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flavors, the normal and anomalous ones. Following a comparative analysis, the Oðp4Þ order results are
considered better. In the Oðp6Þ order, most of our results are consistent with or better than those we have
found in the literature, although several are worse.
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I. INTRODUCTION

Chiral perturbation theory (ChPT) can be effectively
used to deal with the interaction of low-energy mesons. It is
important to establish the chiral Lagrangian (CL). Until
now, the monomials of the CL, including both the normal
and anomalous terms, two and three flavors, and the special
unitary and unitary groups, have been obtained to the
Oðp6Þ order [1–11]. The CL plays an important role in
ChPT and in experiments. To Oðp6Þ order, the CL seems
accurate enough to describe the results of present experi-
ments, in which the coefficients for each of the monomials
are called the low-energy constants (LECs). When one
wants to give the numerical results for some physical
process employing ChPT, the values for LECs are also
needed. However, ChPT itself does not provide values for
these LECs and, hence, they need to be obtained from other
sources. Because low-energy QCD is nonperturbative,
which invalidates the standard perturbation computations,
exact values for the LECs are difficult to calculate from the
underlying QCD theory, especially at Oðp6Þ order. At
Oðp4Þ order, although exact results have not been obtained,
values obtained employing different methods are close.
Their signs and magnitudes are the same. At Oðp6Þ order,
there are various methods of obtaining LECs, with common
ones being the use of resonance chiral theory [12,13], sum
rules [14], lattice QCD [15,16], holographic theory [17],
QCD [18], and the global fit [19,20]. Of course, LECs can
also be extracted from experimental data without a data fit.
Some methods give a value for a single LEC, whereas
others provide values for combinations of LECs. Each

method has its advantages and disadvantages, and some
results do come with large errors.
More than 15 years ago, values of a few LECs obtained

by different methods were scattered in various references.
Numerous LECs remained unknown in value. Our moti-
vation is to explore a method for obtaining all of the LECs
in a single calculation. We previously developed a model-
independent method with which to perform our calculation
from the underlying QCD theory. Nevertheless, at this
earlier time, the theoretical analysis was poor, and we only
used simple methods that involved some rough approx-
imations [18,21]. Although the methods were expedient,
preliminary results, at least, were obtained.
With rough approximations, the results yield a gauge-

invariant, nonlocal, dynamical-quark (GND) model [22].
Reference [19] checks ourOðp6Þ LECs (Ci) via a global fit
of the Oðp4Þ LECs (Li) to Oðp6Þ order. χ2 divided by the
degrees of freedom (χ2=DOF) is 4.13=4. If all LECs are
multiplied by 0.27, χ2=DOF ¼ 1.20=3. A new fit [20] gives
χ2=DOF ¼ 41=8. Hence, the Ci values from [19,20] appear
to be too large. In statistical theory, when there are enough
degrees of freedom (a typical choice is more than 30),
χ2=DOF ∼ 1. However, only 4 (or 8), degrees of freedom
are not sufficient to assess the reliability of the calculation
by χ2=DOF, and χ2=DOF is also not as close to 1 as it
should be. Furthermore, the Oðp4Þ and Oðp6Þ LECs are
independent in our calculations. Evaluating the confidence
level of Ci by Li is not suitable, especially when the DOF is
small. A more reliable judgment would be comparisons
with experiment data. In experiments conducted to date,
obviously, the absolute values of our Li are too large, which
indicates the existence of systematic errors in the calcu-
lation at Oðp4Þ and Oðp6Þ orders. Here, we define the
systematic errors as those caused by the rough approx-
imations we have taken (which we briefly review in the
next section), such as the large-Nc limit and ladder
approximation, the truncation of effective action, a special
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ansatz solution for the Schwinger-Dyson equation, and the
modeling of the low-energy behavior of the gluon propa-
gator. The time has now come to improve the calculation
precision for the Oðp4Þ and Oðp6Þ LECs. While tedious,
these values need to be improved step by step. This paper
analyzes the origin of the systematic errors and selects the
main ones to remedy the problem as precisely as possible.
This paper is organized as follows: In Sec. II, we review

our method for obtaining the CL from QCD and introduce a
more reliable approximation. In Sec. III, a concrete method
for calculating LECs is introduced. In Sec. IV, we list our

results for the LECs, both normal and anomalous, up to and
including the Oðp6Þ order. In Sec. V, we compare our
results with others in the literature and check for new
predictions. Section VI concludes with a summary.

II. REVIEW AND IMPROVEMENTS OVER
PREVIOUS CALCULATIONS OF LECS

In a previous work, we took the large-Nc limit and
obtained the action of the effective chiral theory. Derived
from first principle QCD, it takes the form [23,24]

Seff ¼ −iNcTr ln½i∂ þ JΩ − ΠΩc� þ Nc

Z
d4xd4x0Φσρ

Ωcðx; x0ÞΠσρ
Ωcðx; x0Þ þ Nc

X∞
n¼2

Z
d4x1 � � � d4x0n

×
ð−iÞnðNcg2sÞn−1

n!
Ḡσ1���σn

ρ1���ρn ðx1; x01;…; xn; x0nÞΦσ1ρ1
Ωc ðx1; x01Þ � � �Φσnρn

Ωc ðxn; x0nÞ

þ iNc

Z
d4xtrlf

�
ΞcðxÞ

�
−i sin

ϑcðxÞ
Nf

þ γ5 cos
ϑcðxÞ
Nf

�
ΦT

Ω;cðx; xÞ
�
; ð1Þ

in which JΩ is the external source J including currents [vector (vμ) and axial-vector (aμ) currents] and densities [scalar (s)
and pseudoscalar (p) densities] after making a Goldstone-field-dependent chiral rotation Ω:

JΩ ¼ ½ΩPR þΩ†PL�½J þ i∂�½ΩPR þΩ†PL� ¼ vΩ þ aΩγ5 − sΩ þ ipΩγ5; J ¼ vþ aγ5 − sþ ipγ5; U ¼ Ω2; ð2Þ

where PL and PR are projection operators, U is a special Nf × Nf unitary matrix parametrizing a pseudoscalar meson field.
And ΦΩc and ΠΩc are, respectively, the two-point rotated-quark Green’s function and the interaction part of the two-point
rotated-quark vertex in the presence of external sources; σ; ρ are their spinor and flavor indices; and ΦΩc is defined by

Φσρ
Ωcðx; yÞ≡ 1

Nc
hψ̄σ

ΩðxÞψρ
ΩðyÞi ¼ −i½ði∂ þ JΩ − ΠΩcÞ−1�ρσðy; xÞ; ψΩðxÞ≡ ½ΩðxÞPL þ Ω†ðxÞPR�ψðxÞ; ð3Þ

Πσρ
Ωcðx; yÞ ¼ − ~ΞσρðxÞδ4ðx − yÞ −

X∞
n¼1

Z
d4x1 � � � d4xnd4x01 � � � d4x0n

ð−iÞnþ1ðNcg2sÞn
n!

× Ḡσσ1���σn
ρρ1���ρn ðx; y; x1; x01;…; xn; x0nÞΦσ1ρ1

Ωc ðx1; x01Þ � � �Φσnρn
Ωc ðxn; x0nÞ; ð4Þ

with subscript c denoting the classical field and ψðxÞ the light quark fields. Ḡσ1���σn
ρ1���ρn ðx1; x01;…; xn; x0nÞ is the effective gluon

n-point Green’s function which include pure gluon and heavy quark contributions and gs is the coupling constant of QCD.
ΦΩc and ΠΩc are related by the first equation of (3) and are determined by

½ΦΩc þ ~Ξ�σρ þ
X∞
n¼1

Z
d4x1d4x01 � � � d4xnd4x0n

ð−iÞnþ1ðNcg2sÞn
n!

