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We compute the entanglement entropy of soft gluons in the wave function of a fast moving hadron and
discuss its basic properties. We also derive the expression for entropy production in a high energy hadronic
collision within the color glass formalism. We show that long range rapidity correlations give negative
contribution to the production entropy. We calculate the (naturally defined) temperature of the produced
system of particles, and show that it is proportional to the average transverse momentum of the produced
particles. Our calculations apply to the situation when at least one of the colliding objects is dilute.
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I. INTRODUCTION

High energy hadronic scattering is of great current
interest. The structure of the hadronic wave function has
been the subject of study in the recent years with the aim of
better understanding possible manifestations of gluon
saturation [1]. The evolution of this wave function with
energy, which drives the evolution of high energy scat-
tering amplitude is encoded in the so-called JIMWLK
equation [2—-4].

The standout property of this color glass condensate
(CGC) wave function is that the soft gluons state “grows”
out of that of the valence modes. More specifically the wave
function of the soft modes is determined by the color charge
density of the valence part of the wave function. This
suggests a certain “order” in the system, since the soft
gluons are entangled with the valence ones. The measure of
(dis)order in a quantum system is entropy. In particular
entanglement entropy measures the degree of entanglement
between different subsets of degrees of freedom in a
quantum state. Entanglement entropy measures both how
far the system is from a pure state, but also how close it is to
a thermal one. It is therefore interesting to ask what is the
entanglement entropy of a CGC wave function.

Although entanglement entropy is a characteristic of a
hadronic wave function, it also indirectly carries some
information about the structure of the final state in collision
of this hadron with a hadronic target. For example recently
we have shown that Bose-Einstein correlations present in
an incoming CGC state [5] manifest themselves as ridge
type correlations between particles produced in the final
state of an energetic collision. The CGC based calculation
of such correlations [6] provides a possible explanation of
the ridge correlations observed by the LHC experiments in
high multiplicity p-p and p-Pb events [7-10].
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In this paper we calculate the entanglement entropy of
the soft modes in the CGC wave function. By soft we mean
the gluon field modes with the longitudinal momentum
in the “last” rapidity bin n < AY ~ 1/a, which are still
energetic enough to participate in scattering at relevant
energy. A similar question has been addressed in [11] and
more recently in [12], where a definition of dynamical
entropy has been proposed. In the present paper we do not
use an ad hoc definition, but rather directly calculate the
standard entanglement entropy of a quantum state.

We also consider the entropy of the produced system of
soft particles. An earlier attempt in this direction is
presented in [13], while a different approach to the entropy
production problem can be found in [14,15] (see also the
review [16] and references therein). The knowledge of the
outgoing wave function in the CGC formalism allows us to
directly calculate the entropy of the final state. We show
that the correlations between produced particles give a
well-defined contribution to this entropy. This contribution
is negative in accordance with one’s naive expectation that
stronger correlations mean a more ordered state. We define
in a natural way the temperature of the produced system of
particles. We show that in the weak field limit the temper-
ature is given by T = z(k,)/2, where (k, ) is the average
transverse momentum of the produced particles.

II. THE DENSITY MATRIX AND RENYI ENTROPY

At high energy a hadronic wave function has a large soft
gluon component. These are the softest gluons in the wave
function which are energetic enough to scatter on a
hadronic target. They occupy the rapidity interval 0 < n <
AY with AY ~ 1/a,. In what follows we will calculate the
entanglement entropy of this component of the wave
function.

In the CGC approach the hadronic wave function has the
form [17]
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Wla, A] = wlAl[a. )

where a is the soft gluon field modes, A are the valence
modes (with rapidities n > AY) and p“(x) is the color
charge density due to the valence gluons. For parametri-
cally color charge density which is parametrically not large,
p < 1/ay the soft part of the wave function is given by a
simple coherent state

(2.1)

dasl =exp{i [ Bh0lal®) + 01 }10), @2

with the Weizsicker-Williams field b},(k) = gp, (k)% ik

We will use this functional form of y throughout the
paper. For parametrically large color charge density p ~
1/ay the relation between the Weizsidcker-Williams field
and p becomes nonlinear, and additionally the operator y is
modified by a Bogolyubov factor [18]. This significantly
complicates the calculation of entropy, and we will not
attempt this generalization here.

The creation and annihilation operators entering the
above equation are the gluon operators integrated over
rapidity,

I dn
VA n<AY 2”

This structure is typical of the Born-Oppenheimer approxi-
mation, where the wave function of the fast degrees of
freedom (soft gluons) is determined by the background of
slow degrees of freedom (valence gluons). The valence part
of the wave function depends on the energy of the process,
or in the present context on the total rapidity by which the
hadron has been boosted from the rest frame, and is subject
to JIMWLK evolution [2]. At any fixed energy a valence
observable that depends only on the color charge density
O[p] is calculated as

ai (k) = ai(n. k). (2.3)

(0) = / DpIWylplOlp). (24)

The rapidity dependence of Wy is determined by JIMWLK
evolution. In this paper we will not insist that W[p] solves
the JIMWLK equation, but instead will consider the
(somewhat generalized) McLerran-Venugopalan model
[19]

Wplp] = N~ Jimpepa=h

where N is a normalization factor.

Note that the soft wave function Eq. (2.2) depends on a
single longitudinal degree of freedom, i.e. the gluon field
mode integrated over rapidity in the interval AY. Only this
mode is relevant to our discussion in this paper. Rapidity
dependence becomes significant only when the rapidity

(2.5)
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interval considered as soft becomes large enough
AY > 1/a,. For such large rapidity intervals additional
rapidity dependence of the wave function appears and our
discussion would have to be amended. We will not consider
this in the present paper.

The reduced density matrix of the soft gluons in the
McLerran-Venugopalan model is [5]

p=N / Dp]e‘ﬁmmmk)n,.(—k)
X e fb ¢b ‘O> O|€ fb ¢¢ »)
where we have defined ¢ (k) = ai (k) + al/ (k). The

integral over the charge density p can be performed with
the result

b= Letonn [0,

()|¢] e My

(2.6)
Here we have introduced compact notations:
¢i = la]"(x) + af (%)];
Mi;= %AT w2 (u, ) Ez: Z))ﬁ %yb' (2.7)

Here M bears two polarization, two color, and two
coordinate indices, collectively denoted as {ij}.
Eq. (2.6) summation over discrete and integration over
continuous indices is implied.

Our goal is to calculate the Von Neumann entropy of the
reduced density matrix Eq. (2.6). As a warm-up exercise we
first compute the Renyi entropy. To this end we have to
evaluate tr[p?]:

1
:van

nn'

n n
X |:H H Mi"’ijim/jm/ ¢jm/ ¢im

m=1 m'=1

x e~?Miib;|0).

(0]~

tr[p?]

