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Lepton mixing in gauge models
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We reexamine lepton mixing in gauge models by considering two theories within the type I seesaw
mechanism, the extended Standard Model, i.e. SU(2), x U(1), with singlet right-handed heavy neutrinos,
and the left-right model, SU(2); x SU(2)g X U(1),_,. The former is often used as a simple heuristic
approach to masses and mixing of light neutrinos and to leptogenesis, while we consider the latter as an
introduction to other left-right symmetric gauge theories like SO(10). We compare lepton mixing in both
theories for general parameter space and discuss also some particular cases. In the electroweak broken
phase, we study in parallel both models in the current basis (diagonal gauge interactions) and in the mass
basis (diagonal mass matrices and mixing in the interaction), and perform the counting of CP-conserving
and CP-violating parameters in both bases. We extend the analysis to the Pati-Salam model SU(4) x
SU(2), x SU(2) and to SO(10). Although specifying the Higgs sector increases the predictive power, in
the most general case one has the same parameter structure in the lepton sector for all the left-right
symmetric gauge models. We make explicit the differences between the extended Standard Model and the
left-right models, in particular CP-violating and lepton-number-violating new terms involving the Wy
gauge bosons. As expected, at low energy, the differences in the light neutrino spectrum and mixing appear

only beyond leading order in the ratio of the Dirac mass to the right-handed Majorana mass.
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I. INTRODUCTION

In the last years, an impressive experimental progress
has been achieved on the neutrino spectrum and mixing.
Using this information on the light neutrinos mass matrix
my , one is tempted to use the inverse of the seesaw formula
My = —m'ym7'mp,, where mp is the Dirac neutrino mass
matrix, as a window on high-energy neutrino physics, i.e.
on the heavy right-handed neutrino mass matrix My [1-5].

To use the inverse seesaw formula one needs information
on the crucial Dirac mass matrix mp. It has been often
suggested that theoretical information on this matrix can be
guessed within the SO(10) grand unification gauge theory
[6]. In order to study the whole structure of SO(10) as far
as lepton mixing is concerned, we have realized that it is
convenient to begin by considering simpler theories that
also exhibit left-right (LR) symmetry (for a review,
see Ref. [7]).

The simplest gauge theory that has been builded to study
lepton mixing is the one that we call the extended Standard
Model (ESM), i.e. the Standard Model (SM) SU(3) x
SU(2); x U(1)y plus right-handed neutrinos N, one per
generation, singlet under the SM gauge group. Although
this scheme allows us to introduce heavy right-handed
neutrinos, it does not exhibit LR symmetry like SO(10).

One main aim of the present paper is to compare lepton
mixing in the ESM, on the one hand, with lepton mixing in
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left-right models like SO(10). Lepton mixing in the ESM
has been thoroughly studied in the literature [8—11],
especially in Ref. [10] on which the present paper heavily
relies, together with the comprehensive review paper [12].

To compare the ESM with left-right gauge theories we
have found convenient to consider next the left-right model
(LRM) SU(2), x SU(2)g x Up_r (1) [13,14], that exhibits
a number of interesting new features concerning lepton
mixing [15,16]. This gauge group has already an appreci-
able complexity that will be useful as an introduction for
the study of larger LR gauge groups, like the Pati-Salam
model SU(4). x SU(2), x SU(2)g [17], and the grand
unified SO(10) gauge group [6].

We will first consider completely general Dirac or
Majorana mass matrices consistent with Lorentz invari-
ance, that coincide with mass matrices arising from the
most general Higgs structure. We then look for the
parameters that can be rotated away, although in a different
way in the ESM and the LRM. We will consider the
“current basis,” in which the interaction Lagrangian £,, is
diagonal, and the “mass basis,” in which the mass
Lagrangian £,, is diagonal, and we check that, for a given
model, the final number of independent parameters, angles
and phases, is the same in both bases.

Some main results exposed below are already known.
The purpose of this paper is in part didactic, and in part the
understanding a number of particular points. We think it is
worth to explain in detail the differences between the
extended Standard model and the left-right gauge models as
far as lepton mixing is concerned, specially the comparison
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of the interaction Lagrangians of both schemes in the
mass basis.

Here below we expose briefly the fermion and gauge
boson content of the ESM and LRM. In Secs. II and I1I we
perform the counting of the lepton sector parameters of the
ESM and LRM in the current and in the mass bases. For the
mass basis, special care is given to the approximation
mp <K Mg, as compared with exact results, and in Sec. [V
we recall two different representations proposed in the
literature for the Dirac mass matrix mp. In Sec. V we
briefly examine leptogenesis in the ESM and in the LRM.
In Sec. VI we summarize the differences between both
models for lepton mixing. Section VII is devoted to the
extension of our results to other left-right theories, Pati-
Salam and SO(10), and in Sec. VIII we conclude. In the
Appendix we present some details of the calculations.

A. Gauge boson and fermion content of the
gauge models

We now expose the fermion and gauge boson content
of the two gauge theories that we consider in detail, the
extended Standard Model and the left-right model
SUR2), xSUQR2)gxU(1)g_,-

1. Extended Standard Model

The extended Standard Model (ESM) is just the Standard
Model (SM) SU(3) x SU(2); x U(1), with the addition
of one Majorana fermion N per generation, singlet under
the gauge group.

The fermion content of the model is for quarks

u, 1 4
~ 3,2,_ 5 ~ 3’17_ )
(e&) ( 3) i ( 3)
2
de~ (3,1, —= 1
o~ (31-3) 0

and for leptons

<ZL>~(1,2,—1), ep~(1,1,-2), Ng~(1,1,0) (2)

with

Y
Q="Ts + 5 (3)

The gauge bosons are the gluons (8, 1, 0), the W; bosons
(1,3,0) and the B boson (1,1, 0).

The Higgs sector needed to achieve the Spontaneous
Symmetry Breaking (SSB) and give masses to the fermions
is the usual doublet ¢ ~ (1,2, —1). The novelty in the ESM
with respect to the SM is just the presence of the Majorana
Ny singlet. The right-handed fermion Ny can have a large
mass, of a different scale than the SM, that can be
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originated from a Higgs boson singlet relative to the
Standard Model ® ~ (1,1,0), or simply be a bare mass
term,

(1, 1,0)f x (1, l,O)f =(1,1,0), (4)
that, together with the Dirac mass terms,

(L.2,-1); x (L2, 1)7 x (1,2,~1),; = (L. 1,0) + -
(5)

gives the general neutrino mass matrix,

e m) e

t
mp Mg

where mp and My are, respectively, general complex and
complex symmetric matrices.

2. Left-right model

In the LRM model SU(3)x SU(2), x SU(2)gx
U(1)g_;, the classification of L and R fermions is for

quarks
(”L>~<3,2,1,3>, (”R)~<3,1,2,1> (7)
dy 3 dg 3

and for leptons

<n>~<1’2’1,_1)’ <NR>N(1,1,2,—1) ®)

er €Rr
with

B-L
Q=T3L+T3R+T- )

The gauge bosons are the gluons (8,1,1,0), the W
bosons (1, 3,1, 0), the Wy bosons (1,1,3,0) and the B — L
singlet (1,1,1,0).

The Higgs fields needed to achieve SSB and the seesaw
mechanism are the bidoublet ¢~ (1,2,2,0) and the
triplet A ~ (1,1,3,2).

The bidoublet, written as

0 —+
SO

breaks the SM group and gives masses to quarks and
leptons through the Yukawa terms
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1 - 1
<3,2,1,—> x<3,1,2,——> x (1,2,2.0), 5
3 f 3 ¥ !

f
= (1,1,1,0) + -~
(L.2.1,-1); x (L1,2,1)7 x (1,2,2.0), 5
= (1,1,1,0) + -, (11)

with H = ¢ and H = GzH*Gz.
From the vacuum expectation values,

(@) =k, (#5) =k, (12)

which can be complex, the Yukawa couplings give the
Dirac masses, as in the SM, but with a different pattern.
Quark mass matrices m,, m, and the Dirac neutrino mass
matrix mp read

my :pkl +qk§’ WlePkQ‘Fqk’lk
m, = rky + sk, (13)

where p, ¢, r and s are complex Yukawa coupling matrices.

The triplet H = Ay, breaks the LR model to the SM and,
at the same time, gives a Majorana mass to the right-handed
neutrino Ny through the Yukawa term

(1,1,2, —l)f x (1, 1,2,—1)f x (1,1,3,2),
=(1,1,1,0) +--- (14)
(A%> = Ug, Mﬁe = Mpg, (15)

where ¢ is a complex symmetric Yukawa coupling matrix.
The full neutrino mass matrix has the form

mp = rky + sk,

MR = tUR,
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We consider this minimal Higgs content that is necessary
in the LRM, and we do not introduce a possible left-handed
triplet A; = (1,3,1,2), that could, in principle, contribute
to the light neutrino masses.

II. CURRENT BASIS

In what follows, we consider the gauge models in the
electroweak broken phase. We only make explicit the
charged current terms in the interaction Lagragians of both
gauge models.

