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We present a new five-parameter class of Ricci-flat solutions in four dimensions with a Euclidean
signature. The solution is asymptotically locally flat (ALF) and contains a finite asymptotic Newman-Unti-
Tamburino (NUT) charge. When this charge is sent to infinity, the solution becomes asymptotically locally
Euclidean, and one in fact obtains the Ricci-flat Plebanski-Demianski solution. The solution we have found
can thus be regarded as an ALF generalization of the latter solution. We also show that it can be interpreted
as a system consisting of two touching Kerr-NUTs: the south pole of one Kerr-NUT touches the north pole
of the other. The total NUT charge of such a system is then identified with the asymptotic NUT charge.
Setting the asymptotic NUT charge to zero gives a four-parameter asymptotically flat (AF) solution, and
contained within this subclass is the completely regular two-parameter AF instanton previously discovered
by the present authors. Various other limits are also discussed, including that of the triple-collinearly-

centered Gibbons-Hawking solution, and an ALF generalization of the C-metric.

DOI: 10.1103/PhysRevD.91.124005

I. INTRODUCTION

Exact solutions have played an important role in the
development of FEinstein’s general theory of relativity,
describing important predictions such as black holes.
The first known exact solution was discovered by
Schwarzschild in 1918, although it was only realized much
later that it describes a static black hole. The rotating
generalization of the Schwarzschild solution was discov-
ered by Kerr in 1963. It is a two-parameter class of
solutions, describing a rotating mass in general relativity.

The Schwarzschild solution has another well-known
generalization, the so-called Taub-NUT solution [1]. It
possesses some peculiar properties, such as the presence of
a so-called Misner string. Indeed, the Taub-NUT solution
was used by Misner as “a counterexample to almost
anything” [2]. When a rotational parameter is added, it
generalizes to the Kerr-NUT solution, which is contained
within the so-called Carter-Plebanski solution [3,4]. The
latter solution is more general, containing electric and
magnetic charges, as well as a cosmological constant. But
in the present paper, we will only be interested in its
Ricci-flat limit, i.e., the Kerr-NUT solution.

A black hole can also accelerate in general relativity. The
solution that describes such a black hole is known as the
C-metric. The C-metric was found quite early on, but its
interpretation as an accelerating black hole was only made
clear after the work of Kinnersley and Walker [5] in 1970.
Kinnersley also found its generalization with rotation and
Newman-Unti-Tamburino (NUT) charge [6]. In 1976,
Plebanski and Demiafiski obtained the most general black
hole solution and presented it in a remarkably compact
form [7]. It contains seven parameters: mass, rotation, NUT
charge, acceleration, cosmological constant, electric and
magnetic charges. Restricting to the Ricci-flat class, the
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cosmological constant and electric and magnetic charges
are removed. We shall call such a class of solutions the
Ricci-flat Plebanski-Demianiski solution, although it is
perhaps more appropriate to call it the Kinnersley solution.
It is a four-parameter class of solutions.

In this paper, we focus on solutions with Euclidean
signature, i.e., those with all-plus signature. Interestingly,
all the above-mentioned black-hole solutions have
Euclidean sections. Many calculations in the black-hole
space-times, in particular those involving quantum fields,
are first done in their Euclidean sections and then analyti-
cally continued back to the Lorentzian signature. Euclidean
solutions are of interest in their own right as well. In the
Euclidean path integral approach to quantum gravity [8], all
the Euclidean metrics on a given manifold with fixed
boundary conditions are integrated over. Those metrics
satisfying the Einstein equations are thus the stationary
phase points of the path integral.

We should, however, point out that it is not guaranteed
that a Euclidean solution can be obtained from a Lorentzian
one by Wick rotation, or vice versa. For example, the self-
dual class of Euclidean solutions known as the multi-Taub-
NUT solution in the Gibbons-Hawking ansatz [9,10] has no
Lorentzian section. Nevertheless, as mentioned, large classes
of solutions do have Euclidean sections, and these will be
our main focus from now on. From this point, we will
implicitly refer to its Euclidean section when we talk about a
solution. For example, when we refer to the Kerr-NUT
solution, we really mean the Euclidean Kerr-NUT solution.

In the Euclidean section, the time-translational symmetry
becomes either a translational or a rotational symmetry. The
Euclidean spaces now possess two commuting Killing
vectors, one corresponding to the Euclidean time flow,
and the other to the usual rotation. The black-hole horizons,
as well as the so-called acceleration horizons when the
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acceleration parameter is present, become axes of the space.
This means that some linear combination of the two Killing
vector fields vanishes at each of these horizons or axes. The
classification of Euclidean solutions based on the fixed-
point sets of the Killing vector fields was carried out by
Gibbons and Hawking [11], and more recently in terms of
the so-called rod structure by the present authors [12].

In the rod-structure formalism, the various axes of the
space are known as rods. Each rod has a direction, which is
defined to be the normalized Killing vector field which
vanishes along that rod. The points at which adjacent rods
meet are called turning points. The reader is referred to
[12], and references therein, for more details of the rod-
structure formalism, and for explicit examples of rod
structures of a number of Euclidean solutions.

Euclidean solutions can also be classified by their
behavior at asymptotic infinity as being asymptotically
flat (AF), asymptotically locally flat (ALF), asymptotically
Euclidean (AE) or asymptotically locally Euclidean (ALE)
[13]. A solution is said to be AF, if at infinity the metric
approaches the form

dsip =de? +dr? + r*(d6? + sin’0dg?) (1.1)
sufficiently fast. Solutions in this class include
Schwarzschild and Kerr. On the other hand, if the metric
approaches

ds3 g = (dr + 2ncos 0d¢)* + dr? + r*(d6? + sin’0d¢?)
(1.2)

sufficiently fast at infinity, it is said to be ALF. Here the
so-called NUT charge n manifests itself in the asymptotic
behavior of this class of metrics. Solutions of this type
include Taub-NUT and Kerr-NUT. If the metric at infinity
instead approaches
ds3 g = rPcos?dz? + dr? + r*(d6? + sin?0d¢?),  (1.3)
sufficiently fast, it is called AE or ALE, depending on
whether the asymptotic constant r-surface is identified. We
refer to these two classes as ALE collectively when global
geometry is of no concern; in fact, AE is just a special case
of ALE with a trivial identification group. Flat space is of
course AE. A well-known example of an ALE space is the
double-centered Gibbons-Hawking space, with the Eguchi-
Hanson space as a special case.

If one is only interested in local geometry, AF metrics are
a special limit of ALF metrics with a vanishing NUT
charge. This is clear from the asymptotics (1.1) and (1.2).
On the other hand, AE and ALE metrics are a special limit
of ALF metrics with an infinite NUT charge. The latter
correspondence is not manifest in the asymptotics (1.2) and
(1.3) alone, but it is true for all explicitly known solutions
(cf. Table I). For example, the infinite NUT charge limit of
Taub-NUT gives flat space. In this sense, ALF metrics are
the most general class of solutions.
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TABLE L. Known examples of ALE metrics as special limits of
ALF metrics with infinite NUT charge. The last column refers to
the number of turning points in the rod structures of the
corresponding ALF and ALE metrics.

ALF metric ALE limit Number of turning points

Taub-NUT Flat space 1
Double-centered

Kerr-NUT Gibbons-Hawking 2

n-centered n-centered

Taub-NUT Gibbons-Hawking n

It turns out that the C-metric is ALE: the acceleration
horizon now becomes one of the asymptotic axes in the
Euclidean section. The more general Ricci-flat Plebanski-
Demianski solution is also ALE, as can be checked explicitly.
One is then naturally led to the question of whether the latter
metric admits an ALF generalization. Such a generalization,
if it exists, would contain an asymptotic NUT charge n, such
that when n is taken to infinity, the Ricci-flat Plebafski-
Demianski solution is recovered.