0)(0l¢;, 9,
(2.8)

Computation of the matrix elements is straightforward as it
involves calculation of two vacuum matrix elements, which
can be performed by summing over all possible Wick
contractions. The explicit form of the light front vacuum
wave function is

= Ne3%id:

(#10) (2.9)

As this is a Gaussian, it is convenient to introduce
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G;j = (0]e™?Miigp;p;|0) //det[z/ (x + 2M)]

= [7/7—1—2M]l-‘j1 (2.10)
where we use the shorthand notation = = 8;;6*°8*(x — y).
The matrix elements in Eq. (2.8) do not vanish only when
the total number of ¢ insertions in each one is even, that is

n+n' =2m. (2.11)

The result for tr[p?] is a sum of all possible contractions of
MG weighted with combinatoric factors. Given that both M
and G are diagonal in color, the expansion can be organized
in terms of color loops:

L, = t[MG]; L, = tu[MGMG];

L, = tt[MGMGMGMG].... (2.12)

Each trace over color gives a factor N2. Performing the
averaging over the vacuum state we obtain

wlp?] = det[ﬁﬁ} Zim[w(zm - 1N
m n=0""" .

+LP2L,6(2m =S 4 - . (2.13)

Using the identity

2m 1
S — P
nz:;n!(Zm—n)!

= 1 2m-1)1 2"

B Zn!(zm—n)!zm—l(m— ! m!

n=0

(2.14)

we find that the summation over m exponentiates:

tr[p?] = exp [—tr [ln<1 +27M>} 2Ly 4 }
~exp[-2L, + Ly +--]. (2.15)

After a more careful examination we find that the other
terms exponentiate as well

tr[p?] = exp [—tr [m (1 + 27M)} + Z 22:1 LG}

— exp [—tr [In(l + 27M)} - %tr[ln(l - (2MG)2)]}
(2.16)

Finally using the definition Eq. (2.10) we arrive at the
closed-form expression
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1 4M
tr[p?] = exp {——tr [In(l —|——>” (2.17)
2 T
from which the Renyi entropy is found as
1 4AM
o, = — Intr[p?] :Etr{ln<l+—>]. (2.18)
/4

ITII. VON NEUMANN ENTROPY
We are now ready to compute the Von Neumann entropy
of the reduced density matrix defined as

of = —tr[pInp]. (3.1)

The following identity is very useful for this purpose

1
Inp = lim= (p¢ — 1).

e—=0¢€

(3.2)

We first compute tr[pV], for arbitrary N, and then take the
limit N - 1 +e.

Consider the generalization of Eq. (2.8) to the calculation
of pV. This expression contains a product of N vacuum
matrix elements of operators that depend on the field ¢.
Each one of these matrix elements is calculated independ-
ently, and thus the fields entering the calculation of
different matrix elements can be considered as independent.
We thus define the multiplet of replica fields ¢¢,
a=1,...,N. Thus we can write

pN] = (Ofe™ 2ot PMGbH 2 BT 0y (3.3)
where now |0) is the light front vacuum of all the replica
fields ¢“*. Notice the nearest neighbor “interaction”
between the replica fields. The replica fields in Eq. (3.3)
satisfy periodic boundary conditions ¢! = ¢'.

We further rewrite (3.3)

)= ()" [ TTiowtenn {-5 3 oror

a=1

N
e DU AR A0 SRS
|

a=
This is a partition function of a spin chain on a replica space
lattice. Equation (3.4) obviously has the discrete transla-
tional symmetry in the replica space. The “action” is
diagonalized by Fourier transforming in a:

N N-1

qzn _ %Zei%anqsa; P = Z e—i%anqzn'

a=1 n=0

(3.5)

Notice the periodicity relation ¢ = ¢™. The nearest-
neighbor interaction in Fourier space reads
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(o — ) (7 — 5+)
_ Z i _ 1)( o Zm _ 1>e—12_”a(n+m)¢l (;571 (3.6)
Using
Ze‘izﬁﬂ“(”’") — N5n+m,N (37)
we have

D (@ =g - o)
. NZ —l In _ 1
= 4NZsin2 <% n) (;ﬁf’(;ﬁj" (3.8

d t N/2
w[ph] = NN/2( ° > / H [DG"]
NN y
xexp{—22¢7[ﬂ+4MSin2<;n)] j"}
n=0 ij

(3.9)

= 1)

~~—

where NV/2 is the Jacobian of the transformation (3.5).
Using the identity

7+ 4Msin? (%n> = [” * 2M<1 e <2ﬁ””))]

(3.10)
the Gaussian integral in (3.9) is easily computable

tr[p"] = det[z]V/? det

. m {n—i—ZM(l _%”))}/]
(3.11)

Now we apply (1.396) of Ref. [20], with 1 > 2MG > 0:

ﬁ [ﬂ+2M<1 —cos(%n))]
(2M) NH [ —cos< ) +ﬁ]
= 2(M)V {cosh(NarcCosh[l +ﬁ]> - 1} (3.12)

We finally arrive at the following expression for tr[p"]:
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1 N M
tr[pV] = exp {—Eln2 -5t [In;}

_ %tr {ln(cosh (NarcCoSh[l + w]) - 1)] }

(3.13)

The entropy is computed by taking N = 1 + ¢ and keeping
the terms linear in €:

tI'[ﬁH_e}

—oxp{-jua- |
—%tr lm( iMF arcCosh| 1+ DH
ln——\/— arcCosh |1+

Thus we arrive at a closed expression for the entanglement
entropy

_1+ tr (3.14)

1 M am
E— _tr|ln— 1 h|l+—
o 2tr{nﬂ—f— + — . arcCos { +2M”
1 M aM
——tr{ln——l- I+—
2 V3 T
aM
Inf{l+—1[1 1 +— . 3.15
“in +2M< +yf +>H (.15)

To understand the basic properties of this expression let
us consider the translationally invariant case. In this case
the matrix M is diagonal in momentum space,

PiDj
M (p) = gu*(p?) = 5+ 6%,

(3.16)
P

In the original McLerran-Venugopalan (MV) model z? is a
constant and does not depend on momentum, but the
momentum dependent Gaussian width has been used in
recent applications (see e.g. [21]). The contribution to the
entropy from large transverse momentum modes can be
calculated by expanding the expression Eq. (3.15) to
leading order in M, since for large momenta (¢°u*> < p?)
the eigenvalues of M are all small. The expression for the
entropy in the weak field limit is

M ”e} (3.17)

6M<<1 =1r LTIHM

Here we have kept the first two terms in the small M
expansion, which are not suppressed by powers of M.
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Thus the dominant ultraviolet contribution is
2 & 20,2
E 9 an p w(p°)
=—-="(N2-1)S
GUV 77,'( c ) /(271_)2 p2
2
gu-(p g
x In 71’ )9<p ——H *(p? ))

enp?

