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The framework of nonrelativistic effective field theory (NREFT) aims to generalize the standard analysis
of direct detection experiments in terms of spin-dependent and spin-independent interactions. We show that
a number of NREFT operators lead to distinctive new directional signatures, such as prominent ringlike
features in the directional recoil rate, even for relatively low-mass weakly interacting massive particles. We
discuss these signatures and how they could affect the interpretation of future results from directional
detectors. We demonstrate that considering a range of possible operators introduces a factor of 2
uncertainty in the number of events required to confirm the median recoil direction of the signal.
Furthermore, using directional detection, it is possible to distinguish the more general NREFT interactions
from the standard spin-indenpendent/spin-dependent interactions at the 2σ level with Oð100–500Þ events.
In particular, we demonstrate that for certain NREFT operators directional sensitivity provides the only
method of distinguishing them from these standard operators, highlighting the importance of directional
detectors in probing the particle physics of dark matter.
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I. INTRODUCTION

The detection of dark matter (DM) in a laboratory setting
is considered one of the greatest goals of modern particle
physics. Direct detection experiments [1,2] aim to measure
the keV-scale recoil energy imparted on detector nuclei by
interactions with weakly interacting massive articles
(WIMPs) in the Galactic halo. The motion of the Earth
and Sun in the Galactic rest frame induces a highly direc-
tional flow of DM particles in the lab frame, known as the
“WIMPwind.” The result is that the mean recoil direction is
opposite that of the Solar motion, in the direction of the
constellationVela. Detection of this directional signalwould
provide strong evidence for a DM origin of the signal [3–5].
A number of experiments with directional sensitivity are

currently in development. The most advanced of these are
low-pressure time projection chambers (TPCs) such as
DRIFT [6,7], MIMAC [8,9], DMTPC [10,11], NEWAGE
[12,13], and D3 [14,15], though a number of other
technologies are also being considered, including nuclear
emulsions [16], DNA-based techniques [17], and the
possibility of exploiting columnar recombination in xenon
targets [18,19]. The analysis of data from such experiments
(as well as from nondirectional experiments) typically
assumes standard spin-dependent (SD) or spin-independent
(SI) contact interactions [20,21], which are leading (zeroth)
order in the recoil momentum ~q and DM-nucleus relative
velocity ~v. This is because WIMPs in the Galactic halo are
highly nonrelativistic (v ∼ 10−3c), leading to typical
momentum transfers in the 100 MeV range.

However, in recent years, a great deal of effort has been
focused on developing a more general framework for DM-
nucleus interactions. The nonrelativistic effective field
theory (NREFT; introduced by Fan et al. [22] and extended
in Refs. [23–25]) considers all possible nonrelativistic
quantum mechanical operators which can contribute to
elastic DM-nucleus scattering, including those which are
higher order in ~q and ~v. Such a basis of operators allows us
to avoid biased reconstructions of future DM signals by
accounting for all possible DM-nucleon interactions. In
addition, it enables us explore possible blind spots in the
sensitivity of current experiments. To this end, a number of
authors have presented constraints on these operators from
current and future direct detection [26–31] and neutrino
telescope data [32–35].
In this work, we consider the impact of NREFToperators

on the recoil spectra in directional direct detection experi-
ments. As we discuss in detail in Sec. III, the event rates
arising from NREFT operators typically appear with addi-
tional powers of q2 and/or v2⊥ when compared with the
standard SI/SD operators, where ~v⊥ is the DM velocity
perpendicular to ~q. Additional powers of q2 typically result
in a spectrum which grows with recoil energy ER. When
considering the directional rate integrated above a certain
threshold energy Emin, this enhances the contribution of
directional features at high energy, leading to a more
sharply directional event rate. In contrast, powers of v2⊥
tend to suppress recoils in the forward direction, leading to
a more isotropic distribution.
These differences can have significant consequences for

interpreting future data from directional data. Calculations
of the number of WIMP signal events required to*bradley.kavanagh@cea.fr
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discriminate from an isotropic background or to confirm
the median recoil direction are performed assuming stan-
dard SI/SD interactions. As we will show, more general
directional rates may require more or fewer events to
confirm the WIMP origin of a signal. Additionally, some
NREFT operators lead to distinctive directional signatures
which may allow them to be distinguished from the
standard scenario using directional detectors.
The key result of this paper is presented in Fig. 7, which

shows the statistical significance with which standard
interactions can be excluded as a function of the number
of signal events. We show that certain NREFToperators [in
particular O7 and O8; see Eq. (A2)] can be distinguished
from the standard SI/SD operators at the 95% confidence
level with several hundred signal events in a directionally
sensitive fluorine-based detector. For these operators,
discrimination would be almost impossible using only
information about event energies, highlighting the impor-
tant role directional detectors may play in exploring the
particle physics of DM.
In Sec. II, we describe in more detail the directional event

rate. We then introduce the NREFToperators in Sec. III and
demonstrate how their directional spectrum is expected to
differ from the standard case. In Sec. IV, we consider a
variety of directional statistics which have been proposed to
distinguish a directional DM signal from isotropic back-
grounds. Using these, we determine howmany signal events
are required to detect anisotropy and confirm the median
recoil direction of the signal and compare these results with
the SI and SD rates which are typically considered. Finally,
we discuss direct comparisons between the standard direc-
tional rate and these more general interactions. We show
how directional detection can be used to distinguish non-
relativistic operators which couple to the transverse velocity
squared from the canonical SI and SD operators.

II. DIRECTIONAL RATE

We begin with a summary of the standard event rate in
directional detectors. The double-differential recoil spec-
trum per unit detector mass for DM-nucleus scattering with
a fixed DM velocity ~v is given by [36]

d2R
dERdΩq

¼ ρ0v
2πmχ

hjMj2i
32πm2

Nm
2
χv2

δðv̂ · q̂ − vmin=vÞ: ð1Þ

Here, mχ and mN are the DM and nuclear masses,
respectively; ρ0 is the local DM density; and q̂ is the
direction of the recoiling nucleus. The matrix element
squared hjMj2i, summed and averaged over the initial and
final spins, is determined by the particle physics operators
which mediate the interaction. Finally, the δ-function
imposes the kinematic constraint on the elastic scattering,
where vmin is the minimum WIMP speed required to excite
a nuclear recoil of energy ER,

vmin ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
mNER

2μ2χN

s
; ð2Þ

with the DM-nucleus reduced mass given by μχN ¼
mχmN=ðmχ þmNÞ.
In the standard analysis framework, the matrix elements

are calculated assuming contact interactions which are
leading order in the momentum exchange and relative
DM-nucleus velocity. This is because virialized DM
particles in the Galactic halo are expected to have highly
nonrelativistic speeds, v ∼ 10−3c, so any higher-order
interactions will be suppressed by factors of 10−6. These
leading-order interactions are assumed to arise from a
coupling of the spins of the DM and nucleons (spin
dependent) or a coupling of their particle densities (spin
independent),