The aim of this paper is to explicitly present this ALF
generalization of the Ricci-flat Plebafiski-Demiafiski solu-
tion, and to analyze its properties and various limits. Like the
Ricci-flat Plebanski-Demianski solution, this new solution
has three turning points in its rod structure. It can be regarded
as the non-self-dual counterpart of the triple-collinearly-
centered Taub-NUT solution, just as the Kerr-NUT solution
is the non-self-dual counterpart of the double-centered Taub-
NUT solution in the two-turning-point case. In analogy with
the Kerr-NUT solution, we will see that this new solution in
fact contains the self-dual triple-collinearly-centered
Gibbons-Hawking solution as another ALE limit.

It should be emphasized that the asymptotic NUT charge
n present in the new ALF solution that we have found is
different from the NUT-charge parameter that the
Plebanski-Demianski solution is known to possess. In
particular, in the limit when n is taken to infinity, the
latter parameter is still present in the solution and remains
finite. The difference between these two types of NUT
charges can be understood in terms of the rod structure of
the solution. It turns out that the asymptotic NUT charge is
a property relating the two asymptotic rods (the first and
fourth rods of the rod structure), while the traditional NUT
charge is an analogous property relating the first and
third rods."

"The NUT-charge parameter in the Plebanski-Demiafiski sol-
ution is so called because it reduces to the NUT-charge parameter
in the Kerr-NUT solution when the zero-acceleration limit is taken.
In this limit, the fourth rod disappears from the rod structure, and
the first and third rods become the asymptotic rods. Thus, it is only
in this limit that the NUT-charge parameter in the Plebanski-
Demianski solution has its usual interpretation as in (1.2).
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The paper is organized as follows. We begin in Sec. Il by
presenting the general metric together with an analysis of
its symmetries. We also briefly discuss the construction of
the solution. The main geometrical properties of the
solution are analyzed in Sec. III. This includes the con-
ditions necessary to ensure the correct metric signature and
absence of curvature singularities, as well as its asymptotic
structure and rod structure. In Sec. IV, we show how four
important limits of the solution can be obtained. They all
share the property that the number of turning points in the
rod structure remains fixed at three. In Sec. V, we provide
an alternative interpretation of the solution as a system

ds? =

(x=y)HF  (x=y)’ \ X

H = (vx+ y)[(vx — y)(a; — azxy) = 2(1 —v)(ag — asx*y?)].

Fdr + Gd¢)? kH [dx?  dy?
( dx® dy
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consisting of two touching Kerr-NUTs, while in Sec. VI,
we discuss the interpretation of this solution in Kaluza-
Klein theory as a system of three collinearly centered
monopoles. The paper ends with a discussion of possible
generalizations and future problems. There is also an
appendix, which contains details of how the two- and
one-turning-point limits of the solution are taken.

II. THE METRIC

The solution we have found can be compactly written in
the following form:

F =y’X = x?Y,

G = (Vag + 2vasy’® + 2vazy* — a,y)X + (ag — 2vag — 2va; x — v?aux*)Y,

X = ay + a;x + ax® + azx® + aux*,

in the coordinate system (z,¢,x,y). There are seven
apparent parameters in this solution: an overall scale factor
k, a parameter v, and five arbitrary coefficients a
the quartic polynomial X (or Y).

.....

A. Symmetries

It can be checked that the solution (2.1) has the following
two continuous symmetries:
(1) Scaling symmetry:

a;—a;/c', x—cx, y-cy, ¢p->ctp; (2.2)
(i) Parameter symmetry:
aGoca,  podle  (23)

for an arbitrary nonzero
i=0,..,4
This implies that two out of the five coefficients a
actually redundant. So (2.1) is in fact a five-parameter
solution. There are also two discrete symmetries present:

constant ¢, and

g = AqX1X2X3X4,

ay = —ay(X1x0%3 + X1 X0X4 + X1 X3X4 + XpX3Xy4),

Y = ag+ ayy + apy* + a3y’ + a,y*,

(2.1)

|
(i) Swapping symmetry:

v-1/v, xoy, (1,¢)—i(t/v=2a,¢,—v),
k— —ki?, (2.4)
where i is the imaginary unit;
(i) Inversion-swapping symmetry:
1 1
X—=—, y—=-, apg<>dy, ap<>as. (25)
X

One can use these symmetries to narrow the ranges of the
coordinates and parameters of the solution. For example,
the swapping symmetry can be used to restrict the range of
vto —1 < v < 1 without any loss of generality. This will be
used in our discussion below.

B. Alternative parametrization

It is often convenient to reparametrize the solution in
terms of the roots of the polynomial X as

Then the scaling symmetry implies that the following substitutions:

a, — ag/c,

..... 4 are X =a)(x—x)(x—x)(x—x3)(x—x4), (2.6)
by defining
|
ar = ay(x1xy + X1 X3 + X1X4 + Xx3 + Xp24 + X3X4),
az = —ay(x; + X3 + x3 + x4). (2.7)
X; = cx;, X — cx, y — cy, P — 2o, (2.8)
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is a symmetry, so the relevant parameters are the relative
ratios, rather than the definite values, of the roots of X. The
parameter symmetry implies that the quartic coefficient ay
of X can be set to an arbitrary nonzero value.

C. ISM construction

The solution was constructed using the inverse-scattering
method (ISM) [14,15]. It was originally obtained by
applying a three-soliton transformation on the Euclidean
triple-collinearly-centered Schwarzschild solution. The
three so-called Belinski-Zakharov (BZ) parameters were
then fixed to eliminate the three corresponding turning
points where the soliton-transformation was performed.
One possible choice of these BZ parameters then led
to the above solution (the other choice leads to the triple-
collinearly-centered Taub-NUT solution). It was sub-
sequently realized that this solution can also be generated
by applying a three-soliton transformation on the Euclidean
double-Schwarzschild solution, and then eliminating one
turning point by fixing the corresponding BZ parameter.
The latter construction was in fact previously carried out in
[16], from which the new AF gravitational instanton was
extracted as a special case.

The remaining major challenge was to then cast the
solution in a compact form. We eventually succeeded by
using the C-metric-like coordinates (x,y). The basic idea
was to absorb as many parameters as possible into the
structure function X. A Mobius transformation can be
performed on (x,y), and using this freedom we fixed one
factor of H as vx + y.

The details of the above ISM constructions and
simplifications will be presented elsewhere.

III. ANALYSIS OF THE GEOMETRY

A. Ranges of coordinates and parameters

To simplify our analysis, we need to narrow the ranges
and remove certain redundancies of the parameters. We use
the swapping symmetry to restrict the range of v, and
choose a negative x, using the scaling symmetry:

-1<v<l1, x, < 0. (3.1)
These ranges shall be assumed throughout the paper. x, can
be further gauge fixed to be —1 due to the scaling
symmetry, and a, can be fixed to be 1 due to the parameter
symmetry:
Xy = —1, a, = 1. (32)
We shall use these gauge-fixed values whenever it is
convenient.

We now deduce the appropriate ranges of the coordinates
(x,y). To ensure that the signature of the space does not
change in the region of interest, we note that x must lie
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between a pair of adjacent roots of X, and similarly for y.
Furthermore, these two pairs of adjacent roots must be such
that X has the opposite sign to Y, to ensure a positive- or
negative-definite signature. In particular, this implies that
x and y lie in different ranges.

We also require that the region of interest is noncompact
with an asymptotic infinity. As can be seen from the metric
(2.1), asymptotic infinity is reached when x = y. Given that
x and y necessarily lie in different ranges, there must exist a
common boundary at which they coincide. Without loss of
generality, we take this common boundary to be at
X =y =Xx,. We further assume that x ranges between
the two roots x, and x3, and that y ranges between the
two roots x; and x;.

At this stage, we note that the region of interest can be
visualized as a rectangle or “box” in a two-dimensional plot
with x and y as the axes. This box will have four sides,
corresponding to the boundaries of the ranges of x and y.
Asymptotic infinity itself is represented by the diagonal
line x =y in this plot. The box will then have to touch the
point x =y = x, on this line at either its lower-right or
upper-left corner.

