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We are motivated by the recently reported dynamical evidence of stars with short orbital periods moving
around the center of the Milky Way and the corresponding hypothesis about the existence of a supermassive
black hole hosted at its center. In this paper we show how the mass and rotation parameters of a Kerr black
hole (assuming that the putative supermassive black hole is of this type), as well as the distance that
separates the black hole from the Earth, can be estimated in a relativistic way in terms of (i) the redshift and
blueshift of photons that are emitted by geodesic massive particles (stars) and travel along null geodesics
towards a distant observer (located at a finite distance), and (ii) the radius of these star orbits. As a concrete
example and as a first step towards a full relativistic analysis of the above-mentioned star orbits around the
center of our Galaxy, we consider stable equatorial circular orbits of stars and express their corresponding
redshift/blueshift in terms of the metric parameters (mass and angular momentum per unit mass) and the
orbital radii of both the emitter star and the distant observer. These radii are linked through the constants of
motion along the null geodesics followed by photons since their emission until their detection, allowing us
to get a closed expression for the orbital radius of the observer in terms of the emitter orbital radius, which is
known from observations, and the black hole parameters M and a. In principle, these expressions allow one
to statistically estimate the mass and rotation parameters of the Kerr black hole, and the radius of our orbit,
through a Bayesian fitting, i.e., with the aid of observational data: the redshift/blueshift measured at certain
points of stars’ orbits and their radii, with their respective errors, a task that we hope to perform in the near
future. We also point to several astrophysical phenomena, like accretion disks of rotating black holes,

binary systems and active galactic nuclei, among others, to which this formalism can be applied.
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I. INTRODUCTION

In past decades astrophysical observations point to
dynamical evidence supporting the existence of a super-
massive black hole, called SgrA*, at the center of the
Milky Way, as well as in the center of many other spiral
galaxies [1-4]. Nowadays, two teams of astronomers have
managed to track the orbits of several stars orbiting around
the center of our Galaxy [5,6]. These recent observational
data allowed the aforementioned teams to estimate the
putative black hole mass for SgrA* and the distance
from Earth to its center, rendering the following values
M~4.3%x 106MO and R, ~8.3kpc. These researchers have
computed these quantities by making use of a Newtonian
approach, i.e., namely, they use a Keplerian central poten-
tial that assumes that the black hole mass is concentrated in
a pointlike object and compute the mass of the black hole
and the distance from Earth to the center of SgrA*. Within
this Newtonian approach, it is not possible to compute the
black hole angular momentum. At the present stage of these
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astrophysical measurements, observational data have not
indicated any effects of the spin on the orbiting stars.

As a complementary work, the rotation parameter has
been estimated and bounded using different indirect meth-
ods which lead to quite different but congruent results; for
instance, when using high-frequency quasiperiodic oscil-
lations, computations render a value around a ~ 0.996 M
[7], whereas when using flare emissions with a certain
period, calculations lead to the following estimation
0.70+£0.11M <a <M [8].

With the aim of getting more precise values for the above
referred parameters and quantities, and directly character-
izing the assumed black hole hosted at the center of our
Galaxy, in the near future there will be new experiments to
come: GRAVITY will track with more accuracy the orbits
of stars around the center of our Galaxy [9], whereas the
Event Horizon Telescope will focus on the black hole event
horizon looking for traces of its shadow measuring signals
in the infrared spectrum [10].

In 4D general relativity, neutral rotating black holes are
described by the Kerr solution and are completely charac-
terized by just two physical quantities: the mass M and the
angular rotation parameter ¢ = J/M, where J is the black
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hole angular momentum. We shall use this metric in order to
model the putative black hole hosted at the center of the
Milky Way (SgrA¥*). Therefore, the aim of this paper is to
provide a method for determining the M and a parameters of
the Kerr black hole, as well as the distance from the black
hole to the Earth, in terms of the directly measured redshift
and blueshift of photons emitted by massive particles (stars
and gas) moving along geodesics around it, and the radius of
their orbits. Thus, our approach is completely relativistic and
allows us to compute the mass as well the rotation parameter
of the Kerr black hole, in addition to the distance that
separates the black hole from the Earth.

It should be mentioned that nowadays there is no direct
indication that the space-time geometry generated by the
black holes is described by the Kerr solution. In this
context, two kinds of studies attempt to test the black hole
geometry and constrain the possible deviations from the
Kerr metric: the fit of thermal spectrum of thin disks
[11-13] and the analysis of the Ka iron line profile [14—16].
We would like to point out as well that in these recent
works, the observer is positioned at spatial infinity, while in
our approach the detector is located at a finite distance.