Ḡσσ1���σn
ρρ1���ρn ðx; y; x1; x01;…; xn; x0nÞ

× Φσ1ρ1
Ωc ðx1; x01Þ � � �Φσnρn

Ωc ðxn; x0nÞ ¼ O

�
1

Nc

�
; ð5Þ

where ϑc is the phase angle of theUð1Þ factor, and Ξc and ~Ξ are two parameters in the calculation, defined by Eqs. (21) and
(65) in Ref. [23]. In this work, they have little importance and are neglected. Equation (4) is the Schwinger-Dyson equation
(SDE) in the presence of the rotated external source defined by Eq. (2) and with ΦΩc relating to ΠΩc through the first
equation of (3). In Ref. [24], we have assumed an approximate ansatz solution of (4) given by

Πσρ
Ωcðx; yÞ ¼ ½Σð∇̄2

xÞ�σρδ4ðx − yÞ; ∇μ
x ¼ ∂μ

x − ivμΩðxÞ; ð6Þ

where Σ is the quark self-energy which satisfies the SDE (4) with a vanishing rotated external source. Under the large Nc
limit and the ladder approximation, this SDE in Euclidean space-time is reduced to the standard form
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Σðp2Þ−3C2ðRÞ
Z

d4q
4π3

αs½ðp−qÞ2�
ðp−qÞ2

Σðq2Þ
q2þΣ2ðq2Þ¼ 0; ð7Þ

where αsðp2Þ ¼ g2s=4π is the running coupling constant of
QCD which depends on NC and the number of quark
flavors, and C2ðRÞ is the second-order Casimir operator of
the quark representation R. In this work, the quarks belong
to the SUðNCÞ fundamental representation and, therefore,
C2ðRÞ ¼ ðN2

c − 1Þ=2Nc; in the large NC limit, the second
term is neglected.
In our previous articles, because of the computational

complexity, we did not calculate all of the terms in Eq. (1),
but we introduced some approximations to truncate the last
three terms and left only the first one. The truncation of the
last three terms would introduce some systematic errors to
all orders of LEC computation. We guess this may be the
primary origin of the differences between our previous
LECs and those in the literature. The purpose of this paper
is to remedy these errors partially and produce a more
reliable result.
As was mentioned in Ref. [24], the last term in (1)

vanishes in the large-Nc limit. We shall, then, only focus on
the second and third terms. The infinite sum in both the
third term in (1) and the second term in (4) appear similar
but with different coefficients. To fix the primary origin of
the systematic errors and to maintain a manageable
calculation, we only retain the two-point Green’s function
contributions, the terms with n ¼ 2 in (1) and n ¼ 1 in (4).
When we simplify the SDE from (4) to (7), we also only
include n ¼ 1 in (5), which corresponds to the ladder
approximation of the SDE. The present approximations and
that for the SDE all include one ΦΩc field and one ΠΩc
field, omitting multiple fields, or simply more than one
field. Then, they are at the same level of accuracy. The other
neglected terms, which include at least two ΦΩc fields and
describe the meson interactions belonging to higher dimen-
sion terms, are less important in the low-energy region in
the naive dimension analysis than in the previous ones. In
fact, with the second and third (n ¼ 2) terms of (1) taking
the extreme value for ΠΩc in (1), we get (3). Taking the
extreme value for ΦΩc, we obtain the simplified version of
(4), i.e., ladder approximation SDE. In other words,
keeping these two extra terms in (1) assures the correct
stationary equations–ladder approximation of SDE and
makes our approximations more self-consistent compared
with our previous calculations.
The final results will substantiate this decision. Hence,

we shall add an additional effective action,

ΔSeff ∼
1

2
Nc

Z
d4xd4x0Φσρ

Ωcðx; x0ÞΠσρ
Ωcðx; x0Þ ð8Þ

∼ −
i
2
NcTr½ði∂ þ JΩ − Σð∇2ÞÞ−1Σð∇2Þ�; ð9Þ

where we have used (5) to combine the second and third
(only keeping n ¼ 2) terms of (1) together and we have
further used (6).
With the same considerations for the anomalous parts,

although using a different method to introduce the fifth
dimensional integral [21], we need not repeat this, as the
additional effective Lagrangian is the same as in (9).
Therefore, for the present study, we calculate (9) including
both the normal and the anomalous LECs.

III. CALCULATIONOF THEADDITIONAL TERMS

To calculate the additional terms, we first use the Wick
rotation to change (9) to Euclidean space-time as in [18,21],
and we then expand it as a Taylor series,

ΔSeff ¼−
1

2
NcTr½ðDþΣð−∇2ÞÞ−1Σð−∇2Þ� ð10Þ

¼−
1

2
Nctr½ð−ikþDþΣððkþ i∇Þ2ÞÞ−1Σððkþ i∇Þ2Þ�

ð11Þ

¼−
1

2
Nc

Z
d4x

Z
d4k
ð2πÞ4 tr

�
ðΣkXþ ikXÞ

X∞
n¼0

ð−1Þn

× ½ðDþΣ1ÞðΣkXþ ikXÞ�nΣððkþ i∇Þ2Þ
�
; ð12Þ

where Tr includes the traces over coordinate space, spinor
space, and flavor space, tr includes only the traces over
spinor and flavor spaces, D≡∇ − iaΩγ5 − sΩ þ ipΩγ5,
and Σ1 ≡ Σððkþ i∇Þ2Þ − Σðk2Þ.
To a given order [Oðp2Þ, Oðp4Þ, or Oðp6Þ], after the

tracing over the spinor space, the series is

ΔS2neff ¼
Z

d4x
Xm
k¼1

akhOΩ;ki; ð13Þ

where ak are coefficients, OΩ;k are monomials with flavor
indices including ∇μ; aμΩ; sΩ pΩ, and h…i represents trace
over flavor space. In (13), we have used the basic relations
to simplify the results, including trace relations and the
Einstein summation convention and, for the anomalous
terms, also including the Schouten identity. Nevertheless,
not all of the OΩ;k’s are independent.
Generally, the number of OΩ;k ’s is larger than the

number of linear independent terms Ol. Specifically, the
relationship between the two is given by

hOli ¼
Xm
k¼1

AlkhOΩ;ki; l ¼ 1; 2; 3;…;M; ð14Þ
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TABLE I. The p4 order LECs, Li for three-flavor quarks and l̄i; l7 for two-flavor quarks. ΛQCD is in units of MeV, and L1;…; L10; l7 are in units 10−3. [18] displays our old
results; [2,3] provide the first results from experimental data; [26] gives the LECs from resonance chiral theory; [17] gives the LECs from a class of holographic theories; [15]
collects the last lattice results in [27–29]; [20] gives the L1;…; L8 from the global fit of theOðp6Þ LECs; and L9; L10 are in [30–33]. [34] gives some newer fit data atOðp6Þ order.
Nf ¼ 3 ΛQCD L1 L2 L3 L4 L5 L6 L7 L8 L9 L10

New 453−6þ12 0.92þ0.03
−0.04 1.84þ0.05

−0.08 −4.94−0.14þ0.21 0þ0
−0 1.26þ0.01

−0.06 0þ0
−0 −0.42þ0.04

−0.05 0.84−0.05þ0.04 6.53þ0.24
−0.37 −5.43−0.29þ0.44

Old [18] 453−6þ12 1.23þ0.03
−0.04 2.46þ0.05

−0.08 −6.85−0.15þ0.21 0þ0
−0 1.48−0.01−0.03 0þ0

−0 −0.51þ0.05
−0.06 1.02−0.06þ0.06 8.86þ0.24

−0.37 −7.40−0.29þ0.44

Ref. [3] 0.9� 0.3 1.7� 0.7 −4.4� 2.5 0� 0.5 2.2� 0.5 0� 0.3 −0.4� 0.15 1.1� 0.3 7.4� 0.7 −6.0� 0.7

Ref. [26] 0.4� 0.3 1.4� 0.3 −3.5� 1.1 −0.3� 0.5 1.4� 0.5 −0.2� 0.3 −0.4� 0.2 0.9� 0.3 6.9� 0.7 −5.5� 0.7

Ref. [17] 0.5 1.0 −3.2 6.3 −6.3
Ref. [15] 0.09� 0.34 1.19� 0.25 0.16� 0.20 0.55� 0.15 3.08� 0.23� 0.51 −5.7� 1.1� 0.7

Ref. [20] 0.53� 0.06 0.81� 0.04 −3.07� 0.20 ≡0.3 1.01� 0.06 0.14� 0.05 −0.34� 0.09 0.47� 0.10 5.93� 0.43 −3.8� 0.4

Ref. [34] 0.69� 0.18 0.63� 0.13 −2.63� 0.46

Nf ¼ 2 ΛQCD l̄1 l̄2 l̄3 l̄4 l̄5 l̄6 l7
New 465−6þ12 −2.33−0.17þ0.24 6.85þ0.09

−0.14 2.33þ0.28
−0.36 4.24þ0.00

−0.04 13.55þ0.53
−0.80 15.60þ0.44

−0.67 3.61−0.55þ0.80

Old [18] 465−6þ12 −4.77−0.17þ0.24 8.01þ0.09
−0.14 1.97þ0.29

−0.35 4.34−0.01−0.02 17.35þ0.53
−0.80 19.98þ0.44

−0.67 4.18−0.65þ0.97
a

Ref. [2] −2.3� 3.7 6.0� 1.3 2.9� 2.4 4.3� 0.9 13.9� 1.3 16.5� 1.1 Oð5Þ
Ref. [20] −0.4� 0.6 4.3� 0.1 2.9� 2.4 4.4� 0.2 12.24� 0.21 16.0� 0.5� 0.7

aThere exists a mistake in [18] for l7. This is a correction.
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TABLE II. ~Yn and their relations to Yi. The definitions of the symbols in this table are the same as those in [5].

