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The D1D5 conformal field theory has provided a useful microscopic model for studying black holes. The
coupling in this theory is a twist deformation whose action on the vacuum generates a squeezed state. We
give a new derivation of the expression for this squeezed state using the conformal Ward identity; this
derivation provides an insight into several features of the state. We also examine the squeezed state in a
continuum limit where we describe it in terms of position space correlations created by the twist.
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I. INTRODUCTION

A very useful microscopic model for the study of black
holes [1–5] has been the D1D5 conformal field theory
(CFT) [6]. One makes a bound state of D1 and D5 branes,
and the CFT emerges as a description of the low-energy
dynamics of this bound state. While this CFT is compli-
cated in general, it has been conjectured that there is a point
in its moduli space of couplings where it becomes par-
ticularly simple. At this orbifold point the theory is
described by a sigma model whose target space is a
symmetric orbifold [7].
At the orbifold point, the CFT is free; using this free

theory enables us to extend the Strominger-Vafa computa-
tion [8] from extremal to near-extremal black holes [9]. Such
couplings do not describe the point in moduli space where
the dual gravity theory is weakly coupled, giving the
supergravity approximation. In order to work towards
describing interesting gravity processes such as black hole
formation, one therefore needs to turn on an exactly marginal
deformation operator in the CFT, which deforms the theory
by “blowing up” the orbifold singularities of the target space.
The deformation operator is built out of a twist operator of
the orbifold theory dressed with a supercharge [6].
It is interesting and important to study the effect of this

deformation operator OD on states of the CFT [10–19].
[12,13] described the effect of OD on the Ramond vacuum
and on states containing one or two initial quanta.
Reference [14] considered transitions between different
Ramond vacua via absorption and emission of chiral
primaries; processes involving the change of angular
momentum by k units were found to be suppressed as
1=Nk. References [15,16] took a different tack, studying

the computation of anomalous dimensions at first order in
conformal perturbation theory for low-lying string states in
the CFT and operator mixing. Reference [17] studied the
effect of OD for bosonic fields, when the twist links
together winding numbers M and N to winding number
M þ N. Reference [18] looked at the effect of OD in the
limit when excitation wavelengths are short compared to
the gap. The method of [19] also allows handling fermions.
Overall, it was found that the twist involved in the

deformation operator converts the vacuum into a squeezed
state, with a schematic form eγ

B
mnα−mα−nþγFmnd−md−n j0i. The

coefficients γB; γF in the above squeezed state are given by
closed form expressions, but the derivation of these
expressions was somewhat lengthy. In the present paper
we find a much more direct way of obtaining γB; γF. In our
new method, we consider the OPE of the stress tensor T
with the deformation operator OðwÞ. The conformal Ward
identity relates this OPE to a derivative ∂wOðwÞ. We then
find that this derivative has a simple expression, and
performing an integral then gives the γBmn; γFmn. This
derivation also gives insight into the structure of these
coefficients: they are seen to be given by an integral of an
expression that is a product of factors, one depending only
on m and the other depending only on n.
One may consider a continuum limit where m; n ≫ 1;

this corresponds to looking at wavelengths much shorter
than the “box size” set by the circle on which the D1D5
CFT lives (see Fig. 3). We obtain the expression of the
squeezed state in this limit, by recasting the γB; γF as
position space kernels; thus, the squeezed state is written in
terms of 2-point correlations of fields generated after the
twist. The product structure in the derivatives of γB and γF

mentioned earlier becomes a product structure for the
position space kernel found in the continuum limit: the
kernel Kðw1; w2;w0Þ becomes a product of two terms, one
depending only on w1 and one depending only on w2.
We organize the paper as follows. First we summarize

earlier work in Sec. II. In Sec. III we consider the action of
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the stress tensor to re-derive the form of the squeezed state
using the conformal Ward identity. Finally in Sec. IV, we
compute the continuum limit of the squeezed state,
expressing it in terms of a position space kernel. In
Sec. V we comment on the utility of the stress-tensor
method and on the form of the squeezed state.

II. SUMMARY OF EARLIER RESULTS

In this section we review some facts about the D1D5
CFT and summarize some results from [12,13].

A. The D1D5 CFT

We compactify IIB string theory asM9;1→M4;1×S1×T4.
Wrapping N1 D1 branes on S1 and N5 D5 branes on
S1 × T4, we get a bound state that is described at low
energy by the D1D5 CFT.
It is believed that there is an orbifold point in the moduli

space of couplings where the CFT is given by a sigma
model with target space the symmetric product of N1N5

copies of T4 [7]. At this point the CFT is given by N1N5

copies of a c ¼ 6 CFT containing four free bosons and four
free fermions. The fact that we have a symmetric product in
the target space implies that we get twist sectors where
different copies of the c ¼ 6 CFT get twisted together to
make a c ¼ 6 CFT living on a longer circle.
The CFT has N ¼ ð4; 4Þ supersymmetry; we list the

algebra generators and their commutators in Appendix A.
The N ¼ 4 superalgebra contains a SUð2Þ current algebra
under which the fermions form doublets, labeled by an
index α. [This doublet structure is described in Eqs. (A1)
and (A2).] The four bosons are grouped into representa-
tions of the SOð4Þ ≈ SU1ð2Þ × SU2ð2Þ symmetry group of
the T4; the doublets under these two SUð2Þ groups are
labeled by indices A; _A [Eq. (A6)].
We consider the Euclidean theory for which the base

space is a cylinder with coordinates τ and σ where
−∞ < τ < ∞ and 0 ≤ σ < 2π. We deform the CFT off
the orbifold point by the operators

Ô _A _Bðw0Þ ¼
�
1

2πi

Z
w0

dwG−
_A
ðwÞ

�

×

�
1

2πi

Z
w̄0

dw̄Ḡ−
_B
ðw̄Þ

�
σþþ
2 ðw0Þ: ð2:1Þ

The operator σþ2 ðw0Þ is a twist which links together two
copies of the CFT at the point w0; the þ superscript
indicates that it carries a charge 1

2
under the SUð2Þ

contained in the superalgebra. G−
_A
is the supercurrent.

The left and right moving parts of all operators and states
are decoupled in our computations and, thus, in what
follows we will write only the left movers. The D1D5
bound state as constructed above gives fermions that are
periodic around the S1, so they are in the Ramond sector.

We can map Ramond sector states to Neveu–Schwarz (NS)
sector states by spectral flow, which is a symmetry that
changes dimensions and charges as follows [20],

h0 ¼ hþ αjþ cα2

24
; j0 ¼ jþ cα

12
; ð2:2Þ

while the operators themselves change as

T 0 ¼ T − αJ þ cα2

24
; J03 ¼ J3 −

cα
12

ð2:3Þ

(Thus, we get hψ jL0jψi ¼ hψ 0jL0
0jψ 0i and hψ jJ0jψi ¼

hψ 0jJ003jψ 0i). The transformations of the stress-energy
tensor and the R current under the spectral flow have been
explicitly derived in Appendix B.
In [12,13] the situation in Fig. 1 was studied. We start

with two copies of the c ¼ 6 CFT, each on a singly wound
circle. The twist σþ2 joins these copies into one copy of the
c ¼ 6 CFT living on a doubly wound circle. The twist
operator is inserted at the point w0 ¼ τ0 þ iσ0 on the
cylinder.
The Ramond sector ground states are doublets under

SUð2Þ, and we choose the initial state

j0−Rið1Þ ⊗ j0−Rið2Þ ð2:4Þ

which has spin − 1
2
for each copy. The twist σþ2 is

normalized so that

σþ2 ðw0Þj0−Rið1Þ ⊗ j0−Rið2Þ ¼ j0−Ri þ… ð2:5Þ

where j0−Ri is the (normalised) negative charge Ramond
ground state of the CFT on the doubly wound circle.

(a) (b)

FIG. 1. The twist operator joins two copies of the CFT on two
singly wound circles (a) into one copy of the CFT on a doubly
wound circle (b).
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B. The mode expansions and the exponential ansatz

We first expand the modes of bosonic and fermionic
fields on the cylinder. For τ < τ0, i.e. below the twist
insertion, these modes are given by

αðiÞ
A _A;n

¼ 1

2π

Z
2π

σ¼0

∂wX
ðiÞ
A _A
ðwÞenwdw; i ¼ 1; 2 ð2:6Þ

dðiÞαAn ¼ 1

2πi

Z
2π

σ¼0

ψ ðiÞαAðwÞenwdw; i ¼ 1; 2 ð2:7Þ

and their (anti-)commutation relations are

½αðiÞ
A _A;m

; αðjÞ
B _B;n

� ¼ −ϵABϵ _A _Bδ
ijmδmþn;0; ð2:8Þ

fdðiÞαAm ; dðjÞβBn g ¼ −ϵαβϵABδijδmþn;0: ð2:9Þ

Above the twist insertion (τ > τ0), the CFT lives on a
doubly twisted circle and the boson and fermion modes are

αA _A;n ¼
1

2π

Z
4π

σ¼0

∂wXA _AðwÞe
n
2
wdw; ð2:10Þ

dαAn ¼ 1

2πi

Z
4π

σ¼0

ψαAðwÞen
2
wdw: ð2:11Þ

The (anti-)commutation relations for these modes read

½αA _A;m; αB _B;n� ¼ −ϵABϵ _A _Bmδmþn;0; ð2:12Þ

fdαAm ; dβBn g ¼ −2ϵαβϵABδmþn;0: ð2:13Þ

We would like to find an expression for the state

jχðw0Þi≡ σþ2 ðw0Þj0−Rið1Þ ⊗ j0−Rið2Þ ð2:14Þ

in terms of operator modes acting on j0−Ri. To do so, [12,13]
started from the initial state defined in the Ramond sector
on the cylinder and then performed a series of spectral flow
transformations and coordinate changes and map the state
to a state of simpler form. We briefly describe the
process below:

(i) The first step is to perform a spectral flow on the
cylinder (2.2) with parameter α ¼ 1. This takes the
two copies of the CFT from the Ramond sector to
the NS sector. The bosons are not affected by the
spectral flow, while the fermions transform as

ψþAðwÞ → e−
w
2ψþAðwÞ; ψ−AðwÞ → e

w
2ψ−AðwÞ:

ð2:15Þ

(ii) We next map the cylinder with coordinate w to the
complex plane with coordinate z via the map

z ¼ ew: ð2:16Þ

The two NS vacua at τ → −∞ on the cylinder are
mapped into two NS vacua at z ¼ 0 on the complex
plane. The location of the twist operator is mapped
into z0 ¼ ew0 .