OSD ¼ ~Sχ · ~Sn

OSI ¼ 1; ð3Þ

where we use the subscript n for the nucleon.
The resulting matrix elements are then written as

hjMj2i ¼ hcpOp þ cnOni; ð4Þ

where cp and cn are the coupling strengths of the operators
with protons and neutrons. The term in angular brackets on
the right-hand side is referred to as the nuclear response
function and is the expectation value of the operators (either
SI or SD) over all nucleons in the nucleus. For the SI case,
this gives a coherent enhancement of the scattering rate
roughly proportional to A2, for a nucleus composed of A
nucleons. In the SD case, the response function takes
into account the total nuclear spin, as well as the expect-
ation values of the proton and neutron spin within the
nucleus. For both types of interaction, the finite size of the
nucleus leads to a loss of coherence at large momentum
transfer, meaning that the nuclear response functions give a
roughly exponential suppression of the rate with recoil
energy [37,38].
The final component for calculating the standard direc-

tional event rate arises from the fact that DM in the Galactic
halo has a distribution of velocities fð~vÞ. Thus, we must
integrate Eq. (1) over all DM velocities, weighted by fð~vÞ:

d2R
dERdΩq

¼ ρ0
2πmχ

hjMj2i
32πm2

Nm
2
χ
f̂ðvmin; q̂Þ: ð5Þ

All dependence on the velocity distribution has been
absorbed into the Radon transform (RT) [39], defined as

f̂ðvmin; q̂Þ ¼
Z
R3

fð~vÞδð~v · q̂ − vminÞd3~v; ð6Þ
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where we have changed variables in the argument of the δ-
function, leading to an extra power of v in the integral.
Physically, the RT is obtained by integrating over all
velocities for which the observed recoil is kinematically
allowed.
In the Standard Halo Model (SHM), dark matter is

assumed to follow a Maxwell–Boltzmann velocity distri-
bution, given by

fð~vÞ ¼ 1

ð2πσ2Þ3=2 exp
�
−
ð~v − ~vlagÞ2

2σ2v

�
: ð7Þ

For an isotropic, isothermal sphere of DM, with density
profile ρ ∝ r−2, the average velocity of the DM particles
with respect to the Earth ~vlag is related to the velocity

dispersion by vlag ¼
ffiffiffi
2

p
σv. A value of vlag ≈ 220 km s−1 is

typically used [40], though values in the range 180–
270 km s−1 have been suggested [41–45]. The correspond-
ing RT is given by [36]

f̂ðvmin; q̂Þ ¼
1

ð2πσ2vÞ1=2
exp

�
−
ðvmin − ~vlag · q̂Þ2

2σ2v

�
: ð8Þ

However, we note briefly that the SHM is unlikely to be
a realistic description of the true DM distribution. Results
from N-body simulations indicate deviations from the
standard Maxwell–Boltzmann distribution [46,47], includ-
ing the possibility of additional structures such as dark
disks [48–51] or streams [52,53]. For concreteness, we
assume the SHM as a standard benchmark, with fixed
values of vlag ¼ 220 km s−1 and σv ¼ 156 km s−1 in this
study. We will also neglect effects due to the finite Galactic
escape speed [54], which will not be significant over the
range of recoil energies considered here. We leave an
exploration of the impact of astrophysical uncertainties to
future work.
It will sometimes be necessary to distinguish the full

double-differential recoil rate d2R=dERdΩq from the
energy-integrated recoil rate, given by

dR
dΩq

¼
Z

Emax

Emin

d2R
dERdΩq

dER: ð9Þ

In this case, we are interested in the direction of all
recoils observed in the detectors (in an energy window
E ∈ ½Emin; Emax�), but not the energy of each event.

III. NONRELATIVISTIC EFFECTIVE FIELD
THEORY

In nonrelativistic effective field theory (NREFT), the
standard set of SI and SD operators is extended to include
all those interactions constructed from Galilean, Hermitian,
and time-reversal invariant operators [23]. This framework
was extended in Ref. [24] to include composite operators

which do not typically arise due to the exchange of spin-0
or spin-1 mediators. The NREFT interaction operators are
rotational invariants constructed from the following
Hermitian operators:

i
~qn
mn

; ~v⊥n ; ~Sχ ; ~Sn: ð10Þ

Here, ~qn is the momentum transferred to the interacting

nucleon, ~Sχ;n are the WIMP and nucleon spin operators,
and the operator ~v⊥n is defined as

~v⊥n ¼ ~vþ ~qn
2μχn

: ð11Þ

This is the component of the DM velocity ~v perpendicular
to the recoil momentum. By energy conservation, we
therefore have ~v⊥n · q̂n ¼ 0. The DM velocity ~v does not
have definite parity under the exchange of incoming and
outgoing particles and is therefore not Hermitian. The
transverse velocity ~v⊥n , however, is Hermitian and is
therefore the only combination in which the DM velocity
may appear.
The full list of possible WIMP-nucleon operators is

given in Appendix A [Eq. (A2)], with notation matching
that given in Refs. [23,24]. Within this framework, we write
the full interaction Lagrangian as

L ¼
X15
i¼1

c0iO
0
i þ c1iO

1
i ; ð12Þ

where the superscript indices 0,1 denote the isoscalar and
isovector couplings and operators, respectively.1 Within the
NREFT framework, the standard SD and SI interactions are
labeled O4 and O1, respectively, and have the exact form
given in Eq. (3).
The matrix element squared is then written as

hjMj2i ¼
X15
i;j¼1

X
τ;τ0¼0;1

cτi c
τ0
j F

ττ0
ij ðv2⊥; q2Þ; ð13Þ

where Fij are the nuclear response functions associated
with the ith and jth operators. For simplicity, we will
neglect interference terms (i ≠ j). In addition, we neglect
the operator O2, which does not typically appear at leading
order in the nonrelativistic reduction of a relativistic
interaction Lagrangian. The list of nuclear response func-
tions in terms of a set of standard form factors is given in
Eq. (A4) of Appendix A. We note that the standard SI and
SD form factors are often normalized to unity at q ¼ 0 [37].

1In the proton-neutron basis, the couplings can be written c0 ¼
1
2
ðcp þ cnÞ and c1 ¼ 1

2
ðcp − cnÞ.
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However, in this framework, we include any coherent
enhancement factors in the definition of the nuclear form
factors.
We will also consider an example of a long-range

DM-nucelon operator, as described in Refs. [55–57].
Such operators are not contact operators but instead arise
from the exchange of light mediator particles and are
therefore not strictly effective field theory operators.
However, we include an example in this work due to the
novel q2 dependence which they give rise to. The example
we consider is OLR

1 ¼ O1=q2 which behaves as O1 (the
standard SI operator) with an additional 1=q4 suppression
of the cross section.
We note that the response functions Fij depend on the

incoming and outgoing momenta only through q2 and v2⊥
[56], which can be written as

v2⊥ ¼ v2 −
q2

4μ2χN
: ð14Þ

These are now the WIMP-nucleus momentum transfer
and transverse velocity, respectively. The operators form-
ing the basis of the NREFT are rotationally invariant, so
there is no preferred basis in which to measure the
directions of ~v⊥ and ~q. They can therefore only appear
as scalar products. However, by construction ~v⊥ · ~q ¼ 0.

