þ !2.48%μþμ− 1.8 × 10−6 18

!0.019%
13D3γð350.0Þ !91.0%13P2γð256.0Þ !19.1%13S1γð441.6Þ !2.48%μþμ− 8.2 × 10−7 8

!0.13%23D2 γð78.7Þ!17%23P2γð178.6Þ !10.6%23S1γð242.5Þ !1.93%μþμ− 4.5 × 10−7 4

!0.13%23D2 γð78.7Þ!17%23P2γð178.6Þ !7.0%13S1γð776.5Þ !2.48%μþμ− 3.8 × 10−7 4

!0.13%23D2 γð78.7Þ !56.2%23P1γð191.6Þ !19.9%23S1γð229.6Þ !1.93%μþμ− 2.8 × 10−6 28

!0.13%23D2 γð78.7Þ !56.2%23P1γð191.6Þ !9.2%13S1γð764.3Þ !2.48%μþμ− 1.7 × 10−6 17

!0.13%23D2 γð78.7Þ!12%13P1γð541.2Þ !33.9%13S1γð423.0Þ !2.48%μþμ− 1.3 × 10−6 13

!0.13%23D2 γð78.7Þ !6.6%13F3γð93.7Þ !89.3%13D2γð189.2Þ !74.7%13P1γð267.3Þ
!33.9%13S1γð423.0Þ !2.48%μþμ− 4.8 × 10−7 5

33P1 !7.2%33S1 γð159.8Þ !2.18%μþμ− 1.6 × 10−3 12,360

!2.6%23S1 γð481.4Þ !1.93%μþμ− 5.0 × 10−4 3,950

!1.1%13S1 γð1003.0Þ !2.48%μþμ− 2.7 × 10−4 2,150

!0.75%13P2ππ !19.1%13S1γð441.6Þ !2.48%μþμ− 3.5 × 10−5 278

!0.48%13P1ππ !33.9%13S1γð423.0Þ !2.48%μþμ− 4.0 × 10−5 317

!0.40%23D1 γð74.7Þ !5.3×10−3%
μþμ− 2.1 × 10−7 2

!0.94%23D2 γð66.8Þ!17%23P2γð178.6Þ !10.6%23S1γð242.5Þ !1.93%μþμ− 3.3 × 10−6 26

!0.94%23D2 γð66.8Þ!17%23P2γð178.6Þ !7.0%13S1γð776.5Þ !2.48%μþμ− 2.8 × 10−6 22

!0.94%23D2 γð66.8Þ !56.2%23P1γð191.6Þ !19.9%23S1γð229.6Þ !1.93%μþμ− 2.0 × 10−5 158

!0.94%23D2 γð66.8Þ !56.2%23P1γð191.6Þ !9.2%13S1γð764.3Þ !2.48%μþμ− 1.2 × 10−5 95

!0.94%23D2 γð66.8Þ!2%13P2γð522.8Þ !19.1%13S1γð441.6Þ !2.48%μþμ− 8.9 × 10−7 7

!0.94%23D2 γð66.8Þ!12%13P1γð541.2Þ !33.9%13S1γð423.0Þ !2.48%μþμ− 1.1 × 10−5 87

!0.94%23D2 γð66.8Þ !6.6%13F3γð93.7Þ !89.3%13D2γð189.2Þ !74.7%13P1γð267.3Þ
!33.9%13S1γð423.0Þ !2.48%μþμ− 3.5 × 10−6 28

!0.40%23D1 γð74.7Þ!17%23P1γð183.9Þ !19.9%23S1γð229.6Þ !1.93%μþμ− 2.6 × 10−6 21

!0.40%23D1 γð74.7Þ!17%23P1γð183.9Þ !9.2%13S1γð764.3Þ !2.48%μþμ− 1.6 × 10−6 12

!0.40%23D1 γð74.7Þ !28.1%23P0γð206.4Þ !4.6%23S1γð207.1Þ !1.93%μþμ− 1.0 × 10−6 8

!0.40%23D1 γð74.7Þ !28.1%23P0γð206.4Þ !0.9%13S1γð743.1Þ !2.48%μþμ− 2.5 × 10−7 2

!0.40%23D1 γð74.7Þ !4.2%13F2γð90.5Þ !13.6%13D2γð184.3Þ !74.7%13P1γð267.3
!33.9%13S1γð423.0Þ !2.48%μþμ− 1.4 × 10−7 1

33P0 !0.054%
13P2ππ !19.1%13S1γð441.6Þ !2.48%μþμ− 2.6 × 10−6 9

31P1 !4.3%11S0 γð1081.0Þ !100%gg 4.3 × 10−2 3.1 × 105

!1.7%11P1ππ!49%11S0 γð488.3Þ !100%gg 8.3 × 10−3 6.0 × 104
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expected events is small it is possible that our estimates are
off by an order of magnitude. Also, our estimates are based
on using LHCb event numbers and ATLAS and CMS with
their different capabilities might be able to observe more
events. Thus, for completeness we include estimates for
both the 4P and 5P states. The most important message is
that the higher energy and luminosity of LHC Run II could
potentially observe some of the 4P and 5P states which
would be an important test of models and lattice QCD
results.