Depending on the values of x; and x5 relative to x,, either
the box may be finite in extent or up to two of its sides may
extend to infinity. For example, consider a box touching the
point x =y = x, at its lower-right corner. If we have the
ordering x3 < x, < xy, the box will be finite in extent. On
the other hand, if x, < x3, the left side of the box will
extend to infinity and “wrap around” to the right side of the
plot, ending at x = x5. Similarly, if x; < x,, the top side of
the box will extend to infinity and wrap around to the
bottom side of the plot, ending at y = x;. We thus have four
qualitatively different cases: (i) x3 < x, < x1; (il) X, < x3
and x, <xy; (1ii) x3 < xp and x; < x,; and (iv) x; < X, < Xx3.

We next turn to the constraints set by requiring that the
region of interest is free of curvature singularities. We note
that there are possible curvature singularities whenever H
vanishes. As can be seen from the expression of H in (2.1),
this occurs along the straight line y = —vx, as well as on
nontrivial curves where the second factor of H vanishes.
We also note that there are curvature singularities at the four
points (x =0,y = +o0) and (x = £oo,y = 0).

We now show that a box touching the point x =y = x,
at its lower-right corner will always contain a curvature
singularity. As explained above, there are four different
cases to consider, labeled by (i)—(iv). It turns out that cases
(iii) and (iv) can immediately be eliminated, since we must
have x, < x; < 1 in order for the box not to touch the line
singularity y = —vx for —1 < v < 1. Turning to case (ii),
note that we require x; < 0 in order for the box not to
contain the singularity at (x = —oo0,y = 0). If this holds,
then case (ii) is in fact equivalent to case (i) under the
inversion-swapping symmetry. Thus we are left with case
(1) to consider. It can be checked that in this case, H will
necessarily change sign somewhere in the box. Indeed, if
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one demands that the box avoids the line singularity
y = —uvx, it will inevitably contain part of the nontrivial
singularity curves.

Hence we only need to consider a box touching the point
X =y = X, atits upper-left corner. The analysis of this case
can be carried out in a similar fashion. Since (x =0,
y = —o0) is a curvature singularity, any box which does not
contain this point has x; < x,, or can be transformed to
such a form by applying the inversion-swapping symmetry.
Furthermore, by requiring that H is everywhere nonvanish-
ing inside the box, one gets the constraint x, < x3. In fact, a
detailed analysis shows that to avoid a possible curvature
singularity inside the box, we need only to consider the
box satisfying the following ranges of coordinates and
parameters:

—0 <X <Y <X <x<Xx3<—Xp, (3.3)
with x4 obeying
X4 € (—oo,%)U(%,oo), if x3 <O0;
(3.4)
X4€(M,m>, ifX3>0.
X2 X3

The special value x3 = 0 can be recovered as a limit of
either case. The two cases x3 < 0 and x5 > 0 are illustrated
in the plots in Figs. 1(a) and 1(b), respectively, for specific
choices of parameters.

When x; < 0, one can in fact further narrow the range of

x, to the finite interval (*2, —x,) by using a combination

of the inversion-swapping and scaling symmetries, which

maps a solution with any given x, = w to one with x, = )iv—%
while preserving the value of x,.

The conditions that we have derived are also sufficient to
ensure that the signature of the metric is positive or negative
definite in the region of interest. Since we have required
that X and Y have opposite signs, it follows that F' defined
in (2.1) has the same sign as X. If k is positive, then the
metric in (2.1) can be seen to have a positive- or negative-
definite signature.

To summarize, we have the coordinate range x, < x <
x3 and x; < y < x,, which can be visualised as a box in an
x-y plot. With the gauge choice (3.2), the solution is then

|

VE[(1 = 02) (03 + x1x3x4) + 202, (1% + X153 + X1xy + X0X3 + XoXy + X3%4)]
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characterized by five parameters: the position of the box
determined by x, 3, the fourth root x, of X, the line

y = —ux, (3.5)
with a slope between —1 and 1, and an overall (positive)
scale factor k. We have shown that these parameters have to
satisfy (3.3) and (3.4), in order to ensure that the solution

(2.1) has a Euclidean signature and that it does not contain
any curvature singularities.

B. ALF and non-self-dual properties

One key feature of the solution (2.1) is its ALF property
(with AF as a special case). One can quickly calculate that
when x — y,

1
1-v

9e >, (3.6)
which is a finite constant, a characteristic of an ALF metric.
This selects a particular Killing vector a (up to constant
multiplication) for the solution, which has a finite norm and
generates the Euclidean time flow at infinity. This property
obviously indicates that, unlike say the Ricci-flat
Plebanski-Demianski solution, there is no symmetry
between the coordinates z and ¢. To show the solution
is ALF, one can define the coordinates (r, ) around the
asymptotic region x =y = x, by

b:

(x1 = x2) (X2 = x3) (22 — x4)

the metric approaches (1.2), with (z, ¢) replaced by (7, ¢) and

VE[2ux; (X125 + XoX3 4 XoXg — X1 X3 — X1 X4 — X3Xy4) —

\/ (1-1?) os? 0
X=X = 5’
0
in? - 3.7
y 2 ’ ( )
and (%, $) via the simultaneous substitutions
1 — %% + b,
, 2Vkx, (3.8)
R —
ag(xy = x1)(xa = x3) (%2 — x4)
For large r, with b chosen as
, (3.9)
(1 +27) (x x50 —x%)]’ (3.10)

n —=

2vV1 —Vz(xz —x1) (X = x3) (%2 — x4)

or in an alternative form
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FIG. 1. The boxes for the cases (a) x; = — %, X4 = %; and (b) x3 =

?T’ x4 = 2. The other free parameters have been set as x; = —2 and

v= % The lighter-shaded strips represent the allowed ranges of x4. The dashed diagonal line represents asymptotic infinity. The solid
curves are locations of potential curvature singularities, as are the crossed diamonds at the four points (x =0,y = +o0) and
(x = o0,y = 0). Note that the shaded box in each case touches asymptotic infinity at one corner while avoiding all the curvature

singularities.

n— \/];[21/(01752 - a3x§) = (1 =v)*(ap - aM‘z‘)] . (3.11)
2a4V1 = 1225 (x5 = x1) (X3 — x3) (X2 — x4)

We refer to the Killing vectors associated with the

newly defined coordinates (7,¢) as the “natural Killing
vectors” of our solution, which can be seen to generate
natural notions of (Euclidean) time translation and
rotation, respectively, at infinity. In the limit n — oo, the
solution should become ALE. Indeed, in the limits
v = =1, the solution reduces to the Ricci-flat Plebanski-
Demianski and triple-collinearly-centered ~ Gibbons-
Hawking solutions, respectively, both of which are ALE.
The solution can thus be thought of as a one-parameter
family of ALF metrics interpolating between the latter two
metrics, indexed by v. On the other hand, the solution
becomes AF in the limit » =0, and in particular it
contains the AF instanton discovered in [16] as a special
case. These important limits will be discussed in detail
in Sec. IV.

The solution (2.1) has a Riemann tensor that is in general
neither self-dual nor anti-self-dual. One self-dual limit is
taken by setting v = —1, which, as just mentioned, gives
the triple-collinearly-centered Gibbons-Hawking solution.
There is another self-dual limit in the case when X has two
pairs of opposite roots, which gives the double-centered
Taub-NUT solution. This limit will be discussed in detail in
Appendix A.2.

C. Rod structure

The solution (2.1) possesses two apparent Killing
vectors % and a%r It can thus be put in a canonical form,
in so-called Weyl-Papapetrou coordinates given by

e
P
2(ag + apxy + asx’y?) + (x +y)(a; + azxy)
2(x—y)? ’
(3.12)

where z is determined up to a constant shift and a flip of
sign. From the expression of p, one can see that the
locations of the rods correspond to the roots (including
possible infinite roots) of X and Y. Turning points are then
the meeting points of these rods: just like the Plebanski-
Demianski solution, the above solution contains three
turning points in general.

