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We study braneworld models in the presence of scalar field in a five-dimensional geometry with a

single extra dimension of infinite extent, with gravity modified to include a function of the Ricci scalar.

We develop a procedure that allows us to obtain an analytical solution for the braneworld configuration in a

diversity of models, in the much harder case where the Ricci scalar is a nonconstant quantity.
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I. INTRODUCTION

The idea that our four-dimensional Universe may be
viewed as a subspace in a higher-dimensional scenario has
attracted the attention of the scientific community working
in different fields, from elementary particle physics to
cosmology, over the last 15 years. In the first consistent
models, space-time was described as a five-dimensional
anti—de Sitter (AdSs) geometry, with a single extra spatial
dimension of infinite extent [1]. This is known as the thin
braneworld scenario. This setting was soon modified to
give rise to a braneworld configuration sourced by a scalar
field, giving rise to what is generally known as the thick
brane scenario [2—4]. The thick brane scenario has been
explored from many different perspectives [5—8]. In par-
ticular, given our ignorance about the gravitational dynam-
ics in higher-dimensional backgrounds, models of the F(R)
type, where R is the Ricci scalar, have also been studied in
several works, e.g., [9-17]. Some of these studies allowed
us to test the robustness of the thick braneworld scenario
under modifications of the gravitational dynamics away
from the standard Hilbert-Einstein action. Exploration of
linear stability against tensorial perturbations is then
possible if we have control on the background solutions.
It is for this reason that finding exact solutions of different
configurations becomes a useful tool to test the robustness
of the thick braneworld scenario.

In this work, we follow the lines of [16] and consider
braneworld models described by theories of gravity of the
F(R) type, but we focus on the general case of nonconstant
scalar curvature R. For the sake of generality, we take the
scalar field with standard and generalized kinematics,
but we start with the simpler possibility, with scalar field
models having standard kinematics. Despite the freedom
allowed by this approach, we show that it is possible to find
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analytical solutions for several specific models using a
well-defined procedure which consists of requiring that the
warp factor be proportional to a hyperbolic function of
the extra dimension. The possibility to obtain analytical
solutions with this approach allows us to study the stability
of the gravity sector. In particular, we find that the models
considered are robust against fluctuations in the metric.

To make the investigation easier to understand, we
organize the subject of the work as follows. In Sec. II we
investigate the braneworld model with a polynomial modi-
fication of the Einstein-Hilbert action on general grounds,
with the source scalar field having standard kinematics.
We then study several specific models to illustrate that the
procedure to generate analytical solutions works nicely.
In Sec. III we investigate the stability of the models worked
out in Sec. II, and verify their robustness against fluctuations
in the metric sector. In Sec. IV we extend our methodology
to models in which the scalar field has generalized kinemat-
ics. This is much harder, but we show that the procedure
still works, leading to the construction of exact solutions
for several specific models. We end the work in Sec. V with
some comments and conclusions.

II. BRANEWORLD MODEL

We start with a 5D model, with F(R) gravity coupled to
the real scalar field ¢ in the form

5= [ Ex/l(-3F®) + V.0V e -vig)). ()

We take 427G = 1 and use g = det(g,,). We investigate
the case of a flat brane, with the line element given by
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ds* = e**n,, — dy*, where e** is the warp factor, 7,,, is the
four-dimensional Minkowski metric, and y = x* is the
extra dimension.

We suppose that both A and ¢ are static and depend only
on the extra dimension, such that A = A(y) and ¢ = ¢(y).
In this case, the variation of the action (1) over the scalar
field gives the following equation,

9y =V, (2)
where prime denotes derivative with respect to the extra
dimension, and V, = dV/d¢. In this case we obtain the
scalar curvature as

R =20A" + 8A". (3)

The equations obtained by the variation over the metric g,
can be combined to obtain the following equations:

3
¢/2 — _EA//FR 4 4(5A/2A// _ SA//Z —4A'A" — A////>FRR

—32(5A'A" 4+ A"")? Frgg. (4a)
! 1 " 2
V($) = = F(R) + (54" + 8A%)Fy
— 2(35A/2A// + 12A'A" 4+ 5A//2 + A////)FRR
- 16(5A1A” + A/H)zFRRR, (4b)

Also, the energy density of the scalar field can be written in
the general form

1 1
p(y) =e* —ZF(R) +§(A" +4A)Fg

— 4(15AA" 4+ 5A" + 8A'A" + A"")Fgp

— 32(SA'A" + A")2F prg | - (5)

For concreteness, in this work we choose to work with
the family of gravitational Lagrangians

F(R) =R+ aR". (6)

where a is a real number and n is a positive integer.
With this choice, Egs. (4) become

¢/2 — _%A// _ 3’17(114”(2014/2 + SA//)n—l

+dan(n — 1)(SAA” — 54" — 4A'A" — A™)
x (20A” 4 8A")"=2 = 32an(n — 1)(n — 2)
X (SA/A// + A///)2<20A/2 + SA//)n_S, (78_)
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3 1
V(p) = —3A"” - ZA” - Za(zoA'2 + 8A")"
4 % (SA// 4 8A/2)(20A/2 + 8A//)n—1
—2an(n —1)(35A%A" + 124'A" + 5A" + A"")
x (20A” + 8A")"=2 —16an(n —1)(n —2)
X (SA’A” + A"')?(20A" + 8A”)"3, (7b)
The energy density then turns into

3 1
p(y) — €2A _3A/2 _ EA// _ Za(zoA/z + 8A//)n

+ 5 (A7 +447) (2047 + 8A")!
— dan(n — 1)(15AZA" 4 54" 4+ SA'A" + A™)

x (20A”% + 8A")""2 — 32an(n — 1)(n — 2)
X (SA/A” + A///)Z(ZOA/Z + 8A//)n—3 . (8)

The challenge now is to find a consistent solution of
the gravitational and scalar-field equations given above.
To proceed, we assume that the space-time behaves
asymptotically (when y — o0) as an anti—de Sitter (AdS)
geometry. This requirement can be implemented by choos-
ing the warp function in the form

A(y) = Bln (sech(ky)), 9)

where B and k are real and positive parameters. The
positivity of the parameters is necessary for the graviton
to be localized on the brane in the thin brane limit [3,5]. We
will next show that the ansatz (9) is good enough to allow
us to obtain analytical solutions in several examples of
current interest.

A. First example

As a first example we consider a quadratic term in
Eq. (6) as done in [16]. We take F(R) = R + aR?, and
write Eqgs. (7) as

3
¢/2 — _EA// _ 4a(16A//2 + SA/2A// + SA/A/// + ZA/W),

(10a)

3 2

V(g) = _ZAN —3A’
_ 2a(8A//2 +69A/2A" + 10A% + 24A’A" + ZAW).
(10b)

Also, the energy density (8) is simplified to the form

3
p(y) = —e* [3A’2 + §A“ + 4a(SA™ + 37A%A" + 124"

+ 16A'A" + 2A””)} . (11)

124006-2



BRANEWORLD SOLUTIONS FOR MODIFIED THEORIES OF ...

Since the scalar field is real, the parameters k and B
characterizing the warp factor and the scale a in the
Lagrangian must satisfy the following constraint:

-3 3
<o ———7—.
8k2(8 + 16B + 5B%) — © = 321%(1 + 4B)

(12)

We can now substitute Eq. (9) in (10a) to obtain the
differential equation for the field ¢ as

¢ = a,sech?(ky) — a,sech*(ky), (13)

where a; and a, are constants, given by
3002 4 2
ai :EBk + 4aBk*(8 + 16B + 5B°), (14a)

ay = 4aBk*(6 + B)(2 + 5B). (14b)

The issue now is to obtain an analytical solution of
Eq. (13) with a suitable choice of the parameters. For
example, if we choose a = —3/[8k*(8 + 16B + 5B2)] we
get from (13) the new equation