Moreover, averaging over nuclear spins means that ~Sn
does not pick out a particular direction. The result is
that the response functions in Eq. (13) depend only on
the magnitude of the recoil momentum q, but not its
direction q̂. Substituting these response functions into
Eq. (1) has no impact on the directionality of the signal;
the only dependence on the recoil direction is through
v̂ · q̂ within the δ-function.
However, in passing from Eqs. (1) to (5), care must be

taken, because now the matrix elements can depend on the
DM velocity, via their dependence on v2⊥. The full direc-
tional event rate, integrating over the WIMP velocity
distribution, is then

d2R
dERdΩq

¼ ρ0
2πmχ

1

32πm2
Nm

2
χ

X15
i;j¼1

X
τ;τ0¼0;1

cτi c
τ0
j

×
Z
R3

Fττ0
ij ðv2⊥;q2Þfð~vÞδð~v · q̂−vminÞd3~v: ð15Þ

The response functions Fij are composed of terms which
are proportional either to v0⊥ or v2⊥. In the former case, the
integral over the velocity distribution is simply the Radon
transform of Eq. (6). In the latter case, we must compute the
transverse Radon transform (TRT), which we define as

f̂Tðvmin; q̂Þ ¼ c−2
Z
R3

ð~v⊥Þ2fð~vÞδð~v · q̂ − vminÞd3~v: ð16Þ

We have defined the TRT as carrying two inverse factors of
the speed of light. In standard natural units, speeds are
dimensionless, so this ordinarily does not need to be made
explicit. However, we include this factor in order for the
TRT to have the same units (of inverse speed) as the
standard RT, to allow a more transparent comparison.
We note that for some operators (e.g., O7) the relevant

nuclear response function is proportional to v2⊥, meaning
that the directional rate is proportional to the TRT of the
velocity distribution. In other cases (e.g., O10), the form
factor has no dependence on v⊥, and therefore the direc-
tional recoil rate [Eq. (15)] has the same directional
dependence as the standard SI/SD scenario. In general,
however, both types of terms may be present and the full
directional rate may be somewhere between the two
regimes.

A. Transverse Radon transform

To calculate the TRT, we can decompose the DM
velocity into components perpendicular and parallel to q̂,
~v ¼ ð~v⊥; v∥Þ, where we note that ~v⊥ is a two-dimensional
vector. In this basis, we can write ~v · q̂ ¼ v∥, meaning that
Eq. (16) reduces to

f̂Tðvmin; q̂Þ ¼ c−2
Z
R2

ð~v⊥Þ2fð~v⊥; v∥ ¼ vminÞd2~v⊥: ð17Þ

The requirement that v∥ ¼ vmin ensures that the kinematic
constraints of the elastic scattering are satisfied. It is then
necessary to integrate over all possible transverse velocities,
weighted by the transverse velocity squared. Geometrically,
we must integrate fð~vÞ over a plane perpendicular to q̂, at a
distance vmin from the origin, weighted by the square of the
perpendicular distance along the plane. For the SHM, given
by Eq. (7), the TRT becomes

f̂Tðvmin; q̂Þ¼
1

ð2πσ2Þ3=2c−2 exp
�
−
ðvmin− ~vlag · q̂Þ2

2σ2v

�

×
Z
R2

ð~v⊥Þ2 exp
�
−
ð~v⊥− ~v⊥lagÞ2

2σ2v

�
d2~v⊥; ð18Þ

where ~v⊥lag ¼ ~vlag − ~vlag · q̂. Performing the integral over
transverse velocities, we obtain

f̂Tðvmin; q̂Þ ¼
1

ð2πÞ1=2σvc2
ð2σ2v þ v2lag − ð~vlag · q̂Þ2Þ

× exp

�
−
ðvmin − ~vlag · q̂Þ2

2σ2v

�
: ð19Þ

For more extreme distributions, such as a stream [52,53],
the velocity distribution can typically be modelled as a
Maxwell–Boltzmann distribution [58] with a small velocity
dispersion and ~vlag ¼ ~vs, the stream velocity. However, in
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the extreme case that σv → 0, the stream distribution
becomes

fð~vÞ ¼ δ3ð~v − ~vsÞ: ð20Þ

The corresponding TRT in this case is then given by

f̂Tðvmin; q̂Þ ¼
~v2s − ð~vs · q̂Þ2

c2
δðvmin − ~vs · q̂Þ: ð21Þ

To calculate the total energy spectrum of events, it is
necessary to integrate the RT or TRT over all angles,
depending on the relevant operator, in order to obtain the
corresponding velocity integrals:

ηðvminÞ ¼
I

f̂ðvmin; q̂ÞdΩq; ð22Þ

ηTðvminÞ ¼
I

f̂Tðvmin; q̂ÞdΩq: ð23Þ

We have verified explicitly that the velocity integral
ηTðvminÞ obtained in this way matches that given in
Appendix A of Ref. [56].
In Fig. 1, we compare the standard and transverse RTs

for the SHM. For ease of presentation, we have integrated
over the azimuthal direction ϕ and chosen the angular
basis such that ~vlag is aligned along θ ¼ 0. The angle θ is
therefore the angle between ~vlag and the recoil direction.
The value of the TRT is approximately 106 times smaller
than the RT, as the TRT is suppressed by two powers of
v=c ∼ 10−3. The most striking feature of the TRT, however,
is that the maximum in the differential recoil rate does not
occur along θ ¼ 0 as in the standard case. This is because
forward-going WIMPs cannot induce forward-going
nuclear recoils, due to the weighting by v2⊥. Instead, the

maximum rate occurs approximately perpendicular to ~vlag,
where v2⊥ is maximized. However, the finite width of the
SHM distribution means that a significant population of
WIMPs will have velocities which deviate from ~vlag. This
means that recoils along the direction of ~vlag are still
possible, so the forward scattering rate is not precisely zero.
For comparison, we show in Fig. 2 the more extreme

example of a stream, modelled as a Maxwell–Boltzmann
distribution with vlag ¼ 400 km s−1 and σv ¼ 20 km s−1.
As in the case of the SHM, the peak recoil direction
deviates substantially from the forward direction. However,
in the case of the stream, recoils in the forward direction are
almost entirely suppressed. This is because of the very
narrow velocity dispersion, which means that all particles
are travelling with velocity close to ~vlag and so cannot
induce recoils in that direction. The result is that, compared
with the standard RT, the TRT is truncated at large values of
vmin, above around 350 km s−1.

B. Comparing NREFT operators

We now compare the directional rate obtained for the
different NREFT operators. For concreteness, we will
consider a CF4 target, which is used in several gaseous
TPC experiments [7,9,11,13] and which provides a prom-
ising SD WIMP-proton target. We will focus only on
interactions with fluorine. Carbon makes up only 14% of
CF4 by mass and is spin zero, and we therefore expect the
contribution from carbon to be subdominant. We consider a
WIMP of mass mχ ¼ 100 GeV with SHM velocity dis-
tribution and an experimental sensitivity in the energy
window ER ∈ ½20; 50� keV. An energy threshold of 20 keV
has previously been reported by the DRIFT-IId experiment
[59], although the angular resolution of directional experi-
ments worsens at low energies [60]. We limit our analysis
to isoscalar couplings (cp ¼ cn), though, as we will see, the

