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We present the one-loop matching condition for the unpolarized and polarized generalized quark
distributions in the nonsinglet case. The matching condition links the quasi distributions defined in terms of
spacelike correlators at finite nucleonmomentum to the light-cone distributions, and it is useful for extracting
the latter from the former in a lattice QCD calculation. Our results show that at one-loop and leading power
accuracy the matching for the light-cone generalized quark distribution H ( ~H) is nontrivial, whereas no
matching is required for E ( ~E). Therefore, E ( ~E) can be smoothly approached by its quasi counterpart in the
large momentum limit. We also present the matching for the distribution amplitude of the pion.
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I. INTRODUCTION

One of the important goals of quantum chromodynamics
(QCD) is to understand the internal structure of nucleons in
terms of the fundamental degrees of freedom of QCD—
quarks and gluons. The parton distribution functions (PDFs)
play a crucial role in characterizing the nucleon structure.
They are defined as the forward hadronic matrix elements of
light-cone correlations, and they describe the momentum
distributions of quarks and gluons inside the nucleon. In
recent years, their generalization to nonforward kinematics,
known as generalized parton distributions (GPDs) [1–4],
also received considerable attention (for recent reviews on
GPDs, see, e.g., [5–7]). In contrast to parton distributions,
GPDs encode more information about the internal structure
of nucleons, and they can be viewed as a hybrid of parton
distributions, form factors, and distribution amplitudes. They
played an important role in providing a three-dimensional
spatial picture of the nucleon [8] and in revealing the spin
structure of the nucleon [1]. Experimentally, GPDs can be
accessed in exclusive processes such as deeply virtual
Compton scattering or meson production. However, defined
as nonlocal light-cone correlations, they are rather difficult to
access by lattice QCD simulations.
Recently, a direct approach to accessing parton distri-

butions and related quantities has been proposed [9–19].
According to this approach, the light-cone parton distri-
bution can be studied by investigating the large momentum
limit of a quasi parton distribution, which is a time-
independent spacelike correlation and thus can be simu-
lated on a Euclidean lattice. The light-cone distribution
is then recovered from the quasi one by a factorization
formula or matching condition. This procedure, in princi-
ple, applies not only to parton distributions, but also to

other quantities defined on the light cone. In Ref. [12], we
presented a factorization formula connecting the light-cone
and quasi parton distributions and proved its validity up to
one-loop order, where we showed that the quasi and light-
cone parton distributions have the same collinear singu-
larities, and the matching factor connecting them is
sensitive to UV physics only.
In this paper, we consider the one-loop matching for

GPDs. In particular, we focus on the unpolarized GPDs
Hðx; ξ; tÞ and Eðx; ξ; tÞ, and the polarized ones ~Hðx; ξ; tÞ
and ~Eðx; ξ; tÞ, which are defined in terms of the following
matrix elements:
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where Lð− z
2
; z
2
Þ is the gauge link along the light cone and

pμ ¼ p00μ þ p0μ

2
; Δμ ¼ p00μ − p0μ; t ¼ Δ2;

ξ ¼ p00þ − p0þ

p00þ þ p0þ : ð2Þ

In the limit ξ; t → 0, H and ~H reduce to the usual
unpolarized and polarized parton distributions, while the
information encoded in E and ~E cannot be accessed since
they are multiplied by the momentum transfer Δ. Only in
exclusive processes with a finite momentum transfer can E
and ~E be probed.
We will study the unpolarized and polarized GPDs, as

well as their quasi counterparts defined in terms of space-
like correlations, and we will compute the one-loop
corrections. Based on the one-loop results, we then propose
a factorization formula for quasi GPDs and extract the
matching factors relating them to the light-cone GPDs. The
matching for the GPD H ( ~H) turns out to be similar to that
for the parton distribution, whereas the matching for E ( ~E)
is trivial since, as we will show in this paper, the quasi and

light-cone definition yields the same result for E ( ~E) at one-
loop and leading power accuracy. This implies that the
light-cone GPD E ( ~E) can be smoothly approached by the
large momentum limit of its quasi counterpart; hence, its
simulation on the lattice is relatively simple. As a related
quantity, we also present the matching for the distribution
amplitude of the pion.
The rest of this paper is organized as follows. In Sec. II,

we present the definitions of quasi GPDs and our con-
ventions. In Sec. III, the results of our one-loop calculation
for the unpolarized and polarized GPDs are given. The
factorization formula for the quasi GPDs is presented in
Sec. IV, where the one-loop matching factors are given. We
also present the one-loop matching condition for the pion
distribution amplitude. Section V contains our conclusions.

II. QUASI GPDs AND CONVENTIONS

The quasi GPDs are defined in full analogy to the light-
cone ones, and they can be extracted from the following
matrix elements defined on a spacelike interval along the z
direction [10]:
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The gauge link L points along the z direction, andH, E, ~H,
and ~E may depend on pz. We define

p0μ ¼ pμ −
Δμ

2
; p00μ ¼ pμ þ Δμ

2
;

pμ ¼ ðp0; 0; 0; pzÞ; ξ ¼ p00z − p0z

p00z þ p0z ¼
Δz

2pz ; ð4Þ

and t is the same as in the light-cone GPDs since it is
Lorentz invariant. ξ defined here approaches ξ in the light-
cone GPDs when the hadron’s longitudinal momentum
approaches infinity.
In the following we will focus on the generalized quark

distributions in the nonsinglet case and will consider quarks
as external states. The on-shell conditions for the initial and
final state quark

�
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�
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and the definition t ¼ Δ2 lead to
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ð5Þ

where we have kept a quark mass m to regularize
potential collinear singularities and have chosen ~Δ⊥ to
point in the positive x direction without loss of general-
ity. For j ~Δ⊥j to be real, we have the following
constraint:
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− 4tð1 − ξ2Þp2
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z þ tÞ > 0

⇒ ξ <
1

2pz

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−tðp2

z þm2 − t
4
Þ

m2 − t
4

s
: ð6Þ

In the infinite momentum limit pz → ∞, this reduces to

ξ <

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−t

−tþ 4m2

r
; ð7Þ

which is the constraint for ξ in the light-cone GPDs. We
will also assume ξ > 0.

