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We systematically calculate the relativistic corrections to the polarization variables of prompt J/y
photoproduction and hadroproduction using the factorization formalism of nonrelativistic QCD.

Specifically, we include the 3S[ll] and 3P[Jl] color-singlet and the 3S[IS], 151)8]’ and 3P[JS] color-octet channels

as well as the effects due to the mixing between the 3S[]8] and 3D[18] channels. We provide all the squared
hard-scattering amplitudes in analytic form. Assuming the nonrelativistic-QCD long-distance matrix
elements to satisfy the velocity scaling rules, we find the relativistic corrections to be appreciable, especially
at small transverse momentum py and large inelasticity z. The results obtained here and in our previous work
on the unpolarized yield [Phys. Rev. D 90, 014045 (2014)] will help to render global analyses of prompt

J /y production data more complete and hopefully to shed light on the J/y polarization puzzle.
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I. INTRODUCTION

Through concerted efforts from both the experimental and
theoretical sides, we have deepened our understanding of the
mechanism of J/y production at high energies in recent
years (for a review, see Ref. [1] and references cited therein).
Yet, there are still major challenges to the theoretical models.
One of them is the long-standing J/y polarization puzzle.
The polarization of promptly produced J/yw mesons, which
are produced either directly or via the feed down from higher
excited states such as y.; (J/ =0, 1,2) and y' mesons, was
measured by several experiments in different environments,
including CDF at the Fermilab Tevtron [2,3]; HERA-B [4],
ZEUS [5], and H1 [6] at DESY HERA; PHENIX at BNL
RHIC [7]; and ALICE [8], CMS [9], and LHCb [10] at
CERN LHC. Unfortunately, these measurements could not
yet be explained by theoretical analyses in a way consistent
with the world data on the unpolarized J/y yield. The
production of heavy-quarkonium states, like the J /i meson,
involves the creation of the heavy-quark pair (QQ) and its
subsequent transition to the hadronic bound state. Different
ways of treating these two parts result in different models.
Polarization variables are more sensitive to the fine details of
the hadronization of the QQ pair than production rates and,
therefore, play a key role in testing the theoretical models.

Due to the fact that the heavy-quark mass m, is much
larger than the asymptotic scale parameter of QCD Aqcp, the
heavy-quarkonium state can be approximately treated as a
nonrelativistic system. The factorization formalism based on
the effective field theory of nonrelativistic QCD (NRQCD)
[11-13] is nowadays considered to be the most favorable
theoretical approach to study heavy-quarkonium production
and decay. In this framework, the heavy-quarkonium pro-
duction cross sections are factorized into process-dependent
short-distance coefficients (SDCs) and supposedly universal
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long-distance matrix elements (LDMEs) [13]. The SDCs,
which describe the production of the Q Q pair at energy scales
2mg or larger, can be calculated perturbatively through
expansions in the strong-coupling constant a,. The LDME:s,
which measure the probability of the hadronization of the
QQ pair, are weighted by definite powers of the relative
velocity v of the heavy quarks in the heavy-meson rest frame
[12]. In this way, theoretical calculations are organized as
double expansions in @, and v. Quantum corrections come as
terms of higher orders in «, and relativistic corrections as
terms of higher orders in v ~ a,. Thus, next-to-leading-
order (NLO) results include corrections of orders O(a;) and
O(v?) relative to the leading-order (LO) result. Next-to-next-
to-leading-order results also include terms of relative orders
O(a?), O(a,v?), O(v*), and so on. A crucial difference
between the NRQCD factorization formalism and the con-
ventional color-singlet (CS) model is that the former allows
for the QQ pair to be in any possible Fock state n = 2511’
with total spin S, orbital angular momentum L, total angular
momentum J, and color multiplicity a = 1, 8, while the latter
is restricted to the CS state, with a = 1, sharing the quantum
numbers S, L, and J with the heavy meson. The color-octet
(CO) mechanism, i.e., the appearance of CO states, with
a = 8, is a distinctive feature of NRQCD factorization.
Two decades after the introduction of NRQCD factori-
zation [13], all the relevant observables of prompt J/y
production are available at NLO in a;. In particular, these
include yield [14] and polarization [15] in photoproduction,
yield [16-18] and polarization [19-23] in hadroproduction,
and observables in other production modes [24-26]. Since
the LDME:s of the 7, meson are related to those of the J/y
meson via heavy-quark spin symmetry, the 7. yield [27-29]
must be included in this list, too. The J/w LDMEs
determined at NLO in NRQCD via a global fit to measure-
ments of the unpolarized J/y yields in photoproduction,
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hadroproduction, and other production modes [26] lead to
predictions of J/y polarization in hadroproduction [19] that
are incompatible with measurements at the Tevatron [2,3]
and the LHC [9,10]. On the other hand, J/yw LDMEs
determined only from hadroproduction data [20,21] are
incompatible with data from photoproduction and other
production modes [30]. In other words, the long-standing
J/w polarization crisis of NRQCD, which had already been
observed at LO [31], is substantiated at NLO in «. This
crisis has recently been aggravated by the observation [27]
that all the up-to-date J /v LDME sets [20,21,26,32] lead to
NLO NRQCD predictions for the 7, yield in hadroproduc-
tion that significantly overshoot the recent LHCb measure-
ment [33]. Unfortunately, attempts [28] to reconcile the
measured 7, and J/y yields of hadroproduction by resorting
to pre-LHC LDME:s [17] fail to describe the J/y polariza-
tion measured at the Tevatron [23] and the LHC [28] in the
regime of large p; values and central rapidities y. The
analysis of Ref. [29] also misses its goal of achieving a
coherent description of the J/y and 7, yields and the J/y
polarization in prompt hadroproduction. Obviously, NRQCD
factorization presently faces severe challenges with regard to
the predicted universality of the LDMEs at NLO in a.

To resolve the J/y polarization puzzle and to clarify the
universality problem of the NRQCD LDMEs, we system-
atically calculated, in our previous work [34], the relativ-
istic corrections, of relative order O(v?), to the unpolarized
J/y yields in photoproduction and hadroproduction by
including both the direct and feed-down contributions. We
found that the O(v?) corrections are appreciable, except for
the CS3S [1 ! channel of hadroproduction, and that their line
shapes greatly differ between photoproduction and hadro-
production, which may offer a chance to improve the
goodness of the state-of-the-art determinations of the
LDMEs. In this paper, we take the next logical step by
calculating the O(v?) corrections to the J/y polarization
observables in photoproduction and hadroproduction. All
these O(v?) corrections must be included on top of the
respective O(ay) corrections [14-23] to render the NLO
predictions complete.

We organize the remainder of this paper as follows. In
Sec. II, we shall briefly describe how to calculate the SDCs
for the polarization parameters in the direct and feed-down
processes of photoproduction and hadroproduction. In
Sec. III, we shall present and discuss our numerical results.
A brief summary will be given in Sec. IV. All the relevant
analytic expressions will be collected in the Appendix.

II. NRQCD FACTORIZATION FORMULA

The polarization of the J/w meson is measured
through the angular distribution of its leptonic decay,
J/w — [T + [~, which may be parametrized as

W(0,¢) = 1 + Agcos?0 + A,sin?6 cos(2¢)
+ Ag, sin(26) cos ¢, (1)
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where § and ¢ are the polar and azimuthal angles of lepton
I in the J/y rest frame, respectively, which depend on
the choice of coordinate frame. For example, in the recoil or
s-channel helicity frame, the z axis is chosen to be the J/y
flight direction. The parameters Ay, 44, and 44 in Eq. (1)
may be related to the helicity density matrix do,;, which
describes the interferences between the states of helicity 4
and A’ in J/y production [35]

doy; — doy
19 =
dgl,l +d00’0
doy
/1(/) =,
d01,1 + d0'070
\/iRedUl.o

i T 2
94) dﬁ].] + dO-O,O ( )

Invoking the Weizsidcker—Williams approximation and
the factorization theorems of the QCD parton model and
NRQCD [13], we may write the hadronic helicity density
matrices of both the direct and feed-down processes in the
general form

dUMI<A+B —)J/l//+X)

/ dxydysdzafiya (x) fn (00 y5(52)

i,j,H

where f;/4(x) is the parton density function (PDF) of the
parton i in the hadron A = p, p or the flux function of the
photon i = y in the charged lepton A = e~ e*, f;/;(y;) is
8;;6(1 —y;) or the PDF of the parton j in the resolved
photon i =y, Br(H — J/w + X) is the branching ratio
for H=J/y,y.,w with the understanding that
Br(J/w - J/y+X)=1, and dé;;(i+j— H+X) is
the partonic helicity density matrix. Through relative order
O(v?), the latter may be factorized as'

- Z( 20 0y +UZG$;()<7>H< D). @

where O (n) is the four-quark operator pertaining to the
transition n — H at LO, with dimension doy,), P*(n) is
related to its O(v?) correction and carries dlmension
dp(n) = dom) +2, and F Y,(n) and G;j/v( n) are the appro-
priate SDCs of the partonic subprocess i + j — c¢(n) + X.
The definitions of the O and P operators and some of their

properties may be found in Refs. [13,34]. Working in the

'The spin-flip interactions are O(v*) suppressed [36], so that
NRQCD factorization still holds for the helicity density matrix
through relative order O(v?).
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fixed-flavor-number scheme, the parton i runs over the
gluon g and the light quarks ¢ = u, d, s and antiquarks g.