The paper is organized as follows: In Sec. II, we consider
stationary axisymmetric metrics, their Killing vector fields
and conserved quantities as well as the geodesic motion of
massive particles on this family of space-times. In Sec. III,
we introduce the Kerr metric, its Killing tensor field, and
compute the corresponding Carter constant of motion. In
Sec. IV, we consider photons which travel along null
geodesics from the emitter (the massive particle that
represents stars) to the detector (a far away located
observer, the Earth for practical purposes). In Sec. V, we
further compute the general expression for the redshift and
blueshift of these photons when taking into account the
light bending due to the axisymmetric stationary gravita-
tional field at the moment of detection by the observer. We
further compute these shifts for the Kerr metric and
particularize for circular and equatorial orbits of massive
particles and photons that travel in the equatorial plane
(0 = /2) in Sec. VL

With these expressions at hand, we are in the position of
computing the mass, the rotation parameter of the source,
1.e., a Kerr black hole, as well as the distance from it to the
Earth in terms of the redshift/blueshift that these photons
experience and the radius of the emitter star orbits. We
finally make some final remarks in Sec. VII, where we also
discuss our results.

II. PARTICLES IN STATIONARY
AXISYMMETRIC SPACETIMES

In order to achieve our aim, we shall first consider a
massive test particle which follows a timelike geodesic path
on a rotating axially symmetric space-time. The most
general metric for a space-time of this kind with two
orthogonal planes reads:
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ds?® = g, dt* + 2g,,dtdp + ,,de* + g,,dr* + gpyd6?,

(1)

where we have chosen spherical coordinates x*(z,r, 6, @)
as well as the gauge g, =0. Thus, all metric com-
ponents have the following dependence g,,(r,6) and
u,v=_tr,0,q.

The metric (1) possesses two commuting Killing vector
fields [£,y] = 0:

& =(1,0,0,0) timelike Killing vector field, (2)

yw* =(0,0,0,1) rotational Killing vector field. (3)

Thus, the photons’ emitter is a probe massive particle
which geodesically moves around a rotating axisymmetric
source in the space-time represented by the metric (1) with
a 4-velocity

UL = U, u,ul, ue),, (4)

which is normalized to unity w”u, = —1, rendering the
following relation:
=1 =gu(U)? + g, (U")? + gy (U)* + goo(U)?
+2¢,,U'U?. (5)
Due to the existence of the Killing vector fields (2) and
(3) there are two conserved quantities, the total energy and

the angular momentum per unit mass at rest of the test
particle:

E =

S|t

= _g/wgﬂ U= _gltU[ - gt(pU(p7 (6)

L =

It

= g/wlllﬂ U = ggotUt + ggo(pU(p' (7)

From these relations we obtain the expressions for U’
and U? in terms of the metric components and the
conserved quantities £ and L:

Eg,,+ Lg
Ut = Z!P(P g , (8)
G — 91t99¢
Ur = _M_ (9)
9o — 911999

By substituting these 4-velocity components in the expres-
sion (5) we obtain

E%g,,+2ELg,, + L*g,
(99 — 9199)
= grr(Ur)2 =+ Veff =0. (10)

Grr(U)* + goo(U?)? + 1 —
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It is worth mentioning that this equation has the form of the
energy conservation law for a nonrelativistic particle with
position dependent mass moving in an effective potential
Vi that depends on the conserved quantities £ and L as
well as on the metric g,,. This effective potential must
possess a maximum, implying that the following conditions
must be obeyed for circular orbits [when U” = 0 in (10)]
[17,18]:

Veff = 0, and Véff = 0, (1 1)

where primes denote derivatives with respect to r. The
stability condition for these circular orbits leads to

Vi < 0. (12)
Additionally, we can also restrict our analysis to equatorial

orbits (9 = z/2) implying that U? = 0 and getting a further
simplification.

III. THE KERR BLACK HOLE AND ITS
KILLING TENSOR FIELD

The Kerr black hole family in Boyer-Lindquist coor-
dinates is given by the metric (1) with the following
components:

__(4 2Mr _ (2Marsin*0 >
gtt_ 2 ’ gt{/)_ Z 9 grr_Av

2Ma?rsin?6
Gpp = <r2+a2+%> sin®0, g =2, (13)
where
> = r2 4 a?cos?,

A=r+a%>-2Mr,

and M? > a® In terms of these coordinates we also
have

Gty = 9pp9u = Asin?6. (14)

The Kerr metric possesses a Killing tensor field given by
K,, =2%l,n, +r’g,, satisfying VK, =0,

where the null vector fields # and »*(#I, = n*n, = 0)
satisfy the relation //n, = —1 and read

rP+a* (ON* a0\ AV
"= — +—(=) + (=],
A ot A \Oyp or
a

rP+a? (O\F I\ A [0\
nt = — ) +==) —=(= .
2 \ot 22 \Ogp 22 \0r
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implying the existence of a constant of motion:
C =K, U'U" = 25(1,U")(n,U") = r* = const
which is related to the Carter constant Q [19] as follows:
C=(L-aE)*+Q
(P +a?)E—aL)? —=3*(U")> — Ar?

- < . (15)

From this relation we can obtain the following expression
for the radial velocity U":

2(U")? = [(r* 4+ a*)E — aL]? = A[r* + (L — aE)?* + Q]
= v2(y) (16)

which is a function of the r coordinate alone. By further
substituting this relation into (10) we get for the polar
velocity U

2

(U2 =0 |a*(1-E*) + L

7 cos’0 = ©2(6),

(17)

i.e., an expression depending only on the polar angle 6. In
order to give a physical interpretation to the Carter constant,
we rewrite Eq. (17) as

2
Q:22(U0>2+ a2(1_E2)+ L

2
- cos“f
sin%6 ’

which gives us a measure of how much the path of the test
particle departs from the equatorial plane @ = /2 where
this quantity vanishes. Thus, for bounded orbits we have
[17,18]

E<1 and Q02>0, (18)
while for unbounded orbits we get E > 1.