III. ONE-LOOP RESULT FOR GPDs

In this section, we present the one-loop results for the
quasi and light-cone GPDs. As in the case of parton
distributions, we choose the axial gauge Az ¼ 0 throughout
the computation since, in this gauge, the gauge link
becomes unity. We also use a transverse momentum cutoff
to regularize the UV divergences.

Let us start with the unpolarized case. From the
definition of Eq. (3), it is easy to see that the quasi
distributions yield the same result as the light-cone ones
at tree level:

Hð0Þðx; ξ; tÞ ¼ Hð0Þðx; ξ; t; pzÞ ¼ δð1 − xÞ;
Eð0Þðx; ξ; tÞ ¼ Eð0Þðx; ξ; t; pzÞ ¼ 0: ð8Þ

At one-loop level, the contributing Feynman diagrams in
the axial gauge are shown in Fig. 1. Let us first look at the
gluon-exchange diagram. In the axial gauge, the gluon
propagator is given by −iDμνðkÞ=k2 with the numerator

DμνðkÞ ¼ gμν −
nμkν þ nνkμ

n · k
þ n2

kμkν
ðn · kÞ2 ; ð9Þ

where n · k ¼ kz; n2 ¼ −1. The first term on the rhs of the
above equation leads to the Feynman gauge result for the
diagram, which can be written as
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After a Feynman parametrization and integration over k0 and ~k⊥, we have the following result for the first term in the
curly brackets above:

Γ11 ¼
g2CF

8π2
pz

Z
1

0
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where we have used kz ¼ xpz, and y is the Feynman parameter.
The contribution of the second term in the curly brackets in Eq. (10) can be computed analogously, and the

result is

FIG. 1. One-loop diagrams for GPDs in the axial gauge.
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Performing the Feynman parameter integrations in Eqs. (11) and (12), we are able to extract the contribution of Γ1 to the
quasi GPDs H and E with the help of the Gordon identity. The result reads

H1ðx; ξ; t; μ; pzÞ ¼ αSCF
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ð13Þ

E1ðx; ξ; t; μ; pzÞ ¼ αSCF

2π
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0 x < −ξ
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where μ is the transverse momentum cutoff for regularizing
potential UV divergences. Some remarks on the above
results are in order. To obtain Eqs. (13) and (14), we take
the limit μ → ∞, and then pz → ∞,m → 0, where we keep
the leading term in μ, pz, and m of H1 and E1 [for E1, the
leading term is Oðm2Þ], and we ignore the power sup-
pressed corrections of the type ð1=pzÞnðn ≥ 1Þ. If we do
not take pz → ∞, power corrections should be kept in the
light-cone GPDs as well, in order for the quasi and light-
cone GPDs to have the same IR behavior. As in the PDF
case [12,13], the quasi GPD result H1 does not vanish in
the full x range. However, its collinear singularities exist
only in the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi
(DGLAP) and Efremov-Radyushkin-Brodsky-Lepage

(ERBL) regions ξ < x < 1 and −ξ < x < ξ. In the
DGLAP region, the collinear singularities do not straight-
forwardly reduce to the corresponding PDF result with the
Altarelli-Parisi kernel when taking the limit ξ; t → 0,
because we assume a finite t in taking the limit m → 0.
If t ¼ 0, as in the PDF case, the above assumption does not
apply, and the term leading to lnð−tÞ above will lead to
lnm2, and thus to the correct collinear behavior of PDF. E
is UV convergent as expected since it is zero at tree level.
There is no UV divergence in H, but a logarithmic
dependence on pz instead, as in the one-loop results for
PDFs. Moreover, the coefficient of lnpz in H in the
DGLAP region reduces to the corresponding PDF result
when ξ ¼ 0.
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The second numerator structure in Eq. (9) leads to
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and the result is

H2ðx; ξ; t; μ; pzÞ ¼ αSCF
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where E2ðx; ξ; t; μ; pzÞ is of order Oðm2=p2
zÞ, which is power suppressed compared to E1 in Eq. (14) and is therefore

ignored.
The last numerator structure yields
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which contributes to Hðx; ξ; t; μ; pzÞ only with

H3ðx; ξ; t; μ; pzÞ ¼ αSCF
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Summing over all of these contributions, we obtain the following results for the gluon-exchange diagram in Fig. 1:
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× Eð1Þðx; ξ; t; μ; pzÞ ¼ E1ðx; ξ; t; μ; pzÞ: ð19Þ
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Now, we present the one-loop results for light-cone GPDs. As in the PDF case [12], the one-loop corrections for light-
cone GPDs can be obtained by first integrating over k0, then taking the limit pz → ∞ and integrating over ~k⊥. This leads to
the following results for the three numerator structures in Eq. (9):