As in the unpolarized case [34], the relevant partonic
subprocesses include

g+y—c (35[118] 158] 3P[81)+g,
q9(q) +v — ce(sP. sy 3P + 4(3).
g+ g— eS8 15l 3plisly 4o
<3 150 ,3P“8]>+q<a>,
ce(CsP sy 3P Y) + (5)

q(q) +g—c

q+q—
The SDCs FY,(n) and G;’/l,(n) may still be calculated
with the help of the spinor projection method as explained
in Ref. [34] when the polarization four-vector ¢(4) of the
cc pair is kept generic. In the following, we only explain
the differences in computing the helicity density matrix
elements with respect to Ref. [34]. We only need to discuss
the nontrivial cases of S = 1. In the case of direct J/y
production, the total spin S of the cc pair can safely be
identified with the spin S of the J/y meson through O(v?)
because spin-flip effects occur only at O(v?) [36], and the
index L, related to the orbital angular momentum of the c¢
pair may be summed over. Starting from the partonic
scattering amplitude M;(n) = M(i + j — cc(n,A) + X),
where 4 is the helicity related to the total spin S of the
cc pair, the helcity density matrix element is thus evaluated
as p,(n) = >_M,;(n)M;(n) by summing over the orbital
angular momentum L, of the c¢¢ pair and the spins and
colors of the other outgoing partons, contained in system X,
and averaging over the spins and colors of the incoming
partons i and j. Through O(v?), the general Lorentz
structure of p%/,(n) implies the decomposition
ij _ ij 2pij HY % /
pin(n) =D _[AL(n) + @Bl (n)]si" ex(De, (), (6)

k

where k labels the process-independent four-tensors

l‘l/ — g;w, Sz — k/‘kl/,

b’ = Khks, shY = Kiks + K5k, (7)
with k; and k, being the four-momenta of the incoming
partons; A/(n) and Bj/(n) are the SDCs, which are
functions of the partonic Mandelstam variables s, ¢, and
u and depend on the considered partonic subprocess, but
not on the choice of coordinate frame; and q is the relative
three-momentum within the c¢ pair. Because P - ¢(4) = 0,
where P is the total four-momentum of the c¢ pair, and
= 4E; [34], ¢/(A) also implicitly depends on q>. To
obtaln the complete results at O(v?), the contractions
between s¢” and €(4)e, (1) also need to be expanded as
series in q° after choosing a coordinate frame. Writing
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siien(Ae, (A) = c’/&, + qzd’jl + O(q*), (8)

it is straightforward to obtain
FY.(n) 1
!
=75 / dLIPSZA k.
me
Gy(n) _
A
T /dLIPSZ[ Al (n)(Kck, +d~,)

+ Bl et | o)

where the definition of the factor K is the same as in
Ref. [34]. Note that ¢%, and d%, are frame dependent.

The radiative decays y., = J/w+y are not only
affected by the El transition but also by the higher-
multipole M2 (y,.; and y.,) and E3 (y.,) ones. A detailed
study [37] revealed that only the angular distribution of the
photon is very sensitive to the higher-multipole contribu-
tions, while the latter are negligible for the angular
distribution of the subsequent J/y — [T + [~ decay.
Therefore, it is sufficient to calculate the helicity density
matrix elements of J/y production from y,.; feed down by
connecting the J/y polarization four-vector to the total
spin of the cc¢ pair in the helicity density matrix elements
of y.; production and multiplying the outcome by the
branching ratio of y.; = J/w +y. At first sight, this is
surprising because the Lorentz structure of the helicity
density matrix elements of y.; production look more
complicated [38,39].2 However, after summing over the
polarization J, of the y., meson, the helicity density matrix
elements may indeed be expressed in the form of Eq. (6) as
well. To ensure that our simplified method is correct, we
compared with previous LO calculations [38,40] to find
agreement.

We generate the Feynman diagrams by using the
FeynArts package [41] and calculate the amplitude squares
with the help of the FeynCalc package [42]. As for direct
J /y production, we reproduce the LO results for p; ﬂ,( n) in
Ref. [35] by setting q> = 0, while our results for the O(v?)
corrections are new. As for J/y production via feed down
from y,.; mesons, the LO helicity density matrix elements
are found to agree with the results of Ref. [38] after
simplifying the latter, but are represented here for the first
time in compact form, and the O(v?) corrections are again
new. We recover our results in Ref. [34] by summing over
the helicity indices 4 and A’. In the Appendix, we list all the
new results for AY(n) and BY(n) in analytic form.

We caution the reader of the following misprints p Ref. [38]:
In Eq. (22), the terms proportional to (O¥o 3S )B(res =
J/y + y) with J = 1,2 should be multiphed by the respective
total-spin multiplicities (2J 4 1). Three lines below Eq. (23),
|R’»(0)| should be squared. The last factor in the first line of the
expression for ¢, in Eq. (A7) should read (752 + §7+7#%).
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III. PHENOMENOLOGICAL RESULTS

We are now in a position to investigate the phenom-
enological significance of the O(v?) corrections to the
polarization parameters in prompt J/w photoproduction
and hadroproduction. In our numerical analysis, we use
m, =15 GeV, a=1/137.036, the LO formula for

a§"f )(u,) with n, = 4 active quark flavors and asymptotic

scale parameter Agén = 215 MeV [43], the CTEQG6L1 set
for proton PDFs [43], the photon flux function given in
Eq. (5) of Ref. [44] with Q2. = 2.5 GeV? [6], and the
choice p, = puy = +/ p% + 4m? for the renormalization and
factorization scales. In contrast to the case of the unpolar-
ized J/w yield in Ref. [34], the size of the O(v?)
corrections to the J/y polarization parameters for a given
cc Fock state n cannot be directly estimated from the SDC
ratios R,y (n) = (dF,;(n)/dx)/(dG;;(n)/dx), where x is
some variable, because the do,; values enter as ratios in
Eq. (2). For instance, if we had Ryy(n) = R;,(n) for some

1o———————————

1
ACsh

,,,,,,,,,, /155
[ - = — - g
-1.0 n 1 n n n 1 n n n 1 n n n 1 n n
2 4 6 8 10
Pr(GeV)

(a)
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10
Pp(GeV)

(©)

FIG. 1.
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n, then the respective contribution to Ay would go
unchanged upon the inclusion of the O(v?) corrections.
Therefore, we shall directly study the shifts induced in
the polarization parameters by including the O(v?) cor-
rections for each n separately. To standardize the numerical
discussion, we quote the O(v?) corrections due to the

3S[18]—3D[18] mixing relative to the corresponding LO
(8]

results for n = 3S]". We exclude from our considerations

the trivial J =0 cases n = 'S& and n =3P} In want
of fitted values of the LDMEs (P (n)), we estimate
them with the help of the velocity scaling rule
(P (n))/(O"(n)) = m2v? [12] varying v* from 0 to 0.3
to account for uncertainties. Furthermore, we limit our-
selves to the direct production of J/yw mesons and their
production via the feed down from y,.; mesons. In the latter
case, we approximately take into account the kinematic
effect on the transverse momentum p; of the J/y meson by
setting pr = pi'M;,, /M, ,, with M, =3.097 GeV,
M, =3.511GeV, and M, , =3.556 GeV [45], which

1o——

ACSTh

,,,,,,,,,, Ay
[ ——
~1.0 L L L L " "
2 4 6 8 10
Pr(GeV)

(b)

8
],3D[] ])

[8

1

ACS

_1_0' " 1 " " " 1 " " " 1 " " " 1

P(GeV)

(d)

O(v?)-corrected polarization parameters y (solid lines), Ay (dotted lines), and g (dashed lines) in direct J/y

photoproduction at HERA Run II [6] through the c¢ Fock states (a) n = 35[1”, (b) 3S[lg], (c) 3P[Jg], and (d) 35[18]—3D[18] mixing as
functions of py. The true results should lie inside the bands encompassed by the evaluations with »> = 0.3 (thick lines) and the LO

results, with v = 0 (thin lines).
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is justified since pr > M, — M, in typical experimen-
tal situations. In the case of yp collisions, we only consider
direct photoproduction for illustration because resolved
photoproduction shares the partonic subprocesses with
hadroproduction, which is studied separately.

The J/w polarization was measured in a number of
experiments [2—-10]. As an illustration, we consider here
three representative cases, namely HERA Run II [6],
Tevatron Run II [3], and the CMS experimental setup
at the LHC [9], limiting ourselves to the helicity frame.
In HERA Run II [6], the polarization was measured in
prompt J/y photoproduction at center-of-mass (c.m.)
energy \/S = 319 GeV differential in p; and inelasticity
2= Py Pp/ P, Pp>Where p,, p,,, and p;,, are the four-
momenta of the photon, proton, and J/y meson, respec-
tively, imposing in turn the acceptance cuts 0.3 < z < 0.9
and p? > 1 GeV? always in combination with the accep-
tance cut 60 GeV < W < 240 GeV on the yp c.m. energy

W =./(p,+p,)* [6]. The O(v*) corrections to the

polarization parameters Adg, Ay, and Ay, in direct photo-

production at HERA Run II [6] through the cc Fock states

[1.8]

n=73§",73 [18], and 3S[18]—3D[18] mixing are shown in

;T/)—
=
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T

FIG. 2. Same as in Fig.
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Figs. 1 and 2 as functions of p; and z, respectively. The
true results should lie inside the bands encompassed by the
evaluations with v?> = 0.3 and the LO results, correspond-
ing to > = 0. We observe from Fig. 1 that the O(v?)
corrections are generally more significant in the small-py
range, while they tend to fade out for asymptotically large

]

values of pr, with the exception of 4, for n = 35[11 and of

Ao for3S [18]—3D[18] mixing. Because of the steep falloff of the
pr distributions, the z distributions in Fig. 2 receive
dominant contributions from the p; region close to the
cut at 1 GeV, toward the left ends of the panels in Fig. 1. We
observe from Fig. 2 that the O(v?) corrections to Ay and Ay,
tend to be more sizable toward large values of z. The O(v?)
corrections to 4, are relatively modest, except for the case

of 3S[18]—3D[18] mixing, where they are appreciable in the
vicinity of z = 0.7.

The p; dependence of the polarization in prompt
J/w hadroproduction was measured in Tevatron Run II
at /S =196 TeV for |y| <0.6 [3] and under CMS
experimental conditions at /S =7 TeV for |y| <2.4
[9]. In both cases, we exclude from our considerations
the small-p; range, p;y < 3 GeV, where the application of

o7 7

?’)_
&
-0.5 r 2]
L A
: — - ]
_‘1‘0 F— F— PR —Y 1 F— F— P
0.3 0.4 0.5 0.6 0.7 0.8 0.9
Z

:Q—
?;
=
-0.5 : Ag 4
L A
[ —
—1.0 N S S SN S S S S T S S S S | - -
0.3 04 0.5 0.6 0.7 0.8 0.9
V4

(d)

1, but as functions of z.
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FIG. 3. O(v?*)-corrected polarization parameters 4y (solid lines), A4 (dotted lines), and Ay, (dashed lines) in prompt J/y
hadroproduction at Tevatron Run II [3] through the c¢ Fock states (a) n = 35[11], (b) 35[18], (©) 3P[Jg], (d) 3S[18]—3D[18] mixing,
(e) 3P11 , and (f) 3P[21] as functions of p;. The true results should lie inside the bands encompassed by the evaluations with v> = 0.3

(thick lines) and the LO results, with 2 = 0 (thin lines).

fixed-order perturbation theory is problematic. The O(v?)
corrections to the polarization parameters Ay, 44, and 4y, in
prompt hadroproduction through the c¢ Fock states

n =388 3PS and 35 3DB mixing are shown as

functions of py for Tevatron Run II [3] and the CMS setup
[9] in Figs. 3 and 4, respectively. We observe from Fig. 3
that the O(v?) corrections to 4y for n = 3§ [11], 35 [18], 3P[ll_]2 are

significant at small values of pr but quickly fade out
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toward large values of py, while they increase with p; for
n =3P and 353D mixing. On the other hand, the
(’)(vz) corrections to 4, are generally small and fade out as
the value of pr increases, except for the case of n = 35[”,

where the O(v?) correction tends toward a constant

PHYSICAL REVIEW D 92, 014009 (2015)

negative value for increasing value of pr, while the LO
result tends to zero. Finally, the O(v?) corrections to Agy are
generally very small for all values of p;. The situation is
very similar for the CMS setup [9], as may be seen by
comparing Figs. 3 and 4.