6. The 1D states

The production rate for the D-waves is significantly
lower than that of P-waves. This is a consequence of the
LDMEs going like jRðlÞð0Þj2=M2lþ2 so the production cross
section is significantly suppressed by the mass factor in the
denominator. The mass factor is simply a consequence of
the dimensionality of the lth derivative of the wave function
and will increasingly suppress the cross sections going to
higher l multiplets.
Nevertheless, it is expected that the 1D states can be

produced in sufficient quantity to be observed. There are
three sources of the D states: direct production and from
decay chains originating with the 33S1 and 23PJ states. The
decay chains and estimated number of events from direct
production are given in Table XXXI. We estimate that

direct production of the D-waves will yield ∼100 ϒ3ð1DÞ,
∼150 ϒ2ð1DÞ and ∼50 ϒ1ð1DÞ events. This is roughly
comparable to the number of 3P events observed by LHCb.
There are two differences. The 3P events were comprised
of one photon and a μþμ− pair while the 1D events are
generally comprised of two photons and a μþμ− pair
making them more difficult to reconstruct. On the other
hand, we can estimate the photon energies fairly accurately
because the ϒ2ð1DÞ mass has been measured. An excep-
tion is the ϒ1ð1DÞwhich can decay directly to a μþμ− final
state. Unfortunately the BR appears to be too small to
produce a sufficient number of events to find this state in
this channel. On the other hand, as we have pointed out a
number of times, our estimates can easily be off by an order
of magnitude. In addition to direct production the 1D states
will also be produced via transitions originating with 33S1
and 23PJ. In fact, cascades originating from the 33S1
contribute the largest number of events to the 2γμþμ−

signal with roughly another 20% originating from 23PJ

production. Specifically we expect ∼2700 events in
13D3 → γ13P2 → γγ13S1 → γγμþμ−, ∼6500 in 13D2 →
γ13P1 → γγ13S1 → γγμþμ− and ∼1200 in 13D1 →
γ13P1 → γγ13S1 → γγμþμ−. Other decay chains will con-
tribute to 13DJ production but they will have different
photon energies so we only give estimates for the decay
chains with the largest statistics.

TABLE XXX. 43PJ and 53PJ decay chains, branching ratios and event estimates for LHCb Run II. These are based on producing
9.7 × 106 χb2ð4PÞ’s, 7.4 × 106 χb1ð4PÞ’s, 3.1 × 106 χb0ð4PÞ’s, 8.2 × 106 χb2ð5PÞ’s, 5.7 × 106 χb1ð5PÞ’s and 2.2 × 106 χb0ð5PÞ’s as
described in the text.

Parent Decay chain Combined BR Events

43P2 !0.012%
33S1 γð433.9Þ !2.18%μþμ− 2.6 × 10−6 25

!1.4×10−3%
23S1 γð747.2Þ !1.93%μþμ− 2.6 × 10−7 3

!5.0×10−3%
13S1 γð1255.1Þ !2.48%μþμ− 1.3 × 10−6 12

43P1 !0.013%
33S1 γð424.3Þ !2.18%μþμ− 2.7 × 10−6 20

!6.0×10−4%
23S1 γð737.9Þ !1.93%μþμ− 1.1 × 10−7 1

!3.3×10−3%
13S1 γð1003.0Þ !2.48%μþμ− 8.2 × 10−7 6

43P0 !6.4×10−3%
33S1 γð411.8Þ !2.18%μþμ− 1.4 × 10−6 4

!6.1×10−4%
13S1 γð1234.8Þ !2.48%μþμ− 1.5 × 10−7 0.5

53P2 !1×10−4%
33S1 γð646.8Þ !2.18%μþμ− 2.1 × 10−8 0.2

!2.5×10−3%
23S1 γð953.7Þ !1.93%μþμ− 4.8 × 10−7 4

!3.4×10−3%
13S1 γð1451.3Þ !2.48%μþμ− 8.4 × 10−7 7

53P1 !1.3×10−3%
23S1 γð946.4Þ !1.93%μþμ− 2.5 × 10−7 1

!1.4×10−3%
13S1 γð1444.4Þ !2.48%μþμ− 3.5 × 10−7 2

53P0 !3.0×10−4%
33S1 γð629.9Þ !2.18%μþμ− 6.5 × 10−8 0.1

!6.7×10−4%
23S1 γð937.3Þ !1.93%μþμ− 1.3 × 10−7 0.3

!4.1×10−4%
13S1 γð1435.7Þ !2.48%μþμ− 1.0 × 10−7 0.2
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We have also included the decay chains 13DJ →
13S1 þ πþπ− → μþμ− and 11D2 → 11S0 þ πþπ− → gg
despite yielding few events as they offer a signal comple-
mentary to those involving photons.
Finally, we mention that the ηb2 will decay predomi-

nantly via ηb2ð1DÞ → γhb → γγηbð1SÞ with the ηbð1SÞ
decaying to hadrons. We do not see how the ηb2ð1DÞ
can be reconstructed given the hadronic final state but
perhaps experimentalists will come up with a clever
approach that we have not considered.

7. The 2D and higher D-wave states

For the 2D states in Table XXXII, we focus on the
simplest decay chains with two photons and a μþμ− pair in
the final state which are most likely to be reconstructed.
To estimate the number of expected events, we include
contributions to the γγμþμ− final state from direct pro-
duction and from decay chains originating from 33PJ
production. There are a number of possible decay chains
but the ones with the largest expected statistics are ∼125
events for 23D3 → γ23P2 → γγ23S1 → γγμþμ−, ∼252
events for 23D2 → γ23P1 → γγ23S1 → γγμþμ− and ∼37
events for 23D1 → γ23P1 → γγ23S1 → γγμþμ−. In all
cases more events are expected from 33PJ production than
from direct 2D production.
For the 3D and 4D states we expect that each member of

both multiplets will have of the order of 104 produced.
However the predicted widths areOð100 MeVÞ so the BRs
for radiative transitions will be small. Thus, we only expect
that they can be observed in BB̄, BB̄� or B�B̄� final states if

they can be reconstructed with high enough efficiencies and
separated from backgrounds.

