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We use the background-field method and the heat kernel to obtain all counterterms to two-loop order of
conformally coupled multiflavor ¢> theory in six spacetime dimensions, defined in curved spacetime and
with spacetime-dependent couplings. We also include spacetime-dependent mass terms for completeness.
We use these results to write a general expression for the trace anomaly. With the use of Weyl consistency
conditions, we are able to show that the strong a-theorem for a certain natural candidate quantity a is
violated in this theory and obtain a three-loop expression for the coefficient a of the Euler term in the

anomaly.
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I. INTRODUCTION

Classical field theories that are invariant under scale and
special conformal transformations generally fail to retain
these symmetries once quantized. Famously, there is an
anomaly, that is, the trace of the stress-energy tensor does
not vanish, signaling a violation of invariance by rescalings.
The exception consists of a class of quantum field theories
for which the trace vanishes, known as conformal field
theories (CFTs). When this happens, not only is scale
invariance restored, but the theory is also symmetric under
the full group of conformal transformations [1-4]. This
occurs at the fixed points of the renormalization group
(RG) flow.

It is also of interest to put the quantum field theory of
interest on a curved background. When quantizing such a
theory, there are trace anomalies even at the fixed points of
the RG flow of the corresponding flat-space theory [5,6].
These anomalies are given by a diffeomorphism-invariant
local function involving derivatives of the metric. In d
dimensions, there are a finite number of contributions
of mass dimension d; for each, there is a coefficient which
is a function of the couplings. These coefficients are often
of interest. Most notably, the coefficient a of the d-
dimensional Euler density is Cardy’s proposed extension
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[7] of the central charge ¢ of two-dimensional CFTs, of
which the monotonicity properties under RG flow were
understood by Zamolodchikov [8].

These coefficients, some of which are the central charges
of the theory, are well understood at the fixed points but are
also defined along the RG flow. In two dimensions, a
suitable extension of ¢ away from fixed points may be
defined, called ¢, which is a function of the couplings, so
one may speak of their values along the RG flow in a
sensible fashion. It is this quantity, ¢, that has the interest-
ing properties that it decreases monotonically along RG
flows and is stationary at fixed points where it takes the
numerical value of the central charge ¢ of the CFT
corresponding to the fixed point.

Given such remarkable properties of ¢, it is natural to
ask whether such a quantity exists in the more physically
interesting four-dimensional case. In fact, Weyl consistency
conditions [9,10] identify a quantity a in even spacetime
dimensions that make it the one possible candidate for a
generalization of Zamolodchikov’s ¢ to higher dimensions.
In four dimensions, it was shown by Jack and Osborn [11]
that this quantity is stationary at fixed points where it
reduces to the coefficient a of the Euler term. Moreover,
using perturbation theory, they showed that this quantity is
monotonically decreasing toward the IR. More specifically,
they gave an equation for the RG flow of a that implies
its monotonicity if a certain symmetric tensor, or “metric”
in theory space parametrized by the couplings of the theory,
is positive definite. They then showed in an explicit
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perturbative calculation that this metric is in fact positive
definite for small couplings. More recently, positivity of
this metric has been established in conformal perturbation
theory [12,13].

The extension of the quantity a to six dimensions was
computed by a set of the current authors in Ref. [10] and
furthermore was shown to have a natural definition in any
even-dimensional spacetime as a consequence of the Weyl
consistency conditions and the existence of a generalization
of the Einstein tensor, along with a metric on the space of
couplings that is analogous to that of Jack and Osborn and
Zamolodchikov. This generalization of a is stationary at
fixed points and reduces to a there. However, surprisingly, in
Ref. [14], we showed by explicit computation in perturbation
theory for a theory of scalars with a cubic self-coupling that
the metric is negative definite, and so a monotonically
increases in the flow out of the trivial UV fixed point. Adding
to this surprise, in Ref. [13] it was found that in a model with
two-forms in six dimensions the metric is positive definite. It
seems that, even in perturbation theory, there is no straight-
forward generalization of the a-theorem in six dimensions, at
least as envisioned in the cases so far. As explained in
Ref. [13], this may be attributed to the fact that in six
dimensions the trace anomaly on a conformal manifold
defines three independent symmetric tensors on the space of
couplings, only one of which satisfies positivity properties.
This positive-definite tensor is, however, not the tensor that
appears in the RG equation for @, and thus the monotonicity
of its flow remains undetermined. Contrary to this, in two
and four dimensions, there is a unique symmetric tensor with
established positivity properties that also appears in the RG
equation for ¢ or a.

It is not known beyond perturbation theory whether
flows of a in four dimensions are monotonic. However,
there is another approach to the a-theorem that does not
follow the previous lines of computation that uses unitarity
of scattering processes in dilaton effective theories to
establish positivity. Komargodski and Schwimmer have
argued [15] without recourse to perturbation theory that the
value of a on the UV fixed point is larger than that at the IR
fixed point [16]. A similar argument considered the same
question in six dimensions [18]; however, it was not
possible to reach a conclusion with the same methods as
Komargodski and Schwimmer. Perhaps related in a general
way to the difficulties encountered in Ref. [18], we note
that the (massless) scalar model with cubic interactions
investigated in Ref. [14] has only a single Gaussian (trivial)
fixed point within the domain of validity of the perturbative
calculation, so the difference between the values of a in the
UV and IR cannot be contemplated. Nonperturbative CFTs
are known to exist in six dimensions, but since in addition
to being nonperturbative they are non-Lagrangian CFTs,
little is known about flows between them.

As is clear from our discussion so far, the situation in six
dimensions is significantly more complicated than that in
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two and four dimensions. We believe it would be useful to
gain as much information as possible about the perturbative
behavior of six-dimensional theories, beyond the compu-
tation of the quantity a. With this motivation in mind, we
compute in this work, at two loops, the infinite part of the
effective action and the trace anomaly in multiflavor ¢?
theory in six dimensions, including, for completeness of the
analysis, the possibility that scale invariance is explicitly
broken classically by a mass term. In addition to computing
in a curved background (with a spacetime-dependent
metric) we take the couplings to also have spacetime
dependence. In effect, this allows us to study the renorm-
alization of correlators of operators that appear in the
Lagrangian. With spacetime-dependent couplings, counter-
terms proportional to derivatives of the couplings are
required for finiteness. Correspondingly, the trace anomaly
includes terms that contain derivatives not just of the metric
but also of the couplings. The anomalies associated with
these terms manifest themselves in the original model (with
spacetime-independent metric and couplings) as coeffi-
cients of terms in the Green’s functions of composite
operators (including the stress-energy tensor and its trace).

Given all these considerations, the focus of this paper is
the Lagrangian,

L (0,00:0,0:7" + (§iR + myj)pip; + hih;)

- 1

2
1

+§9ijk¢i¢j¢k, (1)

of scalar fields ¢, defined on a six-dimensional manifold
with metric y**, where the repeated lowercase Latin flavor
indices are to be summed over regardless of their position.
This Lagrangian is of interest because it is the only general
interacting theory that has classical scale invariance (for
the appropriate choice of &;; and zero m;; and h;) in six
dimensions. One may object that the ¢° theory is sick
because of its potential, which is unbounded from below.
However, within the context of perturbation theory, which
is the scope of this paper, the ground state (¢(x)) =0 is
stable to fluctuations of ¢(x) [19]. Of course, one may
consider theories that do not have Lagrangian descriptions
in six dimensions, as mentioned above, but then the
calculational methods of this paper are of no use, and,
typically, one must resort to holographic methods. With (1),
we may proceed in the old-fashioned ways of perturbation
theory and reliably calculate the quantities of interest order
by order in g;;;. This is the starting point of this paper, but
first we must establish how such computations are per-
formed on curved backgrounds. We should note that our
results are reported here with the choice &;; = %5,- ; classi-
cally, with &;; the Kronecker delta, as found from the
general result &;; = 4(dd;_21>5i ; in d dimensions for the

conformal coupling of the scalar.
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The main computational method used in this work was
developed and applied to various cases in four dimensions
by Jack and Osborn in Refs. [20-23]. The main ingredients
are the background field method and the heat kernel in
dimensional regularization. In ¢ theory in six dimensions
with a single scalar field and with spacetime-independent
couplings, results for the two-loop effective action have
been obtained in Refs. [24-26]; we have checked our
results for some quantities against those listed in these
references.