FIG. 1 (color online). Comparison of standard and transverse Radon transforms for the SHM. The left panel shows the Radon
transform of the SHM [defined in Eq. (7)], integrated over the azimuthal angle ϕ and with ~vlag aligned along θ ¼ 0. The right panel
shows the corresponding transverse Radon transform which appears in the directional rate for NREFT operators coupling to ~v⊥ and is
defined in Eq. (16).
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differences in directionality arise predominantly from the
scaling of the different response functions with v⊥ and q, so
we do not expect the results to change substantially for
more general couplings.
Figure 3 shows the total directional rate integrated over

the energy window of the experiment [defined in Eq. (9)]
expressed as a function of θ, the angle between ~vlag and the
nuclear recoil direction. The directional rate has been

normalized to unity to allow a comparison of the angular
distribution of events between different NREFT operators.
We show results only for a selection of operators. We

find that each of the remaining operators leads to a
directional rate which is almost indistinguishable from
one of those plotted in Fig. 3. For light nuclei such as
fluorine, form factors do not decay as rapidly with q as for
heavier nuclei (and can often be assumed to be approx-
imately constant [37]), so we expect that differences in
form factors for the different operators should not be
significant. This grouping of different operators therefore
arises due to their different functional dependence on
powers of q2 and v2⊥. We classify the nuclear response
functions for fluorine as follows (in a similar fashion to the
classification of Ref. [24]):

Proportional to

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

1 ∶O1;O4;

v2⊥ ∶O7;O8;

q2 ∶O9;O10;O11;O12;

v2⊥q2 ∶O5;O13;O14;

q4 ∶O3;O6;

q4ðq2 þ v2⊥Þ ∶O15;

q−4 ∶OLR
1 :

ð24Þ

Operators belonging to the same class will lead to approx-
imately the same directional rate, so we therefore show only
a single example from each class in Fig. 3.
The standard directional signal arising from SD (or SI)

interactions corresponds to the operator O4 in Fig. 3. This
standard signal lies intermediate between the remaining
NREFT operators. Nuclear response functions suppressed

FIG. 2 (color online). Comparison of standard and transverse Radon transforms for a stream. The left panel shows the Radon transform
of a stream distribution function, integrated over the azimuthal angle ϕ and with ~vlag aligned along θ ¼ 0. We approximate the stream as
a Maxwell–Boltzmann distribution with vlag ¼ 400 km s−1 and σv ¼ 20 km s−1. The right panel shows the corresponding transverse
Radon transform which appears in the directional rate for NREFT operators coupling to ~v⊥ and is defined in Eq. (16).

FIG. 3 (color online). Directional event rates, normalizsed to
unity, for several NREFT operators: O3 (red filled triangle), O4

(black filled circle),O5 (cyan star),O7 (blue filled down-pointing
triangle), O9 (magenta filled diamond), O15 (green filled square),
and OLR

1 (yellow filled right-pointing triangle). The form of these
operators is given in Eq. (A2). Each of the remaining NREFT
operators gives a directional distribution similar to one of those
shown here, depending on the functional dependence of the
operator in question [see Eq. (24)]. The angle θ is defined as the
angle between ~vlag and the direction of the nuclear recoil. We
assume mχ ¼ 100 GeV and a fluorine detector with rate inte-
grated over ER ∈ ½20; 50� keV.
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by positive powers of q2 lead to a directional rate more
sharply peaked toward ~vlag. This may be surprising, given
that such response functions will affect only the energy
dependence of Eq. (15) and not the angular dependence (for
a fixed value of ER). However, the distribution of recoils
becomes increasingly anisotropic with increasing vmin,
which can be seen from the left panel of Fig. 1. When
we integrate over all energies, response functions which
scale as q2 give a greater weight to this more anisotropic
recoil distribution at high vmin, leading to a more direc-
tionally peaked distribution. Equivalently, we note that by
energy conversation q ¼ 2μχN~v · q̂ ¼ 2μχNv cos θ. This
means that increasing the relative contribution of recoils
at large q is equivalent to increasing the contribution of
recoils with small values of θ, leading to a more peaked
directional spectrum. Further powers of q2 lead to increas-
ingly forward-peaked directional spectra.
The long-range operator OLR

1 has a nuclear response
function which scales as q−4. Again, the directional
dependence of the full double-differential rate is unchanged
compared to the standard case. However, integrating over
all energies, the greatest contribution now comes from low-
energy recoils, for which the spectrum is most isotropic.
This leads to a directional spectrum which is less peaked in
the forward direction (relative to the standard SI/SD
interactions), as shown in Fig. 3.
Nuclear response functions which are suppressed by

powers of v2⊥ also lead to directional spectra which are less
sharply peaked than the standard case. However, in this
case, it is due to a fundamental difference in the direction-
ality of the double-differential recoil spectrum. This behav-
ior is encoded in the TRT and arises because scattering in
the forward direction is suppressed by the coupling to v⊥,
while scattering perpendicular to ~vlag is enhanced. In
particular, for the operators O7 and O5 (and operators
with similar functional forms), the peak in the recoil
distribution occurs at some nonzero angle from the direc-
tion of peak flux ~vlag. We can see this clearly in the right
panel of Fig. 1, where the TRT increases moving away from
the forward recoil direction. For the operator O5, an
additional suppression by q2 means that the directional
spectrum peaks at a slightly lower angle than in the case
of O7. However, the result for both operators is that the
recoil spectrum will exhibit a ringlike feature, with the
peak recoil direction being greatest in a ring around
the median recoil direction.
We illustrate the features of this ring in Fig. 4 for the

operatorO7, as a function of the WIMP mass and threshold
energy. We continue to consider the directional spectrum
integrated over recoil energies, defined in Eq. (9). The solid
contours indicate the ring opening angle in degrees (that is,
the angle between ~vlag and the peak recoil direction). The
shaded regions show the ring amplitude: the ratio between
dR=dθ at the peak and at θ ¼ 0.

A similar ringlike feature in the standard directional rate
has been studied previously [61]. When considering the
standard RT, a ring is only possible if vmin < vlag, meaning
that the term inside the exponential in Eq. (8) can be set to
zero for some value of θ. For the TRT, there is also a
dependence on θ outside the exponential. By differentiating
Eq. (19) with respect to θ, it can be shown that a maximum
in f̂T for θ ≠ 0 therefore exists for larger values of vmin than
in the standard case, up to vmin ¼ 2vlag. This means that the
ring arising from NREFToperators which couple to v2⊥ can
be observed for lower WIMP masses, higher-energy thresh-
olds, and smaller values of vlag. For example, for the range
of parameter values displayed in Fig. 4, no significant
ringlike feature is observable in the directional spectrum
(integrated over energy) for the standard SI or SD oper-
ators, giving a maximum ring opening angle of ∼1°
(compared to 52° for the O7 operator).2 A detailed study
of ringlike features is conducted in Ref. [61], but we note
here that if a prominent ring is observed for low-mass
WIMPs or for a relatively high threshold this may be
indicative of nonstandard operators, which couple to the
transverse WIMP speed.
In general then, the basis of NREFT operators leads to a

variety of directional signatures. Those operators sup-
pressed by powers of q2 lead to a more anisotropic
directional spectrum (when we consider event directions,
integrating over all event energies), while those which
couple to v2⊥ give a more isotropic spectrum, with the

FIG. 4 (color online). Properties of the ring in the directional
recoil spectrum (integrated over ER ∈ ½Emin; 50� keV) for the
operator O7, assuming a fluorine target. The ring opening angle
in degrees is indicated by solid contours, while the ring amplitude
(ratio of the maximum rate to the rate at θ ¼ 0) is shown by the
blue shaded regions. The maximum ring opening angle for the
parameters considered here is approximately 52°.