In the coordinates (2.1), the turning points are located at
(x =22,y =x1), (x =23,y =x7), and (x =x3,y = x3),
respectively, or equivalently, along the z axis with

ag(x1 X%, + x3x4) _ag(x1x3 + Xpxy)

Z] = _fv ZZ = 2 )
= _a4(x1x42+ x2x3)’ (3.13)

respectively, in Weyl-Papapetrou coordinates. The four
rods have directions ¢; = K;/x;, with
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K - (_ —ay + 2vag + 2;/a1x2 + V2azxs 1) o = ag(xy —x1)(xp — x3) (X2 — x4) ’
X3 2Vkx,
B < vay + 2wazx] + wagx! — aux ) Coag(xy = x) () = x3) (%) — xy)
K, = |- 3 Ky = ,
X 2Vkx,
K, = <_ —ag + 2vay + 2;/a1x3 + v2auxg 1> oy — az(x3 —x1)(x3 = xp)(x3 — x4)’
X5 2\/%)‘3
K. = < viay + 2vazx3 —z 2vauxy — aux; 1) P (3.14)
X3
Here, the direction (a, f3) is defined by a% + ﬂ%. Alternative expressions for K;[1] are
K\ [1] = ay[x12x3x4/2x; + 20(x1 23 + X104 + X3x4) — 1223],
Ko [1] = ayxf + 20(x1 x5 + X103 4+ x124) = 12200x304 /1],
K3[1] = agxixoxg/x; + 20(x1x; + x1xg + 2x0%) = 1743]
Ky[1] = ag[x3 + 20(x1 x5 4 20x3 + xX4) — 17X X304/, (3.15)

These are also useful, since our analysis below will be
based mainly on the factorized form of X in (2.6), involving
its four roots.

The above rod structure encodes much useful informa-
tion about the solution. The relative directions of the four
rods and the ratio of the lengths of two finite rods are
actually invariants of the solution. For example, the
asymptotic NUT charge n is related to the directions of
the two asymptotic rods by n = A(K,[1] — K4[1]), where 4
is some proportionality constant. In the same spirit, one can
define the NUT charges carried by the individual turning
points to be n; = A(K;[1] — K;,1[1]), so that one has

V(x4 vx5)? (x1 X0 — x3x4)

nl = s
22,V =17 (xp = x1) (% = x3) (% = x4)
— o Vk(xp + vx3) (%004 — X123)
, =

22103V 1 = 172y = 1) (3 = 23) (0 = x)
e — V(23 4 vx3)? (3503 — x1x4)
3 — .
263V 1 =12 (x; = x1) (% = x3) (X2 — x4)

(3.16)

Note that the asymptotic NUT charge is then the sum of the
individual NUT charges: n = n; + n, + ns.

The rod structure will be extensively used in the
subsequent study. In particular, many special cases of
the general solution were identified by first studying the
behavior of the rod structure. In the rest of this subsection,
we will briefly discuss the special case when two adjacent
rods are joined up.

Two adjacent rods, say the ith and i + 1th rods, can be
joined up by setting n; = 0. In this case, the turning point at
which they meet is effectively eliminated, and one obtains a

solution whose rod structure has only two turning points.
For example, we can impose
ny =0, (3.17)
to join up the third and fourth rods, thus eliminating the
third turning point from the rod structure. An obvious
solution to this condition is
X1 X4 = XpX3. (3.18)
The resulting solution is the Kerr-NUT solution. In this
limit, the box touches a solution curve of H at one of its
corners. We have mentioned that the solution curves are
locations of curvature singularities for general parameters.
But in the present case, it can be explicitly checked that at
this corner, a zero factor emerges from the numerator of the
Kretschmann invariant, which cancels the zero factor of H.
This gives rise to a finite Kretschmann invariant. Another
solution to the condition (3.17) is
X3 = —X,, X4 = —Xp, v—1, (3.19)
which results in the double-centered Taub-NUT solution.
This limit can also be understood as a box with one corner
touching a solution curve of H, now corresponding to its
factor vx + y. The details of how the Kerr-NUT and double-
centered Taub-NUT solutions are recovered in these limits
can be found in Appendixes A.1 and A.2, respectively.
The joining up of the first and second rods, or of the
second and third rods, can be similarly obtained. We can
see that the (finite) lower and upper bounds previously
identified for the parameter x, in (3.4) correspond exactly
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to the joining up of different pairs of adjacent rods to obtain
the Kerr-NUT solution.

IV. VARIOUS LIMITS

We have noted that the solution (2.1) is ALF, and that it
contains two ALE limits: the Plebanski-Demianski solution
and the triple-collinearly-centered Gibbons-Hawking sol-
ution. In this section, we show in detail how these two
limits are recovered. The AF limit of (2.1) is also discussed,
and we show how the new AF gravitational instanton can
be recovered from it. Finally, a new special case of (2.1) is
discussed: an ALF generalization of the C-metric, which
can also be called the NUT-charged C-metric. Note that all
the limits discussed here have three turning points in their
rod structure; limits with two or one turning points will be
discussed in Appendix A.

A. Plebanski-Demianski solution

Recall from (3.6) that the norm of % at infinity becomes
unbounded when v — +1. This means that the metric
becomes ALE. Here, we will show that by directly setting

v=1, (4.1)

we recover the Plebanski-Demianski metric from (2.1). We
first perform the Mobius transformation

=— =— 4.2
=UTT YT oo (4.2)
and redefine the parameters
_r € m-+n . _
ao,4—2 4:F > a3 = F(m—n),
€ 1
=—+3y, k= 4.3
ay =5+ —n (4.3)

Note that this redefinition of six parameters in terms of only
four is consistent with the above-mentioned fact that two of
the original parameters are redundant. Then after a linear
transformation of the coordinates 7 and ¢ via the simulta-
neous substitutions

(4m —4n+ 6y +€)t+ (4m —4n — 6y —€)¢p
4y/m—n '

T —

(4.4)

the metric is brought precisely to the Ricci-flat class of the
(Euclideanized) Plebanski-Demianski metric [7]
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1 1- p2q2 P
ds? = dp? + (dp — ¢*dr)?
(p—qPl P 1-p’¢
1-p’¢ 0
- dq? - dr — p?de)?|,
o % 1_pzqz( T — pde)
P =y +2np—ep>+2mp> +yp*,
Q =y +2nq—eq® +2mqg® +yq*. (4.5)
B. Triple-collinearly-centered
Gibbons-Hawking solution
The other ALE limit is taken by directly setting
v=-—l1, (4.6)

and one recovers the triple-collinearly-centered Gibbons-
Hawking solution. To cast the resulting solution in a more
familiar form, we first define the coordinates (7, 0) by

) v=XY
rsinf = ————,
(x=v)
2 2.,2
o8O — (ag + arxy + asx°y®) + (x + y)(a; + azxy)

2(x —y)? ’
(4.7)

the parameters d; , 3 in terms of the roots of X as

ag(x12) + x3x4) ay(X1X3 + Xpx4)

d1:— d2:—

2 ’ 2 ’
dy = — ag(x1x4 + XpX3) ’ (4.8)
2
and n;,3 as
ny = k(xyxy = x3x4)
a4(x1 - X3><x1 - x4)(x2 - x3)(x2 - x4) ’
ny, = k(x1x3 = xx4)
a4(x1 - X2><x1 - X4)(x2 - x3)(x3 - x4) ’
k(xpx3 = x1x4)
ny = : . 4.9
’ as(xy = x)(x; = x3) (X2 — x4 ) (X3 — x4) (49)
After the simultaneous substitutions
T — (—ayr + 4kp) /N 4k, ¢ — t/VAk,  (4.10)

the metric is brought to the form

124005-8



FIVE-PARAMETER CLASS OF SOLUTIONS TO THE ...
ds? = V=1(dr + A)? + V(dr? + r2d6? + rsin20d¢?),

3 3
=~ 2n; = 2n;(rcosf —d;)
V = E_l }"l- ) A = E_l —d¢’

rA
r, = \/r2 +d?—2d;rcosé,

i= 1

(4.11)

which is recognized as the triple-collinearly-centered
Gibbons-Hawking solution. Note that there is a transla-
tional symmetry by adding an arbitrary constant to the
right-hand sides of rcosé in (4.7) and d;,5 in (4.8).
The charges n, ;3 in (4.9) always have the same sign in the
ranges (3.3) and (3.4) that we considered, as required by the
absence of curvature singularities in the solution.

