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We derive an analytic expression for one-loop effective action of QCD + QED at zero and finite
temperatures by using the Schwinger proper time method. The result is a nonlinear effective action not only
for electromagnetic and chromo-electromagnetic fields but also for the Polyakov loop, and thus reproduces
the Euler-Heisenberg action in QED, QCD, and QED + QCD, and also the Weiss potential for the
Polyakov loop at finite temperature. As applications of this “Euler-Heisenberg-Weiss” action in
QCD + QED, we investigate quark pair productions induced by QCD + QED fields at zero temperature
and the Polyakov loop in the presence of strong electromagnetic fields. Quark one-loop contribution to the
effective potential of the Polyakov loop explicitly breaks the center symmetry, and is found to be enhanced
by the magnetic field, which is consistent with the inverse magnetic catalysis observed in lattice QCD

simulation.
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I. INTRODUCTION

The very first stage in a high-energy heavy-ion collision
is dominated by extremely strong chromo-electromagnetic
(chromo-EM) fields reflecting colliding nuclei filled with
high-density gluons (color glass condensate). Such a state
with strong fields is called a “glasma,” which is named
since it is a transitional state between a color glass
condensate (before the collision) and a quark-gluon plasma
(QGP) [1]. The glasma is characterized by a field strength
F of the order of the saturation scale: gF ~ Q2 (with g
being the QCD coupling). Notice that the saturation scale
Q, is a semihard scale representing a typical transverse
momentum of gluons in a colliding nucleus and can
become large enough, at high energies, compared to light
quark masses, Q, > m,. Besides, it has long been known
that heavy-ion collisions, with electrically charged nuclei,
are accompanied by electromagnetic (EM) fields, but only
recently was it seriously recognized that the strong EM
fields could affect time evolution of heavy-ion collision
events since the strength F of the EM fields could be as
large as or even greater than the nonperturbative QCD scale
Aqep, namely eF % Adcp and thus eF > mg [2-5]. Since
both the chromo-EM and EM fields created in heavy-ion
collisions can be strong enough compared with the light
quark masses, the effects of strong fields cannot be treated
as perturbation (even though the coupling constants are
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small), but must be treated in a nonperturbative way.
Then we expect nonlinear and nonperturbative phenomena
associated with the strong fields to occur. Typical examples
of such phenomena include particle productions (quarks,
antiquarks and gluons) from these strong fields (the
Schwinger mechanism), which must be a key towards
understanding the formation of QGP.

While the (coherent) chromo-EM fields will disappear as
the QGP is formed, the EM fields could survive longer due
to Faraday’s law, which works in the presence of a
conducting medium [6,7]. If the EM fields survive at a
strong enough level until the formation of QGP, and even
until the end of the QGP’s lifetime, we need to describe the
QCD phase transition with the effects of strong EM fields
taken into account. Notice that the effects of strong
magnetic fields on thermodynamical or fundamental quan-
tities of QGP can be investigated in lattice QCD simu-
lations, and are indeed found to be large. For example, at
zero temperature, lattice QCD simulations confirmed the
“magnetic catalysis” as predicted in several effective
models [8—15] in which the value of chiral condensate
increases with increasing magnetic field strength. On the
other hand, at finite temperature, lattice QCD simulations
almost at the physical point concluded [16,17] that the
magnetic catalysis does not necessarily occur at all the
temperature regions, but rather gets weakened and even
shows opposite behavior with increasing temperature. Such
behavior of the chiral condensate around the critical
temperature is called “magnetic inhibition” [18] or “inverse
magnetic catalysis,” which eventually gives rise to decreas-
ing critical temperature. For recent reviews on the phase
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diagram of chiral phase transitions in strong magnetic
fields, see, e.g., Refs. [19,20]. Furthermore, it is reported
[21] that the (pseudo)critical temperature of the confine-
ment-deconfinement phase transition (for the Polyakov
loop) also decreases with increasing magnetic field. This
is achieved by increasing Polyakov loop expectation
values. Probably, these two phenomena are related to each
other. However, so far, there is no clear explanation about
the physical mechanism behind this (for recent attempts,
see Refs. [22,23] and [24,25]).

We can investigate these two aspects, namely the non-
linear and nonperturbative dynamics of strong fields
(including particle production) and the phase transition
under strong external fields, within a single framework of
an effective action. So far, effective actions for QED and
QCD in various external conditions have been extensively
explored. First of all, Euler and Heisenberg derived a
nonlinear effective action for constant EM fields at the
electron’s one-loop level, known as the Euler-Heisenberg
(EH) action [26]. Later, Schwinger reproduced the same
action in a field-theoretical manner, which is the so-called
Schwinger proper time method [27]. The EH action at finite
temperature is computed in imaginary time formalism
[28,29] as well as in real time formalism [30,31].
Furthermore, an analog of the EH action in QCD (for
chromo-EM fields) has been evaluated too within a similar
method at zero and finite temperatures [32—41]. Lastly, the
most recent progress was to compute the EH action at zero
temperature when both the EM and chromo-EM fields are
present, which was done by one of the authors and B. V.
Galilo and S.N. Nedelko independently [42,43]. The
author of Ref. [43] used this effective action to investigate
the QCD vacuum (gluon condensate) in the presence of
strong magnetic fields. Though all of these are about the
effective action for strong fields and choromo-EM con-
densates, it should be possible to include the Polyakov loop
at finite temperature. Indeed, an effective action (or
potential) for the Polyakov loop at the one-loop level
was computed independently by D. J. Gross, R. D. Pisarski,
and L. G. Yaffe [44], and by N. Weiss [45,46], and the
result is called the Weiss potential. In the present paper, we
are going to derive an analog of the EH effective action in
QCD + QED at finite temperature with the Polyakov loops
included. Thus, the result may be collectively called the
“Euler-Heisenberg-Weiss action.” Our result is also a
generalization of the one obtained by H. Gies [41], who
computed an effective action for the Polyakov loop and the
chromo-electric field.

The paper is organized as follows: In the next section, we
will derive the effective action for QCD + QED at finite
temperature by using the Schwinger proper time method.
Variables of the effective action are the EM and chromo-
EM fields as well as the Polyakov loop, and one can
reproduce the previous results (the EH action with QCD +
QED fields, the Weiss potential, etc.) in various limits.
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Then, we discuss some applications of our effective action
in Sec. IIl. First, we investigate quark-antiquark pair
production in QCD + QED fields at zero temperature.
We obtain the quark production rate in the presence of
QCD + QED fields, which allows us to study the quark
pair production with arbitrary angle between the EM and
chromo-EM fields. Next, we study an effective potential for
the Polyakov loop with electromagnetic fields. We find that
the magnetic field enhances the explicit center symmetry
breaking, while the electric field reduces it. This indicates
that the (pseudo)critical temperature of the confinement-
deconfinement phase transition decreases (increases) with
increasing magnetic (electric) field. Finally, we conclude
our study in Sec. IV.

II. ONE-LOOP EFFECTIVE ACTION FOR
QCD + QED AT FINITE TEMPERATURE

In this section, we derive the one-loop effective action
for QCD + QED at finite temperature. The effective action
will be a function of chromo-EM and EM fields, as well as
the Polyakov loop. Notice that both the strong fields and the
Polyakov loop can be treated as background fields so that
the background field method is applicable. We will take
quantum fluctuations around the background fields up to
the second order in the action, and integrate them in the
path integral. This corresponds to computing the action at
the one-loop level.

We shall begin with the four-dimensional QCD action of
the SU(N,.) gauge group with N, flavor quarks interacting
with EM fields:

SQCD+QED
1 1 i
= / d4x{—ZF;jDF“/‘” =™+ qliy, D" ~ Mq)CJ},
(1)

where the covariant derivative contains gluon fields' Ay
(a=1,...,N?—1) and U(1) gauge fields a, as

D, =, — igAiT — ieQ,a,, (2)

and the gluon and EM field-strength tensors are given by
Fa, = 0,A¢ — 0,A% + gf***ALAS and f,, = 0,a, — 0,a,,
respectively. In this paper, we treat the EM fields just as
background fields, and assume that the field strengths are
constant so that df = 0. We abbreviate color, flavor,
and spinor indices of the quark field in Eq. (1). Mass

and charge matrices of quarks are given by M,=
diag(mql,qu,...,mqlvf) and Qq:diag(qu,qu,...,Qqu).

'"Throughout the paper, we use a, b, ¢ (and k) for adjoint color
indices (a, b, c = 1, ...,N2 — 1), i for fundamental color indices
(i=1,...,N.), p,v,a,p for Lorentz indices, and f for flavor
indices (f = 1,...,Ny).
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gluon loop

FIG. 1 (color online).
the Polyakov loop.

