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We consider the Casimir interaction mediated by massless fermions, between a spherical defect and a flat
potential barrier, assuming hard (bag-type) boundary conditions at both the barrier and the surface of the
sphere. The computation of the quantum interaction energy is carried out using the multiple scattering
approach adapted here to the setup in question. We find an exact integral formula for the energy, from
which we extract both the large- and short-distance asymptotic behavior. At large distance the fermionic
contribution is found to scale as L−3, in contrast to that of electromagnetic vacuum fluctuations that,
assuming perfectly conducting boundaries, scale as L−4. At short distance, we compute the leading and
subleading contribution to the vacuum energy. The leading one coincides with what it is expected from the
proximity force approximation, while the subleading term gives, contrary to the electromagnetic case, a
positive correction to the proximity force result.
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I. INTRODUCTION

In 1948 Casimir predicted that two flat and perfectly
conducting plates would modify the vacuum fluctuations of
the electromagnetic field and induce an observable force
between them [1]. This setup was difficult to unambigu-
ously test experimentally at the time [2], and the first
conclusive observation came many years later, in fact, for
the different configuration of a sphere near a plate [3]. It
took some more time to conclusively observe the Casimir
force between two plates, which was, eventually, achieved
a few years later [4] (see Ref. [5] for a review).
Much of the work that followed Casimir’s conclusion

focused on the electromagnetic vacuum fluctuations and
different geometries (see Refs. [5]). However, the parallel
plates setup was just one specific example of the more
generic deformations in the quantum vacuum that bounda-
ries can produce, irrespective of the nature of the quantum
fields. The key feature is the presence of massless (or
quasimassless) quanta that induce long-ranged correlations,
suggesting that quantum vacuum effects may be relevant in
fermionic environments. The analog of the electromagnetic
Casimir effect should, in fact, occur in condensed matter
systems, like in quantum liquids [6], or when long-range
correlations exist due to Goldstone modes of a broken
continuous symmetry, as in superfluids [7,8].
One particularly exciting example is associated with the

presence of defects in quantum Fermi liquids, and with the
possibility that high-precision experimental manipulation
of ultracold atomic systems [9], where defects can be
controlled in a variety of ways, may offer novel tests of

quantum vacuum energy effects and, for instance, provide
new constraints on hypothetical submicron interactions.
Other physical setups relevant to the fermion Casimir effect
include, for instance, carbon nanotubes [10,11], graphene
[12,13], nuclear structures [14], and neutron star crusts [15]
(see Ref. [16] for a longer list of examples and references).
The simplest setups analyzed have, so far, ignored the

structure of the defects and focused on one-dimensional
boson and Fermi systems with defects treated as delta
functions in the adiabatic approximation (see, for example,
Refs. [10,16,17]). In Refs. [16], it was found that, for a
generic (interacting or noninteracting) fermionic back-
ground, the Casimir force between the impurities oscillates
as a function of the separation. The similar problem of
calculating the Casimir interaction between two scatterers
immersed in a one-dimensional massless fermionic back-
ground has also been analyzed in Ref. [10], using a force
operator approach, with the defects modeled by two delta-
function potentials. A similar oscillatory behavior has been
found too, however, as a function of relative polarization of
the two scatterers, while the dependence on the distance
turned out to be monotonic (for fixed polarizations).
A fuller understanding of the Casimir effect mediated by

fermions should include the structure of the defect and
extend to higher dimensionality. This class of problems has
been analyzed, for instance, in Refs. [18], where the
properties of systems containing one or more fermionic
bubbles (almost spherical defects immersed in a homog-
enous fermionic environment) have been discussed. The
Casimir energy of a system composed of two, three, and
four spheres in a fermionic background has been analyzed
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in Ref. [18] in the semiclassical approximation and led to
the suggestion that in many-body Casimir interactions, the
two-body ones dominate at small separation.
In the present work, we wish to consider the related

problem of computing the Casimir interaction between a
defect and a potential barrier encapsulating a massless
fermionic system. Following Ref. [18], we model the defect
as a spherical bubble, and both the bubble and the barrier as
hard walls. The geometry of the system is that of a sphere of
radius R, centered at the origin, close to a plate of surface
area H ×H located at z ¼ L, at a distance d from the
sphere. Since we are considering the case of a defect whose
size is much smaller than the surface area of the wall, we
shall assume that R ≪ H.
Despite the simplicity of the setup, the problem of

studying the Casimir interaction between a sphere and a
wall is not straightforward and has been subject of many
analyses that have focused on the scalar and electromag-
netic quantum vacuum fluctuations [19–27]. While the
leading term in this interaction at short distance can be
obtained easily using the proximity force approximation
[28], going beyond is difficult.
The increasing precision at which Casimir force mea-

surements can be performed called for more accurate
computations and for efficient ways to go beyond the
proximity force approximation. An especially advanta-
geous one is based on the multiple scattering approach
and has offered a systematic way to compute the Casimir
energy between two compact objects of arbitrary shape
[19–27]. Results have covered a variety of cases, mainly for
the scalar and electromagnetic fields (see, for instance,
Refs. [22–26,29] or Ref. [27] for reviews). The beauty of
the multiple scattering approach is that it is physically
transparent, since the interaction energy is expressed in
terms of a multiple scattering expansion (waves that scatter
back and forth between the two objects that are interacting).
It is also of straightforward numerical implementation,
and it allows for a systematic way to extract subleading
corrections to proximity force results.
For the sphere-plate configurations, the multiple scatter-

ing approach has been adopted to obtain the scalar Casimir
energy beyond the proximity force approximation has been
worked out in Refs. [30,31]. Results can be summarized in
the formula EXY=EXY

PFA ≈ 1þ σXYd=R, where X and Y
represent the boundary conditions imposed at the plate
[X ¼ Dirichlet (D), Neumann (N), Robin (R)] and at the
sphere (Y ¼ D, N, R), respectively, and EXY

PFA ¼ ρXYR=d2.
The numerical coefficients are ρDD=NR ¼ −π3=1440,
ρND=DR ¼ −7π3=11520, σDD=ND ¼ 1=3, σDR ¼ 1=3þ
80ð3a − 2Þ=ð7π2Þ, and σNR ¼ 1=3þ 20ð3a − 2Þ=π2 (a is
the Robin parameter). For the electromagnetic field, the
Casimir energy beyond the proximity force approximation
has been computed in Refs. [31,32] for perfectly con-
ducting boundary conditions, leading to EEM ≈
−π3R=ð720d2Þð1þ ð1=3 − 20=π2Þd=RÞ.