A. Extended Standard Model

The mass and interaction Lagrangians write, in an
obvious compact notation,

l——— _
‘Cm = l_/LmDNR + 5 (NR)LMRNR + ermeyep + H.c.

L, =0bye W +He. (17)

The matrices mp and m, are general complex, each has
nine complex parameters, while My is general complex
symmetric with six complex parameters.

The lepton number assignment L(Ng) = —L((Ng)¢) =
1 implies that the Majorana mass term is |AL| = 2 while,
like for the other fermions, while the Dirac mass term
is |JAL| =0.

From now on we adopt the following simplifying

0 rky + sk; notation for the real parameters of an arbitrary square
= <r’ PR . >; (16)  complex matrix M, that has n(m) parameters, where n is
! 2 R the total number of real parameters, among which there are
i.e., it has the general form (6). m(m < n) are phases:
|
[M has n(m) real parameters <> nreal parameters, m < n phases| (18)

In this example, mp and m, have 18(9) real parameters
and My has 12(6) real parameters. Therefore, a priori one
has in this model 30(15) real parameters.

Let us see now that we can reduce the number of
independent parameters without modifying the interaction
Lagrangian L£,,. Diagonalizing m, and My by

m, = VZLm(enagVeR’ My = U%MtlieiagUR (19)

and redefining the fields

Vervr vy
UgNg— Ng, V.ger— eg, - (20)
Verer er

one gets

[
1 .
L, =0 VmpUgNg + 3 (Ng) Mg* Ny
=+ éngiageR =+ H.c.
£W = l_/L]/ﬂeLWIZ + H.c. (21)

The simultaneous transformation of v; and e; in (20),(21)
ensures the invariance of £,,, but then V,; appears in the
Dirac mass term. Since my, is a general complex symmetric
matrix, so is V,;mpU. Changing the notation

VeLmDU; — Mp (22)

one obtains
1 . .
Cm = DLmDNR + E (NR)CMdRIagNR + énglageR + H.c.

£w = l_/Ly”eLW’z + H.c. (23)
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We can redefine the doublet (ZL ) and the singlet e by
L

the same diagonal phase matrix P,:

v P.v
< L)_)< 8L>7 eR_)PeeR (24)
er P.e;

and one gets

1 . .
L, =B PimpNg + 5 (NR)MWEN + 2, mo* ey + H.c.
EW = I?L]/”ELW;I{ + H.c. (25)

Finally we can choose the phase matrix P, to cancel three
phases of mp in Pimp,

1]— . .
‘Cm = DLmDNR + E (NR)CM?;agNR + éLmSlageR + H.C.
EW = DLylueLWIZ, + H.C., (26)

where now the Dirac mass matrix my, is not a general
complex matrix, but has nine real parameters + six phases,
i.e. 15(6) real parameters.

To summarize parameter counting, one is left in the
current basis with 15(6)(frommp) +3(0) (from ms*%) +
3(0) (from M%*®) = 21(6) real parameters, ie. among
them 6 phases. This counting agrees with the one per-
formed in Ref. [18].

B. Left-right model
In the LRM, the Lagrangian in the lepton sector reads

1
'Cm = DLmDNR + 5 (NR)CMRNR + éLmeeR + H.C.
EW = DLy”eLW’z —+ NR]/”eRWI;Q + H.c. (27)

Notice that, to simplify the notation, possible W; — W,
mixing is for the moment neglected in the interaction term
but will be considered later. The matrices mj, and m, are
a priori general complex with 18(9) parameters each, and
My is a general complex symmetric matrix with 12(6)
parameters.

An important remark is in order here. Parameter counting
of the left-right model in the current basis means that we are
assuming the whole interaction Lagrangian L, in (27) to be
diagonal, both in the left and the right sectors. For low-
energy neutrino physics, it can seem academic to assume
that the right-handed piece NR}/ﬂeRW’;e + H.c. is kept
diagonal, because it is an interaction term involving
high-scale degrees of freedom. However, this natural
assumption in any LR gauge theory is not only a formal
point since, to keep this piece diagonal amounts to
assuming that one assigns a lepton number to the Np
neutrinos, in just the same way as is done for the v
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neutrinos in (27), and in consistency with the assignment
L(Ng) =—L((Ng)°) =1 in the ESM. As we will see
below, the diagonalization of the light neutrino mass matrix
and of the right neutrino mass matrix will result in mixing
matrices of the PMNS type for both the light and the heavy
neutrinos.

Diagonalizing m, by (19) and redefining the fields

Vv v V.rN N
()= (o) G )= () e
Verer er Verer €Rr

one gets

_ + I~y .
L, =0, VympV,gNg + 5 (NR)VorMRV g Ng

= di
+e,m*ep + H.c.

L, =0ry,e Wi + Ngy,erWhy + Hee. (29)

Since mp is general complex, so is VeLmDVZR, and My
being complex symmetric, so is VMgV’ ..

Changing the notation

VampVig = mp,  VigMgVig = Mg, (30)

one obtains

1 .
Cm = DLmDNR —+ 5 (NR)CMRNR + énglageR + H.c.
‘Cw = ELerLWIZ + NR]/”ERW;;Q —+ H.c. (31)

We can redefine the doublets by the same diagonal phase
matrix P,,

P N PN
(VL)_)( eUL>, < R)_)( e R>’ (32)
er P.ep €Rr P.eg

and one gets

. 1 ,
L, =v PempP,Ng +§(NR)°PeMRPeNR

- di
+2,m*eg + H.c.

‘Cw = I?L}’ﬂeLW’Z =+ NRj/”eRWI;Q + H.c. (33)

We can choose the phase matrix P, to cancel three phases
of mp, or three phases of My, but not both at the same time.
We choose to absorb three phases in M. Changing the
notation PympP, — mp, one gets finally

1 .
Em = DLmDNR + E (NR)CMRNR + éLm(ehageR + H.c.
‘CW = DL}/ﬂeLWIZ + NR}/”eRW’;Q —+ H.C., (34)

where mp is an arbitrary complex matrix with 18(9)
parameters and My is complex symmetric with 9(3)
parameters.
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To summarize, one gets finally in the LRM: 18(9)
parameters from mp + 9(3) parameters from My +3
cigenvalues in mg® = 30(12) parameters.

Much more constrained models have been considered in
the literature. For example, the Minimal LRM within
supersymmetry with a Higgs content that implies m, =
mp,m, = my (up-down unification) [19], that has a
reduced number of parameters.

III. MASS BASIS
A. Extended Standard Model

For the diagonalization of the whole 6 x 6 neutrino mass
matrix, we proceed step by step, and we begin with (26),
where m‘j‘ag and Mdlag are diagonal and the Dirac mass
matrix mp has 15(6) parameters. So we can rewrite

1 — 1%
L, =L, (NR)“)M< - ) + e, m*eg + Hee.
2 Ng
EW = DLyueLWIZ, + H.C., (35)
where M has the form
0 mp
M = o). 36
<m’D M?;ag> (36)
This matrix has 18(6) parameters: 15(6) from mp and 3(0)

from M9,
Let us now diagonalize M with the unitary matrix V
[9-11]

M = vV Mdiagyt (37)
where
diag 0
M = (mL diag ) (38)
0 My
K R
V= ( S T) . (39)

Notice that since M%2¢ has 6 eigenvalues, and M has 18
(6) parameters, the 6 x 6 unitary matrix V will have
18(6) — 6(0) = 12(6) parameters. Rewriting (35) under
the form

1

A vy
ﬁm E(UL,(NR) ) Mdlagvl<NL ) +eLme €R+HC
R

to= @y o) (¢ )W”+Hc (40)

and redefining
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")~ (3)
Ne) ~ \Ng

(@, (Ng))V = (&, (Ng)), (41)
one gets
1 di 2 diag
L, =5V, (NR) JMae + e, m. “egr + H.c.
2 Ng
_ /1 0
Lo =0 WNMY' o Wi +He  (42)
or
1__ dlag ¢ 1 dlag
Em—iy (L) +2(NR) Ng+2,mi* e, +H.c.
= (UzK e, +(Ng)°RTe )y, Wi +H.c. (43)

The first term in £,, describes the Standard Model AL = 0
decay,

Wi — e, (44)

while the second term corresponds to the well-known
AL = 2 process,

(Ng)¢ = e Wy, (45)

(L(Ng) = —L((Ng)¢) = L(e.)). The notation (Ng)° for
the heavy neutrino makes explicit also the chirality con-
servation of the V — A interaction.

Notice that only the 3 x 3 complex matrices K and R
from the 6 x 6 unitary matrix (39) are involved in
the formula (43). Let us now count the parameters of these
matrices. From the zero in the matrix M (36) and the
definitions (37)-(39) one finds (see Eq. (AS8) of the
Appendix for m; = 0),

Kmi“8 K" + RMY™R' = 0. (46)
Using the unitarity of the matrix V (39) one has
KK'+ RR" = 1. (47)

Equations (46) and (47) are identities between 3 x 3
matrices involving only the mixing matrices K and R and
not the whole matrix (39). Due to these relations, the
matrices K and R are correlated.