& @
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(f)

FIG. 4. Same as in Fig. 3, but for the CMS experimental setup at the LHC [9].
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IV. SUMMARY

In this work, we systematically calculated the relativistic
corrections of relative order O(v?) to the polarization
observables 1y, 44, and 4, in prompt J/y photoproduction
and hadroproduction, including both the direct mode and
the feed down from y.; and ' mesons, and provided in
analytic form the SDCs of all the relevant partonic sub-
processes, which are listed in Eq. (5). This study is a natural
extension of the one presented in Ref. [34], where the
O(v?) corrections to the unpolarized J/y yields in photo-
production and hadroproduction were considered. All these
O(v?) corrections are to be included along with the
respective O(a,) corrections [14-23] to complete the
NLO treatments. We obtained the y.; feed-down contri-
butions in a compact form with the structure that is familiar
from direct production. We found agreement with the LO
results for direct production [35] and y.; feed down
[38,40]. Our results for the O(v?) corrections are new.
Upon summation over the helicity labels, we recover from
them our O(v?) results for the unpolarized yield of prompt
J/w production [34]. We numerically estimated the O(v?)
corrections to the J/y polarization parameters 4y, 44, and
Agy in direct photoproduction at HERA [6] and prompt
hadroproduction at the Tevatron [3] and the LHC [9] due to
the relevant c¢ Fock states assuming that their LMDEs
obey the velocity scaling rules [12]. We found that the shifts
in g, A4, and g, due to the O(v?) corrections are
significant in most cases, typically reaching +0.2. Due
to their nontrivial dependencies on p; and z and the
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characteristic differences between photoproduction and
hadroproduction, their inclusion in global data analyses
of J/w yield and polarization, in addition to the available
O(ay) corrections [14-23], may help to improve the quality
of the determinations of the CO LDMEs and hopefully to
remedy the J/y polarization crisis.
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APPENDIX: ANALYTIC RESULTS

In this Appendix, we present in compact analytic form
the coefficients A}(’(n) and B}Z (n) defined in Eq. (6) for
the partonic subprocesses in Eq. (5). We refrain from
presenting A};j (n) for n = 3S[11‘8], 1S£)8], 3P[JSJ because these
expressions may be found in Appendix B of Ref. [35].
We list A¥(n) for n = 3P[llw]2 and BU(n) for n =35,
3P[18], 3P[11_]2, and 35[18]—3D[18]
pull out common factors by writing AY(n) = a'(n)g,
and B (n) = b'(n)h;. The Mandelstam variables s, t,
and u appearing below are defined as s = (k; + k,)?,
1= (ki = P)*qp. and u = (ky — P)*| o, respectively,
and satisfy s -+ ¢+ u = 4m?.

mixing. It is convenient to

1. Photoproduction

g+y— 65(35[11]) + g

bor (3 S[II] ) _

hy = 2048m!°(3s% + 2st + 312) — 256m8(5s3 —

— 4m?% (750 + 4257t + 9954 1% + 124538 + 8751 + 30s8° + 71°)

+ 3st(s + 1) (s% + st + 12)?

+ 155212 + 21582 + 126%) — £2(s + st + 12)?]

hy = 8[512m3(s* + 12) + 16m8(13s> + 335t + 951> + 13£3)

409673 aa?
= 2 N3 (42 — )3 3 (Ala)
729m.(4mZ — )3 (4m?% —1)° (s + 1)
1252t + 563) — 64m0(15s* + 80s3¢
+90s5%1> + 44s8> + 15¢*) + 16m¥(21s% + 103s*t + 1825312 + 1585213 + 67st* + 211°)
(Alb)
hy = 8[4096m'2 — 768m!0(s — 31) + 64mS3 (552 — 50st — 431%) + 16m8(8s> + 675t
+98s1? +478) + dmt(2s* — 2053t — 595%1> — 58s1> — 25¢*) + m2t(—6s* — 453t
(Alc)
— 4m(13s* + 5853t
+ 745%1> + 46583 + 25t) + m2(s + 1) (12s* + 2953t + 485212 + 295> + 12t*)
(Ald)

— (s +1)2(s* + st + 12)?]
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hy = 8[128m3(5s% — 1) + 16m8(5s + 195t + 145> + 8¢%) + 4m?(s* — 22531
— 495282 — 3651° — 141*) + m2t(7s* + 2953t + 485212 + 34s1> + 1214)
—t(s+ 1)(s* + st + 7).

g+y— 06(35[18]) +g

15
b7 (sy) = b7 ().

The coefficients h; are the same as those in Eq. (Al).

g+y— cE(3P[JS]) + g

12873 aa?

8
bgy(3p[l]): 5(c — A2 V4 (1 — A4m2)4 a2 2
15m (s —4mg)*(t —4mZ)* (s + 1)*(—4m; + s + 1)

hy = (=4m2 + s + 1)[=524288m!8 (s + 1) (35 + 14st + 3*) + 65536m'°(3s — £)(3s°
— 352t + 25512 — 93) + 16384m!* (395 + 4215*t + 568531 + 908s%1> + 5215t + 398)
— 4096m!? (12655 + 106451 4+ 2089s*1> + 3138s51> + 2909s521* + 1064s1° + 12615)
+1024m°(144s7 + 1050551 + 24735712 + 4177s*> + 485753 + 3273521 + 930515
+ 14417) — 256m8(755% + 34957t + 8165°F2 + 17325° 1> + 2564s*t* + 2432531
+ 1376521 + 249st” + 7518) + 64m8(s + 1)(15s% — 6657t — 314552 — 3745°1
—230s*t* — 2545385 + 265215 — 1065t + 15¢8) + 16mést(s + 1)(39s” + 14855t
+2195%72 +1935*13 4 2135°1* 4 199521 + 8851 + 39¢7) + dm?s%£2 (s + 1)(135° + 90571
+ 2325*% + 286571 + 2125%1* 4 T0s8° 4+ 131%) — 115383 (s + 1)*(s* + st + 2)?]

hy = —16m2[=2097152m2 (s + 1) 4 131072m!¥ (315> — 70st — 5¢2)
— 65536m!0(18s — 191521 — 180s7> — 61£°) — 8192m/*(265* 4 1098531 + 128757
+ 776513 + 349¢%) + 4096m % (425> + 7755t + 108453 1% + 5565213 + 238s1* + 1611°)
—512ml0(79s° + 9725t + 10745*> — 5845313 — 1622521* — 1350s1° — 209¢°)
+256m8 (1657 + 195%f — 6025712 — 197251 — 278853+ — 25825215 — 161251° — 36517)
— 32m0(2s% — 24657t — 15545°12 — 42965°1% — 6520s5*t* — 67805 1> — 550952
—3008st” — 6731%) — 16mi#(36s® + 20557t + 6645°1> + 1260s°F + 1731s** + 17555%F
+ 14125215 + 70251 + 14318) + 2m21% (=265 — 5457t + 5512 + 2285713 + 648s*t*
+ 790531 + 669521° + 296517 + 481%) — 583 (s + 1)(65° + 21571 + 34s*% + 42538
+ 32521 4+ 1958 + 61°)]

014009-9
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hy = —16m2[262144m!0(s + t)(s*> + 12) — 8192m!*(21s* 4 218531 + 1145%¢% + 2585
+ 211%) 4 4096m)2 (955 + 210s*t + 3285312 + 6485213 + 295s1* + 141)
4 2048m10 (3450 + 7255t + 505*1> — 359533 — 490521* — 33585 + 141°)
—256m3(s + 1)(2185° 4 821571 + 1234s5*1% + 60551% — 31521* + 48651° + 1431°)
+ 32m0(s + 1)(497s7 + 2427551 + 46445512 + 50885 4 364853 1* + 2494521
+ 1697s° +39717) — 16m (s + £)(125s% + 74557t + 17325%> + 23475713 + 2260s*1*
+ 176753 + 11625215 + 575517 4+ 115¢3) + 2m2(s + 1) (4858 + 31257t + 7255°¢
+9705°F + 938s*1* + 7705 + 5055215 + 252517 + 4813) — st(s + 1)*(65° + 21571
+38s*1% + 485313 + 385%1* + 21s1° + 61°)] (A3d)

hy = —16m2[1048576m'8(s — t)(s + 1) — 98304m!°(5s% — 115> — 67°)
+ 8192m!4(s* — 25553t — 1975212 — 93513 + 81*) + 2048m'?(90s> + 897s*t
+ 12815322 + 6455213 — 87st* — 122£7) — 512m!°(2265° + 146757t + 25685*1>
+ 19085313 + 26252 t* — 895s1° — 3721%) + 128m8(223s” + 11975%¢ + 2055512
+ 137253 — 39053 * — 1905515 — 201052° — 614¢7) — 32m8(99s® + 40457t + 28251
— 989513 — 2828s*1* — 3803510 — 3693521 — 224851’ — 5561%) + 8m(18s° + 1658t
— 3855712 — 150355 — 295157 1* — 39335*> — 3790510 — 27945%1" — 1296513 — 258¢°)
+2m2t(s + 1)(16s% + 14557t + 409s51% + 681573 + 877s*t* + 8365%F + 602s21°
+ 2745t +481%) — 512 (s + 1)>(7s° + 2357t + 39s*1% + 47533 + 3652 t* + 2052° + 61°)). (A3e)

g+vy— CE<3S[18],3D[18]) +g:

3¢l 3Bl ! % ’ % 4
by (°S s D = Ada
( ! ! ) 81”lc(s |ng>4(t ”13)4(S t)4 ( )

hy = —(4m2 — s5)(4m? — 1)(s + 1)[2048m'° (35 + 5st + 31*) — 256m3(5s° + 245%¢
+ 2451 + 53) — 64m8(15s* + 253t — 185%1> + 251° + 15¢*) + 16m*(21s° + 31s*¢
+20s3% +205°8 + 31st* +215) — 4m2(7s° + 125°1 + 95*1> — 25385 + 9s%1* + 1258
+71%) = 3st(s + 1) (s> + st + 1*)?] (Adb)

hy = —4(4m? — 1)[81920m* (s + t) — 2048m!? (2552 + 525t + 15¢%)
+512m!0(26s% + 7552t + 365> — 13£3) — 128m®(3s* + 1853t — 24521 — 92513
—411%) — 32m8(12s° + 39s*t + 100s°1> + 184521 + 166st* + 4317) + 8mi (4s°
+ 3053t + 815*72 4+ 1405° 3 + 1615%1* + 10651 + 301%) — 2m2¢(6s° + 1257 + 29s*1>
+ 385313 + 4152t* + 2458 + 1015) — s1%(s + 1) (s? + st + 12)?] (Adc)

hy = —4(s + 1)[4096m!?(s* + 2) + 512m (295> + 61s%t + 615> + 297°)
—256m8(s +1)2(37s + 43st + 3712) + 32m8(73s° + 299s*t + 53653 1% + 536521
+299st* + 738) — 16mE(205° + 8053t + 167s*2 + 212533 + 167s%* + 805> + 201°)
+ 2m%(10s” + 32551 + 595°12 + 7755 + 7753 1% + 595%1° + 32515 + 1017) + s1(s*
+ 252t + 2512 + 12)?] (A4d)
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hy = —412048m!2 (1353 + 752t — 551> — 1183) — 512m!0(14s* + 55°t — 615%1> — 95583
—431%) — 128mB3(s° + 43s*t + 214531 4 340523 + 26551 + 738°) + 32mS(2s°
+ 715t + 3055* + 536531 + 530s%t* + 301s8> + 711°) — 8m1(40s° + 167571
+ 34552 + 413538 + 32752t + 160s2> + 401%) + 2m2¢(10s7 + 3055t + 5751
+ 775 + 7953 t* + 615760 + 32515 + 1017) + st(s° + 2521 + 258> + £)?].

