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We address the issue of the all order multiplicative renormalizability of SU(2) Yang-Mills theories
quantized in the maximal Abelian gauge in presence of scalar matter fields. The nonlinear character of the
maximal Abelian gauge requires the introduction of quartic interaction terms in the Faddeev-Popov ghosts,
a well-known feature of this gauge. We show that, when scalar matter fields are introduced, a second quartic
interaction term between scalar fields and Faddeev-Popov ghosts naturally arises. A Becchi-Rouet-Stora-
Tyutin invariant action accounting for those quartic interaction terms is identified and proven to be

multiplicative renormalizable to all orders by means of the algebraic renormalization procedure.
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I. INTRODUCTION

Nowadays, the maximal Abelian gauge [1-3] is widely
employed in order to investigate nonperturbative aspects of
Yang-Mills theories. This gauge turns out to be suitable for
the study of the dual superconductivity mechanism for
color confinement [4], according to which Yang-Mills
theories in the low energy region should be described by
an effective Abelian theory [5-9] in the presence of
monopoles. The condensation of these magnetic charges
leads to a dual Meissner effect resulting in quark confine-
ment. In the maximal Abelian gauge, the Abelian configu-
ration is identified with the diagonal components Ai of the
gauge field corresponding to the diagonal generator of the
Cartan subgroup of SU(2). The remaining off-diagonal
components A%, a = 1,2, corresponding to the off-
diagonal generators of SU(2), are expected to acquire a
mass through a dynamical mechanism, thus decoupling at
low energies. This phenomenon is known as Abelian
dominance and is the object of intensive investigation,
both from analytic and from numerical lattice simulations.

From the analytic side, evidence for the dynamical mass
generation for the off-diagonal components of the gauge
field can be found in [10-12], while [13—15] are devoted to
numerical studies.

Besides being a renormalizable gauge [16-18], the
maximal Abelian gauge enjoys the important property of
exhibiting a lattice formulation [13-15,19,20], a property
which allows us to compare analytic and numerical results.
In particular, this important feature of the maximal Abelian
gauge has made possible the study, from the numerical
lattice point of view, of the behavior of the two-point gluon
correlation function in the nonperturbative infrared region,
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providing evidence for the Abelian dominance as well as for
the confining character of the propagator of the Abelian
gluon component [13-15,19,20]. This issue has also been
addressed through analytical methods by taking into account
the existence of the Gribov copies [21] which, as in any
covariant and renormalizable gauge, affect the maximal
Abelian gauge [22-24]. Here, proceeding in a way similar to
the Landau gauge [25,26], a few properties of the so-called
Gribov region have been derived together with the restric-
tion of the domain of integration in the functional integral to
the Gribov horizon; see for instance Refs. [27-31] for the
details of the Gribov issue on the maximal Abelian gauge.
Remarkably, the agreement between the lattice numerical
results and the analytic calculations based on the restriction
to the Gribov region looks quite good [19,29], confirming
the expectation that the study of the Gribov problem is of
great relevance for gluon confinement.

Nevertheless, so far, the study of the correlation function in
the maximal Abelian gauge has been done only for the gluon
sector, without including matter fields, i.e. spinor and scalar
fields. To our knowledge, unlike the Landau gauge, no avail-
able nonperturbative studies of the two-point matter correla-
tion functions are available in the maximal Abelian gauge, and
this from analytical results and numerical data simulations.

This work aims at starting an analytic study of the non-
perturbative behavior of the correlation functions for matter
fields in the maximal Abelian gauge, along the lines recently
outlined in the case of the Landau gauge [32-34], where it has
been possible to recover the behavior of the propagators for
scalar and spinor fields observed in lattice simulations
[35-38] from an analytic point of view [34]. This study
might be of relevance for several reasons, such as, for
instance, to investigate to what extent the Abelian dominance
affects the matter sector, to make a prediction for the
propagator of scalars and quark fields which might be
compared with lattice numerical simulations, or to study
the confining character of the correlation functions. As a first
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step in this endeavor, we need to establish the all orders
multiplicative renormalizability of the maximal Abelian
gauge in presence of matter fields, a topic which, till now,
has not yet been addressed. This is the goal of the present
paper. Although the renormalizability of the maximal Abelian
gauge in presence of the matter fields is an expected feature,
we shall see that it is not a straightforward matter, requiring in
fact a nontrivial analysis. This is due to the nonlinear character
of the maximal Abelian gauge which gives rise to a rather
complex Faddeev-Popov operator. It was already pointed out
that the structure of this operator requires the introduction of a
quartic interaction between ghosts [16-18]. Only at the very
end of the whole renormalization process can the gauge
parameter entering the quartic interaction be set to zero
[16-18], thus recovering the genuine maximal Abelian gauge
condition. In this work, we shall see that this feature general-
izes to the case of scalar matter fields; i.e. a quartic interaction
between scalar fields and Faddeev-Popov ghosts naturally
arises due to the nonlinearity of the gauge condition. As a
consequence, a second gauge parameter associated to this
new term has to be introduced. As in the case of the quartic
ghost term, this second gauge parameter can be set to zero
only at the very end of the renormalization process.