The layout of this paper is as follows. In the next section,
we describe in detail the (perhaps unfamiliar but very
powerful) computational method of Jack and Osborn. In
Sec. III, we describe briefly the Weyl consistency con-
ditions in order to make contact between our computations
of the effective action and the a-theorem. In Sec. IV, we
present our results for the infinite part of the effective action
at two loops, and in Sec. V, we extract from those the two-
loop beta function and anomalous dimension. Finally, in
Sec. VI, we present results relevant to the a-theorem in six
dimensions to three-loop order. Our conventions as well as
various details and results needed for our computations are
contained in three Appendixes.

II. METHOD OF CALCULATION

In this section, we outline the method of calculation
employed in this paper. For more details, the reader is
referred to Refs. [20-23], where such computations have
been thoroughly explained and demonstrated. Until Sec. IV,
we assume for simplicity that no relevant parameters are
present, for example m;; =0 and h; =0 in (1).

In this work, we will study quantum field theories
defined in spacetime dimension d = D —e¢, with D an
integer, by a set of couplings ¢’/ and fields ¢'. For our
computations, we will use dimensional regularization and
make explicit the mass dimension of the renormalized
parameters via

P = e, (2)

for some numbers &’ and § and where the index I labels the
operators in the interaction Lagrangian, i.e. I = (ijk) in (1)
[27]. Though we start the perturbative calculations with ¢’
and ¢, we will use (2) to express the resulting formulas in
terms of the fields ¢ and the dimensionless couplings
g’ . Then, with minimal subtraction, we have the bare
parameters

911 _ ﬂk’eg[

gh=w(d +1g),  do=u*Z"(9)p, (3
with L' and Z'/> — 1 containing just poles in e. In general,
Z'/2 is a matrix to account for the multiple number of fields
in (1). The beta function and anomalous dimension are
given by
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Br=p—=

—k'g'e + g1 and
du

dzl/Z
y=de+ 77"y

=be+vy, (4)

respectively, where f and y are the quantum beta function
and anomalous dimension, respectively.

Now, in quantum field theory in flat spacetime, wave
function and coupling renormalization are enough to render
finite correlation functions involving fundamental fields.
When correlation functions involving composite operators
are included, further counterterms are necessary. A con-
venient way to deal with these is by introducing sources for
the composite operators and including counterterms pro-
portional to spacetime derivatives on those sources.
For operators that appear in the Lagrangian, it is enough
to take their couplings as spacetime-dependent sources,
¢ — ¢'(x), and introduce counterterms proportional to
derivatives on g¢/(x) [11,28]. Finally, when a flat-space
field theory is lifted to curved space with the metric y,,,
and the regularization procedure respects diffeomorphism
invariance, new divergences proportional to the curvatures
defined from y,, appear, and thus further counterterms
involving the curvatures are required for finiteness.

In Ref. [11] a systematic treatment of such effects was
undertaken, and a general expression for the Lagrangian in
the presence of the sources y,, (x) and g’ (x) was proposed,
namely

‘CO ﬁo _6/1 -R+ #—ef" (5)
where A-R includes all field-independent counterterms,
proportional only to curvatures and derivatives on ¢/ (x),
and F = F(¢) includes all field-dependent counterterms
that also depend on curvatures and derivatives on g (x). L,
is the bare Lagrangian, expressed in terms of g and ¢ with
the use of (3), that contains terms that survive in flat space

when the couplings are taken to be spacetime independent.
It obeys the Callan—Symanzik equation

~r O
1__
(ﬁ dg'

The RG equation one finds from (5) is

(ﬁ'%—(m) o)
O A R R S NG

which, by (5) and the Callan—-Symanzik equation (6),
requires

() % - ) £o=0. (6)
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A 0
<€—ﬁ18—91)1‘73—ﬁ,1'72’ (8)

and similarly for the F(¢) terms, though there is an
additional derivative with respect to the fields. As explained
in Ref. [11] and we will review in the following, the terms
f, - ‘R defined by (8) contribute, among others, to the trace
anomaly of the theory in curved space.

It is important to emphasize that in specific theories with
possible relevant parameters like (1), the RG equation (7) is
incomplete. For example, it does not correctly reproduce
higher-order poles in higher-loop computations, even if
the relevant parameters are set to zero in the classical
Lagrangian. This issue has been analyzed in detail in
Ref. [11] for four-dimensional theories and also in
Ref. [13] for (1). While it does not affect our discussion
below, it should be kept in mind.

A. Background field method

In this subsection, we will give a brief overview of the
background field method. We will present our expressions
for the case of a single scalar field ¢, although the
generalization to multiple fields and fields with spin is
well known. Our motivation for using the background field
method is that it allows us to compute perturbatively
counterterms like AR in (5) in a straightforward way.

In the background field method, one simply computes
the effective action starting from L, which thus dictates the
form of the counterterms. More specifically, we start by
splitting the field ¢ into an arbitrary classical background
part ¢, and a quantum fluctuation f,

b=+ f. )

We can also introduce a source J and obtain the effective
action W(¢p,,J] [the generating functional of connected
graphs with implicit y,, (x) and ¢ (x) dependence] after we
integrate out f,

Wit — / DSl [ dr /st

- [ et w

where y is the determinant of the metric y,,, which is not to
be confused with the anomalous dimension .

To continue, let us denote by S the action without any
counterterms. Then, we expand S(*)[¢] in fluctuations,

(0)
SOlg] = SOl + [ dixyi 1

o
% / dxJTfMS + Sl (1)
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where M = —V? 4 d*V/d¢?|,_, . with V the potential
in L. Then, by expanding (10), we find that, at the zeroth
order,

WO gy] = =50 [gp,]. (12)

and at the one-loop order (a superscript in parentheses
indicates the loop order),

WOlgy] = 5] ~Sin detmt, (13)

after we choose J appropriately in order to cancel terms
linear in f, order by order in perturbation theory starting
with (11), and subsequently perform in (10) the Gaussian
integral over f. Here, Sél) contains poles in € to cancel those
in the — %ln det M piece; in particular, it contains the one-
loop contributions to Z 1/2 and L of (3), which are chosen to
absorb the associated infinities coming from —1In det M
so that W) is finite. In addition, with the extension (5),

it is clear from (13) that 381) also contains the one-loop
contribution to 4 - R that is given by the negative of the
appropriate simple-pole part of —%ln det M:

pole

1
/ déx\/ypAV) R C —<—§ln detM) . (14)

Then, from (8) and (14), we can evaluate ﬁgl) -R. Of
course, —%ln det M also contains field-dependent terms
that require the counterterms F(!) for finiteness.

At higher loops, the interaction term S, [f] in (11) is
considered, and vacuum bubble diagrams as well as
diagrams with counterterm insertions are constructed
[29]. The counterterms are of course fixed here by the
previous loop order, i.e. by Sw(()U. These diagrams can be
evaluated in position space, using coincident limits of
propagators according to the diagram topology. With these
methods, which are explained thoroughly in the following,
no loop integrations need to be performed. If we denote by

S® the contribution of all such diagrams, we find
W) = =5, [s] + 5. (15)

Again, finiteness of W allows us to determine all

counterterms in 5‘82). From the simple poles in A1) - R, it

is again straightforward to evaluate ﬁﬁz) - 'R using the RG
equation (8). Clearly these computations can be carried out
order by order in perturbation theory.

B. Heat kernel

Using heat-kernel techniques, the evaluation of
(—=1In detM)™* and higher loop poles may be
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accomplished. A pedagogical explanation of the method
may be found in Ref. [31]; we will mainly follow the
procedure as laid out in Ref. [24], where it was used for
single flavor ¢ theory without spacetime-dependent cou-
plings. A nice review of the heat-kernel method and its
applications can be found in Ref. [32].

The object of central importance in the heat-kernel
method is the propagator function in the presence of a
background field as presented in Sec. Il A. It obeys the
identity

M Gij(x,x') = 8;;6%(x, x'), (16)

where the indices are the flavor indices of the theory (1), J;;
is the Kronecker delta, the d-dimensional biscalar delta
function is defined by

/ A7 (x, X)) = plx), ¥ =r(x), (1)

and M;; is the elliptic differential operator, evaluated at
the point x, alluded to in the previous section and defined
by (1) in our case of interest, having the general form

o’V(¢)

—5.,V2 7
0ij +8¢16¢1¢ ,

(18)

The key to evaluating the determinant in the one-loop
effective potential (13) and the higher-order diagrams,
which involve integrals over products of G;;(x,x'), is to
present G;;(x, x') in a way amenable to computation.