As for the gluon field, we apply the background field
method and decompose the gluon field into a slowly
varying background field A5 and a quantum fluctuation
Aj as

"

A% = A8+ AL, (3)

Here we employ the covariantly constant field as a
background field, which obeys the following condition
[47-49]:

DycFu, =0, (4)

where the covariant derivative D, is defined only with

respect to the gluon background field:
'Dﬁc — aﬂéac + gfahcAb’ (5)

and F4, = 0, A¢ — 9, A% + gfbc AL A¢. From the condi-
tion (4), the field-strength tensor F7, can be factorized as
Fiy = F,un, where n is a unit vector in color space,
normalized as n“n“ =1, whereas F,, expresses the
magnitude of the chromo-EM field. We further assume
that F,, is very slowly varying, satisfying d,F,, =0,
which allows us to obtain the analytic expression of the
EH action for QCD, just as in QED. Both F,, and n“ are
space-time independent. The background field Aj is
proportional to the color unit vector n® as

Al = A,nc, (6)

and the field-strength tensor F,, has an Abelian form,
Fu=0,A,—0,A, This background field (6) indeed
satisfies the condition (4). By using the background field
and the quantum fluctuation, the full gluon field-strength
tensor can be decomposed as

Fo, = F,n® + (DAL — DAL + gfAbAC.  (7)

ghost loop
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A

quark loop

Typical loop diagrams contributing to the effective action. The field .A contains both the chromo-EM fields and

Applying the background gauge for the quantum fluc-
tuation,

DiAS, = 0, (8)

we get the gauge fixed action in the presence of EM
fields,

SQCD+QED

1 1c 1c abc Ab A c
— / d*x {—Z{fwn“—i—(DZCAD—chA”) + gfeeAbASY

! AC ~a ac ¢ (7
_2_§<D;4 AM)Z_C (D”D”) ¢ +Q(l}/uD”_Mq)q

- %f/,wflw:| ) (9)

where c is the ghost field and £ is the gauge parameter.
Notice that one of the covariant derivatives in the ghost
kinetic term D¢ and the one in the quark kinetic term D,
defined in Eq. (2) contain all the gauge fields. The
effective action for the background fields A, and a,
can be obtained through the functional integral as

exp<iSeff[Aw aﬂ])

= / DADcDEDgDG exp (i / d4xSQCD+QED>. (10)

We perform the functional integral with fluctuations
taken up to the second order. This corresponds to
evaluating the one-loop diagrams as shown in Fig. 1.
The gluon, ghost, and quark loop integrations can be
separately done, and one finds, respectively,
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~ —i Ta . . Acv ac abc -3
[ Diexp{ [t AR, - 20 LA = det (D7), - 20
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1

/Dch‘exp {i/d“xc‘“[—(Dz)“C]cC} = det [—(D?)4]H!,

/quqexp {i/d‘*xq-(iyﬂﬁ” - Mq)q} = det [iy, D" = M,]"". (11)

Here we have taken the Feynman gauge, £ = 1. In the
quark one-loop contribution, the covariant derivative D,
contains both of the background fields A, and a,,:

ﬁ” =D, —ieQ,a,
=0, —igAjT* —ieQ,a,. (12)

On the other hand, the gluon and ghost one-loop contri-
butions contain Dy and F;,, which only depend on the
gluon background field .Aﬂ. This is, of course, because the
gluon and ghost fields do not have electric charge and thus
cannot interact with EM fields. Since these contributions
are the same as in the pure Yang-Mills (YM) theory, we
may call these the YM part.

So far, we have not specified the background field A,
but it can contain both the chromo-EM fields and the
Polyakov loop. Let us briefly explain how the Polyakov
loop is described within our framework. In the pure Yang-
Mills theory at finite temperature, there is a confinement-
deconfinement transition whose order parameter is given
by the Polyakov loop. It is defined by the (closed) Wilson
line along the imaginary time (z) direction:

p
@(})_NLTrPexp{igA dTAg(T,z)Ta}, (13)

c

where f = 1/T is the inverse temperature and P stands for
a path-ordered product along the imaginary time direction.
Indeed, (®) —» 0 ((®) # 0) corresponds to a confining
(deconfined) phase, since the negative logarithm of the
expectation value of the Polyakov loop can be identified
with the free energy of a static quark (a vanishing value of
the Polyakov loop implies that the energy of a single quark
state is infinity). These two phases are distinguished by the
center symmetry. The gauge fields at finite temperature are
not necessarily periodic in the direction of imaginary time
and can have ambiguity related to the center subgroup Zy.
of the gauge symmetry SU(N,.). This residual symmetry is
called the center symmetry, and the theory is invariant
under gauge transformations which differ at 7=0
and 7=/ by a center element of the gauge group.
The Polyakov loop @ transforms as & — e "/Ne®
(n=0,1,2,...,N. — 1). Thus, the values of ® distinguish
the center symmetric (confining) phase and the center
broken (deconfined) phase. Dynamical quarks, however,

|

explicitly break the center symmetry. Therefore, in QCD,
the Polyakov loop should be understood as an approxi-
mated order parameter. Still, we can compute an effective
action for the Polyakov loop and discuss how a phase
transition occurs when external parameters such as temper-
ature are varied.

An effective action for the Polyakov loop in the pure
Yang-Mills theory was obtained in Refs. [44,45] in the
following way: Working in what we now call the
“Polyakov gauge” for a time-independent field A4(x) =
$(x)5* in the SU(2) case, the authors of Refs. [44,45]
performed a functional integral with respect to fluctuations
around the field ¢(x). This procedure is nothing but the one
we explained above where we treated the gluon field A7 as a
background Aj; with a fluctuation around it. Besides, as
long as we consider a spatially homogeneous and time-
independent order parameter 4§, we can have both the
Polyakov loop and the chromo-EM fields at the same time.
We divide the background field into the constant part and
the coordinate-dependent part as A% (x) = (A, + A, (x))n?.
The second term gives the real (physical) chromo-EM
fields so that Fj, = 0,A7(x) - d,A;(x) = (0,A4,(x) -
0,A,(x))n, while the first constant term A, does not.
We want to treat both the chromo-EM fields and the
Polyakov loop, and the latter is described at finite temper-
ature. In order to have the both, we specify the trans-
formation of the temporal component of the background
field Aj(x) under the Wick rotation of the coordinate,
Xo = —ixy = —it_and x; = x; (i= 1,2, 3), as follows:
Al (x) = (Ag + Ag(x))n® — (iA; + Ag(x))n®. In this
way, the first term gives the Polyakov loop defined in
Eq. (13), while the second term remains unchanged to give
the real chromo-EM fields. We work in the Polyakov gauge
for A4 [45]*:

’In the literature, the fourth component of the gauge field A{ in
the Polyakov gauge is often expressed in terms of N.— 1 real
scalar fields. In our formalism, these fields are properly encoded
in the color eigenvalues w;(i =1,...,N,) and v,(h=1,...,
N, % —1), which will be defined later. Here, choosing the
third direction of the color unit vector—n¢ = 5% at finite
temperature—we pick up the one particular field A, which
provides a simple expression for the Poyakov loop as shown in
Eq. (16). However, in the final expression of our effective action,
itis quite straightforward to keep all the N, — 1 scalar fields in the
color eigenvalues w; and vy,.
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./le - ./Zl453a, 84./_14 - 0, (14)

which does not conflict with the covariantly constant
condition in Eq. (4). Notice that we use this gauge with
5% even for the SU(N,) case, and the color unit vector n¢
introduced in Eq. (6) should be understood as n® = §¢ at
finite temperature.3 Following Ref. [45], we also introduce
a dimensionless field C as

A
c=2 (15)
so that the Polyakov loop is simply given as
® = cos(zC) for SU(2),
b= %{1 +2cos(xC)} for SUB).  (16)

. 1 : .
ngluon = - iTr In [_(DZ)ucgﬂy - 2gfahtf£u]

PHYSICAL REVIEW D 92, 016002 (2015)

A. Yang-Mills part of effective action

Now, we consider the Yang-Mills part (gluon and ghost
contributions) of the one-loop effective action. In the one-
loop level, the effect of EM fields is not included in gluon
and ghost loops, since these do not directly interact with
EM fields. From Eq. (11), the effective actions of gluon and
ghost parts are given, respectively, as

iSgiuon = Indet [—(D?)%g,, — 2gf*Fb,]2,  (17)

iSgnost = Indet [—(D?)4] 1. (18)

Let us first exylore the gluon part (17). By using the proper
time integral,” the gluon part of the effective action can be
rewritten in the following form (the limit e, 6 — 0 is always
implicit and should be taken after the calculation):

I Nl © (s : 2 . .
— /d4x§ E / — '[I‘(x|e_l(_D”hg””+21gvh}—””_l§)s|x>
=1 J0 S

o N2—1 ©
— /d4x§ Z / L]Jfg e—&s{e—i(2y11/,a)s + e—i(—ZgU,,a)s + e—i(igvhb)s 4 e—i(—2ig1;hb)s} % (x|e_"(_D%h)S\x). (19)
h=1 70 S

While the capital trace “Tr” in the first line is taken with
respect to colors, Lorentz indices, and coordinates, “tr”” in
the second line is only for Lorentz indices. Also, in the
second line, we have introduced real quantities v, (h =
1,...,N2—1) that are eigenvalues of a Hermitian matrix
veae = jfabepb (ie., V¥p° = v,p%), and Lorentz-invariant
quantities a, b defined by

a

\/ Fr+ (F-FP+ 72,

I
2
I

b

2\/ F4 (F-F)P - F2, (20)

with the dual field-strength tensor F** =L F , (or
equivalently, by a? —b*> =172 and ab = }F - F). The
covariant derivative is defined as D,,, = 0, — igv,A,. The

3Still, we keep the expression n¢ because we will discuss the
case at zero temperature.