The present work is organized as follows. In Sec. II we
briefly discuss the maximal Abelian gauge and the corre-
sponding gauge fixing. In Sec. Il we elaborate on the
quartic interactions required to renormalize the theory.
Section IV is devoted to establishing the set of Ward
identities needed for the all orders proof of the renormaliz-
ability. In Sec. V we present the algebraic characterization
of the most general invariant local counterterm, establish-
ing the all orders multiplicative renormalizability of the
theory. Section VI collects our conclusions.

II. QUANTIZING GAUGE THEORIES IN THE
MAXIMAL ABELIAN GAUGE

In order to introduce the maximal Abelian gauge, we
start by considering a Lie algebra valued gauge field A, for
the gauge group SU(2), whose generators T4(A = 1, ..,3)

|
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[T4,T58] = £ABCTC (1)
are chosen to be anti-Hermitian and to obey the orthonor-

mality condition Tr(7AT?) = §*8. Following [1-3] we
decompose A, into off-diagonal and diagonal components

A, = AGTA = AUT + A, T3, (2)
where @ = 1,2 and T3 is the diagonal generator of the
Cartan subgroup sf SU(2). Analogously, decomposing the
field strength, we obtain

F=F4TA =F4 T+ F,T, (3)

with the off-diagonal and diagonal components given,
respectively, by

F4, = DAL — DAL,

F,, =0,A,—0,A, + ge™AlAL, (4)

where the covariant derivative Dzb is defined with respect
to the diagonal component A,

b — b b b — .ab3
Dy’ = 0,0 — ge®A,, e =g, (5)

For the classical gauge invariant starting action, we have
Sa = Sym + Smatters (6)

where Sy stands for the Yang-Mills action

1
SYM = /d4xZ(FZVF;:V + FMVF;U/)’ (7)

while S|, denotes the action of real scalar matter fields in
the adjoint representation of the gauge group SU(2),
namely

1 ; A
S = [ 3501097+ 0+ 0P

= [ x5 0.0, + 5 @) 0) - PO, 8L = (0,8W8L + @)

2
+ TIALALG D + ) + AA PP — ALALY D = 2400,
; A
O 00 0P 2 ®)

where, as in Eq. (2), the scalar field ® = ¢*T is decomposed into off-diagonal and diagonal components, i.e.
¢ATA — ¢aTa + ¢T3. (9)

The classical action (6) is left invariant by the gauge transformations
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0Ay, = —Dﬁba)b —ge“bAfja), 0A,=-0,w —ge“bA,‘ja)b,

(10)
and

S* = ge® pa® — ge® PP w, S5¢p=—ge . (11)
The maximal Abelian gauge condition amounts to impos-
ing that the off-diagonal components Ay of the gauge field
obey the following nonlinear condition

DAL = 0, (12)

which follows by requiring that the auxiliary functional,

uips

RIA] = / dxATAS (13)

be stationary with respect to the gauge transformations
(10). Moreover, as it is apparent from the presence of the
covariant derivative Dl‘jb , Eq. (12) allows for a residual local
U(1) invariance corresponding to the diagonal subgroup of
SU(2). This additional invariance has to be fixed by means
of a further gauge condition on the diagonal component A,
which is usually chosen to be of the Landau type, namely

9,A, = 0. (14)

The Faddeev-Popov operator, M, corresponding to the
gauge condition (12) is easily derived by taking the second
variation of the auxiliary functional R[A], being given by

M = —DaeDeh — Pereb!AGAL (15)

It enjoys the property of being Hermitian and, as pointed
out in [22], is the difference of two positive semidefinite
operators  given, respectively, by —D;“D;’” and
gze‘“'s”dA;Aff.

