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Lepton flavor violating Higgs decays can arise in flavor symmetry models where the Higgs sector
is responsible for both the electroweak and the flavor symmetry breaking. Here we advocate an S4
three-Higgs-doublet model where tightly constrained flavor changing neutral currents are suppressed by a
remnant Z3 symmetry. A small breaking of this Z3 symmetry can explain the 2.4σ excess of Higgs decay
final states with a μτ topology reported recently by CMS if the new neutral scalars are light. The model
also predicts sizable rates for lepton flavor violating Higgs decays in the eτ and eμ channels because of
the unifying S4 flavor symmetry.
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I. INTRODUCTION

Lepton flavor violating (LFV) Higgs decays have been
advocated as a harbinger of flavor symmetries explaining
the large amount of lepton flavor mixing [1–4]. Indeed,
substantial LFV Higgs couplings can arise quite naturally
in such models as a consequence of the maximal atmos-
pheric μ − τ mixing in the Pontecorvo-Maki-Nakagawa-
Sakata (PMNS) matrix. To manifest itself in the physical
mass basis, a misalignment of the Higgs doublets, typically
utilized to yield a realistic symmetry breaking pattern, is
necessary. While the scalar sector in [1–4] decomposes into
a Standard Model (SM)-like Higgs doublet and new exotic
scalars experiencing LFV decays, in the following we
present an S4 flavor model where these states mix, resulting
in sizable LFV decays of the SM-like Higgs boson. This is
particularly interesting after the recent report by the CMS
Collaboration of a 2.4σ anomaly in the h → μτ channel
with a best fit of Brðh → μτÞ ≈ 0.84% [5], which as a
possible hint of new physics beyond the SM, has drawn
some attention [6–12].
Notably, the discrete group S4 has been shown to be the

most natural flavor symmetry of the tribimaximal (TBM)
mixing scheme in the leptonic sector, with purely group
theoretical arguments [13–15], as well as in explicit flavor
models [16–18]. Furthermore, together with the groups A4

andΔð27Þ, the S4 group is the smallest group containing an
irreducible triplet representation that can accommodate the
three fermion families of the SM. Nonsupersymmetric S4
models based on TBM mixing but accommodating a large
θ13 have been discussed, e.g., in [19–21]. To evade bounds
from the tightly constrained radiative decays lα → lβγ, we
consider the special case in which S4 is broken down to a
residual Z3 subgroup (see [2] in the context of the
symmetry groups A4, T7, and Δð27Þ, referred to as lepton
flavor triality or LFT for short). This discrete Z3 symmetry

is obtained when scalar doublets in the irreducible triplet
representation 30 of S4 assume the specific vacuum align-
ment ð1; 1; 1Þ [16]. If only the charged lepton sector is
considered, the distinct Z3 quantum numbers prevent any
mixing of the physical scalars in this model. The Z3

symmetry is, however, broken to some degree by pertur-
bations arising from other scalar S4 triplets required to
extend the model to quarks and neutrinos. These perturba-
tions enable mixing between the scalars and consequently
lead to LFV Higgs decays.
The measurement of h → μτ can be translated into a

bound on the combination of Yukawa couplings jyμτj2 þ
jyτμj2 [11]. These couplings directly affect predictions for
constrained LFV processes such as τ → μγ or τ → 3μ
which can be used to set bounds on the scalar masses in
our 3HDM.
The paper is structured as follows. In Sec. II we develop a

model with LFT that leads to realistic fermion masses and
mixings. In Sec. III we analyze the breaking of the Z3 group
associated with LFTand its consequences for Higgs decays.
In particular we focus on the h → μτ channel explaining
the recent 2.4σ anomaly and summarize predictions of our
model for other rare LFV processes. The h → γγ rate is
considered in Sec. IV and a summary is given in Sec. V.

II. THE MODEL

A. Charged leptons

In the following we use the charged lepton sector as a
starting point to introduce the relevant scalar content. Some
of the additional scalars needed to accommodate quarks
and neutrinos have an effect on the lepton phenomenology,
which we can exploit to explain the excess in h → μτ
reported by CMS, as will be discussed in Sec. III. The
particle assignments relevant for the charged lepton sector
in the notation ðS4; SUð2Þ; Z12Þ are
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L ¼ ðLe; Lμ; LτÞ∶ ð30; 2; 1Þ; τR∶ ð1; 1;−iÞ;

ðeR; μRÞ∶
�
2; 1; e

7iπ
6

�
;

ϕ ¼ ðϕ1;ϕ2;ϕ3Þ∶ ð30; 2; 1Þ; η1∶
�
1; 1; e

iπ
6

�
;

η2∶
�
10; 1; eiπ

6

�
: ð1Þ

The scalar fields ϕjðj ¼ 1; 2; 3Þ and the left-handed
fermion SUð2Þ doublets are both assigned to an S4 triplet
representation 30. The former break the electroweak (EW)
symmetry of the SM by spontaneously acquiring VEVs
at the EW scale. Such models are usually referred to as
three-Higgs-doublet models (3HDMs) and have been
extensively analyzed in the past, e.g., in [22,23].
To describe the hierarchy among the charged fermion

masses, we introduce two EW scalar singlets, η1 and η2. For
the VEVs of η1;2 we assume vη1;2 ¼ λΛ with λ ≈ 0.22,
where Λ is a high scale defining the breakdown of our
effective theory. By choosing suitable Z12 charges, we
ensure that the tau and muon mass arise from seven and
nine dimensional Yukawa terms, respectively. The small-
ness of the electron mass on the other hand is explained by
the destructive interference between the contributions
coming from the nine dimensional Yukawa operators
and by a small breaking of the universality of the
corresponding Yukawa couplings. The Z12, therefore,
functions as a Froggatt–Nielson-like symmetry by creating
mass hierarchies in the lepton and quark sector with Oð1Þ
Yukawa couplings [24].
As a consequence of the particle assignments given in

Eq. (1) the scalar potential VðϕÞ involving only the ϕ field
is the general S4-invariant scalar potential of a 3HDM [23].
Since the singlet scalars are assumed to be very heavy, the
mixing between ϕi and η1;2 is suppressed. For simplicity
we also assume a CP-conserving scalar potential with only
real couplings as done in, e.g., [25]. The renormalizable
low-energy scalar potential is

VðϕÞ ¼ −μ21
X3
i¼1

ϕ†
iϕi þ α

�X3
i¼1

ϕ†
iϕi

�
2

þ
X3

i;j¼1;i≠j
ðβðϕ†

iϕiÞðϕ†
jϕjÞ þ γjϕ†

iϕjj2 þ δðϕ†
iϕjÞ2Þ

ð2Þ

with the low-energy scalar content given by

ϕj ¼
�
ϕþ
j ;

1ffiffiffi
2

p
�

vffiffiffi
3

p þ ϕ0
jR þ iϕ0

jI

��
: ð3Þ

It includes three CP-even neutral scalars ϕ0
jRðj ¼ 1; 2; 3Þ

and three CP-odd neutral scalars ϕ0
jI, as well as three

complex charged scalars (ϕþ
j ), of which three degrees of

freedom are absorbed by the W� and Z gauge boson
masses. The corresponding physical mass spectrum reads

m2
ϕ0
ða;bÞR

¼ −
v2

3
κ; m2

ϕ0
cR
¼ v2

3
ð3αþ 2κÞ;

m2
ϕ0
ða;bÞI

¼ −v2δ; m2
ϕ�
a;b

¼ −v2ðκ − βÞ;
m2

ϕ0
cI
¼ 0; m2

ϕ�
c
¼ 0; ð4Þ

with κ≔β þ γ þ δ.
The mass eigenstates ϕa;b;c are given by the following

linear combinations of the S4 basis scalars ϕ1;2;3:

ϕa ¼
1ffiffiffi
2

p ðϕ3 − ϕ2Þ;

ϕb ¼
1ffiffiffi
6

p ð2ϕ1 − ϕ2 − ϕ3Þ;

ϕc ¼
1ffiffiffi
3

p ðϕ1 þ ϕ2 þ ϕ3Þ: ð5Þ

These equations hold for the charged, CP-even and
CP-odd components of ϕ, and they imply that

hϕai ¼ hϕbi ¼ 0 and hϕci ¼ v: ð6Þ

The fact that ϕc is the only mass eigenstate from the S4
triplet acquiring a VEV proves essential for LFT. Along
with the degeneracy of the scalars ϕ0

ða;bÞR [cf. Eq. (4)], it

suggests that ϕ0
cR can be identified as the SM Higgs particle

found at the LHC with a mass of approximately 125 GeV.
Using Eq. (5) we obtain the three- and four-point vertices

of the physical scalars and the gauge bosonsW�, Z0 and A
from the kinetic terms of the Lagrangian. In the case of the
three-point interactions, the only induced decay channels
are ϕ0

cR → WþW− and ϕ0
cR → ðZ0Þ2. Hence, the SM-like

Higgs ϕ0
cR is the only physical scalar giving masses to the

SM gauge bosons with SM couplings. As a consequence,
the masses of the neutral scalars ϕ0

