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In this work, we consider the Casimir effect due to massless fermionic fields in the presence of long
cylinders. More precisely, we consider the interaction between a cylinder parallel to a plate, between two
parallel cylinders outside each other, and between a cylinder lying parallel inside another cylinder. We
derive the explicit formulas for the Casimir interaction energies and compute the leading and the next-to-
leading order terms of the small separation asymptotic expansions. As expected, the leading order terms
coincide with the proximity force approximations. We compare the results of the next-to-leading order
terms of different quantum fields, and show that our results support the ansatz of derivative expansions.
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I. INTRODUCTION

Casimir effect is one of the most interesting predictions
of quantum field theory that has been verified experimen-
tally. In [1], Casimir proposed that there exists a force
between two parallel perfectly conducting plates due to the
vacuum fluctuations of the electromagnetic field confined
between the plates. The idea of Casimir energy is natural. In
quantum theory, the ground state energy of a simple
harmonic oscillator is not zero, but is equal to ℏω=2,
where ω is the angular frequency of the associated
oscillator. A quantum field can be considered as the
superposition of infinitely many simple harmonic oscilla-
tors with different frequencies. This led Casimir to define
the Casimir energy to be

ECas ¼
Xℏω

2
; ð1Þ

the sum of the ground state energies of the quantum field.
This is an infinite sum that needs regularization. However,
without the presence of boundaries or external conditions,
the Casimir effect would not be manifested. The Casimir
effect is most interesting in the presence of two objects, such
as parallel plates. In principle, after subtracting the self-
energies, there should be some finite amount of energy left,
which would create interaction between the two objects.
The first experiment that successfully verified the pres-

ence of the Casimir effect appeared near the end of the 20th
century [2]. This has stimulated another surge in the
research activities in the Casimir effect, especially in
conjunction with the development of nanotechnology.
Under the same reasoning, the definition of Casimir energy
(1) works not only for electromagnetic fields as originally
proposed by Casimir, but for any quantum fields. However,

for fermionic fields, one should add a minus sign in front of
the formula due to the different spin and statistical behavior
of fermionic fields. In fact, such definitions of Casimir
energies have been used to compute the Casimir effect of
two parallel plates, and the Casimir self-energies of
spheres, cylinders, etc., in the second half of the 20th
century. From the point of view of statistical physics, such a
definition is natural since the Casimir energy so defined
appears as the zero temperature part of the free energy.
Even though there is intensive research in the Casimir

effect since 1980s, for a long time, it is not clear how to
compute the Casimir interaction between two objects,
except by using approximations. Around 2006, various
groups of researchers simultaneously tackled this problem
for some particular geometries using quantum field theory
methods such as Green’s functions, path integrals, wave
expansions, etc., that can be more or less categorized as
multiple scattering approach [3–16] or mode summation
approach [17–19]. The general method for arbitrary objects
has been synthesized in [20] for scalar fields and in [21] for
electromagnetic fields. Both of these papers approach the
problem using multiple scattering formalism. In [22], we
used mode summation approach to interpret the formulas
derived in [20,21]. An advantage of our formalism is that it
is not restricted to scalar fields or electromagnetic fields,
and it is also not restricted to (3þ 1)-dimensional
Minkowski spacetime. For example, we have used the
formalism in [22] to compute the sphere-plate and sphere-
sphere Casimir interaction in ðDþ 1Þ-dimensional
Minkowski spacetime in [23] and [24].
The studies of Casimir effect of fermionic fields can be

dated back to 1980s. Before the end of the 20th century,
there are a few works that considered the Casimir effect of
massless [25–27] and massive [28] fermionic fields.
However, this is a relatively small number compared to
the research works in the Casimir effect of scalar fields and
electromagnetic fields. One of the possible reasons is that*LeePeng.Teo@nottingham.edu.my
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fermionic fields are relatively harder to deal with. After
entering the 21st century, the Casimir effect of fermionic
fields has started to attract attention and there are a number
of works in this area [29–48], with some applications to
carbon nanotubes. One of the most popular models that
describes the quantum interaction of graphene sheets is
called the Dirac model, which involves a coupling of an
electromagnetic field and a fermionic field. The Casimir
interaction of graphene sheets has been studied in [49–52]
using the Dirac model. The fact that the transport of
electrons in a graphene sheet can be described using
massless Dirac fermions [53] gives a strong motivation
to study Casimir interaction of massless fermionic fields.
In [54], we considered the fermionic Casimir interaction

between two spheres and derived the small separation
asymptotic behaviors. For application to carbon nanotubes,
it is natural to consider the cylindrical geometries. In this
work, we consider the fermionic Casimir effect between a
cylinder and a plate, and between two parallel cylinders.
For parallel cylinders, we consider both possible cases: one
is where the two cylinders are outside each other, and one
is where one cylinder is inside the other. We derive the
explicit formulas for the Casimir interaction energies and
compute the small separation asymptotic behaviors. The
results are compared to the results of other quantum fields.
We also use our results to stipulate the ansatz of derivative
expansions proposed in [55]. This gives a formula for the
small separation asymptotic expansion of the Casimir
interaction between two nontrivial objects subject to
vacuum fluctuations of a massless fermionic field, up to
the next-to-leading order term.
For wider applications to quantum field theory and

nanotechnology, we will consider in a future work the
Casimir interaction of massive interacting fermionic fields,
which is much more complicated. However, when the
fermion mass is very small, the massless limit obtained in
this work gives a good enough approximation.