*We use the following identity:

In(M — i8) LT /mﬂe‘”(";""‘”
0

e el(e) si=e

in the limit ¢ — 0 and 6 — 0. We ignore the first divergent term,
since it does not depend on the fields.

calculation up to now is in fact the same as in the case at
zero temperature, which was done in Ref. [43]. At finite
temperature, however, one needs to be careful in evaluating
the matrix element (x|e_i<_D%h)“'|x>. Namely, it can be now
written as the Matsubara summation:

(x]e~ P e|x)

- &3 b ,
=iT Z /(27;)73 e PaX (i5)Ppe=Yalis) )

n=-—oo pozigv,,ﬁ4—i27mT
(21)

where the functions X’ (5) and Y,,(5) have been defined
as [50]

X7(5) = [(gvpF) ™" tan(gv, F5))%,

1
Y,(5) = Etrlncos(gvh]:s‘). (22)

In the presence of the Polyakov loop A, the periodic
boundary condition of the gluon in the imaginary time
direction is modified. Then, the Matsubara frequency is
shifted by the Polyakov loop as in Eq. (21). Performing the
three-dimensional momentum integral and applying the
Poisson resummation [50], one can obtain the matrix
element in terms of a and b as
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) = ey |+ 23 oo (27| >
where
b2 —¢? 242
h(s) = mgvha cot(gvyas) +2752gvhb coth(gwv,bs), (24)
with
& = (ugF) (upFh). (25)

The vector u* is the heat-bath four-vector, which is (1,0,0,0) in the rest frame of the heat bath. The first (second) term in
Eq. (23) corresponds to the zero- (finite-) temperature contribution. The gluon part of the effective action is then given as

qte N1 d
ngluon = __;2”2/d4xZ[) s?’fe e—&s{e—i(2gvha)s_I_e—i(—ngha)s _I_e—i(igvhb)s_|_e—i(—2igvhb)s}
h=1
gu,as guv,bs =), gvh.,ZL;
142 2 — . 26
Xsin(gvhas) sinh(gv,,bs) { + ;e” COS( T n)] (26)

Similarly, we obtain the ghost part as

) il+€ . NZ-1 © ds s
ISghost = ﬂ/d x ;A e {2}
qgup,as gv,bs 2 ), gup Ay
1+2 2 — . 27
sin(gvyas) sinh(gv;,bs) + ;ew COS( T n)} 27)

In both parts, the first terms in the square brackets are
the results at zero temperature and agree with the
known results [43]. As discussed in detail in Ref. [43],
each term has an ultraviolet (UV) divergence, which,
however, can be absorbed by renormalizing the cou-
pling g and fields A, [32,33]. On the other hand,
the finite-temperature contributions do not have UV
divergence, and thus we do not need an additional
renormalization procedure for the finite-temperature
contributions. We regard the coupling and fields as
renormalized ones and focus on UV-finite pieces in
Egs. (26) and (27).

Our results (26) and (27) are effective actions for
chromo-EM fields as well as the Polyakov loop at finite
temperature. These are generalizations of the previous
results in two cases. Indeed, if we consider the pure
chromo-electric background with a Polyakov loop
B=0,E#0,A4,#0), we find a—if, b—->0 and
reproduce Gies’s effective action at finite temperature
[41]. Moreover, in the case of the pure chromo-
magnetic background (£ =0,B#0, A, =0), we find
a— B, b—>0 and reproduce the results obtained in
Refs. [40,51].

B. Quark part of effective action

For the quark part of the effective action, we follow
basically the same procedures as in the Yang-Mills part.
From the functional integral (11), the quark part of the one-
loop effective action reads

iSquanc = Indet [iy, D" — (28)

M,).

Utilizing the proper time integral, we evaluate the effective
action as

iSqua = Trin [iy, D" — M|

'e N, Nf

d —im —i0)s
— o [ael Sy [
i=1 f=1
x tr{x|e” L) |y, (29)

where D . = 0" —iA];, with the field A}, being a linear
combination of the gluon field A, and the photon field a*
as
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Ay = go A+ eQ, at. (30)

This covariant derivative ID? ; can be obtained from D*

defined in Eq. (12) with the covariantly constant field
employed as the background field. Here w;(i = 1,...,N,)
are eigenvalues of an N, x N, matrix n“T“ and satisfy5

SN w; =0 and ¥ w? = 1/2. The field-strength ten-
sor ., if can be expressed in terms of constant chromo-EM

fields 5, B, and EM fields E, B as [with the notation
V=(V.V,,V.)]

[F’“}—ga).?’: +eQ, "
0 & & &

I e, B, 0 B,
~£. B, -B, 0
0 E E E
feg, | B0 B B gy
“|-E, -B, 0 B,
-E. B, -B, O

The eigenvalues of the field-strength tensor F*, ¢ are given
by +ia; s and £b, ; with

=3
=R

The dual field-strength defined as
FY'; = 3€*F; rqp. By using Eq. (31), F} ,=2(a} ;—b7 )

and [Fi,f-lFi,f =4a; (b; s can be expressed in terms of
chromo-EM fields and EM fields as

FipFip)? = 2. (32)

tensor [F” Y is

H2 2
Frp=2(Biy = i),
l]:i,f . ﬂ:lf == _45i,f . Bi.f’ (33)

where we have defined the combined electromagnetic

fields as éf—ga)énLqu E and é f :gcol%—kqufE.

zs[D—

Taking the trace of the matrix (x|e™"Pi27Fir)|x) at finite

temperature, we get

Let Q be a diagonal matrix with eigenvalues o;, i.c.,
Q = diag(w,, ....wy ) = Un*T*U’. Then, ZN'I w; = trQ =
n‘tT® =0 and Zl | @? = aQ? = w(TT")nn® = 1/2.

PHYSICAL REVIEW D 92, 016002 (2015)
<x|e—l3‘ -D} ,—50Fi ) |x>

dp o PaXT(is)py

n=-—00

50-Fip

x e~ Vir(is)res (34)

pO:igw,-.,Zl4—in(2n+1)T

Here, the functions X‘l)‘/[f(s") and Y; /(§) have been defined as
[50]

X#(5) = [F7} tan(F; ;5)].
1
Y, f(8) = ok Incos(F; /5). (35)

In the presence of the Polyakov loop A, the antiperiodic
boundary condition for the quark is also modified. Then,
the temporal component of the four-momentum vector has
been replaced by the Polyakov loop and the Matsubara
frequency for a fermion in Eq. (34). The third part, tre2*Firs,
is common with the case at zero temperature and was
computed in Ref. [43]. The result is

trexp <l c-F; fs> = 4cos(a; ps)cosh(b; ;s).  (36)

Now, performing the three-dimensional momentum inte-
gral and using the Poisson resummation, we find from
Eq. (34)

<x|e—1s -D? f.—%a-[Fi_f) |x>

i (ai.fs)(f’ifs)
= . _ n(b.
" 4ns 2 sin(a a; rS) sinh([,ifs)cos(al,fs) cosh(b; ¢s)

{1 +2 Z e4r2[" /7 cos (%) }, (37)

where
52 7
bis(s) = 7’ a; s cot(a ss)
f + b
_|_
lf lf
+—b, coth(b; ¢ 38
e b, (39)
with
lf = (u, [Flf)(uﬂ[Fl fﬂ) (39)

In the heat-bath rest frame, we have u* = (1,0,0,0) and
then ¢} = 512,f = (gw:€ + eQ,, E)2. Therefore, the quark

part of the one-loop effective action reads
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jl+e Ne Nroroo ds  _a
4 l(m

W/dxgz [ i

X (a; ¢5)(b; ¢5) cot(a; ¢s) coth(b; rs)

{1 +2 Z e472["f " cos (La),;jhn)} .

(40)

iSquark =

As in the YM part, the first (second) term corresponds
to the zero-(finite-)temperature contribution. The zero-
temperature contribution agrees with the previous result
obtained in Ref. [43].

Again, the first term contains UV divergences. These
divergences have two origins: QCD and QED [43]. This is
because the resummed quark one-loop diagrams contain
contributions from the diagrams with only two EM field
insertions (QED) and only two chromo-EM field insertions
(QCD). The UV divergence coming from purely QCD
dynamics is additive to the one which we encounter in the
YM part. Then, we can absorb all the UV divergences by
renormalizing the coupling g, e and fields A, a,. From the
renormalization procedure at zero temperature, we have
obtained the correct beta functions of both QCD and QED
inRef. [43]. The sum of the three parts (26), (27), and (40) may
be called the Euler-Heisenberg-Weiss action in QCD + QED
at finite temperature. This result can be applied to several
systems where strong EM fields and chromo-EM fields
coexist at zero and finite temperatures. In the next section,
we will show some applications of our effective actions.

III. APPLICATIONS OF EULER-HEISENBERG-
WEISS ACTION IN QCD + QED

In this section, we will discuss two applications of our
results. The first one is the quark pair production in the
presence of both EM and chromo-EM fields. We treat the
effective action at zero temperature. The second application
is to investigate the effects of EM fields on the effective
potential for the Polyakov loop at finite temperature. We
will discuss the possible implication for the inverse
magnetic catalysis.

1 Y &
SMLgyark = — = e % sin(m
N quark 2

N2 Ny
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FIG. 2. Contour on the complex s plane. The contour along the
real axis is inclined by an infinitesimal number & > 0.

A. Quark pair production in QCD + QED fields

Let us first discuss quark-antiquark pair production in
constant QCD + QED fields as an application of our
effective action. For this problem, only the quark part
(40) is relevant.

