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We examine the pairs of neutrino mixing matrix and suggest pairs that can be used in the construction of
new mixing patterns, with “pair” denoting the equality of the modulus of a pair of matrix elements. The
results show that the trimaximal mixing in v, and the p-7 interchange symmetry are good choices under
current experimental results. The two cases of bipair mixing pattern depend on the mass hierarchy of
neutrinos. We also derive constraints on the CP phase by the pairs. The results are compatible with the
maximal CP violation in most cases that are both self-consistent and consistent with experimental results.
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I. INTRODUCTION

It has been firmly established that neutrinos can transit
from one flavor to another from various oscillation experi-
ments. In the framework of three-generation neutrinos,
the neutrino mass eigenstates are connected to flavor
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where s;; denotes sin6;; and c¢;; denotes cosd;;
(i,j = 1,2,3). The phase matrix Diag{1, e’*, ¢/} denotes
the contribution from the Majorana type neutrinos and the
two phases o and S do not manifest themselves in
oscillations. Thus, there remain three mixing angles
(012,013,053) and a CP phase o for the description of
neutrino oscillations. While experimental data on three
mixing angles have been coming out continuously, there is
no direct experimental measurement on 6. Nevertheless,
some indirect analyses, including analysis of experiments
on reactor and accelerator neutrinos [3] and global fit
results [4], suggest that the CP phase is close to —90°
(assuming & € [—180°, 180°)). This is in accord with the
maximal CP violation, i.e., § = £90°.

On the other hand, the search of mixing patterns of the
PMNS matrix is a way to understand properties of
neutrinos. In the search of mixing patterns, the concept
of “pair” is often used, with a “pair” referring to the
equality of the modulus of a pair of matrix elements. For
example, the long discussed trimaximal mixing in v, [5]
can be expressed as three pairs
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eigenstates by a unitary matrix, i.e., the Pontecorvo-
Maki-Nakagawa-Sakata (PMNS) matrix [1]. In the stan-
dard parametrization, i.e., the Chau-Keung (CK) scheme
[2], the PMNS matrix is expressed as

S12€13 s13€¢7" 1
ClaCos — S12523513€0  sp3¢13 e , (1)
—C12823 — S12C23S13€i(s €23C13 e’
|U1a| = [Unsl, (2)
|Up2| = Uz, (3)
|Un| = |Us,, (4)

where U;; denotes the corresponding element (with row i
and column j) of the PMNS matrix, i.e., Eq. (1). Similarly
the p-7 interchange symmetry [6,7] can be expressed as

|Uai| = U3, (5)
|Un| = |Us,, (6)
|Uas| = |Us3]. (7)

The so-called bipair mixing [8] assigns
, (8)

|Uzs| = |Ussl, )

|U12| = |U32

as case (1), and
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|U1a| = |Unsl, (10)

|Usy| = |Uss, (11)

as case (2).

These phenomenological relations are included in many
mixing patterns. An example is the extensively studied
tri-bimaximal mixing pattern (TBM) [9]

2 1
5 5 0O
= | -1+ 1 1
UTBM NG V3 2 ’ (12)
1 11
Ve V3 V2

which includes the trimaximal mixing and the p-7 sym-
metry, as well as the assumption of |U 3| = 0. Another one
is the bimaximal mixing pattern (BM) [10]

1 1
R
Upm = _% % % (13)
11 L
2 2 A

which includes the p-r symmetry, the assumption of
Uizl =0 and a pair |U;;| = |U;,|. The bipair mixing
pattern [8], originally based on bipair mixing and
|Uy5| = 0, is described as

C12 S12 0
_ 2
Upp=| -1, 12 t , (14)
Sty —=S12 tip/cn
for case (1), and

C12 S12 0

Upgp = | =12tz Sz ta/cin | (15)
)
5D =l 5P

for case (2), with s2, =1 —1/1/2.

Although the hypothesis |U,3| = 0 contradicts the new
data from the accelerator and reactor neutrino oscillation
experiments [11], other relations based on the pairs may
still hold. For example, a new mixing pattern [12] was
proposed based on a nonzero 6,3, the u-z symmetry, the
|

cos5(01,, 013, 023) =

(sin @, sin @y3)% + (sin 0,3 cos @, cos B53)? — (sin @, cos B3)> — (sin @5 sin B3 cos O}, )?
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trimaximal mixing and the self-complementarity relation
[13] (i.e., 6 +6;=45° in another parametrization
scheme). The new pattern has the form

V241 1 V2-l

3 V3 3
3-V2 3+V2
U= | 2 R (1)
3-V2 1 342
3 V3 3

and it makes a prediction of maximal CP violation
6 = £90°.

Therefore, the pairs would help in the search of new
mixing patterns of the PMNS matrix. In order to know
which pairs to choose in the construction of new mixing
patterns, it is worthwhile to examine which of the pairs in
the PMINS matrix are consistent with current experimental
results, and whether they are consistent with each other.

What is more, the introduction of each pair produces a
constraint on the four parameters of the PMNS matrix.
Together with global fit results on three mixing angles, each
pair would give a range of the CP phase (as is discussed in
Sec. II, there are some exceptions in which the constraints
do not include §). Examinations of these ranges would give
information about the consistency among pairs and the
consistency between the pairs and the global fit results.

In Sec. IT we consider constraints by each single pair
separately. By comparing the pair constraints with the
natural limit of cos§, we evaluate their consistency with
global fit results. In Sec. III we combine ranges of the pairs
to give joint constraints, and discuss their self-consistency
and consistency with global fit results. In Sec. IV we pick
out cases that are self-consistent and consistent with
experimental results, and compare their ranges to the
maximal CP violation. Section V is served for conclusions.

II. SINGLE PAIR CONSTRAINTS

In our article all ranges of 6 come from the ranges of
cosd. Thus we only discuss on the assumption that
6 € [0°, 180°]. When extending to [—180°, 180°], the results
of § € [§;, &,] should also be extended to be § € [-6,, =6, ]
and [51, 52}

We consider a single pair, for example, |U,;| = |Us].
It gives rise to a relation between cos 6 and mixing angles.
In the case of |Uy | = |Usy|, it is

4sin 0y, sin @5 sin O3 cos G, cos O3

(17)
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EXAMINATION OF PAIRS IN NEUTRINO MIXING MATRIX

FIG. 1. The identification of possible pairs with numbers ©-® .
Pairs ©®-® have overlap in 3¢ range. Pairs ®—® have overlap in
4o range instead of 30. They are denoted by dash lines but also
included in discussion.

By inserting the global fit results of mixing angles [4]

01, = (33.48707%)°, (18)
013 = (8.5053))° & (8.51153))° (19)
0p; =(42.3179)° @ (49.57)7)°, (20)

we obtain the central value and 1o error of §, which are

cos § = —0.20097 5723 (21)
for normal hierarchy (NH), and
cos 8 = 0.33627(/47% (22)

for inverted hierarchy (IH).
From global fit of 3¢ ranges on the magnitude of matrix
elements [4]

cosd
o
T
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0.801 -0.845 0.514—0.580 0.137—0.158
0.225—-0.517 0.441 - 0.699 0.614—-0.793 |,
0.246 —-0.529 0.464 —0.713 0.590—0.776

(23)

Ul=

we pick out all pairs whose corresponding matrix elements
have overlap in 3¢ range, and number them as in Fig. 1.
Pairs @-® have overlap in 30 range. Pairs ®-® have
overlap in 4o range instead of 3¢. Although pairs ® ® (or
@ ®) do not hold in 30 range and therefore need not be
discussed by principle, their constraints on mixing angles
are the same as that of pair © (or @ ). Thus, they are also
included in the discussion.

