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Isospin breaking decay 7(1405) — f(980)7° — 3z

N.N. Achasov,l’* A A. Kozhevnikov,l’z‘T and G. N. Shestakov'*

lLaboratory of Theoretical Physics, S. L. Sobolev Institute for Mathematics, 630090 Novosibirsk, Russia
*Novosibirsk State University, 630090 Novosibirsk, Russia
(Received 14 April 2015; published 5 August 2015)

There are attempts in the literature to theoretically explain the large breaking of isotopic invariance in the
decay 57(1405) — f,(980)7z° — 37 by the mechanism containing the logarithmic (triangle) singularity, i.e.,
as being due to the transition 5(1405) — (K*K + K*K) — (K*K~ 4+ K°K°)z° — £,(980)z° — 37. The
corresponding calculations were fulfilled for a hypothetic case of the stable K* meson. Here, we show
that the account of the finite width of the K* (I'x-_, ¢, = 50 MeV) smoothes the logarithmic singularities in
the amplitude and results in the suppression of the calculated decay width 7(1405) — £,(980)z° — 3z by
the factor of 68 as compared with the case of I'x-_, x, = 0. We also analyze the difficulties related with the
assumption of the dominance of the 5(1405) - (K*K + K*K) — KKz decay mechanism and discuss
the possible dynamics of the decay 7(1405) — nzz. The decisive improvement of the experimental data on
the KK, Kz, nz, and 7z mass spectra in the decay of the resonance structure 7(1405/1475) to KKz and
nzm, and on the shape of the resonance peaks themselves in the KKz and 7z decay channels is necessary

for further establishing the 7(1405) — 37z decay mechanism.
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I. INTRODUCTION

In the seventies, a threshold phenomenon known as the
mixing of af(980) and f,(980) resonances that breaks the
isotopic invariance was theoretically discovered in Ref. [1];
see also Ref. [2]. Recently, the interest in the a)(980) —
f0(980) mixing has been renewed. New proposals for
searching it [3-24] have appeared, and the results of the
first experiments reporting its discovery with the help of
detectors VES [25,26] and BESIII [27,28] have been
presented. The VES Collaboration observed for the first
time the isospin breaking decay f,(1285) — ztz " x°
[25,26]; the proposal for searching it was put in
Ref. [1,2]. The BESIII Collaboration has obtained the
indications on manifestation of the a)(980) — f(980)
mixing in the decays J/w — ¢f(980) — ¢ay(980) —
¢nr and y. — ap(980)7° = £4(980)7° — zta 7 [27],
suggested for studies in Ref. [21,22]. In another experi-
ment, the BESIII Collaboration has measured the decays
J/w = yntaa° and J/y — ya°z°z° and observed the
resonance structure in the three pion mass spectra in the
vicinity of 1.4 GeV with the width of about 50 MeV [28].
At the same time, the corresponding 777~ - and 7°2° mass
spectra in the vicinity of 990 MeV (i.e., in the K"K~ and
K°K? threshold domain) possess the narrow structure with
the width of about 10 MeV [28]. So, in this experiment, the
isospin breaking decay J/y — yn(1405) = y£,(980)x°
followed by the transition f,(980) — z* 7z~ (2°2°) was
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observed for the first time [28] with the statistical signifi-
cance exceeding 100. In the same experiment, the decay
£1(1285)/n(1295) — at 72~ z° [28] was also observed,
with the branching ratio by a factor of two lower than
that reported by VES [26].

The narrow resonancelike structure observed in the 77~
and 797" mass spectra in the decays 7(1405) — z* 7z~ 2",
7972970 in the K* K~ and K°K? threshold domain looks like
the structure expected to originate from the isospin break-
ing a(980) — f¢(980) mixing [1], i.e., due to the transition
ad(980) - (K"K~ + K°K®) — £((980) — zx caused by
the mass difference of the K*K~ and K°K° intermediate
states. It should be recalled that the corresponding S wave
amplitude responsible for the breaking of isotopic invari-
ance in the region between KK thresholds (the width of this
region is about 8 MeV) turns out to be of the order of

V (mgo —my)/mgo [1,29], but not (mygo — my+)/mgo,
i.e., by the order of magnitude greater than could be
expected from the naive considerations. It is natural to
expect the relative magnitude of the isospin violation to be
suppressed outside the KK threshold region, i.e., at the
level of (mygo — my+)/mgo. To the first approximation, one
can neglect this and the similar not really calculable
contributions.