It is worth pointing out that the operator M® is
nonlinear in the gauge fields, a feature which has nontrivial
consequences in the renormalization process.

III. BRST SYMMETRY AND EMERGENCE OF
QUARTIC INTERACTION TERMS

In order to construct the Faddeev-Popov action corre-
sponding to the gauge conditions (12), (14), we proceed by
introducing the nilpotent Becchi-Rouet-Stora-Tyutin
(BRST) transformations
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sAY = —(Dgbcb 4 ge®Abe),

sA, = —(0,c + ge® Adch)
sc® = gebcbe, sc = geabc”cb,
sct = b4, sc = b,
sb® = sb =0, 5Pt = ge®pc — ge®pbe,
s¢p = —gebpict, (16)

where (¢“,¢,c? c¢) are the Faddeev-Popov ghosts and
(b%,b) are the Nakanishi-Lautrup fields. Further, we
introduce the s-exact gauge-fixing term

Sy =S / d*x{c*DiP AL +¢9,A,}
= / d*x{b"DI AL — e M4 b

+ ge?eeDIAS + bO,A,0,,(0,c + ge®P Adch)},
(17)

where M@ stands for the Faddeev-Popov operator (15).
Evidently, the gauge-fixed action

Se1 + Smacs (18)

with S given in Eq. (6), turns out to be BRST invariant.
The action (18) is the gauge-fixed action obtained from
the BRST construction, usually taken as the starting
action in order to evaluate the quantum corrections
arising in the renormalization process. However, in the
present case, expression (18) has to be supplemented by
the introduction of further quartic terms which originate
from the nonlinearity of the Faddeev-Popov operator
M Eq. (15). In fact, as one can observe from
expression (17), the interaction term g¢*ce““e"?ASAdc?
gives rise to divergent Feynman diagrams with four
external Faddeev-Popov legs, as one immediately real-
izes already at one-loop level by considering the diver-
gent one Particle Irreducible (1PI) diagram with four
external Faddeev-Popov ghosts and two internal off-
diagonal gauge lines. As already pointed out in [16-18],
such diagrams give rise to counterterms in the Faddeev-
Popov ghosts which are not contained in the action (18).
Such additional divergences can be taken into account by
introducing the following BRST exact terms [16—-18]

Sy =15 / d%%((‘:“b" —2gebeache)

— g/ d*x{bb* — 2ge®*beclc + g*cicb ey, (19)
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where « stands for a suitable gauge parameter. As one
can easily figure out, the quartic divergent terms origi-
nating from the action (18) can now be reabsorbed in the
renormalization of the gauge parameter a.

Nevertheless, the term (19) is not the unique new
quartic interaction present in the theory when scalar
matter fields are added. In fact, it turns out that, due
to the presence of the interaction vertices (¢p¢pAA) and
(p(0p)A), a novel quartic term between scalar fields and
Faddeev-Popov ghosts, i.e. (¢p¢pcc), is generated at the
quantum level. For example, the 1PI one-loop diagram
with two external ¢-legs and two external ghost legs
connected by two internal gluon lines is logarithmic
divergent, giving rise to a quartic divergent term precisely
of the kind of (¢¢cc). Once again, such divergent terms
are not contained in the action (18). As such, they would
be not reabsorbable. We see therefore that, due to the
nonlinearity of the gauge condition, Eq. (12), and of the
Faddeev-Popov operator, Eq. (15), a second quartic term
is needed for renormalizability. In the present case, this
novel term is accounted for by introducing the following
exact BRST expression

Sy = s/d4x<§£“h¢(/)“i‘b)

—g/d4x{g¢a¢acbf‘b—|—g¢“¢bcai’b

+ P (eb” — get?) + ghppee}. (20

where f stands for a second gauge parameter. The
emergency of divergent terms of the type (¢¢cc) is
now taken into account by an appropriate renormalization
of the second gauge parameter B. Relying only on power
counting and dimensional analysis, the reader might
wonder why in fact expression (20) is the only additional
quartic term which is needed as, in principle, other terms
can be easily constructed. Here, we have anticipated our
main result which shows that expression (20) is in fact
the only term which survives the whole set of Ward
identities and discrete symmetries which characterize the
model. The proof of this statement will be given in detail
in Sec. V, where we shall discuss the construction of the
most general invariant possible term compatible with all
Ward identities and discrete symmetries.