II. FERMION TGTG FORMULA

While the multiple scattering approach has been sys-
tematized for the electromagnetic and scalar Casimir effect,
only limited attention has been paid to the fermionic case.
The possibility of high-precision Casimir effect experi-
ments in fermionic environments (for instance, in ultracold
atomic systems [9]), provides a natural motivation to carry
out more precise computations, beyond proximity force
results.
As shown in Refs. [21–24], the multiple scattering

approach allows us to express the Casimir energy in terms
of transition matrices (associated to the interacting bodies)
and the propagators, thus offering a precise computational
prescription, and, in the following, we adapt this approach
to our case. The formal expression for the fermion Casimir
energy takes the usual form

ECas ¼ −
ℏ
2π

Z
∞

0

dξ ln det ðI − NÞ; ð1Þ

where N≡ T1G12T2G21 and ξ is the imaginary frequency.
The matrices T i, i ¼ 1; 2 are the transition matrices
associated to the boundaries (the sphere and the wall in
our case) and Gij represent the translation matrices.
Formally, aside from the change in the overall sign, in
the expression above (also called the TGTG formula after
the work of [21]), the nature of the quantum fields is
encoded in the matrices inside the determinant. The
matrices T i are related to the scattering matrix of object
i and can be computed by matching the boundary
conditions imposed on object i. The translation matrices
Gij relate the basis of wave functions of object i to the basis
of wave functions of object j. Expression (1) is valid
at a formal level and deriving an explicit expression reduces
to calculating the above matrices and taking the determi-
nant. Here we will follow the procedure outlined in
Ref. [27], where a prescription to compute the matrices
T i and Gij using the mode-summation approach has been
developed.
The fermions in our computation are massless spin-1=2

fermionic fields ψ satisfying the Dirac equation,
iγμ∇μψ ¼ 0, where ∇μ ¼ ∂μ þ Γμ, and Γμ is the spin
connection. On the boundaries of the sphere
(B ¼ sphere) and the wall (B ¼ wall), we impose
ð1þ iγμnμÞψ jB ¼ 0, with nμ being the unit outward normal
vector.
In order to match the boundary conditions and find the

transition matrices, one needs to express the solutions in
terms of a spherical and plane wave basis, respectively
for the sphere and the plate. Explicit forms are known for
spherical waves (see Ref. [33]):
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ψ ð�Þ;�
jm;1 ¼ C�je

∓iωt

� f�
j−1

2

ðkrÞΩj;j−1
2
;m

∓if�
jþ1

2

ðkrÞΩj;jþ1
2
;m

�
;

ψ ð�Þ;�
jm;2 ¼ C�je

∓iωt

� f�
jþ1

2

ðkrÞΩj;jþ1
2
;m

�if�
j−1

2

ðkrÞΩj;j−1
2
;m

�
; ð2Þ

where each mode is characterized by the quantum
numbers ðj; mÞ, with j ¼ 1=2; 3=2; 5=2;… and m ¼
−j;−jþ 1;…; j − 1; j. The superscripts ðþÞ and ð−Þ
indicate, respectively, the positive and negative energy
modes, Ωjlm represent the spherical harmonic spinors
(see Ref. [33]), and k ¼ ω=c. For convenience, we have
adopted the notation � ¼ regð� ¼ outÞ for regular (out-
going) waves,

fregl ðzÞ¼
ffiffiffiffiffi
π

2z

r
Jlþ1

2
ðzÞ; foutl ðzÞ¼

ffiffiffiffiffi
π

2z

r
Hð1Þ

lþ1
2

ðzÞ; ð3Þ

with Cregj ¼ i−jþ1
2; Coutj ¼ πijþ3

2=2. The plane waves can be
parametrized in terms of the momenta perpendicular to the
plate, k⊥ ¼ ðk1; k2Þ,

ψ ð�Þ;�
k⊥;α ¼ Að�Þ;�

k⊥;α e
ik1xþik2y−isgn�

ffiffiffiffiffiffiffiffiffiffi
k2−k2⊥

p
z∓iωt; ð4Þ

where k⊥ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k21 þ k22

p
, sgnreg ¼ 1, sgnout ¼ −1, and

Að�Þ;�
k⊥;1 ¼

0
BBBBB@

1

0

∓sgn�
ffiffiffiffiffiffiffiffiffiffi
k2−k2⊥

p
k

� k1þik2
k

1
CCCCCA;

Að�Þ;�
k⊥;2 ¼

0
BBBBB@

0

1

� k1−ik2
k

�sgn�
ffiffiffiffiffiffiffiffiffiffi
k2−k2⊥

p
k

1
CCCCCA: ð5Þ

The matching procedure is tedious but straightforward.
It consists of expressing one set of waves in terms of the

other, with the coefficients of this transformation defining
the transition matrices. Imposing the boundary conditions,
and solving the resulting equation for the transition
coefficients allows one to find T1 and T 2 (details for
this and all the other calculations are reported in
Appendixes A–F). These are block-diagonal matrices in
ðj; mÞ and k⊥ respectively. The ðj;mÞ block of T1 is a
diagonal 2 × 2 matrix of the form

T ð�Þ
jm ¼

0
@Tð�Þ

jm 0

0 Tð�Þ
jm

1
A;

where

Tð�Þ
jm ¼ IjðκRÞ∓iIjþ1ðκRÞ

KjðκRÞ � iKjþ1ðκRÞ
; ð6Þ

with κ ¼ ik. The k⊥ block of T 2 is

T ð�Þ
k⊥ ¼ ∓i

�
cos θk sin θke−iφk

− sin θkeiφk cos θk

�
; ð7Þ

where θk and φk are defined so that
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 − k2⊥

p
¼ k cos θk,

k1 ¼ k⊥ cosφk, and k2 ¼ k⊥ sinφk.
The translation matrices G12 and G12 are defined by the

relations0
@ψ ð�Þ;reg

k⊥;1 ðx0;ωÞ
ψ ð�Þ;reg
k⊥;2 ðx0;ωÞ

1
A¼

X
j

X
m

G12;ð�Þ
jm;k⊥

0
@ψ ð�Þ;reg

jm;1 ðx;ωÞ
ψ ð�Þ;reg
jm;2 ðx;ωÞ

1
A;

0
@ψ ð�Þ;out

jm;1 ðx;ωÞ
ψ ð�Þ;out
jm;2 ðx;ωÞ

1
A¼H2

Z
d2k
ð2πÞ2G

21;ð�Þ
k⊥;jm

0
@ψ ð�Þ;out

k⊥;1 ðx0;ωÞ
ψ ð�Þ;out
k⊥;2 ðx0;ωÞ

1
A;

ð8Þ

where x0 ¼ x −L, L ¼ ð0; 0; LÞ. The computation can be
performed following the idea introduced in [34] for the
computation of the corresponding translation matrices for
scalar and electromagnetic fields. We find the following
result:

G12;ð�Þ
jm;k⊥ ¼ð−1Þ−mþ1

2

ffiffiffiffiffiffi
4π

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðj −mÞ!
ðjþmÞ!

s
e−iðm−1

2
Þφkei

ffiffiffiffiffiffiffiffiffiffi
k2−k2⊥

p
L

0
B@ ðjþmÞPm−1

2

j−1
2

ðcos θkÞ −Pmþ1
2

j−1
2

ðcos θkÞe−iφk

iðj −mþ 1ÞPm−1
2

jþ1
2

ðcos θkÞ iP
mþ1

2

jþ1
2

ðcos θkÞe−iφk

1
CA; ð9Þ

G21;ð�Þ
k⊥;jm ¼ −

π
3
2

2H2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðj −mÞ!
ðjþmÞ!