II. THE CASIMIR INTERACTION ENERGY

A. Plane waves and cylindrical waves

In this work, we consider the Casimir interaction
between a cylinder and a plate, and between two cylinders
due to the vacuum fluctuations of a massless Dirac field ψ
which satisfies the equation

iγμ∇μψ ¼ 0: ð2Þ

Here ∇μ ¼ ∂μ þ Γμ, and Γμ is the spin connection.
On the boundaries of the cylinders or plate, we impose

the MIT bag boundary conditions:

ð1þ iγμnμÞψ jboundary ¼ 0: ð3Þ

To derive the Casimir interaction energy, we use the
formalism we developed in [22].

First we need to solve the equation of motion (3) in
rectangular and cylindrical coordinates.
For cylinders, we align them so that their axes of

symmetry are parallel to the z-direction. Then using the
cylindrical coordinates

x ¼ ρ cosφ; y ¼ ρ sinφ; z ¼ z; ð4Þ

a cylinder of radius R can be described as ρ ¼ R if its axis
of symmetry is the z-axis.
When considering the cylinder-plate interaction, we will

assume that the plate is given by x ¼ L, where L > R, so
that the cylinder is parallel to the plate. The plane waves are
then parametrized by ðky; kzÞ. The fermionic waves can be
divided into positive energy modes and negative energy
modes, as well as regular waves and outgoing waves, each
has two families: They can be written as

ψ ð�Þ;�
kykz;j

¼ Að�Þ;�
kykz;j

e−isgn�kxxþikyyþikzz∓iωt; ð5Þ

where

Að�Þ;�
kykz;1

¼

0
BBB@

1

0

� kz
k

� −sgn�kxþiky
k

1
CCCA; Að�Þ;�

kykz;2
¼

0
BBB@

0

1

∓ sgn�kxþiky
k

∓ kz
k

1
CCCA:

ð6Þ

Here k ¼ ω
c, � ¼ reg or out, sgnreg ¼ 1, sgnout ¼ −1 and

kx ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 − k2y − k2z

q
:

In cylindrical coordinates, the fermionic waves are
parametrized by m and kz, where m ¼ � 1

2
;� 3

2
;� 5

2
;…,

ψ ð�Þ;�
mkz;j

¼ C�mB
ð�Þ;�
mkz;j

eikzz∓iωt; ð7Þ

with

Bð�Þ;�
mkz;1

¼

0
BBBBBB@

f�
m−1

2

ðk⊥ρÞeiðm−1
2
Þφ

0

� kz
k f

�
m−1

2

ðk⊥ρÞeiðm−1
2
Þφ

� ik⊥
k f�

mþ1
2

ðk⊥ρÞeiðmþ1
2
Þφ

1
CCCCCCA
;

Bð�Þ;�
mkz;2

¼

0
BBBBBB@

0

−if�
mþ1

2

ðk⊥ρÞeiðmþ1
2
Þφ

∓ k⊥
k f�

m−1
2

ðk⊥ρÞeiðm−1
2
Þφ

� ikz
k f�

mþ1
2

ðk⊥ρÞeiðmþ1
2
Þφ

1
CCCCCCA
: ð8Þ
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Here

k⊥ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 − k2z

q
; fregn ðzÞ ¼ JnðzÞ; foutn ¼ Hð1Þ

n ðzÞ;

JnðzÞ and Hð1Þ
n ðzÞ are Bessel functions [56] and

Cregm ¼ i−mþ1
2; Coutm ¼ π

2
imþ1

2 ð9Þ

are normalization constants introduced to facilitate the
change to imaginary frequencies.

B. The Casimir interaction energy between
a cylinder and a plate

Assume that the cylinder has radius R, length H and its
axis of symmetry is the z-axis. Let the plate be described by
x ¼ L, with center at O0 ¼ ðL; 0; 0Þ and dimensions
H ×H. Let x0 ¼ x −L, L ¼ Lex.
In the region between the cylinder and the plate, the

Dirac fields can be represented in two ways: one is in terms
of the cylindrical coordinate system centered at O:

ψ ð�Þðx; tÞ

¼ H
Z

∞

−∞
dω
Z

∞

−∞

dkz
2π

×
X∞

m¼−∞

�X
j¼1;2

að�Þ;mkz
j ψ ð�Þ;reg

mkz;j
ðx;ωÞ

þ
X
j¼1;2

bð�Þ;mkz
j ψ ð�Þ;out

mkz;j
ðx;ωÞ

�
; ð10Þ

and one is in terms of the rectangular coordinate system
centered at O0:

ψ ð�Þðx0; tÞ

¼ H2

Z
∞

−∞
dω
Z

∞

−∞

dky
2π

Z
∞

−∞

dkz
2π

×

�X
j¼1;2

c
ð�Þ;kykz
j ψ ð�Þ;reg

kykz;j
ðx0;ωÞ

þ
X
j¼1;2

d
ð�Þ;kykz
j ψ ð�Þ;out

kykz;j
ðx0;ωÞ

�
: ð11Þ

These two representations are related by translation matri-
ces V and W:

0
B@ψ ð�Þ;reg

kykz;1
ðx0;ωÞ

ψ ð�Þ;reg
kykz;2

ðx0;ωÞ

1
CA ¼

X∞
n¼−∞

0
B@Vð�Þ;11

m;ky
Vð�Þ;21
m;ky

Vð�Þ;12
m;ky

Vð�Þ;22
m;ky

1
CA

×

0
B@ψ ð�Þ;reg

mkz;1
ðx;ωÞ

ψ ð�Þ;reg
mkz;2

ðx;ωÞ

1
CA;

0
B@ψ ð�Þ;out

mkz;1
ðx;ωÞ

ψ ð�Þ;out
mkz;2

ðx;ωÞ

1
CA ¼ H

Z
∞

−∞

dky
2π

0
B@Wð�Þ;11

ky;m
Wð�Þ;21

ky;m

Wð�Þ;12
ky;m

Wð�Þ;22
ky;m

1
CA

×

0
B@ψ ð�Þ;out

kykz;1
ðx0;ωÞ

ψ ð�Þ;out
kykz;2

ðx0;ωÞ

1
CA; ð12Þ

so that

 
að�Þ;mkz
1

að�Þ;mkz
2

!
¼ H

Z
∞

−∞

dky
2π

 
Vð�Þ;11
m;ky

Vð�Þ;12
m;ky

Vð�Þ;21
m;ky

Vð�Þ;22
m;ky

!

