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A particle in a uniformly accelerated motion exhibits Brownian random motions around the classical
trajectory due to the coupling to the field vacuum fluctuations. Previous works show that the Brownian
random motions satisfy the energy equipartition relation. This thermal property is understood as the
consequence of the Unruh effect. In the present work, we investigate the radiation from the thermal random
motions of an accelerated particle coupled to vacuum fluctuations. The energy flux of this radiation is
negative of the order smaller than the classical radiation by the factor a/m, where a is the acceleration
constant and m is the mass of a particle. The results could be understood as a suppression of the classical

radiation by the quantum effect.
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I. INTRODUCTION

The Unruh effect predicts that an observer in an
accelerated motion sees the Minkowski vacuum as
thermally excited [1]. Arguments of experimentally
detecting the Unruh effect have been under debate. One
such argument is initiated the work by Chen and Tajima
[2,3], who proposed a possible detectable signal in the
radiation from a charged particle in an accelerated motion,
which can be realized in an intense laser field. However, it
has not been clarified whether the radiation originated from
the Unruh effect, which we call the quantum radiation,
really exists or not [4,5]. The purpose of the present paper
is to resolve this problem.

The authors of Ref. [6] have considered a theoretical
model, consisting of a particle and a quantum field,
which are coupled to each other. They have developed a
theoretical framework to investigate the properties
of the random motion of a particle around a classical
uniformly accelerated motion, which are caused by the
coupling to quantum vacuum fluctuations, as well as
the radiation from the particle in the random motion.
They have derived a Langevin-like equation for a particle
due to the coupling to the quantum field, which induces
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In the present paper, we investigate the quantum
radiation from the random transverse motions of a particle
caused by the coupling to the vacuum fluctuations. The
method is an application of the framework developed
in Ref. [5], and we evaluate the expectation value of
the energy momentum tensor of the field coupled to the
particle. We demonstrate that the energy flux of the
quantum radiation is negative of the order smaller than
that of the classical radiation by the factor a/m, where a is
the acceleration constant and m is the mass of a particle.
Throughout this paper we adopt the natural unit and follow
the metric convention (4, —, —, —).

II. REVIEW OF BASIC FORMULAS

We briefly review the basic formulas and the previous
results. Following the previous works [5,7], we consider the
system consisting of a particle and a scalar field coupled to
each other, the action of which is given by

S = Sp(2) + S4(p) + Sine(z, #), (2.1)

where Sp(z) and S, (¢) are the action for the free particle

and field,
random forces from the quantum field fluctuations, and
including the radiation reaction force. It is found that the
random motion of a particle in the transverse direction, Sp(z) =—m / dr\ /1,7,
perpendicular to the direction of the acceleration, satisfies |
the energy equipartition relation (see Refs. [5,7], Sy(¢) = / d4x§ #pd, b, (2.2)
cf. Ref. [8]).
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and S;,(z, ¢) describes the interaction,

Sm(z.4) = e / ded*x, 9 (D) F 2 D(x)3 (x = 2(0))

= e/dT N2 P(z(7)), (2.3)

where e is the charge of the particle. Note that x* = z/(7)
denotes the trajectory of a particle, which obeys

mzt = e(Z"(ﬁ—i—Z"Z"a—(i—n’ma—qZC) + F*,
X Ox

x=z(7)

(2.4)

where F* is a force for a uniformly accelerated motion,
while the equation of motion for the scalar field is

00, p(x) = e/dﬁ [, 8 (x —z(7)).  (2.5)

The field equation has the solution,

$(x) = ¢n(x) + Pinn (%), (2.6)
where ¢, and ¢;,, are the homogeneous solution and the
inhomogeneous solution, respectively. The homogeneous
solution satisfies 0"0,¢, = 0, which we regard as the
quantized vacuum field, while the inhomogeneous solution
is written as

bonlx) = [ ¢VGyx0e [ e\ 16 - 2(0)

:e/ﬂﬁcﬂndﬂy (2.7)

where Gpg(x,y) denotes the retarded Green function
satisfying (0#9,)Gg(x) = 8*(x). The term of the inhomo-
geneous solution ¢;,, gives rise to a radiation reaction
force, and we have the stochastic equation of motion
[9-11],

e’ )