s
ei
ffiffiffiffiffiffiffiffiffiffi
k2−k2⊥

p
L

k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 − k2⊥

p eiðm−1
2
Þφk

0
B@ ðjþmÞPm−1

2

j−1
2

ðcos θkÞ iðj −mþ 1ÞPm−1
2

jþ1
2

ðcos θkÞ

P
mþ1

2

j−1
2

ðcos θkÞeiφk −iPmþ1
2

jþ1
2

ðcos θkÞeiφk

1
CA: ð10Þ

BUBBLE-WALL CASIMIR INTERACTION IN FERMIONIC … PHYSICAL REVIEW D 92, 025032 (2015)

025032-3



Combining the above expressions [using some identities for the associated Legendre functions Pm
l ðzÞ, noticing that the

argument in the determinant is real, and the contribution from the positive energy modes and negative energy modes are the
same], one can obtain the Casimir energy written as

ECas ¼ −
ℏ
π

Z
∞

0

dξ ln det ðI −MÞ; ð11Þ

where

Mjm;j0m0 ¼− δm;m0
iπ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðj−mÞ!ðj0 −mÞ!
ðjþmÞ!ðj0 þmÞ!

s  
TðþÞ
jm 0

0 −TðþÞ
jm

!Z
∞

0

dθ sinh θe−2κL cosh θ

×

0
@ ðjþmÞPm−1

2

j−1
2

ðcosh θÞ P
mþ1

2

j−1
2

ðcoshθÞ

ðj−mþ 1ÞPm−1
2

jþ1
2

ðcosh θÞ −Pmþ1
2

jþ1
2

ðcosh θÞ

1
A
0
@ ðj0 −mþ 1ÞPm−1

2

j0þ1
2

ðcosh θÞ ðj0 þmÞPm−1
2

j0−1
2

ðcosh θÞ

P
mþ1

2

j0þ1
2

ðcosh θÞ −Pmþ1
2

j0−1
2

ðcoshθÞ

1
A; ð12Þ

leading to an exact (integral) formula for the fermion
Casimir energy between the wall and the sphere.

III. ASYMPTOTIC BEHAVIOR

While (1)–(12) can be used to compute numerically the
fermion Casimir energy in our setup, here we are interested
in the asymptotic behavior at large, and, in particular, at
short distance, both of which can be extracted from the
main integral formula at the price of some lengthy
computations.
First of all, we can compute the Casimir interaction

energy at large separation, i.e., L ≫ R. In this regime,
the dominant contributions are those with j ¼ 1=2 and
m ¼ �1=2, and a straightforward computation gives

ECas ≈ −
ℏcR2

πL3
; ð13Þ

leading to an attractive interaction at large distances. It
seems interesting to notice that the fermion Casimir energy,
at large distance, falls off as L−3, less rapidly than the
electromagnetic contribution that decays as L−4. Compared
to the scalar contribution, instead, the behavior in the
fermionic case is intermediate between that of a scalar with
Dirichlet boundary conditions and that of a scalar with
Neumann boundary conditions, in which cases the Casimir
energy decays as L−2 and L−4, respectively.
The more interesting (and computationally more tedious)

limit is that of the Casimir energy at small separation,
d ≪ R, beyond the leading (proximity force) approxima-
tion. In the present case, taking j as the main quantum
number and using the invariance of the matrix Mjm;j0m
under the change m ↦ −m (this implies that the next-to-
leading-order term is of order d smaller than the leading
term), a lengthy computation returns

ECas ¼ −
7π3ℏcR
2880d2

�
1þ

�
1

3
−

20

7π2

�
d
R
þ � � �

�
: ð14Þ

It is easy to check that the leading term above coincides
with the proximity force result, and gives rise to an
attractive interaction, while the subleading term corrects
the proximity force result by a positive amount. Contrary to
what happens at large distance, in this limit the fermion
and electromagnetic (for perfectly conducting boundaries)
contributions are both attractive and scale in the same
way. Interestingly, the correction to the proximity force
result is, for the present setup, positive, in contrast to the
analogous correction for the electromagnetic case with
perfectly conducting boundaries, for which the correction is
negative.

IV. CONCLUSION

The possibility of manipulating defects in condensed
matter fermionic systems has triggered new curiosity in
understanding the analog of the Casimir energy in a
fermionic environment and motivated the present work.
In this paper, we have adapted the multiple scattering
formalism to derive the Casimir interaction energy between
a spherical defect and a wall mediated by massless
fermionic quanta. We have obtained an integral represen-
tation for the quantum vacuum energy that is divergence
free and valid at all distances. From this integral formula,
we have extracted the leading contributions at both large
and short distance. The behavior of the Casimir energy at
large distances scales as L−3 and dominates over the
electromagnetic contribution (for perfectly conducting
boundaries), for which the energy scales as L−4. The more
interesting result comes from the short-distance asymptotic
behavior, where the leading-order contribution is found to
coincide with the result obtained from the proximity force
approximation. We have also derived the correction to the
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proximity force approximation, that, in contrast to the
electromagnetic case, turns out to be positive. As a by-
product, we have derived the translation matrices, relating
the plane waves basis to the spherical wave basis, a result
that might be useful in other contexts. While the force is
attractive at both small and large distance for the present
choice of boundary conditions, it is important to ask how
the result changes for different boundary conditions (for
instance, introducing a phase at one of the boundaries), as
well as when thermal effects are switched on. Work in this
direction is in progress.
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APPENDIX A: EXPANSIONS

A generic solution to the Dirac equation ψ ð�Þ can be
expressed as a superposition of the solutions presented in
the main text [formulas (2)–(5)]. In the region between the

sphere and the plane, ψ ð�Þ can be represented in two ways.
In terms of the full set of the spherical solutions system (in
spherical coordinates centered at O):

ψ ð�Þðx; tÞ ¼
Z

∞

−∞
dω

X
j¼1

2
;3
2
;…

X
m¼−j;−jþ1;…;j−1;j

× ðað�Þ
jm;1ψ

ð�Þ;reg
jm;1 ðx;ωÞ þ að�Þ

jm;2ψ
ð�Þ;reg
jm;2 ðx;ωÞ þ bð�Þ

jm;1ψ
ð�Þ;out
jm;1 ðx;ωÞ þ bð�Þ

jm;2ψ
ð�Þ;out
jm;2 ðx;ωÞÞ;

or in terms of the full set of plane waves (in rectangular coordinates centered at O0 ¼ Lez):

ψ ð�Þðx0; tÞ ¼ H2

Z
∞

−∞
dω
Z

∞

−∞

dkx
2π

Z
∞

−∞

dky
2π

× ðcð�Þ
k⊥;1ψ

ð�Þ;reg
k⊥;1 ðx0;ωÞ þ cð�Þ

k⊥;2ψ
ð�Þ;reg
k⊥;2 ðx0;ωÞ þ dð�Þ

k⊥;1ψ
ð�Þ;out
k⊥;1 ðx0;ωÞ þ dð�Þ

k⊥;2ψ
ð�Þ;out
k⊥;2 ðx0;ωÞÞ:

Here x0 ¼ x −L, L ¼ Lez. The two representations are related by translation matrices V and W:

ψ ð�Þ;reg
k⊥;1 ðx0;ωÞ ¼

X
j¼1

2
;3
2
;…

X
m¼−j;−jþ1;…;j−1;j

ðVð�Þ;11
jm;k⊥ψ

ð�Þ;reg
jm;1 ðx;ωÞ þ Vð�Þ;21

jm;k⊥ψ
ð�Þ;reg
jm;2 ðx;ωÞÞ;

