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When a continuous symmetry is spontaneously broken in nonrelativistic theories, there appear
Nambu-Goldstone (NG) modes, the dispersion relations of which are either linear (type I) or quadratic
(type II). We give a general framework to interpolate between relativistic and nonrelativistic NG modes,
revealing a nature of type-I and -II NG modes in nonrelativistic theories. The interpolating Lagrangians
have the nonlinear Lorentz invariance which reduces to the Galilei or Schrodinger invariance in the
nonrelativistic limit. We find that type-I and type-II NG modes in the interpolating region are accompanied
with a Higgs mode and a chiral NG partner, respectively, both of which are gapful. In the ultrarelativistic
limit, a set of a type-I NG mode and its Higgs partner remains, while a set of a type-II NG mode and its
gapful NG partner turns to a set of two type-I NG modes. In the nonrelativistic limit, the both types of
accompanied gapful modes become infinitely massive, disappearing from the spectrum. The examples
contain a phonon in Bose—Einstein condensates or helium superfluids, a phonon and magnon in spinor
Bose—FEinstein condensates, a magnon in ferromagnets, and a kelvon and dilaton-magnon localized around

a Skyrmion line in ferromagnets.
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I. INTRODUCTION

When a continuous symmetry is spontaneously broken
in nonrelativistic theories, there appear Nambu-Goldstone
(NG) modes, the dispersion relations of which are either
linear (type 1) or quadratic (type II). The numbers of type-I
and -II NG modes satisfy the Nielsen—Chadha inequality
[1]. After the crucial observation [2], the numbers of type-I
and -II NG modes were summarized as the Watanabe—
Brauner relation between those numbers and the rank of a
matrix consisting of the commutation relations of broken
generators evaluated in the ground state [3]. The relation
classifies types A and B instead of types I and II. This
relation was proved recently in the effective theory
approach [4,5], the Mori projection method [6], and later
by the Bogoliubov theory [7].

In the presence of topological solitons or defects, there
appear NG modes localized around them such as transla-
tional zero modes. When NG modes are normalizable such
as a domain wall [8] and Skyrmion line [9,10] in ferro-
magnets, localized type-B NG modes have usual quadratic
dispersion relations and are of type II. On the other hand,
when NG modes are non-normalizable such as a domain
wall in two-component Bose—Einstein condensates (BECs)
and a vortex in scalar BECs or “*He superfluid, type-B NG
modes have usual quadratic dispersion relations and are of
type Il when the transverse system size is small compared
with the wavelength of NG modes (see, e.g., Refs. [7,11]),
but they have noninteger dispersion relations in infinite
system sizes [7,12,13]. The formulas of dispersion relations
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interpolating small and large system sizes were recently
obtained in Ref. [14]. A relationship between the number of
NG modes and the homotopy group for topological solitons
was also studied [15].

Other developments include, for instance, space-time
symmetry breaking [16], gauge symmetry breaking accom-
panied with the Higgs mechanism [17-19], finite temper-
ature and density [20], topological interaction [21], and
quasi-NG modes [22].

In general, it is usually said that only type-I NG modes
are possible in Lorentz invariant theories. It is, however, not
yet clear how NG modes are interpolated between relativ-
istic and nonrelativistic theories, in particular, how type-II
NG modes in nonrelativistic theories reduce to type-I
NG modes in relativistic theories when both the theories
are interpolated. In this paper, we clarify how NG modes
are interpolated between relativistic and nonrelativistic
theories, as summarized in Table 1. We first consider
relativistic Lagrangians and introduce a chemical potential
for particles. The resulting Lagrangians, containing both
first- and second-order time derivative terms, interpolate
relativistic and nonrelativistic Lagrangians in the two
limits: the second time derivative vanishes in the non-
relativistic limit ¢ — oo with the speed ¢ of the light, while
the first time derivative vanishes in the relativistic limit
1 — 0, in which the chemical potential is sent to zero. The
latter case is often called ultrarelativistic, so we use this
terminology because the Lorentz invariance exists in the
intermediate region. We first point out that interpolating
Lagrangians have the nonlinear Lorentz invariance, which
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TABLE I. Interpolation of type-I and type-II NG modes between nonrelativistic and ultrarelativistic theories.
Parameters Symmetry Type-I NG mode Type-II NG mode
Ultrarelativistic u—0 Lorentz 1 type-I + 1 Higgs 2 type-1
Relativistic 0<c,u<o Lorentz 1 type-I + 1 Higgs 1 type-II + 1 gapped
Nonrelativistic c— ® Galilei (Shrodinger) 1 type-1 1 type-1I

reduces to the Galilei or Schrodinger invariance in the
nonrelativistic limit ¢ — co. The Lorentz invariance
becomes manifest in the ultrarelativistic limit g — 0. We
find that there can exist either a type-I or type-II NG mode
in the intermediate Lagrangian, even in the presence of
the Lorentz invariance. Correspondingly, the Watanabe—
Brauner relation holds in the intermediate region even in
the presence of the Lorentz invariance; a commutator of
two generators does not vanish for a type-II NG mode. We
also find that each of either the type-I or type-II mode is
accompanied with a gapful mode. The gapful mode accom-
panied with a type-I NG mode can be identified with a
Higgs mode, while that accompanied with a type-II NG
mode can be referred as a ‘“chiral partner” or a “gapful
NG partner.” In the ultrarelativistic limit, a set of a type-I
NG mode and its Higgs partner remains as it is, while a set
of a type-II NG mode and gapful NG partner becomes a
set of two type-I NG modes. On the other hand, in the
nonrelativistic limit, both the Higgs partner of a type-1 NG
mode and gapful NG parter of a type-II NG mode become
infinitely massive and disappear from the spectrum, and
there remains only the type-I or type-IIl NG mode. This
mechanism reveals a nature of type-I and Il NG modes. We
show these in typical examples of both bulk NG modes and
NG modes localized around a topological soliton. The bulk
examples contain a phonon in scalar BECs and a magnon
in ferromagnets, while soliton examples contain a kelvon
and dilaton-magnon localized around a Skyrmion line in
isotropic ferromagnets. An another example is a ripplon-
magnon localized around a domain wall in anisotropic
ferromagnets studied in Ref. [8]. In all examples, we give
two approaches: the effective theory and linear response
theory (the Bogoliubov—de Gennes equations).