The conditions (46) and (47) reduce the number of
independent parameters. Equation (46) is self-transposed,
and gives 12(6) constraints, while (47) is Hermitian, giving
9(3) constraints. This reduces the number of parameters of
the two complex matrices K and R from 36(18) down to
1509).
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Finally, redefining the charged lepton fields by a diago-
nal 3 x 3 phase matrix Q,
ey — QZeL’ €R = QZeR (48)

one gets, from (43),

L, = —VLmilag (VL)C

['w:(l/L(Qe )T+(NR) (Qe )T)yﬂeLWﬂ+HC (49)

On the other hand, multiplying (46) on the left by Q, and
on the right by Q, and (47) on the left by Q, and on the
right by QL these equations become

l—— . .
+§(NR)CM?;agNR + énglageR +HC

(0.K)m$™(Q K)' + (O, R)MZ(Q,R) =0  (50)
(0.K)(Q.K)' + (0.R)(QR) =1, (51)

and we can absorb three phases of one of the matrices K or
R, but not of both matrices at the same time.
In summary, the matrices K and R have together 12(6)

parameters, and adding the 9(0) parameters from mg%,

m$“e and M one obtains a total of 21(6) parameters, the
same number as in the current basis. In the ESM the
matrices K and R are decoupled from S and T of (39), and
obey relations (46) and (47).

We can now go somewhat further by considering first the

whole matrix (39), and assuming mp << M.

1. The matrices K, R, S, T in the
extended Standard Model

Starting from the Lagrangian in the current basis (26),
mp has now 15(6) parameters. Particularizing formulas
(A8)—(A10) of the Appendix to the present case, we have

Km{**K' + RMG*R' =0 (52)
diag of diag -y 5 gdiag

SmES" + TMRET! = M, (53)

Km{“S" + RMY T = my,. (54)

Considering for the moment the unitarity of the matrix
(39), the number of independent parameters in the lhs
will be 36(21) from (K, R, S, T) + 3(0) from m$“ + 3(0)
from M = 42(21).

The complex symmetric matrix equatlon (52) gives 12(6)
constraints. On the other hand, M Rl € appears already in the
rhs of (53), and this equation implies 12(6) — 3(0) = 9(6)
constraints. Since mp has now 15(6) free parameters,
Eq. (54) gives 3(3) constraints, giving a total of 12(6) +
9(6) + 3(3) = 24(15) constraints. Therefore the number
of independent parameters is 42(21) —24(15) = 18(6)

parameters. Adding the 3(0) eigenvalues of m>* one gets
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18(6) + 3(0) = 21(6) parameters, the same result as in the
current basis.

Moreover, subtracting from this total of 21(6) parameters
the 9(0) mass eigenvalues ma¢, m dmg and Mdlag the set of
matrices (K,R,S,T) has 12(6) parameters the same
number that we have found for K and R, so that S and
T are not independent.

Exact relations between the matrices K, R, S, T.—On the
other hand, from (36)—(39) one has

(o i) (5 )= )
mtD M}i;ag S T* - ST 0 MdRiag ’

(55)
hence,
mpS* mpT*
<m;)1<* + MS*ES* ml R* 4+ MSET )
= (KmdLiag R ) (56)
Smi*  TMGE

and, therefore, one obtains the following exact expressions
of the matrices R, S in terms of K, T, mp and the mass
eigenvalues:

R = mpT*(Mg*®)™! (57)

S = (mp) "' K*mje. (58)

From inspection of the precedent equations, one sees that
(57) and (58) are relations between the mass basis quan-
tities (K, R, S, T, m3"¢, M%) and the current basis matri-
ces mD,M?e ®, smce My is diagonalized and appears in
both bases. Eliminating mp, one finds an exact relation
between quantities in the mass basis

MUET-18 = (R*)~'K*mie, (59)

The matrices (K,R,S,T) for mp < Mp.—If mp < Mg,
one has the order of magnitude

R~S~0(A"/’I—Z>. (60)

Neglecting in Egs. (A2)—(A7) of the Appendix the terms
of 0(;‘"4—%2’) one gets the approximate unitarity conditions

KK'=K'K=1 (61)

TT' =T'T =1. (62)

Moreover, from (61) and (62), both Egs. (A4) and (A7)
imply the same approximate relation between R and S:
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=—KS'T. (63)
In conclusion, in the present approximation one gets two

unitary matrices K and 7 (61) and (62) and the matrix R
given in terms of (K, T,S) by (63).

On the other hand, neglecting terms of 0( ) in
(52)—(54), one gets Mi
Km{® K" + RMY* R =0 (64)
TMGET! = My (65)
RMY™ST! = my,. (66)
Equation (65) implies
T=1. (67)

Notice that (66) is identical to the relation (57) obtained
above. On the other hand, combining (63) with the exact
relation (59) one consistently obtains (64).

One can see that (63) gives just the seesaw formula.
From (57), (58), and (67), Eq. (63) implies, after some
algebra,

Km{ "K' = —mp (M)~ m), (68)

and from the general complex symmetric matrix m;,
my, = KmS"¢K", (69)
one gets the seesaw formula in the ESM:
my, = —mp(MEE) . (70)

We see that K is the mixing matrix for light neutrinos that
appears in (43) in the basis in which m, is diagonal.

On the other hand, relation (57) or (66), together with
(67), implies

R = mp (M) ()

and using the seesaw formula (70), relation (58) becomes

S =—(MY*)"'ml K (72)
consistent with (63).

The whole set K, R, S, T has 12(6) parameters, implying
from (67) that K, R and S have 12(6) independent
parameters. Since according to (72) the matrix S is not
independent, the matrices K, R that appear in the inter-
action Lagrangian (43), have together 12(6) parameters.
From (71) and the 15(6) number of parameters of mp, we
see that R will have 12(6) parameters. Since K is unitary in
the present approximation, we can choose 6(3) independent

PHYSICAL REVIEW D 92, 033004 (2015)

parameters within R to provide the unitary matrix K with
6(3) parameters, the physically relevant PMINS structure.
Then R will have other extra 6(3) parameters. However,
other solutions are allowed, since K 1is unitary, not
necessarily of the PMNS type.

2. Summary of the parameter counting in the mass basis

In the mass basis, parameter counting in the physically
relevant case is 12(6) parameters from both the complex
matrices K, R (among these, 6(3) parameters from the
PMNS-like matrix K) +3(0) parameters from M$¢ + 3(0)
parameters from m$*¢43(0) parameters from mye =
21(6), the same counting as in the current basis.

The more constrained condition mp << My provides a
particular case: R has 12(6) parameters, among which one

has to choose the 6(3) parameters of the PMNS matrix K.

B. Left-right model

Let us start from the Lagrangian (34) of the LRM. At this
stage My is complex symmetric with 9(3) parameters. We
rewrite (34) under the form

(v)°

0 9w

+ (Ne. %)y ((1) 8)(6 )W"+Hc (73)

L, = % (7L, (NR)")M< ) + 2 mi*ep + Hec.

‘Cw = (ﬂ’ (NR)L)

where

M= <n?D ) (4

Unlike the case of the ESM, the complex symmetric block
My, is not diagonalized, it has 9(3) parameters since three
phases have been rotated away.

Using the unitary matrix V (36)—(39),

(UL, (NR)) = (T, (Ng))V'

Ve wr) > W) (| V() o) 09

we obtain the following Lagrangian in the mass basis:

1 l— -
Em:—ﬁ czlag(l/L)C+ (NR)CMdRIagNR+éLm(ghag€R+H.C.

2 2
DEW = (WKT + (NR)CRT)yyeLW’i
+ (NgT"+ (v1)°S")y,erWi +H.c.. (76)

The 3 x 3 matrices K and R enter in the left sector, while
T and S enter in the right sector, in a symmetric way.
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A formula of similar structure to Eq. (76) follows from the
results of Ref. [16], but uses a quite different notation.

It is important to point out that the terms dependent
on K and T are lepton number conserving, AL = 0, while
those that depend on R and S are lepton number
violating, AL = 2.

1. The matrices K, R, S, T in the left-right model

Particularizing (A8)—(A10) of the Appendix to the case
(74), we have

Km{“®K' + RMR“*R' = 0 (77)
SmIES! + TMGET! = My (78)
KmS“est 4 RMYET! = myp. (79)

Considering for the moment only the unitarity of the
full matrix V (39), that has 36(21) parameters, the number
of independent parameters in the lhs of the precedent
equations will be 36(21) from (K,R,S,T) + 3(0) from
mie 4+ 3(0) from M3*® = 42(21) parameters.

The complex symmetric matrix equation (77) gives
12(6) constraints. On the other hand, My in the rhs of
(78) has 9(3) free parameters, and this equation implies
12(6) —9(3) = 3(3) constraints. Finally, since mp is a
general complex matrix, with 18(9) free parameters,
Eq. (79) does not give any constraint. This gives a total
of 12(6) +3(3) = 15(9) constraints. Therefore one has
42(21) — 15(9) = 27(12) independent parameters. Adding
the 3(0) eigenvalues of mglag, not counted up to now, one
gets 27(12) 4+ 3(0) = 30(12) parameters, the same result
as in the current basis.