Similar to previous calculations, each pair produces a
constraint on cos 9, except pairs @® @ ® @ ® ®. Among
them, pair @ yields

0,3 = 45°, (24)
©,®,® yield the same relation
012 = O3, (25)
and @,®,® all yield
015 + 6,3 = 90°. (26)

Other results are shown in Fig. 2.
In addition, pairs @ and ® produce the same relation
between 6 and mixing angles, as well as @ and @ . That is

c0s 8@ (012,013, 623) = c0s g (012,013, 653), (27)

cosdg (‘912,913,923) = 0055(912’9137923)- (28)

Hh#qq
Heta!

= H
4+
5+ T
-6 | | | | | | F_ | | | | |
1 2 3 4 6 7 8 9 12 13 14 15
Pair number

FIG. 2 (color online).
error bars of each pair denote ranges in NH and IH, respectively.

Constraints on cos 6 produced by single pair. Each error bar shows 1o and 3¢ ranges of cos 6. The left and right
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TABLE L.
While pairs ®© @ ©® @ have no constraints on cos §, they
ranks are denoted by e.

PHYSICAL REVIEW D 92, 033011 (2015)

The classification of pairs according to their ranks of consistency (marked with ¥r) with the natural limit cos § € [-1, 1].

are divided according to their constraints on mixing angles and their

Rank of consistency

Constraint compared with natural limit cos§ € [—1, 1]

Pair

Normal hierarchy Inverted hierarchy

S lo, 30 within [—1, 1] @ @
4+¢ lo within [-1, 1], 3¢ partially beyond @® ®
3% Central value within [—1, 1], 1o partially beyond @0
2%¢ Central value beyond [—1, 1], 1o partially within ©] e
1% lo beyond [—1, 1], 36 partially within 00 @06
0+ 30 beyond [—1, 1] @006 @006
. No constraint on cos §, 0,3 = 45° ® ®

. No constraint on cosd, 0, = 63 ® ® ®
. No constraint on cos 8, 6, + 6,3 = 90° (RGN (ONONE

Therefore, @ and ® would produce the same constraint on
S, as well as @ and @.

While pair @ gives a strong constraint on cos § with the
natural limit cos § € [—1, 1] satisfied as well, it is necessary
to point out that some constraints are completely not in
agreement with the natural limit. Since the constraints are
produced by pairs together with experimental results, it
indicates that these pairs are not so consistent with current
experimental results. Thus they might not be good choices
when considering a new mixing pattern.

We divide the pairs into several classes according to the
level of consistency between their constraints and the
natural limit of cos §. These classifications can be regarded
as indications of their consistency with the experimental
results. The results are shown in Table L.
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Together with the natural limit, each of the pairs except
Lo gives a constraint on 6. The ranges of §
on the assumption that § € [0°, 180°] are shown in Fig. 3.

III. COMBINED PAIR CONSTRAINTS

As is discussed in Sec. II, each pair produces a central
value and an error of cosd. If some of the pairs are
supposed to hold simultaneously, their ranges should be
regarded as measurements of the same Gaussian distribu-
tion of cos ¢ and should be combined to give an estimation
of the distribution.

When combining ranges from different pairs, we adopt
standard weighted least-squares procedure advocated by the
Particle Data Group [14]. The weighted average and error are

FIG. 3 (color online). Constraints on ¢ produced by single pair
ranges of 6. The left and right error bars of each pair denote range:
of physical range.

03

X3

7 8
Pair number

15

and the natural limit cos § € [—1, 1]. Each error bar shows 1o and 3¢
s in NH and IH, respectively. The x means that the central value is out
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EXAMINATION OF PAIRS IN NEUTRINO MIXING MATRIX
- Zia) ; COS 6i

Sto— = + (Z0,)72, 29
cos 00055 Ziwi ( ,60,) 2 ( )
where
1
w; = 5 . (30)
6(0055,-)
with i referring to pairs which are combined.
The scale factor is defined as
2
X
S = , 31
N-1 (31)

whose expectation value is 1 since the expectation value of
y2is N—1.

For cases with § > 1, we also calculate scaled output

errors, which are

Ocaled = SOunscaled- (32)
The reason is as follows: the relatively large value of y? is
likely to be due to underestimation of errors in some of the
measurements. Not knowing which of the input errors are
underestimated, we assume they are all underestimated by
the same factor S. If we scale up all the input errors by S, the
x> becomes N — 1, and the output error scales up by the
same factor.

What is more, the p-value of the combination is
calculated (with unscaled input errors), and the correspond-
ing confidence level serves to indicate exclusion level about
self-consistency of the combination.

A. p-t symmetry and trimaximal mixing

First we combine pairs from the trimaximal mixing (i.e.,
pairs @@®@) to explore a joint constraint on cosd by this
phenomenological relation. According to Egs. (29)—(32), the
range of cosd and confidence level of exclusion are
calculated and listed in Table II (NH) and Table III (IH).

PHYSICAL REVIEW D 92, 033011 (2015)

In the table we also classify consistency between the results
and the natural limit by the same labels used in Table L.

The same procedure is performed considering the u-t
symmetry and the combination of the two relations. Here
some explanation is necessary. Obviously, pair @ has no
influence on cos 6. When combined with other pairs, it simply
contributes Ay = (63 —45°)*/o; = 0.81 (NH) or 4.18
(IH) to 2.

From Table II, we find that the three cases all give ranges
compatible with the maximal CP violation (cosé = 0) in
1o errors, regardless of whether errors are scaled or not.

On the other hand, Table III shows that the -7 symmetry
and the trimaximal mixing give ranges compatible with
the maximal CP violation in 2¢(unscaled)/lo(scaled)
and 3o(unscaled)/2o(scaled) errors, respectively. The
combination of the two relations fits the maximal CP
violation well. However, the three cases in IH all lead to
low p-values, indicating a low self-consistency of the
combinations in IH.

B. Bipair combination

In this part we consider all bipair combinations. That is,
any two pairs in Sec. II are considered to examine their
consistency and constraints on 6.

However, not all of the pairs are suitable for combina-
tion: similar to pair ®, ©® @ ® @ would simply add
to . Each pair of ® ® ® contributes Ay? = 24.55 (NH)
or 47.10 (IH), and each pair of @ @ ® contributes Ay =
21.05 (NH) or 17.24 (IH). Since we are combining no more
than 3 pairs, y*> > 17.24 leads to p-value < 0.00018 (over
30 level of exclusion). Therefore, we do not include pairs
® ® @ @ ® in combination.

What is more, pairs @ and ® have the same constraint,
as well as @ and @ . Therefore we do not include @, ® for
conciseness. The results are listed in Table IV (NH) and
Table V (IH).

TABLE II. Three cases of pair combination in NH.

Cecss Self consistency Natural limit consistency
Case Pairs included  cosé Unscaled Scaled 7 p-value Exclusion level Unscaled Scaled
trimaximal mixing @e® 0.257  0.263 0.420 5.0857 0.079 1-20 4 ¢ 4 ¢
U-T symmetry 00[6)] —0.134  0.168 0.179 2.2629 0.323 <leo 5 ¢ 5%
u-t & trimaximal 0l6l6l0/6)] —0.046  0.166 0225 7.2975 0.121 1-20 5% 5%
TABLE III. Three cases of pair combination in IH.

Ocoss Self consistency Natural limit consistency
Case Pairs included cosd Unscaled Scaled e p-value Exclusion level Unscaled Scaled
trimaximal mixing @e® -0.657  0.228 0416  6.6486 0.036 2-30 4 ¢ 3¢
U-T symmetry 00[6)] 0.166  0.155 0.364 11.0783 0.0039 2-30 5 ¢ 4 ¢
u-t & trimaximal 0l6l6]0/6)] 0.015 0.139 0327 21.9753 0.0002 3-40 5 ¢ 5 ¢
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TABLE IV. Bipair combinations in NH.