2A significant ring is found in Ref. [61] for larger values of vlag
than those assumed here or, alternatively, when the full spectrum
is considered (i.e., when we do not integrate over energy).
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possibility of a ringlike feature in the spectrum, even for
relatively large values of vmin.
In the rest of this work, we focus on the operatorsO7 and

O15, which are written

O7 ¼ ~Sn · ~v⊥; ð25Þ

O15 ¼ −
�
~Sχ ·

~q
mn

��
ð~Sn × ~v⊥Þ ·

~q
mn

�
ð26Þ

and lead to the following nuclear response functions:

F7;7 ∝ v2⊥FΣ0 ; ð27Þ

F15;15 ∝
q4

m4
n

�
v2⊥FΣ0 þ 2

q2

m2
n
FΦ00

�
: ð28Þ

As can be seen in Fig. 3, the operator O7 leads to the most
isotropic directional rate, while the operator O15 leads to
the most sharply peaked directional rate. We note in the
case of O15 that there are two terms in the nuclear response
function, one proportional to q6 and the other proportional
to q4v2⊥. These give similar contributions, as the overall
normalizations of FΣ0 and FΦ00 are similar, meaning that the
recoil spectrum of O15 is expected to differ strongly from
the standard case in both energy and directional spectra.
These two example distributions represent the most
extreme departures from the standard SI/SD operator case
and allow us to explore the full range of behaviors of the
NREFT operators.

IV. STATISTICAL TESTS

In this section, we explore how the two operatorsO7 and
O15 differ from the standard directional rate with regard to
two statistical tests which have been proposed to confirm
the DM nature of a directional signal. First, we explore how
many events are required to reject the isotropy of the signal.
Second, we determine how many events are required to
confirm the median recoil direction of the signal. This
allows us to quantify the particle physics uncertainties
associated with the signals, arising from a lack of knowl-
edge about which NREFT operators mediate the WIMP-
nucleon interaction.
We use the same experimental parameters as in Sec. III B

and assume perfect energy resolution and angular reso-
lution. Of course, realistic experiments have finite energy
resolution and are expected to have an angular resolution in
the range 20°–80°, depending on the recoil energy [60].
However, this idealized case allows us to place a lower limit
on the number of events required to distinguish the DM
signal from an isotropic background. Furthermore, our
focus is on comparing different operators, and assuming an
idealized experiment allows us to disentangle experimental
uncertainties from effects arising from varying particle
physics.

A. Rejecting isotropy

Backgrounds of terrestrial origin are expected to be
isotropically distributed, so the first step in confirming the
WIMP origin of a signal is to reject isotropy of the signal.
We follow Morgan et al. [62] and use the modified
Rayleigh–Watson statistic W⋆, defined in Ref. [63], as a
measure of isotropy. Large values of W⋆ indicate a larger
degree of anisotropy. We calculate W� from the directions
of mock events [distributed according to Eq. (5)], discard-
ing information about event energies. To determine the
number of signal events NWIMP required to reject isotropy,
we use the following procedure for each value of NWIMP:
(1) Generate 10000 mock data sets, each consisting of

NWIMP recoil directions, distributed assuming a
particular NREFT operator.

(2) Calculate W⋆
WIMP for each mock data set.

(3) Calculate the 5th percentile of W⋆
WIMP.

(4) Generate a further 10000 mock data sets, each
consisting of NWIMP recoil directions, distributed
isotropically.

(5) Calculate W⋆
iso for each mock data set.

(6) Calculate the 95th percentile of W⋆
iso.

The 95th percentile ofW⋆
iso is the value ofW

⋆ above which
we would reject isotropy at the 95% confidence level. We
then find the value of NWIMP for which this value is equal to
the 5th percentile of W⋆

WIMP. For this value of NWIMP, we
can expect to reject isotropy at the 95% level in 95% of
experiments in which the signal events are distributed
according to the NREFT operator of interest.
Figure 5 shows the results for the three operatorsO4 (the

standard SD operator), O7, and O15 as a function of the
WIMP mass. The number of events required to reject
isotropy, assuming the standard SD operator, is of order 10,

FIG. 5 (color online). Number of WIMP signal events required
to reject isotropy at 95% confidence. Results are shown assuming
the signal is distribution according to each of three different
NREFT operators: O4 (black filled circle), O7 (blue filled down-
pointing triangle), andO15 (green filled square). A fluorine-based
detector with an energy threshold of 20 keV is assumed.
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in good agreement with the previous results of Morgan
et al. [62]. As expected, O15 requires fewer events to reject
isotropy than the standard operators, while O7 requires
more. For example, at mχ ¼ 100 GeV, the standard oper-
ator O4 requires 12 events to reject isotropy, compared
to 16 and 11 events for O7 and O15, respectively. Though
this difference is relatively small in absolute terms, it
represents an uncertainty of around 25% in the number
of events required, arising entirely from particle physics
uncertainties.
At low masses, the number of events required for the

three operators converges, with all three requiring only ∼6
events for a WIMP mass of 10 GeV. This is because, at low
WIMP masses, only large values of vmin contribute to the
event rate. This means that the exponential terms in Eqs. (8)
and (19) will decay rapidly away from the forward
direction, leading to highly directional rates for all three
operators. However, as we increase the WIMP mass, the
number of events required for each operator begins to
diverge. In particular, NWIMP rises more rapidly for the
operator O7. As demonstrated in Fig. 4, the maximum in
the directional spectrum moves further from θ ¼ 0 as we
increase mχ , leading to a more isotropic distribution of
events and therefore more signal events required to reject
isotropy.

B. Confirming median recoil direction

Once the isotropy of the signal has been confirmed, it
will then be necessary to determine whether the median
recoil direction matches that expected from aWIMP signal.
For all three operators we consider, the expected median
recoil direction is the same and is in the direction of ~vlag.
However, the distribution of observed median recoil direc-
tions over an ensemble of experiments will be different.
To quantify this, we follow Ref. [64] and examine the
distribution ofΔ, defined as the angle between the observed
median recoil direction and the direction of Solar motion.
As in Sec. IVA, we generate 10,000 mock data sets for

each hypothesised signal, as well as for the null hypothesis
of isotropic recoils, and calculate the distribution of Δ.
We then calculate the value of NWIMP for which the 5th
percentile of Δ under the null hypothesis matches the 95th
percentile of Δ under the signal hypothesis. The results are
shown in Fig. 6.
As in the case of rejecting isotropy, the results agree with

those presented previously [64], with around 30 events
required to confirm the median recoil direction. Once
again, O4 and O15 give almost identical results at low
masses, as both have a highly directional recoil spectrum.
In this case, however, O7 requires a larger number of
events, approximately 50% more at low masses, increasing
substantially as the WIMP mass is increased. Even at low
mass, where the peak recoil direction coincides with θ ¼ 0,
the directional spectrum is broadened by the structure of the
transverse Radon transform, arising from the coupling to

v2⊥. This increases the size of fluctuations in the median
recoil direction away from θ ¼ 0. As the WIMP mass is
increased, the ringlike structure described in Sec. III B
becomes significant, and more events are required to
confirm the median recoil direction. Above around
1000 GeV, the number of events required is around a factor
of 2 higher than for the other two operators.
While our results for standard interactions are in agree-

ment with previous results, we have demonstrated that for
NREFT operators differences in directional spectra lead to
different numbers of signal events required to confirm the
median recoil direction. For a 100 GeVWIMP, this required
number of events ranges between 25 and 50, effectively
introducing a factor of 2 particle physics uncertainty into
otherwise model independent statements about the WIMP
origin of a signal.