C. AF limit and the new AF instanton

This limit is taken by setting the total NUT-charge (3.11)
to zero, so now the metric (2.1) becomes AF. The solution
to the condition n = 0 and the gauge choice x, = —1 can
be written as follows:

a1+a3:a0+a2+a4, a)—az =—

2u
(4.12)

Within this four-parameter AF subclass is the completely
regular gravitational instanton recently discovered by the
present authors [16] and christened the “new AF instanton.”
It can be obtained as a special case by further imposing

f1:f4::l:f2:tf3. (413)
These conditions ensure that the metric is defined on an
underlying manifold with a globally well-defined U(1) x
U(1) isometry and is free of conical and orbifold singu-

larities. A solution to these conditions can be written (for
general x,) in the following parametric forms:

U= _252’ X = _‘5(1 - 2§+ 252))62 ,

1-2¢
~(1=2¢6+28)x, _
X3 —W, Xyq —0, (414)
or
_ _hg2 o 452(1 - é)x2
v=L M ST e
2y = - (L= 2803 X4 = oo, (4.15)

§(1-26+28)

which are related to each other by the inversion-swapping
symmetry.

(1 _V)z(ao - ﬂ4).
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In the latter parametrization with an appropriate gauge
choice, the new AF instanton is then given by the metric
(2.1) with the parameter v and the structure function X
defined as

v=-28,
X= (H48 48 (x+ €28+ 28) (v— 1+28). (4.16)

The parameters a4 are encoded in the polynomial X as
its coefficients; in particular, we simply have a, = 0 and a
gauge-fixed az = 1. The solution is then determined by the
parameters k and £. This gives an alternative but simpler
form of the new AF instanton. Now the awkward square-
root terms in the latter are eliminated, and its analysis based
on this parametrization will be much easier. To cast it in
exactly the same form used in [16], one needs to perform
the Mobius transformation,

oo Sl(1=28+28%)2x — (1-282) (1 - 46 +287)]

(1-2E428)x+1-2£

(4.17)

with a similar equation for y, followed by the simultaneous
substitutions

16k283(1—4E 482 = 1283 + 1654 —8&5)
148 (1-28)(1-26 42822

e
\/1—454(1—252)(1—25+252)¢’
4K (1-28%) (1-8)>(1-2£)°

(14282)(1=2&+284)% 7

7=/ 1 -4y

¢p—

k—

(4.18)

and finally introduce the new parameters A and y defined as

1-28

B _1-4e428
“TozEs2@ 7T

w. (4.19)

D. NUT-charged C-metric

The NUT-charged C-metric is obtained by requiring that
the second rod is parallel to the fourth rod, which is
achieved by setting
v=0. (4.20)

ay =0 or x4==*o0,

The metric then becomes

dszz(

Fdz + agYdg)? kH <d_x2 _dy? ¥d¢2>
(x=y)HF  (x=y)’ ’

H =y(=2ag—a)y + azxy*),  F=y’X-xY,

X = ay+ a;x + a,x* + azx>,

Y =ag+a\y + ary* + azy’.
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We make the gauge choice a; = 1 and use the roots of
X = (x = x1)(x — x,)(x — x3) as the parameters. Requiring
H to be everywhere nonvanishing in the box gives the
following ranges of the parameters and coordinates:

—c0 <X <y<x <x<x3<0, (4.22)
which is consistent with (3.3) and (3.4) from our general
analysis. The reader is reminded that we actually have
x, = —oo, which provides the lower bound for x; and
implies the upper bound for x;.

The rod structure of this solution can be brought to a
form very close to that of the C-metric by defining

2x2\/§

(x1 = x2) (%2 — x3)

T=1, ¢p=-

¢y (4.23)

In these coordinates, the corresponding rod directions are

1
fl :(47’1,1), fzzfl((),l),
K
1
{3 =—(4n',1), ¢, =1(0,1), (4.24)
K3
where n and «) are given by
_ Vkx, x5 ,_ Xax —x3)
n= , Ky = . (4.25)
2(x; = x2) (32 — x3) xp(xy = x3)
and n’ and «} are given by
z 1 1
W="2n = 4=l (4.26)
X3 K K3

We note that the lengths of the two finite rods are,
respectively,

/ \/IEXZ /

1 = i3 =

\/];xz

Xy — X3

4.27
) (4.27)

This rod structure is illustrated in Fig. 2. The first and third
rods are the analogues of the horizon rods of the C-metric,
while the second and fourth rods are the usual axis rods.

Like the original solution, the metric (4.21) is ALF with
an asymptotic NUT charge n. An ALE limit is obtained
when n — oo, in which case we recover the C-metric. To
take this limit, we need to set

(4n,1) =4(0,1) L (4n'1)

7
K3

° 2 °

T=xy oz Yy=11 oz, T=T3 z

FIG. 2. The rod structure of the NUT-charged C-metric, with
asymptotic NUT charge n.
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(4.28)

X13 = X2,

while fixing the other parameters. The box in this case thus
becomes a point at (x = x,,y = x,). More specifically, we
first write the parameters in the following form:

k=e’c?l?,

(4.29)

xi=x(1+(1-c)e), x3=x(1-2ce),

and define new coordinates by performing the following
substitutions:

x—=x[1—c(1+x)e,

o 2x1x3Vk(1=c)
(1 =x2) (%2 —x3)

y=x[l=c(1+y)el,
20, Vk(1=c)

(1 =x2) (%2 —x3)

T, ¢$p—>—

(t+).
(4.30)

After taking the limit ¢ — 0, the metric becomes the
familiar form of the C-metric:

Sz — 12 iz X 2 _ d_y2 _ 7.'2
W =Gy GGy T W~ Gy~ G0
G(x) = (1 = x*)(1 + cx). (4.31)

On the other hand, the AF limit of (4.21) is taken by

requiring

n=0=x3=0 or a5g=0. (4.32)
In this limit, the first rod joins up with the second, or in
other words, the first turning point vanishes. The resulting
rod structure has two turning points and turns out to be
just the Schwarzschild solution. The mapping to this metric
is a special case of the transformation described in
Appendix A.3.

The solution (4.21) admits several other, more subtlezz
limits. In the limit x; — x, and k — 0 while keeping 172
finite, one can recover the self-dual Taub-NUT solution. In
this case, the second and third turning points merge with
each other, and together they disappear from the rod
structure. The details of how this limit is taken can be
found in Appendix A.4. The self-dual Taub-NUT solution
can also be obtained in the limit in which the second and
third turning points are pushed to infinity. These limits
show that the asymptotic NUT charge can be thought of as
being carried by the first turning point.

Finally, in the limit x; = —oo or a3 = 0, the second rod
shrinks down to zero length, and the first and second
turning points merge with each other. In this case, one
recovers the Kerr-NUT solution with NUT-charge param-
eter equal to the rotational parameter, i.e., (A4) with n = a.
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V. ALTERNATIVE INTERPRETATION
AS TWO TOUCHING KERR-NUTS

In this section, we show how the general solution (2.1)
can be regarded as a system consisting of two touching
Kerr-NUTs. We also analyze in detail, the special case
consisting of a Schwarzschild in superposition with a
self-dual Taub-NUT.