The interpolating Lagrangians containing both first- and
second-order time derivatives that we consider in this paper
appear in various contexts of both theoretical and exper-
imental physics, and thereby our results yield suggestions
of several theoretical and experimental works. As we
denoted above, they describe relativistic field theories with
the finite chemical potential. In the quantum mechanical
framework, it is well known that these models naturally
give the complex probabilities in the path-integral formal-
ism as long as the chemical potential is finite [23,24], and
we can expect some qualitative change from zero to finite
chemical potentials. Even in the semiclassical framework
for symmetry-broken systems, our results show that there
is a drastic change of low-energy modes both in bulk and
topological defects: the coupling of the type-I NG mode

and Higgs mode or the coupling of two type-I NG modes
to one type-II NG mode. The interpolation between the
relativistic and nonrelativistic frameworks appears in vari-
ous ultracold atomic systems. Recently, the existence of the
Higgs mode in strongly interacting lattice bosons close to
the superfluid-Mott insulating transition point has been
theoretically [25-30] and experimentally [31] proposed and
confirmed. In this system, the first-order time derivative
term is prohibited, and the second-order time derivative
term becomes important at the transition point because of
the particle-hole symmetry, by which the Higgs mode can
be expected. In the superfluid phase far from the transition
point, it is well known that the first-order time derivative
term is dominant and the Higgs mode is absent. Our results
explain how the Higgs and NG modes are changed as
the parameter changes to the transition point. We show
two other examples. One is the charged fermionic systems
close to the BEC-BCS crossover point [32] that has been
theoretically predicted to contain the both first- and second-
ordered time derivative terms, predicting the existence of
the Higgs mode. The other example is the magnetic model
[33]. As already known, two type-I NG modes exist in
antiferromagnets, while one type-Il NG mode exists in
ferromagnets. In a canted ferromagnet between the ferro-
magnet and antiferromagnet, it has been reported that there
appear one type-II NG mode and one gapful Higgs mode,
which is quite similar to what we obtain in the interpolating
region between relativistic and nonrelativistic models even
though the magnetic model itself is nonrelativistic.

This paper is organized as follows. In Sec. II, we discuss
bulk NG modes. We study phonons in a scalar BEC and
magnons in ferromagnets as examples of type-I and -II NG
modes in Secs. Il A and II B, respectively. In Sec. III, we
discuss NG modes localized around topological solitons.
We study kelvons and dilaton-magnons localized around a
Skyrmion line in ferromagnets as examples of type-1I NG
modes. Section IV is devoted to a summary and discussion.
In Appendix A, we give a further example of a spinor BEC
that contains both type-I and -II NG modes in the bulk.

II. NG MODES IN THE BULK

A. Interpolating type-I NG mode:
Phonons in scalar BEC

Let us consider the Lagrangian density for a single
complex scalar field y, interpolating relativistic and non-
relativistic theories,
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+ iu(y O — O*w) — |Vy|* — g (lwl* = p)*,

(1)

where ¢ is the coupling constant and p is the real
positive constant giving a vacuum expectation value.
This Lagrangian density interpolates between two extreme
cases; it reduces to the relativistic Goldstone model in the
ultrarelativistic limit g — 0 and to the Gross—Pitaevskii
model in the nonrelativistic limit ¢ — oco. In the generic
region, the Lagrangian density is invariant under the
Lorentz transformation

vx
t’—y(t——2>, X =y(x—wt),

O =10, + 100 Oy =530, 410y,

; yUXx
y' =Sy,  S= —/402{(1 —r)t+7},
1
i >

which reduces to the Galilei or Schrodinger transformation
in the nonrelativistic limit ¢ — co. The equation of motion
for y* reads

1 .
— 20w+ 2y = =V + gy —p)w. (3

which has the static constant solution vy = /p.
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1. Low-energy effective theory

The low-energy dynamics around the static solution
can be discussed by considering the low-energy effective
theory. We introduce fluctuations of amplitude f(x, ) and
phase 0(x, t) around w:

v =yof{l + f(x.1)}e?®D. (4)

Inserting Eq. (4) into Eq. (1), we obtain the effective
Lagrangian density

2 N2
wot LT w14 2000 - (V1) - (V)
—2g0f” + O((£.0)). (5)

The low-energy dynamics of f and 6 derived from the
Euler—Lagrange equations reads

f .
?+2u9—v2f—|—2gpf:0,

0.
2= uf -V =0 (6)

Typical solutions of Eq. (6) are f = fcos(k - x — wt + &),
0 = 6y sin(k - x — wt + §) with the dispersions

ol = ic\/zlﬂﬁ +R2+gp+ \/4ﬂ4c4 + 4> (K + gp) + ¢ p*,

¢ = iC\/2ﬂ262 + K2+ gp - \/4;!464 + 42 (K + gp) + ¢°p*. (7)

In the long-wavelength limit for k& — 0, these dispersions
reduce to

ol = £ey/ 4Pt + 2gp + O(K?),

o6 = +ck

giving rise to one gapful (wy) and one gapless (wng) mode,
identified as Higgs and NG modes, respectively. The
amplitudes f, for !l and »C are obtained as

O/ 2% c* + gp

H _ +0k2,
fOi + \/iyc ( )
Oouck
NS =+ - +0(K). (9)

Var2uPe? + ¢p?)

[
This is the relationship between amplitudes of fluctuations
for coupled dynamics of f and 6. In the long-wavelength
limit k — 0, we obtain f)¢ — 0, indicating that the
oscillation of f vanishes and there remains the oscillation
of @ as the pure phase mode.

