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We study the cylinder-plate and the cylinder-cylinder Casimir interaction in the ðDþ 1Þ-dimensional
Minkowski spacetime due to the vacuum fluctuations of massless scalar fields. Different combinations of
Dirichlet (D) and Neumann (N) boundary conditions are imposed on the two interacting objects. For the
cylinder-cylinder interaction, we consider the case where one cylinder is inside the other and the case where
the two cylinders are outside each other. By computing the transition matrices of the objects and the
translation matrices that relate different coordinate systems, the explicit formulas for the Casimir
interaction energies are derived. From these formulas, we compute the large separation and small
separation asymptotic behaviors of the Casimir interaction. For the cylinder-plate interaction with R ≪ L,
where R is the radius of the cylinder and L is the distance from the center of the cylinder to the plate, the
order of decay of the Casimir interaction only depends on the boundary conditions imposed on the cylinder.
The orders are L−Dþ1= lnðLÞ and L−D−1= lnL, respectively, for the Dirichlet and Neumann boundary
conditions on the cylinder. For two cylinders with radii R1 and R2 lying parallelly outside each other, the
orders of decay of the Casimir interaction energies when R1 þ R2 ≪ L are L−Dþ1=ðlnLÞ2, L−D−1= lnL,
and L−D−3, respectively, for DD, DN/ND, and NN boundary conditions, where L is the distance between
the centers of the cylinders. The more interesting and important characteristic of Casimir interaction
appears at small separation. Using the perturbation technique, we compute the small separation asymptotic
expansions of the Casimir interaction energies up to the next-to-leading-order terms. The leading terms
coincide with the respective results obtained using the proximity force approximation, which is of order
d−Dþ1=2, where d is the distance between the two objects. The results on the next-to-leading-order terms are
more interesting and important. We find some universal behaviors. It is also noticed that for the case of
Dirichlet–Dirichlet cylinder-plate interaction the next-to-leading-order term agrees with that obtained using
the derivative expansion. Hence, based on our results on other boundary conditions and on the cylinder-
cylinder interaction, we postulate a formula for the derivative expansion to expand the Casimir interaction
energy up to the next-to-leading-order terms for DD, DN, ND, and NN boundary conditions, for the
interaction between two curved surfaces in ðDþ 1Þ-dimensional Minkowski spacetime. It is found that the
postulate agrees with our previous results on the sphere-sphere interactions except when D ¼ 4.
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I. INTRODUCTION

In the pioneering work [1], Casimir proposed the
existence of a force between two parallel perfectly
conducting plates due to the vacuum fluctuations of
electromagnetic fields. This gives rise to the concept
of vacuum energy, which was referred to as Casimir
energy. In subsequent years, the Casimir effect has been
generalized to any quantum fields, and it is a purely
quantum effect. The idea of this Casimir energy is quite
simple. The ground state energy of a quantum harmonic
oscillator is not zero, but it is equal to ℏω=2, where ω is
the frequency. A quantum field can be considered as the
superposition of an infinite number of quantum harmonic
oscillators, each with a different ground state energy.

Casimir defined the Casimir energy as the sum of the
ground state energies:

ECas ¼
Xℏω

2
: ð1Þ

This sum is divergent, and regularization is required.
However, in the existence of two objects (boundaries),
one can obtain a finite Casimir interaction energy after
subtracting away the Casimir self-energies of each of the
objects.
The Casimir self-energy of an object is of its own

interest, and it has been under active investigation (see
Ref. [2] for a review). On the one hand, it is closely related
to the one-loop effective action [3], and on the other hand, it
has been proposed to be a candidate for the dark energy
[4–6]. Since the advent of string theory, studying physics in
higher dimensional spacetime has become the norm rather*LeePeng.Teo@nottingham.edu.my
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than an exception. There has been quite a number of
works that explored the Casimir energies of rectangular
cavities, spheres, and cylinders in higher dimensional
spacetimes [7–17].
The Casimir effect is more interesting when there exist

two interacting objects. In the last century, theoretical
computations of Casimir interaction were limited to the
configuration of two parallel plates. However, the advance-
ment in nanotechnology and Casimir experiments at the
end of the last century have called for a theoretical
understanding of the Casimir interaction between any
nonflat objects. About ten years ago, a major breakthrough
in Casimir research was brought by a few groups of
researchers [18–41], which have shed new light on the
research of Casimir interaction between two objects. Using
worldline numerics, multiple-scattering method, or mode
summation method, exact formulas for the Casimir inter-
actions of cylinder-plate, cylinder-cylinder, sphere-plate,
and sphere-sphere configurations have been computed.
This has enabled the more precise analytical and numerical
studies of the nature and the strength of the Casimir force.
Nonetheless, these works have been limited to the ð3þ 1Þ-
dimensional Minkowski spacetime.
Last year, we took the first step to understand the Casimir

interactions between nonflat objects in higher dimensional
spacetime [42–45]. We considered the sphere-plate
and sphere-sphere interactions due to the vacuum fluctua-
tions of massless scalar fields in ðDþ 1Þ-dimensional
Minkowski spacetime and studied the dependence of the
Casimir interaction on the dimension of spacetime. Since
cylindrical objects played an equally important role in
physics as spherical objects, we explore the Casimir
interaction between a cylinder and a plate and between
two cylinders in ðDþ 1Þ-dimensional Minkowski space-
time in this work.
We generalize the formalism established in Ref. [41] to

compute the Casimir interaction energy between a cylinder
and a plate, between two parallel cylinders where one lies
inside the other, and between two parallel cylinders exterior
to each other. We consider a massless scalar field with
combinations of Dirichlet (D) and Neumann (N) boundary
conditions. The generic formula for the Casimir interaction
energy between two objects can be written in the form

ECas ¼
ℏ
2π

Z
∞

0

dξ ln Trð1 − T1G12T2G21Þ ð2Þ

and is thus known as the TGTG formula. Here, T i is related
to the scattering matrix of object i and can be computed by
matching the boundary conditions on the object. The
matrix Gij is the translation matrix that relates the wave
functions of object i to the wave functions of object j. The
nontrivial problem is to compute these T i and Gij matrices.
After deriving the TGTG formulas for the cylinder-plate

and the cylinder-cylinder interactions, we derive the large

separation and small separation asymptotic behaviors of the
Casimir interactions. The large separation asymptotic
behavior is easy to compute since it only depends on a
few entries in each of the T and Gmatrices. To compute the
small separation asymptotic behavior beyond the leading
term is a tedious task [32,33,42–52]. As a confirmation of
the correctness of the TGTG formula, the leading term of
the small separation expansion of the Casimir interaction
energy is found to agree with that derived using the
proximity force approximation. One of the major contri-
butions of the present work is the result of the next-to-
leading-order term of the small separation expansion. For
the cylinder-plate configuration with DD boundary con-
ditions, we find that our result agrees with that computed
using a derivative expansion in Ref. [53]. Inspired by the
work [54], we use our results on the cylinder-cylinder
interaction to postulate a derivative expansion formula for
the Casimir interaction energy in ðDþ 1Þ-dimensional
spacetime, up to the second-order term, for the interaction
between any two objects with combinations of Dirichlet
and Neumann boundary conditions. This ansatz is found to
agree with the results we derive for the sphere-sphere
interaction in Ref. [43] except when D ¼ 4.
This work will be interesting to those that wish to

understand quantum field theory in higher dimensional
spacetime.

II. CASIMIR INTERACTION ENERGY

In this work, we consider the vacuum fluctuations of a
massless scalar field in ðDþ 1Þ-dimensional Minkowski
spacetime with the metric

ds2 ¼ dt2 − dx21 − � � � − dx2D:

The equation of motion of the scalar field φðxÞe−iωt,
x ¼ ðx1;…; xDÞ is� ∂2

∂x21 þ � � � þ ∂2

∂x2D
�
φ ¼ −

ω2

c2
φ: ð3Þ

We will consider the following three problems:
(i) the Casimir interaction between a cylinder and

a plate;
(ii) the Casimir interaction between two parallel

cylinders, one being inside the other;
(iii) the Casimir interaction between two parallel

cylinders exterior to each other.
The boundary conditions on the cylinder and the plate are
either the Dirichlet boundary condition φjboundary ¼ 0 or
the Neumann boundary condition ∂nφjboundary ¼ 0, where
n is the unit vector normal to the boundary.
We will take a cylinder to be

x21 þ x22 ¼ R2;
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where R is the radius of the cylinder. Therefore, it will
be convenient to work with the cylindrical coordinates
where

x1 ¼ r cos θ; x2 ¼ r sin θ; ð4Þ

so that the cylinder x21 þ x22 ¼ R2 is given by r ¼ R. In the
cylindrical coordinates, the equation of motion (3) reads as

� ∂2

∂r2 þ
1

r
∂
∂rþ

1

r2
∂2

∂θ2 þ
∂2

∂x23 þ � � � þ ∂2

∂x2D
�
φ ¼ −

ω2

c2
φ:

ð5Þ

Solving this equation of motion, we find that the cylindrical
waves can be parametrized by ðn; k3;…; kDÞ ¼ ðn; k⊥Þ,
where n is an integer, k⊥ ¼ ðk3;…; kDÞ ∈ RD−2, and
they can also be divided into regular and outgoing waves.
The explicit formulas for these cylindrical waves are
given by