(3.18)

where S is the total area of the projectile. For the original
MYV model with momentum independent y this expression
is logarithmically divergent in the UV. Introducing a UV
cutoff A we find

2 #A?
Q?

05‘/ 4 g2

2 _ 1)5[1 2T } (3.19)

where we have identified the saturation momentum in the
standard way as Q? = g*u*/x. The UV divergence in this
expression is of course the artifact of the eikonal approxi-
mation which in the CGC context is applied for all transverse
momentum modes. In fact the eikonal approximation breaks
down when the transverse momentum of the soft gluons is of
the order of their longitudinal momentum. The natural cutoff
on the transverse momentum is of order A ~ P*e™Y ~ me’o,
where P is the total energy of the hadron and m is a typical
hadronic scale and Y is the rapidity of the soft gluons. This
cutoff does not depend on the total energy of the hadron, but
rather on some initial energy at which the eikonal approxi-
mation is assume to be valid [22].

The contribution from the infrared modes can also be
calculated. At small momenta p*> < Q?/g¢*> one can for-
mally expand in M~' [23]. In this limit the entropy is
dominated by the first term in Eq. (3.15). Here we also keep
the first subleading correction:

1 M

(3.20)

and the infrared contribution is

(N2 = 1)5/(‘211‘)71 eg:p(p) 0(Q2 - ¢ p?)

m|~

GIR

3
A

Note that we have chosen to separate the integration region
into UVand IR at exactly p> = Q2/¢% in Egs. (3.18), (3.21).
Although the parametric dependence of the separation scale
is clear, its exact value is somewhat arbitrary. Our reason for
choosing the above value is that at this value of p? the
integrands in Eqs. (3.18), (3.21) exactly coincide. Thus this
is a unique choice for which the approximation of the total
momentum space entropy density by the sum of its asymp-
totic expressions is a continuous function of momentum.

(N2 -1)SQ2. (3.21)
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Combining the two expressions we find approximately
for the MV model

S 2 2A2 2A2
of nofy + ol = % 5 (N2 —1)|In? 292 4 m?

drg? 03 03

2
(3.22)

A word on the dependence of the entropy on the energy
(rapidity) of the hadron. The above calculation is performed
at fixed rapidity. The hadronic wave function evolves to
higher rapidity via JIMWLK evolution. Since this evolution
is nonlinear, the soft gluon wave function is not given by a
Gaussian anymore, especially in the saturation regime.
Calculating the entropy for a non-Gaussian wave function
is significantly more difficult, although we will describe
some steps toward such a calculation in the last section.
However, as has been suggested in the past, approximating
the soft gluon wave function by a Gaussian is not a bad
approximation for phenomenological purposes as long as
the parameters of the Gaussian are taken to evolve with
rapidity in a way consistent with JIMWLK evolution [24].

In particular one can still use the MV type ansatz but
with the function py(p?) taken to be a solution of the
Balitsky, Fadin, Kuraev and Lipatov (BFKL) [25] (or
Balitsky and Kovchegov (BK) [4,26]) evolution equation.
Within this approximation one can derive the evolution of
the entropy with the total energy of the hadron. In the weak
coupling limit, where the evolution of y is given by the
BFKL equation, differentiating the weak field expression
Eq. (3.17) we find

do* &Pp &Pk
NZ2-1)S 1
ay —~We=D) / 222227 "

[¢(p2)]KBFKL(p’k)¢(k2)
(3.23)

where ¢(k?) = g £ lik) is the gluon unintegrated density,
and Kgpgp, 1S the kernel of the BFKL equation.

In contrast to the MV model, the solution of the BFKL/
BK equation at large rapidity exhibits an anomalous
dimension which slowly varies with transverse momentum

7 e

—Hy(p?) ~ (3.24)

p}’(p);

with y(p > Q) = I; y(p ~ Q,) = .67 and y(p < Q,) =
0. Note that with such an anomalous dimension the entropy
diverges as a power of the cutoff in the ultraviolet
as opy o« A7,

Some properties of the entanglement entropy of CGC are
worth noting. First, it is proportional to the transverse area
of the hadron. This conclusion holds for the MV model
calculation, and is also preserved by the BFKL evolution
Eq. (3.23). This is a natural property of any extensive
observable. However o~ is not extensive in the longitudinal
direction. Recall that 6* as calculated above is the entropy on
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the rapidity slice of width AY, but 6% is not proportional to
AY. The reason for this is of course clear, since only a single
rapidity independent mode on the interval AY is entangled
with the valence degrees of freedom of the hadron. For the
same reason the entropy does not have any longitudinal UV
divergence associated with the fact that we have a sharp
boundary between soft and valence degrees of freedom in
rapidity space. This is very different from a situation one
encounters in calculating entanglement entropy of a finite
region of space A in a local field theory when integrating out
degrees of freedom in the rest of space B. In the latter case the
local interaction between the degrees of freedom along the
boundary between A and B leads to a UV divergence which
depends on the ratio of the correlation length to the
(vanishing) width of the boundary region. In our case
the interaction in the longitudinal direction is nonlocal.
The eikonal interaction between soft and valence degrees of
freedom extends over large distances in rapidity, so that there
is no significant contribution to the entropy from the (sharp)
boundary. In this sense the entanglement entropy of the CGC
is akin to the “topological entropy” [27] frequently dis-
cussed in the context of condensed matter systems, which is
a constant independent of the boundary or volume of the
spatial region under consideration.

Recently, the “momentum space” entanglement entropy
has been discussed in connection with Wilsonian renorm-
alization group flow [28]. It would be interesting to explore
the relation of these ideas with Eq. (3.23) as 6% is indeed
calculated by separating degrees of freedom in momentum
space, while the BFKL equation has been interpreted in the
past as RG flow in rapidity variable [29].

IV. ENTROPY PRODUCTION IN COLLISION

Our next quantity of interest is the entropy production
during collision of two hadrons. We calculate the entropy in
the rapidity bin of width AY at rapidity ¥ away from the
valence charges. All the glue at rapidities n < Y + AY
relative to the forward moving particles is considered to be
part of the target wave function and as in the standard
saturation approach is represented by the eikonal scattering
matrix S(x). Just like in the previous section, we consider
the situation where the projectile is dilute (projectile color
charge density parametrically is p < 1/a;).