Moreover, subtracting from this total number of 30(12)
parameters the 9(0) mass eigenvalues mdiae mi‘ag and
M3 we see that the set of matrices (K,R,S,T), that
appear in the interaction term (76), have a total of 21(12)
parameters.

In the SU(2), x SU(2)g x U(1) Model one obtains also
the exact relations between the matrices K, R, S, T given
above by Egs. (55)—(59).

The matrices (K, R, S, T) for mp < Mp.—

The relations given above within the approximation
mp K My (61)-(63) for the ESM also hold in the
LR model. ,

Let us rewrite Egs. (77)—(79) neglecting terms of 0(;172):

Km$“*K' + RMZ™R' = 0 (80)
TMYET' = My (81)
RMY™ T = my, (82)

Equation (82) is the above obtained exact relation (57) if
one neglects in the latter higher-order terms. This means

PHYSICAL REVIEW D 92, 033004 (2015)

that in (79) the first term of the lhs, that is of O(m3},/M%),
is compensated by higher-order terms in the second term
RM‘,i;agT’. On the other hand, combining (63) with the
exact relation (59), one consistently obtains the exact
relation (77).

According to (62) and (81), the matrix 7 is the unitary
mixing matrix of right-handed neutrinos, for which we can
take 6(3) parameters, i.e. a matrix of the PMNS type.
Equation (61) holds also in the LRM, and K is the unitary
mixing matrix of light left-handed neutrinos.

Since the whole set K, R, S and T has 21(12) parameters
and the matrices K, T have 6(3) parameters each, this
implies that R and § can have together 9(6) extra inde-
pendent parameters.

In the LR model, from relations (63) and (81) one obtains

Km{™K' = —mpT* (M%) T m!), (83)
1.e. the seesaw formula
my = —mpMz'mb, (84)

where My is not diagonalized, to be compared with the
seesaw formula (70) in the case of the ESM.

Notice the important point that in Sec. I we have
disregarded the possibility in the LRM of a Higgs triplet
A; that, in principle, could also contribute to the mass of
the light neutrinos (see for example [3,20]), so that
formula (84) is only correct in the LRM if one neglects
this type II seesaw contribution.

Equation (82) implies, using the approximate unitarity
of T,

R=mpT*(Mg*)™", (85)

to be distinguished from (71), that holds in the ESM case.
We see that in the LR case the PMINS matrix 7 of the heavy
neutrinos 7 enters in the matrix R and, on the other hand,
the matrix § satisfies relation (72) that we found in
the ESM.

2. Summary of the parameter counting in the mass basis

We have seen that the set of matrices K, R, S and T have
together 21(12) parameters. Unlike the case of the ESM, in
the LR model we have enough parameter space to accom-
odate two different PMINS matrices for K and 7', with 6(3)
parameters each. Then, R and S can have together extra 9
(6) parameters. However, this situation is not compulsory:
there can be overlap between the parameters of all the four
matrices K, R, S and T.

In conclusion, the parameter counting in the physically
interesting solution is as follows: 6(3) parameters from the
PMNS-like unitary matrix K 4 6(3) parameters from the
PMNS-like matrix 7 4 9(6) extra parameters from
the complex matrices R, S + 3(0) from M3 + 3(0) from
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m$™ 4 3(0) from mS* = 30(12) parameters, the same
number as in the current basis.

3. Possible observables in the left-right model

The gauge bosons W; and Wy are mixed in the left-right
model,

W; =cos{W; —sin{W,,
Wi = e®(sin W, + cos ¢W,), (86)
where W, and W, are mass eigenstates, and the mixing

angle £, in terms of the vacuum expectation values (12) and
(15), is of the order [15]

2|k k
~ 49 | 122|.
gr |vgl

¢

(87)

From (76), it is interesting to write down the lightest
mass vector boson W, couplings to leptons,

Ly = [cosC(TKT + (Ng)R)y,eL

+ e sin{(NgT" + (v.)°S")y,er|WY +He.  (88)

Besides the ~cos{ term that describes the processes
AL =0 (44) and AL =2 (45) as in the ESM case, the
subleading term ~ sin{ describes the AL = 0 process,

NR —>€RW1, (89)

and the lepton-number-violating decay AL =2 of the
gauge boson

Wi — eg(vL)S, (90)

[L(eg) = L((vy)°) = —L(eg) = —L(v;)]. However, the
amplitude for this latter decay is very small, as we will
see below.

On the other hand, the heavier vector boson W,
couplings to leptons read

Ly = [=sin¢(@ K" + (No) 'R )rer
+ € cos {(NgT" + (v )°S")y,er|Ws +H.e. (91)

Here, the subleading ~sin{ term describes the AL =0
process,

W2 - E‘LI/L, (92)

and the AL = 2 transition, assuming the mass of W, is
heavier that the one of Ng,

W, — e, (Ng)© (93)
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On the other hand, the leading ~ cos ¢ term describes the
process AL = 0,

W2 g ERNRv (94)
and the AL = 2 involving light leptons,
Wy = ep(vL)’. (95)

Of course, the phenomenological relevance of the AL =2
decay involving the Wy gauge boson depends on its
mass scale.

Concerning the possibility of physics of the LRM at
relatively low energies, with observables at LHC scales,
one should remember that there are severe constraints on
such a low-energy LRM. This point has been carefully
studied in a detailed paper by Deshpande, Gunion, Kayser
and Olness [21], who have examined the relevant con-
straints: structure of the vacuum, limits on flavor-changing
neutral currents, etc. The conclusion is that, although such a
low-energy LRM is not excluded, it is not natural in a
straightforward way and can only be formulated through
some degree of fine-tuning.

If one assumes that the mass scale of the LRM is low, it
makes sense to look at the LHC for lepton-number-
violation processes through the search of pp — £7jj
topologies, where the two leptons are of the same charge
(see for example the recent Refs. [22-24]).

Indeed, using (91) there is the possibility of the AL = 2
process,

W3 ~ Wy — exNg — exge, Wy — egerjj, (96)

where W} decays into two hadronic jets, the subscripts in
er and e; mean the couplings to Wy and W, and we use
the notation (eg)¢ = e, (e )¢ = e; . The decay chain (96)
is the very interesting Keung-Senjanovi¢ process proposed
long time ago [25] that tests, at the same time, the decay of
the gauge boson Wy and the Majorana character of the
right-handed neutrino Ny.

The PMNS mixing matrix 7 of the heavy right-handed
neutrinos N controls the decay Wj — efNg. On the
other hand, we see from formula (76) that the secondary
decay Np — e¢fW; is controlled by the matrix R =
mpT*(M$*)=! [cf. (85)]. Therefore, this latter decay is
controlled by the Dirac mass [25] in the basis in which My
is diagonalized, m}, = mpT* (see below the leptogene-
sis part).

The decay chain (96) through W} — efNg — ezef Wi
depends on both matrices 7 and R. Let us suppose that,
through the kinematics of the two jets in the decay
W7, — jj, one can reconstruct the W; boson. Then, the
angular distribution of the three body decay Wj; —
eref Wy will give information on the matrices 7 and R.
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The discussion of the observables in these decay chains
depends on the assumed Np spectrum. One usually
assumes that the gauge boson Wy has a mass bigger or
of the order of the heaviest N, that would correspond to a
Yukawa coupling of O(1), in analogy with the top quark.
However, to simplify what follows, let us assume that all
NRl_(i = 1,2, 3) are lighter than the Wy

From relation (85) one can see that, in the limit of
degenerate heavy neutrinos, summing over the three N,
the amplitude for the process Wi — efe; Wy depends on
the product m}TMz!, where My, is the nondiagonalized
right-handed neutrino mass.

One relevant question is to ask whether one can measure
the PMNS mixing matrix 7. Although quite difficult, as
said above, the W, could, in principle, be reconstructed
through its decays into two jets W; — jj, and the different
Npg, could be reconstructed as well through the decays
Ny — e/ W;. Our starting point was the mass Lagrangian
where the charged lepton part is diagonalized (73), and the
final output was the interaction Lagrangian (76), where the
decays Wj — efNg (i =1,2,3) depend on the PMNS
matrix 7. Considering the possibility of the three leptons
e;(i =1,2,3) of the Standard Model e, u, 7, we see that
through the rates of these decays, the moduli of all the
matrix elements 7;; are, in principle, accessible to
experiment.

IV. REPRESENTATIONS OF THE DIRAC
MASS MATRIX

The Dirac mass matrix mp is a crucial input in neutrino
physics, making the link between high and low energy. We
review now some useful representations of mp.

A. Triangular parametrization

An interesting representation of the Dirac mass matrix
mp has been proposed by Branco et al. [10],

mp = Umy, (97)

where U is a unitary matrix with 6(3) parameters of the
PMNS form, although not identical to it, and m, is a
triangular matrix, with three vanishing off-diagonal
elements, three real diagonal elements and three complex
off-diagonal elements.