n ~Yn Relations n ~Yi Relations

1 huμuμhνλhνλi Y1 35 hifμνþ uλuμuλuν þ ifμνþ uμuλuνuλi Y68

2 hhμνuλhμνuλi Y3 36 huμuμfνλþfþνλi Y71

3 hhμνuλhμλuν þ hμνuνhμλuλi Y5 37 hfμνþ uλfþμνuλi Y73

4 huμuμuνuνχþi Y7 38 hfμνþ fþμ
λuνuλi Y75

5 huμuμuνχþuνi Y11 39 hfμνþ fþμ
λuλuνi Y76

6 hχþuμuνuμuνi Y13 40 hfμνþ uλfþμλuν þ fμνþ uνfþμ
λuλi Y78

7 hχþhμνhμνi Y17 41 hχþfμνþ fþμνi Y81

8 huμuμχþχþi Y19 42 hifμνþ χþuμuν þ ifμνþ uμuνχþi Y83

9 hχþuμχþuμi Y23 43 hifμνþ uμχþuνi Y85

10 hχþχþχþi Y25 44 hfμν− hνλuλuμ þ fμν− uμuλhνλi Y86

11 hiχ−hμνuμuν þ iχ−uμuνhμνi Y28 45 hfμν− uμhνλuλ þ fμν− uλhνλuμi Y89

12 hhλλhμνuμuν þ hλλuμuνhμνi Y28 − 2
Nf

Y30 46 huμuμfνλ− f−νλi Y90

13 hihμνuμχ−uνi Y31 47 hfμν− uλf−μνuλi Y92

14 hhμνuμhλλuνi Y31 − 1
Nf

Y30 48 hfμν− f−μλuνuλi Y94

15 huμuμχ−χ−i Y33 49 hfμν− f−μλuλuνi Y95

16 hiuμuμhννχ− þ iuμuμχ−hννi −2Y33 þ 2
Nf

Y34 50 hfμν− uλf−μλuν þ fμν− uνf−μλuλi Y97

17 huμuμhννhλλi −Y33 þ 2
Nf

Y34 − 1
N2

f
Y36 51 hifμνþ f−νλhμλ − ifμνþ hμλf−νλi Y100

18 huμχ−uμχ−i Y37 52 hifμνþ f−νλf−μλ − ifμνþ f−μλf−νλi Y101

19 hiuμhννuμχ−i −Y37 þ 1
Nf

Y34 53 hχþfμν− f−μνi Y102

20 huμhννuμhλλi −Y37 þ 2
Nf

Y34 − 1
N2

f
Y36 54 hfμνþ f−μνχ− − fμνþ χ−f−μνi Y104

21 hχ−χ−χþi Y39 55 hifμνþ f−μνhλλ − ifμνþ hλλf−μνi −Y104

22 hihμμχ−χþ þ ihμμχþχ−i −2Y39 þ 2
Nf

Y41 56 hifμν− χ−uμuν − ifμν− uμuνχ−i Y105

23 hhμμhννχþi −Y39 þ 2
Nf

Y41 − 1
N2

f
Y42 57 hfμν− hλλuμuν − fμν− uμuνhλλi Y105

24 hiχ−χμþuμ þ iχ−uμχþμi Y43 58 hfμν− χþμuν þ fμν− uνχþμi Y107

25 hhννχμþuμ þ hννuμχþμi Y43 − 2
Nf

Y44 59 h∇μfνλ− ∇μf−νλi Y109

26 hχμþχþμi Y47 60 hi∇λfμνþ hμλuν − i∇λfμνþ uνhμλi Y110

27 huμuμuνuνuλuλi Y49 61 hi∇μfþμ
νf−νλuλ − i∇μfþμ

νuλf−νλi Y111

28 huμuμuνuλuλuνi Y52 62 hi∇μfþμ
νhνλuλ − i∇μfþμ

νuλhνλi Y112

29 huμuμuνuλuνuλi Y54 63 hiχμ−∇μhννi Z1
a

30 huμuνuλuμuνuλi Y58 64 h∇μhνν∇μhλλi Z2
b

31 huμuνuλuμuλuνi Y60 65 hfμνþ uμχ−ν þ fμνþ χ−μuνi Z3
c

32 hifμνþ uλuλuμuν þ ifμνþ uμuνuλuλi Y64 66 hχμ−χ−μi (2.15) in [5]
33 hifμνþ uλuμuνuλi Y66 67 hifμνþ fþν

λfþμλi (2.15) in [5]
34 hifμνþ uμuλuλuνi Y67 68 h∇μfνλþ∇μfþνλi (2.15) in [5]

aZ1 ¼ − 1
2
Y19 − 1

2
Y23 þ 1

Nf
Y24 − 1

2
Y33 þ 1

Nf
Y34 − 1

2
Y37 − 1

2
Y39 þ 1

Nf
Y41 − 1

2N2
f
Y42 þ 1

2
Y43 − 1

Nf
Y44 þ 1

Nf
Y46 − Y47 þ 4Y113.

bZ2 ¼ − 1
2
Y19 − 1

2
Y23 þ 1

Nf
Y24 − Y33 þ 2

Nf
Y34 − Y37 − Y39 þ 2

Nf
Y41 − 1

N2
f
Y42 þ Y43 − 2

Nf
Y44 þ 1

Nf
Y46 − Y47 þ 4Y113.

cZ3 ¼ −Y66 − Y67 þ Y68 þ 1
2
Y71 − 1

2
Y73 þ Y75 − 2Y76 þ 1

2
Y78 − 1

2
Y83 − Y85 þ 1

2
Y90 − 1

2
Y92 − Y94 þ 1

2
Y97 − 1

2
Y100 þ 1

2
Y101 − 1

4
Y104 þ Y110 þ Y112.

C
O
M
PU

TA
T
IO

N
O
F
T
H
E
Oðp

6Þ
O
R
D
E
R

L
O
W
-
…

PH
Y
SIC

A
L
R
E
V
IE
W

D
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TABLE III. The p6 order LECs. Ci for three flavors and cj for two flavors. Old ones are our old results from [18]. They are in units of
10−3 GeV−2. The value ≡0 means that the LECs vanish at the large-NC limit.

i New Ci Old Ci j New cj Old cj i New Ci Old Ci j New cj Old cj

1 2.98þ0.07
−0.13 3.79þ0.10

−0.17 1 3.04þ0.07
−0.12 3.58þ0.09

−0.15 46 −1.67−0.05þ0.09 −0.60−0.02þ0.04 26 −4.82−0.15þ0.24 −1.14−0.05þ0.07

2 ≡0 ≡0 47 3.10þ0.09
−0.15 0.08þ0.01

−0.00
3 −0.05þ0.01

−0.01 −0.05þ0.01
−0.01 2 −0.09þ0.01

−0.01 −0.03þ0.01
−0.01 48 4.74þ0.10

−0.17 3.41þ0.06
−0.10

4 2.13þ0.06
−0.10 3.10þ0.09

−0.15 3 2.15þ0.06
−0.10 2.89þ0.08

−0.13 49 ≡0 ≡0

5 −1.28þ0.10
−0.13 −1.01þ0.08

−0.11 4 0.82−0.04þ0.03 1.21−0.07þ0.06 50 10.54þ0.89
−1.29 8.71þ0.78

−1.12 27 16.70þ1.61
−2.30 13.57þ1.41

−2.00
6 ≡0 ≡0 51 −9.83þ0.28

−0.24 −11.49þ0.18
−0.09 28 5.51þ1.22

−1.62 0.93þ0.98
−1.25

7 ≡0 ≡0 52 −6.39−0.77þ1.07 −5.04−0.67þ0.93

8 2.10−0.15þ0.16 2.31−0.16þ0.18 53 −5.36−0.71þ1.05 −11.98−0.87þ1.33 29 −4.77−0.66þ0.98 −11.01−0.81þ1.23