The heat kernel provides such amenities. First, we define
the heat kernel G;; by the equation

3}
<5ika+Mik>gkj(x,x/; t) == O, (19)
with
Gij(x,x;0) = 8;;69(x, x'). (20)

Formally, by virtue of (19), the heat kernel may then be
written

=M= ey, ) (. (21)

with 4, the eigenvalues of M; ; and the hats emphasizing
that no particular basis of eigenstates |y,,) for the elliptic
differential operator M; ; needs to be chosen (however, the
position basis will recover our calculations). G;;(x, x') may
be then written as
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Gyy(x. ) = /0 diGy(x. ¢ 1). (22)

From the heat kernel G,;(x, x'; #), the one-loop effective
action is obtained through the well-established zeta-
function method (elaborated in, e.g., Ref. [22] or [31]),
which relates —%ln det M to the heat kernel; to do so, an
ansatz for the form of the heat kernel must be given. This is
suggested from the solution in flat space for the heat
equation (19) and was given by DeWitt [33] for a small ¢
expansion,

A(x,x)

LD = gy

o(x,x /2t§ anz] X, x

aOz](x x) _511’ (23)

with a, ;;(x,x) the so-called Seeley—DeWitt coefficients
and where o(x, x’) is the biscalar distance-squared measure
(called the geodetic interval by DeWitt),

(x,x) 1 / ! dy dy\’
(o) = — _ s
: 2\ "w™ a3 da

¥(0) = x, y(1) =¥, (24)

with y(4) a geodesic. Ayy(x, x') is another biscalar, called
the van Vleck—Morette determinant, that describes the
spreading of geodesics from a point, defined by

82
(25)

Ayt (. ) = 7(x)"127() /2 det <—

We shall suppress the x, x" dependence of ¢, Ayy, and a,, ;;
henceforth. Now, the ansatz (23) obeys (19) which yields
the recursion relation

na,;; + 0,00ta,;; = A_]/QM (Al,/l\ian 1k;) With

8/466/4(10’1'1' = O, (26)

which allows us
coefficients.

With the asymptotic expansion of the propagator
via the heat kernel established in (23), its practicality in
loop computations becomes evident. To elaborate on
the comments above (23), at one loop, one wishes to
calculate the determinant in (13). This may be accom-
plished by considering the so-called zeta function for the
operator M ;;

to compute the Seeley—DeWitt

lj’

Ca(s) :ﬁ A " dir! / dhx 7Gx x;0).  (27)
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This function is useful to define because then the log of the
determinant may be computed by differentiating it with
respect to s and sending s to zero, which may be seen by
considering the formal definition of G;;(¢) in (21); this
yields

—In detM_El_r)% ds _/o t/dx\/?gii(x,x,l‘).
(28)

Given the formal definition in (21), the value of In detM =
>, In4, may be computed with the equivalent of (27) for
G, with TrG(r) = 3, e, Explicitly evaluating ¢, as a
function of s, differentiating with respect to s and then
taking the limit as s — 0 reproduces the log of the
determinant, formally, up to a minus sign.

Actually, the equality in (28) is only true up to the
residue of a pole in s as s — 0, and Eq. (28) is a bit
misleading at face value. Following Ref. [22], lim,_,({’,(s)
is of the form

LAl =1 | gd AP
11_)1’1’]0 s —ll_)m()(A dtt /d x/7Gi(x, x5 1) <)
(29)

with P the residue of the integral inside the parentheses as
s — 0. However, in dimensional regularization, this pole is
displaced—this may be seen by noting the d dependence
of the power series in ¢ in (23). Hence, in dimensional
regularization, P may be set to zero, and we recover the
e-dependent determinant

d
= lims_>0 ﬂ

(_ In detM)dimreg ds

d=D—¢
:/w?/ddxﬁgu(x’x;t)’ (30)
0

with D the integer dimension of spacetime, justifying the
assertion in (28). Its pole, which is the main interest for us,
may then be calculated with (23) and by noting the
coincident limits therein, where x’ — x. If D is even, then
by expanding the series in (23) with d = D — ¢, it can be
seen that the only piece that contains a pole in € as s — 0 is
the (D/2)th piece. Hence, the object of concern for the pole
of the effective action is the coincident limit of the Seeley—
DeWitt coefficient ap; ;. In six dimensions, in particular,
we then have

1 pole ™1 [
—Eln detM =eare dx\/ylas ;](x),  (31)

dimreg

where the ;¢ is inserted to preserve mass dimensions. The
coincident limit of a3 ;(x,x’), denoted in (31) by the
brackets, may be found in Appendix B, Eq. (B12), and
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subsequently used to evaluate the one-loop counterterms of
S of (13).

The task is then to extend the relatively graceful
computation of the one-loop effective action, a la (30),
to higher-loop order. When using the heat-kernel method in
the context of the background field method, two-loop and
higher-order contributions to the effective action are
encompassed entirely within the calculation of vacuum
bubble diagrams. These are then evaluated in coordinate
space by integrations over the spacetime points involved in
the loop diagram of the products of Green’s functions. It
then becomes convenient, now specifying d = 6 — ¢, to
express the Green’s function through the expansion (23)
and (22) which, after performing the integration, yields

Gij(x.x") = Go(x, x)ag ;;(x,x') + Gy (x,x")ay ;;(x, x')
+ Ry (x,x")ay ;;(x, x')
+ Rs(x, x")as ;;(x. x') + H(x, x'), (32)

where the H(x,x’) term does not contribute to UV
divergences of the theory, i.e. does not have divergent
behavior as x' — x [34]. The utility of this expansion is that
it allows extraction of the poles of higher-loop diagrams
almost by inspection, once the G,(x,x’) and R, (x,x’) are
computed with (22). For example, in the two-loop case, the
computation of which is detailed in Sec. IV, the coincident
limit is necessary to evaluate the contribution there, so the
computation boils down to the coincident limits of the
Seeley—DeWitt coefficients, tabulated in the Appendixes,
times coincident limits of the G,,(x, x’) and R,,(x, x"), which
are easily computed with knowledge of the coincident
limits of o(x,x’) and Ayp(x,x’), also tabulated in the
Appendixes. Furthermore, although G;;(x,x’) must be
finite when x # x’ in 6 or 6 — ¢ dimensions, products of
the G, (x, x') and R, (x, x") may have poles in €. In this two-
loop case, the cubic product of G;;(x,x’) is necessary, as
evinced in Fig. 1 and (55), and the various products of the
pieces of (32) give rise to the poles computed in Sec. IV.

C. Trace anomaly

Now that the heat-kernel method for the computation of
the poles of the effective action has been established, we
can proceed to the computation of the trace of the stress-
energy tensor defined by (1). To study the trace, it is
useful to promote the metric and couplings to spacetime-
dependent sources,

FIG. 1.
level.

The diagrams that need to be considered at the two-loop
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= p(x), g =g (%), (33)

and subsequently promote the action of the theory to be
diffeomorphism invariant. Then, we can define the quan-
tum stress-energy tensor and finite composite operators by
functionally differentiating with respect to these sources,

58,

e R S

Syt (x)”

(x)=2

where functional derivatives are defined in d spacetime
dimensions by

6 " — K !
S ! ) = 8078, 81 (x. ).
6 ) =68,76%x. x'
5gl(x)gj( ) 51 5 ( ’ )7 (35)

with X ;Y ;) =3 (X;Y; + X,;Y;). With these definitions, it
is easy to see that

. S -~
yle;w = €£0 + vylﬂ - (A¢) : %S(% (36)

where A is the canonical scaling dimension of ¢ and I#

arises from variations of curvature-dependent terms in L.
The trace anomaly may be viewed as the theory’s
response to the local Weyl rescalings

r(x) = (14 20(x))r"(x),
g'(x) = ¢ (x) + (0B (x). (37)

The scalar ¢(x) here is a variational parameter and should
not be confused with the biscalar geodetic interval o (x, x”)
of the previous section. At the level of the generating
functional, we can implement these infinitesimal local
Weyl transformations with the generators

0 3 A1 O
W _ d w p_ d !
AG—Z/dx\/fay’ P Aa—/dx\/foﬂé,.