φ�
n;k⊥ðxÞ ¼ C�nZ�

nðλrÞeinθþik3x3þ���þikDxD ; ð6Þ

where � ¼ reg or out for regular or outgoing waves,

Cregn ¼ i−n; Coutn ¼ π

2
inþ1;

are normalization constants, and

Zreg
n ðzÞ ¼ JnðzÞ; Zout

n ðzÞ ¼ Hð1Þ
n ðzÞ:

A. Casimir interaction energy between
a cylinder and a plate

For the Casimir interaction between a cylinder and a
plate, we will take the cylinder to be

x21 þ x22 ¼ R2; −
Hi

2
≤ xi ≤

Hi

2
for 3 ≤ i ≤ D;

and the plate to be

x1 ¼ L; −
Hi

2
≤ xi ≤

Hi

2
for 2 ≤ i ≤ D:

Here, L > R, and d ¼ L − R is the distance between the
cylinder and the plate.
For the plate x1 ¼ L, we will parametrize the plate

waves by the momenta perpendicular to the plate
ðk2; k3;…; kDÞ ¼ ðk2; k⊥Þ. Solving the equation of motion
(3) gives the plate wave basis

φ�
k2;k⊥ðxÞ ¼ e−isgn�k1x1þik2x2þik3x3þ���þikDxD ; ð7Þ

where

k1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2

c2
− k22 − � � � − k2D

s
;

and

sgnreg ¼ 1; sgnout ¼ −1:

Let H ¼ H3…HD. In the region between the cylinder
and the plate, we can write the scalar field φðx; tÞ in
terms of the cylindrical coordinate system centered at the
origin,

φðx; tÞ ¼ H
Z

∞

−∞
dω

Z
∞

−∞

dk3
2π

…

Z
∞

−∞

dkD
2π

×
X∞
n¼−∞

ðan;k⊥φreg
n;k⊥ðxÞ þ bn;k⊥φout

n;k⊥ðxÞÞe−iωt;

ð8Þ

or in terms of the rectangular coordinate system centered at
O0 ¼ Le1:

φðx0; tÞ ¼ H2H
Z

∞

−∞
dω

Z
∞

−∞

dk2
2π

Z
∞

−∞

dk3
2π

…

×
Z

∞

−∞

dkD
2π

ðck2;kφreg
k2;k

ðx0Þ þ dk2;kφout
k2;k

ðx0ÞÞe−iωt:

ð9Þ

Here, x0 ¼ x − Le1.
Using the representation (8), we find that the boundary

condition on the cylinder r ¼ R gives rise to a relation of
the form

bn;k⊥ ¼ −Tn
1a

n;k⊥ : ð10Þ

For D and N boundary conditions, Tn
1 is given by

Tn;D
1 ðiξÞ ¼ InðγRÞ

KnðγRÞ
; Tn;N

1 ðiξÞ ¼ I0nðγRÞ
K0

nðγRÞ
; ð11Þ

respectively. Here, ξ is the imaginary frequency so that
iξ ¼ ω,

γ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2 þ k23 þ � � � þ k2D

q
;

κ ¼ ξ

c
:

Under the representation (9), the boundary condition on
the plate x01 ¼ 0 gives rise to a relation of the form

ck2;k⊥ ¼ − ~Tk2
2 d

k2;k⊥ : ð12Þ

For D and N boundary conditions, ~Tk2
2 is given by

SCALAR CYLINDER-PLATE AND CYLINDER-CYLINDER … PHYSICAL REVIEW D 92, 025023 (2015)

025023-3



~Tk2;D
2 ðiξÞ ¼ 1; ~Tk2;D

2 ðiξÞ ¼ −1; ð13Þ

respectively.
The two representations (8) and (9) are related by

translation matrices V and W:

φreg
k2;k⊥ðx0Þ ¼

X∞
n¼−∞

Vn;k2φ
reg
n;k⊥ðxÞ;

φout
n;k⊥ðxÞ ¼ H

Z
∞

−∞

dk2
2π

Wk2;nφ
out
k2;k⊥ðx0Þ: ð14Þ

It is easy to see that the matrices V and W are diagonal in
k⊥. In fact, canceling out eik3x3þ���þikDxD from both sides,
we obtain exactly the same equation as in the D ¼ 3
dimension. Hence, quoting the result from dimension
D ¼ 3 (see, for example, Ref. [41]), we have

Vn;k2 ¼
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

γ2 þ k22
p

þ k2
γ

�n

e−
ffiffiffiffiffiffiffiffiffi
γ2þk2

2

p
L;

Wk2;n ¼
π

H
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γ2 þ k22

p � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γ2 þ k22

p
þ k2

γ

�n

e−
ffiffiffiffiffiffiffiffiffi
γ2þk2

2

p
L:

Notice that (14) implies that

an;k⊥ ¼ H2

Z
∞

−∞

dk2
2π

Vn;k2c
k2;k⊥ ;

dk2;k⊥ ¼
X∞
n¼−∞

Wk2;nb
n;k⊥ : ð15Þ

From (10), (12), and (15), we find that

bn;k⊥ ¼ −Tn
1a

n;k⊥

¼ Tn
1H2

Z
∞

−∞

dk2
2π

Vn;k2
~Tk2
2

X∞
n0¼−∞

Wk2;n0b
n0;k⊥ :

This is a relation of the form

ðI −MÞB ¼ 0; ð16Þ

where

M ¼ T1V ~T 2W;

and B is the column matrix with components bn;k⊥ .
The matrix B must be a nontrivial solution of (16).

Hence, we obtain the dispersion relation

det ðI −MÞ ¼ 0:

Using the standard contour integration technique, and the
fact that all the matrices T 1, V , ~T2, and W are diagonal in

k⊥, we then find that the Casimir interaction energy is
given by

ECas ¼
ℏcH
2π

Z
∞

0

dκ
Z

∞

−∞

dk3
2π

…

Z
∞

−∞

dkD
2π

Tr ln ð1 −MÞ;

where

Mn;n0 ¼ Tn
1H2

Z
∞

−∞

dk2
2π

Vn;k2
~Tk2
2 Wk2;n0

¼ Tn
1
~Tk2
2

Z
∞

−∞

dk2
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γ2 þ k22

p
×

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γ2 þ k22

p
þ k2

γ

�nþn0

e−2
ffiffiffiffiffiffiffiffiffi
γ2þk2

2

p
L

¼ Tn
1
~Tk2
2 Knþn0 ð2γLÞ:

Recall that

γ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2 þ k2⊥

q
; k⊥ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k23 þ � � � þ k2D

q
:

Since the dependence of Mn;n0 on ðk3;…; kDÞ is only
through k⊥, we have

ECas ¼
ℏcH
2π

2π
D−2
2

ð2πÞD−2ΓðD−2
2
Þ

×
Z

∞

0

dκ
Z

∞

0

dk⊥kD−3⊥ Tr ln ð1 −MÞ

¼ ℏcHAD

Z
∞

0

dγγD−2Tr ln ð1 −MÞ; ð17Þ

where AD is the constant

AD ¼ 1

2D−1π
D−1
2 ΓðD−1

2
Þ :

B. Casimir interaction energy of one cylinder
inside the other

For the Casimir interaction between two cylinders, one
inside the other, we take the smaller cylinder to be

x21 þ x22 ¼ R2
1; −

Hi

2
≤ xi ≤

Hi

2
for 3 ≤ i ≤ D;

the center of which is at the origin O, and the larger
cylinder is taken to be

ðx1 −LÞ2 þ x22 ¼ R2
2; −

Hi

2
≤ xi ≤

Hi

2
for 3 ≤ i ≤D;

the center of which is atO0 ¼ Le1. Notice that L<R2 −R1

and d ¼ R2 − R1 − L is the distance between the two
cylinders.
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As in the cylinder-plate case, we can represent the scalar
field φðx; tÞ in the region between the two cylinders in
two different ways, one with respect to the cylindrical
coordinate system centered at O,

φðx; tÞ ¼ H
Z

∞

−∞
dω

Z
∞

−∞

dk3
2π

…

Z
∞

−∞

dkD
2π

×
X∞
n¼−∞

ðan;k⊥φreg
n;k⊥ðxÞ þ bn;k⊥φout

n;k⊥ðxÞÞe−iωt;

ð18Þ

and one is in terms of the cylindrical coordinate system
centered at O0 ¼ Le1:

φðx0; tÞ ¼ H
Z

∞

−∞
dω

Z
∞

−∞

dk3
2π

…

Z
∞

−∞

dkD
2π

×
X∞
n¼−∞

ðcn;k⊥φreg
n;k⊥ðx0Þ þ dn;k⊥φout

n;k⊥ðx0ÞÞe−iωt:

ð19Þ

The boundary conditions on the cylinders give

bn;k⊥ ¼ −Tn
1a

n;k⊥ ; cn;k⊥ ¼ − ~Tn
2dn;k⊥ ; ð20Þ

with

Tn;D
1 ðiξÞ ¼ InðγR1Þ

KnðγR1Þ
; Tn;N

1 ðiξÞ ¼ I0nðγR1Þ
K0

nðγR1Þ
;

~Tn;D
2 ðiξÞ ¼ KnðγR2Þ

InðγR2Þ
; ~Tn;N

2 ðiξÞ ¼ K0
nðγR2Þ

I0nðγR2Þ
: ð21Þ

The two representations (18) and (19) are related by

φreg
n0;k⊥ðx0Þ ¼

X∞
n¼−∞

Vn;n0φ
reg
n;k⊥ðxÞ;