ða;bÞR are not constrained

by the usual Higgs searches performed in the LEP and LHC
experiments [26,27].
The relevant S4 ⊗ Z12-invariant Yukawa terms for the

charged leptons,

L ⊃ y1½Lϕ�1τR
η31 þ ε0η1η

2
2

Λ3

þ y2½Lϕ�2
�
eR
μR

�
η51 þ ε1η

3
1η

2
2 þ ε2η1η

4
2

Λ5

þ y3½Lϕ�2
�
eR
μR

�
η52 þ ε3η

3
2η

2
1 þ ε4η2η

4
1

Λ5
; ð7Þ

lead to the following mass matrix for charged leptons:
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Ml ¼
1ffiffiffi
2

p

0
B@ v1ð~y2 − ~y3Þλ5 v1ð~y2 þ ~y3Þλ5 v1 ~y1λ3

v2ω2ð~y2 − ~y3Þλ5 v2ωð~y2 þ ~y3Þλ5 v2 ~y1λ3

v3ωð~y2 − ~y3Þλ5 v3ω2ð~y2 þ ~y3Þλ5 v3 ~y1λ3

1
CA

ð8Þ

¼ v
1ffiffiffi
6

p

0
B@ 1 1 1

ω2 ω 1

ω ω2 1

1
CAdiagðð~y2 − ~y3Þλ5; ð~y2þ ~y3Þλ5; ~y1λ3Þ;

ð9Þ
with v1 ¼ v2 ¼ v3 ¼ vffiffi

3
p , ω ¼ e2iπ=3 and ~y1, ~y2, ~y3 given by

~y1 ¼ ð1þ ε0Þy1;
~y2 ¼ ð1þ ε1 þ ε2Þy2;
~y3 ¼ ð1þ ε3 þ ε4Þy3; ð10Þ

where the dimensionless couplings y1, y2, y3, ε0, ε1, ε2, ε3
and ε4 are Oð1Þ parameters. Consequently, the charged
lepton masses are

me ¼ ð~y2 − ~y3Þλ5
vffiffiffi
2

p ;

mμ ¼ ð~y2 þ ~y3Þλ5
vffiffiffi
2

p ;

mτ ¼ ~y1λ3
vffiffiffi
2

p : ð11Þ

The mass hierarchy me, mμ ≪ mτ, therefore, is a natural
consequence of our model.
Equation (8) shows a characteristic feature of LFT that

the mass basis of the charged leptons coincides with the Z3

basis; i.e., the charged lepton fields can be identified as Z3

eigenstates e ∼ 1, μ ∼ ω2, τ ∼ ω.
The structures for the couplings of the charged leptons to

the physical scalars ϕ0
aR, ϕ

0
bR and ϕ0

cR are given by

YðaÞb ¼ ðiÞ 1

v
ffiffiffi
2

p

0
B@

0 mμω
2 ð−Þmτω

ð−Þmeω 0 mτω
2

meω
2 ð−Þmμω 0

1
CA;

Yc ¼
1

v

0
B@me 0 0

0 mμ 0

0 0 mτ

1
CA; ð12Þ

where the factors in parentheses apply only to the structure
of Ya. As can be seen from Eq. (12), ϕc only couples
diagonally to the charged leptons and, hence, should be
uncharged under Z3. This can be understood by expressing
the fields ϕa;b;c in terms of the Z3 eigenstates,

0
B@ϕx

ϕy

ϕz

1
CA ¼ 1ffiffiffi

3
p

0
B@ 1 1 1

1 ω2 ω

1 ω ω2

1
CA
0
B@ϕ1

ϕ2

ϕ3

1
CA with

ϕx;y;z ∼ 1;ω;ω2; ð13Þ

and consequently realizing that

ϕc ≡ ϕx;

ϕb ≡ 1ffiffiffi
2

p ðϕy þ ϕzÞ;

ϕa ≡ 1ffiffiffi
2

p ðϕy − ϕzÞ: ð14Þ

Considering that ϕc is the only mass eigenstate from the
ϕS4 triplet that acquires a VEV [cf. Eq. (6)], Z3 remains
unbroken at this point.

B. Neutrino sector

To generate the neutrino masses via a type I seesaw
mechanism, we extend the SM particle content by two
heavy Majorana neutrinos N1R and N2R as well as four S4
triplets scalar fields χ, ξ, σ and ζ, which are singlets under
SUð2Þ. Additionally, we employ two Z2 symmetries to
enforce a specific mass pattern and decouple the scalars
from interactions with the other fermion sectors. The
corresponding S4 ⊗ Z2 ⊗ Z0

2 ⊗ Z12 assignments are

N1R∶ ð1;−1; 1; 1Þ; N2R∶ ð1;−1;−1; 1Þ;
χ∶ ð30;−1; 1; 1Þ; ξ∶ ð3;−1; 1; 1Þ;
σ∶ ð30;−1;−1; 1Þ; ζ∶ ð3;−1;−1; 1Þ: ð15Þ

Therefore, the relevant S4 ⊗ Z2 ⊗ Z0
2 ⊗ Z12 -invariant

neutrino Yukawa terms read

L ⊃ yðνÞ1 ½Lϕ�30N1R
χ

Λ
þ yðνÞ2 ½Lϕ�3N1R

ξ

Λ
þ yðνÞ3 ½Lϕ�30N2R

σ

Λ
þ yðνÞ4 ½Lϕ�3N2R

ζ

Λ
þ yðνÞ5

Λ
L½ϕχ�30N1R

þ yðνÞ6

Λ
L½ϕξ�30N1R þ yðνÞ7

Λ
L½ϕσ�30N2R þ yðνÞ8

Λ
L½ϕζ�30N2R þM1N̄1RNc

1R þM2N̄2RNc
2R: ð16Þ
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With the VEV patterns of the scalar fields χ, ξ, σ and ζ

hχi ¼ vχð1; 0; 0Þ; hξi ¼ vξð1; 0; 0Þ;
hσi ¼ vσð0; i; 0Þ; hζi ¼ vζð0; 1; 0Þ

ð17Þ

and the simplification

yðνÞ1 ¼ yðνÞ2 ¼ yðνÞ5 ¼ yðνÞ6 ¼ yðνÞ; ð18Þ

it follows that the full 5 × 5 neutrino mass matrix is

MðνÞ
L ¼

�
03×3 MD

ν

ðMD
ν ÞT MR

�
; ð19Þ

where

MD
ν ¼

0
BB@

0 λ½ðyðνÞ4 þ yðνÞ6 Þ − iðyðνÞ3 þ yðνÞ7 Þ�
4λyðνÞ 0

0 λ½ðyðνÞ4 þ yðνÞ6 Þ þ iðyðνÞ3 þ yðνÞ7 Þ�

1
CCA vffiffiffi

3
p

¼

0
B@ 0 aeiτ

b 0

0 ae−iτ

1
CA vffiffiffi

3
p ;

MR ¼
 
M1 0

0 M2

!
;

a ¼ λ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðyðνÞ4 þ yðνÞ6 Þ2 þ ðyðνÞ3 þ yðνÞ7 Þ2

q
;

b ¼ 4λyðνÞ;

tan τ ¼ −
yðνÞ3 þ yðνÞ7

yðνÞ4 þ yðνÞ6

: ð20Þ

Since ðMRÞii ≫ v, the light neutrino mass matrix arises
from a type I seesaw mechanism and is given by

MðνÞ
L ¼MD

ν M−1
R ðMD

ν ÞT ¼

0
B@

a2e2iτ 0 a2

0 b2 M2

M1
0

a2 0 a2e−2iτ

1
CA v2

3M2

¼

0
B@Ae2iτ 0 A

0 B 0

A 0 Ae−2iτ

1
CA ð21Þ

with

A ¼ a2
v2

3M2

; B ¼ b2
v2

3M1

: ð22Þ

It is worth mentioning that the neutrino mass matrix
depends only on three effective parameters, A; B and τ,
of which A and B are inverse proportional to M2 and M1,

respectively. Furthermore, the smallness of the active
neutrino masses arises from their inverse scaling with
the large Majorana neutrino masses as well as from the
quadratic dependence of the neutrino Yukawa couplings,
which is a characteristic feature of the type I seesaw
mechanism. The right handed Majorana neutrinos obtain
large masses due to their Yukawa interactions with EW
scalar singlets, which acquire VEVs much larger than the
electroweak scale.

The squared mass matrixMðνÞ
L ðMðνÞ

L Þ† is diagonalized by
a unitary rotation matrix Vν as follows [28–31]:

V†
νM

ð1Þ
ν ðMð1Þ

ν Þ†Vν ¼

0
B@m2

1 0 0

0 m2
2 0

0 0 m2
3

1
CA; with

Vν ¼

0
B@ cosψ 0 sinψe−iϕ

0 1 0

− sinψeiϕ 0 cosψ

1
CA;

ψ ¼ � π

4
; ϕ ¼ −2τ; ð23Þ

where ψ ¼ þπ=4 and ψ ¼ −π=4 correspond to the normal
(NH) and inverted (IH) mass hierarchies, respectively. The
light active neutrino masses for NH and IH are

NH∶ ψ ¼þπ

4
∶ mν1 ¼ 0; mν2 ¼B; mν3 ¼ 2jAj; ð24Þ

IH∶ ψ ¼ −
π

4
∶ mν1 ¼ 2jAj; mν2 ¼ B; mν3 ¼ 0: ð25Þ

By combining Eqs. (8) and (23), we obtain the PMNS
leptonic mixing matrix

U¼ V†
lLVν ¼

0
BBBBBBBB@

cosψffiffi
3

p − eiϕ−
2iπ
3 sinψffiffi
3

p e
2iπ
3ffiffi
3

p e−
2iπ
3 cosψffiffi

3
p þ e−iϕ sinψffiffi

3
p

cosψffiffi
3

p − eiϕþ
2iπ
3 sinψffiffi
3

p e−
2iπ
3ffiffi
3

p e
2iπ
3 cosψffiffi

3
p þ e−iϕ sinψffiffi

3
p

cosψffiffi
3

p − eiϕ sinψffiffi
3

p 1ffiffi
3

p cosψffiffi
3

p þ e−iϕ sinψffiffi
3

p

1
CCCCCCCCA
;

ð26Þ

which only depends on a single parameter ϕ, whereas the
neutrino mass squared splittings are determined by the
parameters A and B.
Furthermore, we find that the lepton mixing angles are

given by

sin2θ12 ¼
jUe2j2

1 − jUe3j2
¼ 2

4� ðcosϕ −
ffiffiffi
3

p
sinϕÞ ; ð27Þ
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sin2θ13 ¼ jUe3j2 ¼
1