The factorization formula (97) is usually called in
mathematics “QR decomposition” of a complex matrix
M. In MATHEMATICA notation [26] QRDecomposi-
tion[M] gives the decomposition of a numerical complex
matrix M in terms of a unitary matrix U and an upper
triangular matrix m,, while [9,10] refer to a lower triangular
matrix, although this is not an essential point. This decom-
position can be numerically very useful for texture models of
the matrix mp, since it isolates m, and, hence, the
parameters that are relevant for leptogenesis.
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The counting of parameters for m, holds in (97): 15(6)
parameters of m, = 6(3) parameters of U + 9(3) param-
eters from the triangular matrix m,. Relation (97) also
holds if mp is general complex and U a general unitary
matrix: 18(9) parameters of m, = 9(6) parameters of U +
9(3) parameters from the triangular matrix m,. In the same
way that three phases of mp can be rotated away by the
transformation (24)—(26), and one can consistently rotate
away three phases of the general unitary matrix U [10].

Relation (97) is nontrivial. Indeed, because of the
unitarity of U, we see that mLmD is given by

m;)mD = mZmA, (98)

and, therefore, the three CP phases of m, control the
amount of leptogenesis at high energies in the one-flavor
approximation.

1. Extended Standard Model
With (97), Eq. (71), obtained within the seesaw, reads

R = Umy(M$*)™" (99)

We have seen above that if we decide that K is of the
PMNS type with 6(3) parameters, then the parameters
of K have to be chosen among the ones of R. A solution
satisfying this criterium is a Dirac mass matrix given
by [9]

R=Kmy(M3™®)~'.  (100)

mp = Kmy,

Besides its historical interest, this solution has the very nice
feature of factorization of the Dirac mass matrix into two
pieces, a low-energy PMNS mixing matrix K with 6(3)
parameters, and a high-energy mass matrix m,, that has
9(3) parameters and controls leptogenesis.

Another extreme case would be to assume that U = 1
[27,28] that implies

mp=my,  R=my(M3)". (101)

This ansatz relates directly the CP-violating phase in
leptogenesis and CP violation at low energy in neutrino
oscillations.

However, there are many other solutions, since in all
generality one can choose the parameters of K among the
ones of the product mp = Umy,.

2. Left-right model
Equation (85) reads

R = UmaT*(M3*)™!, (102)
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where we see that the matrix 7, unlike the case of the ESM
(99), enters in the definition of the matrix R, that controls
leptogenesis.

B. The orthogonal parametrization

Another useful parametrization of mj, has been proposed
by Casas and Ibarra [29].

1. Extended Standard Model

Starting from the seesaw formula (70) and diagonalizing
m; by the PMNS matrix K (69),
L

mp (M)~ mi K* (103)

As pointed out in [29], this relation implies,

_(mcLliag)—l/zKTmD(M?;ag)—l/z(M?;ag)—1/2 tK*( dmg) 1/2

=1 (104)
and, therefore, the matrix i(m$")~V /2K mp(M$S*)=1/2 is
an orthogonal complex matrix O

0 = i(mi) 12K mp(ME2)712, (105)
i.e. 00" = 1. One finds the general expression for mj, in
terms of the matrix O
mp = —iK(m$*) 20(MG*2)1/2, (106)
One can check from this expression that my, = Km, (100)
is not the most general form for mp because O, being a
general complex orthogonal matrix, the combination
—i(m$€)1/20(M%*)1/2 is not triangular in general.
The parametrization (106) is very useful to analyze

leptogenesis CP asymmetries when taking flavor into
account.

2. Left-right model
From Eq. (83) one gets, instead of (104),

_( dlag) 12K m T*( diag)—1/2

(Mdlag) 127, zK*( dlag) 1/2 1 (107)
which defines the orthogonal matrix

0 = i(mS* ) 2Ky T (MY*)=1/2 (108)
and mp is now in the LRM,

mp = —iK(m§)20' (Mg*)V*>T",  (109)

which includes the PMNS mixing matrix 7" of right-handed
neutrinos.
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C. Relation between the triangular and
orthogonal forms

The orthogonal parametrization of the Dirac mass matrix
mp appears to be powerful because it explicitly includes
low-energy quantities, the light neutrino eigenvalues m‘z e
and the PMNS mixing matrix K and, on the other hand,
high-energy quantltles the heavy right-handed neutrino
eigenvalues M%*® and an unknown orthogonal complex
matrix O. One can write down the relation between both
representations.

In the ESM, from relation (106) one can write the QR
decomposition of the matrix

—i(m ") 20(MR"™)!/? = Vimy, (110)
where V is another unitary matrix, and m, a triangular
matrix. We see therefore that the matrix mp has the form of
the triangular parametrization (97) mp = Um,, with the
PMNS matrix K being a factorizable part of the unitary
matrix U, namely U = KV. Therefore, although one can set
U=1,ie. V=K, and then the low-energy phases are
part of m, and hence of leptogenesis, the natural solution
seems to be that the PMNS matrix K is a unitary factor of
the matrix U, i.e. U = KV, V being a unitary matrix.

V. LEPTOGENESIS

The gauge models that we consider conserve B — L. As
nicely pointed out by Strumia [30], the mere existence of
sphalerons, that violate B 4 L in the Standard Model at
high temperature, suggests that baryogenesis can proceed
via leptogenesis [31,32]. From (43) or (76), we see that
lepton number is violated by the decays of heavy right-
handed neutrinos, giving rise to a lepton asymmetry that is
partially converted into a baryon asymmetry by the
sphalerons. The out-of-equilibrium CP-violating decays
of heavy Majorana neutrinos, supplemented by sphaleron
interactions, satisfy the three Sakharov criteria [33] to
obtain baryogenesis.

In this section we consider leptogenesis in the electro-
weak broken phase, coming from the CP-violating AL = 2
decay (Ng)¢ — e; W, in the Lagrangians (43) of the ESM
and (76) of the LRM.

The actual leptogenesis occurs at very high temperature,
in the electroweak unbroken phase. The connection
between cosmological CP violation in the unbroken phase
[34] with a single massless Higgs doublet and in the broken
phase has been underlined by Branco et al. [10]. In the case
of the left-right model, this connection is not clear a priori
because the massless Higgs fields in the unbroken case
belong to the bidoublet (10). As we emphasize below, this
relation is worth to be investigated. For the moment, we are
interested here in the possible differences between the ESM
and the LRM in the broken phase, where the interaction
Lagrangians (43) and (76) apply.
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A. One-flavor approximation

1. Extended Standard Model

In this part on the ESM we reproduce the results of
Ref. [10], with the aim of comparing below with the LRM.
The lepton number asymmetry from the decay of the Ist,
lightest heavy Majorana neutrino, in the broken electro-
weak phase and in the one-flavor approximation is given by

B 7 1 1
- M3, 167 (RTR)

€ F<xk)M%Im[(RTR)1k]2 (111)

11 k1

since, from (43), the matrix R is responsible for the
transition (Ng)¢ — e, W, or, equivalently, the decay
(Ng)¢ — e, H above the phase transition. In Eq. (111)
the function F(x;) reads

i en25)

+ X l—xk

(112)

As pointed out in Ref. [10], from (71) R = mD(Mdeag)‘l,
which holds in the ESM for m << My, one gets the lepton
number asymmetry in terms of the Dirac mass or, equiv-
alently, in terms of the Yukawa couplings % in the
unbroken phase:

a=2 L L S mmhmp) . (113)

=2 T
My, 167 (mpmp), k#1

While the expression of the lepton number asymmetry
(111) depends only on quantities of the mass basis, namely
on the matrices R, Mdeag, expression (113) depends only on
quantities of the current basis, since the matrix My is
diagonalized from the beginning in both bases. Notice that,
as exposed in [10], expression (113) has a well-defined
limit for the SM vacuum expectation value limit v — 0,
given in terms of Yukawa couplings corresponding to
the decay in the unbroken electroweak phase (Ng)¢ —
e H [34].
In terms of the matrix m, one gets

2
g 1 1 i 2

:__—E F(x)Im[(mymy)y )%, (114)
M, 16z (mZmA)ll [ :

€

which depends only on the three phases of mi,.
On the other hand, in terms of the orthogonal matrix O
defined in (105) the CP asymmetry is given by
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B 7 1 1
- M3, 162 My~ mi| 0y 2
X Y F(x;)MMIm [Z(mjojl)ﬂ . (115)

k#1

€

J

2. Left-right model

In the LR model one has, in principle, two types of
contributions to the light neutrino masses, through type I
seesaw and type II seesaw, the latter arising from triplet
Higgs exchange (see, for example, Refs. [3,20,21]). As
pointed out above, in this paper we consider only the
contribution of the type I seesaw.

In the LR case we have seen that the matrix responsible
for the transitions (Ng)¢ — e, W, is the matrix called also
R in the mass basis Lagrangian (76). Then, the lepton
number asymmetry from the decay of the first heavy
Majorana neutrino, in the single-flavor approximation, is
given by the same formulas (111),(112).

In the LR model we have now R given by (85), that
yields the lepton number asymmetry in terms of the Dirac
mass and the mixing matrix 7 of the heavy neutrinos:

92 1 1 b T * 2
ZF(xk)Im[(T mpmpT*)°.