8. The nF states

The production rate decreases quite dramatically for
states with larger L as a consequence of our estimates
which use Eq. (12) where the NR approximation of the
cross section goes like the lth derivative of the wave
function at the origin with the corresponding mass in the
denominator needed for dimensional reasons. We only
expect that ∼200 for each of the 1F states will be produced.
Once the BRs for the decay chains are included we expect
that only 1 or fewer events will result. Considering
experimental challenges in making these measurements
we do not expect that the 1F states will be observed from
direct production. Nevertheless, we include the dominant
decay chains in Table XXXIII for completeness.
We do expect a small number of 1F states, ∼28 13F4’s,

∼44 13F3’s and ∼2 13F2, to be produced via radiative
transitions originating with 33PJ and 23DJ states. Since
there are 3γ’s in the final state it is unlikely that the 1F
states will be observed in hadron production.
We expect the 2F and 3F multiplets to be even more

challenging to observe using radiative transition decay
chains primarily because they are above BB̄ threshold and
are therefore broader, ranging from 2.8 MeV for the 23F4

state to 88.6 MeV for the 23F2 state. These states are very
close to the BB̄ and BB̄� threshold and therefore are very
sensitive to available phase space. If our mass predictions
are too high it is possible that the total widths could be

TABLE XXXI. The 1D decay chains, branching ratios and event estimates for LHCb Run II and Belle II. For the pp column these are
based on producing 2.0 × 104 ϒ3ð1DÞ’s and ϒ2ð1DÞ’s, 1.6 × 104 ϒ1ð1DÞ’s and 1.9 × 104 ηb2ð1DÞ’s as described in the text. For the
eþe− column these are based on 1.3 × 106 ϒ1ð1DÞ’s produced assuming σ ¼ 13 pb and 100 fb−1 integrated luminosity.

Combined Events
Parent Decay chain BR pp eþe−

13D3 !91.0%13P2γð256.0Þ !19.1%13S1γð441.6Þ !2.48%μþμ− 4.3 × 10−3 87 NA

!0.74%13S1πþπ− !2.48%μþμ− 1.8 × 10−4 4 NA

13D2 !22%13P2γð248.4Þ !19.1%13S1γð441.6Þ !2.48%μþμ− 1.0 × 10−3 20 NA

!74.7%13P1γð267.3Þ !33.9%13S1γð423.0Þ !2.48%μþμ− 6.3 × 10−3 126 NA

!0.66%13S1πþπ− !2.48%μþμ− 1.6 × 10−4 3 NA

13D1 !1.6%13P2γð239.1Þ !19.1%13S1γð441.6Þ !2.48%μþμ− 7.6 × 10−5 1 99

!28%13P1γð258.0Þ !33.9%13S1γð423.0Þ !2.48%μþμ− 2.4 × 10−3 38 3120

!47.1%13P0γð290.5Þ !1.76%13S1γð391.1Þ !2.48%μþμ− 2.0 × 10−4 3 260

!0.40%13S1πþπ− !2.48%μþμ− 9.9 × 10−5 2 129

!3.93×10−3%
μþμ− 3.9 × 10−5 1 50

11D2 !91.5%11P1γð262.5Þ!49%11S0γð488.3Þ !100%gg 0.45 8550 NA

!1.3%11S0πþπ− !100%gg 1.3 × 10−2 247 NA

STEPHEN GODFREY AND KENNETH MOATS PHYSICAL REVIEW D 92, 054034 (2015)

054034-30



significantly smaller leading to significantly larger BRs to
the decay chains we have been focusing on. Nevertheless,
given our expectations for the 1F states we do not feel it is
likely that they would be discovered using radiative
transitions. If the B and B� mesons can be observed with
high efficiencies the excited F-wave states might be
observed in BB̄ and BB̄� final states.
The 3F multiplets are sufficiently above the BB̄ and BB̄�

threshold that they are much broader. The only possibility
that they might be observed would be in BB̄, BB̄� or B�B̄�
final states.

9. The nG states

Even more so than the F-waves, the G-wave production
cross sections are highly suppressed so we expect only

Oð1Þ mesons will be produced for each of the states in the
G-wave multiplets in Run II which is far too small a
number to have any hope of being seen.

B. At eþe− colliders

The question we wish to address in this section is
whether previously unobserved states can be observed in
eþe− collisions and outline how to do so. We will focus on
1−− states, the n3S1 and n3D1 states, since only 1−− states
can be produced directly in eþe− collisions. To estimate the
number of events requires a detailed Monte Carlo study that
includes beam spread and initial state radiation which is
beyond the scope of this work. Instead we will use cross
sections derived from Belle and BABAR events along with
integrated luminosities suggested for Belle II.

TABLE XXXII. The 2D decay chains, branching ratios and event estimates for LHCb Run II. These are based on producing 3.4 × 104

ϒ3ð2DÞ’s, 3.1 × 104 ϒ2ð2DÞ’s, 2.4 × 104 ϒ1ð2DÞ’s and 2.9 × 104 ηb2ð2DÞ’s as described in the text.

Parent Decay chain Combined BR Events

23D3 !65.1%23P2γð185.0Þ !10.6%23S1γð242.5Þ !1.93%μþμ− 1.3 × 10−3 45

!65.1%23P2γð185.0Þ !7.0%13S1γð776.5Þ !2.48%μþμ− 1.1 × 10−3 38

!10.3%13P2γð529.0Þ !19.1%13S1γð441.6Þ !2.48%μþμ− 4.9 × 10−4 16

!6.7%13F4γð96.7Þ !100%13D3γð200.9Þ !91.0%13P2γð256.0Þ !19.1%13S1γð441.6Þ !2.48%μþμ− 2.9 × 10−4 10