(38)
With these definitions,
AYW = —/ddxﬁay’““(TW),
Aw = - / déx\ /76 (B'1O)]). (39)

Now, it is easy to see that the term eZ',O in (36) can be
substituted with the use of (7), and so (36) can be written in
the form

PHYSICAL REVIEW D 92, 045013 (2015)
7Ty = B1O) 2> = (B - R=V,2"),  (40)

where Z* is the part of I# of (36) that contains field-
independent terms [35]. In (40), we neglect field-dependent
contributions besides those in $/[O;]. Equivalently, we can
write

AYW =805 / dlx\/you= B, R+ / d'x /Y0 002",
(41)

Terms in the right-hand side of (40) have been computed
in Ref. [11] for field theories in d = 4. In this work, we
will compute such terms for general multiflavor ¢ field
theories in d = 6. As we just saw, these computations give
results on the various terms that appear in the consistency
conditions derived from (41) [10].

Thus, the relevant contributions to the trace of the stress
energy tensor have their origin in the 1- R terms, which
are, in turn, obtained from the heat-kernel methods of the
previous section. The f, - R terms are computed from
the 4 - R terms by (8), and the Z* terms are obtained from
the Weyl variation §,(—4-R). One can also change the
basis so that terms in the variation §,(—4 - R) that appear in
Z in one basis appear in f; - R in another and vice versa.

III. WEYL CONSISTENCY CONDITIONS

The trace anomaly as presented in (41) is useful because
it allows very powerful statements about the structure of the
theory along the renormalization group flow to be made.
These statements arise from the Weyl consistency con-
ditions, a specific example of the Wess—Zumino consis-
tency conditions [36] that constrain the form of a quantum
anomaly based upon the algebra of the anomalous sym-
metry group.

Consider the two generators acting on the connected
diagram generating functional W in (41). We may take
the commutator of their actions on W for two different
variational parameters ¢ and ¢ and, because the Weyl
rescalings are Abelian, obtain the Weyl consistency
condition

[AY — A2 A% — AP )W =0, (42)

Now, the terms in W, namely those coming from (5),
have complicated transformations under (38), and so (42)
imposes a set of nontrivial constraints and relations among
these terms.

In particular, as argued in Ref. [9], A - R must contain all
terms that are diffeomorphism invariant and, by simple
power counting, of mass dimension d that might arise in
addition to the usual operators in £ in (5) from the
promotion of the metric and couplings to spacetime-
dependent sources as in (33). In two dimensions, there
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are precisely three terms that fit the bill, with a single
resulting consistency constraint. In four dimensions, there
are 16 candidates, with 7 independent consistency con-
ditions. In six dimensions, there are 95 candidates with
many independent consistency constraint equations.

While the two- and four-dimensional cases are rather
tractable and admit relatively simple interpretations of the
consistency conditions, the six-dimensional case is signifi-
cantly more complex. The 3, - R and Z¥ terms as well as
the consistency conditions in six dimensions were catego-
rized in Ref. [10]. There, it was established that the most
interesting consistency condition found in two and four
dimensions, the consistency condition governing the flow
of a certain a-function along the renormalization group
flow, survives in six dimensions. The key point is to
identify the analogs of the terms relevant to this consistency
condition from two and four dimensions. There, they
involve the Euler density in the specific spacetime dimen-
sionality and, in four dimensions, terms involving the
Einstein tensor. In six dimensions, in fact, the coefficient
a of the six-dimensional Euler term Ej is related to terms
involving the generalization of the Einstein tensor, the so-
called Lovelock tensor [37], in a way that is almost [38]
completely analogous to the two- and four-dimensional
settings.

To be clear, in six dimensions, (41) takes the form [10]

65
(@ - 80w =" [ dxyolps - R),
p=l1

30
+) / d®x\/70,02),. (43)
g=1

The terms of interest to the aforementioned consistency
condition are contained therein,

(AY — AW
1
D/d6x\/}70'<—aE6—b1L1 —b3L3 —I—EH}]aﬂg’ayg]H’f”)
+ / d®x\/y0,0H}0,9' H" (44)

where L, 3, given in Appendix A, are dimension-6 curva-
ture terms of which the coefficients b, ; vanish at fixed
points; H’l‘ ¥ is the Lovelock curvature tensor, given in (A3);
and the coefficients H}, and H} are functions of the
coupling constants. By varying each piece in (44) with
(38) and applying the Weyl consistency conditions (42),
one obtains the constraint equation

.1 1
01 = Hp + 2 (O = O, (49)

with

PHYSICAL REVIEW D 92, 045013 (2015)

1 1 1
Zz:a+gbl—%b3+g7{}ﬁ’. (46)
This equation is analogous to those found by Osborn in two
and four dimensions [9].
By contracting with 8/ on each side of (45), we arrive
at the six-dimensional equivalent of Zamolodchikov’s
theorem from two dimensions [8],

poja= H,PP. (@)

A similar relation was shown to hold in any even-
dimensional spacetime in Ref. [10]. Thus, if we can
compute H}, in our theory and establish a definite sign,
the monotonicity of the renormalization group flow of the
theory can be established by way of (47).

All that remains now is to determine the terms in the
consistency conditions from the computation of the two-
loop effective potential. The following section sets itself to
this task.

IV. POLES OF THE EFFECTIVE ACTION

In this section, we present our results for the pole part of
the effective action up to two loops. For completeness,
we will also include here a mass term in our theory as well
as a term linear in ¢; i.e. we will take our Lagrangian to be
given by

1
‘C(¢9 g,m, h, y) = 5 (aﬂ¢iav¢iylw
+ (&R + my;)pih; + high;)

1
+ ggijk¢i¢j¢k’ (48)

where m;; and h; have mass dimension 2 and 4, respec-
tively. Then, Eq. (5) is modified to

Lo=Ly—p AR+ u*F+u<M (49)

with F = F (¢, g,7) and M = M(¢, g, m,y). Asin (5), in
(49), all quantities are bare quantities that may be written
in terms of the renormalized quantities via (3). As stated in
Sec. I B, at one loop, the effective action is related to the
Seeley-DeWitt coefficient ap/, ;; with D the even integer
spacetime dimension. To wit, in the theory of (48) in six
dimensions, as in (31),

L dernr )™ =127 [ 50
gt deunr )" =2 [t Flasalo). (50

This result produces all terms in (49). Thus, at one loop,
using the result from Appendix B, discarding total deriv-

atives, and choosing &;; = (3 — 1&)8;; from here on [39],
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we can isolate each piece of the one-loop effective action
according to (49) and (3). We find [41]

1 1
AR ="
€ 6473 "9

1 1 1 1
—E -1
x ( 9072 ¢ 520" 30242 2520 3)’
(51)

where n, is the number of scalar fields ¢. The field-
dependent counterterms at one loop are given by

111
2 _

ij — —g64 36glklg]kl’

o L1

ijk — _EW Gimn9jmpYknp (52)
1

- E (gijlgkmnglmn + peHHUtationS)> s

and
|

PHYSICAL REVIEW D 92, 045013 (2015)
11 1/1
€ 64736 \30

1
+ Ea”giklaﬂgjkzﬁbiﬁbj + gikla”gjklaﬂ(ﬁi‘f’j)- (53)

1
F) = Fgijii 10 Rglklgjk1¢ P,

Finally, the mass-dependent counterterms are

I 11

MO :____<1

1
Fm. - —Rm.:
€ 6472 \ 90 30 Y

1
(R - 5v2)mij)9ijk¢k + mijgiklgjkmff’zfﬁm

15

1
+ m; m,kg]k1¢z+ 6 m;;0,m;; +3m m]kmk,>

(54)

At two loops in the background field method, we must
compute the relevant vacuum bubble diagrams. Thus, we
are led to consider the diagrams in Fig. 1, where in the
diagram on the right ® denotes the one-loop counterterm.
Note that these are graphs in position space and that short
distance singularities arise here from the coincident limit of
products of position-space propagators. In particular, the
left graph in Fig. 1 is given by

@= 12/ / A% A2 YN G (%) gimn (21) Gt (2,77) G (2, 27) Gn (2, 27) (55)

with the factor of % a symmetry factor from interchanging
the Green’s functions. The evaluation of this integral is
straightforward, once the divergent parts of the products of
the G, (x,x") from (32) are known; as these are listed in
Appendix C, we will not explicitly show the intermediate
details of the cube of the propagator in (55) and simply
include their contributions to the counterterms in (49) in the

results listed below.
|

The graph on the right in Fig. 1 is slightly more
complicated than the expression listed in Ref. [24]
because of the spacetime dependence of the couplings.
The counterterm insertion to the propagator in that diagram
is simply obtained from our one-loop results. More
specifically, using our results (53) and (54), or, equiva-
lently, the coincident limit of a3 ;(x,x’) in (B12), we
obtain

1 1
@ = 2647(3 / ddxddx/ ﬁﬁéd(x7xl) |:_ % (glmn¢n + My, + (flm - %(Slm)R) ( )
56

Here, we have specified the spacetime point at which any
derivatives are to be taken.