S — —__(gH L 5H(5

mz 12ﬂ(z +2#(2)%)
%—’7’” a¢h) 7

x=z(7)

(2.8)

o pra
+e<z ont+7'2 peT peT

This stochastic equation of a particle is derived in Ref. [5].
We consider a particle in an accelerated motion with a
uniform acceleration «a in the absence of the coupling to the
quantum field. The equation of motion for random motions
around the classical motion is solved by using the following
perturbative method. Assuming that the trajectory of a
particle is written as

=7+ 67, (2.9)
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where 7# = (a~'sinhar,a' coshar,0,0) describes the
classical trajectory with a uniformly acceleration
and 0z¢ does the random motion due to the coupling
to the quantum field. Since the fransverse motions
satisfy the energy equipartition relation, then we consider
the perturbative equation of motion for the transverse
fluctuations [5],

2
S S B Jo Oy,
moz —12”(& aéz)—i—eaxi

(2.10)

x=z(t)

The thermal property of the random motions, which are
obtained as solutions of this equation, has been demon-
strated in Ref. [5,7].

In the present paper, for simplicity, we drop the third-
order time derivative term of the radiation reaction force.
As discussed in Appendix A, the contribution of this
term to the solution of 8z’ is small, which is suppressed
by the order of O((a/m)?). It is also shown that the
contribution comes from the dynamics in small scale about
the classical electron radius, r, = e?/m, which is much
smaller than the Compton length. Assumption of the point
particle is no longer valid in order to describe such small
scale behaviors, where one needs to use a more sophisti-
cated model on the basis of the wave packet [12]. Hence,
we ignore such a term in our description of the point
particle. Now we have

e’a’ . op,,
— 67 :
122 ¢ te ox'

msz = — (2.11)

x=z(7)

As will be discussed in the next section, the solutions
of this equation exhibit the thermal property that the
transverse motions satisfy the energy equipartition relation.
Therefore, we expect that the quantum radiation from the
random motions of a particle can be investigated if it
existed.

The solution of (2.11) with the initial condition 87/ =
57'(7y) at the initial time 7 is

38 (5) = |2 (r)eerc
+%/Tdr’aiﬁbh(Z(T/))e_M(f_Tl) 0(t—79), (2.12)
7o

with the dimensionless parameter defined by

6261

- . 2.13
= 12zm (2.13)

Introducing the Fourier expansion,

Obi(a0) = 5 [ dodplw)en, (214
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Eq. (2.12) is rewritten as

g . 0;¢(w)

55 (1) = 55 —ao(t-10) L _¢ / do 2iP\®).

Z() Z(zo)e + 2zm waa —iw
X {e—ian' _ e—aa(f—ro)—iwro}.

(2.15)

The retarded Green function for the massless scalar
field is written as Gg(x — y) = 0(x° — y0)5,((x — y)?) /2,
where &p(z) denotes the Dirac delta function. Using this
retarded Green function, we have

~ dzp(x)

@m@)Ie/dﬂh@—Z@D (2.16)

with

p(x) = Z,(e2) (" = (1)), (2.17)
where 7% is the solution of (x — z(7%))? = 0. In the present
paper, we find the solution using the perturbative method.
For the particle trajectory, assuming z# = 7# 4 07", where
ozt describes the perturbation around the classical path z/,
the function p(x) is expanded as

p(x) = polx) + p(x) + -+, (2.18)
where we defined

po(x) = Z(z%) - (x = z(z2)),

Sp(x) =6z(z%) - (x —z(zY)) (2.19)

Then, up to the first order of perturbations, the inhomo-
geneous solution is given by

e _op(x)
Pinn (¥) = 420 (n) (1 po(x))

At the first order of perturbations, z* is determined
by (x—z(z%))*=0, ie., (x*=2(z)—ie)?>—(x'-z!(2))> -
x3 =0, with x3 = (x*)2+ (x*)?> under the condition
x¥ > z%(z%). The expression of 7% is

o~ :élog [2(xoa_xl) <—L2 + \/L4 +%[(x0)2 - (xl)z]ﬂ ,
(2.21)

(2.20)

for x* in both the R-region (r<x!,#> —x!) and
F-region (t > x!,t > —x'), where L? is defined by L?> =
—xtx, + 1/ a’. The physical meaning of z¥ is understood
with Fig. 1. For the arguments below, we introduce
7%, which is the other solution of (x*—2z%(7) —ie)?—
(x'=z1(2))? = x2 =0, as
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F-region