×

 
c
ð�Þ;kykz
1

c
ð�Þ;kykz
2

!
;

 
d
ð�Þ;kykz
1

d
ð�Þ;kykz
2

!
¼
X∞

m¼−∞

 
Wð�Þ;11

ky;m
Wð�Þ;12

ky;m

Wð�Þ;21
ky;m

Wð�Þ;22
ky;m

!

×

 
bð�Þ;mkz
1

bð�Þ;mkz
2

!
: ð13Þ

The boundary conditions on the cylinder give a relation of
the form  

bð�Þ;mkz
1

bð�Þ;mkz
2

!
¼ −T ð�Þ

mkz

 
að�Þ;mkz
1

að�Þ;mkz
2

!
: ð14Þ

In imaginary frequency, ω ¼ iξ, k ¼ iκ, γ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2 þ k2z

p
,

T ð�Þ
mkz

¼ � i
1

κRðK2
m−1

2

ðγRÞ þ K2
mþ1

2

ðγRÞÞ

×

 
−1 ∓ iA ikz

γ

ikz
γ 1 ∓ iA

!
; ð15Þ

where

A ¼ κRðKm−1
2
ðγRÞIm−1

2
ðγRÞ − Kmþ1

2
ðγRÞImþ1

2
ðγRÞÞ:

ð16Þ
Here KnðzÞ and InðzÞ are modified Bessel functions [56].
The boundary conditions on the plate gives a relation of
the form
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�
c
ð�Þ;kykz
1

c
ð�Þ;kykz
2

�
¼ − ~T ð�Þ

kykz

�
d
ð�Þ;kykz
1

d
ð�Þ;kykz
2

�
; ð17Þ

where

~T ð�Þ
kykz

¼∓ i
κ

0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γ2 þ k2y

q
þ ky ikz

−ikz
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γ2 þ k2y

q
− ky

1
CA: ð18Þ

For the translation matrices V andW defined by (12), using
techniques introduced in [22], we find that

Vm;ky¼

0
B@ 1 0

0

ffiffiffiffiffiffiffiffiffi
γ2þk2y

p
þky

γ

1
CA
0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γ2 þ k2y

q
þ ky

γ

1
CA

m−1
2

e−
ffiffiffiffiffiffiffiffiffi
γ2þk2y

p
L;

ð19Þ

Wky;m ¼ π

H

0
B@ 1 0

0 −
ffiffiffiffiffiffiffiffiffi
γ2þk2y

p
þky

γ

1
CA
0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γ2 þ k2y

q
þ ky

γ

1
CA

m−1
2

×
e−

ffiffiffiffiffiffiffiffiffi
γ2þk2y

p
Lffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

γ2 þ k2y
q : ð20Þ

As discussed in [22], the Casimir interaction energy is then
given by

ECas ¼ −
ℏH
2π

Z
∞

0

dξ
Z

∞

−∞

dkz
2π

X
þ;−

Tr ln ðI −Mð�ÞðiξÞÞ;

ð21Þ

where

Mð�Þ
m;m0 ¼ T ð�Þ

mkz
H
Z

∞

−∞

dky
2π

V ð�Þ
m;ky

~T ð�Þ
kykz

Wð�Þ
ky;m0

¼∓ i
π

κ
T ð�Þ
mkz

�
γ −ikz

−ikz −γ

�

×
Z

∞

−∞

dky
2π

0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γ2 þ k2y

q
þ ky

γ

1
CA

mþm0

×
e−2

ffiffiffiffiffiffiffiffiffi
γ2þk2y

p
Lffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

γ2 þ k2y
q : ð22Þ

The integral can be computed explicitly to give

Mð�Þ
m;m0 ¼∓ i

κ
Tmkz

�
γ −ikz

−ikz −γ

�
Kmþm0 ð2γLÞ: ð23Þ

C. The Casimir interaction energy between
two cylinders

Consider two cylinders of length H and radii RA and RB,
respectively. The axis of symmetry of the cylinders are
given respectively by x ¼ y ¼ 0 and x ¼ L; y ¼ 0, both
parallel to the z axis.
We consider two scenarios:
(i) The two cylinders are outside each other. In this

case, L > RA þ RB and d ¼ L − RA − RB is the
distance between the two cylinders.

(ii) The cylinder of radius RA is inside the cylinder of
radius RB. In this case, L < RB − RA and d ¼ RB −
RA − L is the distance between the two cylinders.

In the region between the two cylinders, the Dirac fields
can be represented in two ways: one is in terms of the
cylindrical coordinate system centered at O:

ψ ð�Þðx; tÞ ¼ H
Z

∞

−∞
dω

×
X∞

m¼−∞

�X
j¼1;2

að�Þ;mkz
j ψ ð�Þ;reg

mkz;j
ðx;ωÞ

þ
X
j¼1;2

bð�Þ;mkz
j ψ ð�Þ;out

mkz;j
ðx;ωÞ

�
; ð24Þ

and one is in terms of the cylindrical coordinate system
centered at O0:

ψ ð�Þðx; tÞ ¼ H
Z

∞

−∞
dω

×
X∞

m0¼−∞

�X
j¼1;2

cð�Þ;m0kz
j ψ ð�Þ;reg

m0kz;j
ðx0;ωÞ

þ
X
j¼1;2

dð�Þ;m0kz
j ψ ð�Þ;out

m0kz;j
ðx0;ωÞ

�
: ð25Þ

The two representations are related by translation matrices.
In case that the two cylinders are outside each other,

 
ψ ð�Þ;out
m0kz;1

ðx0;ωÞ
ψ ð�Þ;out
m0kz;2

ðx0;ωÞ

!
¼
X∞

m¼−∞

 
Uð�Þ;11

m;m0 Uð�Þ;21
m;m0

Uð�Þ;12
m;m0 Uð�Þ;22

m;m0

!