In conclusion, taking into account the emergency of
quartic interaction terms, for the starting gauge-fixed
Faddeev-Popov action we have

S = Sa+ Suac + Sa + Sp- (21)

Looking at the equations of motion of the field »¢, namely
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Loerpg,  (22)

oS
ob?

= DiPA) + a(b* — ge**che) +

we see that the original maximal Abelian gauge condition
(12) is recovered in the limit «, f — 0, which has to be
taken at the very end of the whole renormalization process.
Although being outside of the main aim of the present
work, it is worthwhile to spend a few words on what we
mean by taking the limit , f — 0. To that end, let us first
eliminate the Lagrange multiplier 4 by means of its
equation of motion (22), yielding the following action
suitable for practical calculations [18]

1
S= SYM + Smatter + / d4x{_— (DﬁbAZ)z + baﬂAﬂ

2a
=M@t +20,(0,c+ geP Adc?)
+ggZEaz.hC¢zcb+§g(¢a¢acb5b+¢a¢bca5b_|_¢2Caz,a)
p bobaryacqe P 2 0
—%qu’ff) ™Dy Aﬂ—gg b PP } (23)

As one immediately sees, the above expression reveals the
full complexity of working with a nonlinear gauge such as
the maximal Abelian gauge. In fact, already without the
second gauge parameter /3, one observes the appearance of
the term 5- (D4?A%)? which, besides the standard quadratic

term 2—10 (0,A4)?%, gives rise to delicate interaction terms like
1(A,A%)?, for which the existence of the limit a — 0 looks
not so obvious. Of course, the same feature remains when

the second gauge parameter £ is introduced, as one learns

from the presence of the terms L (¢¢p?e*DicAS) and

%(45245“47“) in the last line of expression (23).
Nevertheless, despite the presence of these terms, all
anomalous dimensions of the fields have been evaluated
till three-loop in the pure maximal Abelian gauge, i.e.
without the inclusion of scalar fields, as reported in Sec. 3
of [18]. From the explicit expressions given in [18]1 one
sees that the anomalous dimensions of the fields do admit
the limit @ — 0. This is precisely what we mean when we
speak about the limit @« — 0. In other words, quantities like
the f-function of the theory as well as the anomalous
dimensions of the elementary fields and of suitable gauge
invariant composite operators should admit a safe limit
a — 0, as shown in the explicit three-loop calculations

'See, in particular, Eqs. (3.7)—(3.15) of [18], where the
three-loop anomalous dimensions of all fields are explicitly
given. From those expressions, it turns out that all field
anomalous dimensions admit a safe limit @ — 0. Concerning
now the anomalous dimension of the gauge parameter itself
a, i.e. y,, given in Eq. (3.8) of [18], we recall that this quantity
enters always in the combination ay,, as one can observe from
Eq. (3.6). This precise combination also displays a safe @ — 0
limit.
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reported in [18]. We expect that such a feature will be
maintained also when scalar fields are included; i.e. we
expect that the p-functions of the theory as well as the
anomalous dimensions of the elementary fields and of
gauge invariant composite operators should display a
smooth a, f# — 0 limit.

Having identified a suitable starting action, Eq. (21), we
now must prove that it is multiplicative renormalizable to
all order, a task which we shall face in the following
sections by making use of the algebraic renormaliza-
tion [39].

PHYSICAL REVIEW D 91, 125004 (2015)

IV. WARD IDENTITIES

Having identified a suitable gauge-fixed action, Eq. (21),
we proceed to write down the set of Ward identities which
we shall employ in the proof of the all orders multiplicative
renormalizability of expression (21). To that end, following
the algebraic renormalization procedure [39], we need to
introduce a set of BRST invariant external sources
(.Q,.L L,F°,F) coupled to the nonlinear BRST
variations of the fields (Af,A,,c% ¢, ¢ ¢), Egs. (16),
namely