FIG. 1 (color online). A sketch of the configuration of the
coordinate. The hyperbolic curve in the R-region is the trajectory
of a uniformly accelerated particle. The hyperbolic curve in the L-
region is the hypothetical trajectory obtained by an analytic
continuation of the true trajectory. When an observer’s point x* is
in the R-region, 7} is defined by the proper time of the particle’s
trajectory intersecting with the future and past light cone. When
an observer’s point x* is in the F-region, the 7* is defined in the
same way, but 7, is the proper time of the hypothetical trajectory
in the L-region intersecting with the past light cone. The shaded
region satisfies L? < 0.

7} =-log {m (ﬂFLzﬂF\/L“ +% [(x0)? ~ (xl)z])]

R
for x* in ( . > region. (2.22)

The physical meaning of 7% is represented with Fig. 1.
To evaluate the energy momentum tensor, we first
consider the two-point function

(D(x)D(y)) = (Pn(x)Pn () + (Pn (x)Pinn ()

A (Pinn (X)Pn (¥)) + (Dinn (X) i (). (2.23)

The interference term and the inhomogeneous term are
expressed as

(Pinn (X) D (¥)) + (Pn () Pinn ()
e <<5P(x)¢h(y)> (@n(x)3p(¥))

R ANE: P3(y)

+ ) (2.24)
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(e 11 (3p(x)dp(y))
<¢1nh(x)¢1nh(y)>_ <47[> po(x)po(y) <1+ Po(x)/’o(y) >’

(2.25)

respectively. We first consider the interference term. Note
that (6p(x)¢,(y)) is given by

(Op(x)pn(y)) = (62(72) (%, = 2u(72))bn(¥))
= —x!(82'(zX )by (v))

(2.26)

for the transverse fluctuations. Here the symbol >, , 5 is
omitted in the second line of this expression. Assuming
(6z2(7)¢n(y)) = 0, which means the detector and the scalar
field do not correlate to each other at the initial time
t = 7%(zy), we have

(Din ()i () + (n(X)Pin () = dam

o(%)

i

y
P5(y)

= S wetmon =

+oas [ SEnwo(w)
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(8p(x)pi(y)) = —%xi /T\ dre—a0(T—)

x (0ipn(2(7)) i (¥))0(7E — 7). (2.27)
Using (2.14) or (2.15), we have
e x'
(op(x)pi(y)) = T2 do(0ip(w)i(y))
—iwtt _ ,—act’+(ac—iw)7y
x & S O(tL — 1),
ac — iw
(2.28)
which leads to
_ p—aoti+(ac—iw)zy
— 0z - 7))
ac — i
—iwtl _ ,—actl+(ac—iw)1,
e e
oy — . 2.29
e (L] RECES)

The right-hand side of (2.29) can be evaluated as, using the relation found in Ref. [5],

iy 1 L2 o\ L2 i\
O =3 (G 0) e+ Car )< Blm). @30
iax' 1 al? o\ al? o\ ., .
<¢h(x)al(p(w)> :471',0%(X) eZﬂw/u -1 (<2p0(x) +;)€ " + <_2p0(x) +;>€ TXZx(w)>' (231)

The expression of (¢ (x)Pin(v)) is given as

x'y/(62' (79)62 (7)) p—ao(ti=1) p—ao(rt—7))

e’ 1
Ginn (X)Pinn (¥)) = |:
R P e BN E P E)
2 iy,i d 3 —iott _ ,—act+(ac—iw)ty ,tiorl _ ,—acti+(actio)r,
e /—“’ - S ‘ < O(c = 10)0(c2. — 79).
m? po(x)po(y) ) 27 12x ac —iw ac +iw

(2.32)

Note that we can omit the second term of the right-hand side of (2.32), which depends on the initial velocity, by

setting (62 (79)62/ (7)) = 0.
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Adding (2.32) to (2.29), a cancellation occurs (Ref. [5], cf. Ref. [13]), and we have

(@i ()1 () + (1(x)Dinn (¥)) + (Do (X) Pian (¥))

e? 1 —iae? X!