055 Self-consistency Natural limit consistency
Pairs included cosé  Unscaled  Scaled 7 p-value Exclusion level Unscaled Scaled
0[0) -0.134 0.168 0.202 1.4529 228 x 107! 1-20 5% 5 ¥
©6) —-0.064 0.189 0.427 5.1242 2.36 x 1072 2-3¢ 5 ¥ 4 ¢
0[O —0.213 0.145 0.145 0.0548 8.15 x 107! <le 5 ¢ 5 %
06 —-0.201 0.157 0.157 0.8100 3.68 x 107! <lec 5% 5 %
©® 0.738 0.153 0.875 32.5828 1.14 x 1078 > 50 4 v 3 ¥
00 -0.711 0.087 0.536 37.9554 7.24 x 10710 > 50 5 ¥ 3 ¥
o® -0.230 0.145 0.145 0.9028 3.42 x 107! <le 5% 5%
@[O0 —-0.143 0.173 0.441 6.5201 1.07 x 1072 2-3¢ 5% 4 e
0]@) —-0.554 0.109 0.771 49.8493 1.66 x 10712 > 5¢ 5 ¥ 3 5
O]E) 1.301 0.115 0.896 60.5831 7.11 x 10715 > 50 1 ¥ 2 ¥
@06 0.647 0.286 0.324 1.2847 2.57 x 107! 1-2¢ 4 ¥ 4 e
@@ —-0.014 0.321 0.383 1.4264 2.32 x 107! 1-2¢0 5 ¥ 4 ¢
@6 0.479 0.373 0.373 0.8100 3.68 x 107! <leo 4 v 4 Ve
@® 1.178 0.169 0.512 9.1718 2.46 x 1073 3-4c 1 % 2 ¢
@0 -1.176 0.127 0.404 10.1180 1.47 x 1073 3-4¢ 1 ¥ 2 ¥
@® —0.023 0.417 0.655 2.4671 1.16 x 107! 1-20 4 ¥x 4 ¢
@O 0.635 0.316 0.632 4.0004 4.55 x 1072 2-3¢ 4 v 3 %
@0 -1.712 0.236 1.073 20.7529 523 x107° 4-5¢ 0 % 2 ¢
O] 1.591 0.121 0.522 18.4531 1.74 x 1073 4-5¢ 0 % 1 ¥
0o 0.134 0.328 0.711 4.6908 3.03 x 1072 2-3¢ 4 ¥x 4 ¢
©[6)] 1.269 0.490 0.490 0.8100 3.68 x 107! <lec 2 % 2 ¥
@® 1.511 0.168 0.168 0.3544 5.52 x 107! <le 0 % 0 ¥
60 —-1.168 0.127 0.510 16.2066 5.68 x 1072 4-50 1 ¥ 2 ¥
©[O) 0.306 0.459 1.068 5.4052 2.01 x 1072 2-3¢ 4 v 3 9
©[O) 1.469 0.425 0.588 1.9126 1.67 x 107! 1-2¢ 1 % 2 ¥¢
O] —1.703 0.242 1.261 27.2497 1.79 x 1077 > S5¢ 1 ¥ 2 ¥
Of) 1.768 0.141 0.184 1.7137 1.91 x 107! 1-2¢ 0 % 0 ¥
@6 -0.311 0.466 0.466 0.8100 3.68 x 107! <le 4 ¥ 4 ¥x
@® 1.131 0.184 0.780 17.9223 230 x 107 4-5¢ 2 ¥¢ 2 ¥
@0 -1.224 0.134 0.215 2.5580 1.10 x 107! 1-2¢ 1 % 1 9
@® —-0.479 0.420 0.420 0.3792 5.38 x 107! <le 4 ¢ 4 ¢
@O -0.010 0.387 0.984 6.4635 1.10 x 1072 2-3¢ 4 v 4 Ve
@0 -1.916 0.239 0.718 8.9971 270 x 1073 2-3¢ 0 % 1 ¥
@6 1.606 0.127 0.664 27.4527 1.61 x 1077 > 50 0 % 2 ¥
®® 1.553 0.175 0.175 0.8100 3.68 x 107! <leo 0 % 0 ¥
6[0) -1.275 0.146 0.146 0.8100 3.68 x 107! <le 1 % 1 ¥
6[6) —-0.878 0.893 0.893 0.8100 3.68 x 107! <le 3 % 3 ¥
6[O) 3.196 0.922 0.922 0.8100 3.68 x 107! <le 1 ¥ 1 ¥
6]@) —2.238 0.202 0.202 0.8100 3.68 x 107! <leo 0 % 0 ¥
O] &) 1.836 0.167 0.167 0.8100 3.68 x 107! <le 0 % 0 ¥
@0 -0.521 0.108 1.250 133.6315 0 > 50 5% 3 ¥
@6 1.346 0.200 0.678 11.4907 6.99 x 10~ 3-40 1 % 2 ¥
G[O) 1.579 0.169 0.209 1.5269 2.17 x 107! 1-2¢ 0 ¥ 1 9
O]®) 0.077 0.164 1.848 127.5130 0 > 50 5 V¢ 3 ¥
G]®) 1.708 0.101 0.141 1.9665 1.61 x 107! 1-2¢ 0 ¥ 0 ¥
® —1.267 0.143 0.143 0.1509 6.98 x 107! <lec 1 % 1 ¥
O[O} -1.226 0.138 0.464 11.3660 7.48 x 1074 3-4c 1 % 2 ¢
QO —-1.565 0.144 0.442 9.4236 2.14 x 1073 3-40 0 % 1 ¥
O]E) 0.188 0.092 1.552  285.1556 0 > 50 5% 3 ¥
®O —-0.011 0.609 1.668 7.5110 6.13 x 1073 2-3¢ 4 ¥ 3 ¥
®O —2.202 0.207 0.217 1.1014 2.94 x 107! 1-20 0 ¥ 0 ¥
®0 1.727 0.137 0.533 15.0276 1.06 x 107 3-4¢ 0 % 1 %
O]®) —2.060 0.239 0.968 16.4199 5.07 x 1073 4-5¢ 0 % 1 ¥
06 1.859 0.171 0.175 1.0452 3.07 x 107! 1-20 0 ¥ 0 ¥
@6 0.992 0.119 1.651 191.2192 0 > 50 3 % 3 %
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TABLE V. Bipair combinations in IH.