The mechanism of the breaking of isotopic invariance
in the decay 5(1405) — £((980)z° — 37z is similar to
the mechanism of the a)(980) — f((980) mixing in that
it is caused by the transition #(1405) — (K"K +
K°K%) 72" — £,(980)z° — 3z. Its amplitude does not
vanish due to the nonvanishing mass difference of K+
and K° mesons, and turns out to be appreciable in
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the narrow region between the K+tK~ and K°K°
thresholds.

The aim of the present work is the elucidation of the
possible mechanism of the decay 1(1405) — f((980)z° —
atn~7°. There are attempts in the literature to theoretically
explain this decay as being due to the mechanism that
includes the logarithmic (triangle) singularities [30-32],
i.e., due to the transition 7(1405) —» (K*K + K*K) —
KKr° — £,(980)7° — ztz~2". We pay attention to the
fact that in the cited works the vector K*(892) meson in
the intermediate state was considered to be stable, and
show that the account of the finite width of K*,
Iy & Tk, =50 MeV, smoothes the logarithmic singu-
larities in the amplitude resulting in the suppression of the
calculated width of the decay 7(1405) — f((980)z° — 37
by the factor of 6-8 in comparison with the case of
'k~ = 0. We also analyze the difficulties related to the
assumption of the dominance of the decay #(1405) —
(K*K + K*K) — KKn and discuss the possible dynamics
of the decay 7(1405) — nzz. The decisive improvement of
the experimental data on the KK, Kz, nrz, and zz mass
spectra in the decays of the resonance structure
n(1405/1475) [33] to KKz and nzz, and on the shape
of the resonance peaks themselves in the KKz and nrx
decay channels is necessary for further establishing the
1n(1405) — 37 decay mechanism.

II. EXPERIMENTAL DATA

According to BESIII [28], the mass and width of the
n(1405) peak in the z*z~z° channel are 1409.0 &
1.7 MeV and 48.3 5.2 MeV, respectively, while the
branching ratio is
BR(J/y — yn(1405) = yf,(980)7° — yatnx°)

=(1.50+£0.114+0.11) x 107>, (1)
Comparing the above with the result of Particle Data Group
(PDG) [33],

BR(J/y — yn(1405/1475) — yKKn)
= (2.84+0.6) x 1073, (2)

one gets

BR(J/y — yn(1405) = 7£4(980)7° — yntn=x°)
BR(J/w — yn(1405/1475) — yKKnr)
= (0.53 £0.13)%. (3)

The magnitude of this ratio tells us about the very large
breaking of the isotopic invariance in the decay 7(1405) —
£0(980)7°. Guided by naive considerations, this ratio is
expected to be at the level of [(mgo — my+)/mgo]® < 1074,
Notice that, in Eq. (3), the magnitude of the forbidden by
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isotopic invariance decay 7(1405) — £((980)z° is com-
pared to the magnitude of the main allowed decay
7(1405/1475) — KK [33-36].

To illustrate the observed breaking of isotopic invari-
ance, the BESIII Collaboration [28] gives the ratio

BR(7(1405) — £,(980)7° — z* 7z~ 2")
BR(7(1405) — a}(980)z° — nz°z°)
= (17.9+42)%. (4)

However, it is large in comparison with Eq. (3) due
only to the fact that the isospin-allowed transition
n(1405/1475) — a3(980)zx — nz°z° is small. Really,
using the PDG branching ratio J/w —yn(1405/1475) —»
ynztx~) [37] and the largest PDG value of I'((1405) —
ao(980)x) /T (n(1405) — nar) [38], the  BESII
Collaboration [28] estimated BR(J/y — yn(1405) -
yad(980)z° — yna®z°®) = (8.40 £ 1.75) x 107, So the
ratio Eq. (4) is an unreliable characteristic of the isospin
violation.

In what follows we also use the notation : = 7(1405) for
brevity. Since the decay 1 = f((980)z° is measured in the
radiative decay of the J/y meson, then, when analyzing
the situation, it is natural to base the treatment on the
information about the decays J/w — y1 — yKKn, ynran
[33-36,39-48]. However, this information is rather
scarce. The matters are further complicated by the fact
that the data [39-48] refer to the decays J/y —
yn(1405/1475) - yKKz,ynrr, in which the resonance
structure 7(1405/1475) [33-36] may correspond to some
mixture of the overlapping states n(1405) and 5(1475) [it is
called sometimes 7(1440) in current literature]. In the
meantime, there is no single established opinion concerning
the reality of two pseudoscalars and the dynamics of the
decays 1(1405/1475) — KKz and naz [30-36].