×

 
ψ ð�Þ;reg
mkz;1

ðx;ωÞ
ψ ð�Þ;reg
mkz;2

ðx;ωÞ

!
;

 
ψ ð�Þ;out
mkz;1

ðx;ωÞ
ψ ð�Þ;out
mkz;2

ðx;ωÞ

!
¼
X∞

m0¼−∞

 
~Uð�Þ;11
m0;m

~Uð�Þ;21
m0;m

~Uð�Þ;12
m0;m

~Uð�Þ;22
m0;m

!

×

 
ψ ð�Þ;reg
m0kz;1

ðx0;ωÞ
ψ ð�Þ;reg
m0kz;2

ðx0;ωÞ

!
: ð26Þ
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In case one cylinder is inside the other,

 
ψ ð�Þ;reg
m0kz;1

ðx0;ωÞ
ψ ð�Þ;reg
m0kz;2

ðx0;ωÞ

!
¼
X∞

m¼−∞

 
Vð�Þ;11
m;m0 Vð�Þ;21

m;m0

Vð�Þ;12
m;m0 Vð�Þ;22

m;m0

!

×

 
ψ ð�Þ;reg
mkz;1

ðx;ωÞ
ψ ð�Þ;reg
mkz;2

ðx;ωÞ

!
;

 
ψ ð�Þ;out
mkz;1

ðx;ωÞ
ψ ð�Þ;out
mkz;2

ðx;ωÞ

!
¼
X∞

m0¼−∞

 
Wð�Þ;11

m0;m Wð�Þ;21
m0;m

Wð�Þ;12
m0;m Wð�Þ;22

m0;m

!

×

 
ψ ð�Þ;out
m0kz;1

ðx0;ωÞ
ψ ð�Þ;out
m0kz;2

ðx0;ωÞ

!
: ð27Þ

Using the method in [22], one finds that

Uð�Þ
m;m0 ¼ ð−1Þm0−1

2Km0−mðγLÞI;
Uð�Þ
m0;m ¼ ð−1Þm0−1

2Km0−mðγLÞI;
V ð�Þ
m;m0 ¼ ð−1Þm0−mIm−m0 ðγLÞI;

Wð�Þ
m0;m ¼ ð−1Þm−m0

Im−m0 ðγLÞI: ð28Þ

As in the case of electromagnetic fields, we find that the
translation matrices are all equal to a scalar times the
identity matrix.
When the two cylinders are outside each other,

solving the boundary conditions on the two cylinders give

the T ð�Þ
mkz

matrix as in (15). The Casimir interaction energy is
given by

ECas ¼ −
ℏH
2π

Z
∞

0

dξ
Z

∞

−∞

dkz
2π

X
þ;−

Tr ln ðI −Mð�ÞðiξÞÞ;

ð29Þ

with

Mð�Þ
m;m0 ¼ T ð�Þ

mkz
ðRAÞ

X
m00

Uð�Þ
m;m00T

ð�Þ
m00kz

ðRBÞ ~Uð�Þ
m00;m0

¼ T ð�Þ
mkz

ðRAÞ
X
m00

Km00−mðγLÞT ð�Þ
m00kz

ðRBÞKm00−m0 ðγLÞ:

ð30Þ

When the cylinder with radius RA is inside the cylinder
with radius RB, the boundary condition on the cylinder

with radius RA still give the same T ð�Þ
nkz

as given by (15).
However, the boundary conditions on the cylinder with
radius RB gives

 
cð�Þ;m0kz
1

cð�Þ;m0kz
2

!
¼ − ~T ð�Þ

m0kz

 
dð�Þ;m0kz
1

dð�Þ;m0kz
2

!
; ð31Þ

where

~Tmkz ¼ �i
1

κRBðI2m−1
2

ðγRBÞ þ I2
mþ1

2

ðγRBÞÞ

×

�−1 ∓ iA ikz
γ

ikz
γ 1 ∓ iA

�
; ð32Þ

with A given by (16). The Casimir interaction energy is
then given by the same expression (29) but with

Mð�Þ
m;m0 ¼ T ð�Þ

mkz
ðRAÞ

X
m00

V ð�Þ
m;m00 ~T

ð�Þ
m00kz

ðRBÞWð�Þ
m00;m0

¼ T ð�Þ
mkz

ðRAÞ
X
m00

Im00−mðγLÞ ~T ð�Þ
m00kz

ðRBÞIm00−m0 ðγLÞ:

ð33Þ

III. SMALL SEPARATION ASYMPTOTIC
BEHAVIOR

The Casimir effect will be most significant when the
separation between the objects is small, especially for
application to nanotechnology. However, the computation
of the small separation asymptotics of the Casimir inter-
action energy is often a tedious problem. Nonetheless, a
systematic method has been developed in a series of papers
[10,11,23,24,57–64]. Making the substitution

kz ¼ u cos α; κ ¼ u sin α

in (21) and (29), we find that

ECas ¼ −
ℏcH
4π2

Z
∞

0

udu
Z

π

0

dαTr
X
þ;−

ln ðI −Mð�ÞÞ: ð34Þ

Expanding the logarithm and trace, we have

ECas ¼
ℏcH
4π2

X
þ;−

X∞
s¼0

1

sþ 1

Z
∞

0

udu
Z

π

0

dα

×
X
m0

X
m1

…
X
ms

trðMð�Þ
m0m1

Mð�Þ
m1m2

…Mð�Þ
msm0

Þ: ð35Þ

Here the trace tr is the trace over 2 × 2 matrices.
In the following, we are going to discuss the different

cases separately.
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A. The cylinder-plate case