V. COMPARISON WITH STANDARD
INTERACTIONS

Finally, we consider the possibility of discriminating
between NREFT operators and standard SI/SD operators.
In Sec. IV, we considered relatively model-independent
statistical tests which allowed us to distinguish between the
signal and background. This was possible because the
background hypothesis had a fixed form, that of isotropi-
cally distributed recoils. When comparing two signal
hypotheses, however, this form is no longer fixed. This
is because the signal rate for a given operator depends on
the WIMP mass, which we assume is a priori unknown.
The signal rate may also depend on other uncertainties,
such as in the astrophysical distribution of WIMPs, or in

FIG. 6 (color online). Number of WIMP signal events required
to confirm median recoil direction at 95% confidence. Results are
shown assuming the signal is distributed according to each of
three different NREFT operators: O4 (black filled circle), O7

(blue filled down-pointing triangle), and O15 (green filled
square). A fluorine-based detector with an energy threshold of
20 keV is assumed.
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detector performance. However, we neglect these uncer-
tainties in the present study, focusing on the idealized,
fixed-astrophysics case.
To make statistically robust statements then, we must

compare the observed distribution of events with that
expected from each operator for all possible values of
the WIMP mass. To account for this, and to make use of as
much information as possible, we perform a full likelihood-
ratio analysis [65]. The null hypothesis H0 asserts that
the signal is due entirely to standard SD interactions. The
alternative hypothesis H1 is that there is some contribution
from another one of the NREFT operators (either O7 or
O15, which we consider one at a time). The fraction of
signal events due to one of these NREFT operators is
denoted A, while the remaining fraction ð1 − AÞ of events
arises from the standard SD operator. The likelihood
Lðmχ ; AÞ is then the probability of obtaining the observed
event energies and directions for a given value ofmχ and A.
For each of the 10000 mock data sets, we generate

NWIMP events, distributed in energy and direction according
to either O7 or O15. We then calculate the following test
statistic:

q0 ¼ −2 ln
�
Lð ˆ̂mχ ; 0Þ
Lðm̂χ ; ÂÞ

�
: ð29Þ

Here, Lð ˆ̂mχ ; 0Þ is the likelihood under the null hypothesis
(i.e., SD-only events), maximized over all values of mχ .
The unconditional maximum likelihood is then denoted
Lðm̂χ ; ÂÞ, where we maximize over both the WIMP mass
mχ and the nonstandard operator fraction A. According
to Wilks’s theorem [66], for data distributed under the
null hypothesis (SD interactions only), q0 is asymptotically
χ2 distributed with 1 degree of freedom (the difference
in dimensionality between the null and alternative
hypotheses).3

For each value of NWIMP, we calculate q95%0 , defined
such that 95% of experiments observe a value of q0 greater
than or equal to q95%0 . We can then calculate the p-value
(and corresponding confidence level) for the SD-only
hypothesis, based on this value, as

p ¼
Z

∞

q95%
0

Pðχ21Þdχ21; ð30Þ

where Pðχ21Þ is the probability density function for the χ21
distribution. That is, we calculate the probability of
observing a value of q0 as large as or larger than q95%0 if
all signal events are due to standard SD interactions. A p-
value this small or smaller will then be obtained in 95% of
experiments in which the signal is due to nonstandard

interactions. The smaller the value of p, the greater the
confidence level with which we can reject the SD-only
hypothesis and infer the presence of other NREFT
operators.
The resulting p-values and confidence levels (in units

of σ) are shown in Fig. 7 as a function of NWIMP, assuming
signals arising from O7 (blue) and O15 (green), with a
WIMP mass of 100 GeV. We show the results obtained
when the full energy and directional information are used to
calculate the likelihood (solid lines) as well as those
obtained using energy information only (dashed lines).
In the case of nondirectional detection, the p-value

obtained for O7 remains large (p > 0.9), even with up
to 1000 signal events. Figure 8 shows the energy spectra for
the operators considered in this section and illustrates that
the spectra for the standard SD (O4) and O7 operators are
almost identical. As described in Sec. III B, for light nuclei
such as fluorine, we expect differences between the differ-
ent form factors to be negligible. The most significant
difference between the two spectra is therefore that the
velocity integral for O7 is ηTðvminÞ, defined in Eq. (22),
which is weighted by v2⊥.
The behavior of ηTðvminÞ can be understood by examin-

ing Eq. (19). If σv is large compared to vlag, then the
exponential term in the TRT will vary slowly as a function
of ~vlag · q̂ ¼ vlag cos θ. When we integrate over all angles,
the term proportional to ~vlag · q̂ is then subdominant

FIG. 7 (color online). Confidence levels for rejecting standard
SD-only interactions. We show the p-value obtained in 95% of
experiments as a function of the number of signal events NWIMP
for the null hypothesis of standard SD-only interactions. We also
show the corresponding confidence level with which standard
interactions can be rejected (in units of σ). The signal is
distributed according to the operators O7 (blue filled down-
pointing triangle) orO15 (green filled square), with a WIMP mass
of 100 GeV. A fluorine-based detector with an energy threshold
of 20 keV is assumed. Experiments with and without directional
information are shown as solid and dashed lines, respectively.
Note that the curve for O7 using only nondirectional information
lies above p > 0.9 for all values of NWIMP considered.

3We have verified this numerically for several values of NWIMP
above 30.
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compared to the remaining terms, meaning that the velocity
integral ηTðvminÞ will be roughly proportional to the
standard integral ηðvminÞ. If instead σv is small, the
exponential will be sharply peaked, and the angular integral
will be dominated by ~vlag · q̂ ¼ vmin. In this case, the term
proportional to ~vlag · q̂ can be comparable to the remaining
terms and will give an extra contribution to the energy
spectrum proportional to −v2min.
Physically, a small value of σv leads to a narrow velocity

distribution. This means that almost all WIMPs are trav-
elling with velocity close to ~vlag. Due to the coupling to ~v2⊥,
scattering in the forward direction is suppressed, meaning
that scattering through larger angles (and therefore with
lower recoil energies) is enhanced. This is seen in the right
panel of Fig. 2 and was previously discussed in Sec. III A.
For larger values of σv, there is a significant population of
WIMPs travelling with large velocities at an angle to ~vlag.
These can induce high-energy recoils in the direction of ~vlag
while still satisfying the kinematic constraint ~v · q̂ ¼ vmin,
meaning that the energy spectrum at high ER is not
depleted. This can be seen in particular in the forward
direction in the right panel of Fig. 1. In the case of the
SHM, with vlag ¼

ffiffiffi
2

p
σv, this effect means that the energy

spectrum obtained from the TRT matches the standard case
within a few percent. Such small differences can easily be
compensated for by varying the WIMP mass, making
discrimination difficult with energy-only detectors.
When directional information is included, however, the

distribution of events can be distinguished. As is clear from
Fig. 3, the transverse Radon transform leads to a different
angular distribution of events for O7 when compared with
the standard RT for the SD interaction. These distributions

are sufficiently different that with around 500 events the
standard interactions can be rejected at the 2σ level in
95% of experiments which are directionally sensitive, with
3σ discrimination possible with around 700 events. We
emphasize that in this case energy-only information does
not allow us to significantly distinguish between the two
operators. Thus, it is only the directionality of the signal
which allows us to discriminate and reject the SD-only
hypothesis, in favor of the NREFT operator O7.
By contrast, energy-only experiments can very quickly