6
½2∓ðcosϕ −

ffiffiffi
3

p
sinϕÞ�; ð28Þ

sin2θ23 ¼
jUμ3j2

1 − jUe3j2
¼ 2∓ðcosϕþ ffiffiffi

3
p

sinϕÞ
4� ðcosϕ −

ffiffiffi
3

p
sinϕÞ : ð29Þ

The Jarlskog invariant and the CP-violating phase are
given by [32]

J ¼ ImðUe1Uμ2U�
e2U

�
μ1Þ ¼

1

6
ffiffiffi
3

p cos 2ψ ;

sin δ ¼ 8J
cos θ13 sin 2θ12 sin 2θ23 sin 2θ13

: ð30Þ

Since ψ ¼ � π
4
, we predict J ¼ 0 and δ ¼ 0, which

corresponds to CP conservation in neutrino oscillations.
In what follows we adjust the three free effective

parameters ϕ, A and B of the light neutrino sector to
accommodate the experimental values of three leptonic
mixing parameters and two neutrino mass squared split-
tings, reported in Tables I and II for NH and IH, respec-
tively. We fit the ϕ parameter to adjust the values of the
leptonic mixing parameters sin2 θij, whereas A and B are
given by

NH∶ mν1 ¼ 0;

mν2 ¼ B ¼
ffiffiffiffiffiffiffiffiffiffiffi
Δm2

21

q
≈ 9 meV;

mν3 ¼ 2jAj ¼
ffiffiffiffiffiffiffiffiffiffiffi
Δm2

31

q
≈ 50 meV; ð31Þ

IH∶ mν2 ¼ B ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δm2

21 þ Δm2
13

q
≈ 50 meV;

mν1 ¼ 2jAj ¼
ffiffiffiffiffiffiffiffiffiffiffi
Δm2

13

q
≈ 49 meV;

mν3 ¼ 0; ð32Þ

resulting from Eqs. (24) and (25), the definition Δm2
ij ¼

m2
i −m2

j , and the best-fit values of Δm2
ij from Tables I and

II for NH and IH, respectively.
By varying ϕ we obtain the following best-fit result:

NH∶ ϕ ¼ −0.453π; sin2θ12 ≈ 0.34;

sin2θ23 ≈ 0.61; sin2θ13 ≈ 0.0232; ð33Þ

IH∶ ϕ ¼ 0.546π; sin2θ12 ≈ 0.34;

sin2θ23 ≈ 0.61; sin2θ13 ≈ 0.024: ð34Þ

Comparing Eqs. (33) and (34) with Tables I and II, we
obtain sin2 θ13 and sin2 θ23 in excellent agreement with the
experimental data, for both mass hierarchies, whereas
sin2 θ12 deviates 2σ away from its best-fit values.
Consequently, our predictions for the neutrino mass
squared splittings and leptonic mixing parameters are in
very good agreement with the experimental data on
neutrino oscillations. Furthermore, our model predicts
the absence of CP violation in neutrino oscillations.

C. Quark sector

To obtain realistic quark masses and mixings we add SM
scalar singlets, i.e., two S4 triplets, ρ and φ, and three S4
singlets, Ω1, Ω2 and Ω3. Again we use a Z00

2 symmetry to
decouple these scalars from the other fermion sectors,
whereas a Z6 symmetry accounts for the top and bottom
mass hierarchy. The S4 ⊗ Z00

2 ⊗ Z6 ⊗ Z12 assignments are

TABLE II. Range for experimental values of neutrino mass squared splittings and leptonic mixing parameters, taken from Ref. [33],
for the case of inverted hierarchy.

Parameter Δm2
21ð10−5 eV2Þ Δm2

13ð10−3 eV2Þ ðsin2 θ12Þexp ðsin2 θ23Þexp ðsin2 θ13Þexp
Best fit 7.60 2.38 0.323 0.573 0.0240
1σ range 7.42–7.79 2.32–2.43 0.307–0.339 0.530–0.598 0.0221–0.0259
2σ range 7.26–7.99 2.26–2.48 0.292–0.357 0.432–0.621 0.0202–0.0278
3σ range 7.11–8.11 2.20–2.54 0.278–0.375 0.403–0.640 0.0183–0.0297

TABLE I. Range for experimental values of neutrino mass squared splittings and leptonic mixing parameters, taken from Ref. [33], for
the case of normal hierarchy.

Parameter Δm2
21ð10−5 eV2Þ Δm2

31ð10−3 eV2Þ ðsin2 θ12Þexp ðsin2 θ23Þexp ðsin2 θ13Þexp
Best fit 7.60 2.48 0.323 0.567 0.0234
1σ range 7.42–7.79 2.41–2.53 0.307–0.339 0.439–0.599 0.0214–0.0254
2σ range 7.26–7.99 2.35–2.59 0.292–0.357 0.413–0.623 0.0195–0.0274
3σ range 7.11–8.11 2.30–2.65 0.278–0.375 0.392–0.643 0.0183–0.0297
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tR∶ ð1; 1; 1; 1Þ; cR∶ ð1; 1; 1; 1Þ;
uR∶ ð1; 1; 1;−1Þ; bR∶ ð1; 1;−1; 1Þ;
sR∶ ð1; 1;−1; 1Þ; dR∶ ð1; 1;−1;−1Þ;
Q∶ ð30;−1; 1; 1Þ; ρ∶ ð30;−1; 1; 1Þ;
φ∶ ð3;−1; 1; 1Þ; Ω1∶ ð1; 1; 1; iÞ;

Ω2∶
�
1;−1; 1;ω1

2

�
; Ω3∶

�
1; 1;ω

1
2; 1
�

ð35Þ
with the VEV patterns of the scalar fields ρ, φ, Ω1, Ω2

and Ω3,

hρi ¼ vρði; 0; 0Þ; hφi ¼ vφð1; 0; 0Þ;
hΩ1i ¼ vΩ1

; hΩ2i ¼ vΩ2
eiθΩ ; hΩ3i ¼ vΩ3

: ð36Þ
The Z12 symmetry creates a hierarchy among the columns
of the quark mass matrices which leads to the quark mass

hierarchies observed in experiments without additional
fine-tuning. The relevant S4 ⊗ Z00

2 ⊗ Z6 ⊗ Z12-invariant
Yukawa terms for the up- and down-type quarks are given
in Appendix C. Using the S4 multiplication rules listed in
Appendix A, it follows that the quark mass matrices are
given by

Mq ¼

0
BB@

Cqeiθ1q 0 0

Dqe−iθ2q Eqe−iθ3q Fqe−iθ4q

Dqeiθ2q Eqeiθ3q Fqeiθ4q

1
CCA;

q ¼ U;D: ð37Þ

Then the quark mass matrices satisfy the following
relation:

MqM
†
q ¼

0
BB@

Cqeiθ1q 0 0

Dqe−iθ2q Eqe−iθ3q Fqe−iθ4q

Dqeiθ2q Eqeiθ3q Fqeiθ4q

1
CCA
0
BB@

Cqe−iθ1q Dqeiθ2q Dqe−iθ2q

0 Eqeiθ3q Eqe−iθ3q

0 Fqeiθ4q Fqe−iθ4q

1
CCA ð38Þ

¼

0
BB@

C2
q CqDqeiðθ1qþθ2qÞ CqDqeiðθ1q−θ2qÞ

CqDqe−iðθ1qþθ2qÞ D2
q þ E2

q þ F2
q D2

qe−2iθ2q þ E2
qe−2iθ3q þ F2

qe−2iθ4q

CqDqeiðθ1q−θ2qÞ D2
qe2iθ2q þ E2

qe2iθ3q þ F2
qe2iθ4q D2

q þ E2
q þ F2

q

1
CCA ð39Þ

¼

0
BB@

Xq Yqeiθaq Yqeiθbq

Yqe−iθaq Uq Vqeiθcq

Yqe−iθbq Vqe−iθcq Uq

1
CCA ð40Þ

where Xq, Yq, Vq and Uq are real parameters. For the sake
of simplicity we assume θcq ¼ θbq − θaq, so that the
relevant physical part of the quark mass matrices can be
rewritten as follows:

MqM
†
q ¼ PqJqP

†
q; Pq ¼

0
B@ 1 0 0

0 e−iθaq 0

0 0 e−iθcq

1
CA;

Jq ¼

0
B@Xq Yq Yq

Yq Uq Vq

Yq Vq Uq

1
CA: ð41Þ

The matrix Jq corresponds to a modification of the
Fukuyama-Nishiura texture proposed in [34] and is
diagonalized by an orthogonal matrix Rq as follows:

RqJqRT
q ¼ diagð−m2

q1 ; m
2
q2 ; m

2
q3Þ;