ψ ð�Þ;reg
k⊥;2 ðx0;ωÞ ¼

X
j¼1

2
;3
2
;…

X
m¼−j;−jþ1;…;j−1;j

ðVð�Þ;12
jm;k⊥ψ

ð�Þ;reg
jm;1 ðx;ωÞ þ Vð�Þ;22

jm;k⊥ψ
ð�Þ;reg
jm;2 ðx;ωÞÞ;

ψ ð�Þ;out
jm;1 ðx;ωÞ ¼ H2

Z
∞

−∞

dkx
2π

Z
∞

−∞

dky
2π

ðWð�Þ;11
k⊥;jmψ

ð�Þ;out
k⊥;1 ðx0;ωÞ þWð�Þ;21

k⊥;jmψ
ð�Þ;out
k⊥;2 ðx0;ωÞÞ;

ψ ð�Þ;out
jm;2 ðx;ωÞ ¼ H2

Z
∞

−∞

dkx
2π

Z
∞

−∞

dky
2π

ðWð�Þ;12
k⊥;jmψ

ð�Þ;out
k⊥;1 ðx0;ωÞ þWð�Þ;22

k⊥;jmψ
ð�Þ;out
k⊥;2 ðx0;ωÞÞ:

Using the above expressions, we obtain the following relations0
@að�Þ

jm;1

að�Þ
jm;2

1
A ¼ H2

Z
∞

−∞

dkx
2π

Z
∞

−∞

dky
2π

0
@Vð�Þ;11

jm;k⊥ Vð�Þ;12
jm;k⊥

Vð�Þ;21
jm;k⊥ Vð�Þ;22

jm;k⊥

1
A
0
@ cð�Þ

k⊥;1

cð�Þ
k⊥;2

1
A;

0
@dð�Þ

k⊥;1

dð�Þ
k⊥;1

1
A ¼

X
j¼1

2
;3
2
;…

X
m¼−j;−jþ1;…;j−1;j

0
@Wð�Þ;11

k⊥;lm Wð�Þ;12
k⊥;lm

Wð�Þ;21
k⊥;lm Wð�Þ;22

k⊥;lm

1
A
0
@bð�Þ

lm;1

bð�Þ
lm;2

1
A:

Matching the boundary conditions on the sphere gives
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bð�Þ
jm;1

bð�Þ
jm;2

!
¼ −T ð�Þ

jm

 
að�Þ
jm;1

að�Þ
jm;2

!
;

while solving the boundary conditions on the plane gives0
@ cð�Þ

k⊥;1

cð�Þ
k⊥;2

1
A ¼ −T ð�Þ

k⊥

0
@ dð�Þ

k⊥;1

dð�Þ
k⊥;2

1
A:

These enter the Casimir energy as written in the main text, formula (1):

ECas ¼ −
ℏ
2π

Z
∞

0

dξ
X
þ;−

Tr ln ðI − Nð�ÞðiξÞÞ;

where

Nð�Þ
jm;j0m0 ¼ H2

Z
∞

−∞

dkx
2π

Z
∞

−∞

dky
2π

T ð�Þ
jm

0
@Vð�Þ;11

jm;k⊥ Vð�Þ;12
jm;k⊥

Vð�Þ;21
jm;k⊥ Vð�Þ;22

jm;k⊥

1
AT ð�Þ

k⊥

0
@Wð�Þ;11

k⊥;j0m0 Wð�Þ;12
k⊥;j0m0

Wð�Þ;21
k⊥;j0m0 Wð�Þ;22

k⊥;j0m0

1
A;

where the following correspondence

T1 ¼½T jm�; T2 ¼ ½Tk⊥ �; G12 ¼
" 

V11
jm;k⊥ V12

jm;k⊥

V21
jm;k⊥ V22

jm;k⊥

!#
; G21 ¼

" 
W11

k⊥;j0m0 W12
k⊥;j0m0

W21
k⊥;j0m0 W22

k⊥;j0m0

!#

is understood.

APPENDIX B: TRANSITION MATRICES

The first task is now to use the actual boundary conditions,

ð1þ iγμnμÞψ jboundary ¼ 0;

to derive an explicit expressions for the matrices T jm and Tk⊥ .
On the exterior of the sphere, using

ð1þ iγr̄Þψ ð�Þjr¼R ¼ 0

gives

að�Þ
jm;1C

reg
j ðJjðkRÞ∓Jjþ1ðkRÞÞ þ bð�Þ

jm;1C
out
j ðHð1Þ

j ðkRÞ∓Hð1Þ
jþ1ðkRÞÞ ¼ 0;

að�Þ
jm;2C

reg
j ðJjþ1ðkRÞ � JjðkRÞÞ þ bð�Þ

jm;2C
out
j ðHð1Þ

jþ1ðkRÞ �Hð1Þ
j ðkRÞÞ ¼ 0;

Cregj ¼ i−jþ1
2; Coutj ¼ π

2
ijþ3

2;

from which we obtain

T ð�Þ
jm ¼

0
@Tð�Þ;1

jm 0

0 Tð�Þ;2
jm

1
A; Tð�Þ;1

jm ¼ IjðκRÞ∓iIjþ1ðκRÞ
KjðκRÞ � iKjþ1ðκRÞ

; Tð�Þ;2
jm ¼ IjðκRÞ � iIjþ1ðκRÞ

KjðκRÞ∓iKjþ1ðκRÞ
;

which gives formula (6) in the main text. At the plane,
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ð1 − iγ3̄Þψ ð�Þ ¼ 0

using

cð�Þ
k⊥;1ψ

ð�Þ;reg
k⊥;1 ðx0;ωÞ þ cð�Þ

k⊥;2ψ
ð�Þ;reg
k⊥;2 ðx0;ωÞ ¼

�
Cð�Þ

� k1σ1þk2σ2−k3σ3
k Cð�Þ

�
eik1xþik2y−ik3z0∓iωt;

dð�Þ
k⊥;1ψ

ð�Þ;out
k⊥;1 ðx0;ωÞ þ dð�Þ

k⊥;2ψ
ð�Þ;out
k⊥;2 ðx0;ωÞ ¼

�
Dð�Þ

� k1σ1þk2σ2þk3σ3
k Dð�Þ

�
eik1xþik2yþik3z0∓iωt;

with

Cð�Þ ¼
 
cð�Þ
k⊥;1

cð�Þ
k⊥;2

!
; Dð�Þ ¼

 
dð�k⊥;1

dð�Þ
k⊥;2

!
; k3 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 − k2⊥

q
;

we get (σi are the Pauli matrices)�
1� ik3

k
∓ iσ3ðk1σ1 þ k2σ2Þ

k

�
Cð�Þ ¼ −

�
1∓ ik3

k
∓ iσ3ðk1σ1 þ k2σ2Þ

k

�
Dð�Þ;

from which we can obtain

T ð�Þ
k⊥ ¼

0
@Tð�Þ;11

k⊥ Tð�Þ;12
k⊥

Tð�Þ;21
k⊥ Tð�Þ;22

k⊥

1
A ¼ �

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 − k2⊥

p
ik

þ k1σ2 − k2σ1
k

�
;

or explicitly

T11
k⊥ ¼ T22

k⊥ ¼�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 − k2⊥

p
ik

;

T12
k⊥ ¼∓ iðk1 − ik2Þ

k
;

T21
k⊥ ¼� iðk1 þ ik2Þ

k
:

The above expressions reproduce formula (7) in the main text.