0555 Self-consistency Natural limit consistency
Pairs included cosd Unscaled  Scaled & p-value Exclusion level Unscaled Scaled
0[0) 0.166 0.155 0.406 6.8944 8.65 x 1073 2-30 5 % 4 ¢
©©) 0.305 0.136 0.136 0.5355 4.64 x 107! <le 5 ¥ 5 ¥
0[O 0.149 0.159 0.573 12.9107 3.27 x 107 3-4c 5 % 4 ¢
(06 0.336 0.136 0.279 4.1839  4.08 x 1072 2-3¢ 5 % 4 Ve
©® 0.759 0.082 0.427 27.3863 1.67 x 1077 > 50 4 Ve 3 5
0[] —0.552 0.125 0.990 62.9428  2.11 x 10713 > 5¢ 5 % 3 ¥
o® 0.233 0.154 0.661 18.4609 1.73 x 1073 4-50 5 % 4 ¢
0[O 0.330 0.136 0.136 0.0751 7.84 x 107! <le 5 % 5 %
0]@) —-1.009 0.098 0.974 98.0825 0 > 50 2 ¥ 2 ¥¢
0]®) 0.786 0.102 0.848 69.8745  1.11 x 10716 > 50 4 ¢ 3 ¥
@06 —-0.373 0.272 0.397 2.1345 1.44 x 107! 1-20 4 ¢ 4 ¢
@® —-0.994 0.251 0.341 1.8378 1.75 x 107! 1-2¢ 3 % 3 ¥
@6 —-0.801 0.325 0.664 4.1839  4.08 x 1072 2-3¢ 3 % 3 ¥
@® 1.036 0.111 0.534 22.9259 1.68 x 1076 4-5¢ 2 ¥ 2 ¥
@0 —-1.384 0.154 0.398 6.6574  9.87 x 1073 2-30 1 ¥ 2 ¥
@6 —-1.036 0.270 0.833 9.5159 2.04 x 1073 3-40 2 % 2 ¢
@0 —-0.581 0.319 0.391 1.5035 220 x 107! 1-2¢ 4 v 4 e
e —-1.564 0.111 0.339 9.3117 228 x 1073 3-4¢ 0 ¥ 1 9
@6 1.662 0.191 1.336 49.1950  2.32x 10712 > 50 0 ¥ 2 ¥
©[0) —-0.553 0.300 0.756 6.3592 1.17 x 1072 2-30 4 v 3 5
©6) —0.006 0.411 0.840 4.1839  4.08 x 1072 2-3¢ 4 v 4 e
@® 1.116 0.115 0.289 6.3013 1.21 x 1072 2-3¢ 1 ¥ 2 ¢
®0 —-1.321 0.167 0.664 15.8375 6.90 x 107> 3-40 1 ¥ 2 ¥
©[O) —-0.490 0.347 1.302 14.0912 1.74 x 1074 3-4¢ 4 ¥ 3 9
©[C)] 0.022 0.363 0.363 0.0185 8.92 x 107! <le 4 ¢ 4 Ve
©]@) —1.548 0.115 0.506 19.2342 1.16 x 1073 4-5¢ 0 ¥ 1 ¥
©]®) 1.954 0.196 0.921 22.0236  2.69 x 1076 4-5¢ 0 | Al
@6 —1.597 0.453 0.927 4.1839  4.08 x 1072 2-30 1 ¥ 2 ¥
@® 1.054 0.113 0.602 28.2693 1.06 x 1077 > 5¢ 2 ¥ 2 ¥
@0 —1.648 0.160 0.160 0.0148 9.03 x 107! <le 0 0 ¥
@® —1.949 0.381 0.847 49330  2.63x 1072 2-30 1 ¥ 1 ¥
@O —-0.942 0.401 0.831 4.2837 3.85 x 1072 2-30 3 % 3 %
ofe) -1.704 0.131 0.131 0.0638  8.01 x 107! <leo 0 ¥ 0 ¥
@6 1.780 0.200 1.431 51.4547 733 x 10713 > 50 0 2 ¢
®® 1.191 0.125 0.255 41839  4.08 x 1072 2-3¢ 1 ¥ 2 ¥¢
®0 —-1.656 0.170 0.348 4.1839  4.08 x 1072 2-3¢ 0 ¥ 17
e® —-3.989 0.810 1.657 4.1839  4.08 x 1072 2-30 0 ¥ 1 ¥
®O 0.111 0.769 1.572 4.1839  4.08 x 1072 2-3¢ 4 vx 3 5
6]@) -1.714 0.139 0.283 41839  4.08 x 1072 2-3¢ 0 ¥ 1 9
O]E) 2.386 0.189 0.387 4.1839  4.08 x 1072 2-30 0 ¥ 0 ¥
@0 0.399 0.099 1.275 167.4270 0 > 50 5 % 3 ¥
©® 1.117 0.118 0.612 26.7374 233 x 1077 > 5¢ 2 ¥ 2 ¥
©O 1.172 0.122 0.139 1.2834 2,57 x 107! 1-2¢ 1 ¥ 1 ¥
©0 —-0.196 0.084 1.451 299.1174 0 > 50 5 ¥ 3 ¥
®@® 1.523 0.114 0.536 21.9778 2.76 x 1076 4-5¢ 0 ¥ 2 V¢
@® -1.718 0.163 0.376 5.3578 2.06 x 1072 2-3¢ 0 ¥ 1 9
@O —1.527 0.175 0.459 6.8914 8.66 x 1073 2-30 0 1 ¥
O]®) —-1.691 0.105 0.105 0.0736  7.86 x 107! <le 0 ¥ 0 ¥
O]®) 0.068 0.142 1.999 199.5146 0 > 50 5 ¥ 3 5
®O -1.111 0.543 1.875 11.9311 5.52 x 107 3-40 2 ¥ 2 ¢
®0O -1.762 0.144 0.325 5.1237 2.36 x 1072 2-3¢ 0 ¥ 1 ¥
®6 2.097 0.212 1.326 39.2286  3.77x 10710 > 50 0 2 ¥
O]®) —1.645 0.126 0.349 7.6307 5.74 x 1073 2-3¢ 0 ¥ 15
06 2.287 0.197 0.465 5.5475 1.85 x 1072 2-30 0 ¥ 1 ¥
CfE) —-0.734 0.106 1.748 2724518 0 > 50 4 Ve 3 5
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PHYSICAL REVIEW D 92, 033011 (2015)

TABLE VI. Tripair combinations in NH.
05 Self-consistency Natural limit consistency