€1 = "
M3, 16”(Ttmj)mDT @

(116)

In the LR model the lepton number asymmetry depends on
the current basis matrix my, in (34) and also on the PMNS
matrix 7 of the heavy neutrinos. Consistently, the presence
of the matrix T appears in (116) because, to compute the
decay rates (N)¢ — e; W, one needs first to diagonalize
the mass matrix My = tvg (15).

In other terms, the matrix mpT™* = my, is the Dirac mass
matrix in the basis in which My in (27) is diagonalized. In
this basis the left-handed term of the interaction Lagrangian
Uvpep W, remains diagonal, but the right-handed term
NgegrWpg is not anymore.

Expression (116) for the CP asymmetry in the electro-
weak broken phase follows from the R term in the
interaction Lagrangian (76), responsible for the decay
(Ng)¢ — e, W;. This is the expression that has been used
precisely to compute the leptogenesis CP asymmetry
within LRM (see, for example, Refs. [20,35]).

However, in the LRM the broken electroweak phase is
more involved than in the ESM because there are two
vacuum expectation values k; and &, (12) that contribute to
mp and to My, besides the possibility of a vacuum
expectation value v; (not considered in subsection [ A 2)
that could also contribute to the W; mass.

In the unbroken electroweak phase, the Higgs bidoublet
(10) would be massless, and one should consider both
contributions N; — e, to the leptogenesis asymmetry,
with both Higgses ¢, , contributing to the loops needed to
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interfere with the tree diagram to obtain CP violation. This
situation reminds the one of the Standard Model with
several Higgs doublets [36]. The relation between the CP
asymmetries in the broken and unbroken phases of the
LRM deserves further investigation.

Since the matrix m, is general complex, so is mp 7™ and
we can write a decomposition in terms of another general
unitary matrix U’ and another triangular matrix m/:

mpy = mpT* = U'm,. (117)

The lepton asymmetry reads

e S FGI ), (118)

g 3 7
My, 162 (m'ym)y ), [

€

which now depends on the three CP phases of m,.

On the other hand, notice that the interaction Lagrangian
(76) contains also the AL =2 term (v;)°S'exWy that
could give a contribution to the lepton asymmetry through
the decay

Wg = eg(vp)e. (119)
The masses My, and M; are both generated by the same
Higgs triplet, and since one usually assumes that the
Yukawa coupling of the heaviest neutrino N5 is of O(1),
then My, > M, assuming a hierarchical spectrum for the
heavy neutrinos. Hence, the lepton asymmetry generated
by the decay of W could be washed out and only the one
due to the N decays would survive. However, one should
keep in mind in model building the possibility of lepto-
genesis through the decay (119).

B. Flavored leptogenesis

1. Extended Standard Model

A crucial progress in leptogenesis has been achieved by
taking into account flavor [37-40]. At high temperatures
T > 10'? GeV, all three 7z, u and e are out of equilibrium
because their Yukawa couplings are weak compared to the
temperature. In this regime, the one-flavor approximation
can be applied since the different lepton flavors are
undistinguishable.

However, for “realistic” temperatures 7' = M such that
10° < T < 10'? GeV, the 7 lepton doublet Yukawa cou-
pling is large enough to be in thermal equilibrium, while the
w1 and e doublets are out of equilibrium. The net result is
that the leptogenesis CP violation splits into two pieces, €,
and €, = ¢, + ¢,, since the flavors p and e remain undis-
tinguishable. Then, in the range 10° < T < 10'?> GeV, the
final baryon asymmetry Yz is the sum of two contributions,
given by the lepton CP asymmetries ¢, and ¢, affected by
different wash-out factors 5, and 7,: Yp x €., + €21.
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A recent updated flavor covariant description of flavor
effects in leptogenesis can be found in Ref. [41].

The CP-violating asymmetry for each flavor is given by
the expression (see for example [5]):

g1 1
M3, 167 (mpymp),
X ZF(xk)Im[(mj))lf(mD)t’k<m;r)mD)1k]2
I
7 1 1
M3, 167 (m)mp)

X ZG(xk)Im[(mI))1f(mD)fk(mZ)mD)k1]za
1

€1¢

(120)

where the second term corresponds to the lepton-flavor-
violating but lepton-number-conserving self-energy dia-
gram [39]. The function F(x;) is given by (112), and

1

G(xk) == 1 —xk.

(121)

The second term in (120) vanishes when summing over 2,
while the first term gives the one-flavor approximation
expression (113), because Y, €;, = €;. On the other hand,
the second term in (120) is subleading if one assumes
M, < M,, M;.

The flavored wash-out factors read [40]

ne=n (m;))lmefl ’

(mTDmD)ll 122

where # is the wash-out factor in the single-flavor
approximation.

Concerning the link between low-energy CP violation in
the PMNS mixing matrix and leptogenesis CP violation,
the situation is quite different if flavor is taken into account
[40]. As an illustration, let us write the CP asymmetry €,
where the subindex 1 means decay of the lightest heavy
Majorana neutrino N, by using the orthogonal paramet-
rization (106). The flavor CP asymmetries €, depend then
on the low-energy parameters, i.e. the light neutrino masses
and the PMNS mixing matrix K. Assuming M| < M, <
M5, one finds from (106) and (120) the leptonic CP
violation parameter €;, [40]:

3/2 s * *
3 4 Im(Zk.jmjmk/ KijkajIOkl)
Zimi|0i1|2

€ o —
3 MR,

(123)

2. Left-right model

As we have seen in the LRM in the one-flavor approxi-
mation [formula (116)], mp, is replaced by mpT*, and the
formula for the lepton asymmetry in this approximation is
the same as in the extended Standard model with the
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replacement mp — mjy, = mpT* where m/, is the Dirac
mass matrix in the basis in which the mass matrix My is
diagonalized.

Because of (108), formulas for the CP asymmetry (120)
and the wash-out factor (122) remain correct for the left-
right model, with the replacement mp — mj, = mpT™,
where myp, is given by (109), that has a complete left-right
symmetry in the dependence on the mass eigenvalues
my“e MY* as well as on the mixing matrices K,T.
Then, the flavor asymmetry has the same form (123), with
the replacement O — O'.

VI. COMPARISON BETWEEN THE
EXTENDED STANDARD MODEL
AND THE LEFT-RIGHT MODEL

We now summarize the comparison between the ESM

and the LRM, as far as lepton mixing is concerned.

(1) In the current basis both models differ in the
following way.

In the ESM the Dirac matrix mj has 15(6)
parameters because one can rotated away 3
phases and one can diagonalize the right-handed
mass matrix Mp. One has finally a total of 21(6)
parameters.

In the LRM one cannot diagonalize My without
changing the interaction Lagrangian. On the other
hand, one cannot rotate away phases in both mp and
in Mg, but only three phases in one of these
matrices, that we have chosen to be Mp. Then,
one is left with a general complex mp with 18(9)
parameters and a complex symmetric My with 9(3)
parameters. With the m, mass eigenvalues, this gives
a total of 30(12) parameters.

However, if in the LRM one diagonalizes Mp
from the start, the left-handed interaction term
Uryuer W/ remains diagonal, while the right-handed
term Ny, er Wk is modified. Also my, is modified to
another Dirac mass term, that would eventually
control leptogenesis. Therefore, as far as one con-
siders the mass terms and the W, interation, one has
the same number of parameters as in the ESM. For
physics at low energy and also for leptogenesis, if
the latter is attributed to the decays of the lightest
right-handed heavy neutrino N, one can disregard
the Wpy interaction term, that involves heavier
degrees of freedom.

(2) In the mass basis in the ESM without approxima-
tions one has two mixing matrices K and R in the left
sector, that have together 12(6) parameters. For
mp <K My one has a priori 12(6) parameters for
the set of matrices K, R (mixing in the left sector),
and S, T (mixing in the right sector). The mixing
matrix of the left-handed neutrinos is approximately
unitary and can be chosen to be of the PMNS type,
with 6(3) parameters. The model constrains the

3

“
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mixing matrix of the right-handed neutrinos to be
T =1, the matrix R (71) has a total of 12(6)
parameters and S is not independent because of
relation (72). The parameters of the PMNS mixing
matrix for light neutrinos K have to chosen among
the ones of R. Adding the mass eigenvalues
mCLhag, M ?{ag, m5? one has a total of 21(6) parameters.

In the LRM in the mass basis one has more
symmetry: two mixing matrices K, R in the left
sector and two S, T in the right sector. These four
matrices have fogether 21(12) £aramcters, that added
to the mass eigenvalues m;", M;l;ag, mdiae gives
again a total of 30(12) parameters. In the approxi-
mation mp << My, the mixing matrices K (left
sector) and T (right sector) are unitary, and both
can be chosen to be of the PMNS type, with 6(3)
parameters each. This is different from the ESM for
the right sector, where 7 is trivial. This feature of the
ESM seems unnatural, since physically one should
expecta full PMNS matrix for the heavy right-handed
neutrinos as well.