¢l — iﬁ\/6B(6+B)(2+5B)sech2(ky), (15)

2 8 + 16B + 5B2

which can be solved to give

RN TR TR CRRVRIT

Back to Eq. (13), we note that the standard solution is
obtained with a = 0; it is given by

P(y) = \/?arcsin[tanh(ky)]. (17)

Additionally, with the choice (9) we can write the energy
density (11) as
p(y) = —B%k*(3 + 20aB*k?)sech?® (ky)
+ a,(1 + 2B)sech?8+2(ky)
— ay(1 + B)sech?2+4(ky), (18)
where a; and a, are given by (14). An important feature of

this model is the presence of the split of energy density.
This aspect was first pointed out in [16], and it appears for

B 9B +3
 8k*(49B% + 60B + 16)

a = ag

(19)

This and (12) impose that —5.68 < B < —=2.56 or
B > —0.25. In Fig. 1 we depict the behavior of the energy
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FIG. 1. Energy density (18) depicted for k =1; B =1; and
a = 0 (dashed line), @ = a,/2 (thicker line), a = a; (thick line),
and a = 3a,/2 (thinner line), with a, = 3/250.

density for several values of @, using k=1, B=1,
and a, = 3/250.

Though for generic values of the parameters it is not
always possible to get the scalar potential as a function of
the field ¢ explicitly, for the particular solution (16) it is
indeed possible. In this case,

3k’B (5B> +24B + 12

— k*(1 +2B)¢?
4 <532+16B+8> (1+2B)¢
k* ((1+2B)(8 + 168 + 5B?) #
3 B(6 + B)(2 + 5B) '

Vig) =

(20)

This potential engenders spontaneous symmetry breaking
and supports the kinklike structure already shown in (16).

B. Second example

Let us now analyze the model with cubic term in the
Ricci scalar, that is, F(R) = R+ aR>. In this case, the
above equations (7) become

3
¢/2 — _EA// + 24a(25A/4A// _ 320A/2A//2 _ 80A13A///

_ 52A//3 — 1124’A" A" — 8A///2

_ ZOA/ZA//// _ SA”A/W), (213)
3 " n 16 14 AN "3
Vig) = - ZA —3A” + 4a(100A’ — 1845A*A” — 92A
— 1584AA"2 — T20ARA" — 528A’A" A"
- 24A/I/2 _ 60A/2Al/// _ 24A//A////)’ (21b)

and the energy density can be written as

3
p(y) = —e* (?)A’2 + EAH — 8a(50A" — 885AA”
— 1272A2A"2 — 124A"3 — 480AR A" — 4324’ A" A"

_ 24A///2 _ 60A/2A//// _ 24A//A////)> . (22)
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As we can see, the equation for the scalar field depends
on the fourth derivative of the warp function, and suggests
that we can use the above procedure to obtain exact
solutions. We then suppose that the warp function is again
given by (9). With this, the differential equation for the
scalar field can be written as

¢ = bysech?(ky) — bysech*(ky) + bssech®(ky), (23)

where the constants b, b,, and b5 are given by

3Bk> . 5
b, = +120aB3k°(16 + 32B — 5B?), (24a)
b, = 48aB%k°(2 + 5B)(16 + 66B — 5B?), (24b)
by = 24aB%k°(20 — B)(2 + 5B). (24¢)

In this new case, there exist several possibilities to find
analytical solutions, including (17) when a = 0, as expected.
Taking B = 20 we see that by = 0, which provides the first
nontrivial simplification. Assuming now that a is such that
by =0 [i.e., a = 1/(43008000k*)] we can write the differ-
ential equation (23) as

4233
¢ = Lky/ Wosechz(ky). (25)

This differential equation admits a solution of the form

D) =+ anh(ky), (26)

which has the same behavior as the solution (16) obtained in
the previous model. In this case, the potential as a function
of ¢ is given by