APPENDIX C: TRANSLATION MATRICES

1. Matrix G21

The much more tedious task is to find the translation matricesG12 andG21, which will be explained in the present section.
In the following we will use

k ¼ kxex þ kyey þ kzez; r ¼ xex þ yey þ zez;

with kx ¼ k sin θk cosφk; ky ¼ k sin θk sinφk; kz ¼ k cos θk.
The first step of our procedure consists of defining the following differential operator Plm:

Plm ¼ ð−1Þm
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

4π

ðl −mÞ!
ðlþmÞ!

s �∂x þ i∂y

ik

�
m
PðmÞ
l

�∂z

ik

�
;

Pl;−m ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

4π

ðl −mÞ!
ðlþmÞ!

s �∂x − i∂y

ik

�
m
PðmÞ
l

�∂z

ik

�
:
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One has

Plmeik·r ¼ Ylmðθk;φkÞeik·r;

Plmj0ðkrÞ ¼ iljlðkrÞYlmðθ;φÞ; Plmh
ð1Þ
0 ðkrÞ ¼ ilhð1Þl ðkrÞYlmðθ;φÞ;

jlðzÞ ¼
ffiffiffiffiffi
π

2z

r
Jlþ1

2
ðzÞ; hð1Þl ðzÞ ¼

ffiffiffiffiffi
π

2z

r
Hð1Þ

lþ1
2

ðzÞ;

which allows us to express the mode functions given in formula (2) of the main text as

ψ ð�Þ;�
jm;1 ¼ C�je

∓iωti−jþ1
2

0
BBBBBBBBBB@

ffiffiffiffiffiffiffi
jþm
2j

q
Pj−1

2
;m−1

2ffiffiffiffiffiffiffi
j−m
2j

q
Pj−1

2
;mþ1

2

�
ffiffiffiffiffiffiffiffiffiffiffi
j−mþ1
2jþ2

q
Pjþ1

2
;m−1

2

∓
ffiffiffiffiffiffiffiffiffiffiffi
jþmþ1
2jþ2

q
Pjþ1

2
;mþ1

2

1
CCCCCCCCCCA
f�0ðkrÞ;

ψ ð�Þ;�
jm;2 ¼ −C�je∓iωti−j−

1
2

0
BBBBBBBB@

ffiffiffiffiffiffiffiffiffiffiffi
j−mþ1
2jþ2

q
Pjþ1

2
;m−1

2

−
ffiffiffiffiffiffiffiffiffiffiffi
jþmþ1
2jþ2

q
Pjþ1

2
;mþ1

2

�
ffiffiffiffiffiffiffi
jþm
2j

q
Pj−1

2
;m−1

2

�
ffiffiffiffiffiffiffi
j−m
2j

q
Pj−1

2
;mþ1

2

1
CCCCCCCCA
f�0ðkrÞ;

where f�l ðkrÞ is defined in formula (3) of the main text. We may now use the following integral representation

h0ðkrÞ ¼
expðikrÞ

ikr
¼ 1

2π

Z
∞

−∞
dkx

Z
∞

−∞
dky

eikxxþikyy�i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2−k2x−k2y

p
z

k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 − k2x − k2y

q ; z ≷ 0;

and express the spinors ψ ð�Þ;out
jm;1 ðx;ωÞ after some calculation as

ψ ð�Þ;out
jm;1 ðx;ωÞ ¼ Coutj e∓iωti−jþ1

2
1

4π
3
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðj −mÞ!
ðjþmÞ!

s Z
∞

−∞
dkx

Z
∞

−∞
dkyeiðm−1

2
Þφk

0
BBBBBBBB@

ðjþmÞPm−1
2

j−1
2

ðcos θkÞ

P
mþ1

2

j−1
2

ðcos θkÞeiφk

�ðj −mþ 1ÞPm−1
2

jþ1
2

ðcos θkÞ

∓P
mþ1

2

jþ1
2

ðcos θkÞeiφk

1
CCCCCCCCA

×
eikxxþikyyþi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2−k2x−k2y

p
z

k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 − k2x − k2y

q :
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Using the definitions of θk and φk given at the beginning of the section, one finds

0
BBBBBBBB@

ðjþmÞPm−1
2

j−1
2

ðcos θkÞ

P
mþ1

2

j−1
2

ðcos θkÞeiφk

�ðj −mþ 1ÞPm−1
2

jþ1
2

ðcos θkÞ

∓P
mþ1

2

jþ1
2

ðcos θkÞeiφk

1
CCCCCCCCA

¼ ðjþmÞPm−1
2

j−1
2

ðcos θkÞ

0
BBBBBB@

1

0

�
ffiffiffiffiffiffiffiffiffiffi
k2−k2⊥

p
k

� k1þik2
k

1
CCCCCCA

þ P
mþ1

2

j−1
2

ðcos θkÞeiφk

0
BBBBBB@

0

1

� k1−ik2
k

∓
ffiffiffiffiffiffiffiffiffiffi
k2−k2⊥

p
k

1
CCCCCCA
:

Recalling that

ψ ð�Þ;out
jm;1 ðx;ωÞ ¼ H2

Z
∞

−∞

dkx
2π

Z
∞

−∞

dky
2π

ðWð�Þ;11
k⊥;jmψ

ð�Þ;out
k⊥;1 ðx0;ωÞ þWð�Þ;21

k⊥;jmψ
ð�Þ;out
k⊥;2 ðx0;ωÞÞ;

and using the explicit expression for the plane waves [formulas (4) and (5) in the main text], we arrive at

Wð�Þ;11
k⊥;jm ¼ −

π
3
2

2H2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðj −mÞ!
ðjþmÞ!

s
1

k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 − k2⊥

p eiðm−1
2
ÞφkðjþmÞPm−1

2

j−1
2

ðcos θkÞei
ffiffiffiffiffiffiffiffiffiffi
k2−k2⊥

p
L;

Wð�Þ;21
k⊥;jm ¼ −

π
3
2

2H2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðj −mÞ!
ðjþmÞ!

s
1

k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 − k2⊥

p eiðmþ1
2
ÞφkP

mþ1
2

j−1
2

ðcos θkÞei
ffiffiffiffiffiffiffiffiffiffi
k2−k2⊥

p
L:

Obtaining Wð�Þ;12
k⊥;jm and Wð�Þ;22

k⊥;jm follows from similar steps, leading to

Wð�Þ;12
k⊥;jm ¼ −

iπ
3
2

2H2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðj −mÞ!
ðjþmÞ!

s
1

k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 − k2⊥

p eiðm−1
2
Þφkðj −mþ 1ÞPm−1

2

jþ1
2

ðcos θkÞ;

Wð�Þ;22
k⊥;jm ¼ iπ

3
2

2H2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðj −mÞ!
ðjþmÞ!

s
1

k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 − k2⊥

p eiðmþ1
2
ÞφkP

mþ1
2

jþ1
2

ðcos θkÞ:

Combining all the Wð�Þ;ij
k⊥;jm gives

G21;ð�Þ
k⊥;jm ¼

�Wð�Þ;11
k⊥;jm Wð�Þ;12

k⊥;jm

Wð�Þ;21
k⊥;jm Wð�Þ;22

k⊥;jm

�

¼ −
π

3
2

2H2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðj −mÞ!
ðjþmÞ!

s
1

k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 − k2⊥

p eiðm−1
2
Þφk

0
B@ ðjþmÞPm−1

2

j−1
2

ðcos θkÞ iðj −mþ 1ÞPjþ1
2
;m−1

2
ðcos θkÞ

P
mþ1

2

j−1
2

ðcos θkÞeiφk −iPjþ1
2
;mþ1

2
ðcos θkÞeiφk

1
CA;

as presented in the main text in formula (10).