H1ðx; ξ; t; μÞ ¼
αSCF

2π

8>>>>>>>><
>>>>>>>>:

xþξ
2ξð1þξÞ lnðμ

2

−tÞ þ xþξ
ð1−xÞð1þξÞ lnðm

2

−tÞ − 1−x−2ξ
1−ξ2 ln 1−x

1þξ

þ xþξ2

2ξð1−ξ2Þ ln
4ξ2

ξ2−x2 þ 1þx2−2ξ2
2ð1−xÞð1−ξ2Þ ln

ξ−x
xþξ −ξ < x < ξ

1−x
ð1−ξ2Þ lnðμ

2

−tÞ þ 2ðx−ξ2Þ
ð1−xÞð1−ξ2Þ lnðm

2

−tÞ
− 1−x−2ξ

1−ξ2 ln 1−x
1þξ −

1−xþ2ξ
1−ξ2 ln 1−x

1−ξ ξ < x < 1

0 otherwise;

E1ðx; ξ; t; μÞ ¼
αSCF

2π

m2

−t

8>>>>>><
>>>>>>:

2ðx−ξÞ
1þξ lnð−tm2Þ þ 2ξð1þxÞ

1−ξ2 ln 4ξ2ð1−xÞ2
ð1þξÞ2ðξ2−x2Þ

þ 2ðxþξ2Þ
1−ξ2 ln xþξ

ξ−x −ξ < x < ξ

4ðxþξ2Þ
1−ξ2 lnð−tm2Þ þ 4ξð1þxÞ

1−ξ2 ln 1−ξ
1þξ ξ < x < 1

0 otherwise;

H2ðx; ξ; t; μÞ ¼
αSCF

2π

8>>>>>><
>>>>>>:

xþξ
ð1−xÞð1þξÞ fln μ2

m2 þ ln½ð1þξ
1−xÞ2�g −ξ < x < ξ

2ðx−ξ2Þ
ð1−xÞð1−ξ2Þ ln

μ2

m2 þ xþξ
ð1−xÞð1þξÞ ln½ð1þξ

1−xÞ2�
þ x−ξ

ð1−xÞð1−ξÞ ln½ð1−ξ1−xÞ2� ξ < x < 1

0 otherwise;

E2ðx; ξ; t; μÞ ¼ 0;

H3ðx; ξ; t; μÞ ¼ 0; ð20Þ
the sum of which is

Hð1Þðx; ξ; t; μÞ ¼ αSCF

2π

8>>>>>>>><
>>>>>>>>:

xþξ
2ξð1þξÞ ð1þ 2ξ

1−xÞ ln μ2

−t þ xþξ2

2ξð1−ξ2Þ ln
4ξ2

ξ2−x2

− 1þx2−2ξ2
2ð1−xÞð1−ξ2Þ

�
ln ð1−xÞ2

ð1þξÞ2 − ln ξ−x
xþξ

�
−ξ < x < ξ

1þx2−2ξ2
ð1−xÞð1−ξ2Þ ln

μ2

−t −
1þx2−2ξ2

ð1−xÞð1−ξ2Þ ln
ð1−xÞ2
ð1−ξ2Þ ξ < x < 1

0 otherwise;

Eð1Þðx; ξ; t; μÞ ¼ E1ðx; ξ; t; μÞ: ð21Þ

The results do not vanish only in the DGLAP and ERBL
regions. There is a logarithmic UV divergence ln μ2 in the
above results whose coefficient agrees with the coefficient
of lnp2

z in Hð1Þ, and also with the evolution kernel of
nonsinglet GPDs in the DGLAP and ERBL regions. It is
interesting to see that Eð1Þ and Eð1Þ are equal. This means no
matching is required for the GPD E up to one-loop and
leading power accuracy; therefore, the light-cone E can be
smoothly approached by the quasi E in the large momen-
tum limit. The reason behind this is simple: the light-cone
GPD E and its quasi counterpart are zero at tree level and
thus are UV convergent at one-loop level.
Next, we look at the contribution of self-energy

diagrams in Fig. 1. The computation of the quark wave

function renormalization factor is essentially the same
as in the PDF case [12]; the only difference is in the
momenta of the quarks. Since the incoming and outgoing
quarks now have different momenta, we have two wave
function renormalization factors 1

2
δZFðp� 1

2
ΔÞ [or

1
2
δZFðp� 1

2
ΔÞ for light-cone GPDs]. For simplicity,

we denote δZFðp� 1
2
ΔÞ (δZFðp� 1

2
ΔÞ) as δZF;�ðξ; tÞ

(δZF;�ðξ; tÞ). These factors can be related to each
other as

δZF;þðξ; tÞ ¼ δZF;−ð−ξ; tÞ; δZF;þðξ; tÞ ¼ δZF;−ð−ξ; tÞ:
ð22Þ
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Using the same strategy as in Ref. [12], we obtain the following results for the wave function renormalization
factors:

δZF1;− ¼ −
αSCF

2π

Z
dx

8>>>>>>>><
>>>>>>>>:

x−1
ð1−ξÞ2 ln

x−ξ
x−1 −

2
1−ξ x < ξ

1−x
ð1−ξÞ2 ln

p2
z

m2 þ 1−x
ð1−ξÞ2 ln

4ð1−ξÞ2ðx−ξÞ
1−x −

2ðx−ξÞ2
ð1−xÞð1−ξÞ2 −

2ð1−xÞ
ð1−ξÞ2 ξ < x < 1

− x−1
ð1−ξÞ2 ln

x−ξ
x−1 þ 2

1−ξ x > 1;