(iii) We pass from the complex plane to its covering
surface through the map

z ¼ z0 þ t2; ð2:17Þ

where

z0 ¼ ew0 ≡ a2: ð2:18Þ

This transformation is described in Fig. 2. Passing to
the covering space allows us to analyze explicitly the
action of σþ2 on the initial state. The two NS vacua at
z ¼ 0 in the z-plane are mapped into two NS vacua
at the two punctures at t ¼ �ia in the t plane. Since
there are no operator insertions at these punctures,
we can close them smoothly. The twist operator σþ2
at z ¼ z0 gets mapped into the spin up Ramond
vacuum state of the covering space, j0þR it, at t ¼ 0.

(iv) We finally perform a spectral flow with parameter
α ¼ −1 on the covering space. This operation maps
the Ramond vacuum state at t ¼ 0 to the NS vacuum
in the t space. There no other insertions at this point
on the t plane, so we can smoothly close the
puncture at t ¼ 0. The bosons are not affected by
the spectral flow transformation but the fermions
transform as

ψþA → t
1
2ψþA; ψ−A → t−

1
2ψ−A: ð2:19Þ

We, thus, find that the above sequence of spectral flow
and coordinate transformations maps the initial state jχi in

(a) (b)

z plane t plane

FIG. 2. The map from the complex plane (a) to its covering
surface (b) is given by z ¼ z0 þ t2, where z is the coordinate on
the complex plane and t is the coordinate on the covering space.
The two NS vacua at z ¼ 0 are mapped to two NS vacua at
t ¼ �ia (these correspond the original two Ramond vacua
at τ → −∞ on the cylinder). The location of the twist insertion
at z ¼ z0 is mapped to t ¼ 0 on the cover.

ANALYZING THE SQUEEZED STATE GENERATED BY A … PHYSICAL REVIEW D 91, 124072 (2015)

124072-3



(2.14) to the NS vacuum state in the t plane at large t
(i.e. τ → ∞). This vacuum state is then expressed in terms
of the original modes on the cylinder at τ > τ0. In order
to do so, [12] computes how the bosonic and fermionic
modes on the cylinder are transformed under the operations
(i)–(iv). At τ < τ0 the t-plane modes are

αð1Þ
A _A;n

→
1

2π

Z
t¼ia

∂tXA _AðtÞðz0 þ t2Þndt; ð2:20Þ

αð2Þ
A _A;n

→
1

2π

Z
t¼−ia

∂tXA _AðtÞðz0 þ t2Þndt; ð2:21Þ

dð1ÞþA
n →

2
1
2

2πi

Z
t¼ia

ψþAðtÞðz0 þ t2Þn−1tdt; ð2:22Þ

dð2ÞþA
n →

2
1
2

2πi

Z
t¼−ia

ψþAðtÞðz0 þ t2Þn−1tdt; ð2:23Þ

dð1Þ−An →
2
1
2

2πi

Z
t¼ia

ψ−AðtÞðz0 þ t2Þndt; ð2:24Þ

dð2Þ−An →
2

1
2

2πi

Z
t¼−ia

ψ−AðtÞðz0 þ t2Þndt; ð2:25Þ

and at τ > τ0 the modes read

αA _A;n →
1

2π

Z
t¼∞

∂tXA _AðtÞðz0 þ t2Þn2dt; ð2:26Þ

dþA
n →

2
1
2

2πi

Z
t¼∞

ψþAðtÞðz0 þ t2Þðn−2Þ2 tdt; ð2:27Þ

d−An →
2

1
2

2πi

Z
t¼∞

ψ−AðtÞðz0 þ t2Þn2dt: ð2:28Þ

In the t plane, we will also define operator modes that are
natural to the t plane. Thus, we write

~αA _A;n ≡ 1

2π

Z
t¼0

∂tXA _AðtÞtndt; ð2:29Þ

~dαAr ¼ 1

2πi

Z
t¼0

ψαAðtÞtr−1
2dt: ð2:30Þ

Note that the bosonic index n is an integer, while the
fermionic index r is a half integer. We have

~αA _A;mj0it ¼ 0; m ≥ 0; ð2:31Þ

~dαAr j0it ¼ 0; r > 0: ð2:32Þ

The computation of [12] found that the state jχi has the
structure of a squeezed state,

jχi ¼ e
P

m≥1;n≥1
γBmn½−αþþ;−mα−−;−nþα−þ;−mαþ−;−n�e

P
m≥0;n≥1

γFmn½dþþ
−md−−−n−dþ−

−md
−þ
−n �j0−Ri; ð2:33Þ

where the coefficients γBm;n and γFm;n are given by

γB
2m0þ1;2n0þ1

¼ 2

ð2m0 þ 1Þð2n0 þ 1Þ
zð1þm0þn0Þ
0 Γ½3

2
þm0�Γ½3

2
þ n0�

ð1þm0 þ n0ÞπΓ½m0 þ 1�Γ½n0 þ 1� ; ð2:34Þ

γF
2m0þ1;2n0þ1

¼ −
zð1þm0þn0Þ
0 Γ½3

2
þm0�Γ½3

2
þ n0�

ð2n0 þ 1Þπð1þm0 þ n0Þγ½m0 þ 1�Γ½n0 þ 1� : ð2:35Þ

The full state (2.1) is then obtained by the action of the
supercharge on the squeezed state. We refer the reader to
[12] for the details of the computation of the full state.

III. ACTION OF THE STRESS TENSOR

Consider the cylinder shown in Fig. 1, with state

j0−Rið1Þ ⊗ j0−Rið2Þ at τ → −∞ and the twist σþ2 inserted at
w0. Let T be the stress tensor of the CFT, given in (A12).
We integrate T around a small contour around w0,
getting

I
w¼w0

dw
2πi

TðwÞσþ2 ðw0Þj0−Rið1Þ ⊗ j0−Rið2Þ

¼ ∂w0
σþ2 ðw0Þj0−Rið1Þ ⊗ j0−Rið2Þ ¼ ∂w0

jχðw0Þi ð3:1Þ
where we have used the fact that σþ2 is a primary of the
Virasoro algebra. Thus, if we can understand the action of T
in some other description, then we can arrive at a
description of ∂w0

jχðw0Þi and, by integration, at a descrip-
tion for jχðw0Þi itself. This then gives a simple method to
evaluate the coefficients γBmn and γFmn by only using basic
properties of the CFT.
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A. Computation of ∂w0
jχ ðw0Þi

To get this alternative description, we follow the steps in subsection II B.
(i) We first start from the contour integral on the cylinder and consider a description which is spectral flowed by α ¼ 1.

We obtain

I
w¼w0

dw
2πi

X2
i¼1

TðwÞðiÞσþ2 ðw0Þj0−Rið1Þ ⊗ j0−Rið2Þ

→
sf1

I
w¼w0

dw
2πi

X2
i¼1

�
TðiÞðwÞ − JðiÞ3ðwÞ þ 1

4

�
e−

1
2
w0σþ2 ðw0Þj0ið1Þ ⊗ j0ið2Þ; ð3:2Þ

where TðwÞ ¼ P
2
i¼1 T

ðiÞðwÞ and →
sf1 represents the spectral flow with α ¼ 1. We note that the spectral flow with

α ¼ 1 maps the Ramond vacua j0−RiðiÞ to NS vacua j0iðiÞ and acts on the chiral primary as

σþ2 ðw0Þ → e−
1
2
w0σþ2 : ð3:3Þ

The transformation of the stress-energy tensor under the spectral flow is derived in Appendix B and is given by

TðiÞðwÞ →sf1 TðiÞðwÞ − JðiÞ3ðwÞ þ 1

4
: ð3:4Þ

The integral of the constant term (1=4) on the right-hand side of (3.2) vanishes and, thus, we find

I
w0

dw
2πi

TðwÞσþ2 j0−Rið1Þ ⊗ j0−Rið2Þ →
sf1

I
w0

dw
2πi

X2
i¼1

ðTðiÞðwÞ − JðiÞ3ðwÞÞe−1
2
w0σþ2 ðw0Þj0ið1Þ ⊗ j0ið2Þ: ð3:5Þ

(ii) Next, we perform coordinate transformation z ¼ ew

to map TðwÞ to the complex plane. The NS vacua at
τ → −∞ are mapped into vacua at z ¼ 0 and the
puncture is smoothly closed since there are no
insertions at this point. We then consider how
TðwÞ, JðwÞ, and σþ2 ðwÞ transform under this map.
The stress tensor is a quasi-primary operator and is
modified by the Schwarzian derivative under the
coordinate transformation:

�∂z0
∂z

�
2

TðiÞðz0Þ ¼ TðiÞðzÞ − c
12

fz0; zg; ð3:6Þ

where fz0; zg is the Schwarzian derivative

fz0; zg ¼
∂z0
∂z

∂3z0
∂z3 −

3
2
ð∂2z0∂z2 Þ2

ð∂z0∂zÞ2
: ð3:7Þ

Using (3.7), Eq. (3.6) reads

TðiÞðwÞ ¼ z2TðiÞðzÞ − 1

4
: ð3:8Þ

The R current and the chiral primary twist operator
transform as JðiÞðwÞ ¼ zJðiÞðzÞ and σþ2 ðw0Þ ¼
e
1
2
w0σþ2 ðz0Þ, and we find

I
w0

dw
2πi

X2
i¼1

ðTðiÞðwÞ − JðiÞ3ðwÞÞe−1
2
w0σþ2 ðw0Þj0ið1Þ ⊗ j0ið2Þ

→
I
z0

dz
2πi

∂w
∂z

X2
i¼1

�
z2TðiÞðzÞ − 1

4
− zJðiÞ3ðzÞ

�
σþ2 ðz0Þj0ið1Þ ⊗ j0ið2Þ: ð3:9Þ
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(iii) We next pass from the complex plane to the covering
surface through the map z ¼ z0 þ t2. The two initial
NS vacua are mapped into punctures at t ¼ �ia
(a ¼ z1=20 ). There are no other insertions at these two
punctures and one can smoothly close them. The
chiral primary at z ¼ z0 is mapped into a puncture at
t ¼ 0 at which we have the positive spin Ramond

vacuum j0þR it. Under this coordinate transformation,
we have

TðzÞ ¼ 1

4t2
TðtÞ þ 3

16t4
; JðzÞ ¼ 1

2t
JðtÞ; ð3:10Þ

and the integral reads

I
z0

dz
2πi

1

z

X2
i¼1

�
z2TðiÞðzÞ − 1

4
− zJðiÞ3ðzÞ

�
σþ2 ðz0Þj0ið1Þ ⊗ j0ið2Þ

→
I
t¼0

dt
2πi

1

z
∂z
∂t

�
z2
�

1

4t2
TðtÞ þ 3

16t4

�
−
1

4
−

z
2t
J3ðtÞ

�
j0þR it ¼

I
t¼0

dt
2πi

�
z
2t
TðtÞ − J3ðtÞ þ 3z

8t3
−

t
2z

�
j0þR it; ð3:11Þ

where the integral of the constant term (−1=4) in the second
line vanishes. We further note that