Adopting the decomposition mp = Um, (U unitary
and m, triangular complex), in the ESM the matrix
U has 6(3) parameters and m, 9(3) parameters,
corresponding to the 15(6) parameters of mp. The
natural solution is that the PMNS matrix K is a
unitary factor of the matrix U, namely U = KV, V
being also unitary. In the LRM the situation is
somewhat different: mp, is a general complex matrix
with 18(9) parameters, U is a general unitary matrix
with 9(6) parameters and m, has also 9(3) param-
eters. The Dirac mass matrix in the basis in which
My, is diagonal (117) m}, = mpT* can be decom-
posed in the same way: m}, = U'm,.

Concerning the lepton asymmetry relevant for lepto-
genesis, we find the following situation in both
models.

In the ESM, in the one-flavor approximation, the
asymmetry is dependent on matrix elements of the
matrices R'R or mEmD or mZmA, i.e. dependent on
the three CP phases of m,. In the flavored case, the
asymmetry (120) depends on the PMNS matrix K
and the three high-energy phases of the orthogonal
matrix O (105).

In the LRM, in the one-flavor approximation, the
lepton asymmetry is dependent on R'R or
T’mEmDT*. Writing the product mpT* as in (117),
the asymmetry depends on the three CP phases of
the triangular matrix m/, through m'\m/y. In the
flavored case, the asymmetry depends on the three
phases of the PMNS mixing matrix K and on the three
phases of O’ (108).

As far as model building is concerned, the situation
is different in both schemes. As an example, imagine
that one has a model for the Yukawas with some
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ansatz for mp and My. In the ESM, My, is diagon-

alized and mp is enough to compute the lepton

asymmetry. In the LRM one needs to compute the

matrix T that diagonalizes M, in order to get m/,.

(5) A possible identification between low-energy phases
and leptogenesis phases is not possible in general. In
the ESM one could imagine models in which the
three CP phases of the light neutrinos mixing matrix

K are the same as the three phases of the triangular

matrix m,, since one has to choose the parameters of

K among the ones of the matrix R in the lepton

asymmetry formula (111). In the LRM one could

choose the three phases of K to be the same as the

ones of m/y (117).

As to whether, in general, the leptogenesis CP
asymmetry could depend on the low-energy phases,
in the flavored regime the usual argument that €, in
the ESM depends on the PMNS matrix K and on the
matrix O (105) extends to the LRM with another
orthogonal matrix O’ (108).

(6) Relative to the ESM, we have found that the LRM
has some interesting new features:

(a) The nontrivial PMNS mixing matrix 7' of the
heavy neutrinos enters in the quantitative esti-
mation of decay branching ratios of heavy
neutrinos Np. to various final states.

(b) On the other hand, in the calculation of the
leptogenesis CP asymmetries, the matrix 7' is
unobservable because the Dirac matrix that plays
a role is now (117) m}, = mpT*, the Dirac
matrix in the basis in which My is diagonal.

(c) The term (v )“S'exWpg in (76) could give a
contribution to the cosmological lepton asym-
metry through the AL =2 lepton-number-
violating decay to light leptons Wr—eg (v )C.
As we have indicated above, this latter possibil-
ity seems unlikely in reasonable left-right mod-
els because Wy is heavier than the lightest
neutrino N;. However, one should keep in mind
this possibility in model building.

(d) Considering the Wy, W, basis, i.e. without ne-
glecting W; — Wy mixing, we have seen in
Sec. IIB that there is a term involving
the lighter W, boson ~sin{(v,)"S'y,exW
that allows for the subleading AL = 2 lepton-
number-violating decay to light leptons W; —

er(vL)e.

VII. EXTENSION TO PATI-SALAM AND SO(10)

One can extend the precedent considerations to other
left-right gauge models like the Pati-Salam gauge theory
SU4)exSU(2), x SU(2)g [17] or SO(10) [6].

We can consider first each of these models in the current
basis, with general mass terms determined only by the
Dirac or Majorana character of the fermions, and perform
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the counting of the CP-conserving and CP-violating free
parameters. In a second step, one can diagonalize the mass
matrices and obtain mixing in the interaction terms and, in a
third step, switch on the Higgs sector of each theory and see
how, according to the different hypothesis on this sector,
the predictive power of each scheme is improved. Of
course, with the most general Higgs structure for each
model, one populates the general parameter space of the
mass terms obtained by imposing only Lorentz invariance.

Moreover, since in these theories leptons are related to
quarks, lepton mixing in the Dirac mass term will be related
to quark mixing, at least for some Higgs structures. This
feature is interesting in view of increasing the predictive
power of SO(10) for leptogenesis, and has been used more
or less quantitatively in the literature.

Let us give some details for the Pati-Salam model and for
SO(10). Consider first the general mass Lagrangian con-
sistent with Lorentz invariance of Dirac and Majorana mass
terms

1
L, =vmpNg+ E(NR)CMRNR +e meep

+ thLmuuR + ZleddR + H.c. (124)

For the moment the matrices mp, m,, m, and m, are
general complex with 18(9) parameters each and My is a
general complex symmetric matrix with 12(6) parameters.
This gives a priori a total of 84(42) parameters, while in the
lepton sector one has 18(9)(from mp) + 18(9)(fromm,) +
12(6)(from M) = 48(24) parameters.

In the Pati-Salam model and in SO(10), the interaction
Lagrangian has the general form

Liw=L,+L,, (125)

where one has in both models, keeping only the interesting
flavor-changing terms:

;CW = EL}/”I/LWIZ + éR}/ﬂNRWI;Q + EZLV;MLW/Z
+L_1R}/”MRWI;Q +HC (126)

The extra interaction term in the Pati-Salam model reads

LS =e,y,d X] + ey, drXg + Dy, u X7
+NR}/;4MRX*R5 +H.C., (127)

where the colored gauge bosons have charges |Q(X;)| =

|0(Xg)| =3
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In SO(10) one has [42,43]

L3O = (e (), + diy(er)”
+ [el7k(u )J/,ld +ry,(d ) —
+ [k (dk )¢ yﬂuL + ey, (ug) -
+ [ (dR) 7], + Uiy, (k)" = uhy,(NR) X

— ez, (di) X
uyy,(eg) Y™
Eyﬂ (NR)L] Y/k”

+ [VL yﬂuL "‘HdeL - (d ) }/ﬂ(eR)C

— (uk)7,(Ng))S™ + Hee., (128)
where i, j, k are color indices and the colored gauge bosons
X.Y,Y' . Xp.S have the charges: |Q(X)|=3%,|0(Y)| =
()] =1L j0(xp)] = l0(9)] =2

Let us see how many parameters can be rotated away in
both models. Analogously to the LRM, one can diagonalize
m, and absorb three phases in M in (124) while keeping
L,, (126) invariant. However, as is obvious from (127) and
(128), L, is changed under these transformations. In the
pure lepton sector, leaving aside the quark-lepton terms in
L., the starting point for the diagonalization of the mass
terms is the same as in the LRM (34), with 30(12)
parameters in mp, Mg and mi“®. Diagonalizing (124)
one gets the flavor-changing mixing in the interaction
Lagrangian L,, + L,.

In the pure lepton sector our conclusions are the
following. The diagonalization has the same form for
SU(2), x SU(2)g x U(1), Pati-Salam and SO(10) mod-
els. Separately, the 3 x 3 matrices K and R enter in the left
sector, while the 3 x 3 matrices 7" and S enter in the right
sector, like in the LRM, Eq. (76). In SU(2), x SU(2)gx
U(1), Pati-Salam and SO(10) models we have in the lepton
sector the same counting of free parameters, i.e. 30 real
parameters, among them 12 CP-violating phases.

Let us now make some remarks on masses and mixing in
some particular cases in the interesting SO(10) case. Let us
look at the product

16 x 16 = 105 + 1265 + 120,, (129)
where 10 + 126 is the symmetric part and 120 the anti-
symmetric part. The representations 10 and 120 are real,
126 is complex, and the Yukawa terms that can give mass to
the fermions are

16y x 16y x 105 =1+ - -- (130)
16, x 16, x 126 =1+ - -- (131)
16, x 16, x 1205 =1+ ---. (132)
The Yukawa part of the Lagrangian reads
Ly =16,(Y 010, + Y 1261264 + Y1501204)16,,  (133)
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where a possible sum over Higgs representations and
Yukawa coupling matrices in family space is implicit.
After spontaneous symmetry breaking, one gets the mass
Lagrangian (see for example [44]),

my = Uf()YlO + 011126Y126 + vtli20Y]20
m, = vigY 10 + vi Y126 + v120Y 120
m, = v4Y 10— 3v%6Y 126 + 1550 Y 120
mp = v§,Y 10 = 30{56Y 126 + 1Y 120

My = viY 126. (134)
where the Yukawa matrices Y, and Y, are complex
symmetric, Y, is complex antisymmetric, and the v’s are
Higgs vacuum expectation values. From the term (130)
alone we obtain the well-known relations m, = m,; and
mp = m,, while the term (131) alone would give the
relations m, = —3m, and mp = —3m,,, and no relation
from the term (132).