Rq ¼

0
BB@

cq sq 0

− sqffiffi
2

p cqffiffi
2

p − 1ffiffi
2

p

− sqffiffi
2

p cqffiffi
2

p 1ffiffi
2

p

1
CCA; ð42Þ

where:

cq ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

q2 − Xq

m2
q2 þm2

q1

s
; sq ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

q1 þ Xq

m2
q2 þm2

q1

s
ð43Þ

with the quark masses

−m2
q1 ¼

1

2

�
Uq þ Vq þ Xq −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðXq −Uq − VqÞ2 þ 8Y2

q

q �
;

ð44Þ

m2
q2 ¼

1

2

�
Uq þ Vq þ Xq þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðXq −Uq − VqÞ2 þ 8Y2

q

q �
;

ð45Þ

m2
q3 ¼ Uq − Vq: ð46Þ
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Furthermore, for the CKM quark mixing matrix we obtain

K ¼ OT
UPUDOD ¼

0
BB@

cUcD þ 1
2
sUsDðeiϑ þ eiϱÞ cUsD − 1

2
sUcDðeiϑ þ eiϱÞ 1

2
sUðeiϑ − eiϱÞ

sUcD − 1
2
cUsDðeiϑ þ eiϱÞ sUsD þ 1

2
cUcDðeiϑ þ eiϱÞ 1

2
cUðeiϱ − eiϑÞ

1
2
sDðeiϑ − eiϱÞ 1

2
cDðeiϱ − eiϑÞ 1

2
ðeiϑ þ eiϱÞ

1
CCA; ð47Þ

where PUD¼P†
UPD¼diagð1;eiϑ;eiϱÞ, with ϑ ¼ θaU − θaD

and ϱ ¼ θbU − θbD.
Using the values of the quark masses at the MZ scale

shown in Table III and varying the parametersXU;D, ϑ and ϱ
we fit the magnitudes of the CKM matrix elements,
the CP-violating phase and the Jarlskog invariant J to the
experimental values shown in Table IV. The values of the
quarkmasses at theMZ scale have been taken fromRef. [35],
whereas the experimental values of the CKM magnitudes
and the Jarlskog invariant J are taken from Ref. [36].
Using the values

XU ¼ 2.90 × 10−3 GeV2;

XD ¼ 1.38 × 10−4 GeV2;

ϑ ¼ 87.9°; ϱ ¼ 92.6°; ð48Þ
the obtained magnitudes of the CKM matrix elements, the
CP-violating phase and the Jarlskog invariant are in
excellent agreement with the experimental data.

III. Z3 BREAKING

A. Scalar sector

The S4 symmetry of the model is broken down to a
residual Z3 symmetry once the S4 triplet ϕ acquires VEVs
in the direction vð1; 1; 1Þ. However, perturbations can arise
from other scalars without a mechanism to protect the
necessary VEV alignments, e.g., from a scalar triplet χ
acquiring VEVs in the vχð1; 0; 0Þ direction to generate
neutrino masses and mixings [cf. Eqs. (15)–(17)]. These
perturbations are caused by quartic interactions of the form
ðϕ†ϕÞðχ†χÞ that appear in the scalar potential and cannot be
forbidden by a flavor symmetry since the combinations
ϕ†ϕ and χ†χ are always invariant.
In our model the scalar triplet responsible for the charged

lepton masses is ϕ with hϕi ¼ vð1; 1; 1Þ, assigned to ð30; 2Þ
under S4 ⊗ SUð2Þ, whereas several scalars responsible for
mixings in the quark and neutrino sector cause deviations
from this alignment through quartic interactions with ϕ. If
we assume a VEV hierarchy among those scalars to
simplify the discussion, i.e., vρ; vφ ≫ vχ ; vξ; vσ; vζ, the
perturbations coming from scalars involved in neutrino
interactions can be neglected. The remaining fields being

ρ∶ ð30; 1Þ; φ∶ ð3; 1Þ with

hρi ¼ vρði; 0; 0Þ; hφi ¼ vφð1; 0; 0Þ:
Thus, the relevant cross couplings in the scalar potential are

V int ⊃
X

i¼1;2;3;30
ðϕ†ϕÞi½λρiðρ†ρÞi þ λφi

ðφ†φÞi�; ð49Þ

where i ¼ 1; 2; 3; 30 denotes the corresponding S4
contraction. Eventually only the 2-contractions, e.g.,P

3
j;k¼1;j≠k 2jϕjj2jρjj2 − jϕjj2jρkj2, result in perturbations

of the Z3 conserving VEValignment vð1; 1; 1Þ as the other
contractions are invariant under the Z3 conserving
generator after the scalars ρ and φ acquire their VEVs.
Therefore we only need to consider the following terms in
the scalar potential to analyze the breaking of Z3

V int ⊃ ðϕ†ϕÞ2½λρðρ†ρÞ2 þ λφðφ†φÞ2� ð50Þ

¼
X3

j;k¼1;j≠k
jϕjj2½λρð2jρjj2 − jρkj2Þ þ λφð2jφjj2 − jφkj2Þ�:

ð51Þ

TABLE III. Experimental values of the quark masses at theMZ
scale. [35].

Quark masses Experimental Value

mdðMeVÞ 2.9þ0.5
−0.4

msðMeVÞ 57.7þ16.8
−15.7

mbðMeVÞ 2820þ90
−40

muðMeVÞ 1.45þ0.56
−0.45

mcðMeVÞ 635� 86
mtðMeVÞ 172.1� 0.6� 0.9

TABLE IV. Experimental CKM magnitudes and Jarlskog
invariant compared with results obtained from our fit.

Observable Fukuyama like texture Experimental Value

jVudj 0.974 0.97427� 0.00015
jVusj 0.225 0.22534� 0.00065
jVubj 0.00351 0.00351þ0.00015

−0.00014
jVcdj 0.225 0.22520� 0.00065
jVcsj 0.973 0.97344� 0.00016
jVcbj 0.0412 0.0412þ0.0011

−0.0005

jVtdj 0.00867 0.00867þ0.00029
−0.00031

jVtsj 0.0404 0.0404þ0.0011
−0.0005

jVtbj 0.999 0.999146þ0.000021
−0.000046

J 2.96 × 10−5 ð2.96þ0.20
−0.16 Þ × 10−5

δ 69.2° 68°
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Assuming for simplicity that the coupling constants are the
same order of magnitude, i.e., λρ ≈ λφ ≈ λs=2, the VEV
alignment of the triplet ϕ is approximately shifted by a
perturbation ϵ in the following way,

hϕi ¼ vð1þ 2ϵ; 1 − ϵ; 1 − ϵÞ; ð52Þ
where the contributions from ρ and φ are summarized in the
parameter ϵ. Doing so, we adopt a similar approach as in
[10], who recently analyzed a triality model based on an A4

flavor symmetry.
As a consequence, one of the physical Higgs doublets

which was initially inert before the breaking of Z3,
hϕbi ¼ 0, now acquires a small VEV depending on the
size of the perturbation parameter ϵ

0
B@ hϕai

hϕbi
hϕci

1
CA ¼

0
BBB@

0 − 1ffiffi
2

p 1ffiffi
2

pffiffi
2

pffiffi
3

p − 1ffiffi
6

p − 1ffiffi
6

p

1ffiffi
3

p 1ffiffi
3

p 1ffiffi
3

p

1
CCCA
0
BBB@

vffiffi
3

p ð1þ 2ϵÞ
vffiffi
3

p ð1 − ϵÞ
vffiffi
3

p ð1 − ϵÞ

1
CCCA

¼ v

0
B@ 0ffiffiffi

2
p

ϵ

1

1
CA: ð53Þ

Following [10] we use the parametrization

hðϕa;ϕb;ϕcÞTi ¼ vð0; sin θ; cos θÞ; ð54Þ
where θ is given by a combination of parameters from the
scalar potential to account for the deviation from LFT.

From now onwards we will use the abbreviations sin θ≔sθ
and cos θ≔cθ.
The breaking ofZ3 induces newmixing of the doubletsϕb

and ϕc which were initially mass eigenstates. The CP-odd
neutral scalars ϕ0

ðb;cÞ;I and the charged scalars ϕþ
b;c mix via�

H�

π�

�
¼
�

cθ sθ
−sθ cθ

��
ϕ�
b

ϕ�
c

�
and

�
η0I
π0I

�
¼
�

cθ sθ
−sθ cθ

��
ϕ0
b;I

ϕ0
c;I

�
; ð55Þ

where π� and π0I are massless goldstone bosons. In the case
of the CP-even neutral scalars, the situation is more
complicated and the mixing results in a mass splitting of
the scalars which were initially degenerate in mass. The
complete mass spectrum reads

m2
ϕ0
a;I
¼ m2

η0I
¼ −v2δ; m2

π0I
¼ 0; ð56Þ

m2
ϕ�
a
¼ m2

H� ¼ −v2ðκ − βÞ; m2
π� ¼ 0; ð57Þ

m2
ϕ0
a;R

¼ 1

6
v2ð−2þ 2

ffiffiffi
2

p
cθsθ þ s2θÞκ; ð58Þ

m2
h ¼

1

2
ðv2α −m2

ϕ0
a;R
Þ þ Δ;

m2
H ¼ 1

2
ðv2α −m2

ϕ0
a;R
Þ − Δ ð59Þ

with Δ ¼ 1

6
v2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9ðαþ κÞ2 þ 3κsθ½2

ffiffiffi
2

p
cθðαþ κÞ − 3sθð5αþ 3κÞ� þOðs3θÞ

q
: ð60Þ

Note that only the masses of the CP-even scalars depend on the perturbation parameter θ. Hence, Z3 breaking in this
direction does not affect the phenomenology of the CP-odd and charged scalars in our triality model. In the triality limit

θ → 0 the mixing vanishes and the original mass spectrum is recovered with m2
h→
θ→0

m2
ϕ0
c;R

and m2
H→
θ→0

m2
ϕ0
b;R

¼ m2
ϕ0
a;R
.