I
t¼0

dt
2πi

t
2z

j0þR it ¼ 0; ð3:12Þ

and

I
t¼0

dt
2πi

3z
8t3

j0þR it ¼
I
t¼0

dt
2πi

3ðz0 þ t2Þ
8t3

j0þR it

¼ 3

8
j0þR it: ð3:13Þ

Using the fact that j0þR it has R chargeþ1=2, we find

1

2πi

I
t¼0

dtJ3ðtÞj0þR it ¼
1

2
j0þR it: ð3:14Þ

Equation (3.11) then reads

I
z0

dz
2πi

1

z

X2
i¼1

�
z2TðiÞðzÞ − 1

4
− zJðiÞ3ðzÞ

�
σþ2 ðz0Þ

→
I
t¼0

dt
2πi

ðz0 þ t2Þ
2t

TðtÞj0þR it −
1

8
j0þR it: ð3:15Þ

(iv) Finally, we perform a spectral flow in the t plane
with spectral flow parameter α ¼ −1. This maps the
Ramond vacuum at t ¼ 0 to a NS vacuum and we
can then smoothly close the puncture at this point on
the cover. The transformation of T under this
spectral flow is of the form (see Appendix B)

TðtÞ→sf2TðtÞ þ 1

t
J3ðtÞ þ 1

4t2
; ð3:16Þ

where →
sf2 corresponds to the spectral flow on the

covering surface with α ¼ −1. We, thus, find that

I
t¼0

dt
2πi

ðz0 þ t2Þ
2t

TðtÞj0þR it −
1

8
j0þR it→

sf2
I
t¼0

dt
2πi

ðz0 þ t2Þ
2t

�
TðtÞ þ 1

t
J3ðtÞ þ 1

4t2

�
j0it −

1

8
j0it: ð3:17Þ

Let us consider the last term inside the parentheses in the right-hand side of the above equation. The contour integral
for this term reads

I
t¼0

dt
2πi

ðz0 þ t2Þ
8t3

j0it ¼
1

8
j0it: ð3:18Þ

Inserting this in Eq. (3.17), the constant parts cancel out and we obtain

I
t¼0

dt
2πi

ðz0 þ t2Þ
2t

TðtÞj0þR it −
1

8
j0þR it→

sf2
I
t¼0

dt
2πi

ðz0 þ t2Þ
2t

�
TðtÞ þ 1

t
J3ðtÞ

�
j0itj0it ¼

z0
2
ð ~L−2 þ ~J3−2Þj0it; ð3:19Þ

where ~Lm and ~J3m are the modes natural to the covering surface given by

~Ln ¼
I

dt
2πi

tnþ1TðtÞ; ð3:20Þ
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~J3n ¼
I

dt
2πi

tnJ3ðtÞ: ð3:21Þ

We, thus, find that under the series of maps and spectral
flows explained above the action of T on σþ2 is given by

I
w0

dw
2πi

TðwÞσþ2 ðw0Þj0−Rið1Þ ⊗ j0−Rið2Þ

¼ ∂w0
jχðw0Þi⟶

z0
2
ð ~L−2 þ ~J3−2Þj0it: ð3:22Þ

B. Writing ∂w0
jχ ðw0Þi in terms of boson

and fermion modes on the cover

We now write the above result (3.22) in terms of boson
and fermion modes which are natural to the t plane. Modes
of bosonic fields are

∂tXA _A ¼ −i
X
m∈Z

~αA _A;m

tmþ1
; ð3:23Þ

and modes of fermionic fields in the NS sector are

ψαA ¼
X
r∈Zþ1

2

~dαAr
trþ1

2

: ð3:24Þ

These give

~αA _A;m ¼ 1

2π

I
t¼0

dttm∂tXA _AðtÞ; n ∈ Z; ð3:25Þ

~dαAr ¼ 1

2πi

I
t¼0

dttr−
1
2ψαAðtÞ; r ∈ Zþ 1

2
: ð3:26Þ

Inserting these expansions in the stress-energy tensor (A12)
and the R current (A10), we expand the generators ~Ln and
~J3n in terms of ~αA _A;m and ~dαA:

~Ln ¼
X
m∈Z

ð− ~αþ _þ;n−m ~α− _−;m þ ~αþ _−;n−m ~α− _þ;mÞ

þ
X
r∈Zþ1

2

�
n
2
− r

�
ð ~dþþ

n−r ~d
−−
r − ~dþ−

n−r ~d
−þ
r Þ; ð3:27Þ

and

~J3n ¼
1

2

X
r∈Zþ1

2

ð− ~dþþ
n−r ~d

−−
r þ ~dþ−

n−r ~d
−þ
r Þ: ð3:28Þ

For n ¼ −2 we find that

~L−2j0it ¼ ð− ~αþ _þ;−1 ~α− _−;−1 þ ~αþ _−;−1 ~α− _þ;−1Þj0it þ
1

2
ð ~dþþ

−1
2

~d−−−3
2
− ~dþþ

−3
2

~d−−−1
2
− ~dþ−

−1
2

~d−þ−3
2

þ ~dþ−
−3
2

~d−þ−1
2

Þj0it; ð3:29Þ

~J3−2j0it ¼
1

2
ð− ~dþþ

−1
2

~d−−−3
2
− ~dþþ

−3
2

~d−−−1
2
þ ~dþ−

−1
2

~d−þ−3
2

þ ~dþ−
−3
2

~d−þ−1
2

Þj0it: ð3:30Þ

Adding together the above two equations we obtain

ð ~L−2 þ ~J3−2Þj0it ¼ ð− ~αþ _þ;−1 ~α− _−;−1 þ ~αþ _−;−1 ~α− _þ;−1 − ~dþþ
−3
2

~d−−−1
2
þ ~dþ−

−3
2

~d−þ−1
2
Þj0it: ð3:31Þ

Inserting this expression back in (3.22), the action of T on jχi is given by

∂w0
jχðw0Þi →

z0
2
ð− ~αþ _þ;−1 ~α− _−;−1 þ ~αþ _−;−1 ~α− _þ;−1 − ~dþþ

−3
2

~d−−−1
2
þ ~dþ−

−3
2

~d−þ−1
2

Þj0it: ð3:32Þ

C. Computing the coefficients γBmn and γFmn

We express the above result in terms of modes
on the cylinder. The modes ~αA _A;n (3.25) and ~dαAr (3.26)
where defined by contour integrals over circles around
t ¼ 0. Since there are no singularities at any point in
the t plane, we can stretch the contours to circles at
large t

~αA _A;m ¼ 1

2π

Z
t¼∞

dttm∂tXA _A; m ∈ Z; ð3:33Þ

~dαAr ¼ 1

2πi

Z
t¼∞

dttr−
1
2ψαA; r ∈ Zþ 1

2
: ð3:34Þ

We can now convert these modes to the modes on the
cylinder at τ → ∞ derived in Sec. II. Under the spectral
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flows and coordinate maps that we explained above, the
modes on the cylinder at τ → ∞ transform into (2.26),
(2.27), and (2.28). We write

tm ¼ ðt2 þ z0 − z0Þm2 ¼ ðz0 þ t2Þm2 ð1 − z0ðz0 þ t2Þ−1Þm2
¼

X
k≥0

m
2Ckð−z0Þkðz0 þ t2Þm2−k; ð3:35Þ

where qCk ¼ ðqkÞ is the binomial coefficient. Substituting
this in the mode expansion (3.33) we have

~αA _A;m ¼ 1

2π

Z
t¼∞

dt
X
k≥0

m
2Ckð−z0Þk∂tXA _Aðz0 þ t2Þm−2k

2

¼
X
k≥0

m
2Ckð−z0ÞkαA _A;m−2k; ð3:36Þ

where we used (2.26) to get to the second line. Similarly,
we write

tr−
1
2 ¼ tðt2 þ z0 − z0Þ12ðr−3

2
Þ

¼ t
X
k≥0

1
2
ðr−3

2
ÞCkð−z0Þkðz0 þ t2Þ12ðr−3

2
Þ−k: ð3:37Þ

Substituting this in Eq. (3.34) we find that

~dþA
r ¼ 1

2πi

Z
t¼∞

dt
X
k≥0

1
2
ðr−3

2
ÞCkð−z0ÞkψþA; ðz0 þ t2Þr−2k−

3
2

2 t

¼ 2−
1
2

X
k≥0

1
2
ðr−3

2
ÞCkð−z0ÞkdþA

r−2kþ1
2

; ð3:38Þ

where we used (2.27) in the second line. To find the
negatively charged fermionic modes we write

tr−
1
2 ¼ ðt2 þ z0 − z0Þ12ðr−1

2
Þ

¼
X
k≥0

1
2
ðr−1

2
ÞCkð−z0Þkðz0 þ t2Þ12ðr−1

2
Þ−k: ð3:39Þ

Substituting this in Eq. (3.34) and using (2.28) we have

~d−Ar ¼ 1

2πi

Z
t¼∞

dt
X
k≥0

1
2
ðr−1

2
ÞCkð−z0Þkψ−A; ðz0 þ t2Þr−2k−

1
2

2 t

¼ 2−
1
2

X
k≥0

1
2
ðr−1

2
ÞCkð−z0Þkd−Ar−2k−1

2

: ð3:40Þ

We finally express (3.32) in terms of the operator modes on
the cylinder

∂w0
jχðw0Þi →

�
−z0

�
1ffiffiffi
2

p
X
k≥0

−1
2Ckð−z0Þkαþ _þ;−1−2k

��
1ffiffiffi
2

p
X
k0≥0

−1
2Ck0 ð−z0Þk0α− _−;−1−2k0

�

þ z0

�
1ffiffiffi
2

p
X
k≥0

−1
2Ckð−z0Þkαþ _−;−1−2k

��
1ffiffiffi
2

p
X
k0≥0

−1
2Ck0 ð−z0Þk0α− _þ;−1−2k0

�

− z0

�
1

2

X
k≥0

−3
2Ckð−z0Þkdþþ

−1−2k

��
1

2

X
k0≥0

−1
2Ck0 ð−z0Þk0d−−−1−2k0

�

þ z0

�
1

2

X
k≥0

−3
2Ckð−z0Þkdþ−

−1−2k

��
1

2

X
k0≥0

−1
2Ck0 ð−z0Þk0d−þ−1−2k0

��
j0it: ð3:41Þ

We evaluate the coefficients γBmn and γFmn by integrating the above equation. As explained in Sec. II, the state jχðw0Þi ¼
σþ2 ðw0Þj0−Rið1Þ ⊗ j0−Rið2Þ is mapped into the t plane NS vacuum under the spectral flows and coordinate transformations that
we apply. It was shown in [12] that jχðw0Þi has the form of a squeezed state (2.33). We, thus, obtain that for this squeezed
state,