δZF2;− ¼ −
αSCF

2π

Z
dx

8>>>>>>>>><
>>>>>>>>>:

2ðx−ξÞ
ðx−1Þð1−ξÞ ln

x−ξ
x−1 þ 3−2x−ξ

ðx−1Þðξ−1Þ x < ξ

2ðx−ξÞ
ð1−xÞð1−ξÞ

	
ln p2

z

m2 þ ln 4ð1−ξÞ2ðx−ξÞ
1−x



ξ < x < 1

þ ξ−4xþ3
ðx−1Þðξ−1Þ

− 2ðx−ξÞ
ðx−1Þð1−ξÞ ln

x−ξ
x−1 −

3−2x−ξ
ðx−1Þðξ−1Þ x > 1;

δZF3;− ¼ −
αSCF

2π

Z
dx

8>>><
>>>:

μ
ð1−xÞ2pz þ xþξ−2

ðx−1Þðξ−1Þ x < ξ

μ
ð1−xÞ2pz þ xþξ−2

ðx−1Þðξ−1Þ ξ < x < 1

μ
ð1−xÞ2pz − xþξ−2

ðx−1Þðξ−1Þ x > 1:

ð23Þ

Summing over all of these contributions and including also δZF;þ, we have

Zð1Þ
F ¼ −

αSCF

2π

Z
dy

8>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>:

	
fðξ; yÞ ln y−ξ

y−1 þ fð−ξ; yÞ ln yþξ
y−1



− 1

1−ξ2 þ μ
pzð1−yÞ2 y < −ξ

−fð−ξ; yÞ ln p2
z

m2 − fðξ; yÞ ln 1−y
ξ−y þ fð−ξ; yÞ ln 1−y

4ð1þξÞ2ðξþyÞ
þ4fð−ξ; yÞ − 1

1−ξ2 þ 2
1−y þ μ

pzð1−yÞ2 −ξ < y < ξ

−ðfðξ; yÞ þ fð−ξ; yÞÞ ln p2
z

m2 þ fðξ; yÞ ln 1−y
4ðy−ξÞð1−ξÞ2

þfð−ξ; yÞ ln 1−y
4ðyþξÞð1þξÞ2 þ 4ðfðξ; yÞ þ fð−ξ; yÞÞ þ 4

1−y −
1

1−ξ2

þ μ
pzð1−yÞ2 ξ < y < 1

−fðξ; yÞ ln y−ξ
y−1 − fð−ξ; yÞ ln yþξ

y−1 þ 1
1−ξ2 þ μ

pzð1−yÞ2 y > 1;

where

fðξ; yÞ ¼ 1

1 − ξ
−

1

1 − y
−

1 − y
2ð1 − ξÞ2 : ð24Þ

ONE-LOOP MATCHING FOR GENERALIZED PARTON … PHYSICAL REVIEW D 92, 014039 (2015)

014039-7



Similarly, on the light cone one obtains

δZF1;− ¼ −
αSCF

2π

Z
dx

8<
:

1−x
ð1−ξÞ2

	
ln μ2

m2 þ 2 ln 1−ξ
1−x



− 2ðx−ξÞ

ð1−xÞð1−ξÞ ξ < x < 1

0 otherwise;

δZF2;− ¼ −
αSCF

2π

Z
dx

8<
:

2ðx−ξÞ
ð1−ξÞð1−xÞ

	
ln μ2

m2 þ 2 ln 1−ξ
1−x



ξ < x < 1

0 otherwise;

δZF3;− ¼ 0; ð25Þ

and the complete result, including δZF;þ, is

Zð1Þ
F ¼ −

αSCF

2π

Z
dy

8>>>>><
>>>>>:

−fð−ξ; yÞ ln μ2

m2 − 2fð−ξ; yÞ ln 1þξ
1−y þ 1

1þξ −
1

1−y −ξ < y < ξ

−ðfðξ; yÞ þ fð−ξ; yÞÞ ln μ2

m2 − 2fðξ; yÞ ln 1−ξ
1−y

−2fð−ξ; yÞ ln 1þξ
1−y þ 1

1−ξ þ 1
1þξ −

2
1−y ξ < y < 1

0 otherwise:

From the above results, it is clear that the coefficients of ln p2
z

m2 in Z
ð1Þ
F and ln μ2

m2 in Z
ð1Þ
F in the DGLAP region ½ξ; 1� reduce to

the PDF result when ξ → 0. Several further checks have been performed on our results: the one-loop results for GPDs
reduce to that for PDF when ξ; t → 0 (although for H, this is nontrivial); the x integrals of the Feynman part equation (10)
contribution to GPDs, which is the most complicated one among all three numerator structures, agree with the form factors
of a local quark current computed in the Feynman gauge. We also checked the polynomiality of the logarithmic terms in the
above results.
In the case of polarized GPDs, the vertex contribution can be obtained by replacing γz with γzγ5 in Eq. (10), whereas

the self-energy contribution remains the same. We present the result of the vertex contribution below. For the quasi GPDs,
we have

~Hð1Þðx; ξ; t; μ; pzÞ ¼ Hð1Þðx; ξ; t; μ; pzÞ;

~Eð1Þðx; ξ; t; μ; pzÞ ¼ αSCF

2π

m2

ξð1 − ξ2Þt

8>>>>>>>><
>>>>>>>>:

0 x < −ξ
2ðξ − 1Þðξ − xÞ lnð−tm2Þ þ 2ξð1þ xÞ ln ξ−x

ξþx

þ2ðξ2 þ xÞ ln ð1þξÞ2ðξ2−x2Þ
4ξ2ð1−xÞ2 −ξ < x < ξ

4ξð1þ xÞ lnðm2

−tÞ þ 4ðξ2 þ xÞ ln 1þξ
1−ξ ξ < x < 1

0 x > 1;

ð26Þ

whereas on the light cone we have

~Hð1Þðx; ξ; t; μ; pzÞ ¼ Hð1Þðx; ξ; t; μ; pzÞ;
~Eð1Þðx; ξ; t; μ; pzÞ ¼ ~Eð1Þðx; ξ; t; μ; pzÞ: ð27Þ

IV. ONE-LOOP FACTORIZATION

Before we construct the factorization formula connecting the quasi and light-cone GPDs, let us summarize the one-loop
results in the previous section. For the unpolarized case, we have
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Hðx; ξ; t; μ; pzÞ ¼
�
1þ 1

2

�
δZF

�
p −

1

2
Δ
�
þ δZF

�
pþ 1

2
Δ
���

δð1 − xÞ þHð1Þðx; ξ; t; μ; pzÞ

¼ ð1þ Zð1Þ
F Þδð1 − xÞ þHð1Þðx; ξ; t; μ; pzÞ;

Hðx; ξ; t; μÞ ¼
�
1þ 1

2

�
δZF

�
p −

1

2
Δ
�
þ δZF

�
pþ 1

2
Δ
���

δð1 − xÞ þHð1Þðx; ξ; t; μÞ

¼ ð1þ Zð1Þ
F Þδð1 − xÞ þHð1Þðx; ξ; t; μÞ: ð28Þ

Similar results can be written down for the polarized case. A crucial difference betweenH andH is that the latter vanishes in
the regions x < −ξ and x > 1, whereas the former does not. The connection between the quasi and light-cone GPDs can be
established as

Hðx; ξ; t; μ; pzÞ ¼
Z

1

−1

dy
jyjZH

�
x
y
;
ξ

y
;
μ

pz

�
Hðy; ξ; t; μÞ ð29Þ

up to power corrections suppressed by pz, where the integration range is given by the support property of the light-
cone GPD.
The matching factor ZH can be perturbatively expanded as

ZH

�
x
y
;
ξ

y
;
μ

pz

�
¼ δ

�
1 −

x
y

�
þ αS
2π

Zð1Þ
H

�
x
y
;
ξ

y
;
μ

pz

�
þ H:o:; ð30Þ

where H.o. denotes higher-order contributions. From the one-loop results for H and H, the matching factor can be
extracted as

Zð1Þ
H ðη; ζ; μ=pzÞ=CF ¼

8>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>:

ðζ2þηÞ lnζþη
η−ζ

2ζðζ2−1Þ þ ð−2ζ2þη2þ1Þ lnðη−1Þ2
η2−ζ2

2ðζ2−1Þðη−1Þ þ μ
pzð1−ηÞ2 η < −ζ

ηþζ
2ζð1þζÞ

	
1þ 2ζ

1−η



ln p2

z

μ2
þ 1þη2−2ζ2

2ð1−ηÞð1−ζ2Þ
	
ln½4ð1 − ηÞ2� − ln ζ−η

ηþζ



þ ηþζ2

2ζð1−ζ2Þ ln ½4ðζ2 − η2Þ� þ ηþζ
ð1þζÞðη−1Þ þ μ

pzð1−ηÞ2 −ζ < η < ζ

1þη2−2ζ2
ð1−ηÞð1−ζ2Þ ln

p2
z

μ2
þ 1þη2−2ζ2

2ð1−ηÞð1−ζ2Þ ðln½16ðη2 − ζ2Þ� þ 2 lnð1 − ηÞÞ
− ηþζ2

2ζð1−ζ2Þ ln
η−ζ
ηþζ −

2ðη−ζ2Þ
ð1−ηÞð1−ζ2Þ þ μ

pzð1−ηÞ2 ζ < η < 1

−
ðζ2þηÞ lnζþη

η−ζ
2ζðζ2−1Þ −

ð−2ζ2þη2þ1Þ lnðη−1Þ2
η2−ζ2

2ðζ2−1Þðη−1Þ þ μ
pzð1−ηÞ2 η > 1.

ð31Þ

The above matching factor is valid for y > ξ; however, it can be extended to the full y range as

1

jyjZ
ð1Þ
H

�
x
y
;
ξ

y
;
μ

pz

�
=CF ¼ 1

y

�
F1

�
x
y
;
ξ

y
;
μ

pz

�
θðx < −ξÞθðx < yÞ þ F2

�
x
y
;
ξ

y
;
μ

pz

�
θð−ξ < x < ξÞθðx < yÞ

þ F3

�
x
y
;
ξ

y
;
μ

pz

�
θðξ < x < yÞ þ F4

�
x
y
;
ξ

y
;
μ

pz

�
θðx > ξÞθðx > yÞ

�
; ð32Þ

where F1;2;3;4 are given by the matching factor in the four different regions in Eq. (31) (with a replacement ln a → 1=2 ln a2

so that they are real functions); pz shall be replaced by yPz, with Pz being the averaged longitudinal momentum of the

ONE-LOOP MATCHING FOR GENERALIZED PARTON … PHYSICAL REVIEW D 92, 014039 (2015)

014039-9



external hadrons. The validity of the above equation can be checked by explicit computations. The coefficient of ln p2
z