(@) +v — ceCSY) + q(g):

3 o[8] 4-71.'3 aaf

2
i B e,
pICSy) = 2Tmlst(4m? — )

hy = —640mS + 160mt(2s + t) — 4m2(27s% + 10st + 5¢%) + 11s(s> + 1)
hy = —16m2(44m? — 5s)
hy = —=32m2(44m? — 55)
hy = —16m2(44m? — 5s).

(@) +v — P + ¢():

3 2
bCI(é)r(3P[S]) _ 2567 ao;
P T U3SmE AT =) (s + 0 (~Am2 £ 5+ 1)

hy = (s +1)(s 4+t — 4m?)[1280m8 (s + 5¢) — 128mt(6s + 5t) + 4m?(21s>
+ 4952t + 512 4+ 2113) — 11s(s® + s1 + 522 + 1)]

hy = =32m2[1024m® — 128mS(s — 14¢) + 16m$(21s% + 14st — 291%) — 4m? (453
+ 1352t + 5451 + 38%) + s(s + 571 + 351% + 38°)]
hy = —64m2(s + t)[80md (3s + 7t) — 8m2(3s> + 11st + 8¢2) + s(s + 1)?]
hy = —64m2[64mS (s — 1) + 8mg (195 + 725t + 191%) — 2m2(s® + 27s%t + 43s*
+178) + st(s +1)?].
_ _ 38 38 ,
4(@) +7 — ce(8} DY) + q(@)
8 %ﬂ3aa%e2

. 8 8
bq(q)7(3s[l 13 D[1 ]) =

hy = 32m# — 8m2(s +t) + s> + 1>

hy, = 16m>
h3 = 32m%

014009-11

(Ade)

(A5a)

(ASb)
(A5c¢)
(A5d)

(ASe)

(Ab6a)

(A6b)

(A6c)

(A6d)

(A6e)

(A7a)

(A7b)
(A7c)
(A74)

(A7e)
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2. Hadroproduction
g+g— cZ*(3S[11]) +g

1 lsas 1
b)) = s b 0. (A8)
The coefficients &, are the same as those in Eq. (Al).
g+9-ccCP) +g
16 3.3
agg(fiP[ll]) — s (A9a)

COmd(s — 4m2)*(t — 4m2)* (s + 1)

g1 = (s —4m2)(4m? — t)(s + 1) [16m}(s? + st + 12) — 4m>2(2s> + 35t + 3s1°
+283) + (5% + st + 2)?)[16mC (s + t) — 4m? (55 + 65t + 5¢%) + m2(8s® + 135%¢
+ 13582 + 813) — (5% + st + 12)?] (A9b)

gy = —4m2(t — 4m2)?[512mO(s + 1)> = 768m3(s + 1)* + 32m8(13s* + 5653t
+ 865212 + 58513 + 15¢*) — 16m¥ (65> + 40s*t + 825> + 855213 + 45st* + 107)
+2m2(45% + 5457t + 137s* + 1925383 + 1535%t* + 7058 + 141°)
—t(s% + st + 12)(7s% + st + 21%)] (A9c¢)

g3 = 4m?%(s + 1)*[512m!0(s% + £2) — 256m83(3s> + 252t + 25> + 31°)
+32m8(15s* + 18531 + 1052 + 185> + 15¢*) — 16m2 (105> + 15s*t + 95°£> + 95%£
+15st* +107°) + 2m2(14s° + 22551 + 17s*% + 85 + 17s%1* + 2258 + 144°)
— (5% + st + 12)?(25% — §%t — s1° 4 20%)] (A9d)

gs = 4m2(s —4m?)[512ml0(s — 1) (s + 1) = 128m3(7s* + 145°1 + 25°1* — 1251
—71%) +32m8(18s° + 535t + 465°1> — 185%1° — 44st* — 1917) — 8m(225° + 86571
+ 1195*7% + 46531 — 6052 1* — 7251°> — 251%) + 2m2 (1457 + 645%t + 1145°1> + 955*F°
+ 35314 — 63527 — 55515 — 1617) — (s° + st + 12)?(2s* + 5531 + 352> — 4s® — 21%)] (A%e)
873al

poa(3plthy = : A9f
CP) 45m3 (4m? — 5)°(4m?% — 1) (s + 1)° (A9f)

hy = (4m2 — 5)(4m?% — 1) (s + 1)[65536m0(s3 + st + s£*> + £3) — 4096m*(7s*
—73s%t — 605212 — 53513 + 7t*) — 1024m!? (13257 + 853s*t + 12355° 1% + 11155213
+ 573st* + 9287) + 256ml0 (68656 + 34995°t + 6337s*1> + 6952531 + 5057521+
+ 217958 + 4461°) — 64m3(1420s7 + 716555t + 152795°1> + 20080s*#> + 180205
+ 110595%#° + 4205515 + 860t") + 16m®(1485s® + 788857t + 194165°¢> + 30007s° £
+ 320405*1* + 2456753 + 131365215 + 4428517 + 8451%) — 4m?(780s° + 4522581
+ 12768571 + 228895°1° + 2878151 + 264015*> + 176495315 + 83485217 + 2482518
+ 4200%) + m2(s% + st + 2)2(164s5 + 792551 + 1609s*2 + 1762531 + 1289s%¢*
+ 47258 + 8415) — 11st(s + 1) (s + st + 12)%] (A9g)
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hy = 4m%(t — 4m2)*[8192m!* (s + 1)*(19s + 391) — 2048m!?(161s* + 696531
+12065%1> + 928s1> + 2571*) + 512m1°(473s° + 2320s*t + 5423531% + 60655%1
+ 33405t + 72317) — 128m8 (6235 + 375257t + 113135*1% + 16704533 + 1393952¢*
+ 6152585 + 11491°) + 32m8 (37657 + 3161551 + 118765°1> + 22019s*1> + 2444953 1*
+ 16498521 + 6351515 + 1086¢7) — 8m*(84s® + 132857t + 60715°7> + 1379651
+ 18908s*1* + 1717253 + 10043515 + 3536517 + 5661%) + 2m2¢(218s® + 120857t
+ 3361552 + 54315°13 + 6167s*t* + 4797531 + 25585%1° + 832517 + 12413)
— st2(s + st + 12)*(7s3 + 1452t + 951> + 213)] (A9h)

hy = —4m?2(s + 1)?[262144m0 (s> + 12) — 8192m!*(9s> — 195t + 215> + 9¢°)
—2048m!2(157s* + 4005 + 21852£> + 120s2> + 137¢*) + 512m!0(683s> + 19145t
+ 1569s531% 4 8495213 + 994st* + 5631%) — 128m3 (132150 + 410051 + 418151
+ 237253 + 2001521* + 2340575 + 102119) 4 32m8 (138257 + 455551 + 5490551
+3491s*3 + 201153 + 2610521 + 259555 4 102217) — 8m?(750s® + 258457t
+ 35635512 + 2580s71% + 12425*1* + 11005317 + 17035%1° + 1424517 + 550¢%)
+2m2(164s° + 60058t + 9265712 + 7535513 + 383s7t* + 183s*> + 313531 + 446521
+ 320528 + 1241°) — 51(25> — 35t + 212) (s + 252t + 258> + 13)?] (A9i)

hy = 4m2(4m? — 5)[8192m!* (13s* + 76571 + 425%1% — 5251 — 311*)
— 4096m!%(92s° + 4355t + 486531 + 135213 — 32251 — 128¢°) + 512m0(729s°
+ 357857t + 60265*1> + 33825317 — 1629521 — 264851° — 8461°) — 256m3 (664s”
+ 361350t + 77195°F2 + 73785 + 175153 1* — 2993521° — 2634515 — 72217)
+ 32m0(1324s% + 787057t + 194245°1% 4 247285°1> + 14981s** — 107451
— 8562521 — 5580517 — 135113) — 16m?(359s° + 224258 + 6074s71> 4 9229551
+ 794157 1* 4 2897s* — 1764531 — 27905217 — 1522518 — 3301°) 4 2m2(1645'0
+ 106057 + 30885812 + 5238571 + 55635°1* + 33385%1 + 368s*1° — 14765317 — 14115%1
— 680s1° — 1321'0) — st(s? + st + 12)2(25° + Ts*t + 8531% — 5213 — 651 — 21)]. (A9j)

g+g— cE(3P[21]) +g

1673a3

a3plly — _
a(CFy) 135m3st(s — dm2)*(t — dm2)* (s + 1)*(—4m2 + s + 1)