23D2 !17%23P2γð178.6Þ !10.6%23S1γð242.5Þ !1.93%μþμ− 3.5 × 10−4 11

!17%23P2γð178.6Þ !7.0%13S1γð776.5Þ !2.48%μþμ− 3.0 × 10−4 9

!56.2%23P1γð191.6Þ !19.9%23S1γð229.6Þ !1.93%μþμ− 2.1 × 10−3 66

!56.2%23P1γð191.6Þ !9.2%13S1γð764.3Þ !2.48%μþμ− 1.3 × 10−3 39

!12%13P1γð541.2Þ !33.9%13S1γð423.0Þ !2.48%μþμ− 1.0 × 10−3 31

!6.6%13F3γð93.7Þ !89.3%13D2γð189.2Þ !74.7%13P1γð267.3Þ !33.9%13S1γð423.0Þ !2.48%μþμ− 3.7 × 10−4 11

23D1 !5.28×10−3%
μþμ− 5.3 × 10−5 1

!17%23P1γð183.9Þ !19.9%23S1γð229.6Þ !1.93%μþμ− 6.5 × 10−4 16

!28.1%23P0γð206.4Þ !4.6%23S1γð207.1Þ !1.93%μþμ− 2.5 × 10−4 6

!28.1%23P0γð206.4Þ !0.9%13S1γð743.1Þ !2.48%μþμ− 6.3 × 10−5 2

!4.2%13F2γð90.5Þ !13.6%13D2γð184.3Þ !74.7%13P1γð267.3Þ !33.9%13S1γð423.0Þ !2.48%μþμ− 3.6 × 10−5 1

21D2 !67.1%21P1γð188.3Þ!48%21S0γð257.7Þ !100%gg 0.32 9280

!67.1%21P1γð188.3Þ!22%11S0γð825.8Þ !100%gg 0.15 4350

!12%11P1γð536.5Þ!49%11S0γð488.3Þ !100%gg 0.059 1710

TABLE XXXIII. The 1F decay chains, branching ratios and event estimates for LHCb Run II. These are based on producing 166
χb4ð1FÞ’s, 163 χb3ð1FÞ’s, 147 χb2ð1FÞ’s and 158 hb3ð1FÞ’s as described in the text.

Parent Decay chain Combined BR Events

13F4 !100%13D3γð184.9Þ !91.0%13P2γð256.0Þ !19.1%13S1γð441.6Þ !2.48%μþμ− 4.3 × 10−3 0.7

13F3 !89.3%13D2γð189.2Þ !74.7%13P1γð267.3Þ !33.9%13S1γð423.0Þ !2.48%μþμ− 5.6 × 10−3 1

13F2 !82.4%13D1γð194.1Þ!28%13P1γð258.0Þ !33.9%13S1γð423.0Þ !2.48%μþμ− 1.9 × 10−3 0.3

11F3 !100%11D2γð189.2Þ !91.5%11P1γð262.5Þ!49%11S0γð488.3Þ !100%gg 0.45 71
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TABLE XXXIV. The 23D1 decay chains, branching ratios and event estimates for Belle II. The event numbers are based on 2 × 106

ϒ3ð2DÞ’s produced assuming σ ¼ 18 pb and 100 fb−1 integrated luminosity.

Parent Decay chain Combined BR Events

23D1 !5.28×10−3%
μþμ− 5.3 × 10−5 106

!1%23P2γð170.9Þ !10.6%23S1γð242.5Þ !1.93%μþμ− 2.0 × 10−5 40

!1%23P2γð170.9Þ !7.0%13S1γð776.5Þ !2.48%μþμ− 1.7 × 10−5 34

!0.05%13P2γð515.4Þ !19.1%13S1γð441.6Þ !2.48%μþμ− 2.4 × 10−6 5

!17.2%23P1γð183.9Þ !19.9%23S1γð229.6Þ !1.93%μþμ− 6.6 × 10−4 1320

!17.2%23P1γð183.9Þ !9.2%13S1γð764.3Þ !2.48%μþμ− 3.9 × 10−4 780

!2.4%13P1γð533.8Þ !33.9%13S1γð423.0Þ !2.48%μþμ− 2.0 × 10−4 400

!28.1%23P0γð206.4Þ !4.6%23S1γð207.1Þ !1.93%μþμ− 2.5 × 10−4 500

!28.1%23P0γð206.4Þ !0.9%13S1γð743.1Þ !2.48%μþμ− 6.3 × 10−5 126

!7.7%13P0γ565.4Þ !1.76%13S1γð391.1Þ !2.48%μþμ− 3.4 × 10−5 68

!4.2%13F2γð90.5Þ!14%13D2γð184.3Þ !74.7%13P1γð267.3Þ !33.9%13S1γð423.0Þ !2.48%μþμ− 3.7 × 10−5 74

!4.2%13F2γð90.5Þ!14%13D2γð184.3Þ!22%13P2γð248.4Þ !19.1%13S1γð441.6Þ !2.48%μþμ− 6.1 × 10−6 12

!4.2%13F2γð90.5Þ !0.35%13D3γð176.5Þ !91.0%13P2γð256.0Þ !19.1%13S1γð441.6Þ !2.48%μþμ− 6.3 × 10−7 1

!4.2%13F2γð90.5Þ !82.4%13D1γð194.1Þ !1.6%13P2γð239.1Þ !19.1%13S1γð441.6Þ !2.48%μþμ− 2.6 × 10−6 5

!4.2%13F2γð90.5Þ !82.4%13D1γð194.1Þ!28%13P1γð258.0Þ !33.9%13S1γð423.0Þ !2.48%μþμ− 8.1 × 10−5 162

!4.2%13F2γð90.5Þ !82.4%13D1γð194.1Þ !47.1%13P0γð290.5Þ !1.76%13S1γð391.1Þ !2.48%μþμ− 7.1 × 10−6 14

TABLE XXXV. The 33D1 decay chains and combined branching ratios. These are small enough that we do not expect enough events
at Belle II for this state to be observed.