μ2
is the

same as the evolution kernel of the light-cone GPD.
Near η ¼ 1, one has an extra contribution from the self-energy correction

Zð1Þ
H

�
x
y
;
ξ

y
;
μ

pz

�
¼ δZð1Þ

H ð2π=αSÞδð1 − ηÞ; ð33Þ

with

δZð1Þ
H ¼ −

αSCF

2π

Z
dη

8>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>:

�
fðζ; ηÞ ln η−ζ

η−1 þ fð−ζ; ηÞ ln ηþζ
η−1

�
− 1

1−ζ2 þ μ
pzð1−ηÞ2 η < −ζ

−fð−ζ; ηÞ ln p2
z

μ2
− fðζ; ηÞ ln 1−η

ζ−η − fð−ζ; ηÞ ln½4ðζ þ ηÞð1 − ηÞ�
þ4fð−ζ; ηÞ − 1

1−ζ2 −
1

1þζ þ 3
1−η þ μ

pzð1−ηÞ2 −ζ < η < ζ

−ðfðζ; ηÞ þ fð−ζ; ηÞÞ ln p2
z

μ2
− fðζ; ηÞ ln½4ðη − ζÞð1 − ηÞ�

−fð−ζ; ηÞ ln½4ðζ þ ηÞð1 − ηÞ� þ 4ðfðζ; ηÞ þ fð−ζ; ηÞÞ þ 6
1−η

− 3
1−ζ2 þ μ

pzð1−ηÞ2 ζ < η < 1

−fðζ; ηÞ ln η−ζ
η−1 − fð−ζ; ηÞ ln ηþζ

η−1 þ 1
1−ζ2 þ μ

pzð1−ηÞ2 η > 1.

ð34Þ

One can check to see that δZð1Þ
H provides a plus distribution

for the singularity at x ¼ y in the matching factor

Zð1Þ
H ðx=y; ξ=y; μ=pzÞ. The above matching factor also trans-

forms the logarithmic dependence on pz in Hðx; ξ; t; μ; pzÞ
into the renormalization scale dependence in Hðx; ξ; t; μÞ.
Note that we have the same linear divergence as in the PDF
case. Moreover, when ξ → 0, the region ½−ξ; ξ� disappears
and the matching factors in the remaining regions reduce to
those for the PDF.
In the above result, we take into account the quark

contribution only. The antiquark contribution is given by
making the following replacement in Eq. (32):

x → −x; y → −y: ð35Þ
Summing over both the quark and the antiquark contribu-
tion, one obtains the complete matching factor, which

contains in the ln p2
z

μ2
term the complete evolution kernel of

the light-cone GPD.
The factorization of E can be constructed analogously.

However, from the results of E and E, the matching factor
for E is simply given by

ZEðx=yÞ ¼ δðx=y − 1Þ ð36Þ

up to one-loop order and leading pz accuracy. Since E does
not show up at tree level, it is UV convergent and thus does
not have a cutoff dependence. Accordingly, E does not have
a logarithmic dependence on pz. Therefore, the light-cone
GPD E can be smoothly approached by the large momen-
tum limit of ~E. This is also true, in principle, for other light-
cone quantities that do not exhibit a UV divergence. The
simulation of such quantities on the lattice are, therefore,
relatively simple.
Since ~Hð1Þ ¼ Hð1Þ, ~Hð1Þ ¼ Hð1Þ, and ~Eð1Þ ¼ ~Eð1Þ, the

above factorization also applies to the polarized GPDs with
the same matching factors.
In the following, we consider the matching for the

distribution amplitude, whose evolution kernel can be
obtained from that of the GPD as a limiting case. Here,
we focus on the simplest type, the distribution amplitude of
the pion. The light-cone pion distribution amplitude ϕðxÞ is
given by

ϕðxÞ ¼
Z

dz−

2π
eið2x−1Þpþz−=2hπðpÞjψ̄

�
−
z
2

�
γþγ5L

�
−
z
2
;
z
2

�
ψ

�
z
2

�
j0i; ð37Þ

where the two quark fields are separated along the light cone, and xð1 − xÞ denotes the momentum fraction of the
quark (antiquark). As in the case of GPDs, it can be studied from the large momentum limit of the following quasi
correlation:
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~ϕðx; pzÞ ¼
Z

dz
2π

e−ið2x−1Þpzz=2hπðpÞjψ̄
�
−
z
2

�
γzγ5L

�
−
z
2
;
z
2

�
ψ

�
z
2

�
j0i; ð38Þ

with the two quark fields separated along the spatial
direction. The one-loop factorization for the pion distribu-
tion amplitude can be written down analogously as

~ϕðx; μ; pzÞ ¼
Z

1

0

dyZϕðx; y; μ; pzÞϕðy; μÞ: ð39Þ

The matching factor Zϕðx; y; μ; pzÞ can be obtained by
starting with the light-cone and quasi distribution ampli-
tudes, Eqs. (37) and (38), and computing the one-loop
corrections, respectively. It can also be obtained from the
above matching factor for GPDs by crossing the initial
quark to the final state, which leads to the following
replacement for the momentum fractions:

ζ →
1

2y − 1
; η=ζ → 2x − 1: ð40Þ

This corresponds to setting

x → 2x − 1; y → 2y − 1; ξ → 1 ð41Þ

in Eq. (32). Note that one also needs to replace the averaged
longitudinal momentum of external hadrons Pz below
Eq. (32) by pz=2, with pz being the longitudinal momen-
tum of the pion.
Expanding the matching factor Zϕðx; y; μ; pzÞ as