12659

2870
V() = 340

2_41 2 42 2 4. 2
k k*¢* + 4233k ¢ (27)
Another possibility is obtained if B = (33 +/1169)/5
and a is such that b; = 0. In this case the differential
equation (23) becomes

¢ = ++/bssech®(ky), (28)
which leads to the new solution
21
Pp(y) ==+ 30 (163 4+ 5v'1169) [arctan(tanh(ky/2))
1
t5 sech(ky) tanh(ky)} . (29)

In this case, we cannot get the scalar potential in terms of the
field ¢ explicitly. In Fig. 2 we illustrate the behavior of the
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FIG. 2. The solution (26) (solid line) and (29) (dashed line),
depicted for k = 1.

solutions (26) (solid line) and (29) (dashed line), depicted
for k = 1. In the general case, we can express the energy
density as

p(y) = —=B*k*(3 — 400aB*k*)sech?B (ky)
+ by (1 + 2B)sech?22(ky)
+ by (1 + B)sech?84(ky)

+ % (3 + 2B)sech?85(ky). (30)

Again, we can show that the energy density begins to split
when

9B +3
64Bk*(349B> + 351B + 84)

(31)

a — A3y =

We see that in this new situation the splitting appears for a
negative. In Fig. 3 we show the behavior of the energy
density near the splitting. Here we are using k =1 and
B =20, with a3, = —183/187781120.

C. Third example

Let us now study the case with F(R) = R + aR*. Here
the differential equation (7a) for the scalar field becomes

FIG. 3. The energy density (30) depicted for k = 1; B = 20;
and a = 0 (dashed line), @ = a3,/2 (thicker line), a = a3 (thick
line), and a = 3as,/2 (thinner line).
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P = —%A” — 6aA”(20A" + 8A")}
+ 48a(SAPA" — SA™ — 4ATA" — A™)
x (20A” + 8A")? — 768a
x (SA'A” + A")2(20A" + 8A"). (32)
Thus, using Eq. (9), we find that
¢ = c sech?(ky) + cosech*(ky)
+c3sech®(ky) + cysech® (ky), (33)

where the constants are given by

3Bk? 80 5
=" + 9600ak®B>(8 + 16B — 5B*), (34a)
¢, = 1920ak®B*(2 + 5B)(15B> — 102B — 32),  (34b)
c3 = 1152ak®B3(2 + 5B)?(8 + 52B — 5B2),  (34c)
cy = 384ak®B*(2 + 5B)*(B — 14). (34d)
In this case we suppose that
a— a; = 1/(6400B*k*(5B> — 16B — 8), (35)

and then ¢; = 0. Also, we take B as one of the possible
solutions of the following equation

_3(8+52B-5B%)  [5B(15B% - 102B —32)
2(B-14) (B—14)

(36)

With this restriction, the differential equation (33) becomes

sech?(ky)(e + sech?(ky)),

., [3K*(2+5B)3(B-14)
V= i\/ 50B(5B%> — 16B — 8)

(37)

where

o (84528~ 5B?)
~ 2(2+5B)(B-14)°
For Eq. (37) to be true, we must impose that ¢, > 0, with
a = a;, which causes 8/5-2+26/5<B < -2/5, or
0 < B <8/542v26/5, or B> 14. Solving the differ-

ential equation (37) we obtain, for the allowed values of B,
the solution

(38)

d(y) = £(5.99 — 0.87sech?(ky)) tanh(ky), (39)
for B = 17.448. 1t is depicted in Fig. 4.
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FIG. 4. The solutions (39), depicted for k = 1.

The energy density can be written as

p(y) = =3Bk*(1 — 8000aB°k®)sech?® (ky)
+ ¢ (1 + 2B)sech?2+2 (ky)
+ ¢ (1 + B)sech?8+4(ky)

+ % (3 + 2B)sech?875(ky)

+ % (2 + B)sech?®*8 (ky). (40)

We can also see that in this case the energy density starts to
split for a given by

_ 1+ 3B
~ 1024B2k°(40 + 176B + 189B2)

a = Oy (41)

To see how the splitting appears, in Fig. 5 we depict
the energy density (40) for some values of @, with k =1,
B =0.239 and a4, = 0.00032.