Pairs included cos o Unscaled Scaled 7 p-value Exclusion level Unscaled Scaled
0106 0.046 0.195 0.333 5.8551 5.35x 1072 1-26 5% 4 Y¢
0l0[0] —0.160 0.151 0.151 1.6025 4.49 x 107! <leo 5 % 5%
0016 —0.134 0.168 0.179 2.2629 3.23 x 107! <le 5 ¥ 5 ¥
0O® —0.179 0.152 0.172 2.5660  2.77 x 107! 1-20 5 % 5 %
00O —0.047 0.188 0.366 7.5949 224 x 1072 2-3¢0 5 % 4 ¥
0e® —0.116 0.162 0.267 5.4425 6.58 x 1072 1-20 5 % 5 %
0l6[6)] —0.064 0.189 0.325 59342 5.15x 1072 1-26 5 % 4 Y¢
0166 —0.136 0.165 0.296 6.4678 3.94 x 1072 2-30 5 9% 4 Y¢
0O 0.051 0.209 0.485 10.8220  4.47 x 1073 2-30 5 % 4 ¥¢
0]0[6)] —0.213 0.145 0.145 0.8648 6.49 x 107! <le 5 ¥ 5%
01016 —0.237 0.136 0.136 0.9291 6.28 x 107! <le 5 ¥ 5 ¥
0®e —0.168 0.155 0.282 6.6526 3.59 x 1072 2-3c0 5 % 4 Y¢
0166 —0.230 0.144 0.144 1.7128 425 x 107! <le 5% 5 ¥
0610} —0.143 0.173 0.331 7.3301 2.56 x 1072 2-3c 5% 4 Y¢
O®O® —0.189 0.155 0.302 7.6024 223 x 1072 2-3¢ 5 % 4 ¢
@0® 0.257 0.263 0.420 5.0857 7.86 x 1072 1-26 4 ¥¢ 4 ¥
@6 0.647 0.285 0.292 2.0947 3.51 x 107! <le 4 ¥ 4 ¥
@0® 1.187 0.160 0.344 9.2009 1.00 x 1072 2-30 1 % 2 Y
@6 0.405 0.300 0.496 5.4863 6.44 x 1072 1-20 4 3¢ 4 Y
@0® 0.733 0.260 0.412 5.0196 8.13 x 1072 1-26 4 ¥ 3 ¥
@06 —0.014 0.320 0.339 2.2364 3.27 x 107! <leo 5 9% 4 Y¢
@00 —1.145 0.120 0.298 12.2685 2.17 x 1073 3-40 1 % 2 Y
@06 —0.168 0.304 0.349 2.6384 2,67 x 107! 1-20 4 3¢ 4 Y¢
@®O 0.165 0.291 0.554 7.2437 2.67 x 1072 2-30 4 ¥¢ 4 Y¢
00 —1.517 0.219 0.783 25.6687 2.67 x 107° 4-5¢ 1 5% 2 Y
OlOI¢) —1.517 0.219 0.783 25.6687 2.67 x 1076 4-50 1 % 2 Y
@0® 1.178 0.169 0.377 9.9818 6.80 x 1073 2-30 1 % 2 ¢
@60 —1.176 0.127 0.297 109280  4.24 x 1073 2-3c0 1 5% 2 Y
@6 —0.023 0.417 0.534 3.2771 1.94 x 107! 1-26 4 ¥¢ 4 ¥
@O0} 0.635 0.316 0.490 48104  9.02x 1072 1-20 4 ¥ 3 ¥
@60 1.210 0.168 0.401 11.4751 3.22 x 1073 2-30 1 % 2 Y
©l0[C)] —1.172 0.125 0.283 10.2145 6.05 x 1073 2-30 1 % 2 Y
@0® —1.144 0.122 0.397 21.0808 2.64 x 1073 4-5¢ 1 % 2 ¥
00® —1.423 0.137 0.465 23.0357 9.95 x 1076 4-5¢ 0 ¥ 2 ¥
OloIC) —1.423 0.137 0.465 23.0357 9.95 x 1076 4-5¢ 0 ¥ 2 Y
©lO[C)] 0.320 0.346 0.690 7.9486 1.88 x 1072 2-30 4 ¢ 3 ¥
@06 —1.947 0.175 0.594 22.9756 1.03 x 107 4-5¢ 0 ¥ 1 %
©10l6)] 0.134 0.328 0.544 5.5008 6.39 x 1072 1-26 4 ¥¢ 4 ¥
®®® —0.037 0.306 0.548 6.4105 4.05 x 1072 2-30 5 % 4 ¥
OO} 0.312 0.319 0.704 9.7672  7.57 x 1073 2-3¢ 4 3¢ 3 %
©10[G] 1.511 0.168 0.168 1.1644 559 x 107! <le 0 ¥ 0 ¥
©106)] 0.306 0.459 0.810 6.2152 447 x 1072 2-3¢ 4 3% 3 %
©0[C)] 1.469 0.425 0.496 27226 256 x 107! 1-26 1 % 2 Y
©l0[E) 1.768 0.141 0.158 2.5237 2.83 x 107! 1-20 0 ¥ 0 ¥
®e® 1.768 0.141 0.158 2.5237 2.83 x 107! 1-26 0 ¥ 0 ¥
®e® 1.334 0.185 0.443 11.5077 3.17 x 1073 2-30 1 5% 2 Yo
®e0® 1.538 0.163 0.163 1.9694 3.74 x 107! <le 0 ¥ 0 ¥
@0 1.687 0.098 0.121 3.0709  2.15x 107! 1-20 0 ¥ 0 ¥
®® 1.687 0.098 0.121 3.0709  2.15x 107! 1-26 0 ¥ 0 ¥
©6C)] 0.619 0.434 0.955 9.6864  7.88 x 1073 2-3c0 3% 3%
®O06 1.782 0.143 0.171 2.8672 238 x 107! 1-26 0 ¥ 0 *
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TABLE VI. (Continued)

Ososs Self-consistency Natural limit consistency
Pairs included cosd Unscaled  Scaled s p-value Exclusion level Unscaled Scaled
GO ® 1.782 0.143 0.171 28672 238 x 107! 1-20 0 ¥ 0 ¥
00® 1.796 0.107 0.107 1.8123  4.04 x 107! <le 0 ¥ 0 ¥
@00 —1.224 0.134 0.174 33680  1.86 x 107! 1-20 1 ¥ 1 ¥
@Be® —0.479 0.420 0.420 1.1892 552 x 107! <le 4 ¢ 4 3¢
@GO —0.009 0.387 0.738 7.2735  2.63 x 1072 2-3¢ 4 ¢ 4 ¥¢
@eO —1.916 0.239 0.530 9.8071  7.42x1073 2-30 0 ¥ 1 ¥
@G0B —1.916 0.239 0.530 9.8071  7.42x1073 2-3¢ 0 ¥ 1 %
@06 —1.218 0.132 0.153 26786  2.62x 107! 1-20 1 ¥ 1 ¥
@00 —1.186 0.128 0.336 137154 1.05x 1073 3-40 1 ¥ 2 %
@O —1.493 0.140 0.366 137339 1.04x 1073 3-40 0 ¥ 1 ¥
@00 —1.493 0.140 0.366 137339 1.04 x 1073 3-4c 0 ¥ 1 Y
@®O —0.205 0.360 0.704 7.6597  2.17 x 1072 2-3¢ 4 ¥x 4 ¢
@e® —1.876 0.235 0.518 9.7241  7.73 x 1073 2-36 0 ¥ 1 %
@®6 —1.876 0.235 0.518 9.7241  7.73x 1073 2-3¢ 0 ¥ 1 ¥
®00® —1.753 0.236 0.808 235452 771 x107° 4-5¢ 0 ¥ 2 %
@06 —1.753 0.236 0.808 235452 771 x107° 4-5¢ 0 ¥ 2 ¥
@e6 —2.095 0.160 0.357 9.9977  6.75x 1073 2-3¢ 0 ¥ 0 ¥
6[6[0) 1.579 0.169 0.182 23369  3.11x 107! 1-20 0 ¥ 0 ¥
®e® 1.708 0.101 0.118 27765 250 x 107! 1-20 0 ¥ 0 ¥
Ge® 1.708 0.101 0.118 27765 250 x 107! 1-20 0 ¥ 0 ¥
®O® —1.267 0.143 0.143 0.9609  6.18 x 107! <le 1 ¥ 1 ¥
®0O —1.226 0.137 0.339 12.1760 227 x 1073 3-40 1 ¥ 2 ¥
®0® —1.565 0.144 0.326 102336 6.00 x 1073 2-3¢ 0 ¥ 1 ¥
6lo[®) —1.565 0.144 0.326 102336 6.00 x 1073 2-30 0 ¥ 1 ¥
6[6[0) —0.011 0.609 1.241 83210  1.56x 1072 2-3¢ 4 ¥x 3 ¥
G®® —2.202 0.207 0.207 19114  3.85x 107! <le 0 * 0+
6lO[®) —2.202 0.207 0.207 19114 3.85x 107! <le 0 ¥ 0 ¥
®o® —2.060 0.239 0.701 172299 181 x107* 3-40 0 ¥ 1 ¥
O0/E) 1.859 0.171 0.171 1.8552  3.96 x 107! <lo 0 ¥ 0 ¥
elole) 1.859 0.171 0.171 1.8552  3.96 x 107! <le 0 * 0 ¥
©l0®) —2.060 0.239 0.701 17.2299 181 x 10™* 3-4c 0 ¥ 1 %
Ge® —2.238 0.142 0.142 0.8100  6.67 x 107! <le 0 * 0 ¥
CBe 1.836 0.118 0.118 0.8100  6.67 x 107! <le 0 ¥ 0 ¥
GlOlE} 1.715 0.101 0.128 32120 2.01x 107! 1-20 0 ¥ 0 ¥
GlOe) 1.715 0.101 0.128 32120 2.01 x 107! 1-20 0 ¥ 0 ¥
©0® 1.746 0.085 0.093 24398  2.95x 107! 1-20 0 ¥ 0 ¥
@B®O —1.220 0.135 0.324 114877  3.20 x 1073 2-30 1 ¥ 2 ¥
O®® —1.553 0.143 0.316 9.8089  7.41 x 1073 2-30 0 ¥ 1 ¥
@®B —1.553 0.143 0.316 9.8089  7.41x1073 2-3¢ 0 ¥ 1 ¥
@O® —1.509 0.143 0.478 223006  1.44 x 1073 4-5¢ 0 ¥ 1 ¥
@OB —1.509 0.143 0.478 223006  1.44x 1073 4-5¢ 0 ¥ 1 ¥
06 —1.720 0.126 0.340 144854  7.15x107* 3-4¢ 0 ¥ 1 ¥
®O® —2.220 0.144 0.144 L1166 5.72 x 107! <le 0 ¥ 0 ¥
OlEI®) —2.164 0.153 0.444 167466 231 x 107 3-40 0 ¥ 1 ¥
OBe 1.847 0.119 0.119 1.0543  5.90 x 107! <le 0 ¥ 0 ¥
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TABLE VII. Tripair combinations in IH.
05 Self-consistency Natural limit consistency