Zϕðx; y; μ; pzÞ ¼ δðx − yÞ þ αS
2π

Zð1Þ
ϕ ðx; y; μ; pzÞ þ � � � ;

ð42Þ

we then have

Zð1Þ
ϕ ðx; y; μ; pzÞ=CF ¼ G1ðx; y; μ; pzÞθðx < 0Þ þ G2ðx; y; μ; pzÞθð0 < x < yÞ

þ G3ðx; y; μ; pzÞθðy < x < 1Þ þG4ðx; y; μ; pzÞθðx > 1Þ; ð43Þ

with

G1ðx; y; μ; pzÞ ¼
�

x
2ð1 − yÞ þ

1 − x
2y

�
ln

x
x − 1

þ
�

x
2ð1 − yÞ −

1 − x
2y

þ 1

y − x

�
ln
ðx − yÞ2
xðx − 1Þ þ

μ

pzðx − yÞ2 ;

G2ðx; y; μ; pzÞ ¼
�
x − 1

y
þ 1

y − x

�
ln
p2
z

μ2
þ
�

x
2ð1 − yÞ −

1 − x
2y

þ 1

y − x

�
ln½4ðx − yÞ2�

þ
�

x
2ðy − 1Þ þ

x − 1

2y

�
ln½4xð1 − xÞ� þ

�
x

2ðy − 1Þ þ
1 − x
2y

−
1

y − x

�
ln
1 − x
x

þ 1

y
−

1

y − x
þ μ

pzðx − yÞ2 ;

G3ðx; y; μ; pzÞ ¼ G2ð1 − x; 1 − y; μ; pzÞ;

G4ðx; y; μ; pzÞ ¼
�

x
2ð1 − yÞ þ

1 − x
2y

�
ln
x − 1

x
þ
�

x
2ð1 − yÞ −

1 − x
2y

þ 1

y − x

�
ln
xðx − 1Þ
ðx − yÞ2 þ

μ

pzðx − yÞ2 : ð44Þ

Here, we have taken into account charge conjugation
invariance and the fact that the one-loop diagram for
the pion simultaneously involves the quark and the
antiquark state. We have checked to see that the
above matching factor agrees with the result of direct
computation.

Near x ¼ y, one has an extra contribution from the wave
function renormalization

Zð1Þ
ϕ ðx; y; μ; pzÞ=CF ¼ δZð1Þ

ϕ ð2π=αSÞδðx − yÞ; ð45Þ

where δZð1Þ
ϕ is given by
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δZð1Þ
ϕ ¼ −

αSCF

2π

Z
dx

8>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>:

	
x−1

2ð1−yÞ2 þ 1
2ðy−1Þ −

1
y−x



ln 1−x

y−x þ
	

x
2y2 þ 1

2y −
1

y−x



ln x

x−y

− 1
2ðy−1Þ −

1
2y þ μ

pzðy−xÞ2 x < 0	
− x

2y2 −
1
2y þ 1

y−x


	
ln p2

z

μ2
þ ln½4xðy − xÞ�



þ
	

1−x
2ð1−yÞ2 −

1
2ðy−1Þ

þ 1
y−x



ln x−y

x−1 −
1

2ðy−1Þ þ 2x
y2 þ 1

2y −
1

y−x þ μ
pzðy−xÞ2 0 < x < y	

− 1−x
2ð1−yÞ2 −

1
2ð1−yÞ þ 1

x−y


	
ln p2

z

μ2
þ ln½4ð1 − xÞðx − yÞ�



þ
	

x
2y2

þ 1
2y −

1
y−x



ln x−y

x þ 1
2y þ 2ð1−xÞ

ð1−yÞ2 þ 1
2ð1−yÞ þ 1

y−x þ μ
pzðy−xÞ2 y < x < 1

−
	

x−1
2ð1−yÞ2 þ 1

2ðy−1Þ −
1

y−x



ln 1−x

y−x −
	

x
2y2 þ 1

2y −
1

y−x



ln x

x−y

þ 1
2ðy−1Þ þ 1

2y þ μ
pzðy−xÞ2 x > 1.

ð46Þ

One can explicitly check to see that the wave function
renormalization factor provides a plus prescription for the
factor in Eq. (43).

V. CONCLUSION

We have presented the one-loop matching conditions for
the unpolarized and polarized generalized quark distribu-
tion in the nonsinglet case. The matching conditions relate
the quasi GPDs defined in terms of spacelike correlations
and the light-cone GPDs. For the GPDH ( ~H), the matching
is constructed in analogy with the PDF matching, and the
matching factor reduces to that of the PDF in the limit
ξ → 0. For E ( ~E), as it is UV convergent, the matching
factor is trivially given by a δ function, implying that the
light-cone GPD E ( ~E) can be smoothly approached by its
quasi counterpart E ( ~E) in the large momentum limit. This

facilitates its extraction from lattice simulations. We have
also presented the matching condition for the pion dis-
tribution amplitude.

ACKNOWLEDGMENTS

We thank V. Braun for the useful discussions on the pion
distribution amplitude, and M. Diehl for the helpful
communications on GPDs and distribution amplitudes.
This work was partially supported by the U.S.
Department of Energy via Grant No. DE-FG02-93ER-
40762, by Grant No. 11DZ2260700 from the Office of
Science and Technology in the Shanghai Municipal
Government, by the National Science Foundation of
China (Grants No. 11175114 and No. 11405104), and
by DFG Grant No. SCHA 458/20-1.