2. Matrix G12

In order to find G12, we may proceed as follows. First of all, we use the integral representation

j0ðkrÞ ¼
sinðkrÞ
kr

¼ 1

4π

Z
2π

0

dφk

Z
π

0

dθk sin θkeik·r
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to express the regular spherical solutions as

ψ ð�Þ;reg
jm;1 ðx;ωÞ ¼ Cregj e∓iωti−jþ1

2
1

8π
3
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðj −mÞ!
ðjþmÞ!

s Z
2π

0

dφk

Z
π

0

dθk sin θk

0
BBBBBBB@

ðjþmÞPm−1
2

j−1
2

ðcos θkÞeiðm−1
2
Þφk

P
mþ1

2

j−1
2

ðcos θkÞeiðmþ1
2
Þφk

�ðj −mþ 1ÞPm−1
2

jþ1
2

ðcos θkÞeiðm−1
2
Þφk

∓P
mþ1

2

jþ1
2

ðcos θkÞeiðmþ1
2
Þφk

1
CCCCCCCA
eik·r;

ψ ð�Þ;reg
jm;2 ðx;ωÞ ¼ −Cregj e∓iωti−j−

1
2
1

8π
3
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðj −mÞ!
ðjþmÞ!

s Z
2π

0

dφk

Z
π

0

dθk sin θk

0
BBBBBBBB@

ðj −mþ 1ÞPm−1
2

jþ1
2

ðcos θkÞeiðm−1
2
Þφk

−Pmþ1
2

jþ1
2

ðcos θkÞeiðmþ1
2
Þφk

�ðjþmÞPm−1
2

j−1
2

ðcos θkÞeiðm−1
2
Þφk

�P
mþ1

2

j−1
2

ðcos θkÞeiðmþ1
2
Þφk

1
CCCCCCCCA
eik·r:

We now introduce the following operators

Pð�Þ
jm;1 ¼

ð−1Þm−1
2

2

0
BBBBBBBB@

ffiffiffiffiffiffiffi
jþm
2j

q
Pj−1

2
;−mþ1

2

−
ffiffiffiffiffiffiffi
j−m
2j

q
Pj−1

2
;−m−1

2

�
ffiffiffiffiffiffiffiffiffiffiffi
j−mþ1
2jþ2

q
Pjþ1

2
;−mþ1

2

�
ffiffiffiffiffiffiffiffiffiffiffi
jþmþ1
2jþ2

q
Pjþ1

2
;−m−1

2

1
CCCCCCCCA
;

Pð�Þ
jm;2 ¼

ð−1Þm−1
2

2

0
BBBBBBBB@

ffiffiffiffiffiffiffiffiffiffiffi
j−mþ1
2jþ2

q
Pjþ1

2
;−mþ1

2ffiffiffiffiffiffiffiffiffiffiffi
jþmþ1
2jþ2

q
Pjþ1

2
;−m−1

2

�
ffiffiffiffiffiffiffi
jþm
2j

q
Pj−1

2
;−mþ1

2

∓
ffiffiffiffiffiffiffi
j−m
2j

q
Pj−1

2
;−m−1

2

1
CCCCCCCCA
;

that satisfy

Pð�Þ
j0m0;1 · ψ

ð�Þ;reg
jm;1 ðx;ωÞjx¼0 ¼ ð−1Þ−jþ1

2
e∓iωt

4π
δjj0δmm0 ;

Pð�Þ
j0m0;2 · ψ

ð�Þ;reg
jm;1 ðx;ωÞjx¼0 ¼ 0;

Pð�Þ
j0m0;1 · ψ

ð�Þ;reg
jm;2 ðx;ωÞjx¼0 ¼ 0

Pð�Þ
j0m0;2 · ψ

ð�Þ;reg
jm;2 ðx;ωÞjx¼0 ¼ ð−1Þ−jþ1

2i
e∓iωt

4π
δjj0δmm0 :

Recalling that

ψ ð�Þ;reg
k⊥;1 ðx0;ωÞ ¼

X
j¼1

2
;3
2
;…

X
m¼−j;−jþ1;…;j−1;j

ðVð�Þ;11
jm;k⊥ψ

ð�Þ;reg
jm;1 ðx;ωÞ þ Vð�Þ;21

jm;k⊥ψ
ð�Þ;reg
jm;2 ðx;ωÞÞ;

ψ ð�Þ;reg
k⊥;2 ðx0;ωÞ ¼

X
j¼1

2
;3
2
;…

X
m¼−j;−jþ1;…;j−1;j

ðVð�Þ;12
jm;k⊥ψ

ð�Þ;reg
jm;1 ðx;ωÞ þ Vð�Þ;22

jm;k⊥ψ
ð�Þ;reg
jm;2 ðx;ωÞÞ;

we can use the above relations for the operators Pð�Þ
jm;i to extract the matrix elements Vð�Þ;ij

jm;k⊥ :
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Vð�Þ;11
jm;k⊥ ¼ð−1Þ−jþ1

24πe�iωtPð�Þ
jm;1 · ψ

ð�Þ;reg
k⊥;1 ðx −L;ωÞjx¼0

¼ð−1Þ−mþ1
2

ffiffiffiffiffiffi
4π

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðj −mÞ!
ðjþmÞ!

s
ðjþmÞPm−1

2

j−1
2

ðcos θkÞe−iðm−1
2
Þφkei

ffiffiffiffiffiffiffiffiffiffi
k2−k2⊥

p
L;

Vð�Þ21
jm;k⊥ ¼ − ð−1Þ−jþ1

24πie�iωtPð�Þ
jm;2 · ψ

ð�Þ;reg
k⊥;1 ðx −L;ωÞjx¼0

¼ð−1Þ−mþ1
2

ffiffiffiffiffiffi
4π

p
i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðj −mÞ!
ðjþmÞ!

s
ðj −mþ 1ÞPm−1

2

jþ1
2

ðcos θkÞe−iðm−1
2
Þφkei

ffiffiffiffiffiffiffiffiffiffi
k2−k2⊥

p
L;

Vð�Þ;12
jm;k⊥ ¼ð−1Þ−jþ1

24πe�iωtPð�Þ
jm;1 · ψ

ð�Þ;reg
k⊥;2 ðx −L;ωÞjx¼0

¼ð−1Þ−m−1
2

ffiffiffiffiffiffi
4π

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðj −mÞ!
ðjþmÞ!