According to the eikonal paradigm the effect of the
collision is to color rotate the valence as well as the soft
gluon field in the wave function, so that at time # = 0 right
after the collision

w[Alxa. p]
— Sw(Alxla, p] = w[SAlx[Sa, Sp]
= y[SA]exp {1/ by (x)S(x)[al! (x) + aiy(x)] } 10),

X

(4.1)
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where b¢(x) is the Weszacker-Williams field produced by
the rotated color charge density p?(z) = S*“(z)p(z). Here
S is the second quantized operator of eikonal S-matrix. The
action of S to the right (and S' to the left) is equivalent to
the multiplication of a“(x), a'(x) and p“(x) by the unitary
matrix S(x). Since § is a unitary operator which does not
mix valence and soft degrees of freedom, it is clear that the
initial scattering does not modify the entanglement entropy.
To see this explicitly we note that in the basis p(x) =
S(x)p(x) and ¢(x) = S(x)¢(x) the form of the scattered
wave function is identical to that of the incoming one in the
original basis. Since the integration measure for p as well as
the vacuum wave function for ¢(x) Eq. (2.9) are invariant
under this local unitary transformation, changing variables
to /» and ¢ in the calculation of the entropy immediately
establishes that the entropy is the same.

However the entropy produced in collision is not the same
as the entanglement entropy of the final state. Here one is
interested only in characteristics of inelastically produced
gluonic state, and not, say in the contribution of soft gluons
which are part of the wave function of outgoing “bound state”
hadrons. Thus the relevant quantity for calculating the
production entropy is not the wave function evolved to
t — oo, but only its “inelastically produced” part. This is a
similar problem to the one we are faced with when calculat-
ing any soft gluon observable produced in collision, i.e.
single or double gluon inclusive cross section. In that context
the solution is well known. Recall, that a gluonic observable
O(a,a") at t - oo is given by the expression [30]

(0) = / dpW]p) (0]e~" [ IR g1 i [Pl 0

X O(a,aT)e‘iﬁ”M(")"’i(x)geifxbi}b}](xwé(x)|O>.
(4.2)

The multiplication by the extra coherent operator factor
accounts for the evolution of the wave function from time
t = 0to time r — oo as well as restricting Hilbert space for
the calculation of O to that of inelastically produced
gluons only.

Since this formula is valid for an arbitrary soft observ-
able O(a,a"), clearly this means that the density matrix
that describes the produced soft gluons has exactly the
same form as Eq. (2.6) but with the matrix M substituted by

7 (x —u); (y = v);
4r? /w . v) (x—u)* (y—v)?

[(S(u) = S(x))(S"(v) = S*(y))]".

MP

(4.3)

Thus the entropy produced in a hadronic collision, which is
the Van Neumann entropy of the density matrix specified
by Eq. (4.3) is given by
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1+ﬁ<1+\/1+¥>”. (4.4)

Although the formal expression for ¢* is similar to that for
of, it has a different meaning and its properties are
significantly different. We stress that ¢” is not an entan-
glement entropy like ¢, but rather the entropy of the state
produced inelastically in the hadronic collision. As a result

P is UV finite. This is clear, since the UV divergence in
the calculation of ¢ came from the coordinate region
x =y = u — v, and M" vanishes in this limit, as opposed
to M.

Another important property is that ¢ as defined in
Eq. (4.4) is calculated for a single scattering event char-
acterized by a given eikonal profile S(x). Although it
certainly makes sense to talk about event by event entropy
production, a more global characteristic of scattering would
be an event averaged quantity. We will next consider such
an average production entropy and will relate it to inclusive
gluon production amplitudes.

Note that Eq. (4.3) can be written as a product of single
inclusive gluon production amplitude Q; defined in [30]
averaged over the projectile wave function

1 MF amr
aP:—tr{ln—+ 1+—
2 T

X In

M = / D00, Wolp = (0.0} (45)

where

o =L [ O Wi 50y S@tpP ) (46)

_Z u(x_u)z

with § being in the adjoint representation.

The target average of this expression is directly related
to the single inclusive gluon production probability, or
rather the phase space density n = dN/dkdydb is

n(k) = (O (x)Qf (y )»PTelkx ) (4.7)

dzkdydzb "

where as usual the averaging over the target fields has to be
performed with some weight function W(S].

In order to relate the average entropy to inclusive
gluon production amplitudes we expand it in powers
of the fluctuation of the matrix M around its target
average

PHYSICAL REVIEW D 92, 034016 (2015)

MP = WP + (MP —fP); WP = / DSWIS|MP[S].

(4.8)
The target average has the form
_ : —u); (y —v);
MP — _5ahgi 2 , ()C M)l P
47[2 . ( U) (X—M)z( 0)2[ A( )
+ Pa(u,v) = Pa(x,v) = Pa(u. y)]
(4.9)
where the “adjoint Pomeron” is defined as
Pa(x,y) =1- T (lST)SW)7- (4.10)

o=

Although M?" is related to the single inclusive gluon
production probability, the two are not equal to each other.
Assuming translational invariance of 4 and P, we have

M?P = 5‘”’924 e~ K (k, )i (k — q)Pa(q)
q

(4.11)
where
_(k—Q)z (k_‘I)j kikj (k—q); k;
il D = g i—ar TR U
(k_Q)jki
—W—z. (4.12)

Conveniently assuming parity invariant target, we can
decompose (M?); in momentum space as

MP (k) = 6" | M, (K?) ’k’+M(k2)<,.j kk';’)]

(4.13)

As opposed to M, the matrix M” has both longitudinal and
transverse components. These correspond to gluons pro-
duced with polarizations parallel and perpendicular to their
transverse momentum. Clearly both polarizations in gen-
eral are produced, since the gluons in question are free
gluons rather than a part of the dressing of the wave
function of some faster moving valence color charges. The
inclusive gluon production cross section [31] is related to
the sum of the two polarizations

n(k) o« My(k) + M, (k). (4.14)

Let us consider the case of small M¥, which is relevant
for the UV regime. We can then use Eq. (3.17)
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MP
ot = <tr [—ln”—i]>
T M|/

[MP 7Z€:|
=tr —ln_—P
T M

(MM ) — (3172 () 1)...

. (4.15)

Using the representation (4.13), the first term in (4.15) can
be written as

MP e
T M

_Nz‘l/ @k [Ml(kz)lnM’(kz)

n (27)? en
+ ML) 1n%f)] . (4.16)

This has the standard form ¢ = =), n; In n; for the system
of noninteracting particle species. The index i here refers to
transverse momentum as well as the longitudinal and
transverse gluon polarizations. Note that it cannot be
expressed in terms of the total particle spectrum n(k),
unless the longitudinal and transverse eigenvalues of M”
are proportional to each other. Generically we do not see a
reason to expect that this is the case. Nevertheless, up to
logarithmic corrections the entropy production is propor-
tional to the number of produced gluons. For a parametri-
cally large number of produced particles (a,dN/dn ~ 1),
the entropy is parametrically of order 1/a,. Although our
calculation literally taken is only valid for dilute produced
systems, we believe that the parametric estimate of entropy
based on Eq. (4.16) remains correct in the dense situation
as well.