Parent Decay chain Combined BR

33D1 !2.30×10−6%
μþμ− 2.3 × 10−8

!5.6×10−4%
33P2γð168.6Þ !3.8%33S1γð171.6Þ !2.18%μþμ− 4.6 × 10−9

!5.6×10−4%
33P2γð168.6Þ !1.8%23S1γð492.9Þ !1.93%μþμ− 1.9 × 10−9

!9.2×10−3%
33P1γð180.4Þ !7.2%33S1γð159.8Þ !2.18%μþμ− 1.4 × 10−7

!9.2×10−3%
33P1γð180.4Þ !2.6%23S1γð481.4Þ !1.93%μþμ− 4.6 × 10−8

!9.2×10−3%
33P1γð180.4Þ !1.1%13S1γð1003.0Þ !2.48%μþμ− 2.5 × 10−8

!1.35×10−2%
33P0γð196.2Þ !0.31%33S1γð144.0Þ !2.18%μþμ− 9.1 × 10−9

!1.35×10−2%
33P0γð196.2Þ !0.077%

23S1γð466.2Þ !1.93%μþμ− 2.0 × 10−9

!1.35×10−2%
33P0γð196.2Þ !0.01%13S1γð988.5Þ !2.48%μþμ− 3.3 × 10−10

!2×10−5%
23P2γð420.4Þ !10.6%23S1γð242.5Þ !1.93%μþμ− 4.1 × 10−10

!2×10−5%
23P2γð196.2Þ !7.0%13S1γð776.5Þ !2.48%μþμ− 3.5 × 10−10

!9.3×10−4%
23P1γð433.8Þ !19.9%23S1γð229.6Þ !1.93%μþμ− 3.6 × 10−8

!9.3×10−4%
23P1γð433.8Þ !9.2%13S1γð764.3Þ !2.48%μþμ− 2.1 × 10−8

!1.3×10−4%
13P1γð533.8Þ !33.9%13S1γð423.0Þ !2.48%μþμ− 1.1 × 10−8

!2.7×10−3%
23P0γð454.9Þ !4.6%23S1γð207.1Þ !1.93%μþμ− 2.4 × 10−8

!2.7×10−3%
23P0γð454.9Þ !0.9%13S1γð743.1Þ !2.48%μþμ− 6.0 × 10−9

!5.7×10−4%
13P0γð806.1Þ !1.76%13S1γð391.1Þ !2.48%μþμ− 2.5 × 10−9

!2.6×10−3%
23F2γð75.7Þ !1.98×10−2%

23D1γð172.6Þ !5.28×10−3%
μþμ− 2.7 × 10−13
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We start with the ϒð3SÞ where we use the cross section
of 4 nb based on Belle and BABAR measurements [102].
An integrated luminosity of 250 fb−1 would yield 109

ϒð3SÞ’s, about a factor of 7 1=2 times the combined
Belle-BABAR data set. We give estimates of number of
events in Table XXVI based on this but the numbers can be
easily rescaled for other integrated luminosities. We expect
that Oð103Þ 13DJ’s will be produced via radiative tran-
sitions for each J value, which should be sufficient to
identify each of the 13DJ states and measure and compare
their masses to theoretical predictions.
The expectations are to accumulate several ab−1 of

integrated luminosity at the ϒð4SÞ. The cross section of
∼1 nb would yield several billion ϒð4SÞ’s depending on
the eventual integrated luminosity. We estimate the number
of events given in Table XXVII assuming that 1010 ϒð4SÞ’s
will be produced based on 10 ab−1 of integrated luminosity
but these numbers can easily be rescaled assuming different
values of integrated luminosities. We expect sufficient
events in the chains that proceed via the 33P2 and 33P1

so that these states should be observed in radiative decays
of the ϒð4SÞ. We do not expect that the 33P0 will be
observed in this manner. Another interesting possibility for
studying the 3P states via radiative transitions from the
ϒð4SÞ utilizes hadronic transitions from the ϒð3SÞ and
ϒð2SÞ to ϒð2SÞ or ϒð1SÞ in the decay chain. This is

experimentally very clean and would yield some tens of
events for 33P2 and 33P1 intermediate states but only Oð1Þ
event for the 33P0. This might be sufficient to resolve some
of the J states. It would have been interesting to be able to
observe the 2D states in radiative transitions originating
with the ϒð4SÞ but this does not appear to be likely. Of all
the 23DJ states the decay chain proceeding via the 23D1

state will have the largest statistics although not sufficient
to be observed considering the four photons in the
decay chain.
It is unlikely that sitting on the ϒð5SÞ or ϒð6SÞ would

produce enough bottomonium states via radiative transi-
tions to be seen. This stems from the ϒð5SÞ and ϒð6SÞ
having large total widths which leads to small BRs to eþe−
and subsequently smaller production cross sections than the
lower mass 3S1 states. This also results in small BRs for
photon decays. For the ϒð5SÞ the Belle Collaboration
measures its eþe− production cross section to be 0.3 nb
[102]. The radiative transition with the largest BR is to 43P2

with BR ¼ 1.6 × 10−4 yielding ∼5 × 103 43P2’s per
100 fb−1. From Table XXX the combined BRs for repre-
sentative 43P2 decay chains are Oð10−6Þ so it is unlikely
that bb̄ states could be seen in decays originating from the
ϒð5SÞ in eþe− collisions. We repeat the exercise for the
ϒð6SÞ. We assume an eþe− production cross section
similar to that of the ϒð5SÞ although in fact it should be

TABLE XXXVI. The 43D1 decay chains and combined branching ratios. These are small enough that we do not
expect enough events at Belle II for this state to be observed.