The UV divergences of these graphs are obtained
from the divergences that arise from the products
of propagators, discussed at the end of Sec. IIB. We
use the results listed in Appendix C, along with prudent

1501m 55(390')4 (gir () gjm (2") Gij(x, ")) .

integrations by parts, to reduce both (55) and (56) to
poles in e and coincident limits of the Seeley—
DeWitt coefficients, which ultimately give the explicit
expression for the —pu~“A-R, u“F(¢p), and p*M(m)
pieces of (49). In particular, for the counterterm graph,
we find [43]
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1 u e
@ = 62(6471'3)2/ A/ [( — 2 9iriGikm (Gimn®n + Mim + (Sm — 250im) R)

— 150" gik a/ngkl) -2 az, ;] (x)
+ %giklgjkl (2 [V2a2,ij] (x) — (6 —€) [a3,ij] (Z‘)) } .
Evaluating these graphs with the coincident limits listed in Appendixes B and C, we generate the terms as listed

in (49) at the two-loop level. For the curvature and derivatives on couplings terms, at two loops, discarding total
derivatives, we have

1 1 1 1 13 9
O R="" (g0, ], ——I,-21
AR = ey 1620( 369”"9”"( T4 3)
3 1\72 2 v 2 2 2
+R(a V200,V gijk — 4RV 0,9k V* gijk + RV? 9,V g k)
1 49 7

v v v v v 9
-3 (HY" + 30H%" — 8HY' — 10HY" — 3H%")0,.9:1k0,9ijx + (E4 + mF + mRZ — %V2R> aﬂg,-jkaﬂg,-jk> )

(58)

This result has been given in a conformally covariant basis in Ref. [13]. Field-dependent counterterms at two loops are
given by

) 11 1 11
Zz(]) = _Emﬁ <giklgjmngkmpglnp - ﬁgiklgjkmglnpgmnp> ’ (59)

2 I 1 1 3 7
Ejlz = _E (6477.'3)2 <4 <gilmgjnpgquglnqgmpr + Egilmgjlngkpqgmprgnqr - lzgilmgjlngkmpgnqrgpqr>

1 11 .
- % (gijlgkmnglpqgmprgnqr - ﬁgijlgkmnglmpgnqrgpqr + permutanns) ) ’ (60)

which are relevant for the two-loop anomalous dimension and beta function, and

1 1 1 47 13 1 101
FQ = __ — Fa:: I TR R | —Ra: 0 V2 g . O
¢ (647[3)2 18 2880 gl/kgklmgjlm 48 gljk ﬂgjmn v9kmn + 30 gljkgjlm Gkim + 2400 gljk g/lm ﬂgklm
_ig"kvzg‘l Vg _lg"kvﬂayg‘l V,.0,9u —BQ"ka”VZQ'I 0,9x1 _Lg”kg'l VEV2Gm | i
32 ij jlm m 48 ij jlm vV pYvYkim 48 ij jimYuYkim 16 ijkYjlm m i
23 29 1 11
+ <m Rgiklgjmngkmpglnp - @Rgiklgjkmglnpgmnp + zgklmgknpaﬂgilnaﬂgjmp - %gklmgklna”gimpaﬂgjnp

1 7 11

3
- Egiklgkmnaﬂgjlpaygmnp + Zgiklgkmnaﬂgjmpaﬂglnp - ﬁgiklgmnpaﬂgjkmaﬂglnp + Zgiklgjmnaﬂgkmpauglnp

1 7
- Egiklgjkmaﬂglnpaygmnp) ¢z¢] + <gjklgkmnglmp8ﬂginp + Zgiklgjmngkmpaﬂglnp

11

1
- ﬁgjkmgmnpaﬂ (giklglnp) - Egiklgjkmglnpaﬂgmnp> ¢iaﬂ¢j> . (61)
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The mass-dependent counterterms are given by

1 1 1 47

13 1 101
M = —— EVET Fgiugim — o R* 0,910, 9 + _Rgiklv2gjkl + 5= RGO, 9k
€ (647°)% 18 2880 48 80 2400

3 7 1 1 1
ey V29 Vg — 13 VED gV 10,911 — 3 910,V g + l_OR” Y 9ik10,9k10, — Z—ORgikla” 9jk19,

1
glklv gjmngkmn¢l

1 23 29 7
16 gzkla v gjklay + = OO Rgzklgjkmglmn¢n - OORgtklgjmzzgkmn¢l gtklv gjkmglmn¢n 24

1 5
+ Egiklgjmnvzgkmn(pl 4 8” giklaugjklnglmn¢n + ggiklaﬂ gjmnaugmnk(pl = 2g 0" gjkmglmn¢na/4

11
+ 50 giklgjmngkmn¢1v2

5 1
=+ _giklaﬂgjmngkmn(ﬁlaﬂ + 3 24

12 2giklgjmnaﬂgkmn¢lay - giklgjkmglnzn¢nv2

9 9 9 7
+ - 4 glklg]mngkmpglnq¢p¢q +3 glklgjknglpqgnpr¢q¢r +— gzklg]mngkmpgnpq¢l¢q glklg]mngkpqgmnp¢l¢q
7 23 29 ’ 1 ”
- Rgiklgjmngkpqgmpq¢l¢n m;; + 200 glkmg]lm - @Rgimngkmn5jl + Za gikmaygjlm - Ba gimnay.gkmn5jl

9 9 7 9
+ - 4 gzmngjkpglmp¢n gzkmgjlngmnp¢p glkmgjnpglnp¢m +3 8 gzmngkmpgnpq¢q jl
7 7 1 11
8 glmngkpqginnp¢q jl mljmkl + Zgikma; gjlm - zgimnaﬂgkmnéjl - ﬂ aH.gimngkmnéjl mijaumkl

1 11 3 9 7
+ Egikmgjlm - 48 glmngkmn jl o mljaﬂmkl + Zgikmgjln +§gikpglmp5jn _%gipqgkpqéjméln mijmklmmn .

(62)
Although these terms are unsightly, they allow us to calculate the quantities of interest—they give us the complete,
general trace anomaly on a curved background with spacetime-dependent marginal sources [g; (x) and y,, (x)] via Eq. (40).
Each of the terms presented in this section yields the relevant beta functions in the first part of (40) via Eq. (8). The second
set of terms in (40), called VMZ", are obtained from a Weyl variation of the 4 - R terms, as seen in (41). Since the Weyl
variation is nontrivial, we report the one- and two-loop contributions to Z* here, since they are required for the identification
of terms necessary to the computation of @ in Sec. VL.
At the one-loop level, there are no contributions from the Weyl variation of (51), and so Z("* = 0. At two loops, the Weyl
variation of (58) yields

11 49 7 9 -
zZm = (6472 1620 <E49ijk8”9ijk + mngjkaﬂgijk + mRzgzjka"gijk - %szgijkaﬂgijk - ngf 9ijk0,9ijik
15

3 3
8 HS g:110,9 + 8 VIR G151V, 0,93k

47 ) 1o, 29 43 .
- EV”R paygijkapgijk + ZV R”’)augijkapgijk - Ea Ra”gijkaugijk - maﬂRaugiﬂca Yijk