9 ≡0 ≡0 54 ≡0 ≡0

10 −0.65þ0.05
−0.06 −1.05þ0.08

−0.09 5 −0.68þ0.05
−0.06 −0.98þ0.07

−0.09 55 10.45þ0.80
−1.22 16.79þ0.96

−1.49 30 9.86þ0.75
−1.14 15.72þ0.89

−1.38
11 ≡0 ≡0 56 4.45þ0.03

−0.18 19.34þ0.52
−0.98 31 3.27−0.04−0.07 17.57þ0.42

−0.82
12 −0.34þ0.01

−0.01 −0.34þ0.02
−0.01 6 −0.35þ0.02

−0.01 −0.33þ0.01
−0.01 57 4.72þ1.36

−1.85 7.92þ1.34
−1.85 32 4.24þ1.32

−1.78 7.18þ1.28
−1.76

13 ≡0 ≡0 58 ≡0 ≡0

14 −0.87þ0.14
−0.21 −0.83þ0.12

−0.19 7 −1.83þ0.25
−0.35 −1.72þ0.25

−0.35 59 −14.59−1.01þ1.55 −22.49−1.21þ1.89 33 −13.69−0.94þ1.44 −21.19−1.12þ1.76

15 ≡0 ≡0 8 0.91−0.11þ0.13 0.86−0.12þ0.15 60 ≡0 ≡0

16 ≡0 ≡0 61 2.42−0.19þ0.22 2.88−0.22þ0.26 34 2.40−0.19þ0.22 2.84−0.22þ0.26

17 0.17þ0.01
−0.04 0.01−0.01−0.01 9 −0.74þ0.13

−0.18 −0.84þ0.12
−0.17 62 ≡0 ≡0

18 −0.60þ0.07
−0.09 −0.56þ0.09

−0.11 63 2.48−0.21þ0.25 2.99−0.24þ0.30

19 −0.27þ0.09
−0.13 −0.48þ0.09

−0.13 10 −0.22þ0.07
−0.11 −0.37þ0.07

−0.10 64 ≡0 ≡0

20 0.17−0.02þ0.03 0.18−0.03þ0.04 11 ≡0 ≡0 65 −2.82þ0.18
−0.20 −2.43þ0.15

−0.16 35 2.16−0.23þ0.31 3.39−0.32þ0.41

21 −0.06þ0.01
−0.01 −0.06þ0.01

−0.01 66 0.80þ0.04
−0.07 1.71þ0.07

−0.12 36 0.80þ0.04
−0.07 1.57þ0.06

−0.10
22 −0.35þ0.20

−0.26 0.27þ0.19
−0.25 12 −0.41þ0.20

−0.26 0.15þ0.18
−0.24 67 ≡0 ≡0

23 ≡0 ≡0 68 ≡0 ≡0

24 0.87þ0.02
−0.04 1.62þ0.04

−0.07 69 0.52þ0.00
−0.01 −0.86−0.04þ0.06 38 0.60þ0.00

−0.01 −0.68−0.03þ0.05

25 −3.03−0.41þ0.59 −5.98−0.49þ0.72 13 −3.02−0.39þ0.56 −5.39−0.45þ0.66 70 1.66−0.11þ0.11 1.73−0.08þ0.07 39 1.53−0.12þ0.12 1.81−0.08þ0.07

26 2.71þ0.35
−0.54 3.35þ0.29

−0.47 14 3.39þ0.36
−0.56 4.17þ0.30

−0.49 71 ≡0 ≡0

27 −1.35þ0.13
−0.15 −1.54þ0.15

−0.18 15 −2.39þ0.19
−0.23 −2.71þ0.21

−0.25 72 −1.80þ0.12
−0.11 −3.30þ0.05

−0.00 40 −1.64þ0.13
−0.13 −3.17þ0.05

−0.02
28 0.18þ0.00

−0.01 0.30þ0.01
−0.01 73 0.15þ0.48

−0.62 0.50þ0.43
−0.56 41 0.07þ0.47

−0.61 0.30þ0.42
−0.54

29 −0.99−0.21þ0.24 −3.08−0.26þ0.32 16 −0.60−0.19þ0.21 −2.22−0.22þ0.27 74 −3.34−0.11þ0.19 −5.07−0.16þ0.27 42 −3.26−0.10þ0.17 −4.74−0.14þ0.24

30 0.37þ0.01
−0.02 0.60þ0.02

−0.03 75 ≡0 ≡0

31 −0.46þ0.07
−0.13 −0.63þ0.05

−0.09 17 −0.92þ0.15
−0.23 −1.10þ0.12

−0.19 76 −1.15−0.26þ0.34 −1.44−0.23þ0.31 43 −1.11−0.25þ0.33 −1.29−0.23þ0.30

32 0.17−0.02þ0.03 0.18−0.03þ0.04 18 0.42−0.06þ0.08 0.43−0.07þ0.08 77 ≡0 ≡0

33 −0.05−0.02þ0.05 0.09−0.00þ0.03 19 0.29−0.07þ0.13 0.41−0.06þ0.10 78 8.82þ0.80
−1.21 17.51þ1.02

−1.59 44 8.19þ0.74
−1.12 16.16þ0.94

−1.45
34 0.66−0.18þ0.29 1.59−0.10þ0.17 20 0.74−0.18þ0.28 1.56−0.10þ0.17 79 5.86−0.14þ0.12 −0.56−0.30þ0.40 45 6.09−0.13þ0.11 0.26−0.26þ0.34

35 0.10−0.09þ0.12 0.17−0.12þ0.17 21 0.22−0.14þ0.19 0.29−0.18þ0.24 80 1.01−0.05þ0.04 0.87−0.04þ0.03 46 1.09−0.05þ0.05 0.85−0.04þ0.02

36 ≡0 ≡0 81 ≡0 ≡0

37 −0.60þ0.07
−0.09 −0.56þ0.09

−0.11 82 −4.58−0.24þ0.38 −7.13−0.32þ0.51 47 −4.26−0.22þ0.35 −6.73−0.29þ0.47

38 0.47−0.04þ0.02 0.41−0.08þ0.07 22 −1.27þ0.19
−0.26 −1.32þ0.18

−0.25 83 −1.74þ0.17
−0.22 0.07þ0.20

−0.27 48 −1.71þ0.17
−0.21 −0.22þ0.18

−0.25
39 ≡0 ≡0 23 0.91−0.11þ0.13 0.86−0.12þ0.15 84 ≡0 ≡0

40 −4.98−0.14þ0.25 −6.35−0.18þ0.32 24 0.00−0.01þ0.03 −4.84−0.14þ0.25 85 −0.96þ0.04
−0.03 −0.82þ0.03

−0.02 49 −1.07þ0.05
−0.04 −0.78þ0.03

−0.01
41 ≡0 ≡0 86 ≡0 ≡0

42 1.88þ0.03
−0.06 0.60−0.00þ0.00 87 4.79þ0.29

−0.46 7.57þ0.37
−0.60 50 4.35þ0.26

−0.42 7.18þ0.34
−0.55

43 ≡0 ≡0 88 −1.69−0.68þ0.93 −5.47−0.73þ1.03 51 −1.36−0.65þ0.89 −4.85−0.69þ0.97

44 1.73þ0.07
−0.14 6.32þ0.20

−0.36 25 4.88þ0.16
−0.27 6.03þ0.19

−0.33 89 17.27þ1.11
−1.77 34.74þ1.61

−2.62 52 15.84þ1.00
−1.60 32.19þ1.46

−2.37
45 ≡0 ≡0 90 2.32−0.44þ0.55 2.44−0.38þ0.46 53 2.28−0.44þ0.55 2.51−0.37þ0.46
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Finally, using the Cayley-Hamilton relations, all of the
LECs can be obtained for three and two flavors.

IV. RESULTS

A. Oðp2Þ and Oðp4Þ orders
In our computation, two Oðp2Þ order LECs, F2

0 and
F2
0B0, are very special, in the sense that we can express

them exactly in terms of quark self-energy Σ (correspond-
ingly, in ChPT they receive no loop corrections) [23].
For all of the other LECs, however, we can only get their
approximate expressions. Therefore, to improve the

precisions of the calculations, we need some additional
corrections. This is due to the fact that in our earlier works
[18,21,22,24], we always took the expressions

F2
0 ¼ NC

Z
d4k
ð2πÞ4 e

−
k2þΣ2

k
Λ2 ð4Σ2

k − 2k2ΣkΣ0
kÞ
�
X2 þ X

Λ2

�
;

F2
0B0 ¼ NC

Z
d4k
ð2πÞ4 e

−
k2þΣ2

k
Λ2 4ΣkX;

X ≡ 1

k2 þ Σ2
k

; Σk ≡ Σðk2Þ; ð19Þ

TABLE IV. The nonzero values of the p6 order anomalous LECs CW
i in three flavors. They are in units of 10−3 GeV−2. The second

column lists our old results [21]. The fourth column to the eighth column contains the results given in [39]: (I) ChPT, (II) VMD,
(III) ChPT (extrapolation), (IV) CQM, and (V) CQM (extrapolation). The last two columns contain the results in different
references [17,40–47].

n New Old [21] (I) [39] (II) [39] (III) [39] (IV) [39] (V) [39] [17] [40–47]
1 2.90þ0.49

−0.69 4.97þ0.55
−0.79

2 −1.79þ0.09
−0.11 −1.43þ0.10

−0.12 −0.32� 10.4 0.78� 12.7 4.96� 9.70 −0.074� 13.3

4 −1.89þ0.19
−0.24 −0.96þ0.22

−0.29 0.28� 9.19 0.67� 10.9 6.32� 6.09 −0.55� 9.05

5 1.56þ0.29
−0.41 3.26þ0.34

−0.49 28.5� 28.83 9.38� 152.2 33.05� 28.66 34.51� 41.13

6 0.72þ0.02
−0.04 0.91þ0.03

−0.04

7 2.02−0.23þ0.29 1.68−0.24þ0.31 0.013� 1.17 0.51� 0.06 0.1� 1.2 [40]

20.3� 18.7 1.0a

0.35� 0.07 [41]

8 0.52þ0.01
−0.03 0.41þ0.01

−0.02 0.76� 0.18 0.58� 0.20 [44]