III. THE DECAY : - (K*K + K'K) — KK=° —
- f0(980)2° — ntn~x°

If the ¢ decays to (K*K + K*K) — KKr (see Fig. 1),
then, due to the final state interaction among K and K
mesons, i.e., due to the transitions K™K~ — f((980) —
atn~ and K°K® — £,(980) — x* 7z, the isospin breaking
decay 1 - (K*K + K*K) - (KTK~ + K°K%)2° —»
£0(980)7° - 22~ 2% is induced (see Fig. 2). It should
be mentioned that here we consider the effect of the isospin

FIG. 1. The diagram of the decay : —» (K*K + K*K) — KKx.
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FIG. 2. The diagram of the decay : — f((980)7° — z* 7z~ 2°
via the K*K + K*K intermediate states; p;, p,, p3 stand for the
4-momenta of particles participating in the reaction, p? = s,
being the invariant mass squared of the : resonance or of the final
mta~x° system; p = s, = m2, _ is the invariant mass squared
of the f((980) or of the final z*z~ system, p3 = m?

0

violation in the decay 1 — 77z~ z° as being due solely to
the mass difference of the stable charged and neutral K
mesons. The contributions from the production of the
K*TK~ and K°K® pairs are not compensated completely.
The smallest compensation among them should naturally
take place at the invariant mass of the 7"z~ system, ,/s,, in
the region between the K*K~ and K°K* thresholds.
However, there is some complexity in the present case.
The fact is that just in the region of the : resonance all
intermediate particles in the loop of triangle diagram in
Fig. 2, at the definite values of the kinematic variables \/ﬂ
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096 098 1 1.02 1.04 1.06 1.08 1.1
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FIG. 3. Solid curves on the plane (,/s3, \/57) show the location
of the logarithmic singularity of the imaginary part of the triangle
diagram shown in Fig. 2, in the case of the K** K~ and K*°K°
intermediate states. The dashed vertical lines show the K™K~ and
K°K? thresholds in the variable /s, (i.e., its values equal to
2myg+ = 0.987354 and 2mygo = 0.995344 GeV). The dashed
horizontal lines correspond to the values of the variable \/s;
equal to 1.404, 1.440, and 1.497 GeV. At 1.404 GeV < /5| <
1.497 GeV the logarithmic singularity, in the case of the K** K~
intermediate state, is located at the values of /s, between the
KtK~ and K°KY thresholds, while in the case of the K*°K°
intermediate state it does not go away from the K°K? threshold
by farther than 6 MeV. At approximately /s = 1.440 GeV, the
singularities reach the KK thresholds.
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and /s,, can lie on their mass shells. This means that in the
hypothetic case of the stable K* meson the logarithmic
singularity appears in the imaginary part of the triangle
diagram [49-51]. Figure 3 shows the location of the
logarithmic singularities for the contributions of the K** K~
and K*°K" intermediate states. As is seen, in the 1
resonance region, they are located very close to the KK
thresholds. For example, at /s, = 1.420 GeV, the singu-
larities from the K**K~ and K*°K° intermediate state
contributions in the #tz~ mass spectrum take place at
/352 =0.989 and 0.998 GeV, respectively (see Fig. 3).
Since the singularities located at different positions from
the charged and neutral intermediate states do not com-
pensate each other, the considered mechanism may seem to
result in a catastrophic violation of isotopic symmetry in the
decay 1 — n" 2~ 7°. However, the accounting of the finite
width of the K* resonance, i.e., the averaging of the
amplitude over the resonance Breit-Wigner distribution
in accord with the spectral Killén-Lehmann representation
for the propagator of the unstable K* meson [49-51],
smoothes the logarithmic singularities of the amplitude and
hence makes the compensation of the contributions of the
K"K~ + K*"K* and K*°K° + K"K intermediate states
more strong [52]. This results in both the diminishing of the
calculated width of the decay 1 — z* 2~ 7" by a number of
times in comparison with the case of I'g-_ g, = 0, and in
the concentration of the main effect of the isospin breaking
in the domain of the z* z~ invariant mass between the KK
thresholds. Figures 4—5 show the influence of allowing for
the instability of K* on the energy dependent width

25 . . .

N
o

o

1 09r14>n+n‘n“(2 gt“?{?fglK‘KgK‘K?(“gf KK)-2 [G eV-S]

1.40 1.45 1.50
112
s, [GeV]

FIG. 4. The illustration of the influence of instability of the
intermediate K* meson on the calculated width of the decay
1= (K'K + K*K) — KK#° = £,(980)2° — n* 7~ 2°.
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FIG. 5. The illustration of the influence of instability of the

intermediate K* meson on the #7777~ mass spectra in the decay
1= (KK + K*K) — KK7° — £((980)7° - 2"z~ z°. The units
are arbitrary but nevertheless the same for all z7z~ mass spectra

in (a)—(d).