Therefore the scalar h should play the role of the SM-like Higgs withmh ≈ 125 GeV, whereasH will be a new heavy Higgs
as in regular two-Higgs-doublet models (2HDM). The mixing angle ϑ between the CP-even neutral scalars is defined by�

H

h

�
¼
�

cϑ sϑ
−sϑ cϑ

��
ϕ0
b;R

ϕ0
c;R

�
and ð61Þ

tan 2ϑ ¼ −
4sθð

ffiffiffi
2

p
κsθ − 2cθð3αþ κÞÞ

6ð−1þ 2s2θÞαþ ð−6 − 2
ffiffiffi
2

p
cθsθ þ 11s2θÞκ

ð62Þ
with ϑ → 0 for θ → 0 in the unbroken triality limit. In terms of the scalar masses mh ≈ 125 GeV and mϕ0

a;R
≔ma this is

tan 2ϑ ¼ A
B

with

A ¼ sθðcθð4m2
am2

hs
2
θð2 − 7s2θÞ þ 4m4

hð4þ 4s2θ − 7s4θÞ − 8m4
að2 − 5s2θ þ 3s4θÞÞ

− 4
ffiffiffi
2

p
sθð4m4

hð2 − 3s2θ þ s4θÞ þm2
am2

hð2 − 7s2θ þ 4s4θÞ þm4
að6 − 19s2θ þ 15s4θÞÞÞ;

B ¼ 2m2
am2

hð4 − 16s2θ þ 17s4θ þ 4
ffiffiffi
2

p
cθs5θ − 7s6θÞ þm4

hð−1þ 2s2θÞð4þ 4s2θ − 7s4θ þ 4
ffiffiffi
2

p
cθsθð−2þ s2θÞÞ

þm4
að−4þ 12s2θ − 11s4θ þ 5s6θ − 2

ffiffiffi
2

p
cθsθð4 − 14s2θ þ 13s4θÞÞ: ð63Þ
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Since the mass of the scalar h is fixed, the mixing angle ϑ depends only on two parameters. Here we chose the perturbation
angle θ and the mass of the exotic Higgs ϕ0

a;R. Through the relation m2
a ¼ v2α − ðm2

h þm2
HÞ one can alternatively display

the results in terms of mH, which is the heavy Higgs in our pseudo 2HDM.

B. Consequences for lepton mixing

As a consequence of the perturbed alignment vð0; sθ; cθÞ the mass matrix of the charged leptons takes the form

Ml ¼
vffiffiffi
6

p

0
BBBBB@

ðcθ þ
ffiffiffi
2

p
sθÞð~y2 − ~y3Þλ5 ðcθ þ

ffiffiffi
2

p
sθÞð~y2 þ ~y3Þλ5 ðcθ þ

ffiffiffi
2

p
sθÞ~y1λ3

1
2
ð2cθ −

ffiffiffi
2

p
sθÞð~y2 − ~y3Þλ5ω2 1

2
ð2cθ −

ffiffiffi
2

p
sθÞð~y2 þ ~y3Þλ5ω 1

2
ð2cθ −

ffiffiffi
2

p
sθÞ~y1λ3

1
2
ð2cθ −

ffiffiffi
2

p
sθÞð~y2 − ~y3Þλ5ω 1

2
ð2cθ −

ffiffiffi
2

p
sθÞð~y2 þ ~y3Þλ5ω2 1

2
ð2cθ −

ffiffiffi
2

p
sθÞ~y1λ3

1
CCCCCA ð64Þ

¼ vffiffiffi
2

p 1ffiffiffi
3

p

0
BB@

1 1 1

ω2 ω 1

ω ω2 1

1
CCA

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Uω

0
BBBBB@

cθð~y2 − ~y3Þλ5 sθð~y2þ~y3Þλ5ffiffi
2

p sθ ~y1λ3ffiffi
2

p

sθð~y2−~y3Þλ5ffiffi
2

p cθð~y2 þ ~y3Þλ5 sθ ~y1λ3ffiffi
2

p

sθð~y2−~y3Þλ5ffiffi
2

p sθð~y2þ~y3Þλ5ffiffi
2

p cθ ~y1λ3

1
CCCCCA; ð65Þ

hence with off-diagonal elements that vanish in the limit θ → 0 it is no longer diagonal in the Z3 basis of the charged
leptons. The perturbed charged lepton mass matrix can be diagonalized to a good approximation by

V†
LMlVR ¼ diagðme;mμ; mτÞ ð66Þ

with

VR ≃

0
BBBBB@

1 −
ffiffi
2

p
sθð~y2−~y3Þ
ð~y2þ~y3Þ −

ffiffi
2

p
sθð~y2−~y3Þλ2

~y1ffiffi
2

p
sθð~y2−~y3Þ
ð~y2þ~y3Þ 1 −

ffiffi
2

p
sθð~y2þ~y3Þλ2

~y1ffiffi
2

p
sθð~y2−~y3Þλ2

~y1

ffiffi
2

p
sθð~y2þ~y3Þλ2

~y1
1

1
CCCCCA; VL ≃UωRO23ðθÞRTO12ðαLÞ; R ¼

0
BBB@

− 1ffiffi
2

p 1ffiffi
2

p 0

1ffiffi
2

p 1ffiffi
2

p 0

0 0 1

1
CCCA; ð67Þ

where Oij are rotation matrices in the ij-plane and

tan 2αL ¼ sθð4
ffiffiffi
2

p
c3θ þ 12

ffiffiffi
2

p
cθ − 7s3θ − 3sθÞ

10c3θ þ 6cθ þ 8
ffiffiffi
2

p
sθ3

: ð68Þ

Using the rotation matrices [Eq. (67)] we find the charged lepton Yukawa couplings yll0 ðl; l0 ¼ e; μ; τÞ that eventually
lead to flavor violation in the lepton sector. With

ðL̄1; L̄2; L̄3Þ ¼ ðL̄e; L̄μ; L̄τÞV†
L; ðe1; e2; e3ÞT ¼ VR · ðe; μ; τÞT; ðϕ1;ϕ2;ϕ3ÞT ¼ Us · ðϕa; H; hÞT; ð69Þ

where Us ≡

0
BBBBB@

0
ffiffi
2
3

q
1ffiffi
3

p

− 1ffiffi
2

p − 1ffiffi
6

p 1ffiffi
3

p

1ffiffi
2

p − 1ffiffi
6

p 1ffiffi
3

p

1
CCCCCA ·

0
B@ 1 0 0

0 cϑ −sϑ
0 sϑ cϑ

1
CA; ð70Þ

we can identify the coefficients of hlLl0R as the Yukawas yll0 . In leading order, i.e., me ≪ mμ ≪ mτ, the dominant flavor
violating couplings are
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yeτ ≃ −
mτ

v
ðcαL − sαLÞsϑþθ; ð71Þ

yμτ ≃ −
mτ

v
ðcαL þ sαLÞsϑþθ; ð72Þ

yeμ ≃mμ

4v
ð2cϑðcαLðcθ − 2sθ2 − 1Þ − sαLðcθ − 2sθ2 þ 1ÞÞ

− sϑðcαLðcθð4sθ þ
ffiffiffi
2

p
Þ − 2sθ þ

ffiffiffi
2

p
Þ

þ sαLð−cθð4sθ þ
ffiffiffi
2

p
Þ þ 2sθ þ

ffiffiffi
2

p
ÞÞÞ: ð73Þ

The remaining off-diagonal couplings are negligibly small
and therefore irrelevant for the discussion

yτe ≪ yeτ; yμe ≪ yeμ; yτμ ≪ yμτ; ð74Þ
which means that yμτ dominates the h → μτ decay channel
in our model. The perturbation of the VEV alignment has
an effect on the PMNS mixing matrix that is negligible for
sufficiently small values of θ. This extra contribution
modifies the charged lepton contribution to the PMNS
mixing matrix as follows

VL ¼ UωWL with

WL ≃

0
BBB@

1 θffiffi
2

p − 3θ2

4
θffiffi
2

p

− θffiffi
2

p þ 3θ2

4
1 θffiffi

2
p

− θffiffi
2

p − θffiffi
2

p 1

1
CCCA: ð75Þ

As we will explain in Sec. III C the values required to
explain the h → μτ measurement are in the region jθj ≲
0.10 @ 95% C.L. The leptonic mixing angles on the other
hand stay within their experimentally determined 3σ ranges
for θ < 0.08, but deviations in θ12 quickly become too large
for increasing values of θ. The full PMNS matrix and the
deviations in the mixing angles caused by the perturbation
θ are given in Eqs. (D1) and (D2)–(D5) of Appendix D.
The breaking of Z3 also affects the Jarlskog invariant as

follows,

J ≈
cosð2ψÞ
6
ffiffiffi
3

p

þ 1

12
θð

ffiffiffi
6

p
sinð2ψÞ cosðϕÞ−

ffiffiffi
2

p
sinð2ψÞ sinðϕÞÞ

þ 1

24
θ2ð−3

ffiffiffi
3

p
cosð2ψÞ− sinð2ψÞ sinðϕÞ þ

ffiffiffi
3

p
Þ; ð76Þ

and therefore induces CP violation in neutrino oscillations.
By varying ϕ, for θ ¼ 0.07, we obtain the following

best-fit result:

NH∶ ϕ ¼ −0.446π;

sin2θ12 ≈ 0.375; sin2θ23 ≈ 0.586;

sin2θ13 ≈ 0.0232; J ≈ 1.11 × 10−2; ð77Þ

IH∶ ϕ ¼ 0.553π;

sin2θ12 ≈ 0.375; sin2θ23 ≈ 0.588;

sin2θ13 ≈ 0.0238; J ≈ 1.10 × 10−2: ð78Þ

Since the obtained Jarlskog invariant for both NH and IH is
approximately 10−2, the Z3 symmetry breaking can gen-
erate a sizeable strength of CP violation in neutrino
oscillations for larger θ values.