∂w0
jχðw0Þi ¼

� X
m≥1;n≥1

∂w0
γBmnð−αþþ;−mα−−;−n þ α−þ;−mαþ−;−nÞ

þ
X

m≥0;n≥1
∂w0

γFmnðdþþ
−md−−−n − dþ−

−md−þ−n Þ
�
σþ2 ðw0Þj0−Rið1Þ ⊗ j0−Rið2Þ: ð3:42Þ

Comparing (3.41) and (3.42) we find that for m and n being odd and positive integers m ¼ 2m0 þ 1, m0 ≥ 0 and
n ¼ 2n0 þ 1, n0 ≥ 0, we have

∂w0
γB
2m0þ1;2n0þ1

¼ z0∂z0γ
B
2m0þ1;2n0þ1

¼ z0

�
1ffiffiffi
2

p −1
2Cm0 ð−z0Þm0

��
1ffiffiffi
2

p −1
2Cn0 ð−z0Þn0

�
; ð3:43Þ
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∂w0
γF
2m0þ1;2n0þ1

¼ z0∂z0γ
F
2m0þ1;2n0þ1

¼ −z0
�

1

2
ffiffiffi
2

p −3
2Cm0 ð−z0Þm0

��
1ffiffiffi
2

p −1
2Cn0 ð−z0Þn0

�
: ð3:44Þ

This then gives

z0∂z0γ
B
2m0þ1;2n0þ1

¼ z0

� ffiffiffi
2

p
ffiffiffi
π

p zm
0

0

ð2m0 þ 1Þ
Γ½3

2
þm0�

Γ½1þm0�
�� ffiffiffi

2
p
ffiffiffi
π

p zn
0

0

ð2n0 þ 1Þ
Γ½3

2
þ n0�

Γ½1þ n0�
�
; ð3:45Þ

and

z0∂z0γ
F
2m0þ1;2n0þ1

¼ −z0
�

1ffiffiffiffiffiffi
2π

p zm
0

0

Γ½3
2
þm0�

Γ½1þm0�
�� ffiffiffi

2
p
ffiffiffi
π

p zn
0

0

ð2n0 þ 1Þ
Γ½3

2
þ n0�

Γ½1þ n0�
�
: ð3:46Þ

We observe that the derivative of jχi is given in terms of a product of two factors fðmÞ and fðnÞ.
Using (3.45) and (3.46), we integrate (3.42) with respect to z0 and find that

jχðw0Þi ¼ σþ2 ðw0Þj0−Rið1Þ ⊗ j0−Rið2Þ ¼ e
P

m≥1;n≥1
γBmnð−αþþ;−mα−−;−nþα−þ;−mαþ−;−nÞe

P
m≥0;n≥1

γFmnðdþþ
−md−−−n−dþ−

−md
−þ
−n Þj0−Ri; ð3:47Þ

where

γB
2m0þ1;2n0þ1

¼ 2zð1þm0þn0Þ
0

πð2m0 þ 1Þð2n0 þ 1Þð1þm0 þ n0Þ
Γ½3

2
þm0�Γ½3

2
þ n0�

Γ½1þm0�Γ½1þ n0� ; ð3:48Þ

γF
2m0þ1;2n0þ1

¼ −
zð1þm0þn0Þ
0

πð2n0 þ 1Þð1þm0 þ n0Þ
Γ½3

2
þm0�Γ½3

2
þ n0�

Γ½1þm0�Γ½1þ n0� : ð3:49Þ

The result agrees with the coefficients γB
2m0þ1;2n0þ1

(2.34)
and γF

2m0þ1;2n0þ1
(2.35) previously computed in [12].

IV. CONTINUUM LIMIT

The D1-D5 system is constructed by wrapping the D1
branes on the circle S1 and the D5 branes on S1 × T4. In the
regime where the volume of the compactification circle is
larger than the size of the torus, the D1-D5 CFT is a two-
dimensional CFTwhich lives on S1. In the previous section
we studied the action of the deformation operator on the
vacuum state of the CFT. The deformation operator was
inserted at the point w0 ¼ τ0 þ iσ0 on the cylinder corre-
sponding to the two-dimensional CFT.
In this section we would like to study the behaviour of

the final state in a region close to the insertion point of the
twist operator. In this limit, the CFT lives on the non-
compact infinite lineR rather than the circle S1 (see Fig. 3).
We refer to this limit as the continuum limit.

There are several places where this “local” description of
the twist can be useful. First, if we are studying the CFT
dual to the Poincare patch of AdS3 × S3 × T4, then the CFT
lives on R instead of S1. Second, even if we have an S1

compactification, the generic state dual to a black hole has a
highly twisted sector of the orbifold CFT, thus creating a
CFT that lives on an effectively infinite line. Third, when
we are at strong coupling we expect that the quanta
created by on twist insertion will be picked up and modified
by another twist insertion before they have had time to
travel around the closed loop on which the CFT lives;
thus, the CFT would again behave as if it lived on an
infinite line.
In this section we will evaluate expressions describing

the squeezed state in the continuum limit. These expres-
sions enable us to better understand the physics of the
excitations on top of the vacuum state created by the
deformation operator as one deforms the CFT away from
the orbifold point. We will first analyze the bosonic part of
the final state in Sec. IVA and then consider the fermionic
part in Sec. IV B. We will finally write down the full
expression in the continuum limit in Sec. IV C. These
computations can be verified by directly exploring the
squeezed state (2.33) in the continuum limit, which we do
in Appendix C.

(a) (b)

FIG. 3. The circles becomes infinite lines in the continuum limit
(a), but the twist operator still works locally as it did in the
compact case (b).
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A. Bosonic part of the squeezed state in the continuum limit

We consider again the expression that we obtained in Sec. III for the stress energy tensor method

1

2πi

I
w0

dwTðwÞσþ2 ðw0Þj0−Rið1Þ ⊗ j0−Rið2Þ ¼ ∂w0
jχi ¼ ∂w0

σþ2 ðw0Þj0−Rið1Þ ⊗ j0−Rið2Þ →
z0
2
ð ~L−2 þ ~J3−2Þj0it

¼ z0
2

�
− ~αþ _þ;−1 ~α− _−;−1 þ ~αþ _−;−1 ~α− _þ;−1 − ~dþþ

−3
2

~d−−−1
2
þ ~dþ−

−3
2

~d−þ−1
2

�
j0it; ð4:1Þ

where the arrow in the second line refers to the series of
spectral flows and coordinate maps and ~αA _A;m and ~dαAm are
the bosonic and fermionic operator modes natural to the
covering space. We consider the bosonic part of ∂w0

jχi in
this subsection and analyze the term ~αþ _þ;−1 ~α− _−;−1. The
analysis for the other bosonic term ~αþ _−;−1 ~α− _þ;−1 follows
similarly.
Using the mode expansions in Sec. II we have

~αA _A;−1 ¼ ∂tXA _Að0Þ ¼
1

2π

I
t¼0

dt
t
∂tXA _AðtÞ: ð4:2Þ

We map the complex plane to the cylinder via the map
z ¼ ew. In the region close to the insertion of the defor-
mation operator, w0 ¼ τ0 þ iσ0, we have

jzj ¼ eτ ¼ eτ0þϵ;
ϵ

τ0
≪ 1; ð4:3Þ

where ϵ is a positive real number. On passing to the
covering surface, we have

z ¼ z0 þ t2 ⇒ t ¼ �ðz − z0Þ12 ¼ �ðeτ0þϵþiσ − eτ0þiσ0Þ12
¼ �e

τ0
2
þi

σ0
2 ðeϵþiðσ−σ0Þ − 1Þ12

≈�e
τ0
2
þi

σ0
2 ðw − w0Þ12: ð4:4Þ

We then use this expression to rewrite the factor 1=t in the
integrand of (4.2) in terms of the cylinder coordinates w:

1

t
¼ �e−

w0
2

ðw − w0Þ12
: ð4:5Þ

Under the coordinate transformations which map the t
plane to the w plane, we have

∂tXðtÞdt ¼ ∂wXðwÞdw: ð4:6Þ

We note that the bosons do not transform under the spectral
flow transformations. Thus, we only need to consider the
conformal transformation properties of the boson fields in
order to map them back to the cylinder. This is, however,
not the case for fermions which carry R-charges and
transform nontrivially under the spectral flows. We will
discuss this in more detail in Sec. IV B.
For τ > τ0 we have a single copy of the CFTon a doubly

wound circle on the cylinder. The mode integrals on the
cylinder in this region are then defined on this double circle.
The positive and negative roots of (4.4) correspond to the
two 2π turns around the doubly twisted circle. The contour
integral (4.2) in the cover then gives the sum over the two
parts of the integral on the cylinder. Using (4.5) and (4.6)
the contour integral (4.2) reads

~αA _A;−1ð0Þ ¼
I
t¼0

dt
2πt

∂tXA _AðtÞ ¼
Z

dw
2π

e−
w0
2
∂wXA _AðwÞ
ðw − w0Þ12

:

ð4:7Þ

We now analyze the first bosonic term of jχi in (4.1)
in the continuum limit. Under the series of spectral flows
and coordinate transformations which map the covering
surface to the cylinder, the NS vacuum j0it on the cover is
mapped into the state jχðw0Þi on the cylinder. We then
obtain

z0
2
~αþ _þ;−1 ~α− _−;−1j0it ¼

z0
2

I
t1¼0

dt1
2πt1

∂t1Xþ _þðt1Þ
I
t2¼0

dt2
2πt2

∂t2X− _−ðt2Þj0it

→
ew0

2

Z
dw1

2π

e−
w0
2 ∂w1

Xþ _þðw1Þ
ðw1 − w0Þ12

Z
dw2

2π

e−
w0
2 ∂w2

X− _−ðw2Þ
ðw2 − w0Þ12

jχðw0Þi

¼
Z

dw1

2π

Z
dw2

2π
∂w1

Xþ _þðw1Þ∂w2
X− _−ðw2ÞKBðw1; w2Þjχðw0Þi; ð4:8Þ
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where the bosons are normal ordered and the arrow in the second line denotes the maps and spectral flows from the covering
space to the cylinder. The kernel KB is defined as

KBðw1; w2Þ≡ 1

2

1

ðw1 − w0Þ12ðw2 − w0Þ12
: ð4:9Þ

The same results hold for the second bosonic term in (4.1), i.e., z0
2
~αþ _−;−1 ~α− _þ;−1. Thus, we have

z0
2
ð− ~αþ _þ;−1 ~α− _−;−1 þ ~αþ _−;−1 ~α− _þ;−1Þj0it

→
Z

dw1

2π

Z
dw2

2π
ð−∂w1

Xþ _þðw1Þ∂w2
X− _−ðw2Þ þ ∂w1

Xþ _−ðw1Þ∂w2
X− _þðw2ÞÞKBðw1; w2Þjχðw0Þi: ð4:10Þ

B. Fermionic part of the squeezed state
in the continuum limit

In this section we analyze the fermionic contribution to
the squeezed state in the continuum limit. We consider the
fermionic part of the state jχi (4.1) which is expressed in
terms of the modes ~dαAr (4.11) natural to the t plane. We
perform the calculations for the term ~dþþ