~ @ o @poly) | midz

y dw 1 (( al? > - < al? ico) o )
_ ela)f— + — + . el(UT+Z ) _w
ERDAD U 27 e =1 \\2po(y) 2000 | a r(=e)

—iwtt _ ,—acti+(ac—iw)7 d 1
x & ¢ O(tr —79) — /_a)

ac — i
ot _ p—act+(ac—iw)rg
X . (2 —1p)|,
aoc — 1w

which is equivalent to

(Binn (X)) (y)) +

e? 1 —iae

(@4 (X)Pian (¥)) + (Pinn (X) Pinn (¥))

2

|

(< aL/% > iwtt + < aL)% + lw) ia)r‘Z ( )>
e - - T — e L, (W
2po(x) 2pp(x) a

(2.33)

~ @ @) | man)

xy [/ dow 1 (( al3 > ol < al} N iw> w7 ( ))
— el - — e Z,(~w
2po(x) pi(x) L) 27 el — 1\ \2p0(y) 200(y) @ ’

et _ e—am{Jr(ao'—im)‘ro dw 1
X _ Ot —19) — | =—
ao — 1w

e+i(m{ _ e—ao’ri+(a(f+iw)ru

(Y — .
x ac +iw (z TO)]

Thus, the quantum part of (¢, (X)Piun(v)) cancels out, and
the classical part of it contributes to the classical radiation,
the first term of the rhs of the above expression. Therefore,
the quantum radiation comes from the remaining interfer-
ence terms in (@inn ()5 (¥)) + (@ (x)Pinn(y)). Since the
quantum interference is the origin of the quantum radiation,
it might be difficult to understand their properties in an
intuitive manner, simply expected as the radiation from a
particle. Therefore, the appearance of the thermal properties
in the quantum radiation is not guaranteed although the
random motions of the particle exhibit the thermal property.

III. ENERGY EQUIPARTITION RELATION

We demonstrate the energy equipartition relation for the
particle’s random motions. The velocity of the random
motion is defined by v(z) = 6z/(z). From Egq. (2.12), the
two-point function of the velocity is given by

<1) ( UJ(T / / A7 d" e—ao(=")

x €78y, (2(7"))0;pn (2(2"))).
(3.1)

where we omitted the term (v'(z()2/(zy)). We follow the
argument in Ref. [5]. Using the expressions,

1 1
ar? (t =1 —ie)? —

(Pn(x)Pn(x)) = —

, 3.2
|x — x'|? (32)

2 e—27m)/a _

(i) (g iew)

(2.34)
a Si:
(Oibn ()01} = 33 3 Gt = 7 = i0)/2)
(3.3)

where € is a small positive constant, Eq. (3.1) yields

o e5;; 1 o0+ d)
i — Y
<U (T)UJ(T/)> - 12ﬂ2m2/dw a262 + a)2 1 — 6—271(1)/(1
X (e—iwr _ e—ao(r—ro)—i(oro)
X (e+ia>r’ _ e—aa(r’—ro)—&-iwro)’ (34)

where we wused (2.14) and (0;¢0(®)0p(0))=
218p(w+@')8;j(@® + wa?) /(6r(1 — e=27/@)). In the limit
of 7y — —o0, the two-point function which is symmetrized
with respect to 7 and 7’ reduces to

* + a*

B 6251']' / d
 24x’m? W a’c® + w?

x coth(zw/a)e 7).

(3.5)

The poles of the integrand in the complex plane of w is
+ao, and +ian with (n =2,3,4,...), and we have
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. . 25 /
<UZ(T)U](T’)>S — 246”2’-;12 {71'612(1 _ 0.2) Cotﬂae—aa\r—ﬂ
. _n(n2 — 1) —nalt—7
_ZaZZ o el l}. (3.6)
n=2

The first term in the rhs of the above equation comes from
the low energy pole @ = +iao, while the latter terms come
from the thermal poles w = +ina. After summing up the
terms from the thermal poles, we have

a a262

Yomm Y 127%2m?