Thus, the geodesic equations for a massive test particle
with given parameters E, L, Q and initial conditions xj are
encoded in U* and are given by the relations (16) and (17)
together the following expressions:

1
U = E{[(r2 +a?)? — Aa*sin*0lE — (2Mar)L},  (19)
1
U = 5o [(2Marsin?0)E + (A = a*sin)L].  (20)

It is worth noticing that for the Kerr metric, the
conditions (11), (12) and (18) render the following restric-
tions on r for circular equatorial orbits [17]:

r>2M F a+2VMVM £ a, (21)
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where the =+ signs respectively correspond to the corotating
and counterrotating source (emitter or detector) with
respect to the direction of the angular velocity of the
Kerr black hole. Moreover, when considering equatorial
circular orbits (U" = 0 = U?), we must impose the follow-
ing condition in order to make them stable:

r>MB+2Z, F/(B-2)(3+Z, +22,)],

a2\ 1/3 a\1/3 a\l/3
/ (12

IV. DETECTION AND EMISSION OF PHOTONS
IN THE KERR BLACK HOLE

Let us now consider photons with 4-momentum, para-
metrized by k* = (k', k", k%, k?), which move along null
geodesics k*k, = 0 outside the event horizon of the Kerr
black hole, a fact that can be expressed as

0= g (K')* + 29, (K'k?) + g, (k?)* + g,,(K)?

+ goa(K°)*. (23)

The movement of these photons is such that the following
quantities are preserved:

E, = =g,8'K = —guk' — gi,k?. (24)

L, = guw"'k’ = gy,k' + gk, (25)
along with a relation involving the Carter constant Q,:
C,=(L,—aE,)* + Q, = K, k'k¥ = 2%(L,k*)(n,k*).

Therefore, the geodesic equations of photons with given
parameters E,, L,, O, and ), are parametrized by k¥ in the
following way:

1
k' = 5 {[(P + a®)? - Ad® sin? 6]E, — (2Mar)L,},
(26)

1

o=
AX sin% 0

[(2Marsin? O)E, + (A — a*sin* )L, ],
(27)

EZ(kr)Z — [(r2 _|_ dz)E}, _ aLy]Z _ A{(Ly _ dE},)z _|_ Qy]’

(28)

where the right-hand side is again a function of the radial
coordinate alone, and
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L2
>? (ka)z =0, - [_azE% T sin£9:| 005’0, @)

where now we got a relation depending only on the polar
coordinate in the right-hand side.

V. REDSHIFT/BLUESHIFT OF
EMITTED PHOTONS

In order to compute the redshift/blueshift that emitted
photons by massive particles experience while traveling
along null geodesics towards an observer located far away
from their source we shall mainly follow and generalize the
results presented in [20], where a general stationary
axisymmetric metric was employed. Here we should
mention that this approach analyzes the problem on the
basis of the directly measured quantities: the gravitational
redshift/blueshift, in contrast to the tangential velocities,
which are coordinate dependent observables. Moreover,
this approach enables us to keep track of the effect of the
underlying made assumptions, and to be aware of when
they are no longer valid.

In general, the frequency of a photon measured by an
observer with proper 4-velocity U%. at point P reads

wc = —k, UIé‘|PC7 (30)

where the index C refers to the emission (e) and/or
detection (d) at the corresponding space-time point Pc.

Thus, the frequency of light signals measured by an
observer comoving with the test particle at the emission
point (e) is

W, = —(kﬂU'“>|e,

whereas the frequency detected (d) by an observer located
far away from the source is given by

Wq = _(kﬂU”>|d9

where the 4-velocities of the emitter and the detector
respectively are

UL = (U, ur,ul, uv),, (31)
Ut = (U, U, U, u7)),. (32)
In the special case in which the detector is located far
enough from the source, we can consider that the observer
is at infinity (r — oo0), rendering the following 4-velocity:

U" = (1,0,0,0), (33)

where we have taken into account that when » — co the
4-velocities U", UY% and U’ vanish, while U’ tends to
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E =1, as it can be directly checked from (16), (17) and
(20), and from (19), respectively. Here it is worth recalling
that if we indeed suppose that the orbits of the emitter are
located on the equatorial plane, i.e., in the & = z/2 plane,
meaning that the orbiting body does not move along the -
direction, then necessarily UY = 0 identically.

On the other hand, a photon which is emitted or detected
at point P, possesses a 4-momentum

K = (K KT KO, k). (34)

Again, if the photons are considered to move along null
geodesics in the equatorial plane 6 = z/2, then k¢ will
necessarily vanish.

Thus, the frequency shift associated to the emission and
detection of photons is in general given by either of the
following relations:

147=2¢
Wy

— (Ekt — Lk¥ — grrUrkr - g(JHUeke”e
(EK' = LK’ = g, UK — gogU’k?) |4

_ (E U' - LyU¢ - grrUrkr - g€6U6k9)|e
(

4

E,U' = L,U? — g, Uk = ggpU°K?)