In the cylinder-plate case, let

ω ¼ Ru; ε ¼ d
R
¼ L

R
− 1:

Then

Mð�Þ
mi;miþ1

¼ 1

ωsin2αðK2
mi−1

2

ðωÞ þ K2
miþ1

2

ðωÞÞ

×

�−1 ∓ iBi sin α i cos α

i cos α 1 ∓ iBi sin α

�

×

�
1 −i cos α

−i cos α −1

�
Kmiþmiþ1

ð2ωð1þ εÞÞ

¼ 1

ωsin2αðK2
mi−1

2

ðωÞ þ K2
miþ1

2

ðωÞÞ

×

�
−sin2α ∓ iBi sin α ∓ Bi sin α cos α

∓ Bi sin α cos α −sin2α� iBi sin α

�

× Kmiþmiþ1
ð2ωð1þ εÞÞ; ð36Þ

where

Bi ¼ ωðKmi−1
2
ðωÞImi−1

2
ðωÞ − Kmiþ1

2
ðωÞImiþ1

2
ðωÞÞ:

Let

m0 ¼ m; mi ¼ mþ ni; ω ¼ m
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − τ2

p

τ
:

Then the main contribution to the Casimir interaction
energy comes from m ∼ ε−1, ni ∼ ε−

1
2.

Using the Debye asymptotic expansions of modified
Bessel functions [65]:

IνðνzÞ ∼
1ffiffiffiffiffiffiffiffi
2πν

p eνηðzÞ

ð1þ z2Þ14
�
1þ u1ðtðzÞÞ

ν
þ � � �

�
;

KνðνzÞ ∼
ffiffiffiffiffi
π

2ν

r
e−νηðzÞ

ð1þ z2Þ14
�
1 −

u1ðtðzÞÞ
ν

þ � � �
�
; ð37Þ

where

ηðzÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ z2

p
þ log

z

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ z2

p ;

tðzÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ z2

p ;

u1ðtÞ ¼
t
8
−
5t3

24
; ð38Þ

one can check that the term Bi has order ε, and hence would
not contribute to the small separation asymptotic expansion
up to the next-to-leading order term. Hence,

Mð�Þ
mi;miþ1

∼ −
1

ωðK2
mi−1

2

ðωÞ þ K2
miþ1

2

ðωÞÞ
× Kmiþmiþ1

ð2ωð1þ εÞÞI: ð39Þ

This is independent of α and þ, −. Moreover, ignoring

terms with order higher than ε, Mð�Þ
mi;miþ1

¼ Mð�Þ
−mi;−miþ1

.
Hence, after replacing summation by corresponding
integrations,

ECas ∼
ℏcH
πR2

X∞
s¼0

1

sþ 1

Z
1

0

dτ
τ3

Z
∞

0

dmm2

Z
∞

−∞
dn1…

×
Z

∞

−∞
dnstrðMðþÞ

m0m1
MðþÞ

m1m2
…MðþÞ

msm0
Þ: ð40Þ

Now

MðþÞ
mi;miþ1

∼ −
1

ω
�
1þ

K2

miþ1
2

ðωÞ
K2

mi−
1
2

ðωÞ
�Kmiþmiþ1

ð2ωð1þ εÞÞ
K2

mi−1
2

ðωÞ I: ð41Þ

Using the Debye asymptotic expansions, one can find the
asymptotic expansions for

Kmiþmiþ1
ð2ωð1þ εÞÞ

K2
mi−1

2

ðωÞ

and

1

1þ
K2

miþ1
2

ðωÞ
K2

mi−
1
2

ðωÞ

separately, up to terms of order ε. These give an expansion
of the form

Mð�Þ
mi;miþ1

∼ −
1

2

ffiffiffiffiffiffiffi
τ

πm

r
exp

�
−
2εm
τ

−
τðni − niþ1Þ2

4m

�
× ð1þAi;1 þAi;2ÞI; ð42Þ

where Ai;1 and Ai;2 are respectively terms of order
ffiffiffi
ε

p
and

ε:Ai;1 is an odd function in ni and niþ1 and hence
integrating it over an even function of ni gives 0. As a
result, the next-to-leading order term in the small separation
asymptotic expansion of the Casimir interaction energy is
of order ε smaller than the leading order term. We have
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ECas ∼
2ℏcH
πR2

X∞
s¼0

ð−1Þsþ1

sþ 1

1

2sþ1π
sþ1
2

Z
1

0

dττ
s−5
2

Z
∞

0

dmm−s−3
2

×
Z

∞

−∞
dn1…

Z
∞

−∞
dns

× exp

�
−
2εðsþ 1Þm

τ
−
Xs
i¼0

τðni − niþ1Þ2
4m

�

×

�
1þ

Xs−1
i¼0

Xs
j¼iþ1

Ai;1Aj;1 þ
Xs
i¼0

Ai;2

�
: ð43Þ

The integration over ni are standard Gaussian integrations
and the integration over m and τ can also be performed
explicitly. We find that