In the early stage of relativistic heavy-ion collisions,
extremely strong chromo-EM fields and EM fields could
coexist. Notice that the strong electric field in addition to the
strong magnetic field could be created on an event-by-event
basis [5]. The strength of the chromo-EM fields is approx—
imately of the order of the saturation scale: | gB\ l9&| ~ 02,
whereas strengths of EM fields would reach the QCD
nonperturbative scale QCD, or even exceed
it. Under such strong QCD + QED fields, a number of
quark-antiquark pairs must be created through the
Schwinger mechanism. The pair-production rate per unit
space-time volume can be obtained from the imaginary part
of the quark effective Lagrangian at zero temperature. Taking
the zero-temperature contribution in Eq. (40), one finds

N, N

L Quark sz/w ds e—iS(mg,f—ié)
quark = 7] Q.2 3
[d'x 8z i—1 f=1 $

x (a; £5)(b; ¢5) cot(a; ¢s) coth(b; rs). (41)

This is the same as the result obtained in Ref. [43]. The
imaginary part of the effective Lagrangian thus reads

éfs) x (a; t5)(b; p5) cot(a; rs) coth(b; rs)

0 dS —lS (m2 +i8)  ds —is(m2 —id)
sz{/ [

i=1 f

x (a; ¢5)(b; r5) cot(a; ¢s) coth(b; rs

)- (42)

The integrand has infinitely many poles along the real axis [from cot(a; ;s)] and along the imaginary axis [from coth(b; ;s)].
With a small positive number § > 0, the integral contour along the real axis is inclined. Closing the contour in the lower half

of the s plane as depicted in Fig. 2 and picking up the poles lying on the imaginary axis Spoes =

—inn/b; ;, we find
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Rsm‘cquark

N, N mfl
=37 Z Zf: a; /b s Z e e coth (b_ I’lﬂ') (43)

i=1 f= if

By using this expression, we can investigate quark-anti-
quark pair productions under arbitrary configurations of
constant chromo-EM and EM fields. The production rate
per unit space-time volume is given by wy; = 23m Ly
When we take N.=N;,=1,0=1,g—0, B—0 and
replace m, — m, in Eq. (43), we reproduce the well-known
Schwinger formula for the production rate of e*e™ pairs in

an electric field [27]:

PHYSICAL REVIEW D 92, 016002 (2015)

(EP g~ .
473 Zﬁe R (44)
n=1

Wete- = =23 mﬁEH =

as we expected. On the other hand, in the pure chromo-
electric field case, we obtain the same formula for quark
productions derived by G. C. Nayak [52].

1. Quark pair production in purely electric background

First, we shall consider quark pair production in a
purely electric background with vanishing magnetic fields:
B, B — 0. In this case, the production rate for g4 pairs of
flavor f becomes

‘ff

Warq, = 473 bez_ :

(45)

where b, ; = \/Eﬁ = \/(gao,-)zé’2 + (qu/)2E2 +2gw;eQ, EE cos Og, with E = V E* £=VE, and O being the

angle between Eand & For N . = 3, the eigenvalues w; are given by w; = 1/2, w, = —1/2, and w3 = 0. Recall that a factor
gw; plays the role of an effective coupling between the chromo-EM field and quarks [see Eq. (30)]. Thus, a quark (or an
antiquark) with @w; = 0 does not interact with the chromo-EM field in this representation. Still, since there is always a
coupling with the EM fields, ¢4 production with w3 = 0 is possible due to electric fields, i.e., b,_5 ; = [eQ, E | #0.

Let us see the dependences of production rates on the quark mass m, and the angle 0. We first consider the case with
light quark masses m a2, < b p. The left panel of Fig. 3 shows the light (up) quark production rate with m, = 5 MeV and
Q, = +2/3. The chromo-electric field is fixed to g€ = 1 GeV?, which is a typical value realized in heavy-i 10n collisions at
RHIC and LHC, while we take several values of strength for the E field. The production rate increases with increasing £
field, which is an expected behavior of the usual Schwinger mechanism, but it does not show dependence on the angle 6,
while b; ; certainly depends on 0. This unexpected behavior can be understood as follows: When the quark mass is small
enough, mczl < b; ;, we can approximate the production rate as

11 [(ge)?
2 _
bizn2_4ﬂ3{ 5 + N,

where {(2) = 7*/6 and b; = \/(gwi)zé’z + (€Q,)*E* + 29w;eQ ,EE cos Ogp. Notice that the angle dependence in b; drops

w (46)

qrGr ~

(quE>2}¢<2>,

out thanks to the relations vazl w? =1/2and vazl w; = 0. Therefore, the production rate is independent of the angle 0.

0.09 T T T T T T 0.0003 T T T T T
— eE=0.0 GeV’ - — eE=00 Gev2
— eE=03GeV’| 0.00025} — eE=03GeV’ 4
— eE=0.5GeV’ A — eE=05 Ger
— 2 —
<. 0.06F — eE=0.8GeV 4 = 0.0002}F — eE=0.8GeV
= = 0.00015
A ) I
£ £
= 003} 1 & oooorp _
5e-05 M
0 1 1 . 1 . 0 " 1 . 1 " 1 "
0.5 0 0.5 1 1.5 -0.5 0 0.5 1 1.5
eEthmE /Tc eEthmE / T

FIG. 3 (color online). Quark production rate as a function of the angle 0, g, which stands for 6¢z. The left panel is the light (up)
quark production rate, while the right panel is the heavy (charm) quark production rate. The chromo-electric field is fixed as
g€ =1 GeV>.
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We next discuss the production of heavy quark-antiquark
pairs. Since the heavy quark limit just implies that the pair
creation does not occur, we consider the case where quark
masses are comparable to the background field mé ~b; ;.
This is realized for charm quarks if we again take the
typical value of the chromo-electric field g€ = 1 GeV?. For
m, = 1.25 GeV and Q; = Qchyrm = +2/3, the production
rate of a charm quark pair is shown in the right panel of
Fig. 3. This time, while the production rate becomes small,
one can see a clear dependence on the angle 6¢;. Both
effects (small production rate and angle dependence) come
from the exponential factor in Eq. (45). In particular, when
the electric field is parallel (or antiparallel) to the chromo-
electric field, the production rate has a maximum. Since the
exponential factor is very sensitive to the change of b; 4, the
rate is largely enhanced at 8o = 0, 7. Symmetric shape of
the angle dependence with respect to Ogp = 7/2 is not so
trivial. Notice that the effective field strengths of the
combined field at O, =0 and z are not equivalent
for a fixed value of i; namely, it is the strongest for the

parallel configuration (for @; > 0) b; pam(Osp=0)=

\/(gwi)2€2+(chhann)zE2+2.ga)ichhann5E and the
weakest for the antiparallel configuration b; .. (Ocr=7)=
\/(gwi)252+(chharm)zEz_2gwi€Qcharng’ implying
that pair production is most enhanced for the parallel
configuration. This is true for any index of i giving a
positive eigenvalue ®; > 0. However, this eigenvalue
appears with a partner w; having an opposite sign w; =
—w; [for SUQ3) we have w; = —w, = 1/2], and the
antiparallel configuration gives the strongest effective field
for the index j, bj,charm(gc‘:E = 7[) = hi,charm(GEE =0).
Therefore, after summing over all the pairwise modes i,
we obtain the angle dependence symmetric with respect
to egE =T / 2.

2. Quark pair production in purely chromo-EM
background

Next, we investigate quark pair production under
chromo-EM fields in the absence of EM fields. Lorentz-
invariant quantities [F2 ipand F;p- F, i,f are now explicitly
given as [see Eq. (33)]

R, = (g (B - &),
Fif- [r:i,f = —4(gw;)*EB cos Ogp, (47)

vV éz, and O¢p stands for the angle between £
and B. When 0¢5 = £x/2 and £ > B, we can move into a
system with pure chromo-electric fields with a; ; = a; =0

and b; s = b, = |gw;|VE* — B? by the Lorentz transforma-
tion. Then, the production rate for a certain flavor of quark
becomes

where B =

PHYSICAL REVIEW D
I a1 m
2‘\\Nwlnﬁquark = —3 Z Z _2 e m", (48)

which decreases as B increases. Furthermore, for B > &
the production rate vanishes, since in this case the system
is equivalent to the pure chromo-magnetic field system.
When 6¢5 = 0, 7, which would be relevant configurations
for relativistic heavy-ion collisions, a; and b; become
a;, = i = |gw;E|. Then, the production rate reads

92, 016002 (2015)

ZSmﬁquaﬂ(
1 N B
:@;wa)if)’ngwiﬂ;;e e coth (). (49)

This production rate is the same result as obtained in
Refs. [53,54]. It increases as either the chromo-electric
field or the chromo-magnetic field increases. Figure 4
shows 6Oz dependence of the light quark production
rate with a fixed value of the chromo-electric field,
g€ =1 GeV?. The maxima appear when the chromo-
magnetic field is parallel (or antiparallel) to the chromo-
electric field.