Sext = /d“x{Q,‘j(sAZ) +Q,(sA,) + L(sc?) + L(sc) + F(s¢*) + F(s¢) }

- / d*e{ Q=D - gettalc) +

9

Q,(—9,c — ge®?Adch) + ge®PLicPe

+§€“ch“cb + ge® Fa(¢pc? — ¢pPc) — gs“quS"cb}, (24)
with
5Qp = sQ, = sF* = sF = sL* = sL = 0. (25)
Therefore, for the complete BRST invariant starting action X, we get
% = Sym + Smatter + Su1ac + Sa + Sp + Sext
/ d*x {1 (F4,F4, + F,F,)+b*DiP AL — e M + ge®PeieDI AL + bD,A,
+20,(0,c + ge® Alc?) + Q4 (=Dibcb — ge® Abc) + Q,(=0,c — ge®P Alc?)
+ ge®’Lecbc + ge‘“chacb + ge®? Fe(pct — pPc) — ge®? Fp?cb + g [b*b* — 2gebbichc
+ g*eclcich) +§[g¢“¢“c"6b + g PP et + P (e b’ — gee?) + ghpec]
3O 08°) + 5 (O, D) = P DDA, — D)L + (0,974,
FLTIAGALP D + D) + AP D~ AL ~ 2450,
m2
FT (g 1 ) (407 + 2070 + ¢4]}. (26)

Let us display in Table I and Table II the quantum numbers of all elds and sources, respectively (with “B" standing for
bosonic and “F” for fermionic nature):The complete action X turns out to fulfill a large set of Ward identities, which we

enlist below:

(1) The Slavnov-Taylor identity:

with

S(Z)—/d oz 5Z+5Z 5Z+5Z 6Z+6262+5Z 5Z+5262+ba62
N 0Qy 6A5  6Q,6A,  OF6¢*  S6Fo6¢p  SLYSct  OL S¢ oc
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Let us also introduce, for further use, the so-called linearized Slavnov-Taylor operator By, defined as [39]

i[O O 1) I 1) I I 0 6 0 6
BZ: dx a a+ a a+77+77+ a a a a
oL 0Ay,  0A; 08 68, 0A,  6A, 069, OF 6" o¢° 6F
525+525+625 oX &6 526+525+b”5+b5 (29)
OF 6¢p  6¢pOF =~ OL*6c*  6¢* 6L*  SLSc  dc SL oc oc)’
The operator By has the important property of being u() — o Y . 0
nilpotent [39], i.e. WA = au@ﬂﬂqg Ay@‘*’ @ 5
a 5 ~a 5 b(l 5 Qa 5
BBy =0. (30) TS T s T e T sap
0 0
+F“—b+L"—b}. (35)
(i) The diagonal Nakanishi-Lautrup field equation: oF oL

oX
(iii) The diagonal antighost equation:
ox ox
— —=0. 32
oc + O 09, (32)

(iv) The local diagonal ghost equation [17]:

ox

abza — 2=

+ ge?’c ke -0°¢ - 0,9,

+ ge®® (QIAG — Lcb + Fagb).

(33)

Notice that the right-hand side of Eq. (33) is linear in
the quantum fields. As such, it is a linear breaking,
not affected by the quantum correction [39].

(v) The U(1) residual local symmetry:

As noticed in [17], the U(1) Ward identity (34) can
be obtained by anticommuting the diagonal ghost
equation, Eq. (33), with the Slavnov-Taylor identity,
Eq. (27). This identity shows in a very clear way the
fact that the diagonal component A, of the gauge
field behaves like a U(1) Abelian connection, while
all off-diagonal components of the gauge and matter
fields play the role of a kind of charged U(1) field,
precisely like in a QED-like theory. As already
mentioned in the Introduction, this identity ex-
presses one of the most important characteristics
of the maximal Abelian gauge.
(vi) The discrete symmetry
ol - gl

\112 N —\Ilz’ \I/diag N _\I,diag’

(36)

where W* and W% stand, respectively, for all off-
diagonal and diagonal fields and sources. As pointed
out in [17], this discrete symmetry plays the role of
the charge conjugation with respect to the U(1)
Cartan subgroup of SU(2).