φout
n;k⊥ðxÞ ¼

X
n0¼−∞

Wn0;nφ
out
n0;k⊥ðx0Þ: ð22Þ

Compare to the D ¼ 3 case (see, e.g., Ref. [41]), we find
that

Vn;n0 ¼ Wn0;n ¼ ð−1Þn−n0In0−nðγLÞ: ð23Þ

As in the cylinder-plate case, we then find that the Casimir
interaction energy is given by

ECas ¼ ℏcHAD

Z
∞

0

dγγD−2Tr ln ð1 −MÞ; ð24Þ

where

Mn;n0 ¼ Tn
1

X∞
n00¼−∞

Vn;n00 ~T
n00
2 Wn00;n0

¼ Tn
1

X∞
n00¼−∞

In00−nTn00
2 In00−n0 : ð25Þ

C. Casimir interaction energy of two parallel
cylinders outside each other

For the Casimir interaction between two parallel cylin-
ders exterior to each other, we take one cylinder to be

x21 þ x22 ¼ R2
1; −

Hi

2
≤ xi ≤

Hi

2
for 3 ≤ i ≤ D;

the center of which is at the origin O, and the second
cylinder is taken to be

ðx1−LÞ2þx22¼R2
2; −

Hi

2
≤ xi ≤

Hi

2
for 3 ≤ i ≤ D;

the center of which is at O0 ¼ Le1. In this case,
L > R1 þ R2, and d ¼ L − R1 − R2 is the distance
between the two cylinders.
In the region between the two cylinders, the scalar field

φðx; tÞ can be represented by (18) using the cylindrical
coordinate system centered at O, or by (19) using the
cylindrical coordinate system centered at O0.
The boundary conditions on the cylinders give

bn;k⊥ ¼ −Tn
1a

n;k⊥ ; dn;k⊥ ¼ −Tn
2c

n;k⊥ ; ð26Þ

with

Tn;D
i ðiξÞ ¼ InðγRiÞ

KnðγRiÞ
; Tn;N

i ðiξÞ ¼ I0nðγRiÞ
K0

nðγRiÞ
: ð27Þ

In the present case, the two representations (18) and (19)
are related by

φout
n0;k⊥ðx0Þ ¼

X∞
n¼−∞

U12
n;n0φ

reg
n;k⊥ðxÞ;

φout
n;k⊥ðxÞ ¼

X
n0¼−∞

U21
n0;nφ

reg
n0;k⊥ðx0Þ: ð28Þ

In other words,

an;k⊥ ¼
X∞

n0¼−∞

U12
n;n0d

n0;k⊥ ;

cn
0;k⊥ ¼

X∞
n¼−∞

U21
n0;nb

n;k⊥ : ð29Þ

Compared to the D ¼ 3 case (see, e.g., Ref. [41]), we find
that
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U12
n;n0 ¼ U21

n0;n ¼ ð−1Þn0Kn−n0 ðγLÞ: ð30Þ

From (26) and (29), we find that

bn;k⊥ ¼ −Tn
1a

n;k⊥

¼ Tn
1

X∞
n00¼−∞

U12
n;n00T

n00
2

X∞
n0¼−∞

U21
n00;n0b

n0;k⊥ :

Then, as in the cylinder-plate case, we find that the
Casimir interaction energy is given by

ECas ¼ ℏcHAD

Z
∞

0

dγγD−2Tr ln ð1 −MÞ; ð31Þ

where

Mn;n0 ¼ Tn
1

X∞
n00¼−∞

U12
n;n00T

n00
2 U21

n00;n0

¼ Tn
1

X∞
n00¼−∞

Kn−n00Tn00
2 Kn0−n00 : ð32Þ

Using the fact that I−nðzÞ ¼ InðzÞ, K−nðzÞ ¼ KnðzÞ, we
find that T−n

2 ¼ Tn
2 . Hence, Eq. (32) can be rewritten as

Mn;n0 ¼ Tn
1

X∞
n00¼−∞

U12
n;n00T

n00
2 U21

n00;n0

¼ Tn
1

X∞
n00¼−∞

Knþn00Tn00
2 Kn0þn00 : ð33Þ

III. LARGE SEPARATION ASYMPTOTIC
BEHAVIOR

In this section, we compute the asymptotic behavior of
the Casimir interaction energy when L ≫ R and
L ≫ R1 þ R2, for the cylinder-plate interaction and the
cylinder-cylinder interaction when the two cylinders are
outside each other.
First, notice that by making a change of variables

γ ¼ ~γ=L and expanding the logarithm we have

ECas ¼
ℏcHAD

LD−1

Z
∞

0

d~γ ~γD−2Tr ln ð1 −MÞ

¼ −
ℏcHAD

LD−1

X∞
s¼0

1

sþ 1

Z
∞

0

d~γ ~γD−2
X∞

n0¼−∞
…

×
X∞

ns¼−∞
Mn0;n1…Mns;n0 : ð34Þ

For the cylinder-plate case,

Mcp
n;n0 ¼ Tn

1
~Tk2
2 Knþn0 ð2~γÞ:

For the case of two cylinders exterior to each other,

Mcc
n;n0 ¼Tn

1

X∞
n00¼−∞

Knþn00 ð~γÞTn00
2 Kn0þn00 ð~γÞ¼

X∞
n00¼−∞

N1
n;n00N

2
n00;n0 :

Here,

Tn;D
i ¼ Inð~γRi=LÞ

Knð~γRi=LÞ
; Tn;N

i ¼ I0nð~γRi=LÞ
K0

nð~γRi=LÞ
;

and

Ni
n;n00 ¼ Tn

i Knþn00 ð~γÞ:

From these, we see that to determine the large separation
asymptotic behavior (i.e., L ≫ R in the cylinder-plate case
and L ≫ R1 þ R2 in the cylinder-cylinder case) of the
Casimir interaction energy we need to know the small z
asymptotic behavior of InðzÞ=KnðzÞ and I0nðzÞ=K0

nðzÞ,
which can be obtained from any standard textbook of
special functions.
For the cylinder-plate case, when the cylinder is imposed

with Dirichlet boundary conditions, the leading term of the
large separation asymptotic expansion comes from the
terms s ¼ 0 and n0 ¼ 0; whereas when the cylinder is
imposed with the Neumann boundary conditions, the
leading term of the large separation asymptotic expansion
comes from the terms s ¼ 0 and n0 ¼ 0;�1, namely,

EDD
Cas ∼−

ℏcHAD

LD−1

Z
∞

0

d~γ ~γD−2Mcp;DD
0;0 ;

EDN
Cas ∼−

ℏcHAD

LD−1

Z
∞

0

d~γ ~γD−2Mcp;DN
0;0 ;

END
Cas ∼−

ℏcHAD

LD−1

Z
∞

0

d~γ ~γD−2ðMcp;ND
0;0 þMcp;ND

1;1 þMcp;ND
−1;−1Þ;

ENN
Cas ∼−

ℏcHAD

LD−1

Z
∞

0

d~γ ~γD−2ðMcp;NN
0;0 þMcp;NN

1;1 þMcp;NN
−1;−1Þ:

Straightforward computation then gives

EDD
Cas ∼ −

ℏcHΓðD−1
2
Þ

2Dþ1π
D−1
2 LD−1 ln ðL=RÞ ;

EDN
Cas ∼

ℏcHΓðD−1
2
Þ

2Dþ1π
D−1
2 LD−1 ln ðL=RÞ ;

END
Cas ∼

ℏcHð3Dþ 1ÞΓðDþ1
2
ÞR2

2Dþ3π
D−1
2 LDþ1

;

ENN
Cas ∼ −

ℏcHð3Dþ 1ÞΓðDþ1
2
ÞR2

2Dþ3π
D−1
2 LDþ1

: ð35Þ

Notice that if the Dirichlet boundary condition is imposed
on the cylinder the leading term is of order L−Dþ1= lnðLÞ;
whereas if the Neumann boundary condition is imposed on
the cylinder, the leading term is of order L−D−1.
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When D ¼ 3, Eq. (35) reads as

EDD
Cas ∼ −

ℏcH
16πL2 ln ðL=RÞ ; ENN

Cas ∼ −
5ℏcHR2

32πL4
: ð36Þ

These agree with the results obtained in Ref. [25].
For two cylinders that are exterior to each other, we rewrite (34) as

ECas ¼ −
ℏcHAD

LD−1

X∞
s¼0

1

sþ 1

Z
∞

0

d~γ ~γD−2
X∞

n0¼−∞
…

X∞
ns¼−∞

X∞
n0 0¼−∞

…
X∞

ns 0¼−∞

N1
n0;n0 0

N2
n0 0;n1

…N1
ns;ns 0

N2
ns 0;n0

: ð37Þ

As in the cylinder-plate case, we find that the leading terms of the large separation asymptotic expansions are given by

EDD
Cas ∼ −

ℏcHAD

LD−1

Z
∞

0

d~γ ~γD−2N1;D
0;0N

2;D
0;0 ;

EDN
Cas ∼ −

ℏcHAD

LD−1

Z
∞

0

d~γ ~γD−2ðN1;D
0;0N

2;N
0;0 þ N1;D

0;1N
2;N
1;0 þ N1;D

0;−1N
2;N
−1;0Þ;