3. Quark pair production in a glasma with EM fields

Now we shall consider a specific configuration of
chromo-EM fields that are relevant for relativistic heavy-
ion collisions accompanied by EM fields. Suppose that the
chromo-electric field and the chromo-magnetic field are
parallel to each other, B||&, and that these strengths are
approximately equal to the saturation scale: |gB| = |¢g€| =
1 GeV? ~ Q2. This configuration of chromo-EM fields is
indeed realized at the very early stage of the glasma
evolution. Under this condition, we investigate light (up)

— B, =00GeV’
0.12 . . — B, =03GeV’ |
- — gB, =05GeV’
0.1 — B, =08GeV’ .
% 0.08
© i
<)
- 0.06
=
Z 004
0.02
0 . . . .
-0.5 0 0.5 1 1.5

0 /m

chro™ chro

FIG. 4 (color online). Light (up) quark production rate as a
function of O, p, , which stands for Ogz with vanishing

electromagnetic fields. We take the strength of the chromo-
electric field as g€ = 1 GeV?>.
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quark productions with m, = 0.5 MeV and Q, = +2/3.
Let us turn on the EM fields. In the heavy-ion collisions, the
dominant EM field is the magnetic field perpendicular to
the beam direction (equivalent to the direction of the
glasma_fields). But here we consider the case |eB| #0
and |eE| = 0, with arbitrary orientation. Then, the quan-
tities [Fl%f, and F; ;- F; ; read [see Eq. (33)]

F; ;= 2[(eQ,)*B* + 2gw;eQ BB cos O],
Fif-Fip=—4[(90,)*EB + gw;eQ,EB cos O], (50)
with B = VB’. Here we have used the fact that
cos ¢y = cosOpzp. Note that in the case of antiparallel
configuration of B and &, results are the same as_those
of the parallel case, since this changes [F;/-F;; —
—F; ;- F; s, but it is squared in a; ; and b; ;.

Figure 5 shows the quark production rate as a function
of the angle Oz with several strengths of the magnetic
field. At the angle relevant for relativistic heavy-ion
collisions, 6zg = 7/2, the production rate slightly
decreases with increasing B field. This can be understood
from Eq. (43) as follows: In this case, the quantity

=1 \/\/4(qu)434 + 16(gw;)*EB +2(eQ,)*B*  (or

Bi.f:é\/\/4(qu)434—|—16(ga)i)458—2(qu)sz)increases
(decreases) with increasing B field, while the product
a; /b, =€ s Bis| = (gw,)*EB is independent of B
field. Therefore, at Oz = 7/2, the quark production
rate monotonically decreases due to the exponential
factor exp{—(m/b; ;)nx}. This result is independent of
the sign of ;.

On the other hand, Fig. 5 shows that the quark
production rate increases with increasing B field at

0.125 — :
— eB=00 Gevz
— eB =0.3 GeV
~ 012r — eB=0.5GeV’ ]
> — eB=0.8GeV’
9
=0.115F —
.
E
[o\l
1ZED =
0.105 . ! , \
-0.5 0 0 5 1 1.5
eBChruB /n

FIG. 5 (color online). Light (up) quark production rate in a B
field as a function of 05 ., which stands for 635 with a parallel
configuration of £ and B. We take strengths of chromo-
electromagnetic fields as gB = g€ = 1 GeV?.
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Oz =0 and z. This can be understood as follows:
At Opg = 0,7, the quark production rate reads from
Eq. (43)

N
2asm£quark

B;
=2 E |gw;|EB; £ E e e " coth (| |S >
(51)

where the strength of the combined magnetic field has
been defined as B;; = |gw;B+ eQ,B| for Oz =0,
whereas B; ; = |gw;B — eQ,B| for Oz = 7. This produc-
tion rate has a similar form with Eq. (49). First, we
consider the case |gw;B| > |eQ,B|. When the chromo-
magnetic field and the magnetic field are (anti)parallel to
each other, Oz = 0 (O = ), with w; > 0 (w; < 0), the
strength of the combined magnetic field B; linearly

increases with increasing B field, and thus coth (Iqw B nr)

slightly decreases and approaches unity. When €zz = 0
Opg =) with w; <0 (w; >0), the field strength
B; f linearly decreases with increasing B field, but
coth (‘qw B
the modes i, the production rate (51) at Ozp =0
(g = m) monotonically increases with increasing B
field. In the case of |gw;B| < |eQ,B|, the production
rate of both modes i = 1,2 increases with increasing B
field regardless of the sign of w;, and thus the total
production rate also  monotonically  increases.
Furthermore, we again obtain the angle dependence
symmetric with respect to fgg = 7/2 in the produc-
tion rate. . R

Next, we consider the case with |eE| # 0 and |eB| = 0.
In this case, [F%I and F; ;- F; ; become [see Eq. (33)]

nr) increases. Then, after summing over all

[F?J, = 2[—(€qu)2E2 —2g9w;eQ, EE cos O,
Fif- [}Ei.f = —4[(gw;)*EB + gw;eQ, BE cos Ogg). (52)

In this expression, we have used cos Ogg = cos O¢g. Again,
the results are the same as those of the case where B is

antiparallel to E. Figure 6 shows the quark production
rate as a function of the angle ¢ with several values
of strength of the electric field. As the electric field
increases, the production rate increases for whole
angle regions. This can be understood in a similar way
to the previous case as follows: At O¢p = /2, the

factor a; /b, ; = |éi.f . [S’,-,f| = (gw;)*EB is independent

of the electric field. As for each factor,

ai.f =

é\/\/4(€Qq)4E4 + 16(gw,)*EB — 2(eQ,)*E*  decreases
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FIG. 6 (color online). Light (up) quark production rate in an E
field as a function of Oy, g, which stands for 65 with a parallel

configuration of £ and B. We take strengths of chromo-electro-
magnetic fields as gB = g€ = 1 GeV?.

with  increasing  electric ~ field, ~ while b, ;=

%\/\/4(qu)4E4 + 16(gw;)*EB + 2(eQ,)*E*  increases.
These behaviors are opposite to those of the previous case

with [eE| = 0 and |eB| # 0, and thus the production rate at
6 = x/2 monotonically increases. At ¢ = 0, 7, the quark
production rate (43) can be rewritten as

o~
23mL guark

1 .
:—22 :f|ng|BZ e i
i=1

<|ng|15’ )
Eiyf

where the strength of the combined electric field has been
defined as &; y = [gw;€ + eQ E| for Ogp =0 and &; ; =
lgw,€ —eQ E| for Ocg=nm In the case of
|gw;E| > |eQ,E|, when the chromo-electric field and the
electric field are (anti)parallel to each other, gz =0
Ocp, = 7m), with ®; >0 (w; <0), the strength of the
combined electric field &; ; linearly increases with increas-
ing E field, and thus coth (%= y(”“B 7) monotonically

increases. When 6g =0 (955 =) with w; <0
(w; > 0), the field strength &; ; linearly decreases with

\gwllB

increasing E field, and coth (“g*=nx) slightly decreases

and approaches unity. Then, after summing over all the
modes i, the production rate (53) at g =0 (O = 7)
monotonically increases with increasing E field. On the
other hand, in the case of |gw;&| < |eQ E|, the produc-
tion rate of both modes i = 1, 2 increases with increasing
E field regardless of the sign of w;, and thus the total
production rate also monotonically increases. From
these results, we expect that strong EM fields created

PHYSICAL REVIEW D 92, 016002 (2015)

in the early stage of relativistic heavy-ion collisions
would largely affect quark productions from a glasma
(chromo-EM fields) depending on the field configura-
tions, and would thus possibly influence the formation
of QGP.

B. Weiss potential with electromagnetic fields

In this subsection, we will investigate the effects of EM
fields on the confinement-deconfinement phase transition
by using the effective potential of the Polyakov loop in the
presence of EM fields.

Prior to going into the details, let us briefly explain the
effective potential without external fields being imposed.
The one-loop calculation at finite temperature in SU(2)
gauge theory and in the massless fermion limit yields the
effective potential for the temporal component of the gauge

field (C = %4) as [44-46]

VWeiss[c] — Vy]\e/liss [C] + VWeiss[c], (54)

quark

where the YM and quark parts are given, respectively, by

3 3
VIIIC] = = s+ 2T C (1= CP. (55)
Weiss 7 214 ! 2742 2
V quark [C] = “90” T +6” ree-c). 69

This result is called the Weiss potential. In Fig. 7, we
show the Weiss potential VWi[C] and its breakdown.
We see that in the YM part, the minima appear at C = 0
and C =1, reflecting the center symmetry C — C + 1
in SU(2). Thus, selecting one of the two minima
spontaneously breaks the center symmetry. Since the
system should be in the deconfined phase in the high-
temperature region where a perturbative approach
becomes valid, this result seems to be natural. The quark
part of the effective potential explicitly breaks the

2 T T T T
1.5F R
Vaco -7
v 7
<t q //
\8: 1r 7 7
5] 7
Al
g “Vym
0.5F /// -
. . /// N
0 -7 , ] , ] , ] R
0 0.2 0.4 0.6 0.8 1
C

FIG. 7. Weiss potential as a function of C. Constant terms
which are independent of C are subtracted.
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center symmetry, and C =0 and C =1 are no longer Now we come back to our most general results (26),
degenerated. In the presence of the quark part, C =0  (27), and (40), Taking the vanishing limit of the chromo-
is favored, which corresponds to the deconfined phase. ~ EM fields, £, B — 0, but keeping the Polyakov loop A, and
We are now going to investigate how this picture is  EM fields nonzero in the results, we obtain the effective

modified by the presence of external EM fields. potential
1 Sef
Vil Ay, E,B] = — —2
2
1N g, A,
= 472
7 Z: /0 {4 2}226 cos ( T )
Ne o i reods i
T2 ;le/ Fe_’m"fs(afs)(bfs) cot(as) coth(bs)
S n Ai=sh(s)n? ga)i-'iét
X 22(—1) el cos ( =—n ). (57)
n=1
where a; and b, are just given by the EM fields as
1 4 7 \2 2 1 4 - \2 2
=S\ VEF+EpFp)"+ Fp by =\ [\JFp+ (Fy - Fy)” = Fp, (58)

with F7 = 2(eQ, ) (B* — E*) and Fp-Fp= 4(quf)2E - B. The factor §(s) is given by

2 2 2 2

B,(s) — a; cot(ays) + LT coth(6ys) (59)
f fCO fS -5 fCO fS .
52 a7 + b7

where ef = (U, Fy" )(uﬁF by = (eQ,, )2E2 with u, = (1,0,0,0). Here we have subtracted divergences appearing in the
zero-temperature conmbutlon Wthh are 1ndependent of A,.