Pairs included Ccos o Unscaled Scaled 7 p-value Exclusion level Unscaled Scaled
010[©)] 0.146 0.145 0.273 7.0365 2.97 x 1072 2-36 5% 5%
0l0[0] 0.018 0.148 0.441 17.7885 1.37 x 1074 3-4¢ 5 % 4 ¢
0OG 0.166 0.155 0.364 11.0783 3.93 x 1073 2-30 5 % 4 ¥
0O® 0.068 0.153 0.528 23.9351 6.35 x 1076 4-5¢ 5 % 4 ¢
0O 0.164 0.152 0.282 6.8992 3.18 x 1072 2-30 5 % 4 Y¢
0e® 0.130 0.149 0.381 13.0255 1.48 x 1073 3-40 5 % 4 ¥
066 0.305 0.135 0.208 47194  9.44 x 1072 1-26 5% 5%
0166 0.196 0.150 0.460 18.6676 8.84 x 1073 3-40 5 ¥ 4 ¢
01610} 0.299 0.134 0.134 0.5921 7.44 x 107! <le 5% 5 ¥
0®6 0.149 0.159 0.466 17.0946 1.94 x 10~ 3-40 5 % 4 Y¢
010[C)] 0.045 0.157 0.607 29.7848 3.41 x 1077 > 50 5 % 4 ¢
0®O 0.147 0.156 0.397 12.9129 1.57 x 1073 3-40 5 % 4 ¥
0e® 0.233 0.154 0.517 22.6448 1.21 x 1073 4-5¢ 5% 4 ¢
01610} 0.330 0.136 0.198 4.2590 1.19 x 107! 1-26 5 % 5%
0®® 0.227 0.152 0.462 184770 9.72 x 1073 3-40 5 % 4 ¥
@0® —0.657 0.228 0.416 6.6486 3.60 x 1072 2-30 4 ¥¢ 3 %
@6 —0.373 0.272 0.483 6.3183 4.25x 1072 2-3c0 4 ¢ 4 ¢
@® 0.978 0.108 0.403 27.7377 9.48 x 1077 4-5¢ 3% 3 %
@6 —0.642 0.248 0.667 144852 7.15x 107 3-4¢ 4 ¥¢ 3%
@O —-0.313 0.255 0.287 2.5383 2.81 x 107! 1-26 4 ¢ 4 ¢
@06 —0.994 0.251 0.436 6.0217 492 x 1072 1-26 3% 3 %
@00 —1.404 0.147 0.271 6.8407 3.27 x 1072 2-30 1 % 1 %
@06 —1.148 0.234 0.537 10.5627 5.09 x 1073 2-30 2 ¥ 2 ¥
@IOIO)] —0.855 0.248 0.366 4.3594 1.13 x 107! 1-26 3% 3%
@0 —1.565 0.108 0.233 9.3169 948 x 1073 2-30 0 ¥ 1 %
@66 —1.565 0.108 0.233 9.3169 948 x 1073 2-3c 0 ¥ 1 ¥
@6© 1.036 0.111 0.410 27.1098 1.30 x 1076 4-5¢ 2 Y 2 Y
@60 —1.383 0.154 0.359 10.8413 4.42 x 1073 2-30 1 % 1 %
@66 —1.036 0.270 0.707 13.6998 1.06 x 1073 3-40 2 % 2 ¥
@606 —0.581 0.319 0.537 5.6874  5.82x 1072 1-26 4 ¢ 3%
@0 1.023 0.111 0.382 23.8825 6.52 x 1076 4-5¢ 2 ¥ 2 ¥
@06 —1.445 0.152 0.394 13.3598 1.26 x 1073 3-40 1 % 1 %
@0® —1.303 0.150 0.363 11.6918 2.89 x 1073 2-3c 1 % 2 Y
@00 —1.590 0.094 0.205 9.5075 8.62 x 1073 2-30 0 ¥ 1 ¥
Blo)] —1.590 0.094 0.205 9.5075 8.62 x 1073 2-30 0 ¥ 1 ¥
@®® —0.878 0.269 0.665 12.1759 2.27 x 1073 3-40 3% 3%
@06 —1.626 0.085 0.190 10.0760  6.49 x 1073 2-30 0 ¥ 0 ¥
®®6 —0.553 0.300 0.688 10.5431 5.14 x 1073 2-30 4 5% 3%
©0l6)] —0.839 0.287 0.844 17.3020 1.75 x 1074 3-40 3% 3 %
©10[0)] —0.441 0.273 0.518 7.1859 275 x 1072 2-3c0 4 3¢ 4 ¢
®e® 1.116 0.115 0.264 104852 529 x 1073 2-30 1 % 2 ¥
©106)] —0.490 0.347 1.049 18.2751 1.08 x 107* 3-40 4 ¢ 3%
®® 0.022 0.362 0.525 4.2024 1.22 x 107! 1-26 4 ¥¢ 4 ¥
©l0[¢] 1.954 0.196 0.710 26.2075 2.04 x 107° 4-5¢ 0 ¥ 1 ¥
®C® 1.954 0.196 0.710 26.2075 2.04 x 1076 4-5¢ 0 ¥ 1 ¥
®e® 1.055 0.112 0.450 32.3693 9.36 x 1078 > 50 2 Y 2 Y
©]6[C)] 1.102 0.114 0.219 74249 244 x 1072 2-3c 2 % 2 Y
®e0 1.435 0.111 0.446 32.3245 9.57 x 1078 > S0 0 ¥ 2 Y
®e0® 1.435 0.111 0.446 32.3245 9.57 x 1078 > 50 0 ¥ 2 Y
®e®® —0.367 0.310 0.839 14.7075 6.40 x 1074 3-40 4 3¢ 3 %
©l0[E] 1.878 0.192 0.688 25.6714  2.66 x 107° 4-5¢0 0 ¥ 1 ¥
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TABLE VII. (Continued)