(vii) Finally, looking at the matter sector of the complete
action X, we have a second discrete symmetry

WUy — _92p (34) ' —>=¢*, dp—>—¢, F'—-F' F—--F,
(37)
where

TABLE II. The quantum numbers of the external BRST

TABLE I. The quantum numbers of the fields. sources.
Fields A ¢ b c Sources Q Q, L F* F
Dimension 1 1 2 2 0 Dimension 3 3 4 4 2 2
Ghost number 0 0 0 1 -1 Ghost number -1 -1 -2 -2 -1 -1
Nature B B B F F Nature F F B B F F
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forbidding the appearance of pure matter terms
containing odd powers of the scalar fields (¢“, ¢).

V. ALGEBRAIC CHARACTERIZATION OF THE
INVARIANT COUNTERTERM AND
MULTIPLICATIVE RENORMALIZABILITY

In order to prove that the complete action X, Eq. (26), is
multiplicative renormalizable, we follow the algebraic
renormalization setup [39], and characterize, by means
of the Ward identities previously derived, the most general
invariant local counterterm, X, which can be freely added
to the starting action X. According to the power counting,
X is an integrated local polynomial in the fields and
external sources of dimension bounded by four and with
zero ghost number. Further, we require that the perturbed
action, (X + €X), satisfies the same Ward identities and
constraints of X [39], to the first order in the perturbation
parameter €, obtaining the following set of constraints:

ByXy =0, (38)

and

PHYSICAL REVIEW D 91, 125004 (2015)

5L . Oy 5T 83,
9,222 = 0, abga 2=t _ g
5z 50, se 9T
5%
Wiz, =o, 5;‘ =0. (39)

The first constraint, Eq. (38), tells us that X belongs to the
cohomology of the nilpotent linearized operator By in the
space of the integrated local polynomials in the fields and
sources bounded by dimension 4. From the general results
on the BRST cohomolgy of Yang-Mills theories, it follows
that £ can be parametrized as follows:

ZC[ - 20 ‘I— BEA_] N (40)

where X, stands for the nontrivial part of the cohomolgy of
the operator By, being given by

mé A
2y = apSym + / d*x (al 7¢A¢A +a a1 (¢A¢A)2>»
(41)

where a, a;, a, are free arbitrary coefficients. The second
term, A~!, in Eq. (40) is a local integrated polynomial in the
fields and sources with dimension 4 and ghost number —1.
This term represents the trivial part of the cohomolgy, being
parametrized as

ATl = / d*x{C{P AQb + CsA,Q, + CL P F" + C1pF + CZPLc’ + CyLc + Ciheb?

+ Cpieb + CetcPe + Ciheec” + Cligp e’ + Cleppbe + CRALA, " + ChALALE
—+ C‘fé’m(/,qﬁ“éh + Clgm¢¢€' + C%’(aﬂAZ)E}) + CZI (auAﬂ)E}’ (42)

where C;,i = 4, ...,21 are free parameters.

After imposition of the conditions (39), of the discrete symmetries (36), (37), and after a rather lengthy algebraic

calculation, we get

CS - Cg = Cll - C?g - C?g - C?? - Clllgb - C]g - CZI - O (43)
and
Czb - 51117(]:4’ Cgb - éabC(,, C’] — —Cﬁ, Cgb - 5ab68, C?g — a(sab(]:]o,
C?g = —age”bClo, C‘fﬁ = ﬂgubC]4, Cﬂllg = S“bClé, ng = 5(117(]:20 = _5&117(]:16’ (44)

Therefore, for the final expression of the most general counterterm X, we obtain

125004-7



M. A.L. CAPRI, D. FIORENTINI, AND S.P. SORELLA PHYSICAL REVIEW D 91, 125004 (2015)
4 (a0 mle; A A A a2
th_/dx I(FZDF/alV+FﬂDFﬂV)+a17¢A¢ +a2E(¢¢)
1By / d*x[C4ALQ8 + Co(p"F — pF) + CyLc + Croa(2b — gezgbc)]

+ BZ / d4X[Cl4ﬂ8ub¢a¢Eb + CIGEuDszm

= / d4x{620 (F&,F%, + F,F,,)+a nj’rﬁ"‘qﬁ*‘ +a; 41! (@) +Cy [5;24 A%+ bDIb AL
+ ge?(c9cDheAG — QAL + 20, (Ach)) + 267 (¢ + ¢ P + pp)ALAL

=207 (cc” + ") AGA, + 296 A ((0,)9" — (0,9 )¢)} + Co[2(0,0) (0,0
—2(0,4)(0,9) — 457" (0,0 )PA, + 25°ALAL (P B — ) + 207 (A, A, "¢ — ALA ")
+my(p*d" — pg) + % ((9°¢*)* = ¢*) + Ba(@*d*ce” + ¢*dP " — ppee?)]