−3=2
~d−−−1=2. The

analysis for the other term ~dþ−
−3=2

~d−þ−1=2 will follow analo-
gously. The modes of fermions natural to the covering
surface are given by

~dαAr ¼ 1

2πi

I
t¼0

dttr−
1
2ψαAðtÞ; r ∈ Zþ 1

2
: ð4:11Þ

Under the coordinate transformations which map the cover
to the cylinder coordinates we have

ψðtÞdt ¼
�
dtðwÞ
dw

�1
2

ψðwÞdw: ð4:12Þ

Using the expression we obtained in (4.5) we find that

�
dtðwÞ
dw

�1
2 ¼

�
dt
dz

dz
dw

�1
2 ¼ 1ffiffiffi

2
p e

w0
4

ðw − w0Þ14
ð4:13Þ

in the continuum limit. For ~dþþ
−3=2 and ~d−−−1=2 we have

~dþþ
−3
2
¼ ∂tψ

þþð0Þ ¼
I
t¼0

dt
2πi

ψþþðtÞ
t2

; ð4:14Þ

~d−−−1
2
¼ ψ−−ð0Þ ¼

I
t¼0

dt
2πi

ψ−−ðtÞ
t

: ð4:15Þ

Let us first consider ~dþþ
−3=2 and use (4.12) and (4.5) to

write (4.14) in terms of the w coordinates. There is an
important point to note here before we perform these
calculations. In the process of computing the state jχi

(4.1) we performed two spectral flow transformations: one
on the cylinder with the spectral flow parameter α ¼ −1
and one on the cover with α ¼ 1. Fermionic fields carry
SUð2ÞR charges and acquire a phase under the spectral flow
transformation. In order to express ψαAðtÞ in terms of
ψαAðwÞ in the integrand of (4.14), one not only needs to
take into account the conformal transformation properties
of the fermion field, but also the spectral flow trans-
formations on the cover and the cylinder. These two
spectral flows have parameters α ¼ −1 on the cover and
α ¼ 1 on the cylinder. Let us first consider ψþþðtÞ. We use
(2.15) and (2.19) and find that ψþþðtÞ → e

w0
2 t−

1
2ψþþðwÞ.

We then obtain

~dþþ
−3
2
¼

I
t¼0

dt
2πi

ψþþðtÞ
t2

¼
Z

dw
2πi

1ffiffi
2

p e
w0
4 ðw − w0Þ−1

4ψþþðwÞew0
4 ðw − w0Þ−1

4

ew0ðw − w0Þ

¼ 1ffiffiffi
2

p
Z

dw
2πi

ψþþðwÞe−w0
2

ðw − w0Þ32
: ð4:16Þ

For ψ−−ðtÞ we have ψ−−ðtÞ → e−
w0
2 t

1
2ψ−−ðwÞ and

~d−−−1
2
¼

I
t¼0

dt
2πi

ψ−−ðtÞ
t

¼
Z

dw
2πi

1ffiffi
2

p e
w0
4 ðw − w0Þ−1

4ψ−−ðwÞe−w0
4 ðw − w0Þ14

e
w0
2 ðw − w0Þ12

¼ 1ffiffiffi
2

p
Z

dw
2πi

ψ−−ðwÞe−w0
2

ðw − w0Þ12
: ð4:17Þ

We can now write the full expression for fermions. Under
the spectral flows and coordinate transformations, the NS
vacuum j0it on the cover is mapped to the state jχðw0Þi
(4.1) on the cylinder. We then have
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z0
2
~dþþ
−3
2

~d−−−1
2
j0it →

ew0

2ð ffiffiffi
2

p Þ2
Z

dw1

2πi
ψþþðw1Þe−

w0
2

ðw1 − w0Þ32
Z

dw2

2πi
ψ−−ðw2Þe−

w0
2

ðw2 − w0Þ12
jχðw0Þi

¼
Z

dw1

2πi

Z
dw2

2πi
ψþþðw1Þψ−−ðw2ÞK0Fðw1; w2Þjχðw0Þi; ð4:18Þ

where the fermions are normal ordered and the fermion
kernel K0F is defined as

K0Fðw1; w2Þ≡ 1

4

1

ðw1 − w0Þ32ðw2 − w0Þ12
: ð4:19Þ

The boson kernel KB (4.9) and the fermion kernel in the
above equation are related to each other as we now
describe. The boson kernel KB acts as ∂XA _AK

B∂XB _B

and the fermion kernel acts as ψαAK0FψβB. If we integrate

the fermion kernel K0F (4.19) by parts over w1, we get
∂ψαAKFψβB, where

KF ¼ KB ¼ 1

2

1

ðw1 − w0Þ12ðw2 − w0Þ12
: ð4:20Þ

The kernels for ∂XA _AK
B∂XB _B and ∂ψαAKFψβB are, thus,

the same.
The same results obtained above hold for the second

fermionic term in (4.1): z0
2
~dþ−
−3=2

~d−þ−1=2. The total fermionic
contribution reads

z0
2
ð− ~dþþ

−3=2
~d−−−1=2 þ ~dþ−

−3=2
~d−þ−1=2Þj0it

→
Z

dw1

2π

Z
dw2

2π
ð∂ψþþðw1Þψ−−ðw2Þ − ∂ψþ−ðw1Þψ−þðw2ÞÞKFðw1; w2Þjχðw0Þi: ð4:21Þ

C. The complete squeezed state in the continuum limit

It is now straightforward to combine the results of the bosonic and fermionic contributions (4.10) and fermion (4.21).
This gives

z0
2
ð ~L−2 þ ~J3−2Þj0it ¼

z0
2
ð− ~αþ _þ;−1 ~α− _−;−1 þ ~αþ _−;−1 ~α− _þ;−1 − ~dþþ

−3
2

~d−−−1
2
þ ~dþ−

−3
2

~d−þ−1
2

Þj0it

→

�Z
dw1

2π

Z
dw2

2π
ð−∂w1

Xþ _þðw1Þ∂w2
X− _−ðw2Þ þ ∂w1

Xþ _−ðw1Þ∂w2
X− _þðw2Þ

þ ∂ψþþðw1Þψ−−ðw2Þ − ∂ψþ−ðw1Þψ−þðw2ÞÞ
1
2

ðw1 − w0Þ12ðw2 − w0Þ12
�
jχðw0Þi: ð4:22Þ

This yields a differential equation for the state jχðw0Þi

∂w0
jχðw0Þi ¼

�Z
dw1

2π

Z
dw2

2π
ð−∂w1

Xþ _þðw1Þ∂w2
X− _−ðw2Þ þ ∂w1

Xþ _−ðw1Þ∂w2
X− _þðw2Þ

þ ∂ψþþðw1Þψ−−ðw2Þ − ∂ψþ−ðw1Þψ−þðw2ÞÞ
1
2

ðw1 − w0Þ12ðw2 − w0Þ12
�
jχðw0Þi: ð4:23Þ

Note that the location of the twist insertion w0 only appears in the kernel. This allows us to integrate this expression, and
find

jχðw0Þi ¼ exp

�Z
dw1

2π

Z
dw2

2π
ð∂w1

Xþ _þðw1Þ∂w2
X− _−ðw2Þ − ∂w1

Xþ _−ðw1Þ∂w2
X− _þðw2Þ

þ −∂w1
ψþþðw1Þψ−−ðw2Þ þ ∂w1

ψþ−ðw1Þψ−þðw2ÞÞ ln ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w1 − w0

p þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − w0

p Þ
�
j0−Ri; ð4:24Þ
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up to an overall normalization. This normalization is fixed
by the earlier convention that σþ2 ðw0Þj0−Rið1Þ ⊗ j0−Rið2Þ ¼
j0−Ri þ � � �. A second way to arrive at this state is by directly
analyzing the sums in the exponentials of the squeezed state
(2.33), and replacing these sums with integrals in the
continuum limit. We do this in Appendix C.

V. DISCUSSION

If we could understand the D1D5 CFT away from the
orbifold point, then we would be able to unravel many
mysteries about the black hole. In particular, we could ask
how the black hole forms from the infalling matter, or how
it reacts when additional matter falls in; this is expected to
correspond to a thermalization process in the dual CFT. The
CFT at the orbifold point is essentially free and so does not
thermalize. It is hoped that with a study of the deformations
away from the orbifold point we would be able to get a
qualitative picture of the thermalization process.
Since thermalization is likely to involve many orders of

deformation from the orbifold point, it is useful to have a
good understanding of the effect of the deformation
operator. In the present paper we have seen that while
the coefficients γB; γF look complicated, their derivative
with respect to z0 is in fact simple: in the covering space it
has the schematic form ~α−1 ~α−1 þ ~d−3

2

~d−1
2
.

We have also investigated the squeezed state produced by
the twist deformation in the continuum limit. In a position
space representation, the exponential in the squeezed state is
given through kernels KBðσ1; σ2Þ; KFðσ1; σ2Þ. Looking at
these kernels gives a useful physical picture of the effect of
the twist; one can see the correlations produced in the fields
around the location of the twist insertion.
In future work, we hope to return to the results here to

extract a general qualitative picture of deforming away
from the orbifold point as well as to apply the stress-tensor
method to higher twist states.
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APPENDIX A: NOTATION AND THE
CFT ALGEBRA

In the D1D5 CFT at the orbifold point, we have four real
left moving fermions ψ1;ψ2;ψ3;ψ4. We group these into
complex doublets ψαA

�
ψþþ

ψ−þ

�
¼ 1ffiffiffi

2
p

�
ψ1 þ iψ2

ψ3 þ iψ4

�
ðA1Þ

�
ψþ−

ψ−−

�
¼ 1ffiffiffi

2
p

�
ψ3 − iψ4

−ðψ1 − iψ2Þ

�
ðA2Þ

The first index, which we label α ¼ ðþ;−Þ, denotes the
transformation properties under SUð2ÞL, which is a sub-
group of rotations on S3. The second index, which we label
A ¼ ðþ;−Þ, is an index of the subgroup SUð2Þ1 of
rotations in T4. These four complex fermions have a reality
condition because they are constructed from only four real
fermions:

ðψ†ÞαA ¼ −ϵαβϵABψβB: ðA3Þ

The two-point function for these complex fermions are

hψαAðzÞψ†
βBðwÞi ¼ δαβδ

A
B

1

z − w
;

hψαAðzÞψβBðwÞi ¼ −ϵαβϵAB
1

z − w
ðA4Þ

where the ϵ symbol is defined as

ϵ12 ¼ 1; ϵ12 ¼ −1; ψA ¼ ϵABψ
B; ψA ¼ ϵABψB:

ðA5Þ

In addition to the fermions, there are four real left moving
bosons X1; X2; X3; X4 which can be grouped into a matrix

XA _A ¼ 1ffiffiffi
2

p Xiσ
i ¼ 1ffiffiffi

2
p

�
X3 þ iX4 X1 − iX2

X1 þ iX2 −X3 þ iX4

�
ðA6Þ

where σi for i ¼ 1; 2; 3 are the usual Pauli matrices, and
σ4 ¼ iI. The complex conjugate of the above fields are
given by

ðX�ÞA _A ¼ 1ffiffiffi
2

p
�
X3 − iX4 X1 þ iX2

X1 − iX2 −X3 − iX4

�
ðA7Þ

leading again to a reality condition,

ðXA _AÞ� ¼ XA _A; ðA8Þ

which is expected because we constructed four complex
bosons from four real bosons, so there must be a condition
of this sort to reduce the number of degrees of freedom.
From these definitions, the 2-point functions are
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h∂XA _AðzÞð∂X†ÞB _BðwÞi ¼ −
1

ðz − wÞ2 δ
B
Aδ

_B
_A
;

h∂XA _AðzÞ∂XB _BðwÞi ¼
1

ðz − wÞ2 ϵABϵ _A _B ðA9Þ

The symmetry currents

Ja ¼ −
1

4
ðψ†ÞαAðσTaÞαβψβA ðA10Þ

Gα
_A
¼ ψαA∂XA _A; ðG†Þ _Aα ¼ ðψ†ÞαA∂ðX†ÞA _A ðA11Þ

T ¼ −
1

2
ð∂X†ÞA _A∂XA _A −

1

2
ðψ†ÞαA∂ψαA ðA12Þ

ðG†Þ _Aα ¼ −ϵαβϵ
_A _BGβ

_B
; Gα

_A
¼ −ϵαβϵ _A _BðG†Þ _Bβ ðA13Þ

obey the following OPE algebra

JaðzÞJbðwÞ ∼ δab
1
2

ðz − wÞ2 þ iϵabc
Jc

z − w
ðA14Þ

JaðzÞGα
_A
ðz0Þ ∼ 1

ðz − z0Þ
1

2
ðσaTÞαβGβ

_A
ðA15Þ

Gα
_A
ðzÞðG†Þ _Bβ ðz0Þ ∼ −

2

ðz − z0Þ3 δ
α
βδ

_B
_A

− δ _B
_A
ðσTaÞαβ

�
2Ja

ðz − z0Þ2 þ
∂Ja

ðz − z0Þ
�

−
1

ðz − wÞ δ
α
βδ

_B
_A
T ðA16Þ

TðzÞTðz0Þ ∼ 3

ðz − z0Þ4 þ
2T

ðz − z0Þ2 þ
∂T

ðz − z0Þ ðA17Þ

TðzÞJaðz0Þ ∼ Ja

ðz − z0Þ2 þ
∂Ja

ðz − z0Þ ðA18Þ

TðzÞGα
_A
∼

3
2
Gα

_A

ðz − z0Þ2 þ
∂Gα

_A

ðz − z0Þ : ðA19Þ

Working on the fundamental ψ fields, note that

JaðzÞψγCðwÞ ∼ 1

2

1

z − w
ðσaTÞγβψβC ðA20Þ

The above OPEs lead to the following algebra for modes
of the symmetry currents

½Jam; Jbn� ¼
m
2
δabδmþn;0 þ iϵabcJcmþn ðA21Þ

½Jam;Gα
_A;n
� ¼ 1

2
ðσaTÞαβGβ

_A;mþn
ðA22Þ

fGα
_A;m

; Gβ
_B;n
g ¼ ϵ _A _B

��
m2 −

1

4

�
ϵαβδmþn;0

þ ðm − nÞðσaTÞαγϵγβJamþn þ ϵαβLmþn

�

ðA23Þ

½Lm; Ln� ¼
mðm2 − 1

4
Þ

2
δmþn;0 þ ðm − nÞLmþn ðA24Þ

½Lm; Jan� ¼ −nJamþn ðA25Þ

½Lm;Gα
_A;n
� ¼

�
m
2
− n

�
Gα

_A;mþn
: ðA26Þ

APPENDIX B: SPECTRAL FLOW

Consider a state jψh;ji with dimension h and charge j.
Under spectral flow by a parameter α, this state changes to a
different state with dimension h0 and charge j0 [20]:

jψh;ji → jψ 0
h0;j0 i; ðB1Þ

where

h0 ¼ hþ αjþ α2c
24

; ðB2Þ

j0 ¼ jþ αc
12

: ðB3Þ

Consider a primary operator Oj carrying charge j on the
cylinder with coordinate w. Under spectral flow this
operator changes as

Oj → O0
j ¼ Oje−αjw þ…: ðB4Þ

The operator J is neutral, but is modified by spectral flow
due to the current anomaly. The operator T is not a primary,
and also has the conformal anomaly. Our goal is to see how
these operators change under spectral flow.

1. Changes in J0 and L0

The current operator J0 is neutral, but changes by an
additive constant due to the current anomaly:

J0 → J00 ¼ J0 þ a1: ðB5Þ

We can find a1 by using the change in charge under spectral
flow. We have

J0jψh;ji ¼ jjψh;ji: ðB6Þ

If we spectral flow both the state and the charge operator,
we will get the same eigenvalue
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J00jψ 0
h0;j0 i ¼ ðJ0 þ a1Þjψ 0

h0;j0 i ¼ jjψ 0
h0;j0 i: ðB7Þ

From (B3) we have

J0jψ 0
h0;j0 i ¼

�
jþ αc

12

�
jψ 0

h0;j0 i: ðB8Þ

Thus, we get a1 ¼ − αc
12

and the operator J0 transforms as

J0 → J00 ¼ J0 −
αc
12

: ðB9Þ

Let us now consider the energy operator L0, for which
we can follow a similar procedure. The change in L0 has the
form

L0 → L0
0 ¼ L0 þ a2J0 þ a3; ðB10Þ

where a2; a3 are constants. We have

L0jψh;ji ¼ hjψh;ji: ðB11Þ

If we spectral flow both the state and the energy operator,
we will get the same eigenvalue

L0
0jψ 0

h0;j0 i ¼ ðL0 þ a2J0 þ a3Þjψ 0
h0;j0 i ¼ hjψ 0

h0;j0 i: ðB12Þ

Using (B8), this gives

�
L0 þ a2

�
jþ αc

12

�
þ a3

�
jψ 0

h0;j0 i ¼ hjψ 0
h0;j0 i: ðB13Þ

From (B2) we have

L0jψ 0
h0;j0 i ¼

�
hþ αjþ α2c

24

�
jψ 0

h0;j0 i: ðB14Þ

Substituting (B14) in (B13) we find

�
hþ αjþ α2c

24

�
þ a2

�
jþ αc

12

�
þ a3 ¼ h: ðB15Þ

Thus, we get a2 ¼ −α, a3 ¼ α2c
24
, and the operator L0

transforms as

L0 → L0
0 ¼ L0 − αJ0 þ

α2c
24

: ðB16Þ

2. Changes in JðwÞ and TðwÞ on the cylinder

From the shifts of J0; L0 under spectral flow, we can
find the shifts of the operators JðwÞ; TðwÞ on the cylinder.
We have

J0 ¼
1

2π

Z
2π

σ¼0

dwJðwÞ;

L0 ¼
1

2π

Z
2π

σ¼0

dwTðwÞ: ðB17Þ

Thus,

JðwÞ → J0ðwÞ ¼ JðwÞ − αc
12

; ðB18Þ

TðwÞ → T 0ðwÞ ¼ TðwÞ − αJðwÞ þ α2c
24

: ðB19Þ

3. Changes in JðzÞ and TðzÞ on the plane

We will also need to find the effect of spectral flow on
operators on the complex plane. Consider the plane z
defined through z ¼ ew. The analog of (B4) is

Oj → O0
j ¼ Ojz−αj þ…: ðB20Þ

Consider the operator JðzÞ, and spectral flow by param-
eter α around the origin z ¼ 0. To find the change in JðzÞ,
we proceed in three steps:

(i) We map JðzÞ to the cylinder, getting

JðwÞ ¼
�∂z
∂w

�
JðzÞ ¼ zJðzÞ: ðB21Þ

(ii) We perform the spectral flow by parameter α on the
cylinder, getting

JðwÞ → JðwÞ − αc
12

: ðB22Þ

(iii) We then map back to the plane, getting

J0ðzÞ ¼
�∂w
∂z

��
JðwÞ − αc

12

�
¼ 1

z

�
zJðzÞ − αc

12

�

¼ JðzÞ − αc
12z

: ðB23Þ

We can perform the same steps to find the change
in TðzÞ;

(i) We map TðzÞ to the cylinder, getting

TðwÞ ¼
�∂z
∂w

�
2

TðzÞ þ c
12

fz; wg ¼ z2TðzÞ − 1

4
:

ðB24Þ

(ii) We perform the spectral flow by parameter α, getting

TðwÞ → TðwÞ − αJðwÞ þ α2c
24

: ðB25Þ
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(iii) We map back to the plane, getting

T 0ðzÞ ¼
�∂w
∂z

�
2
�
TðwÞ − αJðwÞ þ α2c

24

�
þ c
12

fw; zg

¼ 1

z2

�
z2TðzÞ − 1

4
− αzJðzÞ þ α2c

24

�
þ 1

4z2

¼ TðzÞ − αJðzÞ
z

þ α2c
24z2

: ðB26Þ

4. Spectral flows used in our computations

Let us now see how we use the above relations in our
computations in Sec. III A.
(a) On the cylinder we perform a spectral flow trans-

formation with parameter α ¼ 1. Using c ¼ 6 we find
Eq. (3.4):

T 0ðwÞ ¼ TðwÞ − JðwÞ þ 1

4
: ðB27Þ

(b) On the t plane we spectral flow by α ¼ −1. This then
gives Eq. (3.6):