. (35)

d

where we have taken into account the relations (6) and (7)
for the constants £ and L in the second line, and the
relations (24) and (25) for the constant of motion £, and L,
in the third line, together with the frequency definition (30)
and the expressions (31) and (32) for the 4-velocity of the
emitter and the detector, respectively, as well as the relation
(34) for the 4-momentum of the emitted photons.

This is the most general expression for the redshift/
blueshift that light signals emitted by massive particles
experience in their path along null geodesics towards a distant
observer (ideally located at spatial infinity, in particular).

This equation for the redshift/blueshift includes stable
orbits of any kind for the stars: circular, elliptic, irregular,
equatorial, nonequatorial, etc.

In general, the redshift/blueshift represent a function F
of the form

1+Z:&:F(r,H,E,b,B,C],S,a,M) (36)
o]

which is independent of the energy constant of motion
of the emitted photons from the orbiting body E,; the
parameters b, B, g, s are defined by the following quotients:

0

b 7

B

IS

L, L
— —) q 5 N
E, E

Here we should stress that there are two different fre-
quency shifts which correspond to the maximum and
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minimum values of w, related to the light propagation along
the same and the opposite direction with respect to the motion
of the emitter of photons orbiting a black hole, i.e., the
frequency shifts corresponding to a receding (redshift) and to
an approaching (blueshift) photon source, respectively.
These maximum and minimum values of the frequency shift
are reached for bodies whose position vector r, with respect
to the black hole center, is orthogonal to the detector’s line of
sight, i.e., along the plane where k" vanishes for an observer
located far away from the source of light signals; in other
words, at the maximum distance of the star orbit from the
black hole center in the equatorial sky plane.

VI. THE REDSHIFT/BLUESHIFT OF PHOTONS
IN CIRCULAR AND EQUATORIAL ORBITS
AROUND THE KERR BLACK HOLE

We shall further restrict ourselves to the study of circular
and equatorial orbits (U" = U? = 0) to give an example of
how the above developed formalism can be applied to the
determination of the mass and rotation parameters of the
Kerr black hole from the measured redshift/blueshift of
photons detected far away from the source. Propagation of
high frequency radiation emitted by a source in equatorial
circular orbits around an extreme Kerr black hole was
considered in [21].

In this case the expression for the redshift/blueshift of
light signal becomes

. (EU -LU” U, —b,U?
1+z:a)—=( L (p)|e= ; 7. (37)
wg (EU -LU?)|, U,—bsU}

where we introduced the apparent impact parameter b = E—:
where E, and L, are defined by (24) and (25), respectively.
Since the constants of motion E, and L, are preserved
along the null geodesics followed by the photons from
emission till detection, therefore b, = b, i.e., this quantity
is also constant along the whole photons path. Here we
should note that this relation is quite important since it links
the observed radius of star/gas orbits with the radius of the
observers orbit, i.e., with the distance to the black hole
source (see below).

We shall further consider the kinematic redshift/blueshift
of photons either side of the central value b = 0, this
renders two values for b different in magnitude which are
generated by the rotational character of the gravitational
field, see (40) below. In order to accomplish this, we need
to compute the gravitational redshift corresponding to a
photon emitted by a static particle located at b = 0:

Ue

IHCZFZ’ (38)

and to subtract this quantity from (37) in order to define the
kinematical redshift
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ULU*b, — ULU?D,
Zkin =7- ZC = t t @
Ua(Ug = baUy)

(39)

Actually, this analysis can be performed in the same way
without subtracting the magnitude z.. from z. Of course, this
change will modify the obtained values for z; and z, (see
below). However, some astronomers report their data in
terms of the kinematical redshifts, i.e., with the redshift of
the Galaxy subtracted from z.

We further need to take into account the light bending
due to the gravitational field generated by the rotating black
hole, in other words, we need to construct a mapping
between the apparent impact parameter » and the location
of the emitter r given by its vector position r with respect to
the center of the source, i.e., the mapping b(r). Following
[22,23], we shall choose the maximum value of z at a fixed
distance from the observed center of the source (at a fixed
b). From (39) it follows that if the prefactor that multiplies
b is a monotonically decreasing function with increasing r,
then the maximum observed value of zy;, corresponds to
the minimum value of r along the null geodesic of the
photons. This minimum value of r corresponds to the
position of the orbiting object either side of the center of
the source, where the photon is emitted with a k" =0
component.

Thus, from the expression (39), it follows that the
apparent impact parameter » must also be maximized; this
quantity can be calculated from the geodesic equation of
the photons (or, equivalently, from the k*k, = O relation

taking into account that k" = 0 and k? = 0) and is given by

bi Gip + \/ gt2(p ~ 9199 (40)

- - 5
i

where we got two values, b_ and b, (either evaluated at the
emitter or detector position, since this quantity is preserved
along the null geodesic trajectories of the photons, i.e.,
b, = b,) that respectively give rise to two different shifts,
z; and z,, of the emitted photons corresponding to a
receding and to an approaching object with respect to a
far away positioned observer:

UL, —ULULD,.
A (VAT

(41)

ULU%b,, — ULULD,,
Z =
2 UL(U, - U%b,.)

