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We study the stability and the scattering properties of a spacetime with a topological defect along a
spherical bubble. This bubble connects two flat spacetimes which are asymptotically Minkowski, so that
the resulting universe may be regarded as containing a wormhole. Its distinguished feature is the absence
of exotic matter, i.e., its matter content respects all the energy conditions. Although this wormhole is
nontraversable, waves and quantum particles can tunnel between both universes. Interestingly enough, the
wave equation alone does not uniquely determine the evolution of scalar waves on this background, and the
theory of self-adjoint extensions of symmetric operators is required to find the relevant boundary conditions
in this context. Here we show that, for a particular boundary condition, this spacetime is stable and gives
rise to a scattering pattern which is identical to the more usual thin-shell wormhole composed of exotic
matter. Other boundary conditions of interest are also analyzed, including an unstable configuration with
sharp resonances at well-defined frequencies.
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I. INTRODUCTION

Topological defects on cosmic scales are predicted by
theories of the early universe as a result of spontaneous
symmetry breaking of some unifying group [1]. Cosmic
strings may be generated by the breaking of a Uð1Þ
symmetry, while cosmic walls may arise from the breaking
of a discrete symmetry such as Z2 [2]. These spacetime
defects are characterized by a Riemann curvature tensor
which is everywhere null except on a singular submanifold.
When this submanifold connects two asymptotically
Minkowski spacetimes, one may interpret the correspond-
ing solution as a wormhole [3].
In this paper, we consider a spherical topological defect

constructed from two Minkowski spacetimes by (i) remov-
ing from each of them the regions described by Ω� ¼
fr� > ag, where r� represent the radial coordinate on
each space and a > 0, (ii) identifying the surfaces ∂Ω� ¼
fr� ¼ ag, and (iii) letting the coordinates rþ and r− go
from a to −∞. Had we stopped at r� ¼ 0 we would have
obtained a closed baby universe. Since we extend r� up to
−∞ we have, instead, a baby universe connected to two
asymptotically Minkowski spacetimes at two contact points
(r� ¼ 0), i.e., a wormhole; see Fig. 1. This spacetime has
been considered before, in the context of a different
construction technique, by Letelier [3]. Following the
Lichnerowicz theory of distributions [4,5], Letelier and

Wang found a whole class of asymptotically Minkowski
spacetimes which are locally Minkowski everywhere,
except on a hypersurface with matter satisfying all the
energy conditions [6]. This formalism, where flat metrics
are stitched together with discontinuous derivatives which
generate a thin shell of matter (a topological defect) is
equivalent to the cut-and-paste procedure considered here.
With this construction, the distribution of matter at the

throat r� ¼ a respects all the energy conditions. In fact,
it is composed of two families of orthogonal, spherically
symmetric, Nambu strings. The price to pay for that is that
this wormhole is nontraversable since an extended body
cannot cross the contact points at r� ¼ 0 [7].
However, the two “external universes” do communicate

with each other since waves, and thus quantum particles,
can pass through the contact points. The transmission

FIG. 1 (color online). Pictorial representation of the spacetime
considered in this paper. We depicted the internal region as
conical surfaces for illustrative purposes only; a more accurate
illustration would represent it by planar discs whose boundaries
are identified to each other.
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pattern in this case is, remarkably, not uniquely determined
by the wave equation. In fact, it turns out that the spatial
portion of the wave equation in this space is not essentially
self-adjoint [8]. As a result, an infinite number of different
boundary conditions are possible at the connection points,
giving rise to different evolutions for the wave function.
Our aim in this paper is to explore the arbitrariness in

the boundary conditions at the connection points to find
candidates of stable wormholes with a topological defect as
its throat. Although these wormholes must be nontravers-
able, we find a particular boundary condition for which the
resulting scattering pattern is the same as that of a thin-shell
traversable wormhole, which requires exotic matter, found
in the literature. We also show that interesting scattering
resonances, at well-defined frequencies, appear for other
choices of boundary conditions. Since this spacetime is
everywhere flat except at the points where there is a classical
singularity, the effects of the background spacetime on a
quantum particle will be purely topological, with no appear-
ance of an effective curvature potential. In this way, its
stability cannot be studied by the usual techniques employed
in Refs. [9–12]. Therefore, we analyze the stability of these
configurations under linear perturbations of the metric by
studying their quasinormal modes.
This paper is organized as follows. In Sec. II we

construct the wormhole by spacetime surgery. In Sec. III
we analyze the boundary conditions necessary to solve the
wave equation by means of the theory of multi-interval
Sturm-Liouville problems. In Sec. IV, we study the trans-
mission and reflection coefficients of waves scattered by
the wormhole, as well as its stability, and analyze their
dependence on the boundary conditions found in Sec. III.
We finally discuss our results in Sec. V.