[, .+ (s1) and on the mass spectra of the "z~ system,
dU_ i p-p0(81.82)/d /53, /53 = my+,-. Figure 4 shows
that in the region 1.400 GeV < ,/s7 < 1.425 GeV the
calculated width of the decay 1 — #°z+ 7~ is lowered by
the factor of 6-8. The n"z~ mass spectra, see Fig. 5, are
distorted strongly. Notice that the nonzero experimental
resolution in the z"z~ mass (in the BESIII experiment [28]
it was about 2 MeV) would smooth the peaks in the domain
of singularity in Figs. 5(a) and 5(c), but the area under the
curves would remain practically the same.

Shown in Fig. 6 is the behavior of the 1 - (K*K +
K*K) — KKn° - £,(980)2° — nt2~ 2" and 1 — (K*K +
K*K) — KKr decay widths against the invariant mass /sy
of the 1 resonance calculated at I'g« =50 MeV. Both
widths demonstrate the strong dependence on ,/s;. The
ratio of these widths is an important characteristic of the
violation of the isotopic invariance in the considered model.
It does not depend on the magnitude of the 1 coupling with
K*K (g, g)» and its order of magnitude is controlled by the

factor [(mgo — mg+)/mgo] x (g]%OKW,/g]%O” ) and decay
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FIG. 6. The dependence of the 1 — (K*K + K*K) - KKz° —
£0(980)2° - 27272 and 1 — (K*K + K*K) - KKz decay
widths on the invariant mass of the ¢ resonance /s (I'gx- =
50 MeV).

kinematics. For the ratio of the widths in Fig. 6 averaged
over the region 1.400 GeV < /5| < 1.425 GeV, one has

r_ - r_ .-
R = s ﬂ7t05< 1> ﬂﬂo(sl)>z4x 10_3' (5)
Fl—>KI_(7[ <F,_>K1_(7;(51)>
Now, using Egs. (2) and (5) for evaluation of

BR(J/y = y1 = y£(980)7° — yztz~x°), one obtains

BR(J/y = y1 = 1£0(980)° — yz' 2~ z°)
~ R x BR(J/y — yn(1405/1475) - yKKr)
~1.12x 1073, (6)

in agreement with the data of BESIII [28] given in Eq. (1).

The estimate Eq. (6) includes the assumption of domi-
nance of the #(1405/1475) — (K*K + K*K) —» KK=x
mechanism in the decay 75(1405/1475) — KKz to be
discussed below. Moreover, in view of the absence of
the detailed data, one forcedly assumes that ¢ (17(1405)),
7(1440), and the resonance complex 7(1405/1475) con-
stitute the single object looking differently in various
channels. Hence, the magnitude of BR(J/y — y1 —
vf0(980)7° — yntz~z%) given by Eq. (6) should be
considered in the present model as the upper estimate.
See also remarks in Ref. [53].

IV. THE DECAY : — (K*K + K*K) - KK=x

Guided by the data about the resonance complex
7(1405/1475) produced in the radiative decays of the
J/w meson one can conclude that it decays to KKz with
the probability of about 80-90% [33-36,39-48]. The
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information about the contribution of the K*K + K*K,
ay(980) 7z, x(800)K + k(800)K intermediate states to the
decay 77(1405/1475) — KKx is contained in two-particle
mass spectra of the states KK, Kz, and Kz. Available
statistics of the KKz events are not sufficient [39-45], so
the quality of the data does not permit one to reliably isolate
the possible contributions. To a very rough approximation
it is assumed [33-36] that the decay 7(1405/1475) —
KK in the vicinity of 1475 MeV proceeds mainly via the
K*K + K*K state. As for the region of 1405 MeV, it is
considered that it can proceed via the a((980)z state
[33-36], though the admixture of the K*K + K*K channel
and even its dominance are discussed too [33-36,43]. If,
nevertheless, one admits dominance of the a((980)x
channel, then it would be natural to expect a rather sizeable
signal from the decay 1 — a((980)7r — naz [ay(980)
resonance is located near the KK threshold and decays
more intensively into 7z than into KK]. In experiments, the
decay J/w — y1 — ynzn is seen [33-36,41,43,46-48], but
it is small. See the next section concerning this fact. One
can definitely state that the pointlike mechanism of the
decay 1 — KKn does not describe the data. So the
assumption of the dominance of the decay : — (K*K +
K*K) — KKn cannot be rejected as yet. The high statistics
experimental studies of the basic decay channels 1 — KKz
and 1 — yzz are necessary for elucidation of the situation.