The above investigations show that the procedure is very
efficient to obtain analytical solutions for n = 2,3, and 4,
and this is important progress. However, we note that when n
increases, the number of free parameters becomes severely
constrained. In particular, if n is greater than 4, this makes it
harder to find analytical solutions. We can circumvent the
problem by relying on numerical investigation, an issue that
is out of the scope of the current work.

FIG.5. Energy density (40) depicted for k = 1; B = 0.239; and
a =0 (dashed line), o = ay,/2 (thicker line), @ = a4, (thick
line), and a = 3ay,/2 (thinner line).
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To complete our study, we must determine if the
modifications of gravity introduced in the above examples
can contribute to destabilize the brane. This is done in the
next section, where we investigate their linear stability in
the gravity sector (tensorial modes).

III. STABILITY

The investigation of linear stability of the generalized
braneworld models presented above can be carried out

PHYSICAL REVIEW D 91, 124006 (2015)

gravitational side. Here, for simplicity, we focus on purely
tensorial perturbations which, as is well known, are gauge
independent. We can thus assume that the brane remains
static (Gaussian normal coordinates) and write the per-
turbed line element as [here x stands for a vector in the (3,1)
space-time]

ds* = eV, + hy, (x.y)ldxtdx? — dy?>.  (42)

in different levels of complexity, depending on whether ~ Up to first order in the tensorial perturbation 4, the field
one is interested in the scalar field sector and/or in the  equations yield
|
Y, 0w, - Lo, 1 Le2a(9,0n,, + 0,00, - 8,0,0) | Fr + 2y Fl — 49,0, P
5/40"— [ll/_Ee ;¢u+§e (/4 w T 0, ap ﬂIJ) R+§ wl' R — € uv (x’y)
1
= {3A'P'(x,y) + P"(x,y) — e 0OWP(x,y) + (A’h + Ehl> Fl
1 17,/ /gl n " 1 Fp
AN 2V E 298 — [4A” + A" — - P(x,Y) ¢ (43)
2 2 Frp
[
where i = h*, and the function P(x,y) is defined as where
P(x,y) = [0+ 5A'W + e A (00" h,,, — ODh)]F gg. 9 3 3 d(nF
(r.y) = ( u ) F ke U(z) =~ A2+ 2A.. +2A, (In Fg)
(44) 4 2 2 dz
1 (d(InFg) 2+ 1 d&Fg (50)
As usual, we consider the perturbations to be transverse and 4 dz 2F g dz?

traceless; i.e., we take
oh,, =0 and h=0, (45)
which reduces Eq. (43) to the form
F
(—ag —4A’0, + e 0OW — o a),) h, =0.  (46)
We now introduce a new coordinate z via the transformation

dz = e *0)dy, (47)

such that the line element is now conformally flat, and
decompose the modes in the form

h;u/(xv Z) _ e_ip'xe_SA(Z)/zF;el/zf_lW(Z). (48)

By doing this, the four-dimensional components of £,
obey the Klein-Gordon equation and the metric fluctuations
of the brane satisfy the Schrodinger-like equation

&? - .
|:_ d_22 + U(Z):| h/w = pzhﬂw (49)

The stability of the above modes can be established by
noting that one can write

—d—Z2+ U(Z) :STS, (51)

where

1d(In Fp)

d 3
=-—q4= 2
S=— T tyAt (52)

This decomposition puts forward that the operator
—0? + U(z) is non-negative, which guarantees that the
gravity sector is linearly stable. We note that the stability
behavior in the gravity sector only depends on the warp
factor since R is a function of A(z), explicitly given by
R = 4¢724() (342 + 2A_,). In addition, the zero mode can
be written as

Mo(z) = NoeH D12 F2, (53)

For the polynomial family of gravity Lagrangians
defined in Eq. (6), the potential of stability (50) can be
written in the specific form