In the ultrarelativistic limit 4 — 0, the dynamics of f and
¢ in Eq. (6) are independent of each other, and amplitudes
fo and 6, become independent variables with dispersions

ofl > ey /K2 + 2gp,

The gapful dispersion w'! reduces to that for f, while the
gapless dispersion @O reduces that for 6; i.e., the Higgs
and NG modes get to pure amplitude and phase oscillations
respectively. In the nonrelativistic limit ¢ — oo, the Higgs
mode disappears with the divergent dispersion ol — co.
The NG modes remain coupled oscillations of f and € with

O > tck.  (10)
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ik\/k2+2gp NG, 4 ok
2u ’ 0% \/k2+2gp.

In the long-wavelength limit £ — 0, the NG mode is always
the pure phase mode with arbitrary p.

NG
Wy —

(11)

2. Linear-response theory

In the linear-response framework, the dynamics of y can

be written as w — y + u + v* with fluctuations u and v*.

Here, rewriting u and v as u = uye!®*=+9 o =

vye*¥=2+0) with uy, v, € R, and inserting y into
Eq. (3) leads to the Bogoliubov equation

<a)2/cz—|—2/4a)—k2—gp —gp >(u0)
—gp w*/c* =2uw =k —gp ) \ vy

+0((ug. v0)) =0 (12)

with the dispersion relation @ = ™. The fluctuation
Oy = u + v* becomes

Sy « cos(k - x — wllt + 8)

22 \/T
i 2ucc” £ uc gp4,u c”+2gp e-ilkx—oflite) | 0(k?)

(13)
for Higgs modes with the dispersion '], and
Sy o« isin(k -x — @Y1 + )
uck
9p(2u*c* + gp)

4 e~ ilkx—al01+9) 4 0(/(2) (14)

for NG modes with the dispersion »Y¢. Because the ground
state yy = /p has only the real part, the first terms of the
right-hand sides in Eqgs. (13) and (14) can be regarded as
the amplitude and phase oscillations, respectively. Both the
second terms of the right-hand sides in Eqs. (13) and (14)
are coupled oscillations of the amplitude and phase. They
vanish in the ultrarelativistic limit, which reveals that the
Higgs and NG modes become purely amplitude and phase
oscillations, respectively. In the nonrelativistic limit, on the
other hand, the NG mode

e—i(k-x—wic'tﬁi) + 0(](2)

(15)

remains to be a coupled amplitude and phase oscillation. In
the long-wavelength limit £ — 0, the NG mode is always
the pure phase oscillation with arbitrary u. Equations (13)
and (14) are consistent with the expansion of y=,/p{1+
FoiNGcos(k-x— @' NOt+8) Yexp{ifysin(k-x — N1+ 5)}
around 6, = 0, which reveals that both the low-energy
effective theory and linear-response theory give the same
Higgs and NG modes. Similar behaviors of NG and Higgs

Sy x isin(k-x — Ot +5) +

k
V2gp
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modes are theoretically reported for strongly interacting
lattice bosons close to the superfluid-Mott insulating
transition point [28-30].

B. Interpolating type-II NG mode:
Magnons in ferromagnets

We consider the interpolating Lagrangian density for the
continuum Heisenberg model or the O(3) nonlinear sigma
(CP") model,

|it)? iu(u* i —i'u) |Vul|?
L= - , 16
R A T T (e A
where u € C is the complex projective coordinate of CP',

defined as ¢” = (1,u)”/y/1+ |u|*> with normalized two
complex scalar fields ¢ = (¢, ¢,)" with |¢,|*> + |$,]> = 1.
This Lagrangian density is invariant under the following
Lorentz transformation:

VX
t’zy(t—2>, X =y(x— 1),
c

Yyv
ax’ — ?a[ + yax’

Oy = y0, +yvo,, u = eu,

S = =(L=puc(1+uP), 0.8 = —yuo(1 + |uf?).

(17)
This reduces to the Galilei or Schrodinger transformation in
the nonrelativistic limit ¢ — oo0. The equation of motion for
u reads
(|ul® + 1)ii — 2u*i?

. — 2ip(|ul? + 1)i

= (lu|* + 1)V?u = 2u*(Vu)?, (18)
which has the uniform and static solution u, = const.
Under the Hopf map for a 3-vector of real scalar fields

n = ¢'6¢ with the Pauli matrices o, the Lagrangian density
(16) describes the isotropic Heisenberg ferromagnets,

gziz [n? pc(inny —miy) _|V"|2' (19)
4 1+n3 4

c

1. Low-energy effective theory

Here, we consider the low-energy effective theory for
the low-energy excitation, with fixing a uniform and
static solution uy, = 0 and its fluctuation du = a + iff with
a, p € R. In terms of n, uy = 0 is equivalent to n; = 1, and
a and S are the fluctuations of n; and n,, respectively. The
effective Lagrangian density becomes
&2 2 .

P (i) (Ve +97) + O(( ).

(20)

Eeff =

The low-energy dynamics of @ and  becomes
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%+2uﬁ—v2a:o g—z,m—vzﬁ. (21)
As in the previous case for phonons in a scalar BEC,
the dynamics of a and f# are independent of each other
only in the ultrarelativistic limit g — 0. Typical solutions
are a = agcos(k -x — wt + 6), p = Pysin(k - x — wt + 6),
with

k2
ol = £c(\/k* + p?c* + pc) = :|:<2/w2 +Z> + O(k*),

ahy = Fhos
k2
O = tc(\/ k> + p?c? —pc) = iﬂ—i_ O(k%),
aot = :i:ﬂ (22)

The second solution is a type-Il NG mode which is a
magnon, and the first one is its chiral massive partner which
we may call a “massive magnon.” In the ultrarelativistic
limit # — 0, Eq. (22) reduce to o' NG — +¢k, and agiNG

and ﬂo 1 are independent of each other, which implies that
the type-II NG and Higgs modes reduce to two type-I NG
modes. In the nonrelativistic limit ¢ — oo, on the other
hand, it reduces to
k2

ot - oo, - :I:Z (23)
While the type-II NG mode remains gapless, the chiral
massive partner becomes infinitely massive and disappears
from the spectrum.