(42)

In general, |z;| # |z5| as can be easily seen from (40)—
(42) because of two reasons: the light bending experienced
by the emitted photons either side of the geometrical center
of the source, and the differential rotation experienced
by the detector codified by U? and U’,. In fact, the second
term in the denominator of (41) and (42) encodes the
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contribution of the movement of the detector’s inertial
frame. If this quantity is negligible in comparison to the
contribution coming from the U’, component (U? < U"),
then the detector can be considered static at spatial infinity.
Let us define

Uy de
Ja_ 2P _ q 43
U, dr (43)

as the angular velocity of a detector located far away from
the photon source. Thus, when this quantity is small,
Q, < 1, the detector can be treated as static, neglecting
its relative movement. In terms of Q,, the z; and z, read

UlQub, — U?b,_
Z — 9,
! UL (1= Quby )

ULQuby — Ulh,.
Z -
U1 - Qb))

(44)

(45)

It is easy to see that when Q; < 1, the z; and z, are still
different in magnitude, since these quantities are respec-
tively proportional to b, and b, .

When we drop indeed the rotational metric component
91y In (40) we recover the spherically symmetric light
bendings given by b, = £,/~g,,,/g,» which differ each
other in sign but possess the same magnitude.

Thus, the gravitational rotation bends the light in a
different way for approaching and receding photon sources.

In order to get a close expression for the gravitational
redshift/blueshift experienced by the emitted photons we
shall express the required quantities in terms of the Kerr
black hole metric. Thus, the U? and U’ components of the
4-velocity for circular equatorial orbits read

(2Ma)E + (r —2M)L

U?(r,z/2) = , 46
(v, 7/2) r(r* + a* — 2Mr) (46)
3 2 2Ma*)E — (2Ma)L
U’(r,ﬂ/Z):(r +a r;— 2a) (2Ma) @)
r(r* +a*—2Mr)
whereas the constants of motion E and L are
3/2_2M I/Zi M1/2
E= 3/4r32 r12 - 1/2\1/2° (48)
P42 = 3Mr'? 4 2aM /)Y
Ml/2 2 2 M1/2 1/2 2
L=(4) (r* ¥ 2a ri/2 + a*) (49)

’,.3/4(,.3/2 _ 3MI"1/2 + ZaMl/Z)l/Z ’

where the & signs again correspond to the corotating and
counterrotating objects (either the emitter or the detector)
with respect to the direction of the angular velocity of the
Kerr black hole [17]. By substituting (48) and (49) into the
expressions for (46) and (47) we finally obtain for the latter
quantities

045024-6



KERR BLACK HOLE PARAMETERS IN TERMS OF ...
:l:Ml/Q
AP Z3MA? £ 2aM 2’

U (r.n)2) = (50)

(r3? £+ aM'/?)
PP Z3ME 2 £ 2aM 2

U'(r,n/2) = (51)

With these quantities at hand it is straightforward to
compute the angular velocity of a source orbiting around
the Kerr black hole

:l:Ml/Z

Q2 = (r? + aM'/?)

(52)

in a circular and equatorial orbit. It is worth mentioning that
this angular velocity corresponds to either the emitter or the
detector of photons, in which case the subscripts , and ,
must be respectively used [see definition (43) for the
detector case]. The =+ signs correspond to corotating and
counterrotating objects with the angular velocity of the Kerr
black hole.

On the other side, for the Kerr black hole metric, Eq. (40)
renders the following expression for the mapping b(r),
responsible for the gravitational light bending, for circular
and equatorial orbits:

—2aM + rVr* + a* = 2Mr
bx = r—2M ’ (53)

where we have taken into account its maximum character,
i.e., the fact that the photons are emitted at the point where
k™ = 0. It turns out that the quantities z; and z, correspond
to the redshift and blueshift, z,.4 and z., respectively,
according to the plots of z; and z; in terms of the radial
coordinate r and the Kerr black hole parameters M and a.
Therefore, for the Kerr black hole case we can write the
redshift and blueshift (44) and (45), respectively, as

3 3 1 1
ril\/rzd —3Mry £ 2aM>Q, (4, by —Q,.b,_)

Zred = >
3 [ 1 l
r‘é\/rze - 3Mr; £2aM>Q, (1 -Q, b, )
3 3 1 ]
A rji\/rfi —3Mr £ 2aMQ,, (Qy, by, — Q. b, )
blue — ’

AR = 3MP £ 200, (1- Oy by )

where now r, and r; stand for the radius of the emitter’s
and detector’s orbits, respectively, and the . subscripts
correspond, as before, to the corotating and counterrotating
source with respect to the direction of the angular velocity
of the Kerr black hole.

These expressions can be written as well in terms of the
Kerr black hole parameters, M and a, and the detector
radius, r,, as follows:
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3 3 1 3 3
ﬂ\/f—3M7i2 M3(r =1
Zred - :I:M% d rd rd a Z(rd re)

3 [ I 3
r \/rze — 3Mrég + 2aM%(r§1 + aM%)
(2aM + r,\/r2 —=2Mr, + a?)
i 9,
[r3(r, —2M) £ aM%re + M%re\/ r2—2Mr, + a®]

(54)

X

3 3 I R
r“‘i\/rz —3Mry£2aMz(ry —r?)