(A10a)
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g1 = —18874368m2%(s + t)* + 9437184m'3 (s + 1)3 (35> + 55t + 312)
— 16384ml0(s + 1)?(1224s* + 38975t + 5297s°> + 3897st> + 12241*)
+ 4096m!* (216057 + 119135%1 + 296475512 + 446525* + 446525 1* + 29647521°
+ 1191352 +2160¢7) — 1024m?(2592s% + 1499457t + 396565°1> + 6536553
4 762385*1* + 653655 1> + 39656521% + 14994517 + 2592¢%) + 256m°(2160s°
+ 13374581 4 370785712 + 636035°> + 79713s¢* + 797135*1° + 6360351° + 3707852
+ 13374513 + 2160¢°) — 64m® (122450 + 844551 + 24967s%1> + 43880571 4 55214s5°¢*
+ 581925°1% + 55214s5%15 + 438805317 + 249675218 + 844551° + 12241'0) + 16m(432s!!
43501507 4+ 115955712 + 21568s%1> + 2684857 1* 4+ 270205%1° 4 270205°1° + 268485*7
+ 21568538 + 115955217 + 35015110 + 432¢11) — 4m (72512 4 792511 + 32185107
+ 68155°1> + 897958+ + 8574571 + 7840s5°1° + 85745t + 8979s*8 + 6815s5°1°
+ 321852110 + 792511 + 72112) + m2st(s? + st + 12)2(60s” + 26455t + 3415712 + T1s*F
+ 7183 + 341528 + 264515 + 6017) — 5212 (s + 1)?(s% + st + £2)* (A10b)

g = —12m2(4m2 — 1)[8192m!* (s + 1)? (125 + 47 st + 241*) — 2048m!*(565°
+ 34554t + 722532 + 7175268 + 352s1* + 681°) + 512m0(1125° + 74157t + 174552
+ 2129538 4+ 150152¢* + 552587 + 721°) — 128m8(128s7 + 91955t + 2368512
+33065*13 4 2900s3* + 159152 + 480s1° + 48¢7) + 32m8(92s® + 70457t + 19335°7
429025713 4 2844s*t* + 1945531 + 905521° + 259517 + 401%) — 8m?(40s° + 32458t
+952571% + 14615°F + 141655* + 983s*1° + 558531° + 2985217 + 132518 + 3677)
+2m2(8s'0 + 805t + 274581% + 4325713 + 355s5t* + 13351 + 55410 + 715317 + 1325248
+ 94587 + 241'0) — 1(s? + st + 12)?(45® + 12571 + 5412 — 1853 — s21* + 10587 + 419)] (A10c)

gy = —12m2(s + 1)[1572864m15 (s + 1)* — 294912m (s + 1)2(7s + 10st + 71%)
+2048m}?(588s> + 2257s*t + 39175 1> + 3917513 + 2257st* + 588¢)
—512m0(8245° 4 3435571 + 66965* 1> + 820251 + 669657 1* + 343551 + 8241°)
+ 128m8(784s7 + 34615°¢ + 71415°1> + 96505 + 96505 1* + 71415%¢° + 3461s1°
+ 78417) — 32m8(524s8 + 245957t + 5234s%1> + T1815°1 + 7796s*t* + 71815%F
+ 52345215 + 245951 + 52413) + 8m?(236s° + 1218581 + 27225712 + 37055°1
3905557 + 39055*5 + 370553 + 27225217 + 1218518 + 2361%) — 2m2(s + 1)2(64s®
+ 24657t + 3565012 + 337513 + 274514 + 337538 + 3565210 + 246517 + 641%)
+ (5% + st + 12)2(ds” + 18501 + 235512 + 3543 + 353t* + 235280 + 18515 + 417)] (A10d)
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gs = —12m2[196608m'° (s + 1)?(3s + 5¢) — 73728ml* (s + 1)2 (125> + 3352t + 3551
+ 16£%) + 2048m!?(280s% + 136951 + 3023s*1> + 39175313 + 3151s°t* + 147651
+3081°) — 512m!0(41657 + 2129s5% + 50745 1> + 7460s*1> + 74385 1* 4 5057521
+2130s1% 4 40817) + 128m8(394s% + 2169571 + 54795°1% + 8608s°1> + 9650s*1*
+ 81835317 + 5123521 + 2076517 + 3901%) — 32m8(2445° + 1504581 + 4073571
+ 66535013 + 7734531 + 72435410 4 5762531% + 36205217 + 1479s1% + 280¢°)
+ 8m}(92s'0 + 6745%t + 2054581> 4 35915713 + 42195°#* + 39055717 + 33915410
+ 28365317 + 18865215 + 780s1” + 1441'0) — 2m2(16s'! + 1625'0¢ + 606571 + 1224581
+ 1555s57t* + 1400s57° + 11265°15 4 1044s*t” + 9835313 + 680s21° + 2765110 4 481'1)
+t(s% + st + 12)2(6s7 + 23501 + 285512 + 3543 — 253 1* 4+ 185280 + 16515 + 417)] (A10e)

8r3a
b9 (3pY)) = . Al0f
CF) 675m2s*12(4m?% — 5)>(4m? — 1)> (s + 1) (=4m2 + s + 1)? ( )

hy = —st(=4m?2 + s + 1)[301989888(s + 1)3 (1552 + 38ts + 15¢)m2*
— 8388608(s + 1)>(945s* + 3943153 + 598512 5% + 37633 s + 9451*)m??
+262144(27624s" + 17924115 + 5031907255 + 78823313 s* + 7555731*s3 + 4503701 52
+ 156201105 + 2474417 )m2° — 65536(65928s° + 438138157 + 1296615¢25°
4224174683 s% + 2524170¢*s* + 193582617 s> + 1003615052 + 325218175 + 5008818 )m '8
+ 16384(1081445° + 742491158 + 22857007257 4 41943101356 + 5180803 ¢*s°
+46157831°s* + 3046670105 + 145700017 s> 4- 456891185 + 6926417)m 0
— 4096 (124080s' + 900416¢s° 4 29064971%s% + 557785613 s” + 72447231450
+ 6963392175 + 527840315s* + 32094161" s> + 14919771852 + 4608561°s + 67920¢')m!*
+ 1024(99240s'! + 7793951510 4 26904501 s° + 54435081%s® + 7327604*s”
+ 722610383s% + 57743831055 + 403280417 s* 4 24333681%s> + 1137870¢°s> + 34331510
+ 474001 ) m}? — 256(53064s'% + 463250ts'! 4 17573291250 4 38426781 s°
+ 5442560¢*s® + 543102017 + 42690781%5° + 3095980¢" 55 + 222592078s* + 14098787 s*
+ 65568911052 + 1854501 s + 228241'2)m!0 + 64(16968s"> + 173309z5'2 + 751960725
+ 184267813510 4 2850960¢*s° + 296891317 5% 4 2256004057 + 1525084+ 5°
+ 1187673185 + 9689001 s* + 6248381053 4+ 270020¢' s + 66749125 + 6888¢'3)m®
— 16(24245" + 340601s' + 1835511252 + 53292483 5" 4 9495141*5'0 + 11021047 5°
+ 8725951058 + 5407921757 + 3975551850 + 3915041°s5 + 3307141'05* 4 1909641 53
+ 689511'25% 4 13300¢'3s 4 9841 )m® + 4s51(21165"3 + 19052¢5'% 4 741237251
+ 1652281350 + 23524314s% + 227226158 + 1648361057 + 1194561750 4 113946735
+ 1074438 5* + 733281053 4 326431152 + 8372¢'25 + 91613 )m? — 212 (s> + 215?
+ 2125 4+ £3)?(360s° + 135615 + 1421£25* + 4941353 + 1101£4s? + 1036£°s + 28010 ) m?
+7538(s +1)3(s2 + ts + 12)4] (A10g)
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ZHI-GUO HE AND BERND A. KNIEHL PHYSICAL REVIEW D 92, 014009 (2015)
hy = —12m2(4m2 — £)[167772165¢(s + 1) (85> — 9ts + 212 )m2> + 524288 (3257 — 63615° — 238172s° — 457913 s*
—51031*s% — 2877195 — 608105 + 3217 )m20 — 131072(2245% — 2256157 — 132297250 — 3484113 5° — 50353 1*s*
—394951 5% — 160381052 — 2292175 + 25615 )m 8 4 32768(672s° — 40441s® — 346261%s” — 11188873 s°
—195319¢*s5 — 19698717 s* — 1167231%5% — 358611752 — 2592155 + 8961°)m® — 8192(11205'0 — 42641s°
— 549621258 — 2074781357 —4162411*s° — 501995755 — 3834651°5* — 180583175 — 414481352 4 14681°s
+1792¢'0)m!* +2048(1120s'" —316415'0 —59449725% — 2496817358 — 549542157 — 7431861° 50 — 667344105
— 41027217 s* — 1600851853 — 25309772 4 6312¢'05 + 22407' )m!2 — 512(6725'2 = 21761s'" — 464571250
—20637315% —4755541*s® — 6728141757 — 6394401050 — 4444007 5% — 2352231 5* — 8410917 5> — 88187052
+6012¢M s +1792¢'2)m !0 4 128(2245"3 — 139615'2 — 2620812s'! — 1199181350 —279940¢*s” — 383196 5
—3196181°s7 — 1745461756 — 8869713 s> — 637531°s* —364851'05% — 77071152 + 1808125 + 89613 )m® —32(325'*
— 5841513 987212512 — 479881351 — 1153081%5'0 — 14624817 s° — 680621053 + 624781"s7 + 1084331850 +470031° s
—20127¢'05* —29125¢' §3 — 11012¢'252 — 972135 + 2561'4)m® — 81(1045'* +-205615'> + 118461252 432068135
+41516¢*s5'0 4-3659175° — 73197108 — 117854757 — 850861%5° — 1549717 s> 4-234511'0s* + 209441 53 473421252
+9521135 = 321" ) m + 2517 (144" +130415'% + 4612175 + 718813510+ 1831457 — 19901/ 5% — 38638167
—36862175° — 15497135% +49911%s* + 106881'053 4 64007' ! 52 + 18601'2s +232¢'3) m?
— 283 (53 4+ 2157 + 2175 + 1) (45° + 12157 — 8312s* — 18617 s> — 21 1*s + 745 +201°)] (A10h)