2. Linear-response theory

We consider the dynamics of magnons in the
linear-response theory framework: u =a, e’ i(kx—wt+8) 4
a_e~'kx=o+9) with g, € R. Inserting this ansatz into the
dynamical equation (18), we obtain the Bogoliubov equation

)
(? + 2;4(0) ap = kzai + O(Cli), (24)
giving the dispersion relation w¥ and &%’

G in Eq. (22) with

kx—o'l146)

arbitrary a, # 0. The gapful mode for aer*‘( and

NG mode for aYGe*ikx-0X+5) propagate in the direction
parallel to k for the upper sign and antiparallel to k for the
lower sign, respectively, where their chiralities are opposite

to each other. In the ultrarelativistic limit, @l = 06 =

+ck leads all {eFilkx—elitd) 4 pritkx—0i01+0)) — 5 qH cog(k-
xFckt+6) with @l =al0 and @l {eFitka-elitd)
eFilkx=i0)) — 22 sin(k-xFckt+8) with afl = —alS,
which give purely real and imaginary modes. These results
completely agree with those obtained in the low-energy
effective theory.
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III. NG MODES LOCALIZED AROUND SOLITONS

A. Kelvon and dilaton-magnon of a Skyrmion

We start from the CP! Lagrangian density £ in Eq. (16).
Instead of the uniform u, we consider a straight Skyrmion-
line solution [34] extending along the z axis,

Foi(0+0)
us(x,y,Z)ZRSJrR, ?:\/(x—X)2+(y—Y)2,
_ —y
f=tan' 2 (25)
x—X

as the static solution. Here, R, € R* is the characteristic
size of the Skyrmion line, and X, Y € R, 0 < 0 < 2z, and
R € R are the translational, phase, and dilatation moduli of
the Skyrmion line, respectively.

1. Low-energy effective theory

To discuss the low-energy dynamics of the Skyrmion
line, we use the moduli approximation [35]; we introduce
the z and ¢ dependences of these four moduli and integrate
the Lagrangian density in the xy-plane with radius L:

Lz—x
fute [
LZ_x2
X? +v? - ~
:—27{—1—77{ 2 —(X%—l—Y%)—i—Zﬂ(XY—XY)}

L\ (R + R
+ 2rlog (—) {% — (R?
R c

S

+ R262)
+ 2u(R20 + 2R5R9)} +O((X.Y.0.R)). (26)

The first 2z term in the right-hand side is the tension
(the energy per unit length) of the Skyrmion line. The
low-energy dynamics of X, Y, 0, and R derived from the
Euler—Lagrange equation becomes

X = 2X,, — 2uc?Y,

Y =Y, +2uc’X, (27a)

RO =c?R0,. —2uc*R, R=cR,,+2uc*R0. (27b)

Equation (27a) has the same form as Eq. (21) with rewri-
ting V-0, @y > X, and a, — Y. Typical solutions
X = X, cos(kz —wt + 8) and Y = Y, sin(kz — wt + §) are
therefore the same as those in Eq. (22). As long as p # 0,
the two translational moduli X and Y couple to each other,
forming gapless and gapful helical modes with X, =Y,
and X, = —Y, propagating along the z direction helically
and antihelically. The former is nothing but a helical
Kelvin wave or a helical kelvon if quantized as a particle,
while the latter may be called a “massive helical kelvon.”
The moduli fields € and R have the solution
0 = 6ycos(kz — wt +6), R = Rysin(kz —wt 4+ 5) with
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the dispersion shown in Eq. (22). The phase and dilatation
moduli @ and R couple to each other, forming gapless and
gapful modes with 6, = Ry/R, and 6, = —R,/R, propa-
gating along the z direction helically and antihelically. We
called the former a “dilaton-magnon” [10], and the latter
may be called a “massive dilaton-magnon.” In the ultra-
relativistic limit 4 — 0, the four modes for X, Y, 6, and R
propagate independently of each other with the linear
dispersion ck as wavy kelvons for X and Y, U(1) magnon
for 6, and dilaton for R.

Here, we note that the dilatation symmetry is not the
symmetry of the Lagrangian density (16) but the symmetry
of the stationary state of the dynamical equation for the
Lagrangian, and the dilaton is not the NG mode but a
so-called quasi-NG (QNG) mode [22], while wavy kelvons
and phonons are NG modes. The dilaton-magnon is
also regarded as coupled NG-QNG mode, while a helical
kelvon is a coupled NG mode. In the nonrelativistic limit
¢ — oo, the massive helical kelvon and massive dilaton-
magnon disappear because of the divergent dispersion
relation.

In Ref. [8], NG modes localized around a domain wall
in ferromagnets with one easy axis were studied. The
model is a nonrelativistic version of the massive CP' model
often studied in the supersymmetric context [36]. The
domain wall breaks the translational symmetry transverse
to the wall as well as the internal U(1) symmetry. There
appear an associated ripple mode and U(1) NG modes,
coupled to each other. The interpolation between ultra-
relativistic and nonrelativistic theories is parallel to the case
of a Skyrmion line.