Parent Decay chain Combined BR

43D1 !3.04×10−6%
μþμ− 3.0 × 10−8

!4×10−5%
33P2γð392.7Þ !3.8%33S1γð171.6Þ !2.18%μþμ− 3.3 × 10−10

!4×10−5%
33P2γð392.7Þ !1.8%23S1γð492.9Þ !1.93%μþμ− 1.4 × 10−10

!4×10−5%
33P2γð392.7Þ !1.1%13S1γð1003.0Þ !2.48%μþμ− 1.1 × 10−10

!1.8×10−3%
33P1γð404.2Þ !7.2%33S1γð159.8Þ !2.18%μþμ− 2.8 × 10−8

!1.8×10−3%
33P1γð404.2Þ !2.6%23S1γð481.4Þ !1.93%μþμ− 9.0 × 10−9

!1.8×10−3%
33P1γð404.2Þ !1.1%13S1γð1003.0Þ !2.48%μþμ− 4.9 × 10−9

!5.6×10−3%
33P0γð419.6Þ !0.31%33S1γð144.0Þ !2.18%μþμ− 3.8 × 10−9

!5.6×10−3%
33P0γð419.6Þ !0.077%

23S1γð466.2Þ !1.93%μþμ− 8.3 × 10−10

!5.6×10−3%
33P0γð419.6Þ !0.01%13S1γð988.5Þ !2.48%μþμ− 1.4 × 10−10

!2.1×10−6%
23P2γð639.1Þ !10.6%23S1γð242.5Þ !1.93%μþμ− 4.3 × 10−11

!1×10−4%
23P1γð652.3Þ !19.9%23S1γð229.6Þ !1.93%μþμ− 3.8 × 10−9

!1×10−4%
23P1γð652.3Þ !9.2%13S1γð764.3Þ !2.48%μþμ− 2.3 × 10−9

!3.6×10−4%
23P0γð672.9Þ !4.6%23S1γð207.1Þ !1.93%μþμ− 3.2 × 10−9

!3.6×10−4%
23P0γð672.9Þ !0.9%13S1γð743.1Þ !2.48%μþμ− 8.0 × 10−10

!2.6×10−4%
13P1γð986.0Þ !33.9%13S1γð423.0Þ !2.48%μþμ− 2.2 × 10−8

!1.0×10−3%
13P0γ1016.7Þ !1.76%13S1γð391.1Þ !2.48%μþμ− 4.4 × 10−9
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smaller due to its smaller BR to eþe−. For the ϒð6SÞ the
largest BR is expected to be to the 33PJ states, Oð10−5Þ.
However, in this case the combined BRs for some interest-
ing 3P decay chains are Oð10−4Þ. Putting this together we
expect ∼0.5 event=100 fb−1 via the 33P2 intermediate state.
While still below an event rate needed to study these states
it does offer some hope given the uncertainties in our
assumption for the production cross section and with higher
statistics.
Observation of the n3D1 states in eþe− collisions is

interesting, evenmore so if they can be produced in sufficient
numbers to see previously unobserved excited bottomonium
states in their decays. Unfortunately the production cross
section is proportional to the BR to eþe− which is roughly 3
orders of magnitude lower than for the S-wave states. The
small number of signal eventswill alsomake it challenging to
see the n3D1 states over backgrounds. Given these caveats
we make a rough estimate of the number of n3D1 produced
by multiplying the ratio of nD=2S BRs to eþe− times the
23S1 cross section to obtain the n3D1 production cross
section. For the 13D1 this gives ∼13 pb. For 100 fb−1 of
integrated luminosity we expect ∼1.3 × 106 13D1’s to be
produced. The expected number of events for several 13D1

decay chains is given in Table XXXI. This will yield 50
events in 13D1 → μþμ− but many more in radiative decay
chains via intermediate 1P states.
In the same way as we estimated σðeþe− → 13D1Þ we

obtain σðeþe− → 23D1Þ ∼ 18 pb. For 100 fb−1 of integrated
luminosity we expect ∼2 × 106 23D1’s produced. We use
this number to estimate the number of events in the different
decay chains given in Table XXXIV.With these assumptions
it should be possible to observe the 23D1. While the μþμ−
mode may be the cleanest, other modes proceeding via
radiative transition decay chains offer higher statistics, in
particular decay chains proceeding by 1P and 2P intermedi-
ate states. More interesting is the possibility of observing the
13F2 for the first time. The decay chain with the highest
statistics proceeds via 13F2 → 13D1 → 13P1 which would
also yield information on the 13D1 state. One can easily scale
our projected events up or down to reflect actual cross
sections and integrated luminosities.
The 3D and 4D are above the BB̄ threshold so have total

widths Oð100 MeVÞ resulting in BR ∼ 10−8 and a cross
section ∼8 fb. For reasonable integrated luminosities and
using the BRs for the 33D1 and 43D1 given in Tables XVI
and XVIII we do not expect that the 33D1 and 43D1 states
can be observed in eþe− collisions, as suggested by the
results given in Tables XXXV and XXXVI.

VIII. SUMMARY

In this paper we calculated the properties of bottomonium
mesons including masses, radiative transitions, annihilation
decays, hadronic transitions and strong OZI allowed decays
for states above threshold. These results were included in

extensive tables with estimated BRs to different final states.
While we are interested in how these predictions fare against
experimental measurements as a test of our understanding
in the context of the constituent quark model, the main
objective of this work is to make predictions that can assist
experimentalists in finding missing bottomonium states and
measuring their properties.
We estimated the number of events expected in Run II of

the LHC in the context of the LHCb experiment but they
should also be relevant to the ATLAS and CMS experi-
ments. We expect that significant numbers of χb2ð3PÞ and
χb1ð3PÞ will be produced and decay via radiative transi-
tions to the ϒð1SÞ and ϒð2SÞ which will subsequently
decay to μþμ−. Likewise we expect a large number of
χb2ð4PÞ’s and χb1ð4PÞ’s to decay to ϒð3SÞ. Thus, a
promising search strategy for excited P-wave mesons is
to reconstruct ϒ’s in μþμ− and look at the invariant mass
distributions of the ϒ’s with one γ. We also expect that
ηbð3SÞ can be seen in this final state.
Turning to theD-waves, the 13D3 and 13D2 will undergo