« {erw +1og Ja(z - T')|}. (3.7)

(V1) (¢))s =8

The low energy pole leads to the first term in the rhs of this
expression, which represents the energy equipartition
|

(Pinn (X)P1 () + (D (X)Pinn (V) + (Pinn (X)Pinn (¥))

PHYSICAL REVIEW D 92, 045027 (2015)

relation with the Unruh temperature T = a/2z, while
the thermal poles give the second term. The thermal poles
only give the term of higher order of the power of 6> =
O(a*/m?) but include the divergence in the limit of the
coincidence limit. One may understand that this divergence
comes from the short-distance motion of the particle,
originated from our formulation based on the point particle
[7]. The divergence coming from the short-distance motion
of the particle will be removed by taking a finite size effect
of the particle into account. Therefore, this suggests that
|t — 7’| cannot be taken to be zero, and it is natural to
introduce a finite value cutoff.

IV. ENERGY MOMENTUM TENSOR

We consider the energy momentum tensor in the limit
of 7y » —oco, which is derived from the two-point
function,

e? 1 N —iae? Xy [/ dw 1 < al?
= — e
(47)? po(xX)po(y) ~ m(4x)? p5(x) p5(x) L) 27 e72/* — 1 \2py(y)

io(tf—1l) + <

o 1 / dw 1 al?
- [ — e
ac —iw 27 e=27 /4 — 1 \ 2py(x)

This expression is equivalent to that in Ref. [5] except the
following replacement of h(w):

1 1
—imw + e*(0* + a*)/12% ~ Cimo + e’a’/12n’

(4.2)

h(w) =

By symmetrizing the two-point function with respect to x
and y, we have

[(@inn () () + (1 (X)Bion (V) + (Dinn (X)Pinn (¥)) ]
e 1 —iae* x'
@R popoly) | 2m(@a) 30 )
X |3yl (B0 =1 2) + L blxy)
+ (x<y), (4.3)

where we defined

- 2po(x) a

o L2 o\ , o
(e -2t (_ aly + _) T ™) 7 (_p >
2p0(y) @ y( )

2 .
)iz, ]

ac +iw

(4.1)

+o0 dg e~ io(T-=71)
Ny

o 27 ac—iw
e w/a e—ﬂw/a

x { <1 - eZﬂ(w—ie)/a - 1— e—27r(a)+ig)/a) e(ux)

1 1
+ (1 _ eZJr(a)—ie)/a - 1 _ e_zﬂ(w+i€)/a) 9(_14)6)}7

+o dw we—iw(‘rﬁ—rj) (44)
L(x.y) = o

w 2T ac—iw
rw/a —nw/a
€ e
8 { <1 — exlo—ie)fa | _ e—2ﬂ(a)+ie)/a> 6(uy)

! 1
+ (1 - 62”<“)_i€)/a - ] — 6—275(!1)+i5)/u> 0(_1’!)()}’

(4.5)
+o0 de e—iw(rﬁ—‘ri)
I1(x,y) = -
3(%.) /_oo 27 ac+ iw

1 1
x (1 _ e—2n’(a)+ie)/a + eZn’(w—is)/a _ 1) : (46)

When performing the above integrals, we introduced the
regulator ie for the pole w = 0, but the results do not
depend on the sign of the regulator (see Appendix B). We
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find the expression by expanding it with respect to a 1

o =ea/12mm < 1. Lxy) =~ t0l), (43

A. F-region u = x" —x' > 0

In the F-region, using the perturbative expansion with

respect to ¢ = e?a/12zm, we have the expressions I;(x,y) = _ﬁlo— + ilog(l — emalm—)
i L L _
Il (x’y) — ——+;10g(1 +e_a‘7*_7+‘) +7[a(T)i Ti)a(f}_ Ti) +O(O'), (49)

2ro
+ éa(fy_ — )0 — ) + O(e).  (4.7)

and the symmetric two-point function is

[(@inn ()1 (¥)) + (D1 (X)Bion (V) + (Dinn (X)Binn (V)]s
2 1 iae* x'
~ (4n)2po(0)pe(y)  2m(4x)? p3(x) p3<x>

aLy — ety 4 L — (e —
L Log )+ Laer — e)p(e — )
i 1

—;log( 14 eal=7tl) — : (15 —7)0(z> —Ti)} ——W} + (x<>y). (4.10)

pis 7 (7t

The energy flux can be computed as follows. At the leading order of 1/r* and &, we have