The second term in (4.15) is related to correlated
inclusive two gluon production [6,32-39]. Pictorially this
term can be represented in Fig. 1(a). This diagram (apart
from the fact that two of the gluon polarization indices do
not close) is the same as the connected “glasma graph”
contribution to the two gluon correlation [34]. The

Again, we see that if the longitudinal and transverse parts
of M are proportional to each other at all momenta, the
extra contribution to entropy is proportional to the double
inclusive gluon correlation function integrated over the
gluon momenta. If M;(k) # aM,(k), the longitudinal and
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p? W

k p p k

S
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N\ /
N 7
~ _ e
(@)

FIG. 1. Two contributions to the inclusive two gluon produc-

tion. Fig. l(a)—“connected” part that contributes to entropy
Eq. (4.15). Fig. 1(b)—"disconnected part that does not contribute
to the entropy Eq. (4.15).

“disconnected” diagram in Fig. 1(b) is not included in
the expression Eq. (4.15). Note that although the diagram in
Fig. 1(b) has a disconnected topology, it does in fact
contribute to the correlated production in the large N, limit
if the target averages do not factorize [37,40]. In the
language of the Reggeon field theory, this contribution is
due to correlated production from two Pomerons, while the
diagrams in Fig. 1(a) are due to correlated production from
the B-reggeon [41].
With this in mind we can write

o0" = TZUWMPMP% — (MP)?H(MP)7]
x / d*kd p[(a]* (p)al’ (k)a$(k)af (p)) s

(&) (p)aj (p)){ai” (k)as (k)] (M7 (k).

(4.17)
Or in a less convoluted way:
ik(x—7) 1 kik; n 1 P kik;
M(k) K M)\ R
(4.18)

transverse gluon polarizations are separately normalized to
their single inclusive production probability.

Interestingly the correlation function in Eq. (4.17) is
normalized by dividing by the first power of the single
inclusive gluon production and not its square. Recall that
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the correlated gluon production normalized this way
remains finite in the CGC approach in the limit
Q%S — oo, while the correlation function normalized to
the square of single inclusive gluon vanishes in this
limit [6,37].

The natural, but nevertheless interesting property of
Eq. (4.15), is that the contribution of correlations to entropy
is negative. This is in accordance with the intuition that a
correlated state contains more order and thus has a smaller
entropy.

As noted above, the produced entropy is UV finite, since
in the UV limit all adjoint Pomerons in Eq. (4.9) vanish,
and the divergent contribution to the momentum integral in
Eq. (4.15) disappears. This is even clearer from the
momentum space representation of M” Eq. (4.11). The
perturbative behavior of the adjoint Pomeron at large
momenta is P(q) « Q%/q*, which leads to M¥ (k - ) —
0707 /g*k*. Even accounting for the BFKL anomalous
dimension leads to the UV convergent integral in
Eq. (4.16). The integral in Eq. (4.16) is also IR finite,
since the expected IR behavior is P(g — 0) — 1/Q3.

In general the consequence of Eq. (4.9) (neglecting the
rotational indices for the moment) is

03 Q3
wrl) = r it r (%)

(4.19)

where F is a regular function with the limiting behavior
F(x —» 0) - constx> and F(x — oo) — const. Using
Eq. (4.19) we can estimate the entropy production para-
metrically

2 b 202
6" ~a(N?-1)S=%1n gQZ,QT (4.20)
ng P

where a and b are constants of order unity.

V. DISCUSSION

In this paper we have calculated the entanglement
entropy of the soft gluon modes in the CGC wave function,
as well as entropy produced in hadronic collision at high
energy. In these calculations we have relied on the MV
model to represent the valence part of the hadronic wave
function.

The entanglement entropy is an interesting theoretical
quantity, as it is a global characteristic of the soft gluon
density matrix. Its basic properties are determined by the
fact that only one longitudinal mode of the soft gluon field,
namely the rapidity independent mode is entangled with the
valence part of the wave function. The entropy therefore is
not extensive in the length of the rapidity interval, and in
this sense is akin to the topological entropy discussed these
days in condensed matter literature [27]. In a certain sense
the analogy is closer than it might seem, as the origin of the
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topological entropy is in the long range quantum
entanglement.

We find that the entanglement entropy of CGC is
formally UV divergent and is dominated by the modes
with large transverse momentum p? > Q%/¢*. The con-
tribution from the IR modes is finite and suppressed by a
square of the logarithm of the UV cutoff.

We have also derived an expression for the entropy
production in an hadronic collision. We have shown that it
is related to inclusive gluon production amplitudes, but is
not determined exclusively in terms of these amplitudes. In
particularly it depends on the production probabilities of
longitudinally and transversely (with respect to the direc-
tion of their transverse momentum) polarized gluons
separately. We also find that correlated gluon emission
gives a negative contribution to the produced entropy,
consistent with the view of entropy as measuring disorder
in the final state. Just like the entanglement entropy, the
produced entropy is not extensive in the rapidity interval
over which it is calculated. The reason is the same: in the
CGC approximation all final state particles are produced
from a single longitudinal boost invariant mode.

Having calculated the entropy, the natural question is
whether one can define the corresponding temperature. The
natural definition would be the usual thermodynamic one

l_dO’

T-1 =
dE,

(5.1)

where E| is the transverse energy of the system.
It is not clear whether this is a sensible quantity for the
entanglement entropy. If for £, we take the obvious

0:s
7

we obtain for the “entanglement temperature”

E, / PIM(E) o« 22 A (5.2)

A
;= 00 (5.3)

Tpox———
(N2 = 1)In22

which reflects the fact that the entanglement entropy is
dominated by the UV modes and is formally UV divergent.

On the other hand for the produced system of particles
Eq. (4.11) gives

Q2
E, « (N2 - 1)5?” 0r. (5.4)

This is just the statement that the average transverse
momentum of produced particles is proportional to Qr,
while the number of particles produced is of the order
03/

Since the entropy Eq. (4.20) is not only a function of £ | ,
the definition of temperature is somewhat ambiguous. To
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define the temperature one has to decide which combina-
tion of Qp and Q7 has to be kept fixed. Choosing which
combination to keep fixed corresponds to deciding what is
the analog of increasing the energy in the same statistical
mechanical system. One reasonable choice is to keep Qp
fixed, since this corresponds to increasing the energy of the
produced system by boosting the target, while keeping the
projectile unchanged. With this choice using Eq. (4.20) we
find

(k) (5.5)

where ¢ is a constant of order unity and (k| ) = E | /Ny =

fdzk\k\M(k) .

J~——— is the average transverse momentum per pro-
[ &#pm(p)

duced particle. Note, that even though the relation between
(k,) and Q depends on the details of the function F in
Eq. (4.19), the relation between (k) and temperature is
determined exactly. Equation (5.5) is an intuitively simple
result showing that the effective temperature is proportional
to average momentum per particle. We are nevertheless not
aware of a direct derivation of this result from the density
matrix of the system produced in collision.