5.0a

9 1.21−0.03þ0.02 1.15−0.03þ0.03

10 −0.14−0.00þ0.01 −0.18−0.01þ0.01

11 −1.39þ0.07
−0.09 −1.15þ0.08

−0.10 −6.37� 4.54 −0.00143� 0.03 0.68� 0.21b

12 −4.05−0.12þ0.20 −5.13−0.15þ0.25 −2.1
13 −6.81−0.20þ0.33 −6.37−0.18þ0.31 −74.09� 55.89 −20.00 −8.44� 69.9 14.15� 15.22 −7.46� 19.62 −8.8
14 −2.48−0.07þ0.12 −2.00−0.06þ0.10 29.99� 11.14 −6.01 0.72� 15.3 10.23� 7.56 −0.58� 9.77 −1.3
15 2.35þ0.07

−0.11 4.17þ0.12
−0.20 −25.3� 23.93 2.00 −3.10� 28.6 19.70� 7.49 8.89� 9.72 4.4

16 1.79þ0.05
−0.09 3.58þ0.10

−0.17 −0.2
17 0.71þ0.02

−0.03 1.98þ0.06
−0.10 −0.1

19 0.56þ0.02
−0.03 0.29þ0.01

−0.01 −7.0
20 −1.02−0.03þ0.05 1.82þ0.05

−0.09 −0.4
21 3.11þ0.09

−0.15 2.48þ0.07
−0.12 2.6

22 4.72þ0.14
−0.23 5.01þ0.14

−0.24 6.52� 0.78 8.01 3.94� 0.43 7.9 5.4� 0.8 [40]

5.07� 0.71 3.94� 0.43 6.71,6.21,4.45c

6.3 [46]

8.4� 0.9 [47]

23 2.80þ0.08
−0.14 2.74þ0.08

−0.13 0.9
aThis result is just the absolute value given in [43].
b[40] gets the result from experimental data [42].
cThese results are in [45] through different inputs.
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which are set in Euclidean space-time. In this paper, we continue to use the above expressions for F2
0 and F

2
0B0, and we stick

with them for both two and three flavors.
At the Oðp4Þ order, the additional analytical results are

ΔC2 ¼
Z

d4k
ð2πÞ4 ½−Σ

02
k X þ 11Σ2

kΣ02
k X

2 − 34Σ4
kΣ02

k X
3 − 2Σ4

kX
4 þ 40Σ6

kΣ02
k X

4 þ 4Σ6
kX

5 − 16Σ8
kΣ02

k X
5�;

ΔC3 ¼
Z

d4k
ð2πÞ4

�
−
1

2
Σ02
k X þ 49

6
Σ2
kΣ02

k X
2 −

2

3
Σ2
kX

3 −
83

3
Σ4
kΣ02

k X
3 −

5

3
Σ4
kX

4 þ 100

3
Σ6
kΣ02

k X
4

þ 10

3
Σ6
kX

5 −
40

3
Σ8
kΣ02

k X
5

�
;

ΔC4 ¼
Z

d4k
ð2πÞ4

�
−
26

3
Σ2
kX

3 þ 118

3
Σ4
kX

4 −
104

3
Σ6
kX

5

�
;

ΔC5 ¼
Z

d4k
ð2πÞ4

�
14

3
Σ2
kX

3 −
52

3
Σ4
kX

4 þ 44

3
Σ6
kX

5

�
;

ΔC6 ¼
Z

d4k
ð2πÞ4 ½6Σ

2
kX

2 − 8Σ4
kX

3�;

ΔC7 ¼
Z

d4k
ð2πÞ4 ½2Σ

2
kX

2�;

ΔC8 ¼
Z

d4k
ð2πÞ4 ½−4ΣkX2 þ 34Σ3

kX
3 − 36Σ5

kX
4�;

ΔC9 ¼
Z

d4k
ð2πÞ4

�
Σ02
k X −

2

3
ΣkΣ0

kX
2 − 3Σ2

kΣ02
k X

2 −
2

3
Σ2
kX

3 þ 2

3
Σ3
kΣ0

kX
3 þ 2Σ4

kΣ02
k X

3

�
;

ΔC10 ¼
Z

d4k
ð2πÞ4

�
−2iΣ02

k X þ 82i
3

Σ2
kΣ02

k X
2 þ 20i

3
Σ2
kX

3 −
268i
3

Σ4
kΣ02

k X
3 −

52i
3

Σ4
kX

4 þ 320i
3

Σ6
kΣ02

k X
4

þ 32i
3

Σ6
kX

5 −
128i
3

Σ8
kΣ02

k X
5

�
;

ΔC11 ¼
Z

d4k
ð2πÞ4 ½−2ΣkX2 þ 6Σ3

kX
3�: ð20Þ

To simplify the results, we have used Gauss formulaR
d4k∂μfμðkÞ ¼ 0 to remove the high order differentials

of Σk, where the fμðkÞ’s are the functions with one index,
and their momentum dimensions are lower than −4. The
definitions of Ci can be found in Eq. (19) of [22], and the
relations between Ci and common Li can be found in
Eq. (24) in [22].
To obtain numerical results, we use the same quark self-

energy Σk as in [18,24], with the running coupling constant
αsðp2Þ of [25]. To complete the integral, two other input

parameters are needed. One is F0, for which we choose
F0 ¼ 87 MeV; the other is a cutoff Λ which comes
from the calculation of the first term in (1). The details
can be found in [18], and therefore we have chosen
Λ ¼ 1.0þ0.1

−0.1 GeV. The three-flavor numerical results are
listed in the second row in Table I. Those LECs that depend
on Λ are expressible as

LΛ¼1 GeVjLΛ¼1.1 GeV−LΛ¼1 GeV
LΛ¼0.9 GeV−LΛ¼1 GeV

: ð21Þ

TABLE V. The nonzero values of the p6 order anomalous LECs cWi in two flavors. They are in units of 10−3 GeV−2.

cW1 cW2 cW3 cW4 cW5 cW6 cW7 cW8 cW9 cW10 cW11 cW13
New −1.81þ0.09

−0.11 −1.61þ0.08
−0.09 3.61−0.19þ0.22 0.80

−0.04
þ0.04 −1.40

þ0.07
−0.09 0.52þ0.26

−0.35 −0.41−0.01þ0.02 0.21
þ0.01
−0.01 6.49þ0.18

−0.30 −6.15−0.17þ0.29 4.63
þ0.13
−0.22 −9.25−0.26þ0.43

Old [21] −1.46þ0.10
−0.12 −1.25þ0.09

−0.11 2.96−0.20þ0.25 0.63
−0.04
þ0.05 −1.17

þ0.08
−0.10 0.77þ0.26

−0.36 −0.04−0.00þ0.00 0.02
þ0.00
−0.00 8.19þ0.23

−0.38 −8.73−0.24þ0.41 4.85
þ0.13
−0.23 −9.70−0.27þ0.45
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For two flavors, we give the usual l̄i, i ¼ 1, 2, 3, 4, 5, 6,

li ¼
1

32π2
γi

�
l̄i þ ln

M2
π

μ2

�
; ð22Þ

where the γi’s are given in Ref. [2]. These results are also
listed in Table I. The superscripts and subscripts in the table
only indicate how the LECs are sensitive to Λ. These
expressions will also appear in the p6 order results in
Table III.
Comparing the “new” and “old” results in Table I, the

new absolute values of Liðl̄iÞ are, as expected, smaller than
the older ones, except for l̄3. For comparison, we also list
the other results obtained by different methods: [2,3] are the
first results from experimental data; [26] gives the LECs
from resonance chiral theory; [17] gives the LECs from a
class of holographic theories; [15] collects the last lattice
results in [27–29]; [20] gives the L1;…; L8 from the global
fit of the Oðp6Þ LECs, L9 is given in [30], and L10 is a
reasonable average of the values of −4.06� 0.39 [31],
−3.1� 0.8 [32], and −3.46� 0.32 [33]; [20] also collects
some of the latest results in two flavors; and [34] gives
some newer fit data at Oðp6Þ order. These are the usual
methods to obtain LECs at present. On the whole, most of
the old results are larger than the others, but the new results
are closer. The only one new result that is larger than the old
one is l̄3, but it is also much closer than the older one. Our
new results are much closer to the experimental results, and
most results are within the error uncertainties of the

resonance results. Nevertheless, they appear to be a bit
far from the results from the global fit [20]. One possible
reason is that the global-fitted results do not maintain the
large NC limit, but L4 and L6 have fits that are not very
small, the effect of which propagate throughout the
calculation and decrease the values of other LECs. So
far, our calculation remains valid only in the large NC limit,
and therefore they are not very close to the global fit results.
These observations indicate that our approximation in

(8) is reasonable. Although we only selected n ¼ 2 in (1)
and n ¼ 1 in (4), the tendency is clear. The second and third
terms in (1) carry part of the systematic error in our original
calculations. Table I gives the leading order corrections to
date. Hence, we believe that when we extend the calcu-
lations to theOðp6Þ order, the results will be more credible.