2. Linear-response theory

We consider the dynamics of the kelvon wave and
dilaton-magnon in the linear-response theory frame-
work:  u=uR=0=X=Y =0)+a,elkx-otd
a_e~(kx-ort0) nserting this ansatz into the dynamical
equation (18), we obtain the Bogoliubov—de Gennes
equation,

w? 4(rd,+idy)
<7:|:2/w)> a.= {(k2 -V2) +fRE9}ai +0(d?%),

(28)

where, V, = (0,, d,) denotes the derivative in the xy plane.
By expanding a, as ay = >_,a, ,e"’, we obtain

2
(%200 )ass = {(€ =2 -0,/r+ 2

4(ro,¥1)

2+ R? }ai.l + O(Clzi)- (29)

PHYSICAL REVIEW D 92, 045028 (2015)

There are two characteristic solutions: a, y « 1 with [ =0
and a,; « /R, with [ =1 with the dispersion relation
shown in Eq. (22). As long as u # 0, there are a gapless
NG mode with 6 and gapful Higgs mode with !, and
the solution becomes

N _ re” +i(kz—aNC1+6)
Uy = — Xpe™"\Tes ,
+.,0 R
S
H re” i(kz—at 1+9)
uy, = — XgeFiikeoy (30)
’ R
S
for [ =0 and
; . (o NG
NG ret? N lgore:tl(kz @O 1+46)
u = —
1 )
R, R
. ret? i90r6$i(kz—w§t+5)
u; = _ (31)
R Ry

for I = 1. w9, ufl o, u}G. and uf! | are equivalent to the
solution (25) with moduli X, Y, @, and R for helical kelvon,
massive helical kelvon, dilaton-magnon, and massive
dilaton-magnon, respectively, in the first order of X, and
0. In the ultrarelativistic limit u — 0, both ¢ and o
have linear dispersion relations £ck, giving wavy kelvons
as the linear combination of ¥ and !l ; and the U(1)
magnon and dilaton as the linear combination of 1§
and u'l .

We shortly note other solutions having the same dis-
persions ®Y° and w!l. With / = 0 and [ = 1, solutions a..
and a.; have their anomalous pairs a o« (r/R)*+
A(r/R)* +4log(r/Ry) and  ay; o (r/Ry)* = (Ry/r)+
8(r/R;)log(r/R,), which are the modes changing the
Skyrmion charge of the total volume in which we are
not interested. For higher [/ > 2, there are also solutions
a5y % (r/ R,)!. They do not change the state around the
Skyrmion at the center but change the bulk state far from
the Skyrmion, giving bulk magnons with ¢ and a bulk
massive magnon with ! propagating along arbitrary
directions. For lower [ <0, solutions a, ;. « (Ry/r)™
give the Skyrmion-splitting modes from 1 Skyrmion at the
center with the charge +1 to 1 Skyrmion with the charge —/
at the center and (/ + 1) Skyrmions with the charge +1
around the center. As well as the dilaton, these Skyrmion-
splitting modes do not come from the symmetry of the
Lagrangian density, and can be regarded as QNG modes and
their massive partners.

IV. SUMMARY AND DISCUSSION

In summary, we have revealed how relativistic and
nonrelativistic NG modes are interpolated. We have found
that type-I and type-Il NG modes in the interpolating
Lagrangians with the Lorentz invariance are accompanied
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with a gapful Higgs mode and gapful chiral NG partner,
respectively. In the ultrarelativistic limit, the type-I NG and
Higgs partner remain, and the type-II NG mode and gapful
NG partner become two type-I NG modes. In the non-
relativistic limit, the accompanied gapful modes become
infinitely massive, disappearing from the spectrum. In the
whole region, the commutation relation holds consistently,
showing that the Lorentz invariance does not forbid type-II
NG modes.

While we have studied a kelvon localized around a
Skyrmion line in ferromagnets, we have not studied a
kelvon localized around a vortex line in scalar BECs. In the
latter case, the dispersion relation of the kelvon depends
on the transverse system size. When the size is finite, the
dispersion relation is quadratic, but it is not an integer
anymore for infinite system size. Recently, the interpolating
formula of the dispersion relation of the kelvon for an
arbitrary transverse system size was obtained in Ref. [14].
Extending to the case of a kelvon of a vortex in an arbitrary
system size for interpolating relativistic and nonrelativistic
systems is an interesting future work that would be
important for the Mott insulator transition point in BECs
in the optical lattice.

One of the related topics is the relaxation dynamics of
topological defects generated through the Kibble—Zurek
mechanism after the temperature quench. It has been
predicted [37] that the relaxation dynamics is universal
and dependent only on a small number of factors such as
conserved quantities, external currents, viscosity, and off
criticality. For one of the future problems in this topic, we
can consider the dependence of the relaxation dynamics
on the dispersion relation of NG modes excited along the
topological defects in the interpolation between relativistic
and nonrelativistic regions, which is expected to be an
essential problem in the phase-ordering dynamics of U(1)
bosons with the finite chemical potential [38].

Finally, let us mention quantum corrections of NG
modes in lower dimensions. In the nonrelativistic limit,
type-II NG modes remain gapless under nonperturbative
quantum corrections [39], as opposed to type-I NG modes
that become gapful to be consistent with the Coleman—
Mermin—Wargner theorem. It is interesting to see whether
quantum corrections give gaps to type-II NG modes in the
intermediate region.
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APPENDIX: SPINOR BEC

Here, we discuss a ferromagnetic ' =1 spinor BEC
which contains both type-I and -II NG modes simulta-
neously. We see that it contains further a pair of gapful
modes. The interpolating Lagrangian is

1 .
L= 10w+ iny o - d'y) - [yl

7 dGo—9)r\* g .
——O{IWIZ—i( Og Y } +5 (' Fy)?,

. : : (A1)

w = (y,woyw_1)T is the three-component
(spinor-1) complex scalar fields and F is the triplet of the
3 by 3 SO(3) generators (spin-1 spin matrices). Besides the
Lorentz transformation given in Eq. (2) for all components
w4 and y, this Lagrangian is invariant under the shift
of the overall phase v — ye' and the SO(3) spin rotation

where

v - llje_iﬁ “. When the two coupling constants g, and ¢,
satisfy gy > g; > 0, there exists a stable and static solution
we=(1/p,0,0)T for F=y " Fy=(0,0,p) as the ground state.