.0 0
Toi(x) = il_)mx@a 7 [{Dinn (X) 1 () + (D (%) Pinn (V) + (Pinn (X) Pinn (V)]s = TG + T0w (4.11)
where TOCi and T(?i are the classical part and the quantum part, respectively, defined as
7e - ¢ Xoki p (4.12)
O () pi(x) '
2a%e? X2 xpx; 2(9P* - 1)
Q _ 2% % FLN0% | 2 _ - —alr_—7, ]\ _ - — e e 2 _
Ty (@) 7000 [ 4P(3P? — 1){logae —log(1 + e )—a(t_—7,)0(z_—7,)} prc +(P?=1)
_p 2 5 1 1 tanh(a(r, —7_)/2) (4.13)
(ae)*> 2cosh®(a(z. —17_)/2)) 2cosh*(a(ry —7_)/2)|
with
_72
p— " (4.14)
2po(x)
which may be explicitly written with
1
L2 =—( =) +—, (4.15)
a
acs_ o LV o o o
po(x) = E(t —r)—2— + 2 — r* cos* 6, (4.16)
a
+L2 + \/L4 4 (2 = r*cos*0)
(4.17)

a(r, —7_) =log
—L2 + \/L4 4 (2 = r’cos?0)
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Here we defined e = |t¥ — 2|, which diverges in the
coincidence limit of the two points x and y. We may
understand that this divergence comes from the short-
distance motion of a particle, originated from our
formulation based on the point particle, as is discussed
in the velocity two-point function. The divergence coming
from the short-distance motion of the particle could be
removed by taking a finite size effect of the particle into
account.

[(inn (X) 1 (¥)) + (D (X)Pinn (¥)) + (Binn (%) Pinn (¥))] 5

PHYSICAL REVIEW D 92, 045027 (2015)

B. R-region u = x* —x! < 0

In the R-region, I,(x,y) and I,(x,y) are estimated as

i i Vo
Ii(x,y) = —%Jr;log(l — e~ =" 4 O(s), (4.18)

a 1
Iz(x,y) ZEW—FO(O’), (419)

1

respectively, while /53(x,y) is the same as that in the
F-region; then we have

e? 1 —iae? X i [ al? (i . i
= £ —log(l —e ==y 4 —a(vr — %)0(2) — 2~
@ po(0pa0y) | 2mm2 A0 7 (2ol ! )
1 .y ] 1
- ilog(l —emamm=h b 4 ii‘ + (x<y). (4.20)
z 7 et(ti—m) _
We have the energy momentum tensor component
2a3e* X2 xox; {
o= L7070 _4P(3P2 — 1){log ae — log(1 — e~@l=-=7+)}
O m(4n)® pf(x)
2 2 2 eIl
3PP 1) —————+1 2Pl —— 13+ —P 2
1 ea(7+_7—) e“(7+_7—) (e“(7+_7—) + 1)
+ 8P? - 8P +2 , 4.21
eu(ﬂ.ur—r_) -1 (ea(1+—‘r_) _ 1)2 (e”('“r_f—) _ 1)3 j| ( )
which is rewritten as
2a%e? X3 xpx; (18P - 2)
Q27 L0 4p(3p2 —1){1 —log(1 — e~} 4 2 =L 4 p2_
0i m(477.')3 pg(x) |: ( ){ ogae Og( e )} + e“(7+_7—) _1 +
2 5 1 1 coth —-7_)/2
(ag)*  2sinh*(a(r,. —17_)/2)

One finds the divergence in the limit that ¢ = |t* — 7|
goes to zero, similar to the case of the F-region. We also
find the other divergence in the limit that 7, — 7_ goes to
zero, which is the limit that the observer approaches the
particle’s classical trajectory.

V. DISCUSSION

Note that TOQl. is smaller than the classical part T§; by the
order of a/m. Tgi includes the divergent terms in the
coincidence limit ¢ — 0, which needs to be regularized.
The divergent terms appear due to our theoretical frame-
work based on the point particle. It is demonstrated in
Sec. III that the two-point function of the velocity includes
divergent terms in the coincidence limit, which reflects the

2sinh?(a(r, —7.)/2)|

short-distance dynamics of the point particle. The diver-
gent terms in 7T;; have the same origin, which should be
removed by taking a finite size effect of the particle into
account [7]. Furthermore, one can read that the divergent
terms are odd functions of P. This means that the
divergent terms contribute to the energy flux as odd
functions of f—r at a large distance (see below for
details), which vanish if one integrates them over the
time. In the present paper, we simply omit the diver-
gent terms.