B. Oðp6Þ order
Because our method only applies in the large NC limit,

for simplicity, in theOðp6Þ order, we only need to calculate
the large-NC limit terms. Without the equations of motion,
in the large-NC limit, the CL is

L6 ¼
X68
n¼1

~Kn
~Yn: ð23Þ

These ~Yn’s and their relationship to the Yi defined in [5] are
listed in Table II; ~Kn are some coefficients.

TABLE VI. The obtained values for the combinations of the p6 order LECs from ππ scattering and our work. The values in [48] are
based on the resonance-saturation (RS) hypothesis and pure dimensional analysis (ND). Those in [50] are in the Proca (n ¼ 5) and
antisymmetric vector formalism (n ¼ 3). [51] gives the results by large-NC techniques and partial wave dispersion relations. The
coefficients in the table are in units of 10−4.

rr1 rr2 rr3 rr4 rr5 rr6
RS in Ref. [48] −0.6 1.3 −1.7 −1.0 1.1 0.3
ND in Ref. [48] 80 40 20 3 6 2
Set C (n ¼ 5) [50] −14� 17� 3 22� 16� 4 −3� 1� 3 −0.22� 0.13� 0.05 0.9� 0.1� 0.5 0.25� 0.01� 0.05
Set C (n ¼ 3) [50] −20� 17� 3 7� 10� 4 −4� 1� 3 0.13� 0.13� 0.05 0.9� 0.1� 0.5 0.25� 0.01� 0.05
Ref. [51] 18 0.9 −1.9
Old [18] −9.32−2.62þ3.51 8.93þ3.12

−4.27 −3.06−0.81þ1.11 −0.12þ0.22
−0.29 0.87þ0.04

−0.06 0.42þ0.02
−0.03

New 0.11−2.50þ3.27 −2.84þ2.95
−3.94 1.03−0.69þ0.92 −0.63þ0.21

−0.28 0.37þ0.02
−0.04 0.28þ0.01

−0.02

TABLE VII. The obtained values for the combinations of the p6 order LECs from πK scattering [53] and our work. [53] gives the
results with resonance model estimates. The LECs on the lhs of the table are in units of 10−4 GeV−2.

C1 þ 4C3 C2 C4 þ 3C3 C1 þ 4C3 þ 2C2 cþ20
m4

π

F4
π

cþ01
m2

π

F4
π

c−10
m3

π

F4
π

Input cþ30; c
þ
11; c

−
20 20.7� 4.9 −9.2� 4.9 9.9� 2.5 2.3� 10.8

Input cþ30; c
þ
11; c

−
01 28.1� 4.9 −7.4� 4.9 21.0� 2.5 13.4� 10.8 Dispersive 0.024� 0.006 2.07� 0.10 0.31� 0.01

ππ amplitude 23.5� 2.3 18.8� 7.2
Resonance model 7.2 −0.5 10.0 6.2 Resonance model 0.003 3.8 0.09
Old [18] 35.9þ1.3

−2.1 0.0þ0.0
−0.0 29.5þ1.1

−1.9 35.9þ1.3
−2.1 Old [18] 0.006−0.002þ0.003 −0.159þ0.133

−0.178 0.020þ0.037
−0.050

New 27.8þ1.1
−1.8 0.0þ0.0

−0.0 19.8þ0.9
−1.4 27.8þ1.1

−1.8 New 0.016−0.002þ0.002 −0.474þ0.142
−0.186 −0.082þ0.036

−0.047
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As for the Oðp2Þ and Oðp4Þ orders, expanding (12) to
the Oðp6Þ order with the method used in Sec. III, treating
~Yn as hOΩ;ki, and Yn as hOli in (16), we can obtain theΔ ~Ki
coefficients. We have listed the values in (A1) in
Appendix A. The final Oðp6Þ LECs are listed in Table III:

CΛ¼1 GeVjCΛ¼1.1 GeV−CΛ¼1 GeV
CΛ¼0.9 GeV−CΛ¼1 GeV

; cΛ¼1 GeVjcΛ¼1.1 GeV−cΛ¼1 GeV
cΛ¼0.9 GeV−cΛ¼1 GeV :

Because of the new relation given in Ref. [6], we remove
c37, as we did previously. Unlike the Oðp4Þ order, some
absolute values of the new LECs are smaller than the old
ones, such as C1 and C4; some are almost unchanged, such
as C3 and C12; some are larger than the old ones, such as
C52 and C65; and some even change signs, such as C22 and
C69. These arise superficially because of the choice of the
independent terms in [5] and the complex relations in (17).
It seems to imply that these LECs are largely dependent on
Λ, especially in the Oðp6Þ order. The basic reason for this
phenomenon is that our formulation is still not perfect in
dealing with ultraviolet divergence. Since this is a typical
nonrenomalizable formulation (although underlying QCD
is a perturbatively renormalizable theory, with our non-
perturbative calculation formalism, it becomes nonreno-
malizable with our present approximations), the Oðp6Þ
order [corresponding to the higher dimension terms in
comparison to the Oðp4Þ terms] certainly causes the higher
ultraviolet divergences and then leads to larger cutoff
effects. This effect also causes several of the new LECs
to have reduced (increased) their central values, but the new
errors do not follow the same trends, such as C18 and C57.

The calculations are too complicated. To avoid possible
mistakes, the expansion in (12) and most of the other
calculations are done by computer. To check the correct-
ness of our results, we examined them in various ways.
First, some terms in Table II have two parts, which we
calculated separately. C, P, and Hermitian invariance
constrain the two parts of the coefficient as being equal
or with a sign difference. Our analytical results for the
separate parts must give the same coefficients. Second, if
we switch off the quark self-energy, all of the LECs, except
the contact terms’, must vanish [18]. This places a strong
restriction on our results. Third, because of the strict
constraint conditions in (17), we have 109 − 68 ¼ 41
constraint conditions, with 109 being the value of OΩ in
(16). They also impose strong restrictions on our results.
With all of the above assessments, we are confident of the
reliability of our numerical results for the Oðp6Þ LECs.
Our choice F0 ¼ 87 MeV is the leading order value

of Fπ . In two flavors, the relation between F0 and Fπ is
given in Ref. [35] to the Oðp6Þ order. With our results
listed in Tables I and III, the numerical results to the Oðp6Þ
order yield Fπ ¼ 92.76þ0.01

−0.06 MeV. Comparing this with
the previous result Fπ ¼ 92.97þ0.00

−0.04 , the new result is a
bit closer to that in PDG2014 [36], Fπ ¼ 92.21 MeV.
From this point of view, the additional terms in (9) improve
the results slightly. For three flavors, we also choose
F0 ¼ 87 MeV as an input parameter. It is also compatible
with a new large-NC result, F0 ¼ 88.1� 4.1 MeV, in three
flavors [37].

C. Anomaly

Following the same procedures as for the normal terms,
the anomalous LECs can also be revised. The Oðp4Þ CLs
are Wess-Zumino terms that had been obtained from the
first term in (1) [21,38]. The additional terms in (9) must
vanish to the Oðp4Þ order, thereby imposing another
requirement. We checked our calculations and verified this
requirement. From another point of view, we checked to see
that the terms with n ¼ 2 in (1) and n ¼ 1 in (4) were
suitable.

TABLE VIII. The obtained values for the combinations of the p6 order LECs appear in vector and scalar form factors of pion. The
results in [48] are based on the resonance-saturation hypothesis. [50] gives the same results in both the Proca and antisymmetric vector
formalism. [54] gives a naive estimation of Cr

12 from scalar meson dominance of the pion scalar form factor and 2Cr
12 þ Cr

34 is estimated
through λ0 in the Kl3 measurements. [55] estimates the LECs from the πK form factors. The coefficients in the table are in units of 10−4.

New Old [18] Ref. [48] New Old [18] Ref. [48] Ref. [50] New Old [18] Ref. [48]

rrV1 −1.60þ0.32
−0.41 −2.13þ0.30

−0.39 −2.5 rrS2 −0.86þ0.00
þ0.00 0.07þ0.05

−0.08 −0.3 1� 4� 1 rrA1 1.29þ0.05
−0.06 1.14þ0.07

−0.09 −0.5
rrV2 1.10þ0.07

−0.10 2.23þ0.10
−0.16 2.6 rrS3 0.21−0.01þ0.01 0.20−0.01þ0.01 0.6 rrA2 −0.72−0.07þ0.10 −0.38−0.06þ0.08 1.1

New Old [18] Ref. [54] New Old [18] Ref. [55]

Cr
12 −0.026þ0.001

−0.001 −0.026þ0.001
−0.001 −0.1 Cr

12 −0.026þ0.001
−0.001 −0.026þ0.001

−0.001 ð0.3� 5.4Þ × 10−3

2Cr
12 þ Cr

34 −0.001−0.012þ0.020 0.068−0.006þ0.010 −0.10� 0.17 Cr
12 þ Cr

34 0.025−0.013þ0.021 0.094−0.007þ0.011 ð3.2� 1.5Þ × 10−2

TABLE IX. The LECs come from extrapolating the lattice data
on the scalar Kπ form factor [56]. They are in units of
10−4 GeV−2.