05 Self-consistency Natural limit consistency
Pairs included cosd Unscaled Scaled ;{2 p-value Exclusion level Unscaled Scaled
o) 1.878 0.192 0.688 25.6714 2.66 x 1070 4-5¢0 (e 1%
O0® 2.149 0.145 0.506 24.2126 5.52 x 1076 4-5¢0 (Uie 1%
0l6]0} —1.648 0.160 0.231 4.1987 1.23 x 107! 1-20 0 % 1
01616 —1.949 0.381 0.814 9.1169 1.05 x 1072 2-30 1 5% 1%
@60 —0.942 0.401 0.826 8.4675 1.45 x 1072 2-30 3 ¥ 3 ¢
@6 —1.704 0.131 0.191 4.2477 1.20 x 107! 1-20 0 0 ¢
@B —1.704 0.131 0.191 4.2477 1.20 x 107! 1-20 0 % 0
®@0® —1.704 0.153 0.253 5.4225 6.65 x 1072 1-20 0 1%
@00 —1.537 0.163 0.303 6.9161 3.15 x 1072 2-30 0 1%
@®@0® —1.686 0.102 0.102 0.1161 9.44 x 107! <lo 0 ¥ 0 5%
Olo®) —1.686 0.102 0.102 0.1161 9.44 x 107! <leo 0 0
@®@®0O —1.385 0.358 0.892 12.3840 2.05 x 1073 3-40 1 2 Y¢
@e® —1.744 0.135 0.218 5.2530 7.23 x 1072 1-20 0 0
@®E® —1.744 0.135 0.218 5.2530 7.23 x 1072 1-20 0 % 0 5%
OlO®) —1.642 0.121 0.237 7.6432 2.19 x 1072 2-30 0 5% 1%
@®O® —1.642 0.121 0.237 7.6432 2.19 x 1072 2-30 0 % 1
Olel®) —1.709 0.095 0.095 0.0669 9.67 x 10~! <lo 0 0 %
®0O 1.172 0.122 0.202 5.4673 6.50 x 102 1-20 1 ¢ 2 ¢
®Oe® 1.523 0.114 0.413 26.1617 2.08 x 107 4-5¢0 0 1%
®O® 1.523 0.114 0.413 26.1617 2.08 x 1076 4-5¢0 0 % 15
OD® —1.718 0.163 0.355 9.5417 8.47 x 1073 2-30 0 % 1
0O —1.527 0.175 0.412 11.0753 3.94 x 1073 2-30 0 1%
Olo®) —1.691 0.105 0.153 4.2574 1.19 x 107! 1-20 0 % 0
Olo®) —1.691 0.105 0.153 4.2574 1.19 x 107! 1-20 0 ¢ 0 ¢
OB®® —1.111 0.543 1.541 16.1149 3.17 x 10~ 3-40 2 V¢ 2 ¥
OB® —1.761 0.144 0.310 9.3076 9.53 x 1073 2-30 0 ¢ 1%
OB® —1.761 0.144 0.310 9.3076 9.53 x 1073 2-30 0 % 1
®OO® —1.645 0.126 0.307 11.8146 2.72 x 1073 2-30 0 % 1%
OlOE) 2.287 0.197 0.435 9.7314 7.71 x 1073 2-30 0 1 ¥
elo) 2.287 0.197 0.435 9.7314 7.71 x 1073 2-30 0 ¥ 15
®OO® —1.645 0.126 0.307 11.8146 2.72 x 1073 2-30 0 5% 1%
OB —1.714 0.098 0.142 4.1839 1.23 x 107! 1-20 0 ¥ 0 %
OlEl®) 2.386 0.134 0.193 4.1839 1.23 x 107! 1-20 0 0 5%
©®00® 1.503 0.113 0.395 24.1799 5.62 x 1076 4-5¢0 0 % 1
©®0® 1.503 0.113 0.395 24.1799 5.62 x 107 4-5¢ 0 1
©0® 1.711 0.101 0.419 34.3870 3.41 x 1078 > 50 0 1 ¥
O®O® —1.604 0.166 0.422 12.8434 1.63 x 1073 3-40 0 % 15
OB®® —1.716 0.106 0.173 5.3578 6.86 x 1072 1-26 0 0 ¢
OB® —1.716 0.106 0.173 5.3578 6.86 x 1072 1-20 0 % 0
QO® —1.648 0.102 0.199 7.6314 2.20 x 1072 2-30 0 % 0 ¢
DO® —1.648 0.102 0.199 7.6314 2.20 x 1072 2-30 0 % 0
Qel®) —1.699 0.083 0.083 0.0919 9.55 x 10~! <lo 0 0 ¢
®0® —1.737 0.100 0.161 5.1804 7.50 x 1072 1-20 0 0
0B —1.676 0.093 0.184 7.7679 2.06 x 1072 2-30 0 % 0 5%
OlEl®) 2.339 0.137 0.230 5.6794 5.84 x 1072 1-20 0 0 5%
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Deviations from the maximal CP violation in NH.
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Exclusion level of

Natural limit consistency

Deviation from the maximal CP violation

Pairs included self-consistency Unscaled Scaled Unscaled Scaled
@e® 1-20 4 ¢ 4 ¢ < lo <lo
0l0[6)] <leo 5 % 5 ¥ <lo <lec
0l0[6]0[6)] 1-20 S5v¢ 5 <leo <leo
©) 5 ¥ <lo

® 4 3¢ <leo

@ 4 ¢ < lo

3 % .. 1-20
010} 1-20 5% 5% <le <leo
016 2-30 5 ¥ 4 ¢ <leo <leo
o® <leo 5 ¥ 5 % 1-20 1-26
©16) <lo 5 5 ¥ 1-20 1-20
0® <lo 5 9% 5 ¥ 1-20 1-20
00} 2-3¢ 5% 4 ¢ <leo <lo
@6 1-20 4 ¢ 4 ¢ 2-3¢ 2-3¢
®® 1-20 5% 4 ¢ <le <lec
@6 <leo 4 ¥ 4 ¢ 1-20 1-20
®® 1-20 4 ¥ 4 ¢ <leo <lo
®© 2-30 4 ¢ 3% 2-3¢0 1-20
®® 2-3¢ 4 ¢ 4 ¢ <leo <lo
®® 2-3¢ 4 ¢ 3 % <leo <lo
@G <lo 4 ¢ 4 ¢ <leo <lo
@® <leo 4 3¢ 4 ¢ 1-20 1-26
@®© 2-30 4 ¢ 4 ¢ <lo <lo
o® <lo 3% 3 % <leo <lo
®© 2-3¢ 4 ¢ 3 % <leo <lo
0G 1-20 5 9% 4 ¢ < lo <lo
0e® <leo 5 ¥ 5 % 1-20 1-20
010[C)] 1-20 5 % 5% 1-26 1-26
010[C)] 2-30 5 ¥ 4 ¢ <leo <lo
0e® 1-20 5 % 5 % <leo <lo
0BG 1-20 5 9 4 V¢ < lo < lo
0e® 2-30 5 % 4 Y« <lo <lo
060 2-30 5 ¥ 4 ¢ <leo <lec
010[6)] <leo 5 ¥ 5 % 1-20 1-26
0O®® <leo 5 ¥ 5 % 1-20 1-20
0®O 2-3¢ 5 % 4 ¢ 1-20 <lo
01616 <lo 5 9% 5 ¥ 1-20 1-20
01610} 2-30 5 % 4 ¢ <lo <lo
060 2-3¢ 5 4 ¢ 1-26 <leo
@06 <lo 4 ¥ 4 ¢ 2-30 2-3¢
@6 1-20 4 ¥ 4 ¢ 1-20 <lo
©lO[0)] 1-20 4 ¢ 3 % 2-3¢ 1-20
Q@6 <lo 5 % 4 Y < lo <lo
BlO[C)] 1-20 4 ¢ 4 ¢ <leo <lec
©lO[O)] 2-30 4 ¥ 4 ¢ <leo <leo
©lO[C)] 1-20 4 ¥ 4 ¢ <lo <leo
©lO[0)] 1-20 4 3¢ 3 % 2-30 1-20
©lO[O)] 2-30 4 3¢ 3 % <lo <lo
®O®6 1-20 4 3¢ 4 ¢ <lo <lo
©10[6)] 2-3¢ 5 ¥ 4 ¢ <leo <lo
©0[C)] 2-3¢ 4 ¢ 3% <le <lec
©0[C)] 2-30 4 ¥ 3 % <leo <leo
©16C)] 2-30 3 3 % 1-20 <leo
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TABLE VIIL  (Continued)

PHYSICAL REVIEW D 92, 033011 (2015)

Exclusion level of

Natural limit consistency

Deviation from the maximal CP violation

Pairs included self-consistency Unscaled Scaled Unscaled Scaled
@6 <lo 4 v 4 ¢ 1-20 1-20
@GO 2-30 4 ¢ 4 Y < lo <lo
@B®O 2-30 4 ¢ 4 ¢ <lo <lec
660 2-30 4 Y7 3 Y <le <lo

TABLE IX. Deviations from the maximal CP violation in IH.