The energy flux in the laboratory frame is related to the
energy momentum tensor by f = —Tn’ with n’ = x'/r.
Here we consider the energy flux in the F-region. The
energy flux for the classical part and the quantum part are
given by
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1 a*e® G(q)
C 1
= — - 1
f r? (4r)? sin490(t ) (5.1)
1 2d%¢* F(q)
Q= ot —x! 5.2
P = R Gnpmsint 0?7 5:2)
respectively, where G(g) and F(q) are defined as
2
q
Glq) = : 53
! 4q(2¢° - 1) Cdfrm
Flg) = [— ~log(1 + e=el=r
e e A )
2(8¢° - 1)
—a(t_—7.)0(t_—1.)} —
( +) ( +)} (1+q2)<ea(1—+_1_)+1)
1 n q 5 1
1+4* /1 + g?2cosh*(a(r, —7.)/2)
1 tanhz(a(hr —-7_)/2) (5.4)
2cosh*(a(r, —7_)/2)
with
(r0) = (1= r s )~ 20, (55)
AT = Gne "T242r) " sing 7 '

where we assume that the energy flux is observed far from
the particle, i.e., 7 > z'(*) > 1/a. G and F in Egs. (5.1)
and (5.2) as functions of g determine the energy flux of the
classical part and the quantum part, respectively. From
Eq. (5.5), we may regard ¢ as the time variable, 7 —r,
scaled by 6 and a, which is valid when the observer is
located at a large distance from the particle. In the
derivation of the above expressions, we assumed ¢~ r
with taking the limit of r — co and used following
relations:

—al? 1
azx:g(tz—rz)—%'—vrsinﬁq, (5.6)
po(x) = g(tz—rz)—i 2—i—tz—rzcoszé’
2 2a
=rsinfy/1 + ¢°, (5.7)
—al? q
P — ad = . 5.8
2p0(x) /1 + ¢ 58)

In the F-region, we may use
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FIG. 2. Functions F(g) (solid curve) and G(g) (dashed curve).
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Figure 2 plots the functions G(g) and F(g). The energy
flux has the duration of time of the order At ~ a~! sin @ for
an observer at a large distance. Also, F(g) is negative in
most parts of the region, which means that the energy flux
of the quantum part is negative. To investigate the angular
distribution of the energy flux, we write ¢ as a function of
¥ and 6,

a(r, —7_) =log (5.9)

q(7*,0) = sinh [ar* — arctanh(cos 6)].  (5.10)
Figure 3 plots the angular distribution of the classical
energy flux (left panels) and the quantum energy flux (right
panels) with fixing ¥ . Explicitly, each left panel in Fig. 3 is
the polar plot of sin™ 0G(g(z*, )), while each right panel
is sin™ OF (¢(z*,0)), for ar®* = —0.3,0,0.3 from top to
bottom, respectively. By this polar plot, each panel repre-
sents the energy flux emitted in the direction of 8 from the
particle at the proper time 7 = z*.

The classical energy flux in the left panels of Fig. 3,
which corresponds to the Larmor radiation in the case for a
charged particle and the electromagnetic field, has the
radiation power in the direction of acceleration. This is
because our model is based on the scalar field and the scalar
coupling between the particle and the field. The longi-
tudinal waves contribute to the classical energy flux in our
results unlike the case of the electromagnetic field. For a
more realistic theoretical prediction, we need to consider
the model based on the massless vector field and the
relevant coupling, which will be discussed in a separate
paper. Here one can see the nature of the boostlike behavior
for both the classical radiation and the quantum radiation.

In the quantum energy flux in the right panels of Fig. 3,
the red curve is the negative value. But it does not mean that
one should observe a negative energy flux from an
accelerated particle. Only the sum of the classical and
the quantum flux is observed. The total energy flux is
positive as long as a/m < 1. The results could be
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FIG. 3 (color online). Angular distribution of the classical
radiation sin™* 0G(z*, ) (left panel) and the quantum radiation
sin™ OF (7*,0) (right panel) at ar* = —0.3,0,0.3, from top to
bottom, respectively. The red curve corresponds to a negative
value, while the blue curve corresponds to a positive value.

understood as a suppression of the classical radiation by the
quantum effect. The results are consistent with the previous
studies on the quantum correction to the Larmor radiation
[14—18], though our approach in the present paper is quite
different from those previous works.