II. CONSTRUCTION OF THE WORMHOLE BY
THE CUT-AND-PASTE TECHNIQUE

Let M� ¼ R3 ×R and Ω� ¼ fx ∈ M�jr� > ag, where
r� is the spatial radial coordinate in M�. We remove the
regions Ω� from M� and identify the surfaces ∂Ω� ¼
fxjr� ¼ ag≡ Σ. Finally, we extrapolate the radial coor-
dinates r� up to −∞. The resulting spacetime M is
illustrated in Fig. 1.
We take the usual flat metrics ds2� on M�, i.e.,

ds2� ¼ −dt2� þ dr2� þ r2�dΩ2
� ð1Þ

in spherical coordinates. The simple transformation of
coordinates r� ¼ ∓rþ a then yields the following metric
on M:

ds2 ¼
�
−dt2 þ dr2 þ ðr − aÞ2dΩ2; r ≥ 0;

−dt2 þ dr2 þ ðrþ aÞ2dΩ2; r ≤ 0.
ð2Þ

Note that the component gθθ of the metric is continuous but
its first derivative is not. This gives rise to a thin layer of

matter at r ¼ 0, whose content can be analyzed by using
the Israel formalism of singular hypersurfaces [13].
The induced metric at Σ, in the intrinsic coordinates

ξα ¼ ðt; θ;φÞ, is given by

ds2 ¼ −dt2 þ a2dΩ2: ð3Þ

The θθ component of the metric (2)

gθθ ¼
� ðr − aÞ2; r ≥ 0;

ðrþ aÞ2; r ≤ 0
ð4Þ

is null at r ¼ �a, so that the surfaces r ¼ �a have zero
area, being points in space. By the Israel formalism, the
vector nμ, normal to the singular surface, must point from
M− to Mþ, i.e.,

nμ ¼ ð0; 1; 0; 0Þ; ð5Þ

so that the region M− is given by r < 0, while the region
Mþ is given by r > 0.
The nonzero components of the extrinsic curvature

tensor at the singular surface can be written in terms of
the normal derivative as

Ktt ¼
1

2
nσ

∂gtt
∂xσ ¼ 1

2

∂gtt
∂r ¼ 0;

Kθθ ¼
1

2
nσ

∂gθθ
∂xσ ¼ 1

2

∂gθθ
∂r ¼

�−a for r ¼ 0þ

þa for r ¼ 0−;

Kφφ ¼ 1

2
nσ

∂gφφ
∂xσ ¼ 1

2

∂gφφ
∂r ¼

�
−a sin θ for r ¼ 0þ

þa sin θ for r ¼ 0−:

ð6Þ

The discontinuity in the extrinsic curvature is due to the
jump in the normal derivative of the metric as one crosses
the defect.
Denoting κij¼Kiþ

j−Ki−
j, with Ki�

j ¼ Ki
j as r → 0�,

the Lanczos equations (which come from the Einstein
equations) applied to the joined surface gives the stress-
energy tensor on Σ:

Sij¼−ðκij−δijκ
k
kÞ¼diag¼ð2κθθ;κθθ;κθθÞ: ð7Þ

Therefore, the energy density and pressure are given by

σ ¼ 4

a
;

p ¼ −
2

a
¼ −

σ

2
: ð8Þ

The stress energy of a classical string can be found by the
Nambu-Goto action with tension T,
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S ¼ −T
Z

d2ξd4xδ4ðxρ − XρðξÞÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− detðhαβÞ

q
; ð9Þ

where hαβðξÞ ¼ ∂αXμ∂βXνgμνðXμðξÞÞ. Varying with
respect to gμν leads to

Tμν ¼ T
Z

d2ξδ4ðxρ − XρðξÞÞhαβ∂αXμ∂βXν: ð10Þ

For a meridional string of radius r0 we have Xμ ¼
ðt; r0; θ; 0Þ, thus

Tμ
ν ¼ diagð−T; 0;−T; 0Þ: ð11Þ

This yields the equation of state p ¼ −σ. In our case we
have two orthogonal directions for the strings (one direc-
tion covering the meridians and the other covering the
parallels); therefore pθ ¼ pφ ¼ −σ=2.
Note that this kind of matter respects all the energy