1. Weiss potential in magnetic fields

Consider a pure magnetic field case, E - 0, B # 0. Then, the effective potential reads

Ve[ A B]—ngf/mé{4—2}2§:ei4ﬁ-cos Mn
BT 2 L [ $3 p T
1 N ”f ds —inis
N9 / 1 (€]Qy, Bs) cot(el 0, |Bs)

22(—1)"eiﬁ cos <&]:A4 n> (60)

We rewrite the proper time integrals in two steps. Recall that the integral should be defined with an infinitesimally small
number 6 which makes the contour slightly inclined to avoid the poles along the real axis (in the second term). Then we can
easily change the contour from [0, co] along the real axis to [—ioco, 0] along the imaginary axis (the Wick rotation), since
there is no pole along the imaginary axis. Finally, by renaming the variable s as —io, we obtain the following representation
with integrals defined by real functions®:

®The second line of Eq. (61) coincides with Eq. (B.6) in the appendix of Ref. [21].
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) | N
Vesi[Aq. B] = e
T =
N.

/°°d6°° _
—E €
3
(U n=1
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o (9”;,-/2‘4 )
% cos [ " p
T

do -m? o
&% (e|Q,,|B) coth(e]Q,, |Bo)

(61)

For simplicity, we shall restrict ourselves to N, = 2, which provides us with all the essential features of the perturbative
effective potential in the presence of EM fields. In this case, the eigenvalues w; and v, are simply given by @w; = +1/2 and

v, = 0,=£1. The effective potential reads

3
i
57Ty

27:22/

Veff[c’ B] - -

The first line does not depend on the magnetic field and
corresponds to the YM part V. This is nothing but the
Weiss potential (55) [45]. The second line corresponds to
the quark part V., and the integral and summation
over n can be easily performed numerically. From now
on, we further restrict ourselves to the one flavor f =1
with the electric charge Q, =1 for simplicity. Now,
analytic expressions are available in two limiting cases:
One is the B — 0 and m, — 0 limit, where the quark part
of the effective potential is reduced to that of the Weiss
potential (55):

7 1
= - 2T* +—’T*C2(2 - C?) =

Weiss
90 6 v €1

unark [C] quark

(63)

The other is the strong magnetic field limit: eB > m?],
where the quark part can be written as

Vguark[C, B] = —2(‘7’;—6) T2{’]T—2 - @} (64)

Figure 8 shows the magnetic field dependence of the
quark part of the effective potential which is given by
the second line of Eq. (62). Here, we show only one
flavor contribution with x = mZ/T? = 0.5. An important
observation is that as the magnetic field increases, the
explicit breaking of the center symmetry is enhanced,
and C =0 (deconfined phase) becomes more stable.
This is qualitatively consistent with the analytic repre-
sentation at strong magnetic fields [see Eq. (64)], in that
the potential value at C = 0 becomes more negative and
the rising behavior becomes steeper with increasing

2 T4C2(1 - C)?

"7 (¢|Q,,|B) coth(e|Q,,[Bo) Y (-1

1)"e"wr% cos (Cxn). (62)

n=1

|

magnetic field. The enhancement of the center symmetry-
breaking effects due to increasing magnetic field indicates
that the quark loop interacting with magnetic fields can
be one of the important sources for reducing the (pseudo)
critical temperature 7. of confinement-deconfinement
phase transition, as observed in recent lattice QCD simu-
lations [21]. In the last part of this subsection, we will
see within a phenomenological model that this is indeed
the case.

2. Weiss potential in electric fields

In the case of a pure electric field, B— 0and E # 0, the
situation is a bit subtle. The effective potential of the quark
part can be written as

T T T T T
1 — y=00 7
—y=15
—y=25
sk — y=35 -
= 0.5 y
=)
@)
. ot -
>
-0.5f x=0.5 -
X I R I R I R I R
0 0.2 0.4 0.6 0.8 1

C

FIG. 8 (color online). Quark part of the effective potential as a
function of C for several values of magnetic fields. x and y are
given as x = m2/T* and y = eB/T?, respectively.
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dS —im? 9
quark[A4, 27122/ " (e|Qy,|Es) coth (e|Q,, |Es)
X Z(—l) i (e10uy 1) coth (el B5) ¢ (gz—f;ftn) (65)
n=1

Note that we cannot reach this result from Eq. (60) by replacing B with i E, unlike the zero-temperature contribution. This is
due to the form of the factor hy(s) = (e|Q,, |Es)coth(e|Q, |Es) in the exponential. Because of this factor, the full
calculation (even numerical evaluation) is rather difficult. Furthermore since there are singularities (poles) on the imaginary
axis, we cannot perform the Wick rotation of the proper time s, unlike the Weiss potential in magnetic fields. To avoid these

difficulties, we expand the effective potential with respect to the electric field. Using x cothx ~ 1 + x?/3..., we get
N -
A 1 s ds _im2 s = i gA4
V s El=—— af" —1)%e 412 J- 7
qark A4, E] 2”2;A o n:l( )"e'4r% cos <2T n
N _
1 . 2 ds —img s . n ii 2 gA4
_W;MQ'ME) / ¢ Y n=1(—1) C4T2S<1 + 4T2s> cos <2Tn
+ O(EY) (66)
At this stage, we can perform the Wick rotation for the proper time s. Then, the effective potential reads
N
1 K [®do 2 oS e
Vouak|C E| = =5 e Miy? —1) e #% cos (C
€. ] Zﬂfz/ e e (Can)
N, - 5
odo _,z 2 n
2 my .0 n
_F;MQ[H'E) A e ;(—1) e 4T2“<1 —m> cos (Cnn)
+ O(EY) (67)

The systematic expansion with respect to the E field is
possible, and the integral and sum can be performed
numerically at each order.

In Fig. 9 we show the electric field dependence of the
quark part of the effective potential. From this figure, we

0.8

0.6
0.4

0 02 04 06 08 1

FIG. 9 (color online). Quark part of the effective potential as a
function of C for several values of electric fields. x and y are given
as x = m3/T? and y = eE/T?, respectively.

[

see that the electric field decreases the explicit breaking of
the center symmetry. This is completely opposite to the B
dependence of the effective potential. Thus, we expect that
T, increases with increasing E field and approaches the 7',
of the pure YM theory.

3. Phenomenological analysis on T.(B)

We have seen that imposing magnetic fields enhances
the explicit breaking of the center symmetry. What we
have evaluated is a perturbative contribution (in the sense
that we assume that the coupling is small enough), and
thus we discussed how the Weiss potential (that is also
evaluated in a perturbative framework) is modified in the
presence of the EM fields. Within this perturbative
calculation, we are not able to approach the region
where phase transition will take place. Indeed, even if
the quark part of the effective potential depends on the
magnetic fields Vg, [C, B], the total effective potential
Veir[C. Bl = Vym[C] + Vguark[C, B] selects the center bro-
ken state C =0, and thus confinement-deconfinement
phase transition never occurs within this perturbative
framework. However, recall that the magnetic field can
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FIG. 10 (color online). Temperature dependence of the Poly-
akov loop for different values of magnetic field.

affect the effective potential of the Polyakov loop only
through the quark loop at leading order. Therefore, we
expect that even the perturbative evaluation of the quark
part Vguan[C. B] can make sense if combined with some
nonperturbative effective potential Vi\#*"[C] for study of
the effects of magnetic fields on the phase transition.
Here we discuss whether this is indeed the case.

Let us introduce a simple model of a gluonic
potential reproducing confinement-deconfinement phase
transition,

UIC) =~ a(T)8 + b(T)In[1 ~ 632 + 837 — 3]
(68)

with

a(T) = ag + a,(To/T) + ar(T,/T)*,
b(T) = b3(To/T)’. (69)

Now, we consider the N. = 3 case. Here the parameters
are ag=3.51,a, =-247,a, =15.2,b3 = —-1.75, and
Ty = 270 MeV, which are fixed to reproduce the quenched
lattice QCD results [55]. Instead of Vyy;, we employ this
phenomenological potential (68) and combine it with
V quark[C, B]. In this way, we can study how the temperature
dependence of the Polyakov loop changes with magnetic
fields. Notice that the quark part of the perturbative
effective potential Vg« [C.B] with N, =3 is the same
as that of the one with N. = 2, since the quark with @; = 0
does not contribute to the potential. Therefore, we can use
the same potential evaluated in the second line of Eq. (62).
The result is shown in Fig. 10. In this analysis, we have
used w; ==+1/2,0 and a constituent quark mass
m, = 350 MeV. Thanks to the explicit center symmetry
breaking, the Polyakov loop increases with increasing B
field, in particular below the phase transition temperature,
which eventually brings about decreasing pseudocritical

PHYSICAL REVIEW D 92, 016002 (2015)

temperature 7T.(B) < T.(B =0). This result is very
encouraging, but obviously we need to couple quark
dynamics to the gluon dynamics to understand the effects
of magnetic fields on the actual phase transition.