124006-6
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9 3 an(n—1) R"!
U(z) =~ A2+ 2A,, -
@) =34 T34 " v, (1 + anR"—1>

X [3A% +8A2A.. — A2 - 2A.A

Z 222z T

A

iz ZZZZ}

an(n — )R (3A3 - A A, — A2
1 + anR™! 3A2 +24,,
an(n —1)R"!
2(n—=2)———" 54
x [ (n ) 1+ anR"! } ( )

whose zero mode is readily seen from (53) and reads

0(z) = Noe*AD/2y/1 4+ anR"1. (55)

The next step is to make the change of variable (47) for the
choice of warp function introduced in (9). This can be done
in a general way so that it allows us to obtain the following
relationship between the z and y coordinates

sinh(ky 11-B3
7= k( )2F1 <§,T,§,—smh2(ky)>, (56)

where ,F| is a hypergeometric function. Note that this
equation cannot be inverted analytically for arbitrary B,
though it is possible for some particular choices. For
instance, if B = 1 we obtain y = arcsinh(kz)/k.

With all these elements, we are ready to investigate the
linear stability of the polynomial models presented above.

A. Casen =2

For the first example, involving a quadratic term in the
Ricci scalar, the stability potential (54) can be written as

9 3 8a
U(z) ==A2+ZA, —
(Z) TR + 5z (€2A(z) + 86!(314? + 2AZZ))
x [3A? + 8A2A

Z

_ 646!2 ( 3A§ - AZAZZ - Azzz )2' (57)
A + 8a(3A2 +24A.,)

In this case, the parameter B can take any positive value
and, for simplicity, we set it to B = 1. This choice has the
clear advantage of allowing us to perform analytically the
inversion of Eq. (56), so that the stability potential becomes

3k* 2 - 5k*2?

4 (1 + k222)2
N 56ak*(1 — 6k*z2)

(1 4+ K222)2[1 + k*z2 — 8ak*(2 — 5k*22)]

31360%kz>

(14 k222)%[1 + k2% — 8ak?(2 — 5k*22)]*

2z Agz - ZAZAZZZ - Azzzz}

U(z) =

(58)

In addition, the zero mode is

1— Sakz(z—skzzz)

1+k272

(1 + 27

no(z) =

PHYSICAL REVIEW D 91, 124006 (2015)

~1.5%
FIG. 6. Stability potential (58) depicted for k =1 and a =0

(dashed line), @ = a,/2 (thicker line), @ = a; (thick line), and
a = 3a,/2 (thinner line) with a; = 3/250.

19

FIG. 7. Zero mode (59) depicted for k = 1 and @ = 0 (dashed
line), @ = a,/2 (thicker line), a = a; (thick line), and a = 3a,/2
(thinner line) with a; = 3/250.

The potential of stability (58) and the zero mode (59) are
depicted in Figs. 6 and 7, respectively. In both cases we
used values of a around the splitting value. It should be
noted that as the splitting of the energy density occurs, the
form of the potential at y = 0 changes dramatically from a
deep minimum to a local maximum. As a result, the ground
state becomes less localized, with the top of the wave
function being lower and its width larger.

B. Casen =3

Let us now analyze the model with cubic corrections in
the Lagrangian. In this case the stability potential (54)
becomes

9 3
U(s) = 2A2 434 —9&{

_4 4 2 2z
x [3A? + 8A2A

Z

3A2 + 24,
@) 1 48a(342 +24.)°
A2 —2AA,,, —A

zz T Pz 7zzz

343 - AA

%2z Azzz ) 2
et 1 48a(3A2 4 24,.)?
(60)
Though we found two exact solutions for this model, the
corresponding values of B do not allow for an analytical

inversion of Eq. (56). Nonetheless, the inversion can be
carried out numerically, which is done in Fig. 8, using

ZZZZ]

+ 192qe*A @) (

124006-7
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FIG. 8. Stability potential (60) depicted numerically for
k=1, a=1/43008000, and B =20 (solid line) and B =

(33 + V/1169)/5 (dashed line).

k=1, B=20 (solid line), and B = (33 ++/1169)/5
(dashed line), with @ = 1/43008000. For this model, the
zero mode (55) can be written as

no(z) = e3A<Z)/2\/ 1 +48ae™ 4 (342 + 24_,)%,  (61)

whose numerical representation appears in Fig. 9. It is
apparent from this plot that the localization of the ground
state around the brane is tighter for smaller values of B,
with the potential minimum being deeper and the local
maxima higher.