radiative transitions to the 13P2 and 13P1 respectively so
they might be seen in final states with γγμþμ−. Similarly,
the 2D states will decay to 23P2;1 which decay to 23S1.
Thus, it might be possible to see most of the 1D and 2D
spin triplet multiplets in the γγμþμ− final state. A challenge
is that the photon energy for 23D3 → 23P2 is almost
identical to that from the 23D1 → 23P1 transition so that
one would need to be careful in looking at the invariant
mass distributions of the final state.
For eþe− collisions, large numbers of 13DJ states will be

produced by sitting on the ϒð3SÞ so it might be possible to
resolve the three states and determine the splittings between
members of themultiplets. Sitting on theϒð4SÞwill produce
33P2;1 in radiative transitions. It should be possible to
observe the 13D1 and 23D1 by an energy scan at the
appropriate energy. Sitting on the 23D1 resonance it might
be possible to observe the 13F2 via radiative transitions from
the 23D1.
The LHC experiments and Belle II hold the promise to

increase our knowledge of bottomonium mesons. This
improved knowledge will test the reliability of models of
quarkonium physics. Lattice QCD is making ever more
precise calculations of bottomonium mesons and it is
important that these calculations be held to account by
experiment. We expect that the phenomenological predic-
tions presented in this paper will be a useful tool for
experimentalists to do so.
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APPENDIX: THE 3P0 MODEL

The 3P0 quark pair creation model [12,13,16,17,85] is
used to calculate OZI allowed strong bottomonium decays.
Given that details of the calculations such as phase
conventions are important and not always clearly stated
in the literature we summarize the details of the 3P0 model
to assist an interested reader in reproducing our results.
In the 3P0 quark pair creation model [12,13,16,17,85], a

qq̄ pair is created from the vacuum in a 3P0 state (the
quantum numbers of the vacuum). The angular momentum
and spin of the created qq̄ pair are therefore LP ¼ 1,
SP ¼ 1, and JP ¼ 0, so that MLP

¼ −MSP ≡m. The
transition operator for qq̄ pair creation can be written as

T ¼ −3γ
X
m

h11;m−mj00i
ffiffiffiffiffiffiffiffi
96π

p Z
d3pqd3pq̄δ

3ð~pq þ ~pq̄Þ

×Y1m

�
~pq − ~pq̄

2

�
χ1−mϕ0ω0b

†
qð~pqÞd†q̄ð~pq̄Þ ðA1Þ

where b†qð~pqÞ and d†q̄ð~pq̄Þ are the creation operators for
the quark and antiquark, respectively. The momenta of the
created quark, ~pq, and the created antiquark, ~pq̄, are
integrated over all possible values, such that the delta
function ensures that their total momentum is zero in their

center-of-mass frame. The spin triplet state of the created
qq̄ pair is described by its spin wave function χ1−m and the
momentum-space distribution of the created pair is
described by the solid harmonic, written in terms of the

spherical harmonic as YLML
ð~kÞ≡ j~kjLYLML

ðθk;ϕkÞ. The
SUð3Þ flavor singlet wave function of the created pair is
ϕ0 ¼ 1ffiffi

3
p ðuūþ dd̄þ ss̄Þ and its color singlet wave function

is ω0. The overall factor of 3 in Eq. (A1) will cancel out
when evaluating the color overlap. The factor of

ffiffiffiffiffiffiffiffi
96π

p
arises from the normalization and field theory conventions
of Refs. [17,85,87]. The amplitude for quark-pair creation
from the vacuum can therefore be described by a single free
parameter, γ. Any differences in the constant factors that
appear in Eq. (A1) simply result in a rescaling of the value
of γ. For example, the value of γ used in Refs. [16,89] is
larger than ours by a factor of

ffiffiffiffiffiffiffiffi
96π

p
due to the absence of

this factor in their T operator.
The S-matrix for the meson strong decay A → BC is

defined as

S≡ I − 2πiδðEf − EiÞT ðA2Þ

so that

hBCjTjAi ¼ δ3ð~pA − ~pB − ~pCÞMMJA
MJB

MJC ðA3Þ

where, using the normalization from Refs. [17,85,87], the
helicity amplitude is given by

MMJA
MJB

MJC ð~PÞ ¼ γ
X

hLAMLA
SAMSA jJAMJAihLBMLB

SBMSB jJBMJBihLCMLC
SCMSC jJCMJCi

× h1m1 −mj00ihχ14SBMSB
χ32SCMSC

jχ12SAMSA
χ341−mi

× ½hϕ14
B ϕ32

C jϕ12
A ϕ34

0 iIð~P;m1; m2; m3Þ þ ð−1Þ1þSAþSBþSChϕ32
B ϕ14

C jϕ12
A ϕ34

0 iIð−~P;m2; m1; m3Þ� ðA4Þ

where the sum is overMLA
,MSA ,MLB

,MSB ,MLC
,MSC , and

m. The two terms in the last factor correspond to the two
possible diagrams. In the first diagram, quark 1 from meson
A ends up in meson B and antiquark 2 from meson A ends
up in meson C. In the second diagram, quark 1 from meson

A ends up in meson C and antiquark 2 from meson A ends
up in meson B. Indices 3 and 4 refer to the created quark
and antiquark, respectively.
The momentum space integral for the first diagram is

given by

Ið~P;m1;m2;m3Þ¼
ffiffiffiffiffiffiffiffi
96π

p Z
d3pY1mð~pÞψnA;LA;MLA

ð~pþ ~PÞψ�
nB;LB;MLB

�
~pþ m3

m1þm3

~P

�
ψ�
nC;LC;MLC

�
~pþ m3

m2þm3

~P

�
ðA5Þ

wherem1,m2 andm3 ¼ m4 are the constituent quarkmasses
and we have taken ~P≡ ~PB ¼ −~PC in the center-of-mass
frame of A. To evaluate the spatial integral for the second
diagram, we simply interchange B ↔ C, which amounts to
making the replacementm1 ↔ m2 and ~P → −~P in Eq. (A5),
leading to the second term of Eq. (A4).