In connection with the :— (K*K + K*K) - KKn
decay dominance we also want to pay attention to the
difficulty of using the simplest Breit-Wigner expressions
for the description of the : resonance. For example, let us
take the recent BES data [45] on the KKz spectrum in the
decay J/w — yn(1440) — yKKn, see Fig. 7, and fit them
with the help of the standard expression

35

Events / (25 MeV)
- — N nN W
o [6)] o (6] o

[¢)]

0
12 183 14 15 16 1.7 1.8
Vsy (GeV)

FIG. 7. The KKz mass spectrum in the decay J/y — y1 —
yKKr as the function of the invariant mass of the ¢ resonance
\/51. Points with error bars are the BES data [45]. The curve is
obtained in the 1 — (K*K + K*K) — KKz decay model. See the
main text for more detail.
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dN _
= A(l - mz/mg/waR(z — KKn;m),  (7)

where m = /s, and

= 2 r .-
BR(l - KK?T; m) = mn m l—>KKﬂ(m)

— . 8
7 |m? —m? — imI'(m)|? (8)
In the case of the total dominance of the K*K + K*K
channel, i.e., when

FEOt(m> - Fl—»KKﬂ(’") = FL—»(K*I?+K*K)—>KKﬂ<m)’ (9)

the fit, shown in Fig. 7 with the solid line, gives
y*/ndf. =10/15, A =20, m,=1465GeV, and
gk~ = 6.91 [hence T, (kg g k) kkr(m,) =448 MeV,
but the visible width of the peak is essentially lower]. Our
normalization is such that in the case of the stable K*
meson the coupling constant g,x++g- is related with the 1 —
K*K + K*K decay width in accord with the expression

Ik k- 8Pk

dr m%.

(10)

Ukkikx =

where pg stands for the momentum of the K meson in the
rest frame. If one evaluates the total 1 - KKz decay
probability than instead of the expected value close to 1
one would get

3 GeV _
BR(: > KKn;m)dm =~ 0.34.

(11)

The reason for this violation of the normalization is the
sharp P wave growth of I kg k)—kkz(m) with
increasing m (see Fig. 0).

Recall that, in the case of the scalar mesons ¢(600),
ay(980), f0(980), their propagators obtained upon taking
into account the finite width corrections, satisfying the
Kéllén-Lehmann representation and, due to this fact,
preserve the total decay probability normalization to unity
[54,55]; see also Ref. [56]. Unfortunately, we have not yet
succeeded in constructing the propagator for the i reso-
nance, providing the desired normalization to unity, as in
the case of scalar mesons.

So one can conclude that the fittings of the data on the 1
resonance and the results of the determination of its
parameters from seemingly natural expressions should be
considered as tentative guesses.

BR(1 » KK7x) = /
1.3 GeV

V. THE DECAY
1 — a)(980)7° — £(980)z° —— a7’

The decay :— ztzn 2’ can also proceed due to

the af(980) — f4(980) mixing [1]: @ — af(980)z" —
£0(980)7° - 2727 2% As a result, the z*z~ mass
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spectrum is sharply enhanced in the region between the
KK~ and K°K? thresholds and looks very similar to the
spectra shown in Figs. 5(b) and 5(d). However, it is
difficult, with the help of this mechanism, to obtain the
magnitude of BR(J/y — y1 — yatn~ %) close to the
experimental value Eq. (1).

Let us take the data about the a$(980) — f(980) mixing
obtained by BESIII [27],

I

0 +
a0—>f0—>7r T

o

0
ag—nm

Eup = =(031+0.16 £0.143)%. (12)

Notice that the upper limit on &, is 1.0% at 90% confidence
level [27]. Let us also base the consideration on the
magnitude

BR(J/w = y1 = ynatn™)
= BR(J/w — yn(1405/1475) - ynatz™)
=(3.0+05)x 107 (13)

[33], and let us consider the decay : - nztz~ as proceed-
ing via the (aj (980)z~ + ag (980)7™) intermediate states.
Then one obtains for BR(J/y — y1 = yatn~7°):

BR(J/y = y1 = yntna°)

= %BR(]/I// S>yi—ynrta)

~ (4.5 +3.3) x 1077, (14)

The central value in Eq. (14) is by approximately 30 times
lower than the central value given by Eq. (1). However, the
experimental uncertainties of the data on &, are large, and
one needs additional measurements to make definite
conclusions.