Very recently, the inverse magnetic catalysis of the
chiral sector, namely the decrease of the critical temper-
ature of the chiral phase transition, has been reproduced
from functional approaches including the Dyson-
Schwinger equations and the functional renormalization
group [24,25]. Once the inverse magnetic catalysis of the
chiral sector occurs, dynamical quark masses decrease
with increasing magnetic field around 7,.. Then, the
quark loop contribution is enhanced, and thus the effect
of the explicit center symmetry breaking becomes larger.
Therefore, the inverse magnetic catalysis of chiral sector
would support the decreasing of the T, of confinement-
deconfinement phase transition through the quark loop.

IV. SUMMARY AND CONCLUSION

In the present paper, we analytically derived the Euler-
Heisenberg action for QCD + QED in the presence of the
Polyakov loop, called the Euler-Heisenberg-Weiss action,
by using the Schwinger proper time method. The
effective action contains EM fields and chromo-EM
fields as well as the Polyakov loop in a nonlinear form
and reproduces the known one-loop effective actions for
QED, QCD, QCD + QED, and also the Weiss potential
for the Polyakov loop in appropriate limits.

As an application of our effective action, we investigated
quark pair productions under strong EM fields and chromo-
EM fields. Using the effective action of the quark part at
zero temperature, we derived the formula describing the
quark pair production rate in arbitrary configurations of the
QCD fields and QED fields. In particular configurations,
EM fields enhance the quark pair productions induced by
chromo-EM fields. This indicates that strong EM fields
created in relativistic heavy-ion collisions would largely
affect quark-antiquark pair productions from a glasma and
thus could give sizable contributions to the formation
of QGP.

We also studied the perturbative effective action of
the Polyakov loop in the presence of strong EM fields.
We found that the magnetic (electric) field enhances
(reduces) the explicit center symmetry breaking through
the quark loop. This indicates that the Polyakov loop
increases as the magnetic field increases, and thus the
(pseudo)critical temperature of confinement-deconfinement
phase transition decreases. In contrast, the electric field
would raise the critical temperature. In order to demon-
strate this, we combined the quark part of our perturbative
effective potential with a simple model which can repro-
duce the confinement-deconfinement phase transition. The
resultant Polyakov loop indeed increases with increasing B
field, and then (pseudo)critical temperature decreases. This
result is consistent with recent lattice data. Very recently,
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G. Endrodi investigated QCD phase transitions in unprec-
edentedly strong magnetic fields from lattice simulations
of 1+ 1+ 1-flavor QCD [56]. He found strong evidence
for a first-order confinement-deconfinement phase transi-
tion in the asymptotically strong magnetic field regions. In
order to understand these lattice data, further nonpertur-
bative analyses will be necessary. As a future work, we
will extend the present work to nonperturbative analyses in
terms of functional approaches. The inclusion of the chiral

PHYSICAL REVIEW D 92, 016002 (2015)

sector (quark-quark interaction mediated by gluons) will
also be an important ingredient in the future work.

ACKNOWLEDGMENTS

This work was supported in part by the Center for the
Promotion of Integrated Sciences (CPIS) of Sokendai. The
research of K.H. is supported by JSPS Grant-in-Aid
No. 25287066.

[1] T. Lappi and L. McLerran, Some features of the glasma,
Nucl. Phys. A772, 200 (2006).

[2] D.E. Kharzeev, L. D. McLerran, and H.J. Warringa, The
effects of topological charge change in heavy ion collisions:
Event by event P and CP violation, Nucl. Phys. A803, 227
(2008).

[3] V. Skokov, A.Y. Illarionov, and V. Toneev, Estimate of the
magnetic field strength in heavy-ion collisions, Int. J. Mod.
Phys. A 24, 5925 (20009).

[4] A. Bzdak and V. Skokov, Event-by-event fluctuations of
magnetic and electric fields in heavy ion collisions, Phys.
Lett. B 710, 171 (2012).

[5] W.T. Deng and X. G. Huang, Event-by-event generation of
electromagnetic fields in heavy-ion collisions, Phys. Rev. C
85, 044907 (2012).

[6] K. Tuchin, Particle production in strong electromagnetic
fields in relativistic heavy-ion collisions, Adv. High Energy
Phys. 2013, 490495 (2013).

[7] U. Gursoy, D. Kharzeev, and K. Rajagopal, Magnetohy-
drodynamics, charged currents and directed flow in heavy
ion collisions, Phys. Rev. C 89, 054905 (2014).

[8] V.P. Gusynin, V. A. Miransky, and I. A. Shovkovy, Cataly-
sis of Dynamical Flavor Symmetry Breaking by a Magnetic
Field in (2 + 1)-Dimensions, Phys. Rev. Lett. 73, 3499
(1994); 76, 1005(E) (1996).

[9] V.P. Gusynin, V. A. Miransky, and I. A. Shovkovy, Dimen-
sional reduction and dynamical chiral symmetry breaking
by a magnetic field in (3 + 1)-dimensions, Phys. Lett. B
349, 477 (1995).

[10] K. Kashiwa, Entanglement between chiral and deconfine-
ment transitions under strong uniform magnetic background
field, Phys. Rev. D 83, 117901 (2011).

[11] R. Gatto and M. Ruggieri, Deconfinement and chiral
symmetry restoration in a strong magnetic background,
Phys. Rev. D 83, 034016 (2011).

[12] K. Kamikado and T. Kanazawa, Chiral dynamics in a
magnetic field from the functional renormalization group,
J. High Energy Phys. 03 (2014) 009.

[13] T.D. Cohen, D. A. McGady, and E. S. Werbos, The chiral
condensate in a constant electromagnetic field, Phys. Rev. C
76, 055201 (2007).

[14] J. O. Andersen, Thermal pions in a magnetic background,
Phys. Rev. D 86, 025020 (2012).

[15] J.O. Andersen, Chiral perturbation theory in a magnetic
background—Finite-temperature effects, J. High Energy
Phys. 10 (2012) 005.

[16] G.S. Bali, F. Bruckmann, G. Endrodi, Z. Fodor, S. D. Katz,
and A. Schafer, QCD quark condensate in external magnetic
fields, Phys. Rev. D 86, 071502 (2012).

[17] G.S. Bali, F. Bruckmann, G. Endrodi, Z. Fodor, S. D. Katz,
S. Krieg, A. Schafer, and K. K. Szabo, The QCD phase
diagram for external magnetic fields, J. High Energy Phys.
02 (2012) 044.

[18] K. Fukushima and Y. Hidaka, Magnetic Catalysis Versus
Magnetic Inhibition, Phys. Rev. Lett. 110, 031601 (2013).

[19] J.O. Andersen, W.R. Naylor, and A. Tranberg, Phase
diagram of QCD in a magnetic field: A review, arXiv:
1411.7176.

[20] V. A. Miransky and I. A. Shovkovy, Quantum field theory in
a magnetic field: From quantum chromodynamics to gra-
phene and Dirac semimetals, Phys. Rep. 576, 1 (2015).

[21] F. Bruckmann, G. Endrodi, and T.G. Kovacs, Inverse
magnetic catalysis and the Polyakov loop, J. High Energy
Phys. 04 (2013) 112.

[22] T. Kojo and N. Su, The quark mass gap in a magnetic field,
Phys. Lett. B 720, 192 (2013).

[23] T. Kojo and N. Su, A renormalization group approach for
QCD in a strong magnetic field, Phys. Lett. B 726, 839
(2013).

[24] J. Braun, W.A. Mian, and S. Rechenberger, Delayed
magnetic catalysis, arXiv:1412.6025.

[25] N. Mueller and J. M. Pawlowski, Magnetic catalysis and
inverse magnetic catalysis in QCD, Phys. Rev. D 91, 116010
(2015).

[26] W. Heisenberg and H. Euler, Consequences of Dirac’s
theory of positrons, Z. Phys. 98, 714 (1936).

[27] J.S. Schwinger, On gauge invariance and vacuum polari-
zation, Phys. Rev. 82, 664 (1951).

[28] W. Dittrich, Effective Lagrangians at finite temperature,
Phys. Rev. D 19, 2385 (1979).

[29] H. Gies, QED effective action at finite temperature, Phys.
Rev. D 60, 105002 (1999).

[30] P.H. Cox, W. S. Hellman, and A. Yildiz, Finite temperature
corrections to field theory: Electron mass and magnetic
moment, and vacuum energy, Ann. Phys. (N.Y.) 154, 211
(1984).