5w
- IHg”gijkavgijk + HY 9:ik 0,9k + ZHZ 9ijk0uGijk +

3 3 3 3
+ gRW]gijkvﬂv a)gljk + 8R gz)ka v Gijk — 7RU/ 8ﬂgzjkv a/)gljk +3 R 8l/gljkv Gijk
3 4 121
RRgijkaﬂ V3G — %Raﬂ 9iix V3G + 1—00RV/‘ 0,9,k gijk

1 3 3 3
- ERﬂypaapgijkvuaagijk + 20 V,0,9:u VIV O g — 10 vﬂaygijkauvzgijk + 16 v2gijk8”vzgijk

13
— 4R 0" 9,4V ,0,ijk — ?Rwaygijkvﬂ 0,9ijk —

9 9 3
+ 20 0,9y V"N giin — 16 >9ixV*V2gi + Egijkaﬂvzvzgijk> . (63)

It should be noted that the basis reported here is not identical to the Z terms reported as in (43), which refers to the basis
used in Ref. [10] written by some of the authors of the present work. However, as that basis is complete, the terms in (63)
may be written in the Z basis with repeated and judicious integrations by parts. For the purposes of the calculations in
Sec. VI of this paper, we did not find the basis referred to in (43) useful and were able to identify those terms required in
Eqgs. (78a) and (78b) from the current presentation in (63).
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From Egs. (51) to (54) and (58) to (62), we can extract
the beta functions for the couplings and masses, the
anomalous dimensions of the fields, and, perhaps most
importantly, the quantity a (and a), as described in Sec. 111,
which is the analog of Zamolodchikov’s celebrated c.

V. BETA FUNCTIONS AND
ANOMALOUS DIMENSIONS

As we have seen using background field and heat-kernel
methods, the computation of Z;; and L, is easily done in
position space and does not require the calculation of any
integrals. With our results (52), (59), and (60), we can now
compute the anomalous dimension y;; of ¢; and the beta
function f;; to two-loop order.

The anomalous dimension is defined by

dzl/2
y = _Z—]/2 i

= t=—In(u/uy),  (64)

where the RG time ¢ is defined to increase as we flow to the
IR. At one loop, we find

11
W= _—-_— 65
7T Gars 120’ (65)

where we use the diagram to denote the corresponding
contraction of the couplings, i.e.

O = Gik19jki - (66)

g1

The first contribution to (71) is nonplanar. For the seem-
ingly asymmetric vertex corrections in (71) (second and
third terms), a symmetrization is understood; for example,

}j}— represents E—+ }j)— + p—
(72)

In the single-field case, Eq. (71) reproduces the result of
Ref. [44] (see also Refs. [24-26,46]), which, just like ﬁ(”,
is also negative.

The results presented here for the anomalous dimension
and the beta function to two loops are found to agree with
the results of Refs. [47,48] and can also be fully extracted
from Ref. [49].

1 7 1
(6473)2 2 ~ 3% ty -

PHYSICAL REVIEW D 92, 045013 (2015)

The two-loop anomalous dimension is

NO (64%)2% <@ i@) . (67)

For the case of a single field ¢, our results (65) and (67)
reduce to the results of Ref. [44] (see also
Refs. [24-26,45]).

The beta function is defined by

B(9) =u@: %

T (68)

At one loop, we find

1 1
=G (K} 12>Q> . (69)

where permutations of the free indices in the wave
function-renormalization correction are understood, i.e.

>—Q = 9iji9imnYkmn + Permutations.  (70)

Equation (69) reproduces the result of Ref. [44] (see also
Refs. [24-26,45]) in the case of a single field ¢. In that

case, 1) has a negative sign, and hence the corresponding
theory is asymptotically free. The two-loop beta function is

11
>@+216 ) . ()

VI. METRIC IN COUPLING SPACE
AND THE a-ANOMALY

Nel i

In Sec. III, and in particular in Eq. (47), it was made
apparent that there is an important piece of the f#; - R terms,
called H}, in this paper and in Refs. [10,50], that manifests
itself as the coefficient of contact terms of certain corre-
lation functions of the operators of the theory in flat
spacetime and spacetime-independent g;;(x) and m;;(x).
This metric is important because it controls the behavior of
a (or really, a) along the renormalization group flow; given
the outstanding importance given to a (or its analogs) in
two and four dimensions for its central role in character-
izing quantum field theories there, its behavior in six
dimensions gives insight into the universal features of
quantum field theories in any dimension, possibly beyond
the conventional Lagrangian description so ubiquitous in
our understanding today.
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In Ref. [14], a perturbative computation of the theory
defined in the Lagrangian formalism by (1) yielded a
surprising result for the value of H}, at the two-loop level.
One of the main purposes of this work is to give the details
of that computation, along with other interesting results
from the computation of the effective action.

To compute H},, we must first identify the correspond-
ing piece in 4-R so that we may use (8) to obtain the
quantity of interest. There is no candidate in the one-loop
computation, A(!) - R. Thus, we must look for a two-loop
contribution in A . R, where we do indeed find a
candidate. We see from (58) that the relevant piece is

1 1 1
”Uaﬂgi/’kaugijk- (73)

DR -
€ (6473)212960 !

From (73) and (41), we can immediately match to the term
1H},0,9'0,9'HY in B, - R and extract
102) 1 1
= —_-— 5 5 74
Tt (6473)23240 " (74)
where, as in Sec. II, we use notation of Ref. [10] and
denote I = (ijk). Furthermore, performing a Weyl varia-
tion of (73), we find

1 1 1 Un
5{,(—/1(2) “R)D gmm[{q ﬂijkaygijkaua’ (75)
and so
1(2) 1 1
_ _ I 7
! (6477)2 12960 7" 76)

as also seen in (63). The result (74) is unambiguous and
scheme independent. As we observe, the leading, two-loop
contribution to the metric is negative, and so the consis-
tency condition (45) and its consequence (47) cannot
possibly lead to a strong a-theorem for a.

Now, our theory has only the Gaussian fixed point in
perturbation theory. Nonperturbatively, there may be a
nontrivial fixed point, but our results (74) and (76) cannot
be used beyond perturbation theory. Nevertheless, as long
as the flow of our theory can be described perturbatively,
the quantity a is monotonically increasing.

Another use of the consistency conditions is the evalu-
ation of some quantities at higher-loop orders. Regarding a,
for example, we can use (45) with the results (69), (74),
and (76) to obtain the three-loop contribution to a,

1 1

it = (6473)3 77760 (@ - i ) - D

Furthermore, from the consistency conditions (see
Ref. [10] for the meaning of the various terms),

1 1 1
b, Zg(fz—iazbm—EI])ﬂlv (78a)
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by = (F;+0;by3 = 0;byy + 19 = I7)B',  (78b)
it is clear that at two loops bgz) = bgz) = 0. This, in
conjunction with (45), (74), and (76), implies that
a® = 0. These results have been verified by our explicit
computations (61). Now, at two loops, we can use (61)
and (63) to obtain

2 1 1 2 2
i (647°)2 10807" by = biy =0,
® =1,% =0, (79)

and so using (78), we can compute

1 1
b§3) _ lb(3) _

1
673 7 (6473)3 6480 (®_ 4

> . (80)

With these results and using (45) with (69), (74), and (76),
we find that the three-loop contribution to a is

1 1

aopanm (O 1€0) @)

This shows that, just like a, a increases in the flow out of
the trivial UV fixed point in our theory.