C12 C34 C14 2C17

Ref. [56] 5.74� 0.95 1.07� 0.96 0.71� 1.42 1.92� 3.36

Old [18] −0.34þ0.02
−0.01 1.59−0.10þ0.17 −0.83þ0.12

−0.19 0.03−0.02−0.02

New −0.34þ0.01
−0.01 0.66−0.18þ0.29 −0.87þ0.14

−0.21 0.35þ0.03
−0.08
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To the Oðp6Þ order, without the equations of motion, in
the large NC limit, the n-flavor CL is

LW
6 ¼

X23
n¼1

~KW
n
~OW
n : ð24Þ

These ~OW
n ’s and their relations with OW

I in Ref. [8] are
listed in Table VI in Ref. [21]. The analytical results for
Δ ~KW

n are listed in (B1) in Appendix B. CW
3 , C

W
18, and cW12

vanish in the large-NC limit. The nonzero numerical results
are listed in the second column of Table IV for three flavors
and in the second row of Table V for two flavors:

CW
Λ¼1 GeVj

CW
Λ¼1.1 GeV−C

W
Λ¼1 GeV

CW
Λ¼0.9 GeV−C

W
Λ¼1 GeV

; cWΛ¼1 GeVj
cWΛ¼1.1 GeV−c

W
Λ¼1 GeV

cWΛ¼0.9 GeV−c
W
Λ¼1 GeV

:

V. COMPARISONS

In this section, we shall gather the LECs to the
Oðp6Þ order given in the literature to provide a means to
assess our new results. It is only an update of [18]
but also includes some new results. Usually, these LECs
are given as dimensionless parameters with the convention
of Cr

i ≡ CiF2
0 or cri ≡ ciF2

0. The following values of the
physical constants come from the central values of
PDG2014 [36],

mπ� ¼ 139.57018 MeV; mπ0 ¼ 134.9766 MeV;

Fπ ¼ 92.21 MeV; mK� ¼ 493.677 MeV: ð25Þ

Some of these values are needed in certain parts of the
calculations.

A. ππ and πK scattering

In ππ scattering, there exist six additional constants,
rri ; i ¼ 1; 2; 3; 4; 5; 6. Their relationship to LECs can be
found in Eq. (5.3) in [48]. Reference [48] also gives their
values obtained using two theoretical methods, resonance
saturation (RS) [49] and pure dimensional analysis (ND)
which only accounts for the order of magnitude.
References [50,51] also give the rri parameters, all of
which are listed in Table VI. Our new rr4;5;6 only change
slightly, with the error bars from the references also being
small. They are, nonetheless, in good agreement. However,
in the references, rr1;2;3 have large error bars, and hence our
new results can potentially change signs.
Furthermore, Ref. [52] introduces some coefficients,

such as cþ20, c
þ
01, c

þ
10, in πK scattering. Table VII lists all

of these coefficients and some LECs which were obtained
in Ref. [53] from different models. Whereas the new results
on the left-hand side of Table VII are smaller and approach
their results, results on the right-hand side of Table VII
seem worse. This may be because of propagation errors
from the complex relations between cþ and Ci.
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FIG. 1 (color online). The spacelike and timelike data for the vector form factor with the old and new results.

TABLE X. The obtained values for the combinations of the p6 order LECs appear in photon-photon collisions. [64,65] give the results
with a resonance model. [66] gives the results with date fitting.

New Old [18] Ref. [64] Ref. [66] New Old [18] Ref. [65] Ref. [66]

ar1 −8.15−0.85þ1.17 −5.65−0.91þ1.23 −39� 4 −25.9� 1.6� 3.7 ar1 −5.46−0.12þ0.07 −5.86−0.49þ0.58 −3.2 −25.0� 2.2

ar2 3.94þ0.03
−0.06 3.79þ0.02

−0.05 13� 2 8.6� 0.8� 1.8 ar2 −1.73−0.09þ0.16 −0.98−0.07þ0.12 0.7 1.4� 1.8� 1.4

br 1.87þ0.06
−0.10 1.66þ0.05

−0.09 3� 1 3.4� 0.4� 0.1 br −0.20−0.02þ0.02 −0.23−0.01þ0.02 0.4 0.2� 0.3� 0.1
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B. Form factors

Reference [48] also estimates the expressions of the
vector form factor, the scalar form factor, and two form
factors of πðpÞ → eνγðqÞ with LECs, and [54,55] give
some LECs using measurements of the pion scalar form
factor, Kl3, and the πK form factors. Reference [50] gives
one form factor from ππ scattering. All of them are listed in
Table VIII. Reference [56] extrapolates the lattice data on
the scalar Kπ form factor to obtain some LECs; the results
are listed in Table IX. Two of these results, rrS2 and
2Cr

12 þ Cr
34, seem better, as their signs have been changed.

Furthermore, in Fig. 1, we compare the experimental
data [57–63] for the vector form factors collected in Figs. 4
and 5 in [35] with our old and new results. In obtaining our
numerical predictions, we have exploited the formula given
by Eq. (3.16) in [35], which depends especially on Oðp6Þ
LECs through the rrV1 and rrV2 defined in [48], and we

input the formula with the old and new Oðp4Þ and
Oðp6Þ LECs.
From Fig. 1, we see that at both theOðp4Þ and theOðp6Þ

order, for the spacelike form factors, the new line is higher
than the old ones, whereas for the timelike form factors, the
new line is lower than the old ones. The new results are
slightly worse than the old ones. Nevertheless, considering

TABLE XI. The obtained values for the combinations of the p6 order LECs from pion radiative decay [40] and our work. The
coefficients in the table are in units of 10−5.

Cr
12 Cr

13 Cr
61 Cr

62 2Cr
63 − Cr

65 Cr
64

Ref. [40] −0.6� 0.3 0� 0.2 1.0� 0.3 0� 0.2 1.8� 0.7 0� 0.2
Old [18] −0.26þ0.01

−0.01 0.0þ0.0
−0.0 2.18−0.17þ0.20 0.0þ0.0

−0.0 6.36−0.42þ0.56 0.0þ0.0
−0.0

New −0.26þ0.01
−0.01 0.00þ0.00

þ0.00 1.83−0.14þ0.17 0.00þ0.00
þ0.00 5.89−0.45þ0.53 0.00þ0.00

þ0.00

Cr
78 Cr

80 Cr
81 Cr

82 Cr
87 Cr

88

Ref. [40] 10.0� 3.0 1.8� 0.4 0� 0.2 −3.5� 1.0 3.6� 1.0 −3.5� 1.0
Old [18] 13.26þ0.77

−1.20 0.66−0.03þ0.02 0.0þ0.0
−0.0 −5.39−0.24þ0.39 5.73þ0.28

−0.45 −4.14−0.55þ0.78

New 6.68þ0.60
−0.91 0.77−0.04þ0.03 0.00þ0.00

þ0.00 −3.47−0.18þ0.29 3.63þ0.22
−0.35 −1.28−0.52þ0.70

TABLE XII. The p6 order LECs from Cosh holographic models [17] and our work. They are in units of 10−3 GeV−2.

C1 C3 C4 C40 C42 C44 C46 C47

Ref. [17] −0.3 0.3 0 0.2 2.2 −5.5 −3.2 6.2

Old [18] 3.79þ0.10
−0.17 −0.05þ0.01

−0.01 3.10þ0.09
−0.15 −6.35−0.18þ0.32 0.60−0.00þ0.00 6.32þ0.20

−0.36 −0.60−0.02þ0.04 0.08þ0.01
−0.00

New 2.98þ0.07
−0.13 −0.05þ0.01

−0.01 2.13þ0.06
−0.10 −4.98−0.14þ0.25 1.88þ0.03

−0.06 1.73þ0.07
−0.14 −1.67−0.05þ0.09 3.10þ0.09

−0.15

C48 C50 þ C90 C51 þ C90 C52 − C90 C53 − 1
2
C90 C55 þ 1

2
C90 C56 − C90 C57 þ 2C90

Ref. [17] 5.8 19.1 5.2 −11.6 −8.8 16.7 7.1 17.2

Old [18] 3.41þ0.06
−0.10 11.16þ0.40

−0.66 −9.04−0.20þ0.38 −7.48−0.29þ0.47 −13.21−0.68þ1.10 18.01þ0.77
−1.26 16.89þ0.89