conditions [14,15] and, since ρþP
ipi ¼ 0, the

Newtonian density is null. In this way, all the effects will
be topological, with no Newtonian analogue.
We also note that, in the above construction, the

boundary ∂Ω� of the spheres were identified in a way
that their interior remained an integral part of the spacetime.
This procedure resulted in matter with positive energy. Had
we identified those boundaries in a way that their outside
remained in the spacetime we would get, instead of (4),

gθθ ¼
� ðrþ aÞ2; r ≥ 0;

ðr − aÞ2; r ≤ 0.
ð12Þ

This would result in σ ¼ −4=a and p ¼ −σ=2, i.e., a layer
of exotic matter.

III. BOUNDARY CONDITIONS

It follows from the metric (2) that for r > a and r < −a
we have two spaces locally isometric to Minkowski space.
For −a < r < a we have two balls which are connected to

those universes at r ¼ �a and connected to each other at
r ¼ 0. Let us define r� ¼ r − a for r > 0 and r� ¼ −r − a
for r < 0. In this way the wave equation

ðgμν ffiffiffiffiffiffi
−g

p
Ψ;μÞ;ν ¼ 0 ð13Þ

reduces to its usual flat spacetime version,

d2Rðr̄Þ
dr̄2

þ 2

r̄
dRðr̄Þ
dr̄

þ
�
ω2 −

lðlþ 1Þ
r̄2

�
Rðr̄Þ ¼ 0; ð14Þ

where we separated variables as Ψðt; r̄; θÞ ¼
RðrÞYm

l ðθ;φÞe−iωt and r̄ ¼ r� or r̄ ¼ r�.
Consider solutions of the form

ulðrÞ ¼ ðωrÞRnðrÞ ¼
�
ηe−iωr

� þ Reiωr
�
; as r� → ∞;

Teiωr� ; as r� → ∞;

ð15Þ

where R and T are the reflection and transmission ampli-
tudes, respectively. The constant η should be set to 1 to
study scattering and to 0 to find the quasinormal modes.
For r� > 0 and r� > 0, the solutions are

RlðrÞ ¼
(
ηhð2Þl ðωr�Þ þ Rhð1Þl ðωr�Þ;
Thð1Þl ðωr�Þ;

ð16Þ

where hðiÞl ðxÞ is the spherical Hankel function of the ith
kind and order l. Inside the balls, the general solution is a
combination of spherical Hankel functions of both kinds,

RlðrÞ ¼
(
αhð1Þl ðωr�Þ þ βhð2Þl ðωr�Þ; r > 0;

γhð1Þl ðωr�Þ þ δhð2Þl ðωr�Þ; r < 0;
ð17Þ

and the boundary conditions, imposed after the cut-and-
paste procedure, are

Rlð0Þ ¼
(
αhð1Þl ð−ωaÞ þ βhð2Þl ð−ωaÞ ¼ γhð1Þl ð−ωaÞ þ δhð2Þl ð−ωaÞ ðcontinuityÞ;
αhð1Þ

0
l ð−ωaÞ þ βhð2Þ

0
l ð−ωaÞ ¼ −γhð1Þ

0
l ð−ωaÞ − δhð2Þ

0
l ð−ωaÞ ðdiscontinuity of the derivativesÞ:

ð18Þ

We have three regions to consider. Those with r > a and
r < −a correspond to two asymptotically Minkowski
spacetimes. For −a < r < a we have two spheres identi-
fied at the throat Σ, and the boundary condition at Σ is
enforced by Eq. (18). Therefore we have a three-interval
Sturm-Liouville problem, with arbitrary boundary condi-
tions to be imposed at the two connection points, r ¼ �a.
The theory of multi-interval Sturm-Liouville problem can

be found in Refs. [16,17], which will serve as the basis for
what follows.