ENN
Cas ∼ −

ℏcHAD

LD−1

Z
∞

0

d~γ ~γD−2ðN1;N
0;0N

2;N
0;0 þ N1;N

0;1N
2;N
1;0 þ N1;N

0;−1N
2;N
−1;0

þN1;N
−1;0N

2;N
0;−1 þ N1;N

1;0N
2;N
0;1 þ N1;N

1;1N
2;N
1;1 þ N1;N

−1;−1N
2;N
−1;−1 þ N1;N

1;−1N
2;N
−1;1 þ N1;N

−1;1N
2;N
1;−1Þ;

and END
Cas is obtained from EDN

Cas by interchanging R1 and R2.
Straightforward computation gives

EDD
Cas ∼ −

ℏcHΓðD−1
2
Þ2

2Dþ1π
D−2
2 ΓðD

2
ÞLD−1 ln ðL=R1Þ ln ðL=R2Þ

;

EDN
Cas ∼

ℏcΓðDþ1
2
Þ2ð3Dþ 1ÞHR2

2

2Dþ3π
D−2
2 ΓðDþ2

2
ÞLDþ1 ln ðL=R1Þ

;

ENN
Cas ∼ −

3ℏcðDþ 1Þð3Dþ 5ÞΓðDþ3
2
Þ2HR2

1R
2
2

2Dþ5π
D−2
2 ΓðDþ4

2
ÞLDþ3

: ð38Þ

Notice that the leading term of the Casimir interaction is
of orders L−Dþ1=ðlnLÞ2, L−D−1=ðlnLÞ, and L−D−3 respec-
tively for DD, DN, and NN boundary conditions.
From above, we see that at large separation, the decay of

the Casimir interaction is slower when the Dirichlet
boundary condition is imposed on the cylinder, and the
decay is faster when the Neumann boundary conditions is
imposed on the cylinder. For the same boundary conditions,
the decay is faster in higher dimensions.

IV. SMALL SEPARATION
ASYMPTOTIC BEHAVIOR

The small separation asymptotic behavior of the Casimir
interaction is of much more interest since the Casimir force
is inversely proportional to some power of the distance
between the objects. It is always expected that the leading
term of the Casimir interaction should agree with that
derived using the proximity force approximation. A subject

of much more interest is the next-to-leading-order term
because the ratio of the next-to-leading-order term to the
leading-order term is experimentally measurable. For
the cylinder-plate configuration in ð3þ 1Þ dimensions,
the small separation asymptotic behavior has been derived
in Ref. [32] up to the next-to-leading-order term. The idea of
the derivation is similar to the perturbation in the quantum
field theory. Later, the method was generalized to compute
the small separation asymptotic behavior of the Casimir
interaction energy in various settings [33,42,43,45–52].
In Sec. II, we have seen that for the cylinder-plate or

cylinder-cylinder configurations the Casimir interaction
energy is given by

ECas ¼ ℏcHAD

Z
∞

0

dγγD−2Tr ln ð1 −MÞ; ð39Þ

with different matrix M for different scenarios. The first
step in deriving the small separation asymptotic expansion
is to expand the logarithm in (39), which gives

ECas ¼ −ℏcHAD

X∞
s¼0

1

sþ 1

Z
∞

0

dγγD−2
X∞

n0¼−∞
…

×
X∞

ns¼−∞
Mn0;n1…Mns;n0 : ð40Þ

In the following, we will discuss the different scenarios
separately.
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A. Cylinder-plate case

In this case, define

ε ¼ d
R
; n ¼ n0; ω ¼ γR;

and make a change of variables,

ni ¼ nþ ~ni; 1 ≤ i ≤ s;

ω ¼ n
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − τ2

p

τ
:

Approximating the summation by corresponding integra-
tions, we have

ECas ∼ −
2ℏcHAD

RD−1

X∞
s¼0

1

sþ 1

Z
∞

0

dnnD−1

×
Z

1

0

dτ
ð1 − τ2ÞD−3

2

τD

Z
∞

−∞
d ~n1…

×
Z

∞

−∞
d ~nsMn0;n1…Mns;n0 ; ð41Þ

where

MXY
ni;niþ1

¼ ð−1ÞαYTni;X
1 Kniþniþ1

ð2ωð1þ εÞÞ:

Here, X ¼ D or N is the boundary condition on the sphere,
and Y ¼ D or N is the boundary condition on the plate,
αD ¼ 0, αN ¼ 1,

Tni;D
1 ¼ IniðωÞ

KniðωÞ
; Tni;N

1 ¼ I0niðωÞ
K0

niðωÞ
:

Now, we need to find the asymptotic expansion Mni;niþ1
,

keeping in mind that n ∼ ε−1, ~ni ∼ ε−
1
2. We also need the

Debye asymptotic expansions of the modified Bessel

functions which can be found in standard handbooks such
as Ref. [55]. We find that

IνðνzÞ
KνðνzÞ

∼
1

π
e2νηðzÞ

�
1þ 2u1ðtðzÞÞ

ν
þ � � �

�
;

I0νðνzÞ
K0

νðνzÞ
∼ −

1

π
e2νηðzÞ

�
1þ 2v1ðtðzÞÞ

ν
þ � � �

�
;

where

ηðzÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
1þ z2

p
þ log

z

1þ
ffiffiffiffiffiffiffiffiffiffiffiffi
1þ z2

p ; tðzÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi
1þ z2

p ;

ð42Þ

u1ðtÞ ¼
t
8
−
5t3

24
; v1ðtÞ ¼ −

3t
8
þ 7t3

24
: ð43Þ

Therefore,

MXY
ni;niþ1

∼ ð−1ÞαXþαY
1ffiffiffiffiffiffiffiffiffiffi
2πν2

p e2ν1ηðz1Þ−ν2ηðz2Þ

ð1þ z22Þ
1
4

ð1þAX
2 Þ;

where

ν1 ¼ ni; ν2 ¼ ni þ niþ1

z1 ¼
ω

ni
; z2 ¼

2ωð1þ εÞ
ni þ niþ1

;

and

AD
2 ¼ 1

n

�
2u1ðτÞ −

1

2
u1ðτÞ

�
;

AN
2 ¼ 1

n

�
2v1ðτÞ −

1

2
u1ðτÞ

�

are of order ε. With the help of a computer symbolic math
package, we find that

MXY
ni;niþ1

∼ð−1ÞαXþαYC ~ni− ~niþ1
1

2

ffiffiffiffiffiffi
τ

πn

r
ð1þ Bi;1 þ Bi;2Þ exp

�
−
2εn
τ

−
τð ~ni − ~niþ1Þ2

4n

�
ð1þAX

2 Þ;

where Bi;1 and Bi;2 are, respectively, terms of order
ffiffiffi
ε

p
and ε. Substituting into (41), we find that

EXY
Cas ∼ −

ℏcH

2D−1π
D
2ΓðD−1

2
ÞRD−1

X∞
s¼0

ð−1ÞðαXþαYÞðsþ1Þ

sþ 1

1

2sπ
s
2

Z
∞

0

dnnD−1−sþ1
2

Z
1

0

dτ
ð1 − τ2ÞD−3

2

τD−sþ1
2

Z
∞

−∞
d ~n1…

Z
∞

−∞
d ~ns

× exp

�
−
2εðsþ 1Þn

τ
−
Xs
i¼0

τð ~ni − ~niþ1Þ2
4n

�
ð1þ ðsþ 1ÞAX

2 Þ
�
1þ

Xs

i¼0

Bi;1 þ
Xs−1
i¼0

Xs

j¼iþ1

Bi;1Bj;1 þ
Xs
i¼0

Bi;2

�
:

The integration over ~ni is Gaussian, and it has been explained in Ref. [32] (see also Ref. [50]). One finds that the terms of
order

ffiffiffi
ε

p
would not contribute since it is odd in one of the ~ni. After the integration, one is left with an expression of the form
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EXY
Cas ∼ −

ℏcH

2D−1π
D
2ΓðD−1

2
ÞRD−1

X∞
s¼0

ð−1ÞðαXþαYÞðsþ1Þ

ðsþ 1Þ32
Z

1

0

dτ
ð1 − τ2ÞD−3

2

τD−1
2

Z
∞

0

dnnD−3
2 exp

�
−
2εðsþ 1Þn

τ

�
ð1þ FXÞ;

where F is a term of order ε. The integration over n is straightforward using the definition of the gamma function.
One obtains

EXY
Cas ∼ −

ℏcΓðD − 1
2
ÞH ffiffiffiffi

R
p

22D−3
2π

D
2ΓðD−1

2
ÞdD−1

2

X∞
s¼0

ð−1ÞðαXþαYÞðsþ1Þ

ðsþ 1ÞDþ1

Z
1

0

dτð1 − τ2ÞD−3
2 ð1þ GXÞ;

where GX is a term of order ε and is a polynomial of degree
2 in τ2. Using

Z
1

0

dτταð1 − τ2ÞD−3
2 ¼ 1

2

ΓðD−1
2
ÞΓð1þα

2
Þ

ΓðDþα
2
Þ ;

we find that

EXY
Cas ∼ −

ℏcΓðD − 1
2
ÞH ffiffiffiffi

R
p

22D−1
2π

D−1
2 ΓðD

2
ÞdD−1

2

X∞
s¼0

ð−1ÞðαXþαYÞðsþ1Þ

ðsþ 1ÞDþ1
ð1þHXÞ;

where

HD ¼
�

4D − 5

12ð2D − 3Þ −
ðD − 2ÞðD − 3Þ
3Dð2D − 3Þ ðsþ 1Þ2

�
d
R
;

HN ¼
�

4D − 5

12ð2D − 3Þ −
D2 þ 7D − 6

3Dð2D − 3Þ ðsþ 1Þ2
�
d
R
:

Finally, using the fact that

X∞
s¼0

1

ðsþ1Þk¼ ζðkÞ;
X∞
s¼0

ð−1Þsþ1

ðsþ1Þk ¼−ð1−2−kþ1ÞζðkÞ;

we have

EDD
Cas ∼ −

ℏcΓðD − 1
2
ÞζðDþ 1ÞH ffiffiffiffi

R
p

22D−1
2π

D−1
2 ΓðD

2
ÞdD−1

2

�
1þ

�
4D − 5

12ð2D − 3Þ −
ðD − 2ÞðD − 3Þ
3Dð2D − 3Þ

ζðD − 1Þ
ζðDþ 1Þ

�
d
R
þ � � �

�
;

EDN
Cas ∼ ð1 − 2−DÞℏcΓðD − 1

2
ÞζðDþ 1ÞH ffiffiffiffi

R
p

22D−1
2π

D−1
2 ΓðD

2
ÞdD−1

2

�
1þ

�
4D − 5

12ð2D − 3Þ −
ðD − 2ÞðD − 3Þ
3Dð2D − 3Þ

2D − 4

2D − 1

ζðD − 1Þ
ζðDþ 1Þ

�
d
R
þ � � �

�
;

END
Cas ∼ ð1 − 2−DÞℏcΓðD − 1

2
ÞζðDþ 1ÞH ffiffiffiffi

R
p

22D−1
2π

D−1
2 ΓðD

2
ÞdD−1

2

�
1þ

�
4D − 5

12ð2D − 3Þ −
D2 þ 7D − 6

3Dð2D − 3Þ
2D − 4

2D − 1

ζðD − 1Þ
ζðDþ 1Þ

�
d
R
þ � � �

�
;

ENN
Cas ∼ −

ℏcΓðD − 1
2
ÞζðDþ 1ÞH ffiffiffiffi

R
p

22D−1
2π

D−1
2 ΓðD

2
ÞdD−1

2

ζðDþ 1Þ
�
1þ

�
4D − 5

12ð2D − 3Þ −
D2 þ 7D − 6

3Dð2D − 3Þ
ζðD − 1Þ
ζðDþ 1Þ

�
d
R
þ � � �

�
: ð44Þ

It is easy to check that the respective leading terms coincide with the result of the proximity force approximation
(see Sec. V). Hence, we can write

EXY
Cas

EPFA;XY
Cas

¼
�
1þ ϑXY

d
R
þ o

�
d
R

��
;

where

EPFA;DD
Cas ¼ EPFA;NN

Cas ¼ −
ℏcΓðD − 1

2
ÞζðDþ 1ÞH ffiffiffiffi

R
p

22D−1
2π

D−1
2 ΓðD

2
ÞdD−1

2

;

EPFA;DN
Cas ¼ EPFA;ND

Cas ¼ ð1 − 2−DÞℏcΓðD − 1
2
ÞζðDþ 1ÞH ffiffiffiffi

R
p

22D−1
2π

D−1
2 ΓðD

2
ÞdD−1

2

;

ϑXY ¼ ϰXY;
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ϰDD ¼ 4D − 5

12ð2D − 3Þ −
ðD − 2ÞðD − 3Þ
3Dð2D − 3Þ

ζðD − 1Þ
ζðDþ 1Þ ;

ϰDN ¼ 4D − 5

12ð2D − 3Þ −
ðD − 2ÞðD − 3Þ
3Dð2D − 3Þ

2D − 4

2D − 1

ζðD − 1Þ
ζðDþ 1Þ ;

ϰND ¼ 4D − 5

12ð2D − 3Þ −
D2 þ 7D − 6

3Dð2D − 3Þ
2D − 4

2D − 1

ζðD − 1Þ
ζðDþ 1Þ ;

ϰNN ¼ 4D − 5

12ð2D − 3Þ −
D2 þ 7D − 6

3Dð2D − 3Þ
ζðD − 1Þ
ζðDþ 1Þ : ð45Þ

The values of ϰXY are tabulated in Table I of Appendix A
for 3 ≤ D ≤ 6. ϑ measures the correction to the proximity
force approximation. The dependence of ϑ on D is plotted
in Fig. 1.
One observes some interesting phenomena. ϑ is positive

when the cylinder is imposed with the Dirichlet boundary
conditions, which indicates a positive correction to the
proximity force approximation, and ϑ is negative when the
cylinder is imposed with the Neumann boundary condi-
tions, which indicates a negative correction. The correction
is larger in the latter case. However, for all combinations of
boundary conditions, we find that the magnitude of the
correction decreases with dimension D. In fact, from (45),
we find that when D ≫ 1

ϑDY ∼
5

8

1

D
; ϑNY ∼ −

11

8

1

D
; ð46Þ

which is inversely proportional to D. This is in big contrast
to the sphere-plate interaction [42], where it is found that
ϑ ∼ −D=4 regardless of the boundary conditions and thus
becomes negative whenD is large. In the sphere-plate case,
the correction to the proximity force approximation
becomes large when the dimension of spacetime is
increased. However, for the cylinder-plate case, the cor-
rection to the proximity force approximation becomes
smaller when the dimension of spacetime is increased.

B. Case where one cylinder lies parallelly
inside the other

In this case,

MXY
ni;niþ1

¼ Tni;X
1

X∞
n0i¼−∞

In0i−niðγLÞ ~T
n0i;Y
2 In0i−niþ1

ðγLÞ:

Define

a ¼ R1

R2 − R1

; b ¼ R2

R2 − R1

; ε ¼ d
R2 − R1

;

n ¼ n0; ω ¼ γðR2 − R1Þ;

and make a change of variables,

ni ¼ nþ ~ni; 1 ≤ i ≤ s;

ni0 ¼
b
a
nþ b

2a
ð ~ni þ ~niþ1Þ þ qi;

ω ¼ n
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − τ2

p

aτ
:

Approximating summations by integrations, we find that

ECas ∼ −
2ℏcHAD

RD−1
1

X∞
s¼0

1

sþ 1

×
Z

∞

0

dnnD−1
Z

1

0

dτ
ð1 − τ2ÞD−3

2

τD

×
Z

∞

−∞
d ~n1…

Z
∞

−∞
d ~nsMn0;n1…Mns;n0 ; ð47Þ

where

0 5 10 15 20
0

0.05

0.1

0.15

0.2

D

ϑDD

ϑDN

0 5 10 15 20

−1

−0.8

−0.6

−0.4

−0.2

0

D

ϑND

ϑNN

FIG. 1 (color online). The dependence of ϑ on dimension D for different combinations of the boundary conditions.
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MXY
ni;niþ1

¼Tni;X
1

X∞
ni 0¼−∞

In0i−niðωð1−εÞÞ ~Tn0i;Y
2 In0i−niþ1

ðωð1−εÞÞ;

Tni;D
1 ¼ IniðaωÞ

KniðaωÞ
; Tni;N

1 ¼ I0niðaωÞ
K0

niðaωÞ
;

~T
n0i;D
2 ¼Kn0iðbωÞ

In0iðbωÞ
; ~T

n0i;N
2 ¼

K0
n0i
ðbωÞ

I0n0iðbωÞ
: ð48Þ

Using the Debye asymptotic behavior of the modified
Bessel functions, we find that

Mni;niþ1
∼ ð−1ÞαXþαY

Z
∞

−∞
dqi

1

2π
ffiffiffiffiffiffiffiffiffi
ν2ν4

p

×
e2ν1ηðz1Þþν2ηðz2Þ−2ν3ηðz3Þþν4ηðz4Þ

ð1þ z22Þ
1
4ð1þ z24Þ

1
4

× ð1þAX
2 þ BY

2 þ C2Þ; ð49Þ

where

ν1¼ni; ν2¼n0i−ni; ν3¼n0i; ν4¼n0i−niþ1;

z1¼
aω
ν1

; z2¼
ωð1−εÞ

ν2
; z3¼

bω
ν3

; z4¼
ωð1−εÞ

ν4
;

AD
2 ¼

2

n
u1ðτÞ; AN

2 ¼
2

n
v1ðτÞ;

BD
2 ¼−

2a
bn

u1ðτÞ; BN
2 ¼−

2a
bn

v1ðτÞ;

C2¼
2a
n
u1ðτÞ: ð50Þ

A2, B2, and C2 are terms of order ε. As in the cylinder-plate
case, expanding each term keeping in mind that n has order
ε−1 and ~ni and qi have order ε−

1
2, we obtain

Mni;niþ1
∼ Ci1−i2ð−1ÞαXþαY

Z
∞

−∞
dqi

aτ
2πn

ð1þDi;1 þDi;2Þ exp
�
−
2εn
aτ

−
bτ
4n

ðni − niþ1Þ2 −
a2τ
bn

q2i

�
ð1þAX

2 þ BY
2 þ C2Þ;

ð51Þ

where Di;1 and Di;2 are, respectively, terms of order
ffiffiffi
ε

p
and ε. The integration over qi is straightforward and gives an

expansion of the form

Mni;niþ1
∼ Ci1−i2ð−1ÞαXþαY

ffiffiffiffiffi
bτ

p

2
ffiffiffiffiffiffi
πn

p ð1þ Gi;1 þ Gi;2Þ exp
�
−
2εn
aτ

−
bτ
4n

ðni − niþ1Þ2
�
ð1þAX

2 þ BY
2 þ C2Þ: ð52Þ

The rest is similar to the cylinder-plate case. We find that the up to the next-to-leading-order term the Casimir interaction
energy can be written as