−1.44 12.80þ0.58
−0.92

New 4.74þ0.10
−0.17 12.86þ0.45

−0.75 −7.50−0.15þ0.30 −8.71−0.33þ0.53 −6.52−0.49þ0.78 11.61þ0.58
−0.95 2.13þ0.47

−0.73 9.36þ0.48
−0.76

C59 − 1
2
C90 C66 C69 C70 − 1

2
C90 C72 þ 1

2
C90 C73 þ C90 C74 C76 − 1

2
C90

Ref. [17] −20.1 −0.3 0.3 5.3 −4.7 −4.4 −19.0 11.1

Old [18] −23.71−1.02þ1.66 1.71þ0.07
−0.12 −0.86−0.04þ0.06 0.51þ0.11

−0.16 −2.08−0.14þ0.23 2.94þ0.05
−0.10 −5.07−0.16þ0.27 −2.66−0.05þ0.08

New −15.75−0.79þ1.28 0.80þ0.04
−0.07 0.52þ0.00

−0.01 0.49þ0.11
−0.16 −0.64−0.10þ0.16 2.48þ0.04

−0.07 −3.34−0.11þ0.19 −2.31−0.04þ0.07

C78 þ 1
2
C90 C79 − 1

2
C90 C87 C88 − C90 C89

Ref. [17] 16.1 4.1 6.8 −5.2 29.2

Old [18] 18.74þ0.83
−1.36 −1.78−0.11þ0.17 7.57þ0.37

−0.60 −7.91−0.35þ0.57 34.74þ1.61
−2.62

New 9.99þ0.58
−0.93 4.70þ0.08

−0.15 4.79þ0.29
−0.46 −4.01−0.24þ0.38 17.27þ1.11

−1.77

TABLE XIII. The obtained values for the p6 order LECs in
Ref. [12] from resonance estimates and our work. They are in
units of 10−3 GeV−2.

C14 C19 C38 C61 C80 C87

Ref. [12] −4.3 −2.8 1.2 1.9 1.9 7.6

Old [18] −0.83þ0.12
−0.19 −0.48þ0.09

−0.13 0.41−0.08þ0.07 2.88−0.22þ0.26 0.87−0.04þ0.03 7.57þ0.37
−0.60

New −0.87þ0.14
−0.21 −0.27þ0.09

−0.13 0.47−0.04þ0.02 2.42−0.19þ0.22 1.01−0.05þ0.04 4.79þ0.29
−0.46
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the experimental errors, they are all consistent with the
experimental data.

C. Photon-photon collisions

References [64,65] introduce some parameters by γγ →
π0π0 and γγ → πþπ−. These parameters are also all related
to LECs. A recent work [66] also gives these results. They
are listed in Table X. These results are nearly unchanged,
with ar2 and br still having opposite signs.

D. Radiative pion decay

Reference [40] gives a group of LECs to theOðp6Þ order.
They are listed in Table XI. Most of the new results are
fitted better than the old ones, with the exception of Cr

88.

E. Holography

Reference [17] gives almost all of the LECs without
scalar and pseudoscalar fields in the large-NC limit from a
class of holographic theories; the results are listed in
Table XII. The new results still produce some large
differences in these LECs, but some LECs retain the same
sign, such as C69 and C79 − 1

2
C90. Some differences may

come from the error associated with C90, the source of
which needs to be further checked.

F. Other results

Aside from the above results, there are more LECs given
using these different methods. Most of them are from
resonance approximations, but our results do not rely on the
assumption of the presence of resonances. In this sub-
section, we list the values we gathered from the literature
and compare them with ours.
Table XIII lists some LECs from resonance estimates in

[12]; Table XIV lists other resonance-estimated LECs in
[13]; Table XV lists the LECs from sum rules in [14]; Cr

87

values were obtained frommany references and are listed in
Table XVI; the other LECs obtained from different models
in different references are listed in Table XVII. Except for
Cr
14 þ Cr

15 in Table XVII, all of the LECs retain their signs
and the same orders of magnitude, and almost all of the new
results are in closer correspondence with the others.

TABLE XIV. The obtained values for the p6 order LECs from the resonance Lagrangian given by Ref. [13] and our work. The
coefficients in the table are in units of 10−4=F2

0.

C78 C82 C87 C88 C89 C90

Lowest meson dominance 1.09 −0.36 0.40 −0.52 1.97 0.0
Resonance Lagrangian I 1.09 −0.29 0.47 −0.16 2.29 0.33
Resonance Lagrangian II 1.49 −0.39 0.65 −0.14 3.22 0.51
Old [18] 1.326þ0.077

−0.120 −0.539−0.024þ0.039 0.573þ0.028
−0.045 −0.414−0.055þ0.078 2.630þ0.122

−0.198 0.185−0.029þ0.035

New 0.668þ0.060
−0.091 −0.347−0.018þ0.029 0.363þ0.022

−0.035 −0.128−0.052þ0.070 1.307þ0.084
−0.134 0.176−0.033þ0.041

TABLE XV. The LECs come from the sum rules in [14]. They
are in units of 10−3 GeV−2.

C12 þ C61 þ C80 C12 − C61 þ C80 C61 C12 þ C80

wDK [14] 2.48� 0.19 −0.55� 0.21 1.51� 0.19 0.97� 0.11

ŵ [14] 2.48� 0.18 −0.46� 0.19 1.47� 0.17 1.01� 0.10

Old [18] 3.41−0.25þ0.28 −2.36þ0.20
−0.24 2.88−0.22þ0.26 0.53−0.02þ0.02

New 3.09−0.22þ0.25 −1.75þ0.16
−0.19 2.42−0.19þ0.22 0.67−0.03þ0.03

TABLE XVI. The obtained values for the Oðp6Þ order LECs,
Cr
87. [67] gives the result from resonance estimates. [68] gives the

result with a sequence of rational approximants and the large-Nc
limit. [31] gives the result from semileptonic τ decays. [32] gives
the result from the τ hadronic spectral functions. They are in units
of 10−5.

New Old [18] Ref. [67] Ref. [68] Ref. [31] Ref. [32]

Cr
87 3.63þ0.22

−0.35 5.73þ0.28
−0.45 3.1� 1.1 4.3� 0.4 3.70� 0.14 3.0� 0.8

TABLE XVII. Some LECs from different references. [69] gives the result from nonleptonic and radiative K
decays. [70–73] give the results from resonance chiral theory. [16] gives the result by the extrapolation of lattice
data.

105ð2Cr
63 − Cr

65Þ 106Cr
38 105ðCr

88 − Cr
90Þ ðC14 þ C15Þ103 GeV2 ðC15 þ 2C17Þ103 GeV2

1.8� 0.7 [69] 2� 6 [70] −4.6� 0.4 [72] 0.37� 0.08 [16] 1.29� 0.16 [16]

8� 5 [71] −4.5� 0.5 [73]

Old [18] 6.36−0.48þ0.57 3.08−0.62þ0.56 −5.99−0.27þ0.43 −0.83þ0.12
−0.19 0.03−0.02−0.02

New 5.89−0.45þ0.53 3.57−0.34þ0.17 −3.04−0.18þ0.29 −0.87þ0.14
−0.21 0.35þ0.03

−0.08
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Reference [74] gives some LEC relations by some
assumptions in the large-Nc limit. We collect our results
in Table XVIII to check these relations:

C20 ¼ −3C21 ¼ C32 ¼
1

6
C35; C24 ¼ 6C28 ¼ 3C30:

ð26Þ

Because we only calculate a part of the large-NC expression
in (1) and some additional assumptions in [74], not all of
the LECs satisfy the relations.
For the anomalous LECs, we collect the results in

Table IV. The anomalous results are less than the normal
ones, and the differences between each are slightly larger
than the normal ones.

VI. SUMMARY

In this research, we updated our original LECs to the
Oðp6Þ order, including two and three flavors, and normal
and anomalous ones. The new contributions come from
n ¼ 2 in (1) and n ¼ 1 in (4). This is one small step beyond
the GND model. As a check, the Oðp4Þ order absolute
values have decreased and are closer to others, so our

updates are plausible. Up to the Oðp6Þ order, the absolute
values of the LECs exhibited varying changes or remained
unchanged. We also compared these LECs with the others.
Most of them are much closer than the old values, but some
combinations of LECs fare badly. The combinations found
in the references are directly from phenomenological data,
and they can be more precise. However, we have obtained
the LECs separately. On the whole, the new LEC values are
better than the old ones; one possible reason for the
differences is a propagation of errors. In this method, more
precise results need a more detailed analysis of (1), which
remains as work for the future.
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APPENDIX A: THE Δ ~Ki COEFFICIENTS
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TABLE XVIII. The comparison of the relations given in [74] by resonance theory. The coefficients in the table are
in units of 10−3 GeV−2.

C20 −3C21 C32
1
6
C35 C24 6C28 3C30

Old [18] 0.18−0.03þ0.04 0.18−0.03þ0.03 0.18−0.03þ0.04 0.028−0.020þ0.028 1.62þ0.04
−0.07 1.80þ0.06

−0.06 1.80þ0.06
−0.09

New 0.17−0.02þ0.03 0.17−0.02þ0.03 0.17−0.02þ0.03 0.02−0.01þ0.02 0.87þ0.02
−0.04 1.10þ0.03

−0.05 1.10þ0.03
−0.05
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APPENDIX B: THE Δ ~KW
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