As well as the previous examples, we consider the
following low-energy excited state,

w = p((1+ f1)e ay+ ifo.a_y +if_)".  (A2)

where f; and 6, are fluctuations of the amplitude and phase
of the first component of  and «,, and f3,, are the real and
imaginary parts of fluctuations of the mth component
(m =0,—1) of y. Inserting Eq. (A2) into Eq. (Al), we
get the effective Lagrangian
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L f1+91+0’o+ﬂ0+a_1+ﬁ 1

P c?
= 2u{(142f1)0, + aoBo — oo + a_i
= (V1P + VO, +|Vao|* + VS|
+[Va_, P +|VB_11?) =2(90—91)pfT = 2g1p(2, +52,)

—a_1f_i}

+O0((f1,61,0.P0,a_1.5-1)*). (A3)
The low-energy dynamics becomes
fl v2 _
2+2M91 f1+2(90 = g1)pf1 =0,
O 2ty =260, — 0 A4
2T M0 = 1=0, (Ada)
G 4y~ Vo =0, P2y —V2p, 0. (Adb
2 uho—V<ay=0, 2 2pao - po=0, (Adb)
a_q )
7+2ﬂﬁ1 Véa_; +2gpa; =0,
B
0_21 = 2ua_y = V2p_y +2gipp1 = 0. (Adc)

Equation (A4a) has the same form as Eq. (6) with
rewriting f — f1, 0 = 04, and g — gy — ¢;. Therefore, as
long as u # 0, dynamics of f; and @, are coupled as f|; =
fiocos(k-x —wt+5) and 0; = 0ysin(k - x — wt + 6)
with the dispersions shown in Egs. (7) and (9): one gapful
Higgs mode with o'l and one type-1 gapless NG mode with
a)liG. In the relativistic limit, two dynamics of f; and 8, are
independent of each other, giving a Higgs mode for f| and
a type-I NG mode for ;. In the nonrelativistic limit, the
Higgs mode vanishes with a diverging spectrum.

Equation (A4b) has the same form as Eq. (21), and the
solutions ag = ag cos(k - x — wt + 8) and Sy = Py sin(k -
x — wt + §) exactly behave as « and f5: one Higgs mode
with @ = w!! and By = Fay and one type-Il NG mode
with @ = wliG and Sy, = £ag having opposite chiralities
as long as p # 0. In the ultrarelativistic limit, the Higgs and
type-II NG modes are degenerated, giving rise to two type-I
NG modes. In the nonrelativistic limit, the Higgs mode
vanishes with a diverging spectrum. The modes «, and /3,
can be considered as fluctuations of the spin rotation

around F = (O 0,p). Fluctuations for F, and Fy can be
written —iFysy, = [(l s/f 0)" + O(s*) and
lF s —

“yry 1 is/ \/2 0) ). The real and imagi-

nary parts ap and o therefore correspond to fluctuations of
F, and F, respectively, which is consistent with @ and f§ in
Eq. (20) as fluctuations of n; and n,.
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For Eq. (A4c), typical solutions are a_; = a_;ycos(k -
x—wt+6) and f_| = f_jpsin(k -x — wt + 5) as long as
1 # 0 with the dispersion

0§ =+c(\/ K +u*c?+2g,p+pc)
2.2 k2 4
::EC<\//4 c +2glp+,uc+7>+0(k )
2\/pc?+2g1p

H _ —pH
aZior =FP 104

0P =dc(\/ K> +u>c®+2g,p—pc)
( /2.2 K 4
=+tc(\/pc +291p—uc+7)+0(k )s
2\/uct +2g,p

oo =+p0, (AS)
Being different from @Y G and ! for ay and S, both co

and w$? are gapful as long as g; > 0. In the nonrelat1V1st1c
limit ¢ — oo, ®$! diverges as well as !, and only the
gapful mode with »$? survives. In the ultrarelativistic limit
u — 0, a_; and f_; are independent of each other with the

dispersion

Gl _ G2 _
Wy =W =

2
C( ng + 2\/%) + 0(k4), (A6)

which remains gapful. Defining new operators

9

P2 =

o O O

we can write the modes corresponding to a_; and S_;
as e sy, = \/_(I,O,S)T+0(S2) and efriy, =
VP(1,0,is)" + O(s?). Because we can obtain the non-
magnetic polar state y, = \/— (1.0.¢°)"/y/2 with F,; and
F,ase =i(Fpzcos6-F  sind)n/4 Wy = W, We can regard a_
and f_; as the fluctuation from the ferromagnetic state to
the polar state.

In the case of g; = 0, the number of NG modes changes
as follows. In this case, two dispersions @$!' and w$?
become equivalent to @! and wC for oy and S, respec-
tively, and a_; and f_; also contribute to the type-Il NG
and Higgs modes. This is a consequence of the fact that the
symmetry of the Lagrangian is enlarged from U(1) x
SO(3) to U(3) and broken generators for y, included in
u(3) are F, which have been just consid-
ered above.

We finally refer to the linear-response theory, which
gives the same results as those from the low-energy
effective theory as well as other examples in the main
part. The Bogoliubov equation can be obtained by

y.z.pl.p2>
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substituting the fluctuations y — y, + ue'k*-wr+o) 4

v*e~!kx=01+9) to the original Lagrangian (Al),

<a)2/c2—|—2,ua)—k2—F -G ><u)
-G @?/c? = 2uw—k*—F) \v

+ 0((u,v)?) = 0, (A8)

where F and G are given in the ferromagnetic ground state
W, as

PHYSICAL REVIEW D 92, 045028 (2015)

g9—91 0 O g9—91 00
F=p 0 o 0 |, G=p 0 00
0 0 2g; 0 00

(A9)

We obtain the same dispersion relations as those discussed
in the low-energy effective theory.

[1] H. B. Nielsen and S. Chadha, On how to count Goldstone
bosons, Nucl. Phys. B105, 445 (1976).

[2] Y. Nambu, Spontaneous breaking of Lie and current
algebras, J. Stat. Phys. 115, 7 (2004).

[3] H. Watanabe and T. Brauner, Number of Nambu-Goldstone
bosons and its relation to charge densities, Phys. Rev. D 84,
125013 (2011).

[4] H. Watanabe and H. Murayama, Unified Description of
Nambu-Goldstone Bosons without Lorentz Invariance,
Phys. Rev. Lett. 108, 251602 (2012).