s
P
mþ1

2

j−1
2

ðcos θkÞe−iðmþ1
2
Þφkei

ffiffiffiffiffiffiffiffiffiffi
k2−k2⊥

p
L;

Vð�Þ;22
jm;k⊥ ¼ − ð−1Þ−jþ1

24πie�iωtPð�Þ
jm;2 · ψ

ðþÞ;reg
k⊥;2 ðx −L;ωÞjx¼0

¼ð−1Þ−mþ1
2

ffiffiffiffiffiffi
4π

p
i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðj −mÞ!
ðjþmÞ!

s
P
mþ1

2

jþ1
2

ðcos θkÞe−iðmþ1
2
Þφkei

ffiffiffiffiffiffiffiffiffiffi
k2−k2⊥

p
L:

Combining everything we arrive at

Gð�Þ;12
jm;k⊥ ¼

�Vð�Þ;11
k⊥;jm Vð�Þ;12

k⊥;jm

Vð�Þ;21
k⊥;jm Vð�Þ;22

k⊥;jm

�

¼ ð−1Þ−mþ1
2

ffiffiffiffiffiffi
4π

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðj −mÞ!
ðjþmÞ!

s
e−iðm−1

2
Þφk

0
@ ðjþmÞPm−1

2

j−1
2

ðcos θkÞ −Pmþ1
2

j−1
2

ðcos θkÞe−iφk

iðj −mþ 1ÞPm−1
2

jþ1
2

ðcos θkÞ iP
mþ1

2

jþ1
2

ðcos θkÞe−iφk

1
A;

as reported in formula (9) of the main text.

APPENDIX D: MATRIX N

The matrix N can be obtained by combining the translation and transition matrices leading to

N�
jm;j0m0 ¼ �ð−1Þ−mþ1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðj −mÞ!ðj0 −mÞ!
ðjþmÞ!ðj0 þmÞ!

s 0
BBB@

IjðκRÞ∓iIjþ1ðκRÞ
KjðκRÞ � iKjþ1ðκRÞ

0

0
IjðκRÞ � iIjþ1ðκRÞ
KjðκRÞ∓iKjþ1ðκRÞ

1
CCCA

×
Z

∞

0

dk⊥k⊥
iπδm;m0

2k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 − k2⊥

p �
A B

C D

�
e2i

ffiffiffiffiffiffiffiffiffiffi
k2−k2⊥

p
L;

where

A ¼ ðjþmÞðj0 −mþ 1ÞPm−1
2

j−1
2

ðcos θkÞPm−1
2

j0þ1
2

ðcos θkÞ − P
mþ1

2

j−1
2

ðcos θkÞPmþ1
2

j0þ1
2

ðcos θkÞ;

B ¼ iððjþmÞðj0 þmÞPm−1
2

j−1
2

ðcos θkÞPm−1
2

j0−1
2

ðcos θkÞ þ P
mþ1

2

j−1
2

ðcos θkÞPmþ1
2

j0−1
2

ðcos θkÞÞ;

C ¼ iððj −mþ 1Þðj0 −mþ 1ÞPm−1
2

jþ1
2

ðcos θkÞPm−1
2

j0þ1
2

ðcos θkÞ þ P
mþ1

2

jþ1
2

ðcos θkÞPmþ1
2

j0þ1
2

ðcos θkÞÞ;

D ¼ −ðj −mþ 1Þðj0 þmÞPm−1
2

jþ1
2

ðcos θkÞPm−1
2

j0−1
2

ðcos θkÞ þ P
mþ1

2

jþ1
2

ðcos θkÞPmþ1
2

j0−1
2

ðcos θkÞ:
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Using the following relation

ðj −mþ 1Þðj0 −mþ 1ÞPm−1
2

jþ1
2

ðcos θkÞPm−1
2

j0þ1
2

ðcos θkÞ þ P
mþ1

2

jþ1
2

ðcos θkÞPmþ1
2

j0þ1
2

ðcos θkÞ

¼ ðjþmÞðj0 þmÞPm−1
2

j−1
2

ðcos θkÞPm−1
2

j0−1
2

ðcos θkÞ þ P
mþ1

2

j−1
2

ðcos θkÞPmþ1
2

j0−1
2

ðcos θkÞ;

we can prove that B ¼ C. Then, noticing that

�
A B

C D

�
¼

0
B@ ðjþmÞPm−1

2

j−1
2

ðcos θkÞ −Pmþ1
2

j−1
2

ðcos θkÞe−iφk

iðj−mþ 1ÞPm−1
2

jþ1
2

ðcos θkÞ iP
mþ1

2

jþ1
2

ðcos θkÞe−iφk

1
CCA
0
BB@ ðj0 −mþ 1ÞPm−1

2

j0þ1
2

ðcos θkÞ iðj0 þmÞPm−1
2

j0−1
2

ðcos θkÞ

P
mþ1

2

j0þ1
2

ðcos θkÞeiφk −iPmþ1
2

j0−1
2

ðcos θkÞeiφk

1
CCA;

we can express N�
jm;j0m0 in terms of

P̄m
l ðzÞ ¼

ð−1Þm
2ll!

ðz2 − 1Þm2 dlþm

dzlþm ðz2 − 1Þl; m ≥ 0;

P̄−m
l ðzÞ ¼ ð−1Þm ðl −mÞ!

ðlþmÞ! P̄
m
l ðzÞ;

as

M�
jm;j0m0 ¼ ∓ iπδm;m0

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðj −mÞ!ðj0 −mÞ!
ðjþmÞ!ðj0 þmÞ!

s 0
BBB@

IjðκRÞ∓iIjþ1ðκRÞ
KjðκRÞ � iKjþ1ðκRÞ

0

0 −
IjðκRÞ � iIjþ1ðκRÞ
KjðκRÞ∓iKjþ1ðκRÞ

1
CCCA
Z

∞

0

dθ sinh θe−2κL cosh θ

×

0
@ ðjþmÞP̄m−1

2

j−1
2

ðcosh θÞ P̄
mþ1

2

j−1
2

ðcosh θÞ

ðj −mþ 1ÞP̄m−1
2

jþ1
2

ðcosh θÞ −P̄mþ1
2

jþ1
2

ðcosh θÞ

1
A
0
@ ðj0 −mþ 1ÞP̄m−1

2

j0þ1
2

ðcosh θÞ ðj0 þmÞP̄m−1
2

j0−1
2

ðcosh θÞ

P̄
mþ1

2

j0þ1
2

ðcosh θÞ −P̄mþ1
2

j0−1
2

ðcosh θÞ

1
A;

where we have defined

M ¼
�
1 0

0 i

�
N

�
1 0

0 −i

�
:

From the above expression, it is straightforward to prove that

Mþ
jm;j0m0 ¼ M−

jm;j0m0 ;

and that

Mþ
j;−m;j0;−m ¼ Mþ

j;m;j0;m;

from which it follows that

ECas ¼ −
ℏc
π
Re
Z

∞

0

dκTr ln ðI −MþÞ; ðD1Þ

from which formulas (11) and (12) in the main text can be obtained straightforwardly.
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APPENDIX E: SMALL SEPARATION ASYMPTOTIC BEHAVIOR