All our calculations were performed in the MV model.
The Gaussian weight for the valence charge density
averaging made it possible to express the entropy directly
in terms of a single function M”. The actual weight
functional evolves with energy and is determined by
solving the JIMWLK equation. Although the calculation
of entropy in the case of non-Gaussian W[p] is more
complicated, one can try to approach it in a similar way.

We would have to calculate

wpN] =t / T DlosIWelpgle' 949 0) o)
p=1

x ¢~ S b8, (5.6)

Integrating over py, and resorting to the same replica
trick yields

- ()" o

a=1
1 N
xexp{— +22F[¢“—¢‘”1]}.
a=1

(5.7)
Here as before we have introduced N replicas—one for
each vacuum matrix elements. In Eq. (5.7) I' is the effective
action. Interestingly, it is directly related to the projectile
scattering matrix, since

. i P

1

PHYSICAL REVIEW D 92, 034016 (2015)
s = / DpWpple” POt gen)

(5.8)
is precisely the scattering matrix element of the projectile
on the “target field” ¢%(u) — ¢ (u).

The action I can be expanded in terms of connected
correlators of the valence color charge density

F[¢] = F12]¢l¢j + F?,n¢ ¢j¢n + z]nm¢ d) ¢n¢m

(5.9)
. _ OTg]
Y ¢iog; ¢—0
92 l (y - U)]
= 471_ (x_u)z (y )2 <ﬂ (u)pb(l))>P
3 :M
609 0| p—o
P w0 o),
8773 u,v,w ( )2 ( )2 ( - W)2
x (p*(u)p" (v)p* (W) p
L P [ w00, o),
ijnm = " 168 oy (X=1u)2 (y =) (7 —w)?
122D () (o) () ()™ (5.10)
(2 =w')
where the connected correlators are calculated as
(p*(u)p” (v))p
~ [ Dl Wil
(p*(u)p®(v)p (W) p
— [ Dlolo ot () W
(P (u)pP (v)pe (w)p® (W) 5
= [ Dlplo* o (010 00 )W e
(5.11)

If the connected correlators of p are small, these formulas
can serve as a starting point for perturbative calculation of
the entropy.

An alternative strategy could be to first integrate over ¢
in Eq. (5.6). This leads to the following expression:
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- | ﬁﬁlbpﬂexp{—ﬂfj Wil

—1
1

2% Jw

(bpaa (k) = (k) (s () - b,;<k/>>] }
(5.12)

where by, = b;. This has the form of a discrete lattice
model with the same “hopping term” as in Sec. II, but with
a different on site potential V[p] = —In[W|p]|.

To take the limit N — 1 + € one would need to perform
the integration over the replica fields analytically. If the
projectile is dilute, the potential V[p] is sharply peaked at
small p and the integral can be calculated in the “tight
binding approximation.” For the dense projectile on the
other hand, the potential is small since large fluctuations of
charge density are allowed. In this case one can expand
around the free “hopping term.” It would be interesting to
study the effects of non-Gaussianity on the entropy with the
help of these approximations for realistic W|p].

In this paper, in order to compute the entanglement
entropy (and the entropy production), we have used the
density matrix of soft gluons derived after tracing over
valence gluons. As a further development of the above

PHYSICAL REVIEW D 92, 034016 (2015)

ideas, one can consider a further reduction of the density
matrix. In particular, since gluons with very small trans-
verse momenta are unobservable, it could be interesting to
trace over gluons with momenta below some soft scale and
consider the entropy of the remaining modes. Another
interesting venue would be to relate two-particle correla-
tions, particularly long range rapidity correlations, to the
concept of mutual information. The latter is defined
through entanglement entropy of two different subsets of
modes in the hadronic wave function.

ACKNOWLEDGMENTS

We are thankful to Ramy Brustein for useful discussions.
We also thank Dima Kharzeev for bringing Ref. [28] to our
attention. We thank the Physics Departments of the
University of Connecticut and the Ben-Gurion
University of the Negev for hospitality at times when this
project was initiated and completed. This research was
supported by the People Programme (Marie Curie Actions)
of the European Union’s Seventh Framework Programme
FP7/2007-2013/ under REA Grant Agreement No. 318921;
the DOE Grant No. DE-FG02-13ER41989, the BSF Grant
No. 2012124 and the Israeli Science Foundation Grant
No. 87277111.

[1] L. V. Gribov, E. Levin, and M. Ryskin, Semihard processes
in QCD, Phys. Rep. 100, 1 (1983).

[2] J. Jalilian Marian, A. Kovner, A. Leonidov, and H. Weigert,
The BFKL equation from the Wilson renormalization group,
Nucl. Phys. B504, 415 (1997); , Wilson renormalization
group for low x physics: Towards the high density regime,
Phys. Rev. D 59, 014014 (1998); J. Jalilian Marian, A.
Kovner, and H. Weigert, Wilson renormalization group for
low x physics: Gluon evolution at finite parton density, Phys.
Rev. D 59, 014015 (1998); A. Kovner and J. G. Milhano,
Vector potential versus color charge density in low-x evolu-
tion, Phys. Rev. D 61, 014012 (1999); A. Kovner, J. G.
Milhano, and H. Weigert, Relating different approaches to
nonlinear QCD evolution at finite gluon density, Phys. Rev. D
62, 114005 (2000); H. Weigert, Unitarity at small Bjorken x,
Nucl. Phys. A703, 823 (2002).

[3] E. Iancu, A. Leonidov, and L. McLerran, Nonlinear gluon

evolution in the color glass condensate: I, Nucl. Phys. A692,

583 (2001); The renormalization group equation for the

color glass condensate, Phys. Lett. B 510, 133 (2001); E.

Ferreiro, E. Iancu, A. Leonidov, and L. McLerran, Non-

linear gluon evolution in the color glass condensate: IINucl.

Phys. A703, 489 (2002).

I. Balitsky, Operator expansion for high-energy scattering,

Nucl. Phys. B463, 99 (1996); Factorization for High-Energy

Scattering, Phys. Rev. Lett. 81, 2024 (1998); Factorization

[4

—

and high-energy effective actionPhys. Rev. D 60, 014020
(1999).

[5] T. Altinoluk, N. Armesto, G. Beuf, A. Kovner, and M.
Lublinsky, Bose enhancement and the ridge, arXiv:
1503.07126.

[6] K. Dusling and R. Venugopalan, Azimuthal Collimation of
Long Range Rapidity Correlations by Strong Color Fields in
High Multiplicity Hadron-Hadron Collisions, Phys. Rev.
Lett. 108, 262001 (2012); Evidence for BFKL and satu-
ration dynamics from dihadron spectra at the LHC, Phys.
Rev. D 87, 051502 (2013); 87, 054014 (2013).

[7] V. Khachatryan et al. (CMS Collaboration), Observation of
long-range near-side angular correlations in proton-proton
collisions at the LHC, J. High Energy Phys. 09 (2010) 091.