Exclusion level of

Natural limit consistency

Deviation from the maximal CP violation

Pairs included self-consistency Unscaled Scaled Unscaled Scaled
@0® 2-30 4 Y¢ 3% 2-30 1-26
©OG 2-306 5 ¥ 4 ¢ 1-26 < lo
@ e 5 Y¢ e 2 -3¢

® 3 % 2-30

® 4 Yo < lo

® 3 <lo

(00} 2-30 5 % 4 ¢ 1-2¢ < lo
0o <lec 5 ¥ 5 % 2-306 2-30
0o} 2-30 5 % 4 e 2-3¢ 1-20
®O <leo 5 ¥ 5 ¥ 2-30 2-36
@G 1-26 4 Yo 4 ¢ 1-20 < lo
@® 1-20 3 3% 3-4¢ 2-30
@6 2-306 39 3% 2-3¢ 1-26
@O 1-26 4 Yy 4 e 1-26 1-20
e@® 2-36 4 ¢ 3 ¥ 1-26 <le
©]6) 2-30 4 ¢ 4 ¢ < lo < lo
®O <leo 4 Yo 4 ¢ < lo < lo
@G 2-30 3 5% 3 % 2-30 120
®O® 2-30 4 Y¢ 3% < leo < leo
00le) 2-306 5 ¥ 5 % 1-2¢ < leo
OO 2-306 5 % 4 e 1-26 < lo
0le]6) 1-20 5 % 5 ¥ 2-30 1-20
©BO® <lec 5 ¥ 5 ¥ 2-30 2-36
OO 1-20 5 Y 5 ¥ 2-30 1-20
@006 2-30 4 Y¢ 4 ¢ 1206 < lo
@O 126 4 ¢ 4 ¢ 1-26 1-20
@6 1-20 3 % 3 ¥ 3-4¢ 2-3¢
@0 1-20 3 9 3 ¥ 3-4¢ 2-30
@0 1-20 4 ¢ 3 ¥ 1-20 1-26
©]0]6) 2-36 4 Yo 3 % 1-20 < lo
®®O 2-30 4 Yo 4 ¢ 1-2¢ < leo
[©]6]0) 126 4 ¢ 4 e < leo < lo
@00 2-306 3 ¢ 3 ¥ 2-3¢ 1-26

It is worthwhile to point out that in the search for new
mixing patterns, two pairs may automatically imply a third
one. For example, pairs ®® contain the same matrix
element U,,, and it leads to another pair |U;,| = |Us,],
which is @. Another example is that any two of the pairs in
the p-r symmetry would lead to the third one due to the
unitarity of the mixing matrix. However, the combined
results of @® are different from that of @, according to
Tables 1V, V and Fig. 2.

The reason is that the implication of a third pair is based
on the condition that the two pairs hold precisely, i.e., the
modulus of elements of each pair are precisely equal to
each other. But for experimental results, pairs hold with
errors. Therefore, pairs @® do not necessarily imply the
third pair @. Another example can be seen from Eq. (23):
while pairs ®® both hold in 3¢ errors, the corresponding
“third pair,” i.e., |U,;| = |Uys| does not hold in 3¢ error.
Therefore we do not consider correlations among pairs
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in our discussion due to the presence of experimental
€eITors.

While a total number of 55 cases are listed in Tables IV
and V, not all of them are self-consistent. When regarding
30 as a dividing line of self-consistency (i.e., regarding
p-value > 0.0027 as self-consistent), there are 39 cases in
NH and 33 cases in IH that are self-consistent. The overall
self-consistency in NH exceeds that in IH slightly.

Moreover, many cases give constraints on cos § that are
not consistent with natural limit cos § € [—1, 1]. Number of
cases with central value coséd € [—1, 1]—namely cases
over 3¢ level—are less than half of the total. The number
in NH is 25, and in IH is 23.

The numbers of cases both self-consistent and consistent
with natural limit are 18 in NH and 13 in IH. If we have a
close look at these cases, we would find them consistent
with the maximal CP violation in 3¢ error range, except for
@® in IH and with an unscaled error. Especially, within all
18 cases in NH, 11 of them are compatible with the
maximal CP violation within 1o range, whether the errors
are scaled or not. The detailed results are listed in
Table VIII (NH) and Table IX (IH) in Sec. IV.

C. Tripair combination

Similarly we consider all tripair combinations among
O-©&©®@-®. For there are too many combination cases
(286 in total) but most of them are not self-consistent (over
30 exclusion level), we do not list combinations over 3o
exclusion in both NH and IH. The results are listed in
Table VI (NH) and Table VII (IH).

Self-consistent cases are not necessarily the majority,
and the numbers of them are only 77 in NH and 61 in TH.
As is the same with bipair combination, the number in NH
exceeds that in IH slightly. On the other hand, cases over
3+¢ level have a number of 130 in NH and 146 in [H, nearly
half of the total. There are 39 (NH) and 16 (IH) cases
satisfying the two conditions simultaneously.

Similarly, most of the cases satisfying the two conditions
are compatible with the maximal CP violation in 3¢ range.
Exceptions are @@® and @@® in IH and with unscaled
error. Especially, with unscaled errors, 21 of all 39 cases in
NH are compatible with the maximal CP violation within
1o range. When errors are scaled, the number increases to
25. The detailed results are listed in Table VIII (NH) and
Table IX (IH) in Sec. IV.

IV. CHECKING THE MAXIMAL CP
VIOLATION

In this section we compare constraints by the pairs to
the maximal CP violation. We include all cases that are
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self-consistent and over 3¢ level and discuss separately in
NH and IH.

For each case, we list the deviation from the maximal CP
violation for both unscaled and scaled errors. The results
are listed in Table VIII (NH) and Table IX (IH).

As is mentioned in the previous section, combinations in
NH tend to be slightly more self-consistent. All of the cases
in NH are compatible with the maximal CP violation in 3¢
range, while 3 exceptions are found in IH with errors
unscaled. What is more, cases in NH seem to be more
consistent with the maximal CP violation, since the
majority of the cases (36 in 57 cases) deviate from the
maximal CP violation within 1o range, even when errors
are not scaled. However, in IH only 6 in all 33 cases are
compatible with the maximal CP violation in lo with
unscaled errors. When errors are scaled, the number
increases to 15.

V. CONCLUSIONS

From the examination of the pairs, we find that some of
the pairs are not so consistent with the experimental results,
and that some of the pairs are not consistent with each other
when combined together. When seeking for new mixing
patterns, these cases are not good choices. On the other
hand, some of the cases agree with current experimental
results and are self-consistent as well, such as the trimax-
imal mixing case and the y-r symmetry. They can act as a
starting point when constructing a new mixing pattern.
While the first case of the bipair mixing (i.e., ®®) is a good
choice only in NH and the second case ®® is good only
in TH.

In addition, the examination provides information about
the constraint on the CP phase by pairs. Especially, among
cases that are both self-consistent and consistent with the
natural limit, a majority of them are compatible with the
maximal CP violation. It is necessary to point out that
when deriving the range of the CP phase in Fig. 3, we
adopt the assumption of § € [0°, 180°]. When extending to
[—180°,180°], the results of & € [6;,6,] should also be
extended to be 6 € [-5,,—5,] and [5;, 5,]. Therefore, the
results agree with the hint of the maximal CP violation
with 6 ~ —90° from analysis in Ref. [3] and global fit
results.
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