distinguish a signal dominated by O15 from a standard SD-
only signal. The 2σ level is reached in 95% of experiments
with around 150 signal events, while the 5σ discovery level
could be achieved with as few as 550 events. This is
because of the characteristic energy spectrum produced by
O15, which rises as q6 for small q, before form factor
suppression becomes important and the spectrum flattens at
high energy. This spectrum is also illustrated in Fig. 8 and
cannot be easily mimicked by the standard SD signal, even
if the WIMP mass is varied.
When directional information is also included, again we

see a significant improvement in the confidence level with
which standard interactions can be rejected. For a given
number of signal events, the rejection of standard inter-
actions is approximately 1σ more significant when direc-
tional information is included. As a result, a 5σ rejection of
SD-only scattering can be achieved for around 300 signal
events. This arises because the nuclear response function
for O15, shown in Eq. (27), contains a contribution propor-
tional to q4v2⊥ as well as a contribution which goes as q6.
This means that, as well as producing a different energy
spectrum, O15 also produces a different directional dis-
tribution. Because the two contributions to the nuclear
response function have a similar normalization, this differ-
ence in directionality can be easily observed and can be
used to distinguish O15 from the standard SD-only case.

VI. DISCUSSION

In this work, we have considered the directional recoil
spectra produced by the set of NREFT operators. We have
focused on a single, idealized fluorine-target detector for
concreteness. Though we have assumed a reasonable
energy threshold of 20 keV [59], we have assumed perfect
angular resolution (compared to the typical resolution of
20°–80° [60]). We have also assumed that there is no
background contamination. Introducing a finite angular
resolution and background would increase the number of
events required to reject isotropy and confirm the median
recoil direction. The numbers reported above in Sec. IV
therefore represent a lower limit and illustrate that, even
with an idealized detector, uncertainties coming from
particle physics can be as much as a factor of 2.
As well as experimental uncertainties, these results are

subject to astrophysical uncertainties. Though we have
presented the TRT for a stream distribution for illustration

FIG. 8 (color online). Energy spectra, normalized to unity, for
several NREFT operators considered in Sec. V: O4 (black filled
circle), O7 (blue filled down-pointing triangle), and O15 (green
filled square). The energy spectra are normalized to a single event
in the range ER ∈ ½20; 50� keV. We assumemχ ¼ 100 GeV and a
fluorine detector.
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purposes in Fig. 2, we have restricted calculations to the
SHM with fixed parameters. In Ref. [62], the impact of
different halo models on the number of events required to
reject isotropy was studied. The values obtained therein
vary by around 20%, meaning that the particle physics
uncertainties presented here are expected to be comparable
to astrophysical uncertainties.
We note in particular that one of the conclusions of

Sec. V—that O7 and the standard SD operator O4 are
indistinguishable without directional information—is only
true for SHM-like velocity distributions. In cases where σv
is significantly smaller than vlag (such as in the presence of
a stream), the recoil spectra for the two operators will
diverge. However, this is also likely to accentuate the
differences between the angular event distributions for the
two operators, meaning that we expect that directional
sensitivity will still provide a significant improvement in
discrimination. The impact of astrophysical uncertainties in
the NREFT framework has been briefly discussed in the
past [31], though clearly a detailed study of such uncer-
tainties in directional and nondirectional experiments will
be necessary in the future.
Even if the velocity integrals for the operatorsO4 andO7

are indistinguishable, discrimination between these differ-
ent operators may also be possible through other methods.
For heavier nuclei, such as xenon, there may be more
significant differences in the form factors associated with
each operator. By comparing the energy spectra and
number of events in several experiments using different
target nuclei, it may be possible to determine which form
factor (and therefore which operator) is mediating the
interaction (see, e.g., Ref. [29]). However, many NREFT
operators lead to interactions with the same form factor. In
addition, uncertainties in calculations of the form factors
and in the value of the WIMP mass may make such an
approach more difficult [38,67]. A more promising
approach is to measure the annual modulation of the dark
matter signal, which has a different time dependence for
operators coupling to ~v⊥. However, the annual modulation
would have to be measured in several experiments and
compared before different operators could be discriminated
[68]. The use of directional information instead allows
operators to be distinguished with just a single experiment.
Finally, we caution that the likelihood-based approach of

Sec. V would not be appropriate for all NREFT operators.
As previously discussed in Sec. III B, those operators
which differ from the standard SI/SD interactions only
through q2 suppression do not change the directional
dependence of the full double-differential recoil distribu-
tion [Eq. (15)] but only affect the energy spectrum of
events. Thus, the addition of directional information does
not improve prospects for discrimination compared to the
energy-only case, as the directional dependence of both
operators is the same. In spite of this, the statistical tests of
Sec. IV are still useful for such operators, as they allow

robust and relatively model-independent comparisons to be
made with isotropic backgrounds, without any reference to
the energy spectrum of the operator.

VII. CONCLUSIONS

In the current work, we have explored the directional
signatures of DM-nucleon interactions within the frame-
work of the nonrelativistic effective field theory. Some of
the operators arising in NREFT lead to a suppression by the
recoil momentum q2 and therefore can affect the angular
distribution of recoils when the directions (but not energies)
of the events are considered. Other operators lead to a
coupling to the WIMP velocity perpendicular to the recoil
direction v2⊥. In these cases, the directionality of recoils can
be fundamentally different compared to the standard SI and
SD interactions. A number of the NREFT operators give
similar directional recoil spectra and can be classified, as in
Eq. (24), according to the scaling of their cross sections
with q2 and v2⊥.
We have focused on two operators in particular, namely,

O7 ¼ ~Sn · ~v⊥; and ð31Þ

O15 ¼ −
�
~Sχ ·

~q
mn

��
ð~Sn × ~v⊥Þ · ~q

mn

�
: ð32Þ

The operator O15 produces recoils which are more strongly
peaked in the forward direction, compared to the SI/SD
case. The operator O7 instead produces recoils which are
the most isotropic of all the NREFT operators. In Eq. (17),
we have defined the transverse Radon transform, which
takes into account the v2⊥ weighting of the interaction cross
section and which appears in the recoil spectrum for O7

as well as several other operators. The TRT suppresses
scattering in the forward direction and can therefore
produce a pronounced ringlike feature in the directional
recoil spectrum. Though ringlike features have previously
been discussed in the context of standard operators [61], the
ring arising from the TRT should be observable down to
lower WIMP masses (mχ ≲ 20 GeV) and for higher thresh-
old energies (as high as 20–30 keV for high mass WIMPs).
In Sec. IV, we have explored the number of events

required for each operator to reject the isotropy of the
recoils and to confirm the median recoil direction. For the
strongly directional operator O15, only a slightly smaller
number of recoils is required compared with standard SD
interactions. For O7, however, substantially more recoils
are required, due to the broader recoil distribution in this
case, with the difference increasing as we consider higher
WIMP masses. For a 100 GeV WIMP, we conclude that
10–15 events are required to reject isotropy, while 25–50
events are required to confirm the median recoil direction,
depending on the operator in question.
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In Sec. V, we considered how well the NREFT operators
could be distinguished from the standard case using both
directional and nondirectional information. For an under-
lying O15 signal, SD-only interactions could be rejected at
the 3σ level with around 300 events if only energy
information is available. Including information about the
recoil directions, this number is reduced to around 150
events. For O7, the energy spectrum of events cannot be
distinguished from the standard case. However, when
differences in the angular distribution of events are taken
into account, it may be possible to exclude the SD-only
scenario at the 3σ level with around 700 events. Though
such large numbers of events would require large exposures
(and are certainly beyond the scope of current experi-
ments), future experiments with larger target masses and
lower energy thresholds may be able to distinguish the
different operators.
We have demonstrated that directional information may