[8] S. Chatrchyan et al. (CMS Collaboration), Observation of
long-range near-side angular correlations in proton-lead
collisions at the LHC, Phys. Lett. B 718, 795 (2013).

[9] B. Abelev et al. (ALICE Collaboration), Long-range an-
gular correlations on the near and away side in p-Pb
collisions at ,/syy = 5.02 TeV, Phys. Lett. B 719, 29
(2013).

[10] G. Aad et al. (ATLAS Collaboration), Observation of
Associated Near-Side and Away-Side Long-Range Corre-
lations in /syy =5.02 TeV Proton-Lead Collisions
with the ATLAS Detector, Phys. Rev. Lett. 110, 182302
(2013).

034016-11


http://dx.doi.org/10.1016/0370-1573(83)90022-4
http://dx.doi.org/10.1016/S0550-3213(97)00440-9
http://dx.doi.org/10.1103/PhysRevD.59.014014
http://dx.doi.org/10.1103/PhysRevD.59.014015
http://dx.doi.org/10.1103/PhysRevD.59.014015
http://dx.doi.org/10.1103/PhysRevD.61.014012
http://dx.doi.org/10.1103/PhysRevD.62.114005
http://dx.doi.org/10.1103/PhysRevD.62.114005
http://dx.doi.org/10.1016/S0375-9474(01)01668-2
http://dx.doi.org/10.1016/S0375-9474(01)00642-X
http://dx.doi.org/10.1016/S0375-9474(01)00642-X
http://dx.doi.org/10.1016/S0370-2693(01)00524-X
http://dx.doi.org/10.1016/S0375-9474(01)01329-X
http://dx.doi.org/10.1016/S0375-9474(01)01329-X
http://dx.doi.org/10.1016/0550-3213(95)00638-9
http://dx.doi.org/10.1103/PhysRevLett.81.2024
http://dx.doi.org/10.1103/PhysRevD.60.014020
http://dx.doi.org/10.1103/PhysRevD.60.014020
http://arXiv.org/abs/1503.07126
http://arXiv.org/abs/1503.07126
http://dx.doi.org/10.1103/PhysRevLett.108.262001
http://dx.doi.org/10.1103/PhysRevLett.108.262001
http://dx.doi.org/10.1103/PhysRevD.87.051502
http://dx.doi.org/10.1103/PhysRevD.87.051502
http://dx.doi.org/10.1103/PhysRevD.87.054014
http://dx.doi.org/10.1007/JHEP09(2010)091
http://dx.doi.org/10.1016/j.physletb.2012.11.025
http://dx.doi.org/10.1016/j.physletb.2013.01.012
http://dx.doi.org/10.1016/j.physletb.2013.01.012
http://dx.doi.org/10.1103/PhysRevLett.110.182302
http://dx.doi.org/10.1103/PhysRevLett.110.182302

ALEX KOVNER AND MICHAEL LUBLINSKY

[11] H.T. Elze, Quantum decoherence, entropy and thermal-
ization in strong interactions at high-energy. 1: Noisy and
dissipative vacuum effects in toy models, Nucl. Phys. B436,
213 (1995); Entropy, quantum decoherence and pointer
states in scalar ‘parton’ fields, Phys. Lett. B 369, 295
(1996).

[12] R. Peschanski, Dynamical entropy of dense QCD states,
Phys. Rev. D 87, 034042 (2013).

[13] K. Kutak, Gluon saturation and entropy production in
proton proton collisions, Phys. Lett. B 705, 217 (2011).

[14] D. Kharzeev and K. Tuchin, From color glass condensate to
quark gluon plasma through the event horizon, Nucl. Phys.
A753, 316 (2005).

[15] P. Castorina, D. Kharzeev, and H. Satz, Thermal hadroniza-
tion and Hawking-Unruh radiation in QCD, Eur. Phys. J. C
52, 187 (2007).

[16] B. Muller and A. Schafer, Entropy creation in relativistic
heavy ion collisions, Int. J. Mod. Phys. E 20, 2235 (2011).

[17] A. Kovner and M. Lublinsky, Remarks on high energy
evolution, J. High Energy Phys. 03 (2005) 001.

[18] A. Kovner, M. Lublinsky, and U. A. Wiedemann, From
bubbles to foam: dilute to dense evolution of hadronic wave
function at high energy, J. High Energy Phys. 06 (2007)
075.

[19] L. D. McLerran and R. Venugopalan, Computing quark and
gluon distribution functions for very large nuclei, Phys. Rev.
D 49, 2233 (1994); Gluon distribution functions for very
large nuclei at small transverse momentum, Phys. Rev. D
49, 3352 (1994).

[20] 1. S. Gradshteyn and I.M. Ryzhik, Table of Integrals,
Series, and Products, Tth ed., edited by A. Jeffrey and
D. Zwillinger (Academic Press, New York, 2007).

[21] K. Dusling, F. Gelis, T. Lappi, and R. Venugopalan, Long
range two-particle rapidity correlations in A + A collisions
from high energy QCD evolution, Nucl. Phys. A836, 159
(2010).

[22] o5, given by (3.18) superficially bears some similarity to
the expression for dynamical entropy proposed in [12]. The
two “entropies” are however defined differently and evalu-
ate to different values.

[23] Although throughout this paper we are working in the
formal dilute projectile regime, at low momenta in the MV
model the matrix M(p) is large. The contribution to the
entropy from low transverse momentum modes is small, but
we nevertheless present it here for completeness.

[24] E. Iancu, K. Itakura, and L. McLerran, A Gaussian effective
theory for gluon saturation, Nucl. Phys. A724, 181 (2003).

[25] V.S. Fadin, E.A. Kuraev, and L.N. Lipatov, On the
Pomeranchuk singularity in asymptotically free theories,
Phys. Lett. 60B, 50 (1975); The Pomeranchuk singularity in
quantum chromodynamics, Sov. Phys. JETP 45, 199
(1977); Ya. Ya. Balitsky and L. N. Lipatov, Sov. J. Nucl.
Phys. 28, 22 (1978).

[26] Y. V. Kovchegov, Unitarization of the BFKL pomeron on a
nucleus, Phys. Rev. D 61, 074018 (2000).

[27] A. Kitaev and J, Topological Entanglement Entropy,
Preskill, Phys. Rev. Lett. 96, 110404 (2006); M. Levin
and X. G. Wen, Detecting Topological Order in a Ground

PHYSICAL REVIEW D 92, 034016 (2015)

State Wave Function, Phys. Rev. Lett. 96, 110405 (2006);
X. Chen, Z.C. Gu, and X.G. Wen (MIT), Local unitary
transformation, long-range quantum entanglement, wave
function renormalization, and topological order, Phys. Rev.
B 82, 155138 (2010).

[28] V. Balasubramanian, M.B. McDermott, and M. Van
Raamsdonk, Momentum-space entanglement and renorm-
alization in quantum field theory, Phys. Rev. D 86, 045014
(2012).