T 0ðtÞ ¼ TðtÞ þ JðtÞ
t

þ 1

4t2
ðB28Þ

APPENDIX C: DIRECTLY ANALYZING THE
SQUEEZED STATE

1. Bosonic contribution

The results obtained in Sec. IV for the continuum limit
can be obtained by performing computations directly on the
cylinder using jχðw0Þi (2.33):

jχðw0Þi ¼ σþ2 ðw0Þj0−Rið1Þ ⊗ j0−Rið2Þ ¼ e
P

m≥1;n≥1
γBmnð−αþ _þ;−mα− _−;−nþα− _þ;−mαþ _−;−nÞe

P
m≥0;n≥1

γFmnðdþþ
−md−−−n−dþ−

−md
−þ
−n Þj0−Ri: ðC1Þ

We focus on the bosonic part in this section. Let us consider
the bosonic term

e−
P

m0≥0;n0≥0γ
B
2m0þ1;2n0þ1

αþ _þ;−ð2m0þ1Þα− _−;−ð2n0þ1Þ ; ðC2Þ

where we have set m ¼ 2m0 þ 1 and n ¼ 2n0 þ 1 because
the coefficients γBmn and γFmn are nonzero only for odd values
ofm and n (see Sec. II). The bosonicmodes αA _A;m are defined
on the doubly wound circle in the region τ > τ0 above the
insertion point of the twist operator. Thesemodes are given by

αA _A;m ¼ 1

2π

Z
σþ4π

σ
dw∂wXA _AðwÞe

m
2
w: ðC3Þ

We then obtain

∂wXA _A ¼ −
i
2

X
m

αA _A;me
−m

2
w: ðC4Þ

In what follows, it will be more convenient to write the
modes in terms of X rather than ∂X. We write, with a caveat,

XA _AðwÞ ¼
i
2

X
m≠0

2

m
αA _A;me

−m
2
w: ðC5Þ

This is not the full X operator. Rather, it is the holomorphic
part of X with both the center of mass mode xA _A and the
momentum mode αA _A;0 removed. It would be sufficient to
simply remove the center of mass mode, given that this
operator acts on the zero momentum Ramond vacuum. We
suppress this subtlety here, writing X to simplify notation in
this section. At the end, we will integrate by parts to put the
derivative back on the X operator, which automatically
removes the center of mass mode x, and because the operator
is acting on the Ramond vacuum, the momentum modes
evaluate to 0. This will reinstate the ∂X as being the full
operator. Thus, in our final answer, we will be using conven-
tional notation.
This subtlety being noted, we write the odd modes m ¼

2m0 þ 1 in (C3) and find

αA _A;m ¼ 1

2π

Z
σþ4π

σ
dw

�
−m
2

�
XA _AðwÞe

m
2
w

¼ 1

2π

Z
σþ4π

σ
dw

�
m0 þ 1

2

�
XA _AðwÞe−ðm

0þ1
2
Þw: ðC6Þ

We use the above expression and rewrite the exponent
of (C2),

−
X

m0≥0;n0≥0

γB
2m0þ1;2n0þ1

αþ _þ;−ð2m0þ1Þα− _−;−ð2n0þ1Þ ¼ −
Z

σ1þ4π

σ1

dw1

2π

Z
σ2þ4π

σ2

dw2

2π
Xþ _þðw1ÞX− _−ðw2Þ

×
X

m0≥0;n0≥0

γB
2m0þ1;2n0þ1

�
m0 þ 1

2

��
n0 þ 1

2

�
e−ðm0þ1

2
Þw1e−ðn0þ1

2
Þw2 ; ðC7Þ
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where

γB
2m0þ1;2n0þ1

¼ 2zðm
0þn0þ1Þ

0

πð2m0 þ 1Þð2n0 þ 1Þð1þm0 þ n0Þ
Γ½3

2
þm0�Γ½3

2
þ n0�

Γ½1þm0�Γ½1þ n0� : ðC8Þ

In the continuum limit, z0z1 → 1; z0z2 → 1,m0 → ∞; n0 → ∞, and the summation is replaced with integrals over dm0 and dn0. In
this limit we obtain

γB
2m0þ1;2n0þ1

≈
1

2π

zðm
0þn0þ1Þ

0

m0 þ n0
Γ½1

2
þm0�

Γ½1þm0�
Γ½1

2
þ n0�

Γ½1þ n0� ðC9Þ

Using properties of the gamma functions

lim
m→∞

Γðmþ βÞ
ΓðmÞmβ ¼ 1 β ∈ R; ðC10Þ

allows us to approximate the coefficients γBmn (C9). We then replace the remaining sums over m0 and n0 as integrals in (C7)
giving

−
X

m0≥0;n0≥0

γB
2m0þ1;2n0þ1

αþ _þ;−ð2m0þ1Þα− _−;−ð2n0þ1Þ ≈ −
Z

σ1þ4π

σ1

dw1

2π

Z
σ2þ4π

σ2

dw2

2π
Xþ _þðw1ÞX− _−ðw2Þ

×
Z

∞

0

dm
Z

∞

0

dn
1

2π

zm
0þn0þ1

0

m0 þ n0
m0n0

m01
2n012

e−ðm0þ1
2
Þw1e−ðn0þ1

2
Þw2 ðC11Þ

recalling that we have taken m0 and n0 to be large. We switch to coordinates

mþ ≡m0 þ n0; m− ≡m0 − n0: ðC12Þ

Thus, our approximation becomes

−
X

m0≥0;n0≥0

γB
2m0þ1;2n0þ1

αþ _þ;−ð2m0þ1Þα− _−;−ð2n0þ1Þ ≈ −
Z

σ1þ4π

σ1

dw1

2π

Z
σ2þ4π

σ2

dw2

2π
Xþ _þðw1ÞX− _−ðw2Þ

×
1

2

Z
∞

0

dmþ
zmþþ1
0

4πmþ
e−

1
2
ðmþþ1Þwþ

Z
mþ

−mþ
dm−ðm2þ −m2

−Þ12e−1
2
m−w− ; ðC13Þ

where wþ and w− are defined as

wþ ≡ w1 þ w2; w− ≡ w1 − w2: ðC14Þ

We first evaluate the integral over dm−, which gives a Bessel function as the solution. We find

Z
mþ

−mþ
dm−ðm2þ −m2

−Þ12e−1
2
m−w− ¼ 2π

mþ
w−

I1

�
mþw−

2

�
:

ðC15Þ

Inserting this result back in (C13) we obtain the following integral over mþ

1

2

Z
∞

0

dmþ
zmþþ1
0

4πmþ
e−

1
2
ðmþþ1Þwþ

Z
mþ

−mþ
dm−ðm2þ −m2

−Þ12e−1
2
m−w−

¼ e−
1
2
ðwþ−2w0Þ

4w−

Z
∞

0

dmþe−
1
2
ðwþ−2w0ÞmþI1

�
w−mþ

2

�
: ðC16Þ
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We use the table of integrals for the modified Bessel functions and consider the expression

Z
∞

0

dxe−αxIνðβxÞ ¼
β−νðα −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2 − β2

p
Þνffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

α2 − β2
p ; Reν > −1; Reα > jReβj: ðC17Þ

We identify α ¼ ðwþ − 2w0Þ=2, β ¼ w−=2. The first condition for the integral above is clearly satisfied because ν ¼ 1. For
the second, we recall that we are working in a region just above the insertion of the twist operator, and so

w0 ¼ τ0 þ iσ0; w1 ¼ τ0 þ ϵ1 þ iσ1; w2 ¼ τ0 þ ϵ2 þ iσ2; ðC18Þ

wþ ¼ 2τ0 þ ðϵ1 þ ϵ2Þ þ iðσ1 þ σ2Þ; w− ¼ ðϵ1 − ϵ2Þ þ iðσ1 − σ2Þ ðC19Þ

with ϵ1 > 0; ϵ2 > 0. Hence,

α ¼ ðϵ1 þ ϵ2Þ
2

þ i
ðσ1 þ σ2 − 2σ0Þ

2
; β ¼ ðϵ1 − ϵ2Þ

2
þ i

ðσ1 − σ2Þ
2

: ðC20Þ

and the second condition Reα > jReβj is met as well. The integral over dmþ then reads

Z
∞

0

dmþe−
1
2
ðwþ−2w0ÞmþI1

�
w−mþ

2

�
¼ 2

w−

�
1

2

ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w1 − w0

p − ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − w0

p Þ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w1 − w0

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − w0

p
�

¼ w−

ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w1 − w0

p þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − w0

p Þ2
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

w1 − w0
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

w2 − w0
p ðC21Þ

after some algebraic simplification. Thus,

e−
1
2
ðwþ−2w0Þ

4w−

Z
∞

0

dmþz
mþþ1
0 I1

�
mþw−

2

�
e−

1
2
ðmþþ1Þwþ

¼ 1

4
e−

1
2
½ðw1−w0Þþðw2−w0Þ� 1

ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w1 − w0

p þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − w0

p Þ2
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

w1 − w0
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

w2 − w0
p

≈
1

ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w1 − w0

p þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − w0

p Þ2
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

w1 − w0

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − w0

p ; ðC22Þ

where in the last expression, we use that z0=z1 → 1 and z0=z2 → 1, and so the exponential becomes 1 in the continuum
limit.
We use this to compute the exponent (C11). Therefore, in the continuum limit we obtain

−
X

m0≥0;n0≥0

γB
2m0þ1;2n0þ1

αþ _þ;−ð2m0þ1Þα− _−;−ð2n0þ1Þ

≈ −
Z

σ1þ4π

σ1

dw1

2π

Z
σ2þ4π

σ2

dw2

2π
Xþ _þðw1ÞX− _−ðw2ÞK̂Bðw1; w2Þ; ðC23Þ

where the kernel is of the form

K̂Bðw1; w2Þ≡ 1

4

1

ðw1 − w0Þ12ðw2 − w0Þ12
1

½ðw1 − w0Þ12 þ ðw2 − w0Þ12�2
: ðC24Þ

In Sec. III C we will see how the kernel K̂B obtained above through direct computations on the cylinder is related to the
kernelKB (4.9) obtained in the main text. Essentially, this comes down to integrating by parts to put the derivatives back on
Xðw1Þ and Xðw2Þ. As mentioned earlier in this section, this will be important to bring us back to more conventional
notation. The calculation for the other bosonic contribution is identical, and so we find the total bosonic contribution to be
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X
m0≥0;n0≥0

γB
2m0þ1;2n0þ1

ð−αþ _þ;−ð2m0þ1Þα− _−;−ð2n0þ1Þ þ αþ _−;−ð2m0þ1Þα− _þ;−ð2n0þ1ÞÞ

≈
Z

σ1þ4π

σ1

dw1

2π

Z
σ2þ4π

σ2

dw2

2π
ð−Xþ _þðw1ÞX− _−ðw2Þ þ Xþ _−ðw1ÞX− _þðw2ÞÞK̂Bðw1; w2Þ: ðC25Þ

2. Fermionic contribution

In this subsection we consider the fermion part of the
state jχðw0Þi (2.33) on the cylinder in the continuum limit.
The fermion part is of the form

e
P

m0≥0;n0≥0γ
F
2m0þ1;2n0þ1

ðdþþ
−ð2m0þ1Þd

−−
−ð2n0þ1Þ−d

þ−
−ð2m0þ1Þd

−þ
−ð2n0þ1ÞÞ; ðC26Þ

where the modes of fermions dαAm are defined on the doubly
twisted circle in the region τ > τ0 and are given by

dαAm ¼ 1

2πi

Z
σþ4π

σ
dwψαAðwÞem

2
w: ðC27Þ

We then find

ψαAðwÞ ¼ 1

2

X
m

dαAm e−
m
2
w: ðC28Þ

For the odd modes m ¼ 2m0 þ 1 in (C27) we find

dαAm ¼
Z

σþ4π

σ

dw
2πi

ψαAðwÞe−ðm0þ1
2
Þw: ðC29Þ

We write the exponent of (C26) using the above relation.
We perform the computations for the term
dþþ
−ð2m0þ1Þd