[5] H. Watanabe and H. Murayama, Effective Lagrangian for
Nonrelativistic Systems, Phys. Rev. X 4, 031057 (2014).

[6] Y. Hidaka, Counting Rule for Nambu-Goldstone Modes in
Nonrelativistic Systems, Phys. Rev. Lett. 110, 091601
(2013).

[7] D.A. Takahashi and M. Nitta, Counting rule of
Nambu-Goldstone modes for internal and spacetime sym-
metries: Bogoliubov theory approach, Ann. Phys. 354, 101
(2015).

[8] M. Kobayashi and M. Nitta, Nonrelativistic Nambu-Gold-
stone Modes Associated with Spontaneously Broken Space-
Time and Internal Symmetries, Phys. Rev. Lett. 113, 120403
(2014).

[9] H. Watanabe and H. Murayama, Noncommuting Momenta
of Topological Solitons, Phys. Rev. Lett. 112, 191804
(2014).

[10] M. Kobayashi and M. Nitta, Non-relativistic Nambu-Gold-
stone modes propagating along a skyrmion line, Phys. Rev.
D 90, 025010 (2014).

[11] M. Kobayashi and M. Nitta, Kelvin modes as Nambu-
Goldstone modes along superfluid vortices and relativistic
strings: Finite volume size effects, Prog. Theor. Exp. Phys.
2014, 021B01 (2014).

[12] H. Takeuchi and K. Kasamatsu, Nambu-Goldstone modes in
segregated Bose-Einstein condensates, Phys. Rev. A 88,
043612 (2013).

[13] H. Watanabe and H. Murayama, Nambu-Goldstone bosons
with fractional-power dispersion relations, Phys. Rev. D 89,
101701 (2014).

[14] D. A. Takahashi, M. Kobayashi, and M. Nitta, Nambu-
Goldstone modes propagating along topological defects:
Kelvin and ripple modes from small to large systems, Phys.
Rev. B 91, 184501 (2015).

[15] S. Higashikawa and M. Ueda, u-symmetry breaking: Alge-
braic approach to finding building blocks of quantum many-
body systems, arXiv:1504.08113.

[16] Y. Hidaka, T. Noumi, and G. Shiu, Effective field theory for
spacetime symmetry breaking, arXiv:1412.5601.

[17] Y. Hama, T. Hatsuda, and S. Uchino, Higgs mechanism with
type-II Nambu-Goldstone bosons at finite chemical poten-
tial, Phys. Rev. D 83, 125009 (2011).

[18] S. Gongyo and S. Karasawa, Nambu-Goldstone bosons and
the Higgs mechanism without Lorentz invariance: Analysis
based on constrained-system theory, Phys. Rev. D 90,
085014 (2014).

[19] H. Watanabe and H. Murayama, Spontaneously broken non-
Abelian gauge symmetries in nonrelativistic systems, Phys.
Rev. D 90, 121703 (2014).

[20] T. Hayata and Y. Hidaka, Dispersion relations of Nambu-
Goldstone modes at finite temperature and density, Phys.
Rev. D 91, 056006 (2015).

[21] T. Brauner and S. Moroz, Topological interactions of
Nambu-Goldstone bosons in quantum many-body systems,
Phys. Rev. D 90, 121701 (2014).

[22] M. Nitta and D. A. Takahashi, Quasi-Nambu-Goldstone
modes in nonrelativistic systems, Phys. Rev. D 91,
025018 (2015).

[23] G. Parisi, On complex probabilities, Phys. Lett. 131B, 393
(1983).

[24] G. Aarts and 1. O. Stamatescu, Stochastic quantization at
finite chemical potential, J. High Energy Phys. 09 (2008) 018.

[25] E. Altman and A. Auerbach, Oscillating Superfludity of
Boson in Optical Lattices, Phys. Rev. Lett. 89, 250404
(2002).

[26] S.D. Huber, B. Theiler, E. Altman, and G. Blatter, Ampli-
tude Mode in the Quantum Phase Model, Phys. Rev. Lett.
100, 050404 (2008).

[27] L. Pollet and N. Prokof’ev, Higgs Mode in a Two-
Dimensional Superfluid, Phys. Rev. Lett. 109, 010401
(2012).

[28] T.D. Grass, F.E. A. dos Santos, and A. Pelster, Real-time
Ginzburg-Landau theory for bosons in optical lattices, Laser
Phys. 21, 1459 (2011).

[29] K. V. Krutitsky and P. Navez, Excitation dynamics in a
lattice Bose gas within the time-dependent Gutzwiller mean-
field approach, Phys. Rev. A 84, 033602 (2011).