There is one comment to be made about the value of
the result in (77). It is a scheme-dependent quantity, in the
sense that it is only defined modulo terms that are “exact”
in the cohomology generated by the Weyl transformations

o® —

AY - AL ie. up to local additions to the original action of
which the variations shift quantities in (47). However, as
shown in Ref. [10] in analogy with Ref. [9], these shifts are of
the form 8a = z;,;' #’ for z;; an arbitrary regular symmetric
function of the couplings. Hence, at lowest order, and using
(69), we have 5a ~ O(g®) which cannot possibly upset the
conclusions of this section in perturbation theory. Moreover,
Eq. (47) is of course unchanged by such shifts and in this
sense is an invariant of the associated Weyl cohomology.
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APPENDIX A: CONVENTIONS AND BASIS TENSORS

In this work, we define the Riemann tensor via

V,.V,A? = R, A” (A1)

opv

and the Ricci tensor and Ricci scalar as R, = R”,,,, and R = y**R,,,. We also commonly use the Weyl tensor defined in
d >3 by

Wonpo = Ruyps + % (VufeRoly + 7upRo)) + mh@mﬂ- (A2)
At mass dimension 4, we use the tensors
E, 2 (R™°R,,,; —AR™R,, + R?),  F=WH"W,,,. : R?, vaR
(d-2)(d-3 e a Her (d—1)? d—1
Hyo = g A 1Moy 8y 4 8H oy — 4R Ry Hoyy = L RR,,
H3,, = R,/R,, Hy, = RR,,00, Hs,, = V’R,, Heg,, = ﬁvﬂapR. (A3)
A complete basis of scalar dimension-6 curvature terms consists of [51]
K, =R,  K,=RR"R,, K3 = RR™R,,,,. K, =R"R, R, Ks = R"“R'R,,,,
K¢ = R"R,,; R, K7 = RFMPR 00 R™ s Kg = R""°R,,,,R,"™ Ky = RV°R, Ko = R*“V’R,,

Kll - prasz;u/pa’ K12 - RM Vﬂa,,R, 13 = VMR pVﬂR
K15 - V”R”””TV#RW,M, K16 - szz, K17 - (VZ)ZR

vp» 14 = vﬂRUpvaﬂp7

In d = 6, a convenient basis is given by

11 :% 1 — 15670K2+430K3 +17—6K4_§K5_%K6+K8’
9 27 3 5.3
b= 500K ~ 30K T g Ks T Ke =5 Ks = 3Ke + K5,
11 27 6 3
13:—%K1+EK2—§K3—K4+6K5+2K7—8K8+§K9—6K10+6K”+3K13—6K14+3K15,

E6 = K] - 12K2 +3K3 + 16K4 —24K5 _24K6 +4K7 + 8K87
Jl :6K6—3K7 + 12K8 +K]0—7K11 - 11K13 + 12K14—4K15,

1 2 3 4
12=—§K9+K10+§K12+K13, Jy = K4+K5—%K9+5K12+K14,

1 2
Jy=—-Ko+ Ky +-Kin + Kis, Js = K, Jo = Ky7,

5 5
Ly =- 1K1+1K2 K, Lzz—iKﬁ‘isz
30 4 100 20
L3:—3—7K1+lK2—iK3+iK5+LK6 L4:—LK1+iK3
6000 150 75 10 15 150 207
LS:;—OKI, L6:-$K1+;—0K9, L= K, (A4)

where the first three transform covariantly under Weyl variations and Ejg is the Euler term in d = 6. The J’s are trivial
anomalies in a six-dimensional CFT defined in curved space, and the first six L’s are constructed based on the
relation 8, [ d®x\/7L, ¢ = [d°x\/y0J, .
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In this paper, we use the above basis for dimension-6 curvature scalars, but, although it is not necessary, we define /, , 5 in
general d, because of our use of dimensional regularization. More specifically, we define

— vpo Tw
Iy = WP W oW,

- %K i é(ilz&j S s e K g ket
I, = WHrow . W,
== f—(lz)i(;i)z)a - (dzf(f;éd_fg)g K, + EESVEED) 1(6d(ci—2)13) K, — 7 342>2 Ks— d1—22K6 + K,
I = Wwwre (@,’Vz + %R,f - m@,%) W oo + 8VAVH(W,PW, ) — —VZ(W/WW,W)
e
—%w—1mKT+xd—1mmrfé:?ﬁglg) 85:;)Km+2w—3MM-fd_afi_meﬁ
N ket (0= 2)(=3)Kis 4y K (A3)

These satisfy 8,1, ,3 = 60l ,3 for any d for which they
can be defined.

APPENDIX B: COINCIDENT LIMITS

Here, we collect the coincident limits x’ — x of the
Seeley-DeWitt coefficients a,;;(x,x") of (23) and the

various functions [i.e. o(x,x’) and Ai,/l\%[(x, x')] needed
therein to solve the recursion relation (26). Most of these
results can be found in Refs. [24,26,52], and [22], though in
these works only the single coupling case was considered.
The fundamental quantities of interest on a curved
background are the geodetic interval ¢(x, x'), the “equation
of motion” of which is [33]
%8”0'6”6 =o, (BI1)
and the van Vleck—Morette determinant Ay (x, x'), which
describes the rate at which geodesics coming from a point
separate, follows from a corollary of the above equation
for o(x, x),

Ay V26 + 20160, Ay = dAvy, (B2)

with d the spacetime dimension. Here, we have abbreviated
o(x,x") and A{,ﬁ(x, x') as o and Ai,/lé respectively, and will
continue to do so throughout the rest of the Appendix.
From these two equations, we can construct the coinci-
dent limits of ¢ and Al/ 2. We will denote the coincident
limit of a quantity X as [ ] X] for brevity. Throughout the rest
of this Appendix, to make the coincident limits as concise
as possible, we use the semicolon notation for the covariant
derivatives, e.g. V, 0,06 = ¢.,,. Now, since ¢ measures a

distance, we clearly have

[6] = 0. (B3)

Now, using (B1) and differentiating as many times as
needed, we obtain the following limits:

[644] =0, [U;Mv] = Yw> [U;ﬂvp] =0,
1
[U;Mwm] = - § (Rﬂ/wo' + R;mz/p)’
1
[G;W/pm] - Z (Rypva;r + Ryayp;r +T<0+7 < ﬂ),
o 4 0 8 g 4 pot
[ P o /41/] - SRW’R + 45R R/);my _ERﬂ Rv/)m’
2 6
- §R/w;ﬂp - §R:/w’
4
[G;ﬂp”y”a] = [6;/)/){;6ﬂy] + g (R/)”R/m(w - Rprpv)’
8
(04" 7] = [O';pp;waa] 3 (R Ry, = Ry Rp,)
= 2Ry + 2Ry,

[a_wﬂ]:‘_‘cmm L guoog,, 2R ”)
w3 uvpo T

Hovop 5\3
152 176 296 44
pvpol— _ "k " - -
o1 = =35 K 3 Ks 35 Ko — 3 K

80, 3, 148
+ 3 Ks 5K+

63 105

12 32 2 4
—7K11 §K12+ K13+7K14

9 3 18
—7K15—ﬁK16—7K17- (B4)
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The coincident limits of derivatives on A{,ﬁ follow from (B2):

1/2 172 12 1 1/2 1
[AV/M] =1 [AV/M ,;4] =0, [AV/M ;/u/] = ER/wv [AV/M ;;wp] = E (R/w;p + Rp/t;l/ + Rl/p;/l)’
1 1 1 3 1
1/2 B
[AVM ;p”,w] - %RR/W - ERﬂpva + 30 (Rpng;m + R;tmevpaf) + %R:ﬂv + %Rﬂv;ﬂp’
1
1/2 1/2 0 i
[AV/M ;,uz/p/’] = [AV/M ;p/’m] + g (Rﬂ/ R/)u — R Rp/ml/)7
[A” ]—1K 1K+1K—|—2K—|—2K 4K+11 20 2
MBS T 0160 6002 600 189 16370 63 % 18907 1898 105
2 1 1 1 1 3 5 3
—ﬁKm +7K11 +5K12 _EKB —ﬁKm +%K15 +8—4K16 +ﬁK17- (BS)

We have only listed the limits that are needed to compute
the coincident limits of the Seeley—DeWitt coefficients ay ;;
up to az ;. We also note that we have explicitly checked all
limits with those found in the aforementioned references
and find agreement.

|

Another quantity of interest, which is indirectly related to
our calculations in this paper through the details laid out in
Appendix C,is Y = A\_,ll\,{zA{,/lé .- Knowledge of its coinci-
dent limits is necessary for the computation of (55). We find