016002-17


http://dx.doi.org/10.1016/j.nuclphysa.2006.04.001
http://dx.doi.org/10.1016/j.nuclphysa.2008.02.298
http://dx.doi.org/10.1016/j.nuclphysa.2008.02.298
http://dx.doi.org/10.1142/S0217751X09047570
http://dx.doi.org/10.1142/S0217751X09047570
http://dx.doi.org/10.1016/j.physletb.2012.02.065
http://dx.doi.org/10.1016/j.physletb.2012.02.065
http://dx.doi.org/10.1103/PhysRevC.85.044907
http://dx.doi.org/10.1103/PhysRevC.85.044907
http://dx.doi.org/10.1155/2013/490495
http://dx.doi.org/10.1155/2013/490495
http://dx.doi.org/10.1103/PhysRevC.89.054905
http://dx.doi.org/10.1103/PhysRevLett.73.3499
http://dx.doi.org/10.1103/PhysRevLett.73.3499
http://dx.doi.org/10.1103/PhysRevLett.76.1005
http://dx.doi.org/10.1016/0370-2693(95)00232-A
http://dx.doi.org/10.1016/0370-2693(95)00232-A
http://dx.doi.org/10.1103/PhysRevD.83.117901
http://dx.doi.org/10.1103/PhysRevD.83.034016
http://dx.doi.org/10.1007/JHEP03(2014)009
http://dx.doi.org/10.1103/PhysRevC.76.055201
http://dx.doi.org/10.1103/PhysRevC.76.055201
http://dx.doi.org/10.1103/PhysRevD.86.025020
http://dx.doi.org/10.1007/JHEP10(2012)005
http://dx.doi.org/10.1007/JHEP10(2012)005
http://dx.doi.org/10.1103/PhysRevD.86.071502
http://dx.doi.org/10.1007/JHEP02(2012)044
http://dx.doi.org/10.1007/JHEP02(2012)044
http://dx.doi.org/10.1103/PhysRevLett.110.031601
http://arXiv.org/abs/1411.7176
http://arXiv.org/abs/1411.7176
http://dx.doi.org/10.1016/j.physrep.2015.02.003
http://dx.doi.org/10.1007/JHEP04(2013)112
http://dx.doi.org/10.1007/JHEP04(2013)112
http://dx.doi.org/10.1016/j.physletb.2013.02.024
http://dx.doi.org/10.1016/j.physletb.2013.09.023
http://dx.doi.org/10.1016/j.physletb.2013.09.023
http://arXiv.org/abs/1412.6025
http://dx.doi.org/10.1103/PhysRevD.91.116010
http://dx.doi.org/10.1103/PhysRevD.91.116010
http://dx.doi.org/10.1007/BF01343663
http://dx.doi.org/10.1103/PhysRev.82.664
http://dx.doi.org/10.1103/PhysRevD.19.2385
http://dx.doi.org/10.1103/PhysRevD.60.105002
http://dx.doi.org/10.1103/PhysRevD.60.105002
http://dx.doi.org/10.1016/0003-4916(84)90143-X
http://dx.doi.org/10.1016/0003-4916(84)90143-X

OZAKI et al.

[31] M. Loewe and J. C. Rojas, Thermal effects and the effective
action of quantum electrodynamics, Phys. Rev. D 46, 2689
(1992).

[32] G. K. Savvidy, Infrared instability of the vacuum state of
gauge theories and asymptotic freedom, Phys. Lett. 71B,
133 (1977).

[33] S.G. Matinyan and G. K. Savvidy, Vacuum polarization
induced by the intense gauge field, Nucl. Phys. B134, 539
(1978).

[34] N. K. Nielsen and P. Olesen, An unstable Yang-Mills field
mode, Nucl. Phys. B144, 376 (1978).

[35] H. Leutwyler, Constant gauge fields and their quantum
fluctuations, Nucl. Phys. B179, 129 (1981).

[36] V. Schanbacher, Gluon propagator and effective Lagrangian
in QCD, Phys. Rev. D 26, 489 (1982).

[37] W. Dittrich and M. Reuter, Effective QCD Lagrangian With
zeta function regularization, Phys. Lett. 128B, 321 (1983).

[38] P. Cea, SU(2) gauge theory in a constant chromomagnetic
background field, Phys. Rev. D 37, 1637 (1988).

[39] Y. M. Cho and D. G. Pak, Monopole condensation in SU(2)
QCD, Phys. Rev. D 65, 074027 (2002).

[40] W. Dittrich and V. Schanbacher, Effective QCD Lagrangian
at finite temperature, Phys. Lett. 100B, 415 (1981).

[41] H. Gies, Effective action for the order parameter of the
deconfinement transition of Yang-Mills theories, Phys. Rev.
D 63, 025013 (2000).

[42] B. V. Galilo and S.N. Nedelko, Impact of the strong
electromagnetic field on the QCD effective potential for
homogeneous Abelian gluon field configurations, Phys.
Rev. D 84, 094017 (2011).

[43] S. Ozaki, QCD effective potential with strong U(1),,
magnetic fields, Phys. Rev. D 89, 054022 (2014).

[44] D.J. Gross, R.D. Pisarski, and L.G. Yaffe, QCD and
instantons at finite temperature, Rev. Mod. Phys. 53, 43
(1981).

PHYSICAL REVIEW D 92, 016002 (2015)

[45] N. Weiss, The effective potential for the order parameter of
gauge theories at finite temperature, Phys. Rev. D 24, 475
(1981).

[46] N. Weiss, The Wilson line in finite temperature gauge
theories, Phys. Rev. D 25, 2667 (1982).

[47] 1. A. Batalin, S. G. Matinyan, and G. K. Savvidy, Vacuum
polarization by a source-free gauge field, Yad. Fiz. 26, 407
(1977) [Sov. J. Nucl. Phys. 26, 214 (1977)].

[48] M. Gyulassy and A. Iwazaki, Quark And gluon pair
production in SU(n) covariant constant fields, Phys. Lett.
165B, 157 (1985).

[49] N. Tanji and K. Itakura, Schwinger mechanism enhanced by
the Nielsen-Olesen instability, Phys. Lett. B 713, 117
(2012).

[50] W. Dittrich and H. Gies, Probing the quantum vacuum:
Perturbative effective action approach in quantum electro-
dynamics and its application, Springer Tracts Mod. Phys.
166, 1 (2000).

[51] J.I. Kapusta, Thermodynamics of chromomagnetism, Nucl.
Phys. B190, 425 (1981).

[52] G.C. Nayak, Nonperturbative quark-antiquark production
from a constant chromo-electric field via the Schwinger
mechanism, Phys. Rev. D 72, 125010 (2005).

[53] N. Tanji, Dynamical view of pair creation in uniform electric
and magnetic fields, Ann. Phys. (Amsterdam) 324, 1691
(2009).

[54] H. Suganuma and T. Tatsumi, Chiral symmetry and quark-
antiquark pair creation in a strong color electromagnetic
field, Prog. Theor. Phys. 90, 379 (1993).

[55] S. Roessner, C. Ratti, and W. Weise, Polyakov loop,
diquarks and the two-flavour phase diagram, Phys. Rev.
D 75, 034007 (2007).

[56] G. Endrodi, Critical endpoint in the QCD phase diagram
for extremely strong background magnetic fields, arXiv:
1504.08280.

016002-18


http://dx.doi.org/10.1103/PhysRevD.46.2689
http://dx.doi.org/10.1103/PhysRevD.46.2689
http://dx.doi.org/10.1016/0370-2693(77)90759-6
http://dx.doi.org/10.1016/0370-2693(77)90759-6
http://dx.doi.org/10.1016/0550-3213(78)90463-7
http://dx.doi.org/10.1016/0550-3213(78)90463-7
http://dx.doi.org/10.1016/0550-3213(78)90377-2
http://dx.doi.org/10.1016/0550-3213(81)90252-2
http://dx.doi.org/10.1103/PhysRevD.26.489
http://dx.doi.org/10.1016/0370-2693(83)90268-X
http://dx.doi.org/10.1103/PhysRevD.37.1637
http://dx.doi.org/10.1103/PhysRevD.65.074027
http://dx.doi.org/10.1016/0370-2693(81)90149-0
http://dx.doi.org/10.1103/PhysRevD.63.025013
http://dx.doi.org/10.1103/PhysRevD.63.025013
http://dx.doi.org/10.1103/PhysRevD.84.094017
http://dx.doi.org/10.1103/PhysRevD.84.094017
http://dx.doi.org/10.1103/PhysRevD.89.054022
http://dx.doi.org/10.1103/RevModPhys.53.43
http://dx.doi.org/10.1103/RevModPhys.53.43
http://dx.doi.org/10.1103/PhysRevD.24.475
http://dx.doi.org/10.1103/PhysRevD.24.475
http://dx.doi.org/10.1103/PhysRevD.25.2667
http://dx.doi.org/10.1016/0370-2693(85)90711-7
http://dx.doi.org/10.1016/0370-2693(85)90711-7
http://dx.doi.org/10.1016/j.physletb.2012.05.043
http://dx.doi.org/10.1016/j.physletb.2012.05.043
http://dx.doi.org/10.1007/3-540-45585-X
http://dx.doi.org/10.1007/3-540-45585-X
http://dx.doi.org/10.1016/0550-3213(81)90569-1
http://dx.doi.org/10.1016/0550-3213(81)90569-1
http://dx.doi.org/10.1103/PhysRevD.72.125010
http://dx.doi.org/10.1016/j.aop.2009.03.012
http://dx.doi.org/10.1016/j.aop.2009.03.012
http://dx.doi.org/10.1143/ptp/90.2.379
http://dx.doi.org/10.1103/PhysRevD.75.034007
http://dx.doi.org/10.1103/PhysRevD.75.034007
http://arXiv.org/abs/1504.08280
http://arXiv.org/abs/1504.08280