+ Cy[—c“0%c" 4 2ge* A, 0,,c” + e c (A A, — ALAL) + PP ASAL — ge®P Le“c?

+ QDI b + geQ, AL — ge®P Fpct + ge P Fpc? — agetceb e + ggé“c“((ﬁbd)b + ¢?)
+ 'Bqﬁ“qﬁ"é”ca] + Cyoa[bb* — 296 b c + g?cc?el b + Cruppd? (ePbb + get?)

2
X gca5a<¢b¢b + ¢2> + gd)a¢bca5b] + CIG[EaaZCa _ zggabz.aAﬂaﬂcb _ ng‘aCbAzAZ

+ g (DAL + A, A, ) +2e" e DAL + b Db AL } (45)
A. Renormalization factors Z/la/ L e(2ay + Cy), (49)
After having identified the most general counterterm, '
expression (45), we now must check if it can be reabsorbed ( Zjlag) 12 = 1 4 2e¢ay, (50)
through a multiplicative redefinition of the fields, sources,
couplir}g constant and parameters of the starting action, le)/2 = 1+ e(=2ay + Cyg). (51)
according to
Zy)1/2 =1 = 2ea, 52
S(Wg. T &) = Z(W.T.8) + €S (.. &) + 0(&). “ 52
(46) 12 - €Cg, (53)
where 12
ZZ‘ =1+ €C](,, (54)
U ={A% A, ¢ ¢, b% b,c% c"},
(A4, ) 7> =1+ ¢Cs, (55)
r={QfQ, F'FL"L,},
&= {g.my. 2. a. B}, (47) (Z)"/2 =1 - €C, (56)
and the so-called bare quantities (¥, Iy, &) are defined as Z,=1-"2e¢a,, (57)
2 _ -
Uy =27y V¥, Lo =ZrT, So =Zg. (48) Zy, =1+ gal’ (58)
By direct inspection of Eq. (46), for the renormalization
factors we obtain Zy =14 2¢(2a9 + Cyo = Cy), (59)

125004-8



YANG-MILLS THEORY IN THE MAXIMAL ABELIAN ...
Z/} =1 +€(—2a0 +2C14+Clé), (60)
Z, =1 +ea,. (61)

It is worth noticing that the diagonal ghosts do not need to
be renormalized, a property which follows directly from the
diagonal ghost equation (33). This concludes the algebraic
proof of the all orders multiplicative renormalizability of
the action X, Eq. (26). Finally, we note that the non-
renormalization theorem of the maximal Abelian gauge
[17]

dia;
Z,(2,%)'* =1, (62)

remains true in the presence of matter fields.

VI. CONCLUSION

In this work we have addressed the issue of the
renormalization of Yang-Mills theories in the maximal
Abelian gauge in the presence of scalar matter fields. Our
main observation is that, due to the nonlinearity of the
gauge-fixing condition, Eq. (12), a new quartic interaction
term between scalar matter fields and off-diagonal
Faddeev-Popov ghosts is required for renormalizabilty.
Moreover, this new quartic interaction turns out to be
described by an exact BRST invariant term, as expressed by

PHYSICAL REVIEW D 91, 125004 (2015)

Eq. (20), a feature which ensures that the final gauge-fixed
action, Eq. (26), is BRST invariant and multiplicative
renormalizable to all orders, as proven in Sec. V.

Although the proof of the renormalizability given here
refers to the gauge group SU(2), it can be easily gener-
alized to other gauge groups as well as to other represen-
tations of the scalar fields. The inclusion of the usual Dirac
action for spinors does not pose any additional problem.
Also, unlike the case of scalar matter fields, BRST
invariance and power counting do not allow for additional
interaction terms between spinors and Faddeev-Popov
ghosts.

The analysis of the all orders perturbative renormaliz-
ability of the maximal Abelian gauge in presence of matter
fields is the first necessary step towards the investigation of
the nonperturbative effects of the Gribov copies, which
deeply affect the maximal Abelian gauge [27-31]. The
study of this issue in presence of matter fields is currently
under investigation [40].
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