Zblue = j:M% B S i ;
ri\/ 72 =3Mrl + 2aM>(r) + aM?)
(2aM —r /12 —=2Mr, + a?)
3 ,
[r3(r, —2M) £ aMir, F Mr,\/r2 —2Mr, + d]

(55)

X

where the radii of the orbits of stars, denoted by r,, are
given data obtained from observations, and we have made
use of the relation b, = b,.

Here we should point out that in the special case of
circular and equatorial orbits around the Kerr black hole,
the redshift and blueshift now constitute simplified func-
tions F(ry, a, M) in comparison to (36).

Remarkably, from the fact that the constants of motion
E, and L,, and hence the apparent impact parameter b, are
preserved along the whole trajectory followed by photons,
the latter quantity is the same when evaluated either at the
emitter or detector position, rendering the following rela-
tion b, = b,. Therefore, this equation links the emitter and
detector radii:

- \/@K\/mwwe —a)+ (b, +a)

+ (b, +a) (\/27M2(be —a) + (b, +a)?

. W) _ ﬂ (56)

rendering an expression for calculating r,; once the emitter
radius has been measured and the mass and rotation
parameters have been estimated.

Thus, for a given set of constant data r, which character-
izes the radius of circular paths of orbiting emitters (stars
and galactic gas/dust) around the Kerr black hole, together
with the measured redshift and blueshift, z,.q and zpjue,
experienced by the emitted photons at the points where b
1s maximized, we can determine the mass and rotation
parameters, M and a, of the Kerr black hole as well as the
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distance from the detector to the source codified by r,,
through the exact relations (54)—(56).

In the particular case when the detector is located far
away from the source and the following condition is
fulfilled r; > M > a, the redshift and blueshift respec-
tively become

+M: <2aM +r,\/r2=2Mr, + az)

red = 3 3 1 ’ (57)
ri(r, — 2M)\/r§ —3M72 4 2aM:
+M: <2aM — 1,12 =2Mr, + az)

Zblue = . (58)

3 3 1
re(r, — 2M)\/r§ — 3Mr;e + 2aM:

In this special case the mass and rotation parameters
of the Kerr black hole can be obtained from the measured
redshift and blueshift of the photons emitted by the stars
through Egs. (57) and (58). In principle, one could be
tempted to algebraically express the mass and rotation
parameter from the latter equations. However, even though
it is easy to extract a closed expression for the rotation
parameter

2 _ rg(re _ZM)(Zred +Zblue)2
AM? (Zreq — Zblue)® = 72 (Zred + Zblue)’

’

the equation to solve for the mass is of eighth order and
cannot be solved exactly:

[16r, M3 — (4pM?* — ar?)(r, — 2M)(r, — 3M))?
=4ariM(r, — 2M)3 (4pM? — ar?),

where we have introduced &= (Zq + Zpwe)® and
B = (2w —zblue)2. Thus, one must turn to a Bayesian
fitting in order to compute this quantities from observa-
tional data.

A. More general cases

The apparent impact parameter b for the Kerr black hole
family can also be calculated in the case in which the
considered orbits depart from the equatorial plane and,
hence, 6 # n/2; again, this quantity is computed from the
k'k, = O relation just taking into account its maximum
character, i.e., that k" = 0, and reads

_ —2aMr £ \/A[r4 —q(r* —2Mr)]

b 9’
= r2—2Mr

(59)

which renders the expression (53) when the Carter constant
Q, (or g) vanishes.

It is worth mentioning that recently published
observational data (see [4] for instance) reveal that the
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orbits of stars seem to be ellipses which do not lie in the
equatorial plane and therefore the physically relevant
problem involves calculations of the redshift/blueshift with
0 # /2.

With regard to this point, there are some papers that
compute in closed analytic form the timelike geodesics of
nonspherical polar and equatorial noncircular orbits of stars
moving around a Kerr black hole [24,25] with and without
a cosmological constant. These orbits were calculated
within the framework of gravitational lensing but could
be useful for the calculation of black hole parameters as
well after computing the corresponding redshift/blueshift
experienced by photons in these generalized black hole
space-times.

VII. DISCUSSION AND FINAL REMARKS

In this paper we have shown that the relativistic
stationary axisymmetric formalism previously constructed
for the galactic rotation curve’s problem presented in [20]
can also be applied to the study of black hole rotation
curves, leaving the galactic framework considered in
that paper.

As an application of this formalism, we can determine
the Kerr black hole parameters M and a (and hence its
angular momentum) as well as the radius of the detector’s
orbit r,; in terms of directly measured quantities, namely,
the orbital radius of the emitter star r,, and the redshift and
blueshift of photons, 7,4 and zye, that travel along null
geodesics and are emitted by massive bodies orbiting
around the black hole following arbitrary paths (black
hole rotation curves) like the recently reported closed orbits
around the center of our Galaxy [4], for instance.

As an explicit example, we computed the redshift and
blueshift experienced by photons emitted by massive
objects orbiting the Kerr black hole in equatorial and
circular orbits and following null geodesics towards a
distant observer.