In general, the suppression of the decay J/y — y1 —
ynatn~ as compared with the J/y — y1 — yK Kz one [33]
is not directly related with the smallness of the 1 —
ay(908)z decay probability. Hence, the branching ratio
BR(J/w = y1 = ynta~ %), caused by the ad(980)—
f0(980) mixing mechanism, can be few times greater than
that given in Eq. (14). The fact is that the a((980)x
intermediate state in the 1 — nzz decay channel can be
hidden due to the destructive interference with other
contributions. As our estimates show, the interference
between a((980)z and o(600)y intermediate states can
reduce the probability of the decay 1 — nzz by the factor of
about 1.5; see also Ref. [57]. Besides, the S wave 7z final
state interaction in the decay 1 — a¢(980)7 — nzzm is
capable of suppressing its width by the factor of approx-
imately two. The possible influence of this interaction on
the zzz mass spectrum in the decay 1 — nzz is shown in
Fig. 8. So the estimate Eq. (14) can be enhanced by the
factor of approximately three. If such a possibility is
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FIG. 8. The zx mass spectrum in the decay : — nzaz. The solid
curve corresponds to the 1 — a((980)z — nzz decay mechanism.
The dashed curve corresponds to the decay via the a§ 0(980)zF0
intermediate states upon taking into account the § wave 7z final
state interaction.

realized, it would mean that the contribution of the
a(980) — £¢(980) mixing mechanism can provide up to
30% of the 1 —» n* 7~ 7° decay amplitude.

The high statistics experimental investigations on both
the form of the mass spectrum of the : resonance in the nzz
decay channel and the nz and 7z subsystem mass spectra in
the region of 1 peak could elucidate considerably the
production dynamics and the role of the ay(980)z inter-
mediate state.

VI. DETAILS OF CALCULATIONS

To estimate the effect, we use the following expression
for the propagator of stable K* meson:

2
I = kb /. (15)
My — k* —ie
It preserves the conservation of the unit spin in the
presence of interaction and the convergence of the triangle
diagram in Fig. 2 for the intermediate states with the
specific charge. It should be stressed that the convergence
or divergence of the triangle diagram as well as of the KK
loops in the case of the a)(980) — (K"K~ + K°K°) —
f0(980) transition is not related with the effect under
discussion. The sum of the subtraction constants for the
contributions of the charged and neutral intermediate
states in the dispersion representation for the isospin
breaking amplitude should have the natural order of
smallness ~(mgo —mg+), and it cannot be responsible
for the enhancement of the symmetry violation in the
vicinity of the K*K~ and K°K° thresholds.
The contribution of the triangle diagram in
Fig. 2, divided by the product of coupling constants

9k k9k kK 9fokKK 1S
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d*px (P + Pr)(Px = Pk) = (51 = PF)(mz = Pk)/ Pk

(2r)* (m* — pk. —ie)(mk — pg — ie)(m§k — p% — ie)

T =T(sy,s5,,m*, my) = / , (16)

where s, $,, m? are, respectively, the invariant masses squared of i, f, and K*. The numerator of the integrand
contains polynomials (m* — pg.), (mg — p), and (mg — p%), which cancel some poles in the denominator. Hence the

expression for 7 reduces to the sum of terms with three and two propagators each treated using the Feynman
parametrization:

1 1 X1 d)CZ
=2 dxl 3
ajaraz 0 0 laixy +ax(x) —xp) + az(1 — xy)]

1 _/1 dx
ajay Jo [ayx+ay(1=x)?

After integration over py the logarithmic divergences in the two-propagator contributions cancel, and the resulting
expression can be represented in the following form:

2\ (2 — 2
T:Fﬂz{[sl+m%—m2+2(m%(—32)+<ﬁ mK,)é;nK ) Cs(s1, 53, m*, my)
51 —m%)(m% —m? s; — m?
b K,)qu £ )'C3(S1’S2’0vm%(>+ lmz K[Cy(s1,m?, mi) = Cy(s1,0, m%)]
my — my 2 2 02 2 2 2 2 2 2 2
K 2, . ) = Calm 0. m)] = sy . ) = ol . i)
+C1(s2,m%()+lnm2—l}. (17)
Here,
1
Cl(sz,mK)—/ dxIn[mz — s,x(1 — x) — ie],
0
1
Cy(s1, m?, m%) :/ dxIn[(1 — x)(m% — s1x) + m*x — ie], (18)
0