C.Casen =4
For n = 4, the stability potential (54) reads

9 , 3 768a(3A2 4 24,,)
U — _A2 _|_ —A _ Z ZZ
(2) 47° 27 048 1 256a(3A2 +24A,,)°
X [3A§ + SA%AZZ - A%z - 2AzAzzz - Azzzz}

(3A3 —A ,Azz B Azzz)z :|

Z

() 1 256a(3A2 +24,,)
5 [4 ~ 768a(3A2 +24_,)3 ]
2040 1 256a(3A§ + 2Azz)3 '

+768a(3A2 + 2AZZ)[

(62)

FIG. 9. Numerical representation of the zero mode (61) for
k=1, a = 1/43008000, and B = 20 (solid line) and B = (33 +
V1169)/5 (dashed line).
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FIG. 10. Stability potential (62),
B =17.448, and a = 1.36 x 10712,

k=1,

depicted for

Similarly as in the example of n = 3, the analytical
inversion of Eq. (56) is not possible. Thus, once again
we resort to a computer analysis to study the behavior of
the stability potential, which appears in Fig. 10. For this
model, the zero mode takes the form

mlz) = N2 1 4256040 342 + 24, (63)

and is plotted in Fig. 11.

As mentioned at the beginning of the section, we have
studied stability against tensorial perturbations. With this,
we can then investigate several other related issues, among
them the presence of resonances, the Newtonian potential,
and other forms of fluctuations, in particular the addition of
scalar perturbations. These problems have been studied in
several different contexts, for instance, in [3,4,16-23] and
in references therein. The point here is that such inves-
tigations are in general more involved and would rely on
numerical study, leading us to issues that are out of the
scope of the current work. Instead of following such
possibilities, we now broaden the scope of the work by
extending the scalar field sector, allowing that the source
field engenders generalized dynamics, an issue that we deal
with analytically in the next section.

FIG. 11. The zero mode (63), depicted for k = 1, B = 17.448,
and a = 1.36 x 10712,

124006-8
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IV. EXTENDING THE SCALAR SECTOR

The methodology presented above to obtain exact
solutions for brane configurations governed by different
gravitational Lagrangians can also be extended to scenarios
in which, in addition, the source scalar field has nonstand-
ard dynamics. For the sake of generality, we can consider
models of the form

s= [ex/l(-3rw + 600 -v@). 6
where

X = V.09, (65)
and G(X) is an arbitrary function of X. Modifications of
this type in the scalar sector have been considered in the
literature in diverse contexts, such as in inflationary models
(as a way to produce non-Gaussianities) and in relation with
dark energy models. Modifying the form of the scalar sector
necessarily has an impact on its solutions as compared to
the case of canonical scalar fields. However, as tensorial
perturbations do not get mixed with scalar modes, the
stability analysis performed in the previous section remains
valid [13,24].

In this section, therefore, we focus on the search for
analytic solutions in models with a noncanonical (or
generalized) kinetic term, putting forward in this way
the versatility of our approach in different scenarios with
modified dynamics. Rather than providing an exhaustive
list of models and their solutions, we just point out that
successful results can be obtained for models of the form

F(R) = ZN: AR G(X) = ZMjbmxm, (66)
n=1 m=1

though we will only present results for the illustrative
case,

F(R) =R - aR?;
G(X) =X —aX?, (67)

where o and a are real constants, and a > 0 is necessary to
ensure hyperbolicity [25] of the equation of motion of the
scalar field. For other values of N and M the results are very
similar.