EDD
Cas ¼ EDD;PFA

Cas

�
1þ 4D − 5

4ð2D − 3Þ
d

R2 − R1

þ ϰDD
d
R1

− ϰDD
d
R2

�
;

EDN
Cas ¼ EDN;PFA

Cas

�
1þ 4D − 5

4ð2D − 3Þ
d

R2 − R1

þ ϰDN
d
R1

− ϰND
d
R2

�
;

END
Cas ¼ END;PFA

Cas

�
1þ 4D − 5

4ð2D − 3Þ
d

R2 − R1

þ ϰND
d
R1

− ϰDN
d
R2

�
;

ENN
Cas ¼ ENN;PFA

Cas

�
1þ 4D − 5

4ð2D − 3Þ
d

R2 − R1

þ ϰNN
d
R1

− ϰNN
d
R2

�
:

Here, ϰXY are defined in (45) and are equal to the ϑXY for the cylinder-plate case, and EXY;PFA
Cas is the leading term that

coincides with the proximity force approximation. It is given explicitly by

EDD
Cas;PFA ¼ ENN

Cas;PFA ¼ −
ℏcHΓðD − 1

2
ÞζðDþ 1Þ

22D−1
2π

D−1
2 ΓðD

2
ÞdD−1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R1R2

R2 − R1

s
;

EDN
Cas;PFA ¼ END

Cas;PFA ¼ ð1 − 2−DÞℏcHΓðD − 1
2
ÞζðDþ 1Þ

22D−1
2π

D−1
2 ΓðD

2
ÞdD−1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R1R2

R2 − R1

s
:

Hence, we have

SCALAR CYLINDER-PLATE AND CYLINDER-CYLINDER … PHYSICAL REVIEW D 92, 025023 (2015)

025023-11



EXY
Cas

EPFA;XY
Cas

¼
�
1þ ϑXY

d
R2 − R1

þ o

�
d

R2 − R1

��
;

where

ϑDD ¼ 4D − 5

4ð2D − 3Þ þ ϰDD
1

a
− ϰDD

1

b
;

ϑDN ¼ 4D − 5

4ð2D − 3Þ þ ϰDN
1

a
− ϰND

1

b
;

ϑND ¼ 4D − 5

4ð2D − 3Þ þ ϰND
1

a
− ϰDN

1

b
;

ϑNN ¼ 4D − 5

4ð2D − 3Þ þ ϰNN
1

a
− ϰNN

1

b
: ð53Þ

Recall that b ¼ aþ 1. Hence, we can regard ϑ as
depending on dimension D and β ¼ b=a ¼ R2=R1—the
ratio of the radius of the larger cylinder to the radius of the
smaller cylinder. Then,

a ¼ 1

β − 1
; b ¼ β

β − 1
:

In Fig. 2, we plot the dependence of ϑ on dimension D and
the radii ratio β for different boundary conditions.
We observe that ϑ is always positive when the inner

cylinder is imposed with the Dirichlet boundary conditions.

When the inner cylinder is imposed with the Neumann
boundary conditions, ϑ can be positive or negative depend-
ing on dimension D and the ratio of the radii of the
cylinders. When D is large, we observe some universal
behavior. In fact, from (53) and the asymptotic behavior of
ϰXY obtained in (46), we find that when D ≫ 1

ϑXY ∼
1

2
;

regardless of the boundary conditions. This agrees with the
graphs we obtained in Fig. 2. The dominating term actually
comes from

4D − 5

4ð2D − 3Þ ;

which is universal for all boundary conditions.

C. Case where two parallel cylinders are
exterior to each other

In this case,

MXY
ni;niþ1

¼ Tni;X
1

X∞
n0i¼−∞

Kn0iþniðγLÞT
n0i;Y
2 Kn0iþniþ1

ðγLÞ:
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FIG. 2 (color online). The dependence of ϑ on dimension D and the radii ratio β for different combinations of boundary conditions.
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Define

a ¼ R1

R1 þ R2

; b ¼ R2

R1 þ R2

; ε ¼ d
R1 þ R2

;

n ¼ n0; ω ¼ γðR1 þ R2Þ;

and make a change of variables

ni ¼ nþ ~ni; 1 ≤ i ≤ s;

n0i ¼
b
a
nþ b

2a
ð ~ni þ ~niþ1Þ þ qi;

ω ¼ n
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − τ2

p

aτ
:

As in the previous case, we find that

ECas ∼ −
2ℏcHAD

RD−1
1

X∞
s¼0

1

sþ 1

Z
∞

0

dnnD−1
Z

1

0

dτ
ð1 − τ2ÞD−3

2

τD

×
Z

∞

−∞
d ~n1…

Z
∞

−∞
d ~nsMn0;n1…Mns;n0 ; ð54Þ

where

MXY
ni;niþ1

¼ Tni;X
1

X∞
n0i¼−∞

Kn0iþniðωð1þ εÞÞTn0i;Y
2

× Kn0iþniþ1
ðωð1þ εÞÞ;

Tni;D
1 ¼ IniðaωÞ

KniðaωÞ
; Tni;N

1 ¼ I0niðaωÞ
K0

niðaωÞ
;

~T
n0i;D
2 ¼ In0iðbωÞ

Kn0i
ðbωÞ ;

~T
n0i;N
2 ¼

I0n0iðbωÞ
K0

n0i
ðbωÞ : ð55Þ

Using the Debye asymptotic behavior of the modified
Bessel functions, we find that

Mni;niþ1
∼ ð−1ÞαXþαY

Z
∞

−∞
dqi

1

2π
ffiffiffiffiffiffiffiffiffi
ν2ν4

p

×
e2ν1ηðz1Þ−ν2ηðz2Þþ2ν3ηðz3Þ−ν4ηðz4Þ

ð1þ z22Þ
1
4ð1þ z24Þ

1
4

× ð1þAX
2 þ BY

2 þ C2Þ; ð56Þ

where

ν1¼ni; ν2¼n0iþni; ν3¼n0i; ν4¼n0iþniþ1;

z1¼
aω
ν1

; z2¼
ωð1þεÞ

ν2
; z3¼

bω
ν3

; z4¼
ωð1þεÞ

ν4
;

AD
2 ¼

2

n
u1ðτÞ; AN

2 ¼
2

n
v1ðτÞ;

BD
2 ¼

2a
bn

u1ðτÞ; BN
2 ¼

2a
bn

v1ðτÞ;

C2¼−
2a
n
u1ðτÞ: ð57Þ

As before, expanding each term according to orders of
ε gives

Mni;niþ1
∼ Ci1−i2ð−1ÞαXþαY

Z
∞

−∞
dqi

aτ
2πn

ð1þDi;1 þDi;2Þ exp
�
−
2εn
aτ

−
bτ
4n

ðni − niþ1Þ2 −
a2τ
bn

q2i

�
ð1þAX

2 þ BY
2 þ C2Þ;

ð58Þ

whereDi;1 andDi;2 are, respectively, terms of order
ffiffiffi
ε

p
and ε. The rest is similar to the case where one cylinder is inside the

other. We find that, up to the next-to-leading-order term, the Casimir interaction energy can be written as

EDD
Cas ¼ EDD;PFA

Cas

�
1 −

4D − 5

4ð2D − 3Þ
d

R1 þ R2

þ ϰDD
d
R1

þ ϰDD
d
R2

�
;

EDN
Cas ¼ EDN;PFA

Cas

�
1 −

4D − 5

4ð2D − 3Þ
d

R1 þ R2

þ ϰDN
d
R1

þ ϰND
d
R2

�
;

END
Cas ¼ END;PFA

Cas

�
1 −

4D − 5

4ð2D − 3Þ
d

R1 þ R2

þ ϰND
d
R1

þ ϰDN
d
R2

�
;

ENN
Cas ¼ ENN;PFA

Cas

�
1 −

4D − 5

4ð2D − 3Þ
d

R1 þ R2

þ ϰNN
d
R1

þ ϰNN
d
R2

�
: ð59Þ
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Here, EXY;PFA
Cas is the leading term that coincides

with the proximity force approximation. It is given
explicitly by

EDD
Cas;PFA¼ENN

Cas;PFA¼−
ℏcHΓðD− 1

2
ÞζðDþ1Þ

22D−1
2π

D−1
2 ΓðD

2
ÞdD−1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R1R2

R1þR2

s
;

EDN
Cas;PFA¼END

Cas;PFA¼ð1−2−DÞℏcHΓðD− 1
2
ÞζðDþ1Þ

22D−1
2π

D−1
2 ΓðD

2
ÞdD−1

2

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R1R2

R1þR2

s
:

Hence, we have

EXY
Cas

EPFA;XY
Cas

¼
�
1þ ϑXY

d
R1 þ R2

þ o

�
d

R1 þ R2

��
;

where

ϑDD ¼ −
4D − 5

4ð2D − 3Þ þ ϰDD
1

a
þ ϰDD

1

b
;

ϑDN ¼ −
4D − 5

4ð2D − 3Þ þ ϰDN
1

a
þ ϰND

1

b
;

ϑND ¼ −
4D − 5

4ð2D − 3Þ þ ϰND
1

a
þ ϰDN

1

b
;

ϑNN ¼ −
4D − 5

4ð2D − 3Þ þ ϰNN
1

a
þ ϰNN

1

b
: ð60Þ

Recall that b ¼ 1 − a. Hence, we can regard ϑ as
depending on dimension D and Δ ¼ b=a ¼ R2=R1—the
ratio of the radii of the cylinders. Without loss of generality,
we can assume that R2 ≥ R1. Then, Δ ≥ 1,

a ¼ 1

Δþ 1
; b ¼ Δ

Δþ 1
:

In Fig. 3, we plot the dependence of ϑ on dimension D
and the radii ratio Δ for the different boundary conditions.
We observe that ϑ is always negative for the DN, ND,

and NN boundary conditions. When both cylinders are
imposed with the Dirichlet boundary conditions, ϑ can be
positive or negative depending on dimension D and the
ratio of the radii of the cylinders. When D is large, we
observe some universal behavior. In fact, from (60) and the
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FIG. 3 (color online). The dependence of ϑ on dimension D and the radii ratio Δ for different combinations of the boundary
conditions.
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asymptotic behavior of ϰXY obtained in (46), we find that
when D ≫ 1

ϑXY ∼ −
1

2
;

regardless of the boundary conditions. This agrees with the
graphs we obtained in Fig. 3. The dominating term actually
comes from

−
4D − 5

4ð2D − 3Þ ;

which is universal for all boundary conditions.