1 d
C3(31’327m2’m%<)=/ dx, /x} 5 - = 7 —.
0 o Mg+ Xy(m” —mg) — (X1 — x2)[s2(1 = x1) + mzx,] — s1x5(1 = x,) — ie

(19)

We use the analytical expression for C; and C,, while C; is evaluated numerically. Note that in the kinematical region
of our interest the net contribution from the two-propagator terms C , is negligible in comparison with the pure triangle
contribution o C3, where all three poles are essential. The knowledge of the explicit imaginary parts of the amplitude
(the discontinuities on the K*K, K*K, and KK cuts) permits one to control the result of numerical evaluations. In the
case of one of the four charge modes they look like

K K- . Gk K- 9k K+ 09 oK K~ 5y — m-
Img\y < (m?) = 55 Disereg-(m?) = = 39m \/ﬂrp”f {—4lpﬂllp1<| (1 + TK)
(51 — mg-)(mi- — m?z):| TN 1+ ig}

2 2 2 _ 2_2
—i—[s]—l-m,,—i- mx m Sy + 2 apr — 1+ e

(20)

where  ag-x- = (2Ej,Ex- =)/ QUpallpi-). Epy = (514 52— m2)/QysD).  Ex- = (51 +mi —m?)/(2/57),

Pzl = |pys| = \/E}, = 52, |P&| = /Ek- — mi- (here, the mass m of the K* meson is not fixed to be mg-);
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(1)

(KTK™) . . _ 9k k- Ik K Y KK
Img,, (m?) = 2—iDISCK+K- (m?) = 3271\/s_2rp§,|0 4 pellpil + |51+ mz +2mi- —m?* =25,
: 0
L= mi ) —m)] | aere + 1= (s = mi) (e —md)| ail + 1}
m? agrx- — 1 —ie m? aggsz -1
[
where agig- = agrg-(m?) = —(QELE- + m%- + m2 — The amplitude of the subprocess KK~ — f(980) —

m?)/ 2lpellPk-1); Ex = (s1 =52 —m3)/(2/55), Eg- =

V522 pdl = VET=mi. Pkl = VEk- — mg-;

aﬁ?lK, = agx-(m*> =0).

The Lorenz transformation from the 1 rest frame to f,
gives the relation |/s1|p,| = \/52|py|, so that the coeffi-
cients in front of two logarithms originating from the K*K,
Eq. (20), and KK, Eq. (21), cuts are coincident. Hence, in
the kinematical region where imaginary parts of these
logarithms appear, they cancel each other due to different

(0)
KYK_

real. So the imaginary part of the coupling constant

signs in front of e. The logarithm with a is explicitly

) .
tmg,g,«(m?) = 3 [Disc - (%) + Disci - ()] (22)

is real. We have verified that the imaginary part of the
numerically evaluated triangle diagram coincides with the
evaluation of the analytically calculated one.

To account for the effect of the finite K* width, we write
the propagator of the unstable K* meson in the form of the
spectral Killén-Lehmann representation [49-51]

1 0 2
2 2 - dm?® — p(m2 ) ;
My« — P+ — lmK*FK* (mg+m,)* m= — Pk~ — I€
(23)
and approximate p(m?) in the following way:
1 m *1—‘ *
p(mZ) = —7 5 B LS (24)

T (m — mK*)z + (meFK*)z )

Then, instead of amplitude T = T(s|, s, m>, m%) from
Eq. (16), we have the amplitude (7") weighted with the
spectral density p(m?) [49-51],

(T) = /(oo p(m*)T(sy, 50, m*, m%)dm?.  (25)

my-+mg)?

This integration eliminates the logarithmic infinities in the
imaginary part of the triangle diagram. Notice that the
contributions of the discontinuities on the K*K and K*K
cuts in the s; channel are caused by the real three-body
intermediate states KzK and KzK, respectively. At the
same time, the discontinuities of the triangle diagram in the
s, channel correspond to the two-body intermediate
states KK.

atn (or K°K® - £4(980) — z*x~), being a part of the
amplitude of the diagram in Fig. 2, is taken in the form

9foK K- Gfontn 1 ip(s1)
- i) (26
fS(SZ) 167 Dfo(s2) e ( )

where g7 gk~ (= gy kx0k0) and gy pp- (= \/igfoﬂnﬂo) are
the coupling constants of f,(980) with K*K~ (K°K®) and
atn~ (2°2%), the phase of the background is ¢(s,) ~ 7/2,
and 1/Dy (s,) stands for the f(,(980) propagator [54], the
expression of which takes into account the couplings of
£0(980) with the zz and KK channels and the correspond-
ing finite width corrections,