[29] J. Jalilian-Marian, A. Kovner, L. McLerran, and H. Weigert,
The intrinsic glue distribution at very small x, Phys. Rev. D
55, 5414 (1997).

[30] A. Kovner and M. Lublinsky, One gluon, two gluon:
Multigluon production via high energy evolution, J. High
Energy Phys. 11 (2006) 083.

[31] Y. V. Kovchegov and K. Tuchin, Inclusive gluon production
in DIS at high parton density, Phys. Rev. D 65, 074026
(2002).

[32] J. Jalilian-Marian and Y. V. Kovchegov, Inclusive two-gluon
and valence quark-gluon production in DIS and pA, Phys.
Rev. D 70, 114017 (2004); 71, 079901(E) (2005).

[33] M. A. Braun, Single and double inclusive cross-sections
for nucleus-nucleus collisions in the peryrbative QCD,
Eur. Phys. J. C 55, 377 (2008).

[34] A. Dumitru, F. Gelis, L. McLerran, and R. Venugopalan,
Glasma flux tubes and the near side ridge phenomenon at
RHIC, Nucl. Phys. A810, 91 (2008).

[35] A. Dumitru, K. Dusling, F. Gelis, J. Jalilian-Marian, T.
Lappi, and R. Venugopalan, The ridge in proton—proton
collisions at the LHC, Phys. Lett. B 697, 21 (2011).

[36] A.Dumitru and J. Jalilian-Marian, Two-particle correlations
in high energy collisions and the gluon four-point function,
Phys. Rev. D 81, 094015 (2010).

[37] A. Kovner and M. Lublinsky, Angular correlations in gluon
production at high energy, Phys. Rev. D 83, 034017 (2011);
84, 094011 (2011); Angular and long range rapidity
correlations in particle production at high energy, Int. J.
Mod. Phys. E 22, 1330001 (2013).

[38] E. Levin and A.H. Rezaeian, The ridge from the BFKL
evolution and beyond, Phys. Rev. D 84, 034031 (2011).

[39] A. Dumitru, T. Lappi, and L. McLerran, Are the angular
correlations in pA collisions due to a Glasmion or Bose
condensation?, Nucl. Phys. A922, 140 (2014).

[40] A. Dumitru and A. V. Giannini, Initial state angular asym-
metries in high energy p + A collisions: spontaneous
breaking of rotational symmetry by a color electric field
and C-odd fluctuations, Nucl. Phys. A933, 212 (2014);
A. Dumitru, L. McLerran, and V. Skokov, Azimuthal
asymmetries and the emergence of collectivity from
multi-particle correlations in high-energy pA collisions,
Phys. Lett. B 743, 134 (2015); A. Dumitru and V. Skokov,
Anisotropy of the semiclassical gluon field of a large
nucleus at high energy, Phys. Rev. D 91, 074006
(2015).

[41] T. Altinoluk, C. Contreras, A. Kovner, E. Levin, M.
Lublinsky, and A. Shulkin, QCD Reggeon calculus from
KLWMIJ/JIMWLK evolution: Vertices, reggeization and
all, J. High Energy Phys. 09 (2013) 115.

034016-12


http://dx.doi.org/10.1016/0550-3213(94)00523-H
http://dx.doi.org/10.1016/0550-3213(94)00523-H
http://dx.doi.org/10.1016/0370-2693(95)01538-8
http://dx.doi.org/10.1016/0370-2693(95)01538-8
http://dx.doi.org/10.1103/PhysRevD.87.034042
http://dx.doi.org/10.1016/j.physletb.2011.09.113
http://dx.doi.org/10.1016/j.nuclphysa.2005.03.001
http://dx.doi.org/10.1016/j.nuclphysa.2005.03.001
http://dx.doi.org/10.1140/epjc/s10052-007-0368-6
http://dx.doi.org/10.1140/epjc/s10052-007-0368-6
http://dx.doi.org/10.1142/S0218301311020459
http://dx.doi.org/10.1088/1126-6708/2005/03/001
http://dx.doi.org/10.1088/1126-6708/2007/06/075
http://dx.doi.org/10.1088/1126-6708/2007/06/075
http://dx.doi.org/10.1103/PhysRevD.49.2233
http://dx.doi.org/10.1103/PhysRevD.49.2233
http://dx.doi.org/10.1103/PhysRevD.49.3352
http://dx.doi.org/10.1103/PhysRevD.49.3352
http://dx.doi.org/10.1016/j.nuclphysa.2009.12.044
http://dx.doi.org/10.1016/j.nuclphysa.2009.12.044
http://dx.doi.org/10.1016/S0375-9474(03)01477-5
http://dx.doi.org/10.1016/0370-2693(75)90524-9
http://dx.doi.org/10.1103/PhysRevD.61.074018
http://dx.doi.org/10.1103/PhysRevLett.96.110404
http://dx.doi.org/10.1103/PhysRevLett.96.110405
http://dx.doi.org/10.1103/PhysRevB.82.155138
http://dx.doi.org/10.1103/PhysRevB.82.155138
http://dx.doi.org/10.1103/PhysRevD.86.045014
http://dx.doi.org/10.1103/PhysRevD.86.045014
http://dx.doi.org/10.1103/PhysRevD.55.5414
http://dx.doi.org/10.1103/PhysRevD.55.5414
http://dx.doi.org/10.1088/1126-6708/2006/11/083
http://dx.doi.org/10.1088/1126-6708/2006/11/083
http://dx.doi.org/10.1103/PhysRevD.65.074026
http://dx.doi.org/10.1103/PhysRevD.65.074026
http://dx.doi.org/10.1103/PhysRevD.70.114017
http://dx.doi.org/10.1103/PhysRevD.70.114017
http://dx.doi.org/10.1103/PhysRevD.71.079901
http://dx.doi.org/10.1140/epjc/s10052-008-0589-3
http://dx.doi.org/10.1016/j.nuclphysa.2008.06.012
http://dx.doi.org/10.1016/j.physletb.2011.01.024
http://dx.doi.org/10.1103/PhysRevD.81.094015
http://dx.doi.org/10.1103/PhysRevD.83.034017
http://dx.doi.org/10.1103/PhysRevD.84.094011
http://dx.doi.org/10.1142/S0218301313300014
http://dx.doi.org/10.1142/S0218301313300014
http://dx.doi.org/10.1103/PhysRevD.84.034031
http://dx.doi.org/10.1016/j.nuclphysa.2013.12.001
http://dx.doi.org/10.1016/j.nuclphysa.2014.10.037
http://dx.doi.org/10.1016/j.physletb.2015.02.046
http://dx.doi.org/10.1103/PhysRevD.91.074006
http://dx.doi.org/10.1103/PhysRevD.91.074006
http://dx.doi.org/10.1007/JHEP09(2013)115