A. Three-interval Sturm-Liouville problem

Let −∞ ≤ ai ≤ bi ≤ ∞ and Ji ¼ ðai; biÞ, i ¼ 1; 2; 3.
The Sturm-Liouville problem on each interval is defined
by the equation

−ðpiyi0Þ0 þ qiyi ¼ λwiyi; ð19Þ
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with weight function wi and suitable boundary conditions
(in our case pi ¼ r2, qi ¼ 0, and wi ¼ r2). The appropriate
Hilbert space for this case is the direct sum H ¼ H1þ
H2 þH3, where Hi ¼ L2ðJi; wiÞ. Elements of H are given
by f ¼ ff1; f2; f3g, fi ∈ Hi, with inner product

ðf;gÞ ¼ ðf1; g1Þ1 þ ðf2; g2Þ2 þ ðf3; g3Þ3: ð20Þ
The so-called Lagrange sesquilinear form is defined by

½f;g� ¼ ½f1; g1�1ðb1Þ − ½f1; g1�1ða1Þ þ ½f2; g2�2ðb2Þ
− ½f2; g2�2ða2Þ þ ½f3; g3�3ðb3Þ − ½f3; g3�3ða3Þ;

ð21Þ
where ½f; g�iðcÞ ¼ fðcÞðpig0ÞðcÞ − ðpif0ÞðcÞgðcÞ.
We are interested in the case when the outer points a1

and b3 are in the point limit case, i.e., when no boundary
conditions are necessary there. Then, given two linear
independent solutions uðrÞ and vðrÞ of Eq. (19) for λ ¼ 0,
we define the regularized vector

YðrÞ ¼
� ½f; u�ðrÞ
½f; v�ðrÞ

�
;

where fðrÞ is a solution of the eigenvalue problem (19).
The boundary conditions are then given by

AYðb1Þ þ BYða2Þ þ CYðb2Þ þDYða3Þ ¼ 0; ð22Þ

where A, B, C, andD are 4 × 2 complex matrices satisfying
(1) rankðA;B; C;DÞ ¼ 4,
(2) AEA� − BEB� þ CEC� −DED� ¼ 0,

with E ¼
�

0 −1
1 0

�
. In Ref. [17], the authors showed that

all the matrices satisfying conditions (1) and (2) are given,
up to row and column operations, by

ðAjBjCjDÞ ¼

0
BBB@

1 c11 0 c12 0 c13 0 c14
0 c21 −1 c22 0 c23 0 c24
0 c31 0 c32 1 c33 0 c34
0 c41 0 c42 0 c43 −1 c44

1
CCCA;

ð23Þ

with

0
BBB@

c11 c12 c13 c14
c21 c22 c23 c24
c31 c32 c33 c34
c41 c42 c43 c44

1
CCCA ð24Þ

an arbitrary Hermitian matrix. Defining d1 ¼ b1, d2 ¼ a2,
d3 ¼ b2, and d4 ¼ a3, the matrix element cij has the
physical meaning of quantifying the “interaction” between
the incoming wave at the point di and the transmitted wave
at the point dj, i ≤ j.

B. Boundary conditions at the wormhole

It is well known that Eq. (19) is essentially self-adjoint
for l ≠ 0 so that no ambiguities arise in this case. The
classical analogue of this situation is a particle with nonzero
impact parameter which, as such, does not get arbitrarily
close to the point r ¼ a or (r ¼ −a).
The case when l ¼ 0 is more interesting since a particle

with zero angular momentum will travel directly towards a
connection point. A classical particle arriving at such a
point (r ¼ a or r ¼ −a) needs new initial conditions. (Does
it reflect back to its universe? Does it reach the throat?) This
ambiguity appears at the quantum level as well. Two linear
independent square-integrable solutions exist near r ¼ �a
and thus extra boundary conditions will be necessary at
these points [18].
Given the eigenvalue problem for l ¼ 0,

−ðr2R0ðrÞÞ0 ¼ λr2RðrÞ; ð25Þ
two linear independent solutions for λ ¼ 0 are given by
uðrÞ ¼ 1 and vðrÞ ¼ 1

r. Then

YðrÞ ¼
� ½R; u�ðrÞ
½R; v�ðrÞ

�
¼

�
−ðr2R0ðrÞÞ

−RðrÞ − rR0ðrÞ

�
:

In the present case our three interval problem is defined by
the intervals ð−∞;−aÞ, ð−a; aÞ, and ða;∞Þ, and the outer
points �∞ are in the limit point case. If we define a� ¼
a� 0þ and −a� ¼ −a� 0þ we have [by using Eq. (15)]:

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

RðrÞ ¼ η e−iωr
�

r� þ R eiωr
�

r� ; r > a ⇒ YðaþÞ ¼
�

ηþ R

iηω − iωR

�
;

RðrÞ ¼ α e−iωr
�

r� þ β eiωr
�

r� ; 0 < r < a ⇒ Yða−Þ ¼
�

αþ β

iωα − iωβ

�
;

RðrÞ ¼ γ e−iωr�
r�

þ δ eiωr�
r�

; −a < r < 0 ⇒ Yð−aþÞ ¼
�

γ þ δ

−iγωþ iωδ

�
;

RðrÞ ¼ T eiωr�
r�

; r < −a ⇒ Yð−a−Þ ¼
�

T

iωT

�
;

ð26Þ
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where the orientation of the radial coordinate has been taken
into account and η was defined right after Eq. (15).
As a result, the boundary conditions are given by

Eq. (18) together with

AYðaþÞ þ BYða−Þ þ CYð−aþÞ þDYð−a−Þ ¼ 0: ð27Þ

IV. SCATTERING AND STABILITY

In this section we study (i) the scattering of waves by the
wormhole constructed in Sec. II and (ii) the stability of
the corresponding spacetime under linear perturbations of
the metric. As discussed above, for l ≠ 0 the wave equation
is already self-adjoint so that, in this case, no boundary
conditions are necessary at r ¼ �a. This means that partial
waves with nonzero angular momentum are completely
unaware of the wormhole existence. We therefore restrict
ourselves to spherical waves and set l ¼ 0 in what
follows [19].
The scattering patterns arising from this problem fall

essentially into two broad classes. The first of them
corresponds to physically acceptable boundary conditions
wherein all the interactions are local, i.e., an incoming wave
at r ¼ aþ (r ¼ −aþ) interacts only with the transmitted
wave at r ¼ a− (r ¼ −a−). The second class comprises
boundary conditions which are mathematically possible but
physically unattainable due to violation of causality (as,
for instance, a direct interaction between r ¼ aþ and
r ¼ −a−); this case is analyzed, for the sake of complete-
ness, in the Appendix. The remainder of this section deals
with the first class.
For local interactions, (24) assumes the form of a 2 × 2

block diagonal matrix. The physics here can be understood
by analyzing two prototypical cases. In the first case, the
boundary conditions guarantee continuity of the wave
function and its derivative at r ¼ �a. The classical ana-
logue of this situation is a classical particle passing directly
through r ¼ �a without “changing direction.” In the
second case, the boundary conditions mix the values of
the wave function and its derivative at aþ and a− (also at
−aþ and −a−). Classically, this corresponds to a particle
following a radial trajectory, which pass through r ¼ �a
possibly “changing its direction,” but still following a radial
line. The nonuniqueness of boundary conditions in the
quantum domain allows both possibilities.
We also investigate the stability of these configurations

by finding the characteristic quasinormal modes of the
wormhole, which also depend on the boundary conditions.
It is well known that quasinormal modes appear when
the metric is perturbed and the outgoing-wave boundary
condition at both universes is imposed [20]. For a wave
function with time dependence given by e−iωt, an ω with
negative imaginary part, indicates that the perturbation is
damped, otherwise the perturbation grows and the mode is
dynamically unstable.

The calculations that follow are based on Eq. (26). For
the scattering analysis, we impose scattering boundary
conditions at infinity so that η ¼ 1. We then get four
equations from Eq. (22) plus two equations from Eq. (18)
with six unknowns to be determined (R, α, β, γ, δ and T).
On the other hand, the quasinormal modes require
outgoing-wave boundary conditions on both external uni-
verses. This corresponds to η ¼ 0 so that we have more
equations than unknowns. The quasinormal modes are then
calculated by requiring that the linear system resulting from
the boundary conditions has a nontrivial solution, i.e., that
its determinant is null. The calculations that follow were
done with the help of the software Mathematica [21].