hy = 12m? (s +1)[1207959552st (s + )2 (2s% + 5ts + 262 )m?> — 20971525¢(2003s° + 10179¢5* +20112725% + 19932135
+10089¢*s +20931°)m2° — 131072(325® — 26276157 — 1461671250 — 337414135 —428510¢*s* — 3249741 5>
— 140887152 — 2747617 s +32:%5)m!® 4-32768(224s” — 545881s® — 3231871257 — 82360313 s° — 1219834 *s°
— 11741948 s* — 7478631%s3 — 2936871 s> — 54228185 + 224" )ml® — 8192(6725'0 — 8010815 — 4977841 5"
— 13489978357 — 21856061*s° — 24202907 s> — 1940166°s* — 11111977 s> — 4118643 5% —722681°s + 672¢'0)m 4
+4096(560s'! —43042¢5'0 — 281992125 — 8004241358 — 13619651*s” — 16142731 s¢ — 14669731°s> — 1057525t s*
— 5779641353 —2076121°s> — 344621'%5 + 560" ym!> — 512(11205'? — 6765215 —4742511%5'0 — 14176887 s°
—2502261¢*s® —30326981°s” —28613161°5° —232257815s> — 163086175 5* — 88968817 s> —311491¢'05? — 48212+ s
+1120£'2)m0 + 128(672s'3 — 380361s'% — 28862712s' — 92208713 5'% — 17080031*s” —2099899¢° s — 19336121057
— 15745724756 — 1275799185 — 9400631°s* — 51782711053 — 173847115 — 246361'%5 + 67213 )m$
—32(22451 — 146281s"2 — 1202422512 — 41526913511 — 82194514510 — 104541987 s° — 9252231%5% — 6701401 s”
—5425031%5° —510619¢°s° — 406585¢'0s* — 2201491153 — 69042¢'25? — 88681'3 s + 22414 )m& + 8 (3253
—3488ts'4 — 3085412513 — 11576213512 — 247199¢*s'! —330131£°5'0 — 280925105 — 1537057 s® — 830451357
— 1073851750 — 1421511105% — 11945911 5% — 612421253 — 175341'352 — 2048145 4+ 32415 ) mt + 251 (s + 1)>(39252
+29961s'! + 922412510 414502435 4 1080314 s® — 1352157 — 101461°5° — 703217 s> +2203185* + 678215
+50641105% + 17561 s + 23262 )m2 — 5?12 (s + 1) (5% + 15+ 12)*(20s° + 4615° —911%5* — 2381 s> —911*s5?
+46£°s +201°)] (A10i)
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RELATIVISTIC CORRECTIONS TO J/y ... PHYSICAL REVIEW D 92, 014009 (2015)
hy = —12m2[201326592s(s — 1)t(s + t)>m2* — 4194304s1(s + 1)*(2915s> 4 899¢5>
+ 997125 4 28563 )m2> + 524288(32s% + 3928157 4 22769125 + 5674413 s° + 7693814 s*
+ 597405 + 251491052 + 4444175 — 3213)m20 — 131072(224s° + 1375015
+ 840231257 + 23165013 s° + 369902¢*s> + 3714421 s* + 235061%5% + 863901 s>
+ 13894185 — 2561°)m!® 4 32768(6725'0 4 3031625 + 19138612s% + 5647441357
+ 1001907756 + 11821241755 + 9604301%s* + 5257361753 + 1747491852 + 2516815
—8961'0)ml0 — 8192(1120s'" 4 456701s'0 + 298834125 + 93104813s® + 1770223 ¢*s”
+ 2303172675 + 21793441555 + 15266407 s* 4 7609131353 4 2365981952 + 30486105
— 1792 )m!* 4 2048(1120s'2 + 4819215 + 333351125'0 4 1101380£%s° + 2213799758
+30498241%s7 + 31227061550 + 251707217 5% 4 1614829:8s* + 772192¢°5° + 2319871052
+ 27212 s — 224012 m!? — 512(672s"3 + 3509815'% 4 264391725 + 9441501350
42026693145 + 292737617 5% + 30935301057 4 26152441750 + 191687318s° + 12127061 s*
+ 58631971053 + 174642152 + 193941'25 — 1792¢3)m 10 4 128(2245'* + 167401s"
+ 142436125" + 565020135 + 13294681*5'0 + 20568681 s° 4 22368681°s® + 1858992177
+ 13678931850 + 10127241%s% + 691232¢'05* + 349104153 4 10380711252 + 11424135
— 8961 m3 — 32(325" 4 467615 + 47458125"3 + 21672013s'2 + 577256145
+ 9909741510 + 1149214105° 4 9362401 5% + 6067731857 + 4381981°s° + 396540¢'05°
+ 3104281 s* + 16131111253 + 470121135% + 52481145 — 2561 )m® + 8¢(576s"
+ 80741s™ + 4539617513 + 1428301352 + 2814761*s'! + 36088977510 + 2968521°5°
+ 1485251758 + 605881857 + 78887175 + 1172041055 + 101911¢' s* 4 51660¢'% 53
+ 1426811352 + 1600t'*s — 32615 m? — 251> (s + 1)?(3965'% + 276415 + 863412510
+ 139821357 + 108511%s% — 11581°s7 — 101801050 — 72801755 + 228318s* + 6972¢°s°
+ 513611052 + 17121 s + 232"2)m2 + 5263 (s + 1)3(s? + ts + 12)?
(650 + 17ts> — 105825 — 2248353 — 621*s> + 60175 + 201°)]. (A10j)

g+g— cE(3S[18]) +g

a’

B 108m2st(4m2 — )2 (dm2 — £)3 (s + 1)3(=4m2 + 5 + 1)

b9s(3s) = (Alla)

hy = —st(—=4m2 + s + 1)[622592m!* (35% + 251 + 312) — 4096m?(203s> — 125°¢
+ 21651 +203¢%) — 1024m'°(420s* + 235753t + 23585212 + 1187st> + 258t*)
+256m8(2073s° + 8653s*t + 128815%1> 4 108055%1> + 5215st* + 1263¢)
— 64m8(3265s% + 140555t + 26073s*1> 4 2897853 1> + 20175s¢* + 8319s1° + 18071°)
+ 48m?(774s” + 37365°t + 84005712 + 11507s*13 + 1037353 + 618652 + 217051
+39617) — 108m2(23s% + 142571 + 3925°1% + 65351 + 7425*1* + 569531 + 296521
+ 88517 + 11£%) +297st(s + 1) (5% + st + £2)3] (A11b)
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hy, = 8m?2t[4980736ml°s — 16384m!*(214s* + 135t + 271%) + 4096m!*(1255°

— 144252t — 79951> + 216£%) + 1024m°(12995* 4 70965t + 79225%1> + 1845513
—7561*) — 256m8 (40295 4 17654s*t 4+ 250195372 + 14306523 + 1152s1* — 15121°)

+ 64m8(54975° + 24150s°¢ 4 40980s*1> + 3377453 + 11507s¢* — 151156° — 18631°)
— 16m#(3672s7 + 175715%¢ 4 350405572 + 366225*1> + 1983953 1* + 22375215 — 312551
— 140417) + 4m2(918s% 4 5400577 4 130635°1> + 1669857 + 11639s*r* + 281051

— 22835210 — 2057517 — 5941%) + 271(—10s® — 40571 — 63572 — 49578 + 25*1* + 395%1
+ 395215 + 18517 + 41%)]

8m2(4m? — s — 1)[1024m!°(27s* 4+ 26053t + 162521% + 260st> + 27t%)

—256m8(162s° + 617s*t + 939s31% + 13955213 + 617st* + 1621°) + 64m(4055°

+ 123857t + 1841s*> + 36705 + 2717s%t* 4 117258 + 4051%) — 32m?(270s7

+ 6425t + 1190571 + 22255* + 238753 * + 17575%° + 723s51% + 27017 ) + 4m?% (37858
+ 119357t 4 2369s%1> + 379351 + 4964s*1* + 4117531 + 28555%1° + 1193517 + 378:%)
—27(4s% + 18581 + 39571 + 665°13 + 83571 + 83541 + 665315 + 39517 + 18518 + 41°))]

hy = 8m2[221184mM (s — £)(s + 1)> — 2048m/2(189s* — 11053t — 1625212 — 410583

—2431%) 4+ 512m!0(5675° + 5665t — 495531> — 22275213 — 2374s1* — 9451)

— 128m8(9455° 4 27445%t + 25855*1> — 46065°1> — 93795%t* — 6778s> — 20791°)

+ 32m8(918s” + 4957501 4 83545°1> — 7095413 — 1570953 1* — 192725215 — 1081151
—280817) — 8m? (4865 + 394257t + 91395°1% + 490257 > — 117585*t* — 23880571

— 212055215 — 9976s1” — 23221%) + 2m?%(108s° + 91853t 4 290657 1> + 214754

— 545351 — 149235*° — 173875%1% — 121365217 — 503251 — 1080¢°) + 271(2s° + 458t
+ 135722 + 425°8 + 83531 + 1075* 4 92531° + 535217 + 20s51% + 41°)].

g+g— cE(3P[jS]) +g

ol

- m2s?t2 (s — 4m2)(t — 4m2)* (s + t)*(=4m2 + 5 + 1)?

b(Py)
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RELATIVISTIC CORRECTIONS TO J/y ... PHYSICAL REVIEW D 92, 014009 (2015)
hy = —st(=4m? + s + 1)[1048576m2° (51s* + 18753t + 244s21> + 127583 + 511*)
—262144m!8(306s° + 1357s*t 4 2375531% 4 190552 4+ 1007st* + 306)
+65536ml8(9115° 4 4526571 + 9668s*1> + 103445313 + 70485 t* + 335651° + 8311°)
—32768m!*(807s7 + 44415t + 10914s51> 4 14369s*£> + 1222953 t* + 73695215
+ 3126515 + 65717) 4+ 8192m!2(888s® + 5519571 4 151795072 + 2305157 + 23276s5%1*
+ 171365385 + 93195210 + 3604s1” + 64813) — 2048m0(6355° + 4541581 + 13692571
+ 228225083 + 2557157 1* + 218165*1° + 146075310 + 74425217 + 2701518 + 4051°)
+256m8(6275'0 + 51955%t + 16915532 + 299765713 + 348685°1* + 31408571
+244885*1° + 161065317 + 8015521 + 275551° + 3271'0) — 64m®(210s'! 4 20855'0¢
+ 7585591 + 14784551 + 1829057 1* + 167905°1° 4 136505°1% + 10810s*” + 7164513
+ 3345527 4+ 100557'0 4 90¢'") 4 16m?(355'% 4 50651 4 23385072 + 57455°F
+91265%* + 106125715 4 99885°1° 4 81725517 4 57465*15 + 310551 + 1138520
+ 2465t + 15¢'2) — dm2st(s? + st + 12)?(46s” + 2705t + 6115°1> + 761s*1
+681s31* + 45152 + 170s1° + 2617) + 115212 (s + 1)*(s2 + st + 12)¥] (A12b)

hy = 32m2[4194304s(s — 1)?tm? — 262144st(11s> — 4415 + 11125 + 6 )m2°
— 65536(76s5 + 237ts + 4361%s* — 1531353 — 1261*s> + 118 s + 3615)m 8
+16384(416s” + 1681158 + 27728%s% + 4953 s* — 8921*s® + 3461°5> + 998155
+ 28817 )m!® — 4096(940s® + 4547157 + 857112s° + 468713 s> — 470¢*s* + 8781°s*
+ 401752 + 380275 + 10083 )m* 4 1024(1120s° + 62861s% 4 136547257 4 110907 s°
+ 3254155 + 475155* + 1096015 + 127071752 + 831435 + 20161°)m? — 256(740s'°
+ 470015° 4 112837258 + 1103857 + 55281*s° + 991917s° 4 21427105* 4 262831" 53
+ 21360785% + 1128615 + 2520¢'0)m 0 4- 64(256s'" 4 178015'0 4- 4120£%5° + 3090 s
+ 5441%s7 4 78171550 + 240641%5° + 3446317 s* 4 31912135 + 213761°s> + 9738¢'0s
+ 20161 )m® — 16(365'2 + 244151 — 4012510 — 256083 s° — 57441%s% — 18771057
+ 11279¢05 + 242691755 + 2761813s* 4 21672°s> + 127691'052 + 521815 4+ 1008'2)m®
+ 81(=65'2 = 19215 — 10242510 — 258017 s” — 32741*s® — 12831°s7 + 26161°5°
+5395£75% + 551718s5* + 38401%s% + 2057105 + 786¢'1s + 14412 )m? + £2(525'2
+ 39615 + 13962510 4 2700357 + 29431*s® + 14126757 — 8501050 — 1920¢7s° — 16531%s*
— 916753 — 45211952 — 188t!'s — 361'2)m2 — s£3(s + ts + £2)?(s7 + 415 — 41257
— 2683 s* = 221*s3 + 46557 4 91%s + 217)] (A12¢)