C. Flavor-violating Higgs decays

As stated in Sec. I, the measurement of h → μτ is
equivalent to a bound on the off-diagonal Yukawa cou-
plings [11]

0.0019ð0.0008Þ<
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jyμτj2þjyτμj2

q
<0.0032ð0.0036Þ@68%ð95%ÞC:L:; ð79Þ

where it is assumed that h → μτ is the only additional
contribution to the SM Higgs decay width. The result
in Eq. (79) is well compatible with the current bounds
Brðτ → μγÞ < 4.4 × 10−8@90%C:L: and Brðτ → eγÞ <
3.3 × 10−8@90% [32]. However, while small compared
to yμτ, yeμ dominates h → eμ and is tightly constrained by
Brðμ → eγÞ < 5.7 × 10−13 [37], which consequently
restricts the allowed values of θ and ma or mH. The
corresponding diagrams mediating these processes in our
model are shown in Fig. 1. Analytically the branching ratio
of l → l0γ is given by [38]

Brðl → l0γÞ ¼ τlαEMm5
l

64π4
ðjcLj2 þ jcRj2Þ; ð80Þ

where cL and cR are the Wilson coefficients. To calculate
cL and cR one-loop (cf. Fig. 1) and two-loop contributions
are taken into account, where the latter can dominate the
branching ratio in certain regions of the parameter space.
The full set of equations is shown in Eqs. (E2)–(E11) of
Appendix E [38,39].
Using Eqs. (63), (68) and (73) we determine numerically

the allowed values of θ and mH that can explain the 2.4σ
anomaly in h → μτ and at the same time respect the bound
on Brðμ → eγÞ, which constraints the yeμ coupling.
Scanning the parameter space for negative and positive

FIG. 1. One-Loop diagrams contributing to l → l0γ. Since
jyllj ≫ jyl0l0 j, the left diagram is the dominating one.
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values of θ, we find that a window opens up for rather light
masses of the extra scalarsH and η in the vicinity of the SM
Higgs mass, leading to overlap of the regions complying
with either Brðμ → eγÞ or Brðh → μτÞ, as shown in
Figs. 2a) and 2b). This is where the contributions of the
Higgs h to Brðμ → eγÞ are partly canceled by the con-
tributions of the neutral scalars H and η, allowing for larger
flavor violating Yukawa couplings in these regions. The
parameter space is practically symmetric around θ ¼ 0, i.e.,
at 68% C.L. (95% C.L.) and mη ¼ 200 GeV

0.002ð0.001Þ < θ < 0.090ð0.104Þ;
126ð126Þ GeV < mH < 204ð214Þ GeV;

−0.004ð−0.001Þ > θ > −0.082ð−0.082Þ;
127ð126Þ GeV < mH < 190ð190Þ GeV: ð81Þ

Using the determined 1σ parameter ranges [Eq. (81)], we
can also make other predictions for rare decays, where by
far the strongest constraints come from the radiative decays
l → l0γ. The flavor violating modes Brðτ → 3μÞ <
2.1 × 10−8, Brðτ → 3eÞ < 2.7 × 10−8 and Brðμ → 3eÞ <
1.0 × 10−12 [32] are approximately

Brðl → 3l0Þ ¼ −
τlα

2
EMm

5
l

72ð2πÞ5
�
12 log

m0
l
2

m2
l

þ 29þ 6 log 4

�
× ðjcLj2 þ jcRj2Þ; ð82Þ

assuming that loop diagrams in the spirit of Fig. 1 (γ decays
into lþl−) dominate over the tree level exchange of a neutral
scalar field [38].

Our predictions for 0.01≲ θ ≲ 0.09, 126 GeV≲mH≲
204 GeVðmη ¼ 200 GeVÞ,

Brðτ → μγÞ ∈ ð0.3 − 1.3Þ × 10−8;

Brðτ → eγÞ ∈ ð0.3 − 1.3Þ × 10−8;

Brðτ → 3μÞ ∈ ð1.9 − 8.1Þ × 10−10;

Brðτ → 3eÞ ∈ ð0.9 − 4.1Þ × 10−9;

Brðh → eτÞ ∈ ð0.4 − 1.2Þ × 10−2;

Brðh → eμÞ ∈ ð1.5 − 4.2Þ × 10−5;

ð83Þ

and −0.08≲ θ ≲ −0.01, 127GeV≲mH ≲ 190 GeV,

Brðτ → μγÞ ∈ ð0.3 − 1.2Þ × 10−8;

Brðτ → eγÞ ∈ ð0.3 − 1.2Þ × 10−8;

Brðτ → 3μÞ ∈ ð2.0 − 7.6Þ × 10−10;

Brðτ → 3eÞ ∈ ð1.1 − 4.1Þ × 10−9;

Brðh → eτÞ ∈ ð0.5 − 1.4Þ × 10−2;

Brðh → eμÞ ∈ ð1.5 − 4.1Þ × 10−5;

ð84Þ

are throughout below the current bounds in these particular
parameter regions, but not too small to be out of reach for
future experiments. A measurement of the h → eτ channel
using the newest LHC data should be the fastest way to rule
out this model in the near future, as our prediction for this
channel is unambiguously connected to h → μτ and
expected to be the same order of magnitude,

FIG. 2 (color online). Parameter values leading to jyμτj required by CMS data on h → μτ in brown (68% C.L.) and yellow (95% C.L.)
for (a) positive and (b) negative θ. Parameter regions shaded in blue are allowed by Brðμ → eγÞ < 5.7 × 10−13. Solid (dashed) lines
mark the 1σð3σÞ intervals of jyμτj, where both regions overlap. Overlap occurs for 0.01≲ θ ≲ 0.09, 126 GeV≲mH ≲ 204 GeV
(68% C.L.) and −0.08≲ θ ≲ −0.01, 127 GeV ≲mH ≲ 190 GeV (68% C.L.) allowing us to explain the excess in h → μτ and at the
same time to comply with the tight bound on Brðμ → eγÞðmη ¼ 200 GeVÞ.
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Brðh → μτÞ
Brðh → eτÞ ≈

jyμτj2
jyeτj2

≈
ðcαL þ sαLÞ2
ðcαL − sαLÞ2

;

which is approximately 1 for small values of θ. Using
Eqs. (30) and (76), we also predict a nonvanishing leptonic
CP phase δLCP ≈ 0.3 at θ ¼ 0.07, the maximal value still in
agreement with the lepton mixing angle θ12.

IV. CONSTRAINTS FROM h → γγ

As shown in the previous section, small Z3 breaking
perturbations allow to successfully accommodate the
experimental CMS data on the h → μτ excess.
Consequently and in order to make definite predictions,
it is reasonable to neglect these perturbations in the
computation of the Higgs diphoton decay rate. In the
SM, the h → γγ decay is dominated by W-loop diagrams
which can interfere destructively with the subdominant top
quark loop. In our 3HDM, the h → γγ decay receives
additional contributions from loops with charged scalars
ϕ�
ða;bÞ, as shown in Fig. 3, and therefore sets bounds on the

masses of these scalars.
The explicit form of the h → γγ decay rate is [40–45]

Γðh → γγÞ ¼ α2emm3
h

256π3v2





Xf
ahffNcQ2

fF1=2ðβfÞ þ F1ðβWÞ

þ
X

s¼a;b

λhϕ�
s ϕ

∓
s
v

2m2
ϕ�
s

F0ðβϕ�
s
Þ




2: ð85Þ

Here βi are the mass ratios βi ¼ m2
h

4M2
i
, with Mi ¼ mf;MW ,

and mϕ�
a;b
, αem is the fine structure constant, NC is the color

factor (NC ¼ 1 for leptons, NC ¼ 3 for quarks), and Qf is
the electric charge of the fermion in the loop. From the
fermion-loop contributions we consider only the dominant
top quark term. Furthermore, λhϕ�

s ϕ
∓
s
is the trilinear cou-

pling between the SM-like Higgs and a pair of charged

Higgses, which in the case of an exact Z3 symmetry is
given by

λhϕ�
s ϕ

∓
s
¼ 2

3
ð3αþ 2β − γ − δÞv ¼

2ðm2
h −m2

ϕ�
s
Þ

v
;

s ¼ a; b: ð86Þ

The dimensionless loop factors F1=2ðβÞ and F1ðβÞ can be
found in Eqs. (F3)–(F4) of Appendix F.
In what follows we determine the range of values for the

charged Higgs boson masses mϕ�
a;b

which are consistent

with the h → γγ results at the LHC. To this end, we
introduce the ratio Rγγ , which normalizes the γγ signal
predicted by our model relative to that of the SM:

Rγγ ¼
σðpp → hÞΓðh → γγÞ

σðpp → hÞSMΓðh → γγÞSM
≃ a2htt

Γðh → γγÞ
Γðh → γγÞSM

; ð87Þ

where ahtt is the deviation of the Higgs-top quark coupling
with respect to the SM. Here we set ahtt to be equal to one
as in the SM based on the fact that in our model single
Higgs production is also dominated by gluon fusion. The
normalization given by Eq. (87) for h → γγ was also used
in Refs. [46–48].
The ratio Rγγ has been measured by CMS and ATLAS

with the best-fit signals [49,50]