The techniques found in Appendix A of [103] were
useful in simplifying and evaluating the spatial integrals.
For the meson space wave functions, we use the momen-
tum-space SHO wave functions, given by

ψSHO
nLML

ð~pÞ ¼ RSHO
nL ðpÞYLML

ðθp;ϕpÞ ðA6Þ
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where the radial wave functions are given by

RSHO
nL ðpÞ ¼ ð−1Þnð−iÞL

β
3
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n

Γðnþ Lþ 3
2
Þ

s

×

�
p
β

�
L
L
Lþ1

2
n

�
p2

β2

�
e−p

2=ð2β2Þ ðA7Þ

and L
Lþ1

2
n ðp2=β2Þ is an associated Laguerre polynomial. We

use the SHO wave functions such that a meson with
quantum numbers n2Sþ1LJ in spectroscopic notation uses
ψSHO
n−1;LML

for its momentum-space wave function. The
values we use for the effective harmonic oscillator param-
eter, β, are listed in Tables I–III.
The color matrix element

hω14
B ω32

C jω12
A ω34

0 i ¼ hω32
B ω14

C jω12
A ω34

0 i ¼ 1

3
ðA8Þ

does not explicitly appear in Eq. (A4) since it cancels the
overall factor of 3 from Eq. (A1).
The flavor matrix element can be easily found by writing

the flavor wave functions of mesons A, B and C and that of

the created quark pair as 5 × 5 matrices with rows indicat-
ing the quark flavor ðu; d; s; c; bÞ and columns indicating
the antiquark flavor ðū; d̄; s̄; c̄; b̄Þ. For example, the flavor
wave function for the created qq̄ pair is

ϕ0 ¼
1ffiffiffi
3

p ðuūþ dd̄þ ss̄Þ ¼ 1ffiffiffi
3

p

0
BBBBBB@

1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 0 0

0 0 0 0 0

1
CCCCCCA
:

ðA9Þ

The flavor overlaps for each of the two terms in Eq. (A4)
are therefore given by

hϕ14
B ϕ32

C jϕ12
A ϕ34

0 i ¼ Tr½ϕ⊤
AϕBϕ

⊤
0 ϕC� ðA10Þ

hϕ32
B ϕ14

C jϕ12
A ϕ34

0 i ¼ Tr½ϕ⊤
AϕCϕ

⊤
0 ϕB�: ðA11Þ

The spinmatrix elements for the first and second diagrams
are written in terms of the Wigner 9j symbols [104] as

hχ14SBMSB
χ32SCMSC

jχ12SAMSA
χ341−mi ¼ ð−1Þ1þSC

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð2SA þ 1Þð2SB þ 1Þð2SC þ 1Þ

p

×
X
S;MS

hSBMSBSCMSC jSMSihSAMSA1 −mjSMSi

8>><
>>:

1
2

1
2

SA
1
2

1
2

1

SB SC S

9>>=
>>; ðA12Þ

hχ32SBMSB
χ14SCMSC

jχ12SAMSA
χ341−mi

¼ ð−1Þ1þSAþSBþSChχ14SBMSB
χ32SCMSC

jχ12SAMSA
χ341−mi; ðA13Þ

where the spin matrix element for the second diagram was
obtained using an alternative definition for the 9j symbols

that couple the quarks differently [104]. This expression,
given in Eq. (A13), was used to simplify Eq. (A4).
Using the Jacob-Wick formula [105,106], the helicity

amplitudes MMJA
MJB

MJC , given by Eq. (A4), are converted
to partial wave amplitudes MLS via

MLSðPÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πð2Lþ 1Þp
2JA þ 1

X
MJB

;MJC

hL0SMJA jJAMJAihJBMJBJCMJC jSMJAiMMJA
MJB

MJC ðPẑÞjMJA
¼MJB

þMJC
ðA14Þ

where ~S ¼ ~JB þ ~JC and ~JA ¼ ~Lþ ~S such that

jJB − JCj ≤ S ≤ JB þ JC ðA15Þ

jJA − Sj ≤ L ≤ JA þ S ðA16Þ

and the outgoing momentum of mesonB, ~P≡ Pẑ, is chosen
to lie along the ẑ-axis in the center-of-mass frame ofmesonA
so that the helicities and angular momentum projections are

related by MJB¼λB, MJC¼−λC and MJA¼MJBþMJC¼
λB−λC. This on-shell momentum is conveniently written in
terms of the masses of mesons A, B and C as

P¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½M2

A− ðMBþMCÞ2�½M2
A− ðMB−MCÞ2�

p
2MA

: ðA17Þ

Using relativistic phase space, as described in
Refs. [16,85], the partial width for a given partial wave
amplitude is given by
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ΓLS ¼ 2πPS
EBEC

MA
jMLSj2 ðA18Þ

where EB ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

B þ P2
p

, EC ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

C þ P2
p

, and S is a
symmetry factor given by

S ¼ 1

1þ δBC
¼

� 1
2

if B andC are identical

1 otherwise
: ðA19Þ

Finally, the strong decay width for a given decay mode of
meson A is just the sum of its partial widths:

Γ ¼
X
L;S

ΓLS: ðA20Þ

The calculations of the strong decay widths, as outlined in
this section, were performed using the Mathematica soft-
ware package, version 7.0 [107].
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