A. First case

Here we impose continuity of the wave function and its
derivatives at r ¼ �a. The matrix ðA; B;C;DÞ associated
with this boundary condition is given by

0
BBB@

1 0 −1 0 0 0 0 0

0 −1 0 1 0 0 0 0

0 0 0 0 1 0 −1 0

0 0 0 0 0 −1 0 1

1
CCCA: ð28Þ

We note that this matrix is constructed by taking

0
BBB@

−1 0 0 0

0 1 0 0

0 0 −1 0

0 0 0 1

1
CCCA ð29Þ

as (24) and then performing column operations on (23).
Taking η ¼ 1 in Eq. (26) (scattering), we get boundary
conditions given by

AYða1Þ þ BYða2Þ þ CYða3Þ þDYða4Þ

¼

0
BBB@

1þ R − α − β

ið−1þ Rþ α − βÞω
−T þ γ þ δ

iðT þ γ − δÞω

1
CCCA ¼

0
BBB@

0

0

0

0

1
CCCA: ð30Þ

A direct calculation shows that this [together with the
boundary condition at the throat, Eq. (18)] yields the
following reflection and transmission amplitudes:

R ¼ e−2iω

iω − 1
;

T ¼ iωe−2iω

iω − 1
: ð31Þ

The corresponding transmission and reflection probabilities
are show in Fig. 2.
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This scattering pattern is the same as that of a one-
dimensional particle with energy ω subjected to a delta
potential with strength 1=a. This can be understood by
noticing that a spherical wave passes through r ¼ �a with
no deflection except at the throat Σ where the sign of the
radial derivative changes abruptly. An identical pattern is
seen in a simplified version of standard traversable worm-
holes wherein the throat is sustained by strings with negative
tension [22,23]. In those works the authors start with two
identical copies of Minkowski spacetime, excise from each
of them a spherical region, and then identify the resulting
boundaries. With that construction, the singular curvature at
the throat also gives rise to an effective delta potential. One
should note, however, that the scattering is not restricted to
waves of zero angular momentum in that model.
To find the quasinormal modes for our case we take

η ¼ 0 in Eq. (26). The determinant D of the resulting
homogeneous linear system is given by

D ¼ 8ie2iωω2ðωþ iÞ; ð32Þ
with roots ω ¼ 0 and ω ¼ −i. Since the (single) dynamical
mode has negative imaginary part, the spacetime in this
case is stable under linear perturbations.

B. Second case

Here we consider boundary conditions which result in
nontrivial scattering of the incident wave at r ¼ �a. A
typical representative for this case is a matrix ðA;B; C;DÞ
given by

0
BBB@

1 0 0 1 0 0 0 0

0 1 −1 0 0 0 0 0

0 0 0 0 1 0 0 1

0 0 0 0 0 1 −1 0

1
CCCA; ð33Þ

which leads to [by Eq. (26)]

AYða1Þ þ BYða2Þ þ CYða3Þ þDYða4Þ

¼

0
BBB@

1þ Rþ iωðα − βÞ
−α − β − iωð−1þ RÞ

γ þ δþ iωT

−T − iωðγ − δÞ

1
CCCA ¼

0
BBB@

0

0

0

0

1
CCCA: ð34Þ

Note that the wave function and its derivatives are mixed
at aþ and a− (also at −aþ and −a−). The reflection and
transmission amplitudes are then given by

R ¼ 2e2iωðω4 þ ðω4 − 1Þω sinð2ωÞ þ ðω4 − 1Þ cosð2ωÞ þ 1Þ
2e2iωðω4 − 1Þ þ ð1þ iωÞðω2 − 1Þ2 þ e4iωðω − iÞ2ð−1þ iωÞ3 ;

T ¼ −
4e2iωω3

2ie2iωðω4 − 1Þ − ðω − iÞðω2 − 1Þ2 þ e4iωðω − iÞ2ðωþ iÞ3 : ð35Þ

It is interesting to note the emergence of resonances in this
case, with peaks of transmission at well-defined frequencies;
see Fig. 3. This happens when the derivative of the wave
function vanishes at the throat. By means of Eq. (18), no

effective potential appears at the throat so that only the
boundary conditions at the connection points contribute to
the scattering. Clearly, as ω → ∞, T → 1 at the resonances.

Since hð1Þ0 ðωrÞ and hð2Þ0 ðωrÞ behave as linear combinations

FIG. 2. Transmission (dashed line) and reflection (solid line)
probabilities as functions of the frequency ω for the case
considered in Sec. IVA. Units were chosen such that the radius
of the throat, a, is 1.