RCMS
γγ ¼ 1.14þ0.26

−0.23 and RATLAS
γγ ¼ 1.17� 0.27; ð88Þ

which are used to limit the charged scalar masses contrib-
uting to h → γγ. Figure 4 shows the sensitivity of the ratio
Rγγ under variations of the charged Higgs masses mϕ�

s

(s ¼ a; b), between 200 GeV and 1 TeV. We consider
charged Higgs boson masses larger than 200 GeV to ensure

FIG. 3. One-loop Feynman diagrams in the unitary gauge contributing to the h → γγ decay.
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they are in the region above the W�h threshold, as done in
Ref [51]. The ratio Rγγ slowly increases when the charged
Higgs boson masses are increased. Requiring that the h →
γγ signal stays within the range 1.14≲ Rγγ ≲ 1.17 (the
central values of the recent CMS and ATLAS results,
respectively), yields the bound 200 GeV≲mϕ�

a;b
≲

205 GeV for the charged Higgs boson masses. However,
considering the experimental errors of the measurements,
the parameter space consistent with the Higgs diphoton
signal becomes larger, i.e., masses in the range 200 GeV≲
mϕ�

a;b
≲ 1 TeV can successfully account for the h → γγ rate

observed at the LHC. The scalar sector can be constrained
further from the analysis of the T and S parameters, for
details see Appendix B.

V. CONCLUSIONS

In summary, we have presented a 3HDM with LFT,
where strongly constrained FCNCs are suppressed by
virtue of a residual Z3 symmetry. A small breaking of
the Z3 symmetry can give rise to LFV Higgs decays,
occuring naturally in our model due to SUð2Þ singlet
scalars in the scalar potential. Furthermore, a small break-
ing of the Z3 symmetry also gives rise to CP violation in
neutrino oscillations. We obtain a sizable branching ratio
particularly in the flavor violating h → μτc channel,
accounting for the 2.4σ deviation from the SM as indicated
by recent CMS results. This is a consequence of mixing
between an SM-like Higgs with a nonstandard neutral
scalar that can decay into flavor violating final states. If
the extra neutral scalars are light, they can partly cancel
Higgs loop contributions to l → l0γ, allowing for large
flavor violating Yukawa couplings. We thus also expect
large branching fractions for h → eμ and h → eτ in our
model, where the latter will be a decisive measurement

for its exclusion. Furthermore, the h → γγ rate measured
by ATLAS and CMS favors charged Higgs boson
masses of less than 205 GeV, but the large experimental
uncertainties still allow for masses of up to 1 TeV in
our model.
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APPENDIX A: S4 SYMMETRY

S4, the group of permutations of four objects, contains
five irreducible representations 1; 10; 2; 3; 30 obeying the
following tensor product rules [52]:

3 ⊗ 3 ¼ 1⊕2⊕3⊕30;

30 ⊗ 30 ¼ 1⊕2⊕3⊕30;

3 ⊗ 30 ¼ 10⊕2⊕3⊕30; ðA1Þ

2 ⊗ 2 ¼ 1⊕10⊕2;

2 ⊗ 3 ¼ 3⊕30;

2 ⊗ 30 ¼ 30⊕3; ðA2Þ

3 ⊗ 10 ¼ 30;

30 ⊗ 10 ¼ 3;

2 ⊗ 10 ¼ 2: ðA3Þ

Explicitly, the basis used in this paper corresponds to
Ref. [52] and results in

ðAÞ3 × ðBÞ3 ¼ ðA · BÞ1 þ
�

A · Σ ·B

A · Σ� ·B

�
2

þ

0
BB@

fAyBzg
fAzBxg
fAxByg

1
CCA

3

þ

0
BB@

½AyBz�
½AzBx�
½AxBy�

1
CCA

30

; ðA4Þ

ðAÞ30 × ðBÞ30 ¼ ðA ·BÞ1 þ
�

A · Σ · B

A · Σ� · B

�
2

þ

0
BB@

fAyBzg
fAzBxg
fAxByg

1
CCA

3

þ

0
BB@

½AyBz�
½AzBx�
½AxBy�

1
CCA

30

; ðA5Þ

m
a , b

GeV

R

200 400 600 800 1000

1.14

1.16

1.18

1.20

FIG. 4 (color online). The ratio Rγγ as a function of the charged
Higgs masses mϕ�

s
(s ¼ a; b) for ahtt ¼ 1. The horizontal

lines are the Rγγ experimental values given by CMS and
ATLAS, which are equal to 1.14þ0.26

−0.23 and 1.17� 0.27,
respectively [49,50].
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ðAÞ3 × ðBÞ30 ¼ ðA ·BÞ10 þ
�

A · Σ ·B

−A · Σ� · B

�
2

þ

0
BB@

fAyBzg
fAzBxg
fAxByg

1
CCA

30

þ

0
BB@

½AyBz�
½AzBx�
½AxBy�

1
CCA

3

; ðA6Þ

ðAÞ2 × ðBÞ2 ¼ fAxByg1 þ ½AxBy�10 þ
�
AyBy

AxBx

�
2

; ðA7Þ

�
Ax

Ay

�
2

×

0
B@Bx

By

Bz

1
CA

3

¼

0
B@

ðAx þ AyÞBx

ðω2Ax þ ωAyÞBy

ðωAx þ ω2AyÞBz

1
CA

3

þ

0
B@

ðAx − AyÞBx

ðω2Ax − ωAyÞBy

ðωAx − ω2AyÞBz

1
CA

30

; ðA8Þ

�
Ax

Ay

�
2

×

0
B@Bx

By

Bz

1
CA

30

¼

0
B@

ðAx þ AyÞBx

ðω2Ax þ ωAyÞBy

ðωAx þ ω2AyÞBz

1
CA

30

þ

0
B@

ðAx − AyÞBx

ðω2Ax − ωAyÞBy

ðωAx − ω2AyÞBz

1
CA

3

; ðA9Þ

with

A · B ¼ AxBx þ AyBy þ AzBz; ðA10Þ

fAxByg ¼ AxBy þ AyBx; ðA11Þ

½AxBy� ¼ AxBy − AyBx; ðA12Þ

A · Σ · B ¼ AxBx þ ωAyBy þ ω2AzBz; ðA13Þ

A · Σ� ·B ¼ AxBx þ ω2AyBy þ ωAzBz; ðA14Þ

where ω ¼ e2πi=3 is a complex square root of unity.

APPENDIX B: T AND S PARAMETER
CONSTRAINTS

The inclusion of the extra scalar particles modifies the
oblique corrections of the SM, the values which have been
extracted from high precision experiments. Consequently,
the validity of the different flavor models that we are
considering depends on the condition that the extra
particles do not contradict those experimental results.
These oblique corrections are parametrized in terms of
the two well-known quantities T and S. The T parameter is
defined as [53–56]

T ¼ Π33ð0Þ − Π11ð0Þ
M2

WαemðmZÞ
; ðB1Þ

where Π11ð0Þ and Π33ð0Þ are the vacuum polarization
amplitudes at q2 ¼ 0 for loop diagrams having gauge
bosons W1

μ, W1
μ and W3

μ, W3
μ in the external lines,

respectively.
In turn, the S parameter is defined by [53–56]

S ¼ 4sin2θW
αemðmZÞ

g
g0
dΠ30ðq2Þ

dq2






q2¼0

; ðB2Þ

where Π30ðq2Þ is the vacuum polarization amplitude for a
loop diagram having W3

μ and Bμ in the external lines.
The Feynman diagrams contributing to the T and S

parameters are shown in Figs. 5 and 6.
We can split the T and S parameters as T ¼ TSM þ ΔT

and S ¼ SSM þ ΔS, where TSM and SSM are the contribu-
tions from the SM, while ΔT and ΔS contain all the
contributions involving the extra particles

TSM ¼ −
3

16πcos2θW
ln
�
m2

h

m2
W

�
;

SSM ¼ 1

12π
ln

�
m2

h

m2
W

�
ðB3Þ

ΔT ≃ 1

16π2v2αemðmZÞ
×
X
f¼a;b

½m2
m2

ϕ�
f

−Hðm2
ϕ0
fI
; m2

ϕ�
f
Þ

þHðm2
ϕ0
fR
; m2

ϕ0
fI
Þ −Hðm2

ϕ0
fR
; m2

ϕ�
f
Þ� ðB4Þ

ΔS≃ 1

12π

X
f¼a;b

Kðm2
ϕ0
fR
; m2

ϕ0
fI
; m2

ϕ�
f
Þ; ðB5Þ

where we introduced the following functions [57]:

Hðm2
1; m

2
2Þ ¼

m2
1m

2
2

m2
1 −m2

2

ln

�
m2

1

m2
2

�
;

lim
m2→m1

Hðm2
1; m

2
2Þ ¼ m2

1: ðB6Þ

Kðm2
1; m

2
2; m

2
3Þ ¼

1

ðm2
2 −m2

1Þ3
�
m4

1ð3m2
2 −m2

1Þ ln
�
m2

1

m2
3

�

−m4
2ð3m2

1 −m2
2Þ ln

�
m2

2

m2
3

�

−
1

6
½27m2

1m
2
2ðm2

1 −m2
2Þ þ 5ðm6

2 −m6
1Þ�
�
:

ðB7Þ

The experimental results on T and S restrict ΔT and ΔS
to lie inside a region in the ΔS-ΔT plane. At the 95% C.L.
(confidence level), these regions are the elliptic contours
shown in Fig. 7. The origin ΔS ¼ ΔT ¼ 0 corresponds to
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FIG. 6. One-loop Feynman diagrams contributing to the S parameter.