A. Kerr-NUT touching Kerr-NUT

The general solution (2.1) has an alternative interpreta-
tion as a system consisting of two touching Kerr-NUTs: the
south pole of one Kerr-NUT touches the north pole of the
other. This is consistent with our ISM construction. Recall
that in our construction, one possible seed solution is the
double Schwarzschild solution, with an inner axis sepa-
rating the two black holes; the inner axis is then joined up
with one of the black-hole horizons by appropriately
choosing the corresponding BZ parameter. The inner axis
disappears from the solution, and in this sense the resulting
two Kerr-NUTs are touching each other, sharing one single
point as their common pole. In what follows, we shall
present the rod structure of the solution in a form that favors
this interpretation and show how one can remove one Kerr-
NUT from the solution in certain limits.

In the natural Killing coordinates, the rod structure is

~ ~ 1
f] :(27’1,1), fzzf(l,gl),
Ky
. 1 .
f3 :—(lvgﬂ)v f4:(—27l,1), (51)
K11
where the angular velocities €, are given by
0 = VI =20 = xp) (0 = x3) (0 = xy)
V(=L + Ly + L) ’
Oy = — VI =203 (00 = x) (02 = x3) (3 — x4) (5.2)
Vk(=Ly = Ly + L3)
and the surface gravities xpy are given by
K VI = 1220005 (x) = x) () — x3) (%) — xy)
1= ,
Vk(=Ly 4 L + L3)
. VI =220 (05 — xy) (03 = %) (03 — X4) (5.3)
ll -_— . .
Vk(=Li = Ly + L3)
Here, L 5 are the three functions defined as
Ly = xy(x003 — x1x4) (X + vx3)?,
Ly = x5 (x5 — xpx4) (X + vx3)?,
Ly = x3(x1x5 — X3x4) (X1 + 1) (5.4)

We note that the lengths of the rods are
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+(1,00) (1, ) (=2n,1)

Yy=a Z

T = To Z T = I3 Z3 Y = T2

FIG. 3. The rod structure of the general solution, regarded as a
touching double-Kerr-NUT system.

- Vk — ki*x, (x) — x4)

2 T ) ()
f, = Vk — kv’x,(x3 — x4) ' (5.5)

(X2 = x3) (22 — x4)

This rod structure is illustrated in Fig. 3. For comparison,
we recall that the rod structure of a single Kerr-NUT [12]
has three rods, with directions (2n,1), %(1 Q), and
(—2n,1) in suitable coordinates, where n is the NUT
charge, and x and Q are the surface gravity and angular
velocity of the horizon, respectively. It is then clear that the
rod structure considered here consists of two Kerr-NUTS,
whose horizons touch at the poles. xyy; and €y are the
surface gravities and angular velocities of the two horizons,
respectively.

One can remove a Kerr-NUT from the solution by
zooming in to one of the Kerr-NUTs and at the same time
sending the other pole of the second Kerr-NUT to infinity.
Alternatively, one can shrink the size of the second Kerr-
NUT to zero. We will give a more detailed discussion of
both of these possibilities in Appendix A.l. The explicit
mapping of the first limit to the Kerr-NUT solution is given
therein. Recall that in addition to these two possibilities, we
have a third possibility to recover Kerr-NUT by joining up
two rods as discussed in Sec. III. C, corresponding to the
lower and upper bounds of x;.

In the rest of this subsection, we will briefly discuss
a few special cases of this solution. First, consider the
case

X| = 00, i.e., ay = 0= QI = 0, (56)
in which the first Kerr-NUT becomes static.” This can be
interpreted as a configuration in which a (non-self-dual)
Taub-NUT touches a Kerr-NUT. On the other hand, the
case
ay=0= Qy =0, (5.7)

X3 = 0, i.e.,

is essentially the same configuration, with the locations of
these two objects swapped. This is of course expected,
since they are related by the inversion-swapping
symmetry.

Note that there is a well-defined notion of being “static,”
givgn by the requirement that the rod has a direction proportional
to

o

T
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The case with both Kerr-NUTSs static,

X =00, X3:O, i.e., a0,4:O:>QI,H:0’ (58)
can then be interpreted as a configuration in which a Taub-
NUT touches another Taub-NUT, which is of course a
single larger Taub-NUT. We will discuss this limit in detail
in Appendix A.3 and show how the familiar form of the
Taub-NUT solution can be recovered. By further setting
v = 0, one obtains the Schwarzschild solution, which can
be viewed as resulting from a Schwarzschild touching

another Schwarzschild.

B. Schwarzschild in superposition
with a self-dual Taub-NUT

The case describing a Schwarzschild in superposition
with a self-dual Taub-NUT is obtained by requiring

ds? =

(Fdr + Gdg)? kH (dx2
(x=y)HF  (x=y)’ \ X

PHYSICAL REVIEW D 91, 124005 (2015)

that the second rod is static and that the first rod is
parallel to the third rod. The solution to these condi-
tions is

2Ux)X3

X] = —00, .
XZ+X3

=
&
I

(5.9)

An equivalent solution can be obtained by applying the
inversion-swapping symmetry, in which the third rod
becomes static and the second rod becomes parallel to
the fourth rod. To be concrete, we will focus on the former
case in the rest of this subsection.

H = (vx +y)[(1 = p)(vx = y)(u (2v—1)—xy)+4/4 v(1 =v)l,

G =22y (1 —pu) -
X = (x+ 1)(x—p)(x — px + 2uv),

Recall that (x = 0,y = —o0) is a curvature singularity, so
one needs to impose pu < 0. The requirement that H
remains nonvanishing inside the box gives v > 0. Then
the ranges of the parameters and coordinates are given by
“l<u<0<v<l, -—-oo<y<-l<x<pu (5.11)
These ranges are consistent with (3.3) and (3.4) from our
general analysis. The restriction on the range of the
parameter v originates from its relation to x4 in (5.9).
The rod structure of this solution can be brought to a
nicer form by defining

duv2v—1)Vk

r=V1-1%+
(1 +p)(1 = p—2uv)
2k
¢ = ¢ (5.12)
(L4 p)(1 = p=2p)
In these coordinates, the four rods are located at x = —1,
y = —o0, x = u,and y = —1, respectively. The correspond-

ing rod directions are

£y =(0,1), 2 (1 0),
Kz
1
3=—(0.1),  Zy=(-4n1), (5.13)
K3

V)X —p(2v = 1)(x — px — )Y,

Choosing the gauge a; = —x, — x3, x, = —1, and defin-
ing x3 = p, the metric is then given by
i__ )
F =y’X - x?Y,
Y=+ D —pu—py+2u). (5.10)
|
where
, Vi1- v , l—p+2v
K =, K :7’
2 2k 3T l—p -2
ku(1 — uv)?
=- V(1 - ) . (5.14)

V1= (1+p)(1 = p—2p0)

We note that the lengths of the two finite rods are,
respectively,

KI=A)(1-p)
1 —pu—2uv
— 12 —-1=
o = k(1= )u(u—1 21/). (5.15)
(T4 p)(1 = p=2u)
This rod structure is illustrated in Fig. 4. We recognize a
Schwarzschild-like structure in the first three rods,
while the third turning point can be regarded as an isolated

/ —
21 =

self-dual Taub-NUT. The distance between the
Schwarzschild horizon and the self-dual Taub-NUT is
r=x2 2 Y= 2 T = T3 2 Yy =T

FIG. 4. The rod structure of a Schwarzschild in superposition
with a self-dual Taub-NUT. In the parametrization used here, one
has x; = —o0, x, = —1, and x3 = u.
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given by z4,. In this picture, the asymptotic NUT charge n
is carried entirely by the self-dual Taub-NUT.