1 o . 3 1
[Y./J = ER.W [Y;/w] == BR//)RPU + 30 (R Rp/wv + Rup Rv/m) + %R;/w + %Ruu;ﬂp’
Y,0] =~ (RWR,, — RPR LR Yo' ]| = - (R"R,,, - R#"R LR,
[ N7 } - _%( 772 ;w/m) +§ BT [ w ;4] - _E( v zx/)m;u) +§ o
1 52 17 3 11 20 1 9
Y./ =[Y." ] +=R} R Y Y =— —— K5 —— — Ky ——Ky———Kyg—=-K
V'] = VS ]+ GRER VT = G5 K+ 375 K5 — 35 Ko+ 755 K7~ 735 K5 — 156 Ko =75 K10
1 3 1 1 3 1 3
+;K11+%K12—5K13—5K14+%K15 +25—2K16+ﬁ1{17- (B6)
|
Now, we may proceed to the quantities that are directly 1 1 1
related to the central computations of this paper, the [a1.4] _ER(SU ~Xij [Ouan] —58” 8R5’7 —Xij |,
Seeley—DeWitt coefficients @, ;;(x,x’) that characterize 1 /1
the propagator’s response to the curved background with V,0,a ] =15 (5 (R°R iy +R,R o) —R,R,,

the metric y,, (x). Restating its fundamental and defining
condition (26), we have

-1/2
na,;; + 0,00Va,;; = ~Au Mik(A{//l\ian—l,kj)v (B7)
with initial conditions
aﬂaaﬂao’ij =0 and [ao’ij] = 5” (Bg)

The limits of these coefficients depend on the elliptic
differential operator of the form M,; = —5,;V* + X,;, with

_ V()
Xij = 5ag |
have

ijs
. In the case of the Lagrangian (49), we

=y

Xij = mjj + gijppr + &ijR. (B9)
(Unless explicitly stated, we will take ¢ to represent the

background field ¢, for the sake of compressed notation.)
Note that X;; is symmetric, X;; = X;;. Then,

3 9 1
+ZV2R”U+ZVﬂ3yR> 61] —gvﬂabxij,
1 vpoT 17 5 v
[8MV2(11YU} =50 (R P9V yRypoe — RV R, _§R” o,R

j

+38ﬂV2R> 5ij—iaﬂvzx,-

1 1
920,0151= 10, Par 1+ 38,0, (R0 =X, ).

16 13 19 11
V)24, )= —=Ky+——Ks———Kg+——
(V) ] <945 41455 o456 T g5
Kg+ 9 b 19k + g
189 2 "1260 7 630 107351
L L L + 3k
21002 21078 1057 1407
19 3 4

1 1
+E8”R8MX,- =3 (V22X (B10)

045013-16



TWO-LOOP RENORMALIZATION OF MULTIFLAVOR ...

for the relevant limits of a, ;;. For a, ;;, we have

1
—_ [ RuroR
180 < Heve

5
- R™R,, + 5R2 + 6V2R> 5

PHYSICAL REVIEW D 92, 045013 (2015)

1 1
6 (R+ V)X, + 5 XuX;

[a2,ij] ) ij»
) ! R¥""V,R ROV R 4> RO,R +39,V?R |5
[ aZU] 180 vpor " z/p+§ " + " ij
1 1 5 1/1
—ﬁﬁﬂ(RX”)—ﬁaﬂv le‘i‘g EXl-kaMij+3ﬂXikaj .
(V2ay ;] = L, ! S QUL O LIy LKyt K
20l = T\ 540 72 754073 T 1890 4 T 6300 731593780 7 T 189 8 T 1008 0 T 21010
LIS D SRS DV IS LA IR
14071 14072 T840 T 4207 M 5600 336010 280 17 ) VU

90

1/1
+7 <§XikV2ij + V2 X Xy + a”XikauXkJ‘)'

Finally, for as;;, we have

1 (35 14 14 8 8 16

e A 3 9 3 3

= Ko+ K3 + Ky + 3 Ks = Kg +

1 9
= o5 (R"""Ryups = R*Ry, + 6V’R + 90RO, + 3R"V,0, + SRV’ + - (V?)")X,,

(B11)

44 80
EK7 —EKg + 11Kg - 8K10 + 12K11 + 12K12 —2K13

17 1 /1 5 5
—4K1s+ 9K 15+ Kig + 18K17> 5= (8 (R/“’P“RWPJ ~ RMR,, + 51'%2) + V2R + RO, + RV?

1
+3RY,0, 45

It should be noted that all derivatives are evaluated inside
the coincident limits; i.e. the coincident limits of derivatives
on the quantities are to be taken, not the derivatives on
the coincident limits of said quantities. Actually, it is not
difficult to convert between the two—the relevant equation
was given by Christensen [53] and was, in fact, necessary
for the computation of (56).

APPENDIX C: COINCIDENT LIMITS AND
DIVERGENCES OF PRODUCTS
OF PROPAGATORS

In this Appendix, we give the € poles of the products of
the propagator pieces G,(x, x') and R,,(x, x") found in (32).
As noted there, the full propagator in (16) is regular for any
d at separate spacetime points. Explicitly,

rdd—1) A2
GO(X’ xl) = = d/2 \;7;_1 s
4 (20)
rtd-2) A2
G (x,x) =—2 a7 \;17;_2,
167 (20)
AZ 1 1
Rn(x x/) = 4nv+1\;[ ( d/2r<2d -1- I’l) (20->n+1_d/2
2 (=)
ke e AR C1
€ﬂ'3(}’l—2)!<6) (C1)
for n =2, 3.

1 1
(vz) >XU += B (RX Xy + XuV2Xyj + VX3 Xy + 0 X0, Xyj) — gxikxklxlj-

(B12)

However, upon taking products with other Green’s
functions, as in (55), short-distance singularities will arise
that will have poles in ¢, in accordance with (C1). The
associated relations centrally depend on the coincident limit
of inverse powers of ¢ in noninteger dimensions,

1 H_5 274/2
(20(x,x'))}d=0) 5 T(1d)

&4 (x, x'), (C2)

which is valid up to finite contributions as x’ — x. Here,
8 « €, and the =0 factor is inserted to preserve dimensions.
This dependence can be seen from the o dependence in
equations in (C1). Varying powers of ¢ will arise depending
on the product of propagators taken. A useful recursion
relation can be obtained by differentiation and the use of
(B1) and (B2). It reads

1/2 1/2

(Vtyﬁ% pCp+2-d)SWM (3

p+1 .

Equation (C3) can be used to obtain the poles in products
of propagators. For example, if we multiply (C2) with A{,ﬁ,

act with V2 — Y, and use (C3), we obtain
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A
(26)%(d—6)+1 S dF(%d)

(V2 -Y)s, (C4)

which is necessary for determining the e poles in
(GoGlGl)(X, X/) ind=6-¢.

Using these methods, we can now list the relevant
products as in Ref. [24],

w11
oae3 " 0 ).

u
(GoGy)(x.x') ~

—2e
w11 1
- - - v2 —_R 5d , /’
(647:3)266( +6> (x. )
M—Ze 11

(G1G,G)(x,X) ngzfsd(x’ x'),

(GoGo)(x,x) ~

(GoGGy)(x,x') ~

AU Sl AT A YOO
(GoGle)(x,x)Nm ?JFZE o(x, x'),

—2¢ 1 11
(GoGoRs3)(x,x") ~ e <_ " __> 8(x, x),

(647°)* \&*  4de

—2e

u 1 11\1
GoGoR ) ~v———5—-—=— ] =
(GoGoR,)(x,x') (647:3)2 <€2 126)3

y (vz T éR) 5(x, x'), (C5)
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where ~ indicates that only the € poles are considered
on the right side. In these expressions, powers of Al,ﬁ
that appear in the propagator products are commuted
through to the delta function, and then we use
Ai,ﬁ(x, x84 (x, x') = 8 (x, x').

For our purposes, we also need to know the divergent
behavior of the products (GyGyG;)(x,x’) and
(GoGoGy)(x,x"). Their computation is performed after
taking advantage of the fact that they appear under x, x'-
integrals, and thus we can integrate by parts at will. For
example, for (GyGyG)(x, x"), we need to find the poles in
(A{,ﬁ)3/(20)5’3€/2. From (32) and (C4), (C3), we see that
we need

Aym (V2 = Y)25¢

= Aym[(V?)26¢ = V2(Ys?) — YV25 4+ Y264).  (C6)
For the contribution of (GyGyG;)(x,x’) to (55), we also
have g, (x)gjx(x")a; ;;(x,x’) under the x,x'-integrals.
Following the procedure that led to (C5), we would now
commute Ay, through the derivatives to the delta function.
This is rather tedious, so we choose here to integrate the
derivatives in (C6) by parts instead. This way, we are able
to do the x’-integral which will force the coincident limits
of the various contributions that arise. The necessary results
are then found in (B5), (B6), and (B10).
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