1 1

Dy,(s2)  mf, =53+ 2 gp[Rellf) (7, ) —TI§ (s,)]
(27)

Here, I1%(s,) is the polarization operator for the £(980),
fo

corresponding to the contribution of the ab intermediate

state (ab = ntn~, 72%2°, KT K=, K'K?); Iml'[]“p(l]’(sz)/\/@ =

[yab(52) = 97 apPan(s2)/(167) is the width of the

f0(980) — ab decay; in this case m, = m,, and for

sy > 4m?

2
Y ya .11+ pay(sy)
ab _ Jfoab ab\S2
M2 (s) = &2 pun(5) [ — I (28)

where p,(s2) = \/1 —4m,/s5; for 0 < s, < 4m2, pap(s2)

should be replaced by i|p,,(s,)| and

2
a 9y ab 2
M1(52) = =222 ()| 1 = 2arctan 5|+ 29

Our estimates are given for the following values:
mg, = 0.990 GeV, 2g]2(0K+K,/(167z) =0.4 GeV?, and
(3/2)g7 -,/ (16m) = 0.1 GeV?. We have also tried differ-

ent values of the f(980) parameters, for instance,
mg, = 0.975 GeV, 2gj%0K+K,/(167z) =0.5GeV?, and
(3/2)g7 4+,-/(16m) = 0.1 GeV? and verified that the
results are not changed significantly.

For the example given in Fig. 8, the following values are
used for the a,(980) resonance [54,58]: m,, =0.9847 GeV,
297 x-x-/(167) = 0.4 GeV?, and GG e = Go i = 0o - k-
To take into account the mz final state interaction in
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the decay 1 — nzz, the contribution of the amplitude
1 = ag(908)r — n(nrw)g is multiplied by the factor
[1+ ipee(s)TY(5)] = €0) cos ) (s), where (z7)g means
the zz system in S wave, TJ(s) and &)(s) being, respec-
tively, the amplitude and the phase of 7z scattering with the
angular momentum /=0 and isospin / =0, s is the
invariant mass squared of the zz state. The data on
89(s) are approximated by the smooth curve [59,60].

The propagator of the a,(980) resonance with the
invariant mass square s, is

1 1

D, (s2) B mﬁo — 5+ Zab[ReHZf,’(m,%o)

- HZS(Sz)] ’
(30)
I (52)/ /5 =

ab =y, KY K=, K°K°, 7n/;
+)

Copman(52) = gﬁoabpab(sz) (167). For s, > mab (mab =
my, + m,, my > m,), the polarization operator is given
by [54,58]

where

(+) (=)
ga"ah Mab Map_ lnm—+Puh(Sz)

Hab
o (Sz) 167 TSy my,

X |i——In )
T (+)2
\/Sz—mab —\/Sz— ab
(31)
where  pup(ss) = \/s2 - mg)z\/sz - mflz)z/sz, for
mi;)z <5y < mg)z,

(=)

ga ab | My, M
Hab “apab ab """ab In
i (82) = 167 7S, my,
(+)2
2 m.’"—s
—pap(s2) | 1= Zarctan Y =2 . (32)
r -2
Sy — m2b>
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\/mi-lt)z -5 \/Sz - mi;,)z/sz, and for

where pyy(s2) =
(-2

53 < mgp,
ek _ ggoab mgb)mgzb) 1n M
o (52) = 167 s, my,
\/mab — 85y + \/m
pab _ln

\/mab —sz—\/mab — 85

(33)

where p,;,(s5) \/m -5 \/mg;p — 85/55.

VII. CONCLUSION

The phenomenon of the a)(980) — f,(980) mixing [1]
gave an impetus to conduct experiments of VES on the
decay f,(1285) - ntz~ 2% [25,26] and BESIII on the
decays  J/y = ¢fo(980) — $ao(980) = ¢z, e —
ay(980)7° = £(980)7° — nt2~ 2" [27], and J/w —
yn(1405) — y£,(980)7z° — y3x [28]. We hope that the
remarks presented here, on the mechanisms of the
isospin breaking in the decay n(1405) — 3z, will stimu-
late both the further studies of this decay and the
principal improvement of the data about KK, Kz, nz,
and zz mass spectra in the decays of the resonance
structure 7(1405/1475) into KKz and nzz, and about
the shape of these resonance peaks in the KKz and nzx
channels.
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