Note that in the ranges of interest (5.11), the quantities
Ky, Ky, 25y, and z5, remain positive. The NUT-charge n is
negative and ranges from 0 down to —oco when v ranges
from O to 1. We can thus interpret v as the asymptotic NUT-
charge parameter: v = 0 corresponds to a zero value of the
NUT charge and gives the Schwarzschild solution, while
v =1 corresponds to an infinite (negative) value of the
NUT charge and gives an ALE solution. k simply sets the
scale of the solution and can thus be taken as the mass
parameter. 4 determines the length of the third rod, and so it
can be interpreted as the separation parameter: y = —1
corresponds to the infinite-separation limit z5, = co and
gives either the self-dual Taub-NUT or the Schwarzschild
solution, while y = 0 corresponds to the zero-separation
limit zj, = 0, in which the self-dual Taub-NUT merges
with the Schwarzschild to give a non-self-dual Taub-NUT.
We do not present the details here, apart from mentioning
that some of these limits are special cases of those
considered in Appendix A.

One could wonder what happens when —1 <v < 0, and
in particular when v = —1. It turns out that these possibil-
ities do not give rise to well-behaved solutions, since a
curvature singularity appears inside the box. In the case
v = —1, the above solution reduces to a triple-collinearly-
centered Gibbons-Hawking solution with two nuts pos-
sessing opposite NUT charges. The latter is known to be
singular, since it corresponds to at least one nut possessing
a negative “magnetic mass.”

VI. INTERPRETATION IN KALUZA-KLEIN
THEORY

Given an ALF solution, there is a well-known procedure
by which it can be turned into a solution of four-
dimensional Kaluza-Klein theory. One first adds a flat
time direction to the ALF solution to obtain a solution of
five-dimensional vacuum Einstein gravity with Lorentzian
signature. Upon dimensional reduction along the compact
direction % (or %), one then obtains an AF solution of
Kaluza-Klein theory with Lorentzian signature.

When this procedure is applied to the Taub-NUT
solution, one obtains a magnetic monopole solution in
Kaluza-Klein theory [17,18]. In this process, the NUT
charge has turned into a magnetic charge associated with
the Kaluza-Klein gauge field. When applied to the n-
centered Taub-NUT solution, a system of n magnetic
monopoles results. Each turning point in the rod structure
of the original solution has turned into a source for a
monopole.

This procedure can also be applied to AF solutions with
vanishing asymptotic NUT charge. The resulting Kaluza-
Klein solution will then have zero total magnetic charge,
although they would still in general describe a system of
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monopoles. For example, when this procedure is applied to
the Kerr solution, one obtains a magnetic dipole [17].

It is clear then that the solution (2.1) can be turned into a
Kaluza-Klein solution describing a system of three collin-
early centered magnetic monopoles. Of the five parameters
in the original solution, three of them characterize the
independent charges of the monopoles, and the remaining
two their relative positions. The charges of these monop-
oles, as well as other properties of this system, can be read
off from the rod structure of the original solution. In the
natural Killing coordinates (7,¢), the four rods have

directions ¢; = K;/&;, with
i(Q = (—27’11 ‘|‘2I’l2 +2I’l3, 1),

i{4 = (—21’11 —21’12 —21’13, 1),
(6.1)

i(] = (2"] +2n2—|-2n3, 1),
K3 =(=2n; —2m+2n3,1),

where n;,; are the NUT charges of the turning points,
given by (3.16). Recall that the asymptotic NUT charge is
n = ny + n, + n3. The surface gravities in these coordi-
nates are given by

= X () = x3) (%1 = xy)
? Xy (X = x3) (X2 = x4)
= X (X3 = x1) (X3 — x4)
T x3(x = x1) (X = x4)

K|,4 = 1,

(6.2)

Now, n, ;3 can be identified with the charges of the three
monopoles. The identity k; 4 = 1 indicates that the space-
time described by the solution in Kaluza-Klein theory is

asymptotically flat if aJ has standard periodicity 2z. Conical
singularities then exist along the inner axes if |«;| # 1, for
i =2, 3. For the ranges we consider, we actually always
have |k,3| > 1, with equality holding only in certain
degenerate limits. So in general, one cannot obtain a
balanced triple-monopole system in Kaluza-Klein theory
from (2.1). Conical singularities necessarily exist along the
two axes joining the monopoles. This is in contrast to the
triple-centered Taub-NUT solution, which describes a
balanced triple-monopole system.

Finally, we remark that in the AF limit n = 0, the three
monopoles will carry a zero total charge. A special case of
this system was previously considered in [16].

VII. FUTURE WORK

To summarize, we have presented a five-parameter class
of Ricci-flat solutions in four dimensions with a Euclidean
signature. This solution can be regarded as a generalization
of the Ricci-flat Plebanski-Demiafiski solution with the
inclusion of an asymptotic NUT charge; alternatively, it
can be regarded as a system consisting of two touching
Kerr-NUTs. Various properties and limits of the solution
were studied.
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The reader should bear in mind that we have entirely
focused on the solution as a Euclidean solution. The most
prominent problem related to this solution is whether it
admits a Lorentzian section and how to find it if it exists.
Such a section would be very interesting, since it may
have a (single)-black-hole interpretation, as the Plebanski-
Demianski solution does. We do not have a definite answer
to this yet. On the one hand, the solution does contain
various limits which do have Lorentzian sections, such as
the Plebafiski-Demianski and Kerr-NUT solutions. On the
other hand, the solution also contains the triple-collinearly-
centered Gibbons-Hawking solution as a special case,
which does not admit a Lorentzian section. This fact cannot
rule out the existence of a Lorentzian section for our
general solution, because a solution may have a Lorentzian
section even though one of its subclasses does not: as an
example, the Kerr-NUT solution contains the Eguchi-
Hanson solution as a special case and admits a
Lorentzian section. We remark that if a Lorentzian section
could be found, it is natural to interpret the lowest crossed
diamond in Fig. 1(b) as the black-hole curvature singu-
larity, hidden behind the horizon at y = x;.

It may also be interesting to study the algebraic proper-
ties of the solution. The Plebanski-Demianski solution is
algebraically special and is so far the most general known
Type-D solution in four dimensions. Based on the fact that
our solution is a generalization of the Ricci-flat Plebanski—
Demianiski solution and that it possesses a very compact
form, one may suspect that the solution may have some
special algebraic properties. Of course, since a Lorentzian
section is still lacking, one has to study this in the regime
with a Euclidean signature.

Recall that the general Plebanski-Demianski solution
carries both electric and magnetic charges. A challenging
problem is then to seek a generalization of this solution, by
adding electric and/or magnetic charges. It is even more
challenging to seek an (anti—)de Sitter [(A)dS] generaliza-
tion. We have mentioned that our solution emerges from the
same ISM construction as the triple-collinearly-centered
Taub-NUT solution. The latter solution has an (A)dS
generalization, which can be obtained as a special case from
the general construction carried out by Calderbank and
Pedersen [19]. These facts lead us to believe that it is
worth more effort to consider the possibility of these
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generalizations in the future. One may even try to make
guesses, by choosing an ansatz similar in form to our metric.

The new AF instanton was identified within this sol-
ution, as mentioned previously. Then a natural question to
ask is whether the solution admits more new completely
regular gravitational instantons. The analysis is straightfor-
ward with the aid of the rod structure presented in this
paper, but the actual calculations are rather involved. More
careful and exhaustive analysis is needed.

Other possible future directions include the interpreta-
tion of the solution when embedded in string theory, in
terms of a system of interacting D-branes. More detailed
analysis of the solution in Kaluza-Klein theory is also
worth pursuing.
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APPENDIX A: DOUBLE-CENTERED
AND SINGLE-CENTERED LIMITS

In this appendix, we consider degenerate limits of the
solution (2.1) in which the final solution contains only two
or one turning point. The resulting solutions include the
Kerr-NUT, the double-centered Taub-NUT, the non-self-
dual as well as the self-dual Taub-NUT solutions.