Moreover, the aforementioned expressions for the red-
shift/blueshift allow one to statistically estimate the Kerr
black hole parameters M and a as well as the radius of the
detector’s orbit r, by means of a Bayesian fitting, i.e., by
giving random data for the redshift/blueshift and their
respective errors. This analysis will allow us to know the
level of precision which is required to measure the red/blue
shifts in a real experiment. We really do hope to perform
this analysis in the near future.

We should also mention that this formalism can be
applied as well to a wider range of astrophysical phenom-
ena like accretion disks of rotating black holes, binary
systems and active galactic nuclei where the magnitude of
the effects are less restrictive in comparison to the rotation
curves around the center of our Galaxy. Moreover, this
method can also be implemented to metrics that depart
from the Kerr solution within the framework of modified
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theories if gravity (see [15,16], for instance), a work which
is in progress.

As a further research line, we can generalize the present
approach to the case of more general orbits: nonequatorial
circular paths, elliptic equatorial orbits, elliptic nonequa-
torial ones, nonelliptic trajectories, etc. This situation is
significantly important to characterize in a relativistic way
the putative black hole hosted at the center of our Galaxy on
the basis of measured orbital data; more generally, this
research will shed more light on the hypothesis of the
existence of supermassive black holes in the center of
several galaxies.
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ACKNOWLEDGMENTS

The authors acknowledge illuminating correspondence
and discussions with D. Sudarsky, R. Cartas-Fuentevilla, S.
Gillessen and A. M. Ghez. A. H. A. is grateful to the staff of
the Physics Department of UAM-I for warm hospitality.
This research was supported by Grants No. CIC-UMSNH
and No. VIEP-BUAP-HEAA-EXCI15-I and Programa de
Apoyo a Proyectos de Investigacion e Innovacion
Tecnologica (PAPIIT) UNAM, IN103413-3, Teorias de
Kaluza-Klein, inflacion y perturbaciones gravitacionales.
Both authors thank SNI and PROMEP-SEP for support.

[1] M. B. Begelman, Evidence for black holes, Science 300,
1898 (2003).

[2] Z.Q. Shen, K.Y. Lo, M.-C. Liang, P.T.P. Ho, and
J.-H. Zhao, A size of ~ 1 au for the radio source Sgr A*
at the center of the Milky Way, Nature (London) 438, 62
(2005).

[3] A.M. Ghez, S. Salim, N. N. Weinberg, J.R. Lu, T. Do, J. K.
Dunn, K. Matthews, M. R. Morris, S. Yelda, E. E. Becklin,
T. Kremenek, M. Milosavljevic, and J. Naiman, Measuring
distance and properties of the Milky Way’s central super-
massive black hole with stellar orbits, Astrophys. J. 689,
1044 (2008).

[4] M.R. Morris, L. Meyer, and A. M. Ghez, Galactic center
research: Manifestations of the central black hole, Res.
Astron. Astrophys. 12, 995 (2012).

[5] A. Eckart and R. Genzel, Observations of stellar proper
motions near the Galactic center, Nature (London) 383, 415
(1996).

[6] S. Gillessen, F. Eisenhauer, S. Trippe, T. Alexander, R.
Genzel, F. Martins, and T. Ott, Monitoring stellar orbits
around the massive black hole in the galactic center,
Astrophys. J. 692, 1075 (2009).

[7]1 B. Aschenbach, N. Grosso, D. Porquet, and P. Predehl,
X-ray flares reveal mass and angular momentum of the
Galactic center black hole, Astron. Astrophys. 417, 71
(2004); B. Aschenbach, Measuring mass and angular
momentum of black holes with high-frequency quasiperi-
odic oscillations, Astron. Astrophys. 425, 1075 (2004);
Mass and angular momentum of black holes: An overlooked
effect of general relativity applied to the galactic center
black hole Sgr A*, Chin. J. Astron. Astrophys. 6, 221
(2006); arXiv:astro-ph/0603193.

[8] S. Trippe, T. Paumard, T. Ott, S. Gillessen, F. Eisenhauer,
F. Martins, and R. Genzel, A polarized infrared flare
from Sagittarius A* and the signatures of orbiting
plasma hotspots, Mon. Not. R. Astron. Soc. 375, 764
(2007).

[9] F. Eisenhauer et al., GRAVITY: Microarcsecond astrometry
and deep interferometric imaging with the VLT, in Science
with the VLT in the ELT Era (Astrophysics and Space

Science Proceedings), edited by A.F.M. Moorwood
(Springer, New York, 2009), p. 361.

[10] S.S. Doeleman et al., Event-horizon-scale structure in the
supermassive black hole candidate at the Galactic center,
Nature (London) 455, 78 (2008).

[11] S.N. Zhang, W. Cui, and W. Cheng, Black hole spin in
X-ray binaries: Observational consequences, Astrophys. J.
482, L155 (1997).

[12] C. Bambi and E. Barausse, Constraining the quadrupole
moment of stellar-mass black hole candidates with the
continuum fitting method, Astrophys. J. 731, 121 (2011).