The VEVs in (134) are, in all generality, complex
numbers if we assume that CP can be spontaneously
broken (soft CP violation). If CP is not spontaneously
broken, the VEVs are real and all CP violation comes from
the Yukawa couplings (hard CP violation).

One could wonder how within SO(10) one can get the
most general counting of parameters done above, i.e. 84
(42) parameters for the whole mass sector (124), with 48
(24) parameters in the lepton sector. As said above, this is
simply achieved if all the representations 10, 126, 120,
in (134) are present and are different for each mass matrix,
that becomes then completely general.

An interesting particular case is to consider only the 10
and 126 representations in (134), with 120 absent:

_ d d
mg = mjy + My

J— u u
m, = mjy + Mjy

d d
m, = mfy — 3misg
mp = miy — 3mi,g
My = miy (135)

In this situation, all mass matrices m,,, my, mp, m, and Mp
are complex symmetric.

Let us count again the number of parameters under this
hypothesis. The complex symmetric matrices m¢,, m&,y.
miy, mise, mfy, have 12(6) parameters each, that gives a
total number of 60(30) parameters, a reduction relative to
the 84(42) total number of parameters of the general case.
One can diagonalize the complex symmetric matrices
my, ...Mp with unitary matrices V,...Vg. Because of
relations (135), the unitary matrices V,, Vp, Vp are, in
principle, given in terms of V, and V, and mass eigen-
values. Notice that, as discussed in the mass basis for the

033004-16



LEPTON MIXING IN GAUGE MODELS

pure lepton sector, we can adopt without loss of generality
the basis in which m, = m2¢. However, these relations
give complicated equations between the elements of mixing
matrices. Within this case of considering both 10 and 126, it
seems hard to find relations between the mixing matrices in
the quark and the lepton sector, at least in a model-
independent way.

Let us consider two limiting cases: while the 126
contributes to Mg, only the 10 or only the 126 contribute
to my, m,, m, and mp.

From (135) we see that in both cases one has quark-
lepton symmetry in the mixing matrices, i.e. a relation
between the left-handed neutrino Dirac mixing matrix V,

where my, = Vi m5®V,, and the CKM quark matrix

Ve =V.Vl = Ve (136)
This relation has been often used in a number of phenom-
enological schemes [2,4,5]. However, as is well known, one
needs both representations 10 and 126 to describe fermion
masses in SO(10) [45,46] and, therefore, we must conclude
that there is a clash between a good description of fermion
masses and the one of obtaining quark-lepton symmetry
in mixing.

Although the point of view of obtaining useful theoreti-
cal hints from SO(10) on the eigenvalues and mixing of the
Dirac neutrino mass matrix has been advanced in a number
of works [1-5], it is worth to point out that there could be an
alternative philosophy concerning the Dirac mass matrix.
Within the left-right model, if the Wy gauge boson and
the lightest heavy neutrino Ny are light enough, there is the
interesting possibility of a complete determination of the
Dirac mass matrix from the experimental study of W and
Np decays [47].

VIII. CONCLUSIONS

We have examined the parameter counting and structure
of CP-conserving and CP-violating lepton mixing in two
gauge models in the electroweak broken phase, the
extended Standard Model, i.e. the Standard Model plus
one right-handed heavy neutrino per generation, and the
left-right Model SU(2), x SU(2)g x Up_(1). We have
used both the current basis, in which the gauge interactions
are diagonal, and the mass basis, where the mass matrices are
diagonal and mixing appears in the charged current gauge-
fermion part of the Lagrangian. On the other hand, we have
distinguished between results that are exact and results that
hold within the approximation of Dirac masses that are small
relative to right-handed neutrino masses, mp << Mp.

We think that it is worth to compare these two models.
One reason is that, for simplicity, in the literature people
usually discuss lepton mixing within the simple ESM,
while actually have in mind left-right grand unified theories
like SO(10), that naturally include heavy right-handed
neutrinos. The simplest LR model that we study in this
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paper is a kind of prototype for these more involved LR
theories.

Although the outline of the parameter counting and
structure of lepton mixing is rather close in both schemes,
there are differences between the two models. In particular,
the extended Standard Model can accommodate a PMNS
mixing matrix K for light neutrinos, but there is no room in
parameter space for a mixing matrix 7 for the heavy
neutrinos, the mixing matrix being close to the identity. On
the other hand, as one could naturally expect, the left-right
model is consistent with PMNS mixing matrices for both
light and heavy neutrinos. The lepton asymmetry relevant
for leptogenesis depends not only on the Dirac mass m, but
also on the matrix 7', which is nontrivial. But the lepton
asymmetry is given in terms of the Dirac mass in the basis
in which the right-handed heavy neutrino mass matrix is
diagonal, while the interaction term in the right-handed
sector is not diagonal anymore.

In the case of the LR model, the connection between the
lepton CP asymmetry in the electroweak broken phase,
coming from the decay (Ng)¢ — W,e; and its CP con-
jugate, and the one in the unbroken phase coming from
the decay above the phase transition Ny — eq, where ¢ is
the Higgs bidoublet, is an open problem worth to be
investigated.

Mixing in the LRM contains new terms that involve
AL = 2 CP-violating interactions involving the W gauge
bosons. Considering the W; — Wy mixing, there are
interesting new possible AL =2 processes with light
leptons in the final state: the subleading decay W; —
er(vy)¢ and the leading one W, — eg(v; ). As empha-
sized above, it is worth to keep in mind, in model building,
the possibility of the latter as a contribution to leptogenesis.

We have extended these results to other LR theories,
namely the Pati-Salam model SU(4), x SU(2), x SU(2)x
and the grand unified model SO(10), for which we find
that the structure of mixing in the lepton sector is, in the most
general case, the same as in the left-right model SU(2), x
SU(2)g x Ug_(1). The specification of the Higgs sector
provides schemes that have more predictive power.

If one assumes both symmetric 10 and 126 Higgs
representations, necessary to describe the quark mass
spectrum, we emphasize that there is a clash between the
description of this spectrum and the assumption that the left-
handed Dirac mixing matrix is approximately given by the
quark CKM matrix, as sometimes it is assumed in phenom-
enological models arguing naive quark-lepton symmetry.

Phenomenological analyses are usually done within
these gauge models as SO(10) supplemented by simplify-
ing hypotheses that give tractable schemes. But one should
keep in mind that the general parameter space can yield
other possibilities concerning the description of the inter-
esting observables.

Concerning low-energy observables, there are no
differences between the extended Standard Model and
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the minimal left-right model at leading order in mp/Mpy.
The cosmological baryon asymmetry via leptogenesis
above the electroweak phase transition deserves however
further investigation within the left-right model.
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APPENDIX: A GENERAL DIGRESSION ON
THE MATRICES K, R, S, T

To count the number of independent parameters in each
scheme, it is useful to consider the general case of
diagonalization of a 6 x 6 complex symmetric matrix,

=G )
mp Mg
where m; and My are 3 x 3 complex symmetric. In
general, a 6 x 6 complex symmetric matrix has 42(21)
real parameters.

Let us now diagonalize M with the unitary matrix V
(37)—(39). The unitarity condition VV' = 1 is an Hermitian
relation that implies 36(15) constraints. A general complex
6 x 6 matrix has 72(36) parameters. Therefore, because of
these constraints, V must have 72(36) — 36(15) = 36(21)
parameters, consistent with the number of @ angles

and @ phases of a n xn unitary matrix. Since

Md2 has 6(0) parameters, the rths of (37) has
36(21)(from V) + 6(0) = 42(21), in consistency with
the counting of parameters of the matrix M (Al).

The unitarity of the matrix V (39) implies [9,10]

(A1)

KK'+RR" =1 (A2)
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SSTH+TT =1 (A3)
KS"+RT" =0 (A4)
K'K+S'S=1 (AS)
RIR+T'T=1 (A6)
K'R+S'T=0. (A7)

Let us do the exercise of counting the number of
parameters of the matrices (K, R,S,T). If each of them
were general complex, we would have 18(9) parameters for
each, which gives for (K,R,S,T) a total of 72(36)
parameters. Relations (A2) and (A3) are Hermitian, giving
each 9(3) constraints, while (A4) is general complex,
giving 18(9) constraints. In total, we have again 9(3) +
9(3) + 18(9) = 36(15) constraints, and therefore, the set
(K.R,S,T) has 72(36)(—)36(15) = 36(21) independent
parameters, in agreement with the counting of independent
parameters of the unitary matrix V.

On the other hand, the diagonalization of (A1) reads

Km{“® K" + RMY“R' = m; (A8)
SmSES + TMYT' = My (A9)
Km“S' + RMS™T' = my,.  (A10)

Verifying again the counting of parameters, we have for
the rhs of (A8)—(A10), 12(6) + 12(6) + 18(9) parameters
from, respectively, m;, Mg and mp. This gives a total of
42(21) independent parameters for the rhs, which is equal
to the number of parameters of the lhs, 36(21) + 3(0) +
3(0) from, respectively, (K, R,S,T), mi‘ag and M‘Ii;ag.
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