[1] X.-D. Ji, Gauge-Invariant Decomposition of Nucleon Spin,
Phys. Rev. Lett. 78, 610 (1997).

[2] A. V. Radyushkin, Scaling limit of deeply virtual Compton
scattering, Phys. Lett. B 380, 417 (1996).

[3] X.-D. Ji, Deeply virtual Compton scattering, Phys. Rev. D
55, 7114 (1997).

[4] A. V. Radyushkin, Asymmetric gluon distributions and
hard diffractive electroproduction, Phys. Lett. B 385, 333
(1996).

[5] A. V. Belitsky and A. V. Radyushkin, Unraveling hadron
structure with generalized parton distributions, Phys. Rep.
418, 1 (2005).

[6] X. Ji, Generalized parton distributions, Annu. Rev. Nucl.
Part. Sci. 54, 413 (2004).

[7] M. Diehl, Generalized parton distributions, Phys. Rep. 388,
41 (2003).

[8] M. Burkardt, Impact parameter dependent parton dis-
tributions and off-forward parton distributions for
ζ → 0, Phys. Rev. D 62, 071503 (2000); 66, 119903
(E) (2002).

[9] X. Ji, J.-H. Zhang, and Y. Zhao, Physics of Gluon Helicity
Contribution to Proton Spin, Phys. Rev. Lett. 111, 112002
(2013).

[10] X. Ji, Parton Physics on Euclidean Lattice, Phys. Rev. Lett.
110, 262002 (2013).

[11] Y. Hatta, X. Ji, and Y. Zhao, Gluon helicity ΔG from a
universality class of operators on a lattice, Phys. Rev. D 89,
085030 (2014).

JI et al. PHYSICAL REVIEW D 92, 014039 (2015)

014039-12

http://dx.doi.org/10.1103/PhysRevLett.78.610
http://dx.doi.org/10.1016/0370-2693(96)00528-X
http://dx.doi.org/10.1103/PhysRevD.55.7114
http://dx.doi.org/10.1103/PhysRevD.55.7114
http://dx.doi.org/10.1016/0370-2693(96)00844-1
http://dx.doi.org/10.1016/0370-2693(96)00844-1
http://dx.doi.org/10.1016/j.physrep.2005.06.002
http://dx.doi.org/10.1016/j.physrep.2005.06.002
http://dx.doi.org/10.1146/annurev.nucl.54.070103.181302
http://dx.doi.org/10.1146/annurev.nucl.54.070103.181302
http://dx.doi.org/10.1016/j.physrep.2003.08.002
http://dx.doi.org/10.1016/j.physrep.2003.08.002
http://dx.doi.org/10.1103/PhysRevD.62.071503
http://dx.doi.org/10.1103/PhysRevD.66.119903
http://dx.doi.org/10.1103/PhysRevD.66.119903
http://dx.doi.org/10.1103/PhysRevLett.111.112002
http://dx.doi.org/10.1103/PhysRevLett.111.112002
http://dx.doi.org/10.1103/PhysRevLett.110.262002
http://dx.doi.org/10.1103/PhysRevLett.110.262002
http://dx.doi.org/10.1103/PhysRevD.89.085030
http://dx.doi.org/10.1103/PhysRevD.89.085030


[12] X. Xiong, X. Ji, J.-H. Zhang, and Y. Zhao, One-loop
matching for parton distributions: Nonsinglet case, Phys.
Rev. D 90, 014051 (2014).

[13] H.-W. Lin, J.-W. Chen, S. D. Cohen, and X. Ji, Flavor
structure of the nucleon sea from lattice QCD, Phys. Rev. D
91, 054510 (2015).

[14] Y.-Q. Ma and J.-W. Qiu, Extracting parton distribu-
tion functions from lattice QCD calculations,
arXiv:1404.6860.

[15] X. Ji, Parton physics from large-momentum effective field
theory, Sci. China Phys. Mech. Astron. 57, 1407 (2014).

[16] X. Ji, P. Sun, X. Xiong, and F. Yuan, Soft factor subtraction
and transverse momentum dependent parton distributions
on lattice, Phys. Rev. D 91, 074009 (2015).

[17] X. Ji, J.-H. Zhang, and Y. Zhao, Justifying the naive partonic
sum rule for proton spin, Phys. Lett. B 743, 180 (2015).

[18] X. Ji and J.-H. Zhang, On the renormalization of quasi
parton distribution, arXiv:1505.07699.

[19] C. Alexandrou, K. Cichy, V. Drach, E. Garcia-Ramos, K.
Hadjiyiannakou, K. Jansen, F. Steffens, and C. Wiese,
Lattice calculation of parton distributions, Phys. Rev. D
92, 014502 (2015).

ONE-LOOP MATCHING FOR GENERALIZED PARTON … PHYSICAL REVIEW D 92, 014039 (2015)

014039-13

http://dx.doi.org/10.1103/PhysRevD.90.014051
http://dx.doi.org/10.1103/PhysRevD.90.014051
http://dx.doi.org/10.1103/PhysRevD.91.054510
http://dx.doi.org/10.1103/PhysRevD.91.054510
http://arXiv.org/abs/1404.6860
http://dx.doi.org/10.1007/s11433-014-5492-3
http://dx.doi.org/10.1103/PhysRevD.91.074009
http://dx.doi.org/10.1016/j.physletb.2015.02.054
http://arXiv.org/abs/1505.07699
http://dx.doi.org/10.1103/PhysRevD.92.014502
http://dx.doi.org/10.1103/PhysRevD.92.014502