[13] Z. Li, L. Kong, and C. Bambi, Testing the nature of the
supermassive black hole candidate in SgrA* with light
curves and images of hot spots, Astrophys. J. 787, 152
(2014).

[14] A.C. Fabian, M. J. Rees, L. Stella, and N. E. White, X-ray
fluorescence from the inner disk in Cygnus X-1, Mon. Not.
R. Astron. Soc. 238, 729 (1989).

[15] T. Johannsen and D. Psaltis, Testing the no-hair theorem
with observations in the electromagnetic spectrum. IV.
Relativistically broadened iron lines, Astrophys. J. 773,
57 (2013).

[16] T. Johannsen, X-rays probes of black hole accretion disks
for testing the no-hair theorem, Phys. Rev. D 90, 064002
(2014).

[17] J. M. Bardeen, W. H. Press, and S. A. Teukolsky, Rotating
black holes: Locally nonrotating frames, energy extraction,
and scalar synchrotron radiation, Astrophys. J. 178, 347
(1972).

[18] D.C. Wilkins, Bound geodesics in the Kerr metric,
Phys. Rev. D 5, 814 (1972).

[19] B. Carter, Global structure of the Kerr family of gravita-
tional fields, Phys. Rev. 174, 1559 (1968).

[20] A. Herrera-Aguilar, U. Nucamendi, E. Santos, O. Corradini,
and C. Alvarez, On the galactic rotation curves problem
within an axisymmetric approach, Mon. Not. R. Astron.
Soc. 432, 301 (2013).

[21] C.T. Cunningham and J. M. Bardeen, The optical appear-
ance of a star orbiting an extreme Kerr black hole,
Astrophys. J. 183, 237 (1973).

045024-9


http://dx.doi.org/10.1126/science.1085334
http://dx.doi.org/10.1126/science.1085334
http://dx.doi.org/10.1038/nature04205
http://dx.doi.org/10.1038/nature04205
http://dx.doi.org/10.1086/592738
http://dx.doi.org/10.1086/592738
http://dx.doi.org/10.1088/1674-4527/12/8/007
http://dx.doi.org/10.1088/1674-4527/12/8/007
http://dx.doi.org/10.1038/383415a0
http://dx.doi.org/10.1038/383415a0
http://dx.doi.org/10.1088/0004-637X/692/2/1075
http://dx.doi.org/10.1051/0004-6361:20035883
http://dx.doi.org/10.1051/0004-6361:20035883
http://dx.doi.org/10.1051/0004-6361:20041412
http://dx.doi.org/10.1088/1009-9271/6/S1/28
http://dx.doi.org/10.1088/1009-9271/6/S1/28
http://arXiv.org/abs/astro-ph/0603193
http://dx.doi.org/10.1111/j.1365-2966.2006.11338.x
http://dx.doi.org/10.1111/j.1365-2966.2006.11338.x
http://dx.doi.org/10.1038/nature07245
http://dx.doi.org/10.1086/310705
http://dx.doi.org/10.1086/310705
http://dx.doi.org/10.1088/0004-637X/731/2/121
http://dx.doi.org/10.1088/0004-637X/787/2/152
http://dx.doi.org/10.1088/0004-637X/787/2/152
http://dx.doi.org/10.1093/mnras/238.3.729
http://dx.doi.org/10.1093/mnras/238.3.729
http://dx.doi.org/10.1088/0004-637X/773/1/57
http://dx.doi.org/10.1088/0004-637X/773/1/57
http://dx.doi.org/10.1103/PhysRevD.90.064002
http://dx.doi.org/10.1103/PhysRevD.90.064002
http://dx.doi.org/10.1086/151796
http://dx.doi.org/10.1086/151796
http://dx.doi.org/10.1103/PhysRevD.5.814
http://dx.doi.org/10.1103/PhysRev.174.1559
http://dx.doi.org/10.1093/mnras/stt461
http://dx.doi.org/10.1093/mnras/stt461
http://dx.doi.org/10.1086/152223

ALFREDO HERRERA-AGUILAR AND ULISES NUCAMENDI PHYSICAL REVIEW D 92, 045024 (2015)

[22] U. Nucamendi, M. Salgado, and D. Sudarsky, An alternative hole spacetimes, Classical Quantum Gravity 24, 1775
approach to the galactic dark matter problem, Phys. Rev. D (2007).
63, 125016 (2001). [25] G. V. Kraniotis, Precise analytic treatment of Kerr and
[23] K.Lake, Galactic Potentials, Phys. Rev. Lett. 92,051101 (2004). Kerr—(anti) de Sitter black holes as gravitational lenses,
[24] G. V. Kraniotis, Periapsis and gravitomagnetic precessions Classical Quantum Gravity 28, 085021 (2011).

of stellar orbits in Kerr and Kerr—de Sitter black

045024-10


http://dx.doi.org/10.1103/PhysRevD.63.125016
http://dx.doi.org/10.1103/PhysRevD.63.125016
http://dx.doi.org/10.1103/PhysRevLett.92.051101
http://dx.doi.org/10.1088/0264-9381/24/7/007
http://dx.doi.org/10.1088/0264-9381/24/7/007
http://dx.doi.org/10.1088/0264-9381/28/8/085021