FIG. 3. Transmission (dashed line) and reflection (solid line)
probabilities as functions of the frequency ω for the case
considered in Sec. IV B. Units were chosen such that the radius
of the throat, a, is 1.
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of sin ðωr − π=4Þ= ffiffiffiffiffiffi
ωr

p
and cos ðωr − π=4Þ= ffiffiffiffiffiffi

ωr
p

for
ω ≫ 1, these resonances will be periodic in this limit.
Notice that the size of the wormhole could then be inferred
from the scattering data.
However, with such boundary conditions the wormhole

is unstable. In fact, the determinant D of the homogeneous
linear system composed of Eqs. (18) and (27) is given by

D ¼ 4½ω4 þ ðω4 þ 2iωþ 1Þω sinð2ωÞ
þð1þ ðω − 2iÞω3Þ cosð2ωÞ − 1�: ð36Þ

The numerically determined roots of this equation are
shown in Fig. 4, from which we see that the imaginary part
of the quasinormal modes is indeed positive.

V. CONCLUSIONS

We studied the problem of wave propagation on a
wormhole supported by two orthogonal families of
Nambu strings. As such, the wormhole considered here
has a throat sustained by matter which respects all the
energy conditions. After finding all the boundary condi-
tions that guarantee unitary evolution for the wave equation
on this background, we studied how they affect the
scattering pattern and the stability of this spacetime under
linear perturbations of the metric. Two particular examples
of such boundary conditions were analyzed in detail: one
for which the scattering pattern of spherical waves is
virtually indistinguishable from that of simplified versions
of the more usual wormholes sustained by exotic matter,
and another with resonances and a highly oscillatory
behavior. For these examples, we found that the spacetime
is stable and unstable, respectively.
Other examples of wormholes sustained by Nambu

strings with different symmetries can also be probed by
waves and analyzed by the methods presented here. Some
examples are cylindrical and parabolic plates, as well as
parabolic and toroidal shells (see Ref. [3]). In the particular
case of the cylindrical plate, the throat is sustained by

parallel fibers in the direction of the z axis (a tube of cosmic
strings). Perhaps surprisingly, this spacetime is also asymp-
totically flat (and not asymptotically conical). We hope to
address this case in a future publication.
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APPENDIX

Here we study, for the sake of completeness, a typical
example of the second class of boundary conditions
discussed in Sec. IV. In this case the wave function at
aþ interacts directly with the wave function at −a−. This
can be accomplished by letting the elements c14 and c41
in (24) be nonzero.
The matrix ðA;B;C;DÞ related to this boundary con-

ditions is given by

0
BBB@

1 0 0 0 0 0 0 1

0 0 −1 0 0 0 0 0

0 0 0 0 1 0 0 0

0 1 0 0 0 0 −1 0

1
CCCA; ðA1Þ

which corresponds to the following Hermitian matrix [as in
Eq. (24)]:

0
BBB@

0 0 0 1

0 0 0 0

0 0 0 0

1 0 0 0

1
CCCA: ðA2Þ

FIG. 4. Quasinormal modes for the case considered in Sec. IV B.
Units were chosen such that the radius of the throat, a, is 1.

FIG. 5. Transmission (dashed line) and reflection (solid line)
probabilities as functions of the frequency ω for the case
considered in the Appendix. Units were chosen such that the
radius of the throat, a, is 1.
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The resulting boundary condition is then given by

AYða1Þ þ BYða2Þ þ CYða3Þ þDYða4Þ

¼

0
BBB@

1þ Rþ iωT

−α − β

γ þ δ

−T − iωð−1þ RÞ

1
CCCA ¼

0
BBB@

0

0

0

0

1
CCCA: ðA3Þ

The reflection and transmission amplitudes now become

R ¼ ω2 − 1

ω2 þ 1
; T ¼ 2iω

ω2 þ 1
: ðA4Þ

The corresponding transmission and reflection probabilities
are shown in Fig. 5.
We note that what happens in this case is a direct

interaction between the incident wave at aþ and the
transmitted wave at −a−. The wave function is thus zero
in the region defined by −a < r < a. This can be inter-
preted as an instant transmission between two distant
points, which violates causality. One way to give physical
meaning to this kind of nonlocal boundary condition is to
consider a symmetric configuration with waves coming
from both r ¼ −∞ and r ¼ þ∞. The resulting standing
wave pattern, although not a scattering configuration,
would then be physically acceptable.
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