ECas ∼
3ℏcH

16
ffiffiffi
2

p
πε

5
2R2

×
X∞
s¼0

ð−1Þsþ1

ðsþ 1Þ4
�
1þ

�
7

36
−
1

9
ðsþ 1Þ2

�
d
R

�

∼ −
7π3ℏcH

ffiffiffiffi
R

p

3840
ffiffiffi
2

p
d

5
2

�
1þ

�
7

36
−

20

21π2

�
d
R

�
: ð44Þ

One can easily check that the leading term

ECas ∼ −
7π3ℏcH

ffiffiffiffi
R

p

3840
ffiffiffi
2

p
d

5
2

ð45Þ

coincides with the proximity force approximation.
The corresponding results for Dirichlet (D), Neumann

(N), and perfectly conducting (C) boundary conditions
have been obtained in [10]:

ED
Cas ∼ −

π3ℏcH
ffiffiffiffi
R

p

1920
ffiffiffi
2

p
d

5
2

�
1þ 7

36

d
R

�
;

EN
Cas ∼ −

π3ℏcH
ffiffiffiffi
R

p

1920
ffiffiffi
2

p
d

5
2

�
1þ

�
7

36
−

40

3π2

�
d
R

�
;

EC
Cas ∼ −

π3ℏcH
ffiffiffiffi
R

p

960
ffiffiffi
2

p
d

5
2

�
1þ

�
7

36
−

20

3π2

�
d
R

�
: ð46Þ

B. The case of two cylinders outside each other

In the case that two parallel cylinders of radii RA and RB
are outside each other, let

ω ¼ ðRA þ RBÞu;

ε ¼ d
RA þ RB

¼ L
R
− 1;

a ¼ RA

RA þ RB
;

b ¼ RB

RA þ RB
:

Then

Mð�Þ
mi;miþ1

¼ −
1

aω sin αðK2
mi−1

2

ðaωÞ þ K2
miþ1

2

ðaωÞÞ

×
X
mi

0

Kmi
0þmi

ðð1þ εÞωÞKmi
0þmiþ1

ðð1þ εÞωÞ
bω sin αðK2

mi
0−1

2

ðbωÞ þ K2
mi

0þ1
2

ðbωÞÞ

×

�−1 ∓ iBi sin α i cos α

i cos α 1 ∓ iBi sin α

�

×

�−1� iCi sin α i cos α

i cos α 1� iCi sin α

�
; ð47Þ

where

Bi ¼ aωðKmi−1
2
ðaωÞImi−1

2
ðaωÞ − Kmiþ1

2
ðaωÞImiþ1

2
ðaωÞÞ;

Ci ¼ bωðKmi
0−1

2
ðbωÞImi

0−1
2
ðbωÞ − Kmi

0þ1
2
ðbωÞImi

0þ1
2
ðbωÞÞ:

ð48Þ

Let

m0 ¼ m; mi ¼ mþ ni;

m0
i ¼

b
2a

ðmi þmiþ1Þ þ qi

¼ b
a
mþ b

2a
ðni þ niþ1Þ þ qi;

ω ¼ m
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − τ2

p

aτ
:

As before, m has order ε−1, ni and qi has order ε−
1
2.

Now,�−1 ∓ iBi sinα i cosα

i cosα 1 ∓ iBi sinα

�

×

�−1� iCi sinα i cosα

i cosα 1� iCi sinα

�

¼
�
sin2α� iðBi − CiÞ sinα �ðBi − CiÞ sinα cosα
�ðBi − CiÞ sinα cosα sin2α∓ iðBi − CiÞ sinα

�
:

ð49Þ

In the same way, we find that the Bi and Ci terms would not
contribute to the leading and next-to-leading order terms of
the Casimir interaction energy.
Hence,

ECas ∼
ℏcH
πR2

A

X∞
s¼0

1

sþ 1

Z
1

0

dτ
τ3

Z
∞

0

dmm2

Z
∞

−∞
dn1…

×
Z

∞

−∞
dnstrðMðþÞ

m0;m1
…MðþÞ

ms;m0
Þ; ð50Þ
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where

Mmi;miþ1
∼−

1

aωðK2
mi−1

2

ðaωÞþK2
miþ1

2

ðaωÞÞ

×
Z

∞

−∞
dqi

Km0
iþmi

ðð1þ εÞωÞKm0
iþmiþ1

ðð1þ εÞωÞ
bωðK2

m0
i−

1
2

ðbωÞþK2
m0

iþ1
2

ðbωÞÞ I:

ð51Þ

Using the Debye asymptotic expansions (37) again, we can
find the small ε expansions for

Km0
iþmi

ðð1þ εÞωÞKmiþ1þm0
i
ðð1þ εÞωÞ

K2
mi−1

2

ðaωÞK2
m0

i−
1
2

ðbωÞ ;