V. POSTULATE FOR DERIVATIVE
EXPANSION FORMULA

In a series of papers [53,56,57], Fosco, Lombardo, and
Mazzitelli used derivative expansion to compute the

Casimir interaction energy between a curved surface and
a plate with the Dirichlet boundary conditions up to the
next-to-leading-order term. In Ref. [53], they showed that
the derivative expansion of the Casimir interaction energy
is given by

EDE
Cas ¼ ℏc

Z
S
dD−1x⊥

×

�
b0ðDÞ 1

jψðx⊥ÞjD
þ b2ðDÞ ∥∇ψ∥2

jψðx⊥ÞjD
þ � � �

�
:

ð61Þ

Here, x⊥ ¼ ðx2;…; xDÞ, x1 ¼ ψðx⊥Þ;x⊥ ∈ S defines the
position of the curved surface with respect to the plate at
x1 ¼ 0, and

b0ðDÞ ¼ −
ΓðDþ1

2
ÞζðDþ 1Þ

2Dþ1π
Dþ1
2

;

b2ðDÞ ¼ −
1

3 × 2Dþ2π
Dþ1
2

�
−
ðD − 3ÞðD − 1ÞðD − 2Þ

2D
Γ
�
D − 1

2

�
ζðD − 1Þ þ ðDþ 1ÞΓ

�
Dþ 1

2

�
ζðDþ 1Þ

�

¼ b0ðDÞ
�
Dþ 1

6
−
ðD − 2ÞðD − 3Þ

6D
ζðD − 1Þ
ζðDþ 1Þ

�
: ð62Þ

Consider the cylinder-plate interaction. We can take the cylinder to be ðx1 − LÞ2 þ x22 ¼ R2. Then,

ψðx⊥Þ ¼ ψðx2Þ ¼ L −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 − x22

q
; ∇ψ ¼ x2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R2 − x22
p e2:

Some computations give

Z
S
dD−1x⊥

1

jψðx⊥ÞjD
¼ 2H

Z
R

0

dx2
1

ðL −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 − x22

p
ÞD ¼ 2H

ffiffiffiffi
R

pffiffiffi
2

p
dD−1

2

πΓðD − 1
2
Þ

2D−1ΓðD
2
ÞΓðDþ1

2
Þ
�
1 −

3d
4R

1

2D − 3
þ � � �

�
;

Z
S
dD−1x⊥

1

jψðx⊥ÞjD
¼ 2H

Z
R

0

dx2
1

ðL −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 − x22

p
ÞD

x22
R2
2 − x22

¼ 2H
ffiffiffiffi
R

pffiffiffi
2

p
dD−1

2

πΓðD − 1
2
Þ

2D−1ΓðD
2
ÞΓðDþ1

2
Þ

2

2D − 3

d
R
þ � � � :

Hence, derivative expansion gives

EDE;DD
Cas ∼ −

ℏcΓðD − 1
2
ÞζðDþ 1ÞH ffiffiffiffi

R
p

22D−1
2π

D−1
2 ΓðD

2
ÞdD−1

2

�
1þ

�
4D − 5

12ð2D − 3Þ −
ðD − 2ÞðD − 3Þ
3Dð2D − 3Þ

ζðD − 1Þ
ζðDþ 1Þ

�
d
R
þ � � �

�
; ð63Þ

agreeing with the result we obtained in the first formula of (44).
Encouraged by this, we would like to give a postulate for the result of derivative expansion for the DN, ND, and NN

boundary conditions, in the case where the two interacting objects are both curved. Inspired by Ref. [54], let us formulate

the following ansatz for the small separation asymptotic behavior of the Casimir interaction energy between the two curved

objects in ðDþ 1Þ-dimensional Minkowski spacetime:
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EDE
Cas ¼

Z
Σ
dD−1x⊥E∥

CasðHÞð1þ β1ðHÞ∇H1 ·∇H1

þ β2ðHÞ∇H2 · ∇H2 þ β×ðHÞ∇H1 ·∇H2 þ � � �Þ;
ð64Þ

where E∥
Cas is the Casimir energy density between two

parallel plates for a conformally coupled massless scalar
field, Σ can be taken to be the x1 ¼ 0 plate parametrized by
x⊥ ¼ ðx2;…; xDÞ, x1 ¼ H1ðx⊥Þ and x2 ¼ H2ðx⊥Þ are the
height profiles of the two objects with respect to Σ, and
H ¼ H1 −H2 is the height difference. When the second
object is a plate, we can take it as the plate x1 ¼ 0, and
then H2 ¼ 0.
Notice that

E∥;XY
Cas ðHÞ ¼ bXY0 ðDÞ

HD ; ð65Þ

where

bDD0 ðDÞ¼ bNN0 ðDÞ¼−
ℏcΓðDþ1

2
ÞζðDþ1Þ

2Dþ1π
Dþ1
2

;

bDN0 ðDÞ¼ bND0 ðDÞ¼ ð1−2−DÞℏcΓð
Dþ1
2
ÞζðDþ1Þ

2Dþ1π
Dþ1
2

: ð66Þ

According to the result of Ref. [53] we mentioned
above,

βDD1 ¼ βDD2 ¼ Dþ 1

6
−
ðD − 2ÞðD − 3Þ

6D
ζðD − 1Þ
ζðDþ 1Þ : ð67Þ

We are going to determine the values of β1, β2, and β× for
DD, DN, ND, and NN boundary conditions based on our
results on the small separation asymptotic expansions of the
Casimir interaction energies between two cylinders exterior
to each other.
We can take the two cylinders to have height profiles

H1 ¼ L1 −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
1 − x22

q
; H2 ¼ −L2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
2 − x22

q
:

Then, L ¼ L1 þ L2 is the distance between the centers
of the cylinders. Assuming that R1 < R2, some tedious
computations give

Z
Σ
dD−1x⊥

1

HD ¼ 2H
Z

R1

0

dx
1

ðL −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
1 − x2

p
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
2 − x2

p
ÞD

¼ H

dD−1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πR1R2

R1 þ R2

s
ΓðD − 1

2
Þ

ΓðDÞ
�
1þ 9

4ð2D − 3Þ
d

R1 þ R2

−
3

4ð2D − 3Þ
�
d
R1

þ d
R2

�
þ � � �

�
; ð68Þ

Z
Σ
dD−1x⊥

∇H1 ·∇H1

HD ¼ 2H
Z

R1

0

dx
1

ðL −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
1 − x2

p
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
2 − x2

p
ÞD

x2

R2
1 − x2

¼ H

dD−1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πR1R2

R1 þ R2

s
ΓðD − 1

2
Þ

ΓðDÞ
2

2D − 3

�
d
R1

−
d

R1 þ R2

þ � � �
�
; ð69Þ

Z
Σ
dD−1x⊥

∇H2 ·∇H2

HD ¼ 2H
Z

R1

0

dx
1

ðL −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
1 − x2

p
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
2 − x2

p
ÞD

x2

R2
2 − x2

¼ H

dD−1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πR1R2

R1 þ R2

s
ΓðD − 1

2
Þ

ΓðDÞ
2

2D − 3

�
d
R2

−
d

R1 þ R2

þ � � �
�
; ð70Þ

Z
Σ
dD−1x⊥

∇H1 ·∇H2

HD ¼ −2H
Z

R1

0

dx
1

ðL −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
1 − x2

p
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
2 − x2

p
ÞD

x2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
1 − x2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
2 − x2

p
¼ −

H

dD−1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πR1R2

R1 þ R2

s
ΓðD − 1

2
Þ

ΓðDÞ
2

2D − 3

�
d

R1 þ R2

þ � � �
�
: ð71Þ

LEE-PENG TEO PHYSICAL REVIEW D 92, 025023 (2015)

025023-16



Substituting into (64), we find that for the interaction of two cylinders

EDE;XY
Cas ¼ bXY0

H

dD−1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πR1R2

R1 þ R2

s
ΓðD − 1

2
Þ

ΓðDÞ
�
1þ 9

4ð2D − 3Þ
d

R1 þ R2

−
3

4ð2D − 3Þ
�
d
R1

þ d
R2

�

þ 2βXY1 ðDÞ
2D − 3

�
d
R1

−
d

R1 þ R2

�
þ 2βXY2 ðDÞ

2D − 3

�
d
R2

−
d

R1 þ R2

�
−
2βXY× ðDÞ
2D − 3

d
R1 þ R2

þ � � �
�

¼ bXY0
H

dD−1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πR1R2

R1 þ R2

s
ΓðD − 1

2
Þ

ΓðDÞ
�
1þ 1

2D − 3

�
9

4
− 2βXY1 ðDÞ − 2βXY2 ðDÞ − 2βXY× ðDÞ

�
d

R1 þ R2

þ 1

2D − 3

�
2βXY1 ðDÞ − 3

4

�
d
R1

þ 1

2D − 3

�
2βXY2 ðDÞ − 3

4

�
d
R2

þ � � �
�
: ð72Þ

Comparing to our results (59), we find that the leading terms do agree, and the next-to-leading-order terms give