For the above model with quadratic corrections, the field
equations become

3
¢/2 + a¢/4 — _EA” —|—4a(2A"" + 16A//2

+ BA'A” + 5AA"), (68a)
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Vig) -G =

+ 10A™ + 24A’A" + 24™).

A// _ 3A/2 + 2a(8A//2 + 69A/2A//
(68b)

Note that if @ = 0 and @ - —a we get back Egs. (10), as
expected. On the other hand, if a # 0, the equations involve
up to the fourth power of ¢, which makes it more difficult
to find solutions. However, as suggested previously, we can
use the standard warp function ansatz (9) to see how it
performs here. With that choice, Eq. (68a) turns into

1
¢+ ag™ = 3 (3 —232a)sech?(y) + 196asech*(y), (69)

where we used B = 1. This equation can be solved if we
assume a suitable choice for the parameters @ and . For
example, if @ = 784a/(3 — 232a)?, we obtain the follow-
ing solution:

P(y) = \/% — 116a arcsin[tanh(y)]. (70)

For the solution to be real we also must impose that
a < 3/232. Note that the asymptotic value of the solution is
changed to ¢ — +¢ with ¢ = (v27/4)v/3 — 232a. With
the solution (70) we can use Eq. (68b) to obtain the scalar
potential as

V(p) = -3+ 20a + 2 (3 = 232a)cos? (g%)

+ 343acos? (g %) , (71)

where we have V(¢) = —3 + 20a. In Fig. 12 we depict the
solution (70) and in Fig. 13 the potential (71). In the two
figures, the value @ = 0 is represented by the continuous
line and a = 0.005 by the dashed line. We chose the value
a = 0.005 because it is inside the allowed interval.

2k

FIG. 12. The scalar field solution (70), depicted for @ = 0 (solid
line) and a = 0.005 (dashed line).
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FIG. 13. The scalar potential (71), depicted for o = 0 (solid
line) and a = 0.005 (dashed line).

FIG. 14. The energy density (72), depicted for a = 0 (solid
line) and a = 0.005 (dashed line).

One can also express the energy density as follows:
3
p(y) = —(3 = 20a)S? + > (3 —2322)8* +392aS°.  (72)

Note that in this case the split happens for negative values
of a, which are not allowed on physical grounds. In Fig. 14
we depict the behavior of the energy density for @ = 0
(solid line) and @ = 0.005 (dashed line).

As stated before, the inclusion of the term X2 does not
contribute to destabilize the brane, and the stability behav-
ior is similar to that obtained for the first example in
Sec. IIT A.
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V. COMMENTS AND CONCLUSIONS

In this work we have studied thick braneworld models
with generalized gravitational dynamics of the form
F =R+ aR", and have found analytical solutions for
n=2,3, and 4. As explicitly shown, as n increases, the
search for analytic solutions becomes more and more
complicated. However, we have been able to show that
parametrizing the warp factor as the hyperbolic secant of
the extra dimension very much simplifies the equations and
allows us to find analytic solutions in explicit form. This
procedure also works when the kinetic term of the scalar
field sourcing the thick brane scenario is changed, which
further supports the strength of our method.

It should be noted that the field equations that determine
the form of the scalar field and its potential generically
involve up to fourth-order derivatives of the warp function,
while our prototypical ansatz (9) only depends on two free
parameters. This means that there is still freedom to further
generalize the warp function ansatz to include two more
parameters. Though this possibility might have some
interest from a mathematical point of view, we believe
that our choice with two parameters provides enough
freedom to study the relevant physics of these models,
namely, to show that consistent, exactly solvable models
exist and that they are stable against tensorial perturbations.

The results presented in this work motivate us to suggest
that one use the same methodology to find exact solutions
in other scenarios of current interest, with gravity modified
as in the Born-Infeld, Gauss-Bonnet, and other cases of
current interest.
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