1

1þ
K2

m0
i
þ1
2

ðbωÞ
K2

m0
i
−1
2

ðbωÞ

and

1

1þ
K2

miþ1
2

ðaωÞ
K2

mi−
1
2

ðaωÞ

up to terms of order ε. These give

Mmi;miþ1
∼ −

aτ
2πm

Z
∞

−∞
dqi

× exp

�
−
2εm
aτ

−
bτðni − niþ1Þ2

4m
−
a2τ
bm

q2i

�
× ð1þ Bi;1 þ Bi;2ÞI: ð52Þ

After the Gaussian integration over qi, we have

Mmi;miþ1
∼ −

ffiffiffiffiffi
bτ

p

2
ffiffiffiffiffiffiffi
πm

p exp

�
−
2εm
aτ

−
bτðni − niþ1Þ2

4m

�
× ð1þ Ci;1 þ Ci;2ÞI: ð53Þ

Hence,

ECas ∼
2ℏcH
πR2

A

X∞
s¼0

ð−1Þsþ1

sþ 1

b
sþ1
2

2sþ1π
sþ1
2

Z
1

0

dττ
s−5
2

Z
∞

0

dmm−s−3
2

×
Z

∞

−∞
dn1…

Z
∞

−∞
dns

× exp

�
−
2εðsþ 1Þm

aτ
−
Xs
i¼0

bτðni − niþ1Þ2
4m

�

×

�
1þ

Xs−1
i¼0

Xs
j¼iþ1

Ci;1Cj;1 þ
Xs
i¼0

Ci;2

�
: ð54Þ

As before, integrations over ni, m and τ give

ECas∼
3ℏcHa

5
2

ffiffiffi
b

p

16
ffiffiffi
2

p
πε

5
2R2

A

X∞
s¼0

ð−1Þsþ1

ðsþ 1Þ4

×

�
1−

7

12

d
RAþRB

þ
�
7

36
−
ðsþ 1Þ2

9

��
d
RA

þ d
RB

��

¼−
7π3ℏcH

ffiffiffiffiffiffiffiffiffiffiffiffi
RARB

p

3840
ffiffiffi
2

p
d

5
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RAþRB

p

×

�
1−

7

12

d
RAþRB

þ
�
7

36
−

20

21π2

��
d
RA

þ d
RB

��
:

ð55Þ

The leading term

ECas ∼ −
7π3ℏcH

ffiffiffiffiffiffiffiffiffiffiffiffi
RARB

p

3840
ffiffiffi
2

p
d

5
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RA þ RB

p ð56Þ

also coincides with the proximity force approximation.
The corresponding results for Dirichlet, Neumann, and

perfectly conducting boundary conditions were obtained in
[62]. They are given by

ED
Cas ∼ −

π3ℏcH
ffiffiffiffiffiffiffiffiffiffiffiffi
RARB

p

1920
ffiffiffi
2

p
d

5
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RA þ RB

p

×

�
1 −

7

12

d
RA þ RB

þ 7

36

�
d
RA

þ d
RB

��
;

EN
Cas ∼ −

π3ℏcH
ffiffiffiffiffiffiffiffiffiffiffiffi
RARB

p

1920
ffiffiffi
2

p
d

5
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RA þ RB

p

×

�
1 −

7

12

d
RA þ RB

þ
�
7

36
−

40

3π2

��
d
RA

þ d
RB

��
;

EC
Cas ∼ −

π3ℏcH
ffiffiffiffiffiffiffiffiffiffiffiffi
RARB

p

960
ffiffiffi
2

p
d

5
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RA þ RB

p

×

�
1 −

7

12

d
RA þ RB

þ
�
7

36
−

20

3π2

��
d
RA

þ d
RB

��
:

ð57Þ
Notice that for all different boundary conditions, the ratio
of the next-to-leading order term to the leading order term
contains the universal terms

−
7

12

d
RA þ RB

and

7

36

�
d
RA

þ d
RB

�
:

C. The case of one cylinder inside another

In the case that the cylinder of radius RA is inside the
cylinder of radius RB, let
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ω ¼ ðRB − RAÞu ¼ m
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − τ2

p

aτ
; ε ¼ d

RB − RA
¼ 1 −

L
R
;

a ¼ RA

RB − RA
; b ¼ RB

RB − RA
; mi ¼ mþ ni;

m0
i ¼

b
2a

ðni þ niþ1Þ þ qi ¼
b
a
mþ b

2a
ð ~ni þ ~niþ1Þ þ qi:

Then as in the case of two cylinders outside each other,
we find that

Mð�Þ
mi;miþ1

∼ −
1

aωðK2
mi−1

2

ðaωÞ þ K2
miþ1

2

ðaωÞÞ

×
Z

∞

−∞
dqi

Im0
i−mi

ðð1 − εÞωÞIm0
i−miþ1

ðð1 − εÞωÞ
bωðI2

m0
i−

1
2

ðbωÞ þ I2
m0

iþ1
2

ðbωÞÞ I:

ð58Þ

In the same way, we have

ECas ∼
3ℏcHa

5
2

ffiffiffi
b

p

16
ffiffiffi
2

p
πε

5
2R2

A

X∞
s¼0

ð−1Þsþ1

ðsþ 1Þ4

×

�
1þ 7

12

d
RB − RA

þ
�
7

36
−
ðsþ 1Þ2

9

��
d
RA

−
d
RB

��

¼ −
7π3ℏcH

ffiffiffiffiffiffiffiffiffiffiffiffi
RARB

p

3840
ffiffiffi
2

p
d

5
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RB − RA

p

×
�
1þ 7

12

d
RB − RA

þ
�
7

36
−

20

21π2

��
d
RA

−
d
RB

��
:

ð59Þ

As computed in [62], the corresponding results for
Dirichlet, Neumann, and perfectly conducting boundary
conditions are given by

ED
Cas ∼ −

π3ℏcH
ffiffiffiffiffiffiffiffiffiffiffiffi
RARB

p

1920
ffiffiffi
2

p
d

5
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RB − RA

p

×

�
1þ 7

12

d
RB − RA

þ 7

36

�
d
RA

−
d
RB

��
;

EN
Cas ∼ −

π3ℏcH
ffiffiffiffiffiffiffiffiffiffiffiffi
RARB

p

1920
ffiffiffi
2

p
d

5
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RB − RA

p

×

�
1þ 7

12

d
RB − RA

þ
�
7

36
−

40

3π2

��
d
RA

−
d
RB

��
;

EC
Cas ∼ −

π3ℏcH
ffiffiffiffiffiffiffiffiffiffiffiffi
RARB

p

960
ffiffiffi
2

p
d

5
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RB − RA

p

×

�
1þ 7

12

d
RB − RA

þ
�
7

36
−

20

3π2

��
d
RA

−
d
RB

��
:

ð60Þ

Again, we notice that for all different boundary conditions,
the ratio of the next-to-leading order term to the leading
order term contains the universal terms

7

12

d
RB − RA

and

7

36

�
d
RA

−
d
RB

�
:

IV. DISCUSSIONS

In the previous section, we have seen that the leading
order terms of the Casimir interaction energies are indeed
equal to those derived using proximity force approxima-
tion. The asymptotic expansion of the Casimir interaction
energy up to the next-to-leading order term has been a
subject of much interest. In [66–68], Fosco et al. performed
derivative expansion to the path integral representation of
the Casimir energy and obtained an integral expression for
the expansion of the Casimir energy up to the next-to-
leading order which is not completely convergent.
However, it is good enough for computing the next-to-
leading order term. Their method works successfully for
the scalar field but only partially for the electromagnetic
field. No results have been derived so far for fermionic
fields.
Inspired by the work [66], Bimonte et al. proposed in

[55] that the Casimir interaction energy has a derivative
expansion of the form

EDE
Cas ¼

Z
Σ
d2xE∥

CasðHÞ
�
1þ β1ðHÞ∇H1 · ∇H1

þ β2ðHÞ∇H2 · ∇H2 þ β×ðHÞ∇H1 ·∇H2

þ β−ðHÞẑ · ð∇H1 × ∇H2Þ þ � � �
�
; ð61Þ

where E∥
Cas is the Casimir energy density between two

parallel plates, Σ can be taken to be the z ¼ 0 plane
parametrized by x ¼ ðx; yÞ, z ¼ H1ðxÞ and z ¼ H2ðxÞ are
the height profiles of the two objects with respect to Σ, and
H ¼ H1 −H2 is the height difference. The leading termZ

Σ
d2xE∥

CasðHÞ

is precisely the proximity force approximation. Using the
invariance of the Casimir interaction energy with respect to
tilting the reference plane Σ, it was found that

β−ðHÞ ¼ 0;

β×ðHÞ ¼ 2 − β1ðHÞ − β2ðHÞ:
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For Dirichlet, Neumann, and perfectly conducting boun-
dary conditions, β ¼ β1 ¼ β2 is found to be a pure number
that only depends on the boundary conditions, which is
given by

βD ¼ 2

3
;

βN ¼ 2

3

�
1 −

30

π2

�
;

βC ¼ 2

3

�
1 −

15

π2

�
: ð62Þ

Since

E∥
CasðHÞ ¼ α

H3
; ð63Þ

where α depends only on boundary conditions, if one let

c0 ¼
Z
Σ
d2x

1

H3

c11 ¼
Z
Σ
d2x

∇H1 ·∇H1

H3
;

c22 ¼
Z
Σ
d2x

∇H2 ·∇H2

H3
;

c12 ¼
Z
Σ
d2x

∇H1 ·∇H2

H3
; ð64Þ

then the ansatz (61) says that

EDE
Cas ∼ αfc0 þ βðc11 þ c22 − 2c12Þ þ 2c12g: ð65Þ

For cylinder-plate configuration, one finds that

c0 ¼
3π

ffiffiffiffi
R

p
H

4
ffiffiffi
2

p
d

5
2

�
1 −

d
4R

þ � � �
�

c11 ¼
3π

ffiffiffiffi
R

p
H

4
ffiffiffi
2

p
d

5
2

×
2

3

d
R
þ � � � ;

c22 ¼ c12 ¼ 0: ð66Þ

Therefore, the ansatz (61) says that

EDE
Cas ∼

3π
ffiffiffiffi
R

p
H

4
ffiffiffi
2

p
d

5
2

α

	
1þ

�
2

3
β −

1

4

�
d
R
þ � � �



: ð67Þ

As observed in [55], the results from exact computation
(46) do indeed satisfy (67) with the various β given in (62).
Our new result (44) satisfies (67) if the value of β for
fermionic fields with MIT bag boundary conditions is
given by

βF ¼ 2

3
−

10

7π2
: ð68Þ

For two cylinders outside each other,

c0 ¼
3πH

4
ffiffiffi
2

p
d5=2

ffiffiffiffiffiffiffiffiffiffiffiffi
RARB

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RA þ RB

p

×

�
1þ 3

4

d
RA þ RB

−
1

4

�
d
RA

þ d
RB

�
þ � � �

�
;

c11 ¼
3πH

4
ffiffiffi
2

p
d5=2

ffiffiffiffiffiffiffiffiffiffiffiffi
RARB

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RA þ RB

p
�
−
2

3

d
RA þ RB

þ 2

3

d
RA
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;

c22 ¼
3πH

4
ffiffiffi
2

p
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ffiffiffiffiffiffiffiffiffiffiffiffi
RARB

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RA þ RB

p
�
−
2

3

d
RA þ RB

þ 2

3

d
RB

þ � � �
�
;

c12 ¼
3πH

4
ffiffiffi
2

p
d5=2

ffiffiffiffiffiffiffiffiffiffiffiffi
RARB

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RA þ RB

p
�
−
2

3

d
RA þ RB

þ � � �
�
: ð69Þ

Hence, (65) gives

EDE
Cas ∼

3π
ffiffiffiffiffiffiffiffiffiffiffiffi
RARB

p
H

4
ffiffiffi
2

p
d

5
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RA þ RB

p α

	
1 −

7

12

d
RA þ RB

þ
�
2

3
βF −

1

4

��
d
RA

þ d
RB

�
þ � � �



: ð70Þ

One can check immediately that our new result (55)
satisfies (70) with βF given by (68).
A similar computation for two spheres also shows that

our results in [54] satisfies (65) with βF given by (68).
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