FIG. 5. One-loop Feynman diagrams contributing to the T parameter.
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the SM value, with mh ¼ 125.5 GeV and mt ¼ 176 GeV.
One can consider a scenario in which the heavy neutralCP-
even and neutral CP-odd scalars are degenerate. For a mass
of mϕ0

ða;bÞI
¼ mϕ0

ða;bÞR
¼ 130 GeV, consistency with the T

and S parameters confines the masses of the charged scalars
to 130 GeV ≤ mϕ�

ða;bÞ
≤ 196 GeV, whereas for

mϕ0
ða;bÞI

¼ mϕ0
ða;bÞR

¼ 600 GeV, the charged scalar masses

are in the range 600 GeV ≤ mϕ�
ða;bÞ

≤ 672 GeV while for

mϕ0
ða;bÞI

¼mϕ0
ða;bÞR

¼1TeV, the masses of the charged scalars

range between 925 and 990 GeV. In Figs. 7(a)–7(c) we
show the allowed regions for the ΔT and ΔS parameters,
for the three sets of values of mϕ0

ða;bÞI
and mϕ0

ða;bÞR
previously

indicated. The line going upwards inside the ellipses
corresponds to the several ðΔS;ΔTÞ points of the model
when the charged scalar masses are varied inside the
interval previously specified.

APPENDIX C: QUARK MASSES AND MIXINGS

The relevant S4 ⊗ Z00
2 ⊗ Z6 ⊗ Z12 -invariant Yukawa terms for the up-type quark sector are

LðUÞ ¼ yðtÞ1 ½Qϕ�30tR
ρ

Λ
þ yðtÞ2

Λ
Q½ϕρ�30 tR þ yðtÞ3 ½Qϕ�30 tR

ρ

Λ
þ yðtÞ4

Λ
Q½ϕρ�30tR

þ xðtÞ1 ½Qϕ�3tR
φ

Λ
þ xðtÞ2

Λ
Q½ϕφ�30 tR þ xðtÞ3 ½Qϕ�3tR

φ

Λ
þ xðtÞ4

Λ
Q½ϕφ�30 tR

þ yðcÞ1 ½Qϕ�30cR
ρ

Λ
þ yðcÞ2

Λ
Q½ϕρ�30cR þ yðcÞ3 ½Qϕ�30cR

ρ

Λ
þ yðcÞ4

Λ
Q½ϕρ�30cR

þ xðcÞ1 ½Qϕ�3cR
φ

Λ
þ xðcÞ2

Λ
Q½ϕφ�30cR þ xðcÞ3 ½Qϕ�3cR

φ

Λ
þ xðcÞ4

Λ
Q½ϕφ�30cR þ xðuÞ0 ½Qϕ�1uR

Ω3
2

Λ3

þ yðuÞ1 ½Qϕ�30uR
ρΩ2

1

Λ3
þ yðuÞ2 Q½ϕρ�30uR

Ω2
1

Λ3
þ yðuÞ3 ½Qϕ�30uR

ρΩ2
1

Λ4
þ yðuÞ4

Λ
Q½ϕρ�30uR

Ω2
1

Λ3

þ xðuÞ1 ½Qϕ�30uR
φΩ2

1

Λ3
þ xðuÞ2 Q½ϕφ�30uR

Ω2
1

Λ3
þ xðcÞ3 ½Qϕ�3uR

φ

Λ
þ xðcÞ4

Λ
Q½ϕφ�30uR

Ω2
1

Λ3
ðC1Þ

and for the down-type quarks
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FIG. 7 (color online). TheΔS-ΔT plane, where the ellipses denote the experimentally allowed region at 95% C.L. taken from [58–60].
The origin ΔS ¼ ΔT ¼ 0 corresponds to the SM value, with mh ¼ 125.5 GeV and mt ¼ 176 GeV. Figures (a), (b) and (c) correspond
to two different sets of values for the masses of the neutral non-SM Higgs bosons, as indicated. The mass mϕ�

ða;bÞ
of the charged Higgs

bosons varies between 130 GeV ≤ mϕ�
ða;bÞ

≤ 196 GeV [Fig. 7(a)], 600 GeV ≤ mϕ�
ða;bÞ

≤ 672 GeV [Fig. 7(b)], 925 GeV ≤ mϕ�
ða;bÞ

≤
990 GeV [Fig. 7(c)]. The lines originating in the center of the plot and running up towards the ellipses correspond to the obtained values
of the ΔT and ΔS parameters in our model, as the charged Higgs boson masses are varied in the aforementioned ranges.
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LðDÞ
1 ¼ yðbÞ1 ½Qϕ�30bR
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APPENDIX D: PMNS MATRIX AFTER Z3 BREAKING

The PMNS matrix receives corrections caused by the perturbation of the VEV alignment. These are approximately
given by

U ≃

0
BBBBB@
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3 sinψffiffi
3

p e
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whereas the deviations in the mixing angles caused by the perturbation θ are accounted for by

sin2θ12 ¼
ð− 3θ2

8
þ θ

2
ffiffi
2

p þ 1
2
Þ2 þ ð− 1

8
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; ðD3Þ
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APPENDIX E: COMPUTATION OF RADIATIVE DECAYS l → l0γ

The branching ratio of l → l0γ is

Brðl → l0γÞ ¼ τlαEMm5
l

64π4
ðjcLj2 þ jcRj2Þ; ðE1Þ

where the Wilson coefficients cL;R are calculated up to order two. Because of the strong hierarchy in the Yukawa couplings
in our model jyl0lj ≫ jyll0 j the contributions from cL to Brðl → l0γÞ can be neglected. The one-loop expressions
corresponding to the diagrams in Fig. 1 are given by [38]

c1LoopR ≃ 1

4ml

Z
1

0

δð1 − u − v − wÞ vwmlyl0ly�ll þ ðuþ vÞmlyl0lyll
wm2

s − vwm2
l þ ðuþ vÞm2

l − uvq2
dudvdw ðE2Þ

with s ¼ h;H; ηI;ϕa;R;ϕa;I . Specifically in the case of μ → eγ the two-loop contributions with a top quark and a W boson
running in the loop have to be taken into account as they can dominate the cross section in certain regions of the parameter
space [38,39]. The top-loop analytical expressions are

ctγR ¼ −
8

3
κ
v
mt

yμτ½ReðyttÞfðztsÞ − iImðyttÞgðztsÞ�; ðE3Þ

ctZR ¼ −4κ
ð1 − 4s2θW Þð1 − 8

3
s2θW Þv

16s2θWc
2
θW

yμτ½ReðyttÞ ~fðztsÞ − iImðyttÞ~gðztsÞ� ðE4Þ

with θW ≃ 28.74° and

fðzÞ ¼ z
2

Z
1

0

1 − 2xð1 − xÞ
xð1 − xÞ − z

log
xð1 − xÞ

z
dx; ðE5Þ

gðzÞ ¼ z
2

Z
1

0

1

xð1 − xÞ − z
log

xð1 − xÞ
z

dx; ðE6Þ

hðzÞ ¼ z
2

Z
1

0

1

z − xð1 − xÞ
�
1þ z

z − xð1 − xÞ log
xð1 − xÞ

z

�
dx; ðE7Þ

~fðx; yÞ ¼ yfðxÞ
y − x

þ xfðyÞ
x − y

; ~gðx; yÞ ¼ ygðxÞ
y − x

þ xgðyÞ
x − y

; ðE8Þ

zij ¼
m2

i

m2
j

and κ ¼ α

2
ffiffiffi
2

p
π
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v
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: ðE9Þ
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The W-loop expressions on the other hand are

cWγ
R ¼ κyμτ

�
3fðzWsÞ þ

�
5þ 3

4

�
gðzWsÞ þ

3

4
ÞhðzWsÞ þ

fðzWsÞ − gðzWsÞ
2zWs

�
; ðE10Þ

cWZ
R ¼ κ

1 − 4s2θW
4s2θW

yμτ

�
1

2
ð5 − t2θW Þ ~fðzts; zWZÞ þ

1

2
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þ 3

4
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3

4
hðztsÞ þ

1
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ð1 − t2θW Þð ~fðzts; zWZÞ − ~gðzts; zWZÞÞ

�
: ðE11Þ

The corresponding diagrams of these loop contributions
can be found in, e.g., Fig. 12 of [38].

APPENDIX F: LOOP FACTORS FOR h → γγ

The dimensionless loop factors F1=2ðβÞ and F1ðβÞ (for
spin-1=2 and spin-1 particles in the loop, respectively)
appearing in Eq. (85) are given by [43,45]

F1=2ðβÞ ¼ 2½β þ ðβ − 1ÞfðβÞ�β−2; ðF1Þ

F1ðβÞ ¼ −½2β2 þ 3β þ 3ð2β − 1ÞfðβÞ�β−2; ðF2Þ

F0ðβÞ ¼ −½β − fðβÞ�β−2; ðF3Þ

with

fðβÞ ¼
8<
:

arcsin2
ffiffiffi
β

p
; for β ≤ 1

− 1
4

�
ln

�
1þ

ffiffiffiffiffiffiffiffiffi
1−β−1

p
1−

ffiffiffiffiffiffiffiffiffi
1−β−1

p
�
− iπ

�
2

; for β > 1:
ðF4Þ
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