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Magnetic moments of heavy J* = %* baryons in light cone QCD sum rules
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The magnetic moments of heavy sextet J* = %* baryons are calculated in the framework of the light
cone QCD sum rules method. Linearly independent relations among the magnetic moments of these
baryons are obtained. The results for the magnetic moments of heavy baryons obtained in this work are
compared with the predictions of the other approaches.
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I. INTRODUCTION

The quark model predicts the existence of heavy baryons
composed of single, double and triple quarks. Essential
improvement has been achieved in heavy baryon spectros-
copy in recent years. All baryons with a single charm quark
that are predicted by the quark model have been observed in
experiments. Moreover, heavy baryons with a single
bottom quark, such as A,, ¥,, =, and €, have also been
discovered (for a review see [1]).

These progresses in experiments stimulated future inves-
tigation for the properties of these baryons at LHC, as well
as further theoretical studies on this subject.

Remarkable information about the internal structure
of baryons can be gained by studying their magnetic
moments. Magnetic moments of the heavy baryons have
long been under the focus of theoretical physicists, and
they have been studied in framework of various
approaches. So far, magnetic moments of charmed heavy
baryons have been calculated in framework of the naive
quark model [2,3], relativistic quark model [4], chiral
perturbation model [5], hypercentral model [6], soliton
model [7], skyrmion model [8], bag model [9], QCD sum
rules method [10], nonrelativistic quark model [11], phe-
nomenological relativistic model [12], quark model with
confinement law potential [13], and chiral constituent
quark model, respectively [14].

Magnetic moments of heavy hadrons have also been
studied in numerous works within the QCD sum rules
method. Magnetic moments of the A, and X, baryons have
been calculated in the framework of the traditional QCD
sum rules method in [10]; of the Ay and Z, (Q = corb)
baryons within the light version of the QCD sum rules
method in [15,16], respectively. It should be noted here that
magnetic moments of the spin-3/2 heavy baryons have
already been analyzed within the same approach in [17].
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The goal of the present paper is calculation of the
magnetic moments of heavy X, E’Q and Q, baryons
within the light cone QCD sum rules method.

The paper is organized as follows. In Sec. II, sum rules
for the magnetic moments of the above-mentioned baryons
are constructed. Numerical results of our calculations
are presented in Sec. IIl. This section further contains
comparison of our results with the predictions of other

approaches, and concluding remarks.

II. LIGHT CONE SUM RULES FOR THE
SEXTET HEAVY BARYONS

We start this section by giving a brief summary of the
classification of heavy baryons in SU(3) symmetry.
According to SU(3) symmetry, heavy baryons with single
heavy quark belong to either symmetric sextet or antisym-
metric antitriplet flavor representations. As has already
been noted, magnetic moments of the A, and =, baryons
belonging to antisymmetric flavor representations of SU(3)
are calculated within the light QCD sum rules method in
[15] and [16], respectively. In the present paper we
calculate magnetic moments of the heavy baryons belong-
ing to sextet representation of the SU(3) group.

In order to calculate magnetic moments of the heavy
sextet baryons, we start by considering the following
correlation function:

M(p.q) =i / &P (0T (¥)ip (0)}[0),, (1)

where 7, is the interpolating current of the heavy spin-1/2
baryon, and y is the external magnetic field. The main task in
constructing the sum rules for magnetic moments of the
heavy sextet baryons is the calculation of the correlation
function in terms of the photon distribution amplitude (DA)
by using the operator product expansion (OPE) over twist
from one side, and in terms of the hadrons from the other
side, and then equating both representations. Calculation
of the correlation function from the hadronic side is
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accomplished by inserting a complete set of hadrons
carrying the same quantum numbers of the interpolating
current 7. Isolating the ground state’s contribution, we

obtain
<O|’7Q|BQ<P2)><BQ(p2)|BQ(p1)> (B Q§P1)|’_72Q|O>

m? —-m
P = By Di By

4+ (2)

1=

where dots correspond to the contributions of higher states
and continuum, p, = p, + ¢. In further analysis we shall
make the replacement p, = p. The matrix elements in
Eq. (2) are determined as

(OMalBo(p)) = Aotts, (). 5
(Bo(p)Bolp1)), =1, (1) | fir= 5 |, (1)
(@)

where ¢ is the photon polarization vector, f and f, are the
form factors. Using the equation of motion, Eq. (4) can be
written as

(Bo(p)IBo(p1)),

=g, (p)|(f1 + f2)7, +M

ZmBQ Up, (pr)e".  (5)
Since the photon involved in these transitions is a real
photon, we set g> =0, and hence in calculation of the
magnetic moments of the heavy sextet baryons the values of
the form factors are needed only at g*> = 0.

Substituting Egs. (3) and (5) in Eq. (2), and performing
summations over spins of the heavy baryons, for the
hadronic of the correlation function we get

(7 +mg,) (p+p1)
=13 e~ | (f) + f2)y, + ot
Bo pz_ 123Q ( 1 2) i szQ
+m
o) )
py—mg,

% = =3{y55,(x)S,(x)S
+ t(r5Sa(x)7sS), (x) S, (x) + 758, (x

)
+ 7584 () Tr[S, (x)75S4 (X)] + Su(x)

W(X)7s + 758, (x) S}, (x)Sa(x)rs + 7sS
7553 (X)S4(x) + S4(x)S)
ysTr[S, (x) Sy (x)rs] + y5Sq(x)Tr
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TABLE I. Quark contents of the heavy sextet baryons.
(++) 0(+) —(0) =/-(0) =/0(+) —(0)
ol Do Do S S S
q; u u d d u s
q» u d d s s s