9

4
− 2βXY1 ðDÞ − 2βXY2 ðDÞ − 2βXY× ðDÞ ¼ −

4D − 5

4
;

2βDD1 −
3

4
¼ 4D − 5

12
−
ðD − 2ÞðD − 3Þ

3D
ζðD − 1Þ
ζðDþ 1Þ ; βDD2 ðDÞ ¼ βDD1 ðDÞ;

2βDN1 −
3

4
¼ 4D − 5

12
−
ðD − 2ÞðD − 3Þ

3D
ζðD − 1Þ
ζðDþ 1Þ

2D − 4

2D − 1
; βND2 ðDÞ ¼ βDN1 ðDÞ;

2βND1 −
3

4
¼ 4D − 5

12
−
D2 þ 7D − 6

3D
ζðD − 1Þ
ζðDþ 1Þ

2D − 4

2D − 1
; βDN2 ðDÞ ¼ βND1 ðDÞ;

2βNN1 −
3

4
¼ 4D − 5

12
−
D2 þ 7D − 6

3D
ζðD − 1Þ
ζðDþ 1Þ ; βNN2 ðDÞ ¼ βNN1 ðDÞ: ð73Þ

From these, we obtain

βXY× ðDÞ ¼ Dþ 1

2
− βXY1 ðDÞ − βXY2 ðDÞ; ð74Þ

and

βDD1 ðDÞ ¼ βDD2 ðDÞ ¼ Dþ 1

6
−
ðD − 2ÞðD − 3Þ

6D
ζðD − 1Þ
ζðDþ 1Þ ;

βDN1 ðDÞ ¼ βND2 ðDÞ ¼ Dþ 1

6
−
ðD − 2ÞðD − 3Þ

6D
ζðD − 1Þ
ζðDþ 1Þ

2D − 4

2D − 1
;

βND1 ðDÞ ¼ βDN2 ðDÞ ¼ Dþ 1

6
−
D2 þ 7D − 6

6D
ζðD − 1Þ
ζðDþ 1Þ

2D − 4

2D − 1
;

βNN1 ðDÞ ¼ βNN2 ðDÞ ¼ Dþ 1

6
−
D2 þ 7D − 6

6D
ζðD − 1Þ
ζðDþ 1Þ : ð75Þ

When D ¼ 3, these agree with the results obtained in Ref. [54].
Now, let us compare these results to the results of two spheres we obtained in Ref. [43]. In this case, we take the height

profiles of the spheres with radii R1 and R2 to be

H1 ¼ L1 −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
1 − x2⊥

q
; H2 ¼ −L2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
2 − x2⊥

q
;

where x⊥ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x22 þ � � � þ x2D

p
. L1 þ L2 ¼ L is the distance between the centers of the spheres.
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Now, assuming R1 < R2, some tedious computations give

Z
Σ
dD−1x⊥

1

HD ¼ 2π
D−1
2

ΓðD−1
2
Þ
Z

R1

0

dx⊥xD−2⊥
1

ðL −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
1 − x2⊥

p
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
2 − x2⊥

p
ÞD

¼ π
D
2

2
D−1
2 ΓðD

2
ÞdDþ1

2

�
R1R2

R1 þ R2

�D−1
2

�
1þ 3ðDþ 1Þ

4

d
R1 þ R2

−
Dþ 1

4

�
d
R1

þ d
R2

�
þ � � �

�
; ð76Þ

Z
Σ
dD−1x⊥

∇H1 ·∇H1

HD ¼ 2π
D−1
2

ΓðD−1
2
Þ
Z

R1

0

dx⊥xD−2⊥
1

ðL −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
1 − x2⊥

p
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
2 − x2⊥

p
ÞD

x2⊥
R2
1 − x2⊥

¼ π
D
2

2
D−1
2 ΓðD

2
ÞdDþ1

2

�
R1R2

R1 þ R2

�D−1
2

�
2d
R1

−
2d

R1 þ R2

þ � � �
�
; ð77Þ

Z
Σ
dD−1x⊥

∇H2 ·∇H2

HD ¼ 2π
D−1
2

ΓðD−1
2
Þ
Z

R1

0

dx⊥xD−2⊥
1

ðL −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
1 − x2⊥

p
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
2 − x2⊥

p
ÞD

x2⊥
R2
2 − x2⊥

¼ π
D
2

2
D−1
2 ΓðD

2
ÞdDþ1

2

�
R1R2

R1 þ R2

�D−1
2

�
2d
R2

−
2d

R1 þ R2

þ � � �
�
; ð78Þ

Z
Σ
dD−1x⊥

∇H1 · ∇H2

HD ¼ −
2π

D−1
2

ΓðD−1
2
Þ
Z

R1

0

dx⊥xD−2⊥
1

ðL −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
1 − x2⊥

p
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
2 − x2⊥

p
ÞD

x2⊥ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
1 − x2⊥

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
2 − x2

p
¼ −

π
D
2

2
D−1
2 ΓðD

2
ÞdDþ1

2

�
R1R2

R1 þ R2

�D−1
2

�
2d

R1 þ R2

þ � � �
�
: ð79Þ

Hence, for the interaction of two spheres, our ansatz (64) gives

EDE;XY
Cas ¼ bXY0

π
D
2

2
D−1
2 ΓðD

2
ÞdDþ1

2

�
1þ 3ðDþ 1Þ

4

d
R1 þ R2

−
Dþ 1

4

�
d
R1

þ d
R2

�

þ2βXY1 ðDÞ
�
d
R1

−
d

R1 þ R2

�
þ 2βXY2 ðDÞ

�
d
R2

−
d

R1 þ R2

�
− 2βXY× ðDÞ d

R1 þ R2

þ � � �
�

¼ bXY0
π

D
2

2
D−1
2 ΓðD

2
ÞdDþ1

2

�
1þ

�
3ðDþ 1Þ

4
− 2βXY1 ðDÞ − 2βXY2 ðDÞ − 2βXY× ðDÞ

�
d

R1 þ R2

þ
�
2βXY1 ðDÞ −Dþ 1

4

�
d
R1

þ
�
2βXY2 ðDÞ −Dþ 1

4

�
d
R2

þ � � �
�
: ð80Þ

With the values of β1 and β2 given by (75), this agrees
perfectly with the result we obtained in Ref. [43] for two
spheres when D ≠ 4.
Now, some explanations are in order. The derivative

expansion technique is a formal and nonrigorous method to
obtain the small separation asymptotic behavior of the
Casimir interaction energy. The result might not be correct
due to some unobserved singularities in the formal deri-
vation. Therefore, the ansatz (64) can only be used as a
reference for the small separation asymptotic expansion of
the Casimir interaction energy, but it needs to be checked
against actual computations.

VI. CONCLUSION

In this work, we considered the Casimir interaction in
ðDþ 1Þ-dimensional spacetime due to the vacuum fluctu-
ations of massless scalar fields between a cylinder and a
plate, between two parallel cylinders where one is inside
the other, and between two parallel cylinders exterior to
each other. We derived the explicit integral representations
for the Casimir interaction energies and use them to study
the large separation and small separation asymptotic
behaviors of the Casimir interactions. The large separation
asymptotic behaviors were easy to compute, and the order
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of decay was the smallest in the Dirichlet–Dirichlet case
and largest in the Neumann–Neumann case. The compu-
tations of the small separation asymptotic behaviors were
more complicated. The leading terms were found to agree
with the proximity force approximation. The results on the
next-to-leading-order terms are important, and they exhibit
some universal behaviors. In particular, we found that for
the cylinder-plate case the ratio of the next-to-leading-order
term to the leading-order term was inversely proportional to
D. For the case where one cylinder was inside the other, the
ratio of the next-to-leading-order term to the leading-order
term approached the limiting value 1=2 when D was large.
For the case where the two cylinders were outside each
other, the ratio of the next-to-leading-order term to the
leading-order term approached the limiting value −1=2
when D was large. Hence, we found that the ratio was
bounded in dimensions for all cases we considered.
Therefore, the corrections to the proximity force approxi-
mation will not get larger in higher dimensions, in contrast
to the sphere-plate and sphere-sphere interactions, where it
was found that the ratio of the next-to-leading-order term to
the leading-order term is proportional to D when D is
large [42,43].

An interesting thing to note is that our small separation
asymptotic expansion for the case of the Dirichlet–
Dirichlet cylinder-plate interaction agreed with the
result derived using derivative expansion in Ref. [53].
Generalizing the D ¼ 3 case in Ref. [54], we postulated a
general form of the derivative expansion for the small
separation asymptotic expansion of the scalar Casimir
interaction energy in ðDþ 1Þ-dimensional Minkowski
spacetime, for two curved surfaces with combinations of
the Dirichlet and Neumann boundary conditions, based
on our results on the cylinder-cylinder interaction. We
also checked our postulate with the results we obtained
for the sphere-sphere interaction in Ref. [43] and found
that the postulate gives correct expansion except
when D ¼ 4.
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