−−
−ð2n0þ1Þ and note the calculations for the other

term dþ−
−ð2m0þ1Þd

−þ
−ð2n0þ1Þ follow analogously. The exponent is

given by

X
m0≥0;n0≥0

γF
2m0þ1;2n0þ1

dþþ
−ð2m0þ1Þd

−−
−ð2n0þ1Þ ¼

Z
σ1þ4π

σ1

dw1

2πi

Z
σ2þ4π

σ2

dw2

2πi
ψþþðw1Þψ−−ðw2Þ

X
m0≥0;n0≥0

γF
2m0þ1;2n0þ1

e−ðm0þ1
2
Þw1e−ðn0þ1

2
Þw2 ;

ðC30Þ

where

γF
2m0þ1;2n0þ1

¼ −
zðm

0þn0þ1Þ
0

πð2n0 þ 1Þð1þm0 þ n0Þ
Γ½3

2
þm0�Γ½3

2
þ n0�

Γ½1þm0�Γ½1þ n0� : ðC31Þ

In the continuum limit, fz0z1 ;
z0
z2
g → 1, and fm0; n0g → ∞. Again, applying the property of gamma matrices (C10) we find

γF
2m0þ1;2n0þ1

≈ −
1

2π

zðm
0þn0þ1Þ

0

m0 þ n0
m01

2

n012
: ðC32Þ

After replacing the sums with integrals, the exponent (C30) then reads

X
m0≥0;n0≥0

γF
2m0þ1;2n0þ1

dþþ
−ð2m0þ1Þd

−−
−ð2n0þ1Þ

Z
σ1þ4π

σ1

dw1

2πi

Z
σ2þ4π

σ2

dw2

2πi
ψþþðw1Þψ−−ðw2Þ

×
Z

∞

0

dm0
Z

∞

0

dn0
ð−1Þ
2π

zm
0þn0þ1

0

m0 þ n0
m01

2

n012
e−ðm0þ1

2
Þw1e−ðn0þ1

2
Þw2 : ðC33Þ

Wewant to evaluate the integrals overm0 and n0 in the second line. Let us rewrite the second line of the above expression as

I ≡
Z

∞

0

dm0
Z

∞

0

dn0
ð−1Þ
2π

zm
0þn0þ1

0

m0 þ n0
m01

2

n012
e−ðm0þ1

2
Þw1e−ðn0þ1

2
Þw2

¼ −
1

2π
e−

ðw1þw2Þ
2 ew0

Z
∞

0

dm0m01
2e−ðw1−w0Þm0

Z
∞

0

dn0
1

n012ðn0 þm0Þ e
−ðw2−w0Þn0 : ðC34Þ
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We first evaluate the integral over n0. Using table of integrals for exponentials we consider the following expression

Z
∞

0

dx
xν−1e−μx

xþ β
¼ βν−1eβμΓðνÞΓð1 − ν; βμÞ; j arg βj < π;Reμ > 0;Reν > 0; ðC35Þ

where Γðη; xÞ is the upper incomplete gamma function. In our case, ν ¼ 1=2, μ ¼ w2 − w0, β ¼ m0, and so the conditions in
(C35) are satisfied. The integral over dn0 in (C34) then reads

Z
∞

0

dn0
1

n012ðn0 þm0Þ e
−ðw2−w0Þn0 ¼ π

1
2

m01
2

eðw2−w0Þm0Γ
�
1

2
; ðw2 − w0Þm0

�
: ðC36Þ

Putting this expression back in (C34), we obtain

I ¼ −
π

1
2

2π
e−

ðw1þw2Þ
2 ew0

Z
∞

0

dm0e−ðw1−w2Þm0Γ
�
1

2
; ðw2 − w0Þm0

�
: ðC37Þ

We define a new parameter m00 ≡ ðw2 − w0Þm0. The above integral then reads

I ¼ −
1

2π
1
2

e−
1
2
ððw1−w0Þþðw2−w0ÞÞ 1

ðw2 − w0Þ
Z

∞

0

dm00e−
w1−w2
w2−w0

m00
Γ
�
1

2
; m00

�
: ðC38Þ

We next use the table of integrals for the incomplete gamma functions to evaluate the integral over m00. We have

Z
∞

0

dxe−αxΓðξ; xÞ ¼ 1

α
ΓðξÞ

�
1 −

1

ð1þ αÞβ
�
; ξ > 0: ðC39Þ

Comparing this expression to (C38) we find that α ¼ ðw1 − w2Þ=ðw2 − w0Þ, and ξ ¼ 1=2 > 0. We then obtain

I ¼ −
1

2
e−

1
2
½ðw1−w0Þþðw2−w0Þ� 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

w1 − w0
p ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

w1 − w0
p þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

w2 − w0Þ
p Þ ðC40Þ

≈ −
1

2

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w1 − w0

p ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w1 − w0

p þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − w0Þ

p Þ ; ðC41Þ

where we have used the continuum limit z0=z1 → 1 and z0=z2 → 1 to remove the preceding exponentials. Inserting this into
the exponent (C30), we find

X
m0≥0;n0≥0

γF
2m0þ1;2n0þ1

dþþ
−ð2m0þ1Þd

−−
−ð2n0þ1Þ ≈

Z
σ1þ4π

σ1

dw1

2πi

Z
σ2þ4π

σ2

dw2

2πi
ψþþðw1Þψ−−ðw2ÞK̂Fðw1; w2Þ; ðC42Þ

where the kernel is given by

K̂Fðw1; w2Þ≡ −
1

2

1

ðw1 − w0Þ12
1

½ðw1 − w0Þ12 þ ðw2 − w0Þ12�
: ðC43Þ

In Sec. III C we will compare the fermion kernel K̂F obtained in the above equation to the fermion kernel KF (4.20)
computed in the main text. As mentioned before, the kernel for the other fermionic term dþ−

−ð2m0þ1Þd
−þ
−ð2n0þ1Þ is the same as

(C43). Therefore, the fermionic contribution to the squeezed state in the continuum limit is given by
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X
m0≥0;n0≥0

γF
2m0þ1;2n0þ1

ðdþþ
−ð2m0þ1Þd

−−
−ð2n0þ1Þ − dþ−

−ð2m0þ1Þd
−þ
−ð2n0þ1ÞÞ

≈
Z

σ1þ4π

σ1

dw1

2πi

Z
σ2þ4π

σ2

dw2

2πi
ðψþþðw1Þψ−−ðw2Þ − ψþ−ðw1Þψ−þðw2ÞÞK̂Fðw1; w2Þ: ðC44Þ

3. Squeezed state on the cylinder

In subsections C 1 and C 2 we considered the squeezed state on the cylinder (C1) and investigated the bosonic and
fermionic contributions in the continuum limit. Combining the bosonic (C25) and fermionic (C44) parts, we obtain the full
expression

jχðw0Þi ¼ σþ2 ðw0Þj0−Rið1Þ ⊗ j0−Rið2Þ ¼ e
P

m≥1;n≥1
γBmnð−αþ _þ;−mα− _−;−nþα− _þ;−mαþ _−;−nÞe

P
m≥0;n≥1

γFmnðdþþ
−md−−−n−dþ−

−md
−þ
−n Þj0−Ri

≈ e

R
σ1þ4π

σ1

dw1
2π

R
σ2þ4π

σ2

dw2
2π ð−Xþ _þðw1ÞX− _−ðw2ÞþXþ _−ðw1ÞX− _þðw2ÞÞ

1
4ffiffiffiffiffiffiffiffi

w1−w0
p ffiffiffiffiffiffiffiffi

w2−w0
p 1

ð ffiffiffiffiffiffiffiffiw1−w0
p þ ffiffiffiffiffiffiffiffi

w2−w0
p Þ2

× e
R

σ1þ4π

σ1

dw1
2πi

R
σ2þ4π

σ2

dw2
2πi ðψþþðw1Þψ−−ðw2Þ−ψþ−ðw1Þψ−þðw2ÞÞ

ð−1Þ
2ffiffiffiffiffiffiffiffi

w1−w0
p 1

ð ffiffiffiffiffiffiffiffiw1−w0
p þ ffiffiffiffiffiffiffiffi

w2−w0
p Þj0−Ri: ðC45Þ

In order to compare this expression to (4.24), we perform integration by parts over w1 and w2 for the bosonic terms and over
w1 for the fermionic terms. We then find

jχðw0Þi ¼ e
R

σ1þ4π

σ1

dw1
2π

R
σ2þ4π

σ2

dw2
2π ð−∂w1Xþ _þðw1Þ∂w2X− _−ðw2Þþ∂w1Xþ _−ðw1Þ∂w2X− _þðw2ÞÞð− ln ð ffiffiffiffiffiffiffiffiffiffi

w1−w0
p þ ffiffiffiffiffiffiffiffiffiffi

w2−w0
p ÞÞ

× e
R

σ1þ4π

σ1

dw1
2πi

R
σ2þ4π

σ2

dw2
2πi ð∂w1ψþþðw1Þψ−−ðw2Þ−∂w1

ψþ−ðw1Þψ−þðw2ÞÞð− ln ð ffiffiffiffiffiffiffiffiffiffi
w1−w0

p þ ffiffiffiffiffiffiffiffiffiffi
w2−w0

p ÞÞj0−Ri: ðC46Þ

We note that the boson and fermion kernels are the same after performing integration by parts:

K̂0Bðw1; w2Þ ¼ K̂0Fðw1; w2Þ≡ ln ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w1 − w0

p þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − w0

p Þ: ðC47Þ

We then have

jχðw0Þi ¼ exp

�Z
σ1þ4π

σ1

dw1

2π

Z
σ2þ4π

σ2

dw2

2π
ð∂w1

Xþ _þðw1Þ∂w2
X− _−ðw2Þ − ∂w1

Xþ _−ðw1Þ∂w2
X− _þðw2Þþ

− ∂w1
ψþþðw1Þψ−−ðw2Þ þ ∂w1

ψþ−ðw1Þψ−þðw2ÞÞ ln ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w1 − w0

p þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − w0

p Þ
�
j0−Ri; ðC48Þ

yielding the same result as the main text.
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