014009-19



ZHI-GUO HE AND BERND A. KNIEHL PHYSICAL REVIEW D 92, 014009 (2015)
hy = 32m2[262144m 5 51(285* + 93531 + 126522 + 356> + 28¢%) — 16384m/551(6535°
+2802s%t + 49245° 1> + 4254513 + 2407st* + 6881°) — 4096ml*(116s% — 126357t
— 8068552 — 18556513 — 21164s** — 1571153 — 77685215 — 1718st” + 361%)
+ 1024m!?(6565° + 369581 — 956657 1> — 328335%1% — 498005°1* — 4666551
— 30158531 — 125915%¢" — 191658 + 216£°) — 256ml°(15405'0 + 55435%¢ + 19975812
— 22185571 — 53859s01* — 668555710 — 545095*1° — 2999553+ — 96935215 — 9251°
+ 54011%) + 64m®(1920s"! + 9816507 + 18914577 + 13315533 — 10042571+ — 330525°7°
—391325%1° — 27447s*" — 11120518 — 5765°1° + 22365110 + 720¢'") — 16m8(1340s'?
+ 82405t + 2172951022 + 329535713 + 321745%¢* + 2127057 + 94105515 + 345551
+ 3594548 + 49485° 1% + 462952110 4 2550511 + 540¢'2) + 8m}(248s'3 + 1724s5"%¢
+ 53525112 4+ 102375197 + 1401857 + 15183537 + 138055715 + 107105°¢7 + 71985713
+ 44635t + 270753110 + 15075211 + 6045112 4 108113) — m2 (s + 1)? (7652 + 41251+
+ 100451022 4+ 17405°F + 2541s8#* + 320057 + 32025515 + 23205717 + 1141548
+ 4405%1° 4 20457110 + 13251 + 36112) — st(s + 1)3 (s> + st + 12)*(2s° + 5571 — 85*7°
— 23538 — 8s%1* + 5s£° + 219))] (A12d)

hy = 32m2[6553651(59s* + 150ts> + 25225% + 182175 + 53t*)m!3 — 16384(96s”
+ 69015° + 1748125 + 262613 s* + 23131*s® + 115415 + 213155 — 361" )m 16
4 4096(536s% + 3159ts7 4 80871250 + 12811355 + 123621*s* + 74901 s> + 25611%s2
— 26175 — 2526%)m!* — 1024(1240s° 4 73371s® + 198227257 + 33719850 + 368411*s°
4 25464155* + 10399153 + 1164175 — 1706135 — 7561°)m}? + 256(1520s'0 + 95041s°
+ 277358258 + 509708357 + 620541456 + 49255 5% + 2299555 + 253017 5% — 49721852
— 43875 — 12601'0)m0 — 64(1040s"'" + 696125'0 + 22156125° + 442861°s° + 58938¢*s7
+ 516175 +26090105° + 90417 s* — 10831185 — 10450£°s> — 5487105 — 1260¢' ) m®
+16(3765'2 + 26825 + 9390125'0 + 20757135 + 300441458 + 27253857 + 115651%5°
— 59781755 — 1505818s* — 143801°s® — 9099¢'%5? — 3812¢'ls — 756¢'2)m8 — 4(56s'3
+ 408512 + 1632125 + 431783510 + 70541457 + 59218758 — 7961057 — 894447 56
— 126371855 — 11090£%s* — 724111053 — 3756¢'1 52 — 13961'25 — 252113 )m? — (85"
— 18612s'1 — 47213510 — 9r*s® + 1935753 + 44621057 + 55081750 + 43811555 + 24571 s*
+ 111611053 4 50411152 4 196125 + 36113 )m2 — 512 (5% + 215 + 2125 + 13)?

(s + 315% = 9r%s* — 22853 — 61*5? 4 615 + 219)]. (A12e)

g+9— ceC8). DY) + g

3,3
b99 35[8]’3D[8] — s Al3a
CSi ) 54v/15m3st(s — 4m2)*(t — 4m2)* (s + 0)*(=4m2 + 5 + 1) ( )
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RELATIVISTIC CORRECTIONS TO J/y ... PHYSICAL REVIEW D 92, 014009 (2015)
hy = st(s —4m?)(4m? — 1) (s + 1) (4m? — s — 1)[49152m!°(1261s + 1459¢1)
— 1024m!* (3415752 + 404005t + 42419¢%) + 512m'?(5978s> — 298695t — 2147251
+ 119997%) + 64m !0 (10841s* + 2148825t + 4500865%1> + 19619851 + 5225¢%)
+32m3 (198115 — 64363s*t — 2646915312 — 2657355213 — 67162st* + 192441)
—4mb(86162s° + 1683285t + 43407s*> — 172806533 + 34263s%t* + 163270s1°
+ 8556815) + m#(57024s” + 220986551 + 406490s51> + 4593565413 + 45969853
+ 407102528 + 22125651° + 5702417) — 162m?(225% + 12857t + 3315°7> + 5355713
+632s*t* + 53553 + 3315240 + 128517 + 221%) + 4055st(s + 1) (s + st + 12)?] (A13b)

hy = =2m2t(4m2 — 1)[131072m85(19027s + 38911¢) — 32768m'(34301 s>
+ 17528452t + 11700751 4+ 162073) — 4096m!*(81504s* — 265155531 — 587452521
— 15453753 — 25920¢*) + 1024m!?(340730s5 + 674275s*t 4+ 2655165°1> 4 143007513
+ 77548st* — 907201) — 256m10(443414s° + 1706395571 + 227036 15*1> + 1548543531
+7106075%t* — 161108s> — 1814401%) + 64m® (36754857 + 1961043551 + 367672451
+ 31266285%1> + 122875453 1* — 2687875215 — 68612651° — 22356017) — 16m8(235756s°
+ 1490664571 + 35180895012 + 3849434571 + 1701248s*t* — 421485515 — 116062952 1°
— 731477517 — 1684801%) + 4m?(103680s° + 75595658 + 216795657 1> + 30981735573
+20773865°1* + 205573s5*% — 77591653 1° — 7611725%17 — 34585651 — 71280¢")
— m2(20736s'0 + 207360s°1 4 7372245%> + 1361080s71> + 13702815%¢* + 6904755°1
+ 236435410 — 1951515717 — 151624525 — 60912s” — 129607'0) + 16251(325° + 160581
+ 3595712 4 4765583 + 4095°1* + 2335 + 96510 + 3951”4 16518 + 41°)] (A13c)

hy = =2m2(s + 1)(4m2 — s — 1)[65536m0s1(6701s + 68997) + 8192m*(1620s*
— 6345953t — 1389205%1> — 70317583 + 1620¢*) — 1024m/2(22680s° — 2018955*¢
— 495519531% — 5395295213 — 24432151 + 226801 ) + 256m!°(68040s° + 2887557t
— 140260s*2 — 2099505313 — 20974052¢* — 717515 + 680401°) — 64m8(113400s”
+ 353683551 + 595357512 + 986984 s*1> + 102258853 * + 637657s21> + 359587515
+ 113400¢7) 4+ 16mS(110160s® + 38317757t + 750828572 + 13451335°13 + 1831816s*¢*
+ 1470557538 + 821388521° + 38954951 + 110160¢%) — 4m?(58320s° + 2055105
+ 3548045712 + 5569535°F + 8518415 r* + 8781575 + 598875531° 4 370788521
+205888s1% + 583201%) + m2(s + 1)>(12960s® + 1684857t + 262s°1> — 23497513
+ 846851+ — 26953531 — 85210 + 16848517 + 129601%) + 162s1(4s° + 2458t + 75571
+1205°F + 14955 1* + 1495*° + 1205310 + 755217 + 24515 4 41°)] (A13d)
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hy = m2[3145728m2051(2357s — 3083¢) — 131072m3(1620s* + 105283531 + 864251
—96641s> — 1620¢*) + 16384m'6(25920s° + 5096215*¢ + 896167531 — 85037513
— 2459355t — 324001°) — 8192m!*(45360s° + 32029251 + 1056932s5%1> + 856843531
+ 146706s%t* + 583s1> — 712801°%) + 1024m!?(181440s7 + 5994285°¢ + 19882775 1>
+2840253s*1> + 108329753 + 1410395%1° — 376166s1° — 36288017)
—256m9(223560s® + 62335257t + 977271s%1> 4+ 9922725713 — 1796934s*1*
— 3815074531 — 28495975215 — 183269051 — 5864401%) + 64m83(168480s° + 59285951
+ 67939657 1> — 4386175° — 49600505 1* — 103235845*> — 9863307531° — 602637851
— 274463951 — 6156007°) — 16m®(71280s'0 + 3127145°t + 6680055%1> + 413842571
—2602893s%1* — 8848230517 — 121234935*1° — 94350725%¢7 — 52164955%1% — 205509057
— 408240¢'%) + 4m?(12960s'! + 492485'0¢ + 2949405°1> + 87212958+ + 8347125714
— 1612967s%1 — 501485555 — 5770958s*t” — 4063097538 — 21541365%1° — 805760s1'°
— 155520¢") + m2t(7776s'! — 55728510t — 4134585%1> — 10039355313 — 109246657t
—3103625°F + 5407585°1% + 744113s*¢7 + 542710s° % + 3097285%¢° + 12441651'°
+259206'") + 324572 (s + 1)*(8s® + 44571 4 835°* 4 855 + 64s** + 3757 + 315210
+ 16517 + 41%)].

q(@) + g - ccCP) + q(g):