045028-9


http://dx.doi.org/10.1016/0550-3213(76)90025-0
http://dx.doi.org/10.1023/B:JOSS.0000019827.74407.2d
http://dx.doi.org/10.1103/PhysRevD.84.125013
http://dx.doi.org/10.1103/PhysRevD.84.125013
http://dx.doi.org/10.1103/PhysRevLett.108.251602
http://dx.doi.org/10.1103/PhysRevX.4.031057
http://dx.doi.org/10.1103/PhysRevLett.110.091601
http://dx.doi.org/10.1103/PhysRevLett.110.091601
http://dx.doi.org/10.1016/j.aop.2014.12.009
http://dx.doi.org/10.1016/j.aop.2014.12.009
http://dx.doi.org/10.1103/PhysRevLett.113.120403
http://dx.doi.org/10.1103/PhysRevLett.113.120403
http://dx.doi.org/10.1103/PhysRevLett.112.191804
http://dx.doi.org/10.1103/PhysRevLett.112.191804
http://dx.doi.org/10.1103/PhysRevD.90.025010
http://dx.doi.org/10.1103/PhysRevD.90.025010
http://dx.doi.org/10.1093/ptep/ptu017
http://dx.doi.org/10.1093/ptep/ptu017
http://dx.doi.org/10.1103/PhysRevA.88.043612
http://dx.doi.org/10.1103/PhysRevA.88.043612
http://dx.doi.org/10.1103/PhysRevD.89.101701
http://dx.doi.org/10.1103/PhysRevD.89.101701
http://dx.doi.org/10.1103/PhysRevB.91.184501
http://dx.doi.org/10.1103/PhysRevB.91.184501
http://arXiv.org/abs/1504.08113
http://arXiv.org/abs/1412.5601
http://dx.doi.org/10.1103/PhysRevD.83.125009
http://dx.doi.org/10.1103/PhysRevD.90.085014
http://dx.doi.org/10.1103/PhysRevD.90.085014
http://dx.doi.org/10.1103/PhysRevD.90.121703
http://dx.doi.org/10.1103/PhysRevD.90.121703
http://dx.doi.org/10.1103/PhysRevD.91.056006
http://dx.doi.org/10.1103/PhysRevD.91.056006
http://dx.doi.org/10.1103/PhysRevD.90.121701
http://dx.doi.org/10.1103/PhysRevD.91.025018
http://dx.doi.org/10.1103/PhysRevD.91.025018
http://dx.doi.org/10.1016/0370-2693(83)90525-7
http://dx.doi.org/10.1016/0370-2693(83)90525-7
http://dx.doi.org/10.1088/1126-6708/2008/09/018
http://dx.doi.org/10.1103/PhysRevLett.89.250404
http://dx.doi.org/10.1103/PhysRevLett.89.250404
http://dx.doi.org/10.1103/PhysRevLett.100.050404
http://dx.doi.org/10.1103/PhysRevLett.100.050404
http://dx.doi.org/10.1103/PhysRevLett.109.010401
http://dx.doi.org/10.1103/PhysRevLett.109.010401
http://dx.doi.org/10.1134/S1054660X11150096
http://dx.doi.org/10.1134/S1054660X11150096
http://dx.doi.org/10.1103/PhysRevA.84.033602

MICHIKAZU KOBAYASHI AND MUNETO NITTA

[30] T. Nakayama, I. Danshita, T. Nikuni, and S. Tsuchiya, Fano
resonance through Higgs bound states in tunneling of
Nambu-Goldstone modes, arXiv:1503.01516.

[31] U. Bissbort, S. Gotze, Y. Li, J. Heinze, J. S. Krauser, M.
Weinberg, C. Becker, K. Sengstock, and W. Hofstetter,
Detecting the Amplitude Mode of Stringly Interacting
Lattice Bosons by Bragg Scattering, Phys. Rev. Lett. 106,
205303 (2011).

[32] B. Liu, H. Zhai, and S. Zhang, Evolution of Higgs mode
in a Fermion superfluid with tunable interactions,
arXiv:1502.00431.

[33] A.J. Beekman, Criteria for the absence of quantum fluc-
tuations after spontaneous symmetry breaking, Ann. Phys.
361, 461 (2015).

[34] A.A. Belavin and A.M. Polyakov, Metastable states of
two-dimensional isotropic ferromagnets, Pis’ma Zh. Eksp.
Teor. Fiz. 22, 503 (1975) [JETP Lett. 22, 245 (1975)].

[35] N. S. Manton, A remark on the scattering of BPS monop-
oles, Phys. Lett. 110B, 54 (1982); M. Eto, Y. Isozumi, M.
Nitta, K. Ohashi, and N. Sakai, Manifestly supersymmetric
effective Lagrangians on BPS solitons, Phys. Rev. D 73,
125008 (2006).

PHYSICAL REVIEW D 92, 045028 (2015)

[36] E.R. C. Abraham and P. K. Townsend, Q kinks, Phys. Lett.
291B, 85 (1992); More on Q kinks: a (1 + 1)-dimensional
analogue of dyons, Phys. Lett. 295B, 225 (1992); M. Arai,
M. Naganuma, M. Nitta, and N. Sakai, Manifest super-
symmetry for BPS walls in N = 2 nonlinear sigma models,
Nucl. Phys. B652, 35 (2003); A Garden of Quanta, edited
by A. Arai et al.. (World Scientific, Singapore, 2003),
p. 299.

[37] A.J. Bray, Theory of phase-ordering kinetics, Adv. Phys.
43, 357 (1994).

[38] A similar problem has been studied as the dependence of
the relaxation dynamics with topological defects on the
viscosity in P. Laguna and W. H. Zurek, Critical dynamics
of symmetry breaking: Quenches, dissipation, and cos-
mology, Phys. Rev. D 58, 085021 (1998). If we replace
ng with ing in the left-hand side of Eq. (1) of the above
paper, the problem just becomes the relaxation dynamics in
the interpolating between relativistic and nonrelativistic
regions.

[39] M. Nitta, S. Uchino, and W. Vinci, Quantum exact non-
Abelian vortices in non-relativistic theories, J. High Energy
Phys. 09 (2014) 098.

045028-10


http://arXiv.org/abs/1503.01516
http://dx.doi.org/10.1103/PhysRevLett.106.205303
http://dx.doi.org/10.1103/PhysRevLett.106.205303
http://arXiv.org/abs/1502.00431
http://dx.doi.org/10.1016/j.aop.2015.07.008
http://dx.doi.org/10.1016/j.aop.2015.07.008
http://dx.doi.org/10.1016/0370-2693(82)90950-9
http://dx.doi.org/10.1103/PhysRevD.73.125008
http://dx.doi.org/10.1103/PhysRevD.73.125008
http://dx.doi.org/10.1016/0370-2693(92)90122-K
http://dx.doi.org/10.1016/0370-2693(92)90122-K
http://dx.doi.org/10.1016/0370-2693(92)91558-Q
http://dx.doi.org/10.1016/S0550-3213(03)00009-9
http://dx.doi.org/10.1080/00018739400101505
http://dx.doi.org/10.1080/00018739400101505
http://dx.doi.org/10.1103/PhysRevD.58.085021
http://dx.doi.org/10.1007/JHEP09(2014)098
http://dx.doi.org/10.1007/JHEP09(2014)098