be the only means of discriminating those operators which
couple to ~v⊥ from those which do not. Though this study is
far from exhaustive (neglecting, for example, interference
terms between different operators), we have highlighted the
importance of directional detection for probing the particle
physics nature of dark matter.
During the preparation of this manuscript, a preprint also

discussing the directional rates in NREFT was made
available online (Ref. [69]). In that paper, the author
considers the directional spectra and relative contributions
of different NREFT operators for several possible target
materials in directional detectors. Instead, we have con-
sidered a single target material (CF4) and focused on
comparing the directional spectra produced by each oper-
ator. We have also considered the possibility of distinguish-
ing between different operators using directional detection.
However, the results of this paper and Ref. [69] are in broad
agreement, including our expressions for the Radon trans-
forms and our predictions of a novel ringlike signature for
certain NREFT operators.

ACKNOWLEDGMENTS

B. J. K. would like to thank Paolo Panci for spirited and
helpful discussions on both NREFT operators and on
directional detection as well as Anne Green for helpful
comments on this manuscript. The author also acknowl-
edges the hospitality of the Institut d’Astrophysique de
Paris, where part of this workwas done. B. J. K. is supported
by the European Research Council (ERC) under the
European Union Seventh Framework Programme (FP7/
2007-2013)/ERC Starting Grant (Grant No. 278234—
“NEWDARK” project).

APPENDIX: NONRELATIVISTIC OPERATORS

Here, we list the NREFT operators which are considered
in this work. At the nucleon level, they are constructed from

the following Hermitian operators: the momentum transfer
i~q=mn, the transverse WIMP-nucleon velocity ~v⊥, the DM
spin ~Sχ , and the nucleon spin ~Sn. The transverse velocity is
given by

~v⊥ ¼ ~vþ ~q
μχn

; ðA1Þ

where μχn ¼ mχmn=ðmχ þmnÞ is the WIMP-nucleon
reduced mass and mn is the nucleon mass. The list of
NREFT operators is then as follows [23,24,56]:

O1 ¼ 1

O3 ¼ i~Sn ·

�
~q
mn

× ~v⊥
�

O4 ¼ ~Sχ · ~Sn

O5 ¼ i~Sχ ·

�
~q
mn

× ~v⊥
�

O6 ¼ ð~Sχ · ~qÞð~Sn · ~qÞ
O7 ¼ ~Sn · ~v⊥

O8 ¼ ~Sχ · ~v⊥

O9 ¼ i~Sχ · ð~Sn × ~qÞ
O10 ¼ i~Sn · ~q

O11 ¼ i~Sχ · ~q

O12 ¼ ~Sχ · ð~Sn × ~v⊥Þ

O13 ¼ ið~Sχ · ~v⊥Þ
�
~Sn ·

~q
mn

�

O14 ¼ i

�
~Sχ ·

~q
mn

�
ð~Sn · ~v⊥Þ

O15 ¼ −
�
~Sχ ·

~q
mn

��
ð~Sn × ~v⊥Þ · ~q

mn

�
: ðA2Þ

We neglect the operator O2 ¼ ~v2⊥, as it does not arise at
leading order from a relativistic Lagrangian without sig-
nificant cancellation. It is therefore typically subdominant
to other operators in the list. We also omit the two operators
recently reported in Ref. [25]. Several dictionaries are
available which allow one to translate from a relativistic
interaction Lagrangian to the NREFToperators listed above
[23,25,56].
In addition, we have considered an example of a long-

range operator:

OLR
1 ¼ O1

q2
: ðA3Þ
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This operator behaves as O1, with an additional q−4

suppression of the nuclear response function.
From the nucleon-level operators, it is necessary to

calculate the matrix elements of these operators within
the nucleus, summing over the contributions of all
nucleons. Neglecting interference terms between different
operators, the resulting nuclear response functions are
given by

F1;1 ¼ FM;

F3;3 ¼
1

8

q2

m2
n

�
v2⊥FΣ0 þ 2

q2

m2
n
FΦ00

�
;

F4;4 ¼
CðjχÞ
16

ðFΣ0 þ FΣ00 Þ;

F5;5 ¼
CðjχÞ
4

q2

m2
n

�
v2⊥FM þ q2

m2
n
FΔ

�
;

F6;6 ¼
CðjχÞ
16

q4

m4
n
FΣ00 ;

F7;7 ¼
1

8
v2⊥FΣ0 ;

F8;8 ¼
CðjχÞ
4

�
v2⊥FM þ q2

m2
n
FΔ

�
;

F9;9 ¼
CðjχÞ
16

q2

m2
n
FΣ0 ;

F10;10 ¼
1

4

q2

m2
n
FΣ00 ;

F11;11 ¼
1

4

q2

m2
n
FM;

F12;12 ¼
CðjχÞ
16

�
v2⊥

�
FΣ00 þ 1

2
FΣ0

�
þ q2

m2
n
ðF ~Φ0 þ FΦ00 Þ

�
;

F13;13 ¼
CðjχÞ
16

q2

m2
n

�
v2⊥FΣ00 þ q2

m2
n
F ~Φ0

�
;

F14;14 ¼
CðjχÞ
32

q2

m2
n
v2⊥FΣ0 ;

F15;15 ¼
CðjχÞ
32

q4

m4
n

�
v2⊥FΣ0 þ 2

q2

m2
n
FΦ00

�
: ðA4Þ

Here, CðjχÞ ¼ 4jχðjχ þ 1Þ=3, where jχ is the DM spin.
The transverse velocity appearing here is the (complex-
valued) WIMP-nucleus velocity,

~v⊥ ¼ ~vþ ~q
μχN

; ðA5Þ

with N denoting the nuclear, rather than nucleon, mass.
We have suppressed the isospin indices (τ; τ0) which
appear in Eq. (13).
The functions FM, FΣ0 , FΣ00 , FΔ, F ~Φ0 , and FΦ00 are the

standard nuclear form factors appearing in the study
of semileptonic electroweak interactions [70] and are
functions only of q2 for a given nucleus. For the 19F
nucleus, we use the form factors given in Ref. [23] obtained
under the one-body interaction approximation. Under this
assumption, the form factors decay approximately expo-
nentially with q2, leading to suppression at large recoil
energies.
We assume isospin-zero interactions in this work, so

only those form factors with τ ¼ τ0 ¼ 0 will be relevant. To
compare the relative strengths of the different form factors,
we report below their values for 19F at q ¼ 0:

FMð0Þ ¼ 90.25

FΣ0 ð0Þ ¼ 0.435

FΣ00 ð0Þ ¼ 0.218

F ~Φ0 ð0Þ ¼ 0

FΦ00 ð0Þ ¼ 0.123

FΔð0Þ ¼ 0.0015: ðA6Þ

This means that, where a response function contains
contributions from two or more form factors, some may
be subdominant. In the case of O8, for example, there are
two terms in the recoil spectrum—one coupling to v2⊥ and
the other to q2. However, the form factors associated with
each term (FM and FΔ) differ in normalization by roughly 5
orders of magnitude. This means that the q2-term in F8;8

can effectively be neglected.
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