_ | 327%a3
aq(q)g(3p[l ]) = m

g = —(s+t)[~4m2(s + 1) + s> + 7]
go = —16m?s
93 =0

gs = —8mz(s — 1)

3,3
pi@s(3plly = 167 as
! 405m3 (4m? — s)(s + 1)’

hy = —(s + 1)[16m (s> + 225t + 211%) — 4m2(12s> + 435%1 — 851> + 2113)
+ 11s(s® + st + 522 + 1)]

hy = 16m2s[4m2(s + 411) — s(s + 1)]
hy =0
hy = 8m2[4m2 (s> + 50st — 31£%) — 53 + s2].
4(@) + 9~ c2(Py) + (a):

_ 1 3213
aq(q)g(3p[ ]) E—
2 1215m3(s + t)*(=4m? + s + 1)
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(Al3e)

(Al4a)

(A14b)
(Aldc)
(Al4d)

(Alde)

(A14f)

(Al4g)
(Al4h)
(Al4i)

(A14j)

(Al5a)
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= 16m¥(19s* + 305t + 197%) — 8m2(s> + 16571 + 165> + 2) + (s + 1)*(s* + 1)
gr = 48m2(32m? + 4m2(s + 2t) — s* — st + 21%)
g3 = 96m2(s + 1)?
= —24m2(4m?%(s — t) + s> — dst — 5¢%)

_ 1 1671'3(13
bq(q)g(3p[ ]) —
27 6075m2(4m2 — 5) (s + 1) (—=4m? + s + 1)?

hy = —(4m? — s — 1)[320m8(19s> + 14152t + 153s1% 4 958°)
+ 16m?*(73s* + 3953t — 9235212 — 93151 — 421%)
+4m2(s + 1)2(19s3 + 13952t — s> + 1783) — Ts(s + 1)3(s* + 12)]

hy = 48m2[2560m8 (s — 7t) — 64mS(49s> — 3st + 412)
+ 16m#(37s> + 1135%¢ + 180s2% + 8¢3) + 4m?2(55s* — 2153t — 69521 + 23513 + 661*)
—s(s +1)*(3s% — st + 612)]

hy = —96m?(s + 1)2[80m?(3s + 7t) — 4m2(16s* + 47st + 31£*) + s(s + 1)?]

hy = 24m2[320m8 (s> + 10st — 7¢) — 80m*(s® + 85>t + 315> + 241%)
—4m?(s 4 1)2(s? 4 265t — 155¢%) + s(s = 5¢)(s + 1)*].

Qi
Qi
by

(@) + g — e + g(

36!?

ba(@): 35[]
050 = 162m2st(s —4m?) (s + 1)3(—=4m2 + s + 1)

hy = —(4m? — s — 1)[128m®(20s® + 695t — 3951 + 20£%) — 32m?(40s* + 10453¢
+ 455212 + 585 +20*) + 4m2(108s° + 175s%t + 771> + 2075 + s1* 4 201°)
— 11s(4s° + 3s*t + 75382 + 75 + 3s1* + 47)]

hy = —16m2[576m8(s — t)? + 16m?*(26s> + 105s%t — 351> + 2613) — 4m2(55s*
+ 155531 + 995212 + 34s1> + 35t%) + 5(20s* + 44571 + 21522 + 44s8> + 1114)]
hy = =32m%(4m? — s — 1)[4m?%(44s> + 87s%t — 21s1> + 4413)
— 5s5(4s® + 3571 + 351% + 47)]

hy = —8m2[16m}(97s> + 1475t — 155> + 79¢%) — 4m?2(146s* + 2655°t + 189521
+ 77583 +791*) + 5(49s* + 7053t + 60s%£> + 70st> + 3114)].

q(@) + g - ccCP) + q(g):

150,

pa@y p[s]
128a "CP).

pe@s (3Pl —

The coefficients h; are the same as those in Eq. (A6).

014009-23

(A15b)
(Al5c)

(A15d)

(AlSe)

(A15¢)

(A15g)

(A15h)

(A15i)

(A15)

(Al6a)

(A16b)

(Al6c)

(A16d)

(Al6e)

(A17)
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q(q) + g — cz(s.3DY) + 4(g):

ol

bq(?])g 35[8]’ 3D[8] — _
¢S v 27\ 15m2st(s + t)*(=4m? + s + 1)

hy = —(s +1)(=4m2 + s + 1)[160m} (45> + 35°t 4 3s1* + 483) — 4m?(40s* + 97531
+ 65217 + 975> + 40r*) + 5(4s° + 3s*t + 75312 + 75°8 + 3st* + 41°)]

hy, = 8m2[3456mS(s — t)? — 144m? (4s® — 5%t — 1651> + 13£%) + 4m?(22s* + 2553t
+ 1145212 4+ Tst® + 1121%) — 405 — 128s*t — 1575312 — 1035213 — 83s1* — 497

hy = 8m2(s + 1)2(107s> — T4st + 10742) (4m2 — s — 1)

hy = 8m2[216m¢(3s> — 552t + 552 = 38%) + 2m2(17s* 4 15851 + 66521>
+ 122583 + 197¢%) — (s + 1)*(49s° + 48521 — 1551 + 587°))].

_ sl
g+q-— cc(3P[1]) + g

2567303

qq 3P[]
CPY) = i (s — am)?

g1 = = (4m? = 5)(dmi(s + 20) = 57 = 251 = 27)
= 16mZ(4m% —s—1)
= 16m?2t
gs = 32m* — 8m2s

1287%a}

baq 3P[1]
CP) = 1215m3 (4m? — 5)°

hy = (4m? — 5)[16m¢(31s + 421) — 8m2(215* 4 3251 4 211%) 4 11s(s> + 251 + 21%)]
= —16m2(124m? — 5)(4m2 — s — 1)
hy = 16m2t(s — 124m2)
hy = =8m2(4m?2 — 5)(124m?2 — s).
G+q— ctCPY) + g

25673’

qq 3P[1]
ai(CPy) = 3645mls(s — 4m?)*

g1 = —4608m8 + 2304mS(s + t) — 16m?(19s* + 665t + 3617)
+ 8m2s(s? + 165t + 151%) — s2(s* + 251 + 21%)

gy = —48m2(32m? + 4m?2(s + 2t) — s — st + 21%)

g3 = —48m2(96m? — 24m? (s + t) + 25 + 5st + 21%)

014009-24

(Al8a)

(A18b)

(A18c)

(A18d)

(A18¢)

(A19a)

(A19Db)
(A19¢)
(A19d)

(A19e)
(A19f)

(A19g)
(A19h)
(A19i)

(A19j)

(A20a)

(A20b)
(A20c)

(A20d)
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gy = =24m2(96m? — dm?(s + 4t) — s> + dst + 41°)

1287303

paa(3plly —
CP2) 18225m3s2 (4m? — s)°

hy = s[276480m!0 — 512m3 (2215 + 2461) + 64mS(935> + 9505t + 49212)
+ 16ms(53s> — 598st — 4581%) + 4m?2s*(33s + 154st + 1401%)
—7s3(s* + 25t + 21%)]

hy = 48m2[2048m8 + 128m®(19s — 81) + 16m(57s> + S4st + 81%)
— 4m?2s(20s* + st — 581%) — 5%(3s% + Tst + 10£%)]
hy = 48m2[9600mCs — 32m*(58s> + 77st — 41%)
+ 4m2s(525 4+ 137st + 581%) — s2(6s52 + 135t + 101%)]
hy = 24m2[128m0(85s — 81) + 16m*(3s> — 100st + 16£2)
— 8m2s(3s% — 68st — 581%) — s2(7s* + 20st + 201%)].

g+q-— c6(3S[18]) +g
Arad

paa(358y —
Cs) 2435tm3 (s — 4m2)3 (=4m2 + s + 1)

hy = s[64m? — 4m?(8s + 91) + 4s% + 9st + 9¢%][704m® + 16m (s — 221)
+4m?(23s% + 445t + 221%) — 11s5(s? + 251 + 21%)]

hy = 16m2[64m8(77s — 18t) — 96m#(29s? + 24st — 12£%)
+36m2(13s% + 225%t + 951> — 103) — 20s* — 36531 — 921> + 54583 + 3614]
hy = 16m2[4352m®s — 48m*(49s> + 48st — 612)
+ 36m2(10s> + 165%t + 951> — 6£°) — 11s* + 455%1> + 90s£> + 3614]
hy = 12m2(=4m? + s + 2)>(4m2(s — 2t) + s + 25t + 21%).

g+q-— cE(3P§g]) +g

1673a}

8y _
27mls*(s — 4m?)*

b1 Py

hy = s(4m? — 5)[3264mS + 16m?*(7s — 301)
+ 4mZ(33s% + 5251 4 301%) — 11s(s* + 251 + 21%)]

hy = 32m2[1152m8 + 48m¢ (55 — 12t) + 8m?2t(5s + 91) + s(s* + 25t + 41%)]
hy = 32m2[464mts + 8m2(s* + 9st + 91%) + s(3s% + 651 + 41°)]

hy = 32m2[16m2(19s — 181) + 8m2(7s* + Tst + 91%) + s(s + 21)?].

014009-25

(A20e)

(A20f)

(A20g)

(A20h)

(A20i)

(A20))

(A21a)

(A21b)

(A21c)

(A21d)

(A2le)

(A22a)

(A22b)
(A22¢)
(A22d)

(A22e)
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q+q—>cc( [8] %D[S]) g
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8
bqq( S[ ],3D[1]> — _

hy = s(s —4m?)[20480m!° —
+3102%)
+ 576583 + 1981*)

hy = —8m2[512m3 (565 — 451) —

+40s° + 72s*t + 4553 1> + 3651

hy = —8m?2[10240m3s — 64m®(1155* + 995t — 90¢%) + 48m?(53s> + 48s%t —

—-907) —

m?(133s* 4+ 20753t + 18s2#>
+ 5(495* + 16253t + 2615282 + 144583 + 3614)]

s (A23a)
81V 15mlst(s — 4m2)* (—4m?> + s + 1)
1024m8(15s + 28¢) + 64mS(80s> + 3315t
— 16m#(80s> + 41152t + 70551 + 3961%) + 4m2(60s* + 2775t + 570s%£
—55(4s* + 175t + 355222 + 365> + 181*)] (A23b)
64mS(322s? + 117st — 3607%) + 48m?(116s°
+ 120s%¢ — 7551 — 150¢%) + m2(=712s* — 90053t + 1445212 + 9365 + 720¢%)
(A23c)
39512
— 34253 — 1801*)
(A23d)
(A23e)

hy = =T72m%(—=4m2 + s + 21)*[40m? (s — 21) 4+ 2m2(9s + 8st + 1082) + s(—s* + st + 1%)].
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