VI. SUMMARY AND CONCLUSIONS

We have investigated the problem of whether the
quantum radiation from a uniformly accelerated particle
exists or not. We adopted the theoretical model consisting
of an accelerated particle and a scalar field, which was
originally developed in Refs. [5,6]. We have scrutinized the
theoretical features of the energy flux of the field coupled to
the random thermal motions of an accelerated particle,
where we focused on transverse motions in the direction
perpendicular to the acceleration of the particle, which are
demonstrated to exhibit the energy equipartition relation.
Within our model, the energy flux of the radiation is

PHYSICAL REVIEW D 92, 045027 (2015)

obtained as the sum of the classical part and the quantum
part. The classical part corresponds to the Larmor radiation
in the case of a charged particle and electromagnetic field,
but our classical part is not exactly the same as those of the
classical Larmor radiation because of the difference of
the model. However, the quantum part can be considered
as the quantum radiation coming from the random thermal
motions around a uniformly accelerated motion. The
energy flux of the quantum part is smaller than the classical
part by the order of a/m, which shows a unique signature in
the angular distribution. However, the sign of the energy
flux of the quantum part is almost negative. The results can
be understood as a suppression of the total radiation flux by
the quantum effect. This conclusion is consistent with the
previous works [14-18], which demonstrated that the
quantum correction to the Larmor radiation suppresses
the total radiation. It is quite interesting whether our
prediction is the same for the system of the electromagnetic
field and an accelerated charged particle, which will be
discussed in a future work. The cancellation of the quantum
part of (¢ (x)@inn(v)) implies that the quantum radiation
comes from the quantum interference terms in
(@inn ()P () + (@ (x)@inn (). This makes it difficult
to understand the properties of the quantum radiation
intuitively. Further investigations are necessary to answer
the question whether the quantum radiation possesses the
thermal properties or not.
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APPENDIX A: SOLUTION OF &z
The solution of Eq. (2.10) is given by

8/ (t) = [(52i(70) _A)e () | A g (r0)

127 ©
- a7 o: / —Q,(T—‘r’)e o
e | o) e o)
+e9+<f-f’>e(r’—f))]e(r—ro), (A1)
where A is a constant and Q. are defined by
a
Q, =—(V1+4o>£1). A2
= (Va0 £ 1) (42)
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The third derivative term in the equation, 6z, generates the
terms with ©_ and the additional terms with Q. Since Q_
is approximated as Q_ = ac(1 + O(6?)), the third deriva-
tive term contributes to the small correction shifting ac to
Q_. Requiring the solution to be regular, one needs to set
A =0. The other term inside the integral presents a
preacceleration feature, reflecting the finite size effects
of a particle, which is only important on very small scales
of the electron radius of the order r, = ¢?/m. By expanding
0i¢py(z(7')) around 7 as

Ob(e(@) = Y@ = S duh(ele) (A

and performing the integration

127
e(Q, +Q.)

127 - d*
Q71 =9,
Q_) ; kQJr di a1¢h (Z(T))

/ " 40, (2() ) e )

Ne(SLr +
B 127
N eQi

(9i¢n(2(2) + O(c?)).

one finds the preacceleration term is of the order O(o?).

APPENDIX B: INTEGRAL FORMULA

In this Appendix, we demonstrate a proper prescription
for the following integration:

PHYSICAL REVIEW D 92, 045027 (2015)

+o0 dw eiaw _ eiba)
[T
o 2T 10)

(B1)

By introducing the regulator ie with e > 0 in the denominator,

o /+oo do it _ (?ihw (2)
e 2 @+ i€
we have the following expression:
B = —if(—a) + i0(-b). (B3)
We may introduce the regulator in the opposite way,
. /Ho d_weiaw _ .eibw | (B4)
e 2m W — i€
which yields
B =i6(a) —i0(D). (B5)

The above results are equivalent to each other because
of the relations 6(a)=1-60(—a) and 6(b) = 1—60(-b).
Thus, the results do not depend on the regularization, which
demonstrates the validity of the prescription.
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