1. Kerr-NUT solution

It is known that a scaling limit [7] of the Plebanski-
Demianski solution results in the Kerr-NUT solution (as a
subclass of the Carter-Plebanski solution [3,4]). This limit
corresponds to sending the first or third turning point to
infinity while zooming in to the region around the remain-
ing two turning points. This limit is still present in the
general solution (2.1), although in a more subtle way. To
recover it, one first defines the parameters

X| =Xxp—2€, X3=—Xy—C|E,

xX=x3+e

After making the substitutions

Xy =—Xy—Cre, v=1+ce/x,, k=1/e’, (Al)

and the coordinates (r,0) by

|
—X2 (c1 +¢3)(2+ ¢ +c3)
4rx , =x; —€(l +cosB). A2
2\/1(2+c1+c2+203) 24 ¢+ +2¢ y=x =« ) (42)
. €2+ +Cz+2c3)1 V(Ko (1] + Ky[1])
X2 ag(xy —x2)(xa —x3) (X —x4)
2 k

vk $. (A3)

¢ —

as(xy — x) (X — x3) (X — x4)
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and taking the limit ¢ — 0, one can show that the first
turning point is pushed to infinity. The metric in this limit
becomes

A
ds? = S [dr + (2n cos @ + asin®@)d¢]?

sin%@

dr?
[adt — (r? — n? — a®)d¢]* + Z(% + d¢92> ,

T =7r"—(n—acosh)?, A =12 =2mr —a*® + n?,

(A4)
with parameters
m— \/Z[(Cl + C3)2 + (C2 + C3)2 + 26‘1 + 2C2 +4C3}
V/=64x3(2 + ¢ + ¢; + 2¢3) ’
P Vi[(er +e3)(ea+¢e3) + 2+ ¢1 + 63+ 2¢4]
V=16x3(2+ ¢| + ¢3 + 2¢3) ’
L, _l(2+c1+c;2—|—2c3)‘ (A5)
16x;

This is the familiar form of the Kerr-NUT solution.

However, there is a more natural limit in which one can
recover the Kerr-NUT solution. As mentioned above, one
can join up two adjacent rods to eliminate the turning point
between them, instead of sending it to infinity. Without loss
of generality, here we consider the limit (3.18), in which the
third rod is joined up with the fourth. We first define k in
terms of /, and choose a4 appropriately:

2l(x1 - xz)(xl - x3)
x (X = x3)
41

(21 = x4) (%2 — x3) .

k(1-17) =

’

as = (A6)

We then bring the solution to its natural Killing coordinates
by doing the substitutions

7= V1=1*(t—be), ¢ ——p/NV1=12 (A7)

with b given by

21[(1 =22) (o +3) +20((x; +xg) (x2 +x3) +2x1x4)]'

b= (l_yz)(xl—x4)()€2_x3)

(A8)

By introducing the parameters m, a, and n
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[(1427) (32 +23) +20(x; +x4)]

)(

(I—Vz)(xz—)%)

) (1 +x4) +20(3) +x3)]
(1=2%)(x2—x3)

_ 1(x) —x4)

Xp—X3

[
m=—
1 2
n:_l[( +v

, (A9)

and the coordinates r and 0

[(xy +x3)(x +y) = 2(xy + x5x3)
(x2 = x3)(x =)
I(1+22)(xy + x3) + 20(x; + x4)

(1=2%)(x3 = x3) ’
(1 4 x4) (x +y) = 2(xy + x13%4)
(1 = xg)(x = y)

cosf =

, (A10)

the metric is brought to the Kerr-NUT solution in the
familiar form (A4). The corresponding joining-up limit of
the Plebanski-Demiariski solution results in the double-
centered Gibbons-Hawking solution, a subclass of the
Kerr-NUT solution with an infinite asymptotic NUT
charge.

A third way to eliminate a turning point from the rod
structure is to set the length of say the second rod to zero,
while keeping the third rod finite. In the touching double-
Kerr-NUT picture, this corresponds to shrinking the size of
the first Kerr-NUT to zero. This limit is achieved by taking

as g4 = 0 or do’l =0. (All)

We will not present the detailed coordinate transforma-
tions here.

2. Double-centered Taub-NUT solution

To recover the double-centered Taub-NUT solution, it is
convenient to use the natural Killing coordinates (7, )
defined in (3.8). We define

v=1-ce/l, k=2cl/e,

x3=—x(1 —¢), xg = —x1(1 — cz€), (A12)

and take the limit ¢ - 0. We then introduce the new
parameters (a, ny,n,) by

B 2C1X1)C2 N l(l + Cz)(.X'l +X2)
a = 2 2 ny = 4 — s
x| — X3 (x1 — x7)
I(1 = c3)(x) = xp)
= Al
" 4()C1 +XZ) ( 3)

and the coordinates (r,0) by
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21/~ = xD) (= 3) (Y — ) (Y — 1)
(xf = x3) (x — y)?
2¢y(xy = x7) (xy = x3)

(xf =) (x—y)?
After dropping the tildes on the natural Killing coordinates,

and taking ¢ - —¢, the metric is brought to the familiar
form

rsinf =

’

rcosd = (A14)

ds?> = V=I(dr + A)? + V(dr? + r2d6® + r’sin’0dg?),

2 an‘
.
=1 i

2 2n,(rcos 6 — d,)

A= de,
r.

i=1 i

ri=\/P +d? = 2d;r cos .

d1,2 = Fa. (AIS)
The parameter ranges that we are interested in, (3.3)
and (3.4), imply that —1 < ¢, < 1, which in turn ensures
that n; , are non-negative, consistent with the requirement
that the “magnetic masses” are non-negative.

3. Non-self-dual Taub-NUT solution

As mentioned in Sec. V. A, the case

00’4 = 0 <A16)
describes a (non-self-dual) Taub-NUT touching another
Taub-NUT, resulting in a larger Taub-NUT. To map this
solution to the familiar form of the Taub-NUT solution, we
choose the gauge a3 = 1 and write X = (x — xp)x(x — x4).

Note that one has x; = —oo and x3 = 0. We then define
_ Vk@x—y)
VI-(x=y)

2(xy +x0x4) = (X0 +x4)(x + y)
(0 = x4)(x = y)

cos = . (A17)

and make the substitutions

r—>\/1—yzr+w¢, b —— 2vk b
2 — Xy

Xy — Xy

(A18)

The metric then becomes the Taub-NUT solution, in the
form (A4) with
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Vk(1417) wk
m:ﬁ, n:_\/l——_y? a=0. (A19)

It is interesting to note that, in this limit, x, , make no
appearance in the physical parameters and become redun-
dant. One is thus free to choose any value for a, , 5 without
changing the physical space, as long as the solution does
not become degenerate. The nontrivial parameters are k and
v, which can be interpreted as the mass and NUT charge
parameter, respectively. It can be seen that the special case
with ay = a4 = v = 0 is the Schwarzschild solution.

This is also an example of joining up two rods: the
second rod is joined up with the third. If instead one insists
that —oo < x4 < X,, then one has to close the box by x = xy4
(instead of x = x;) as its second rod. In this case, it is the
first rod that joins up with the second. The final solution is
of course still the non-self-dual Taub-NUT solution.

4. Self-dual Taub-NUT solution

In this subsection, we show how the self-dual Taub-NUT
solution is recovered from the NUT-charged C-metric
(4.21). We first define the parameters and coordinates

k= 1€,

X] =Xy —€, X = X, + we, y =X, — Z€,
(A20)
and make the substitutions
\/Ex1x3
T—>1T+ R
(x1 = x2) (%2 — x3)
2Vk
b — — v (A21)

(1 = x2) (22 = Xs)
After taking the limit € — 0, the metric then becomes

ds? =V~!(dr +2ncos0)? + V(dr? + r2d6? + r’sin?0d¢?),

2n

V=14, (A22)
r

if one identifies

Vixy(z—=w—1) w w422 -z
r=—"=—"——=  cosf=—5——,
w+z witw+4z-2
l
n:_m_ (A23)
2(xy — x3)

This is the standard form of the self-dual Taub-NUT
solution.
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