In order to compute the behavior of the Casimir energy at short distance, we first expand the logarithm

ECas ¼
ℏc
π

X∞
s¼0

1

sþ 1
Re
Z

∞

0

dκ
X

m¼���;−3
2
;−1

2
;1
2
;3
2
;…

X∞
j0¼jmj

X∞
j1¼jmj

…
X∞
js¼jmj

Mþ
j0m;j1m

…Mþ
jsm;j0m

;

and let

j0 ¼ l; ji ↦ jþ ni; ε ¼ d
R
; κR ¼ ω ¼ l

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − τ2

p

τ
;

which allows us to write

ECas ¼
ℏc
πR

X∞
s¼0

1

sþ 1
Re
Z

1

0

dτ

τ2
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − τ2

p
Z

∞

0

dll
Z

∞

−∞
dm
Z

∞

−∞
dn1…

Z
∞

−∞
dnsM

þ
l;lþn1

…Mþ
lþns;l

:

Using the following representations

P̄
m−1

2

j−1
2

ðcosh θÞ ¼ ðjþm − 1Þ!
π

Xj−1
2

k¼0

1

k!ðj − 1
2
− kÞ! e

ðj−1
2
−2kÞθ

Z π
2

−π
2

dφcos2j−1−2kφsin2kφe2iðm−1
2
Þφ;

P̄
mþ1

2

j−1
2

ðcosh θÞ ¼ ðjþmÞ!
π

Xj−1
2

k¼0

1

k!ðj − 1
2
− kÞ! e

ðj−1
2
−2kÞθ

Z π
2

−π
2

dφcos2j−1−2kφsin2kφe2iðmþ1
2
Þφ;

P̄
m−1

2

jþ1
2

ðcosh θÞ ¼ ðjþmÞ!
π

Xjþ1
2

k¼0

1

k!ðjþ 1
2
− kÞ! e

ðjþ1
2
−2kÞθ

Z π
2

−π
2

dφcos2jþ1−2kφsin2kφe2iðm−1
2
Þφ;

P̄
mþ1

2

jþ1
2

ðcosh θÞ ¼ ðjþmþ 1Þ!
π

Xjþ1
2

k¼0

1

k!ðjþ 1
2
− kÞ! e

ðjþ1
2
−2kÞθ

Z π
2

−π
2

dφcos2jþ1−2kφsin2kφe2iðmþ1
2
Þφ;

we obtain, after some algebra,

Mþ
lþni;lþniþ1

¼ −
i
2π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlþ ni −mÞ!ðlþ niþ1 −mÞ!ðlþ ni þmÞ!ðlþ niþ1 þmÞ!

p

×

0
BBB@

IlþniðωÞ − iIlþniþ1ðωÞ
KlþniðωÞ þ iKlþniþ1ðωÞ

0

0 −
IlþniðωÞ þ iIlþniþ1ðωÞ

Klþniþ1ðωÞ − iKlþniþ1ðωÞ

1
CCCA
Z

∞

0

dθ sinh θe−2ð1þεÞω cosh θ

×
X∞
k¼0

1

k!ðlþ ni þ 1
2
− kÞ!

X∞
k0¼0

1

k0!ðlþ niþ1 þ 1
2
− k0Þ! e

ð2lþniþniþ1−2k−2k0Þθ

×
Z π

2

−π
2

dφcos2lþ2ni−2kφsin2kφe2imφ

Z π
2

−π
2

dφ0cos2lþ2niþ1−2k0φ0sin2k0φ0e2imφ0
�
A B

C D

�
;
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where

A ¼
�
lþ ni þ

1

2
− k

�
cosφ0

cosφ
½ðlþ niþ1 −mþ 1Þe−iðφþφ0Þ þ ðlþ niþ1 þmþ 1Þeiðφþφ0Þ�;

B ¼
�
lþ ni þ

1

2
− k

��
lþ niþ1 þ

1

2
− k0

�
e−θ

cosφ cosφ0 ½e−iðφþφ0Þ − eiðφþφ0Þ�;

C ¼ eθ cosφ cosφ0½ðlþ ni −mþ 1Þðlþ niþ1 −mþ 1Þe−iðφþφ0Þ − ðlþ ni þmþ 1Þðlþ niþ1 þmþ 1Þeiðφþφ0Þ�;

D ¼
�
lþ niþ1 þ

1

2
− k0

�
cosφ
cosφ0 ½ðlþ ni −mþ 1Þe−iðφþφ0Þ þ ðlþ ni þmþ 1Þeiðφþφ0Þ�:

We then make the following substitutions

θ ↦ θ þ θ0; where sinh θ0 ¼
τffiffiffiffiffiffiffiffiffiffiffiffi

1 − τ2
p

and, with the aid of a symbolic manipulation program, we
expand up to first order in ε keeping in mind that l ∼ ε−1,
ni; m ∼ ε−

1
2, φ;φ0; θ ∼

ffiffiffi
ε

p
. For the term involving Bessel

functions, we need to make use of the Debye asymptotic
behaviors

IνðνzÞ ∼
1ffiffiffiffiffiffiffiffi
2πν

p eνηðzÞ

ð1þ z2Þ14
�
1þ u1ðtðzÞÞ

ν
þ � � �

�
;

KνðνzÞ ∼
ffiffiffiffiffi
π

2ν

r
e−νηðzÞ

ð1þ z2Þ14
�
1 −

u1ðtðzÞÞ
ν

þ � � �
�
;

where

ηðzÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ z2

p
þ log

z

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ z2

p ;

tðzÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ z2

p ; u1ðtÞ ¼
t
8
−
5t3

24
; ðE1Þ

and writing

IlþniðωÞ − iIlþniþ1ðωÞ
Klþniþ1ðωÞ þ iKlþniþ1ðωÞ

∼
IlþniðωÞ
KlþniðωÞ

1 − i
Ilþniþ1ðωÞ
Ilþni

ðωÞ

1þ i
Klþniþ1ðωÞ
Klþni

ðωÞ
:

After integration, we finally arrive at

ECas≈ −
7π3ℏcR
2880d2

�
1þ

�
1

3
−

20

7π2

�
d
R

�
:

APPENDIX F: PROXIMITY FORCE
APPROXIMATION

The Casimir energy density on a pair of parallel plates
separated by a distance d is given by

E∥
CasðdÞ ¼ −

7π2ℏc
2880d3

:

Hence, the proximity force approximation to the Casimir
energy between a sphere and a plate is

EPFA
Cas ¼

Z Z
x2þy2≤R2

dxdyE∥
CasðL −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 − x2 − y2

q
Þ

¼ 2π

Z
R

0

drrE∥
CasðRþ d −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 − r2

p
Þ:

Let

v ¼ Rþ d −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 − r2

p

d
:

Then

EPFA
Cas ¼ 2πd

Z ðRþdÞ=d

1

dvðRþ d − dvÞE∥
CasðdvÞ

∼ 2πRd
Z

∞

1

dvE∥
CasðdvÞ

∼ −
7π3ℏcR
1440d2

Z
∞

1

dv
1

v3

¼ −
7π3ℏcR
2880d2

:

This coincides with the leading-order term we obtain in the
previous section.
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