We observe from Eq. (6) that the correlation function
contains many structures; any of them can be chosen in
calculating magnetic moments of the sextet baryons, and in
this respect we choose the structure pgg. This structure
envelopes the magnetic form factor f; + f5,, and at g> = 0
it gives the magnetic moment yp, of the heavy baryons in
units of ef/2mp o Asa result, the correlation function can
be written in terms of the magnetic moment of heavy
baryons as

1 1

HB .
my, = p* Cmy, —(p+q)?

n=4i,

(7)

In order to calculate the correlation function in terms of
quark and gluon degrees of freedom and photon distribu-
tion amplitudes, the expressions of the interpolating cur-
rents of the heavy baryons are needed. The general form of
the interpolating currents of the heavy spin-1/2 positive
parity baryons is given as (see for example [18])

1
s, == 5 (a1 CQ")rsqs + 1(a CrsQ")as
—(QTCq8)rsqs — 1(QT Cysqt)qs}. (8)

where a,b,c are the color indices, C is the charge
conjugation operator, and ¢ is an arbitrary parameter whose
value at t = —1 gives the so-called loffe current. The quark
contents of the sextet heavy sextet baryons are given in
Table 1.

Using the expression for the interpolating current and
Wick’s theorem, the theoretical part of the correlation
function for the Zg can be written as

()75 T[Sy (%) Sy (x)] + 7584 (x)ysTr[S, (x) S}, (x)]
b (X)75S,(xX)ys + S, (x)S), (x)rsSa(x)rs

[Su(2)r5S}, ()] + Sa(X)rsTr[S.(x) S}, (X)7s])

+ £2(Sa(x)rs S, (X)75Su(x) + S ()75 S, (X)75Sa(x) + Sa(xX)Tr[Sy (x)ys S, (x)rs] + S (x) Tr[Sa(x)rsS, (x)rs)) . (9)

where §' = CSTC, T symbolizes transposition operator, and S is the quark (light or heavy) propagator. The corresponding
expressions of the correlation functions for the other members of the sextet baryons can be found from the X, by making

the following replacements:
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I = 1% (4 — d),

= =11 (d - u),

1% =I5 (u — d),

% =115 (d — u),

= =11 (d - ),

= = % (u—d,d—s),
1% = 1% (d - s),

% =% (u - s.d — ). (10)

The correlation function described by Eq. (9) contains
three different parts: (a) perturbative part, when a photon is
radiated from a short distance (perturbative contribution);
(b) a photon is radiated from a short distance from the quark
propagators, and light quarks form a condensate (mixed
contribution); (c) a photon is radiated from a long distance
(nonperturbative contribution). The diagrams correspond-
ing to these three different contributions are presented
in Fig. 1.

In order to calculate the perturbative contribution of the
correlation function, it is enough to make the replacement

; qi qi

qi

<o

4]

(a)
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s / dyS™(x - NAY)S™(). (1)

for one of the quark propagators, where Si.. is the free
quark operator; and the other two are being the free
propagators. The expressions of the free light and heavy
quarks in coordinate representation are given as

free __ ix mq
q 2]1'2 4 47[2 2’
2 2 2
ree :mBQ K (mp,V—x )+imBQX’K2(mBQ V—x?) (12)
0 471'2 _xz 477,'2 (\/ _x2)2 ’

where K; are the Bessel functions.
The contribution of part (c) can easily be calculated by
replacing one of the light quark operator with

1 —a
(Sgb)a/j - _Zéabq Fiqb(ri)aﬁ’ (13)

where I'; are the full set of Dirac matrices, and other quark
operators that involve perturbative, as well as nonpertur-
bative terms. The explicit forms of the “full” quark
propagators can be found in [19] and [20].

Nonperturbative contribution is realized as the matrix
element of the nonlocal operator gI';g between the vacuum
and one-photon states.These matrix elements are described
in terms of photon distribution amplitudes, as are given
below (see [21]):

)

I N

e N
M
qi

Q

P (€3}

%XQ /

qi
Q Q
82}

FIG. 1.

(©)

RN
SR

2 2

Diagrams (a), (b), and (c) correspond to the perturbative,

“mixed,” and nonperturbative contributions, respectively.
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1 x2
(D)o a(0)10) = =iegatend, = ) [ e (0,0 + T a0

i X X 1 .
—— e, (qq9) |x, e, —q,— ) —x,| &, — q,— due™™h,(u),
2(qx) "<qq>[ (” q"qx> ”( ! qxﬂA /)

(@)1a(0)7,a(0)[0) = e,fs, ( ~q q—) [ dwereryr .

(r(9)|a(x)y,y54(0)[0) =

(r(@)1g(x)gs

1 1 .
4 ef]fSYeMvaﬂquaxﬂ A due" Ty (u) )

Gy (03)9(0)[0) = —ie, (Gq) (€40, — £,4,) / a1 o),

<}/(LI>|El(x)gsé/wly5<vx)q(o>|0> = _ieq<qq> (Eﬂ(b - Euqﬂ) / Daiei(a‘-ﬂrvag)qxg‘(ai)’

<}/(Q)|zl(x)gsé/w(vx)yay5q(o>|0> = equyQa(ngu - Elzqﬂ) / ’Daiei(aE’+vag)qu<ai),

<7/(CI)|Q(x)gsG/w(vx)l7/aq(O)|0> = eqf?xyqa(gﬂqu - 81/‘1/4) / Daiei(a‘—]+vag)qxv(ai)’

(1(0)]2(x)p95G o (v3)q(0)[0) = eq<qq>{ [( g,

EX
w4y

EX
—_— 8 —_—
v qy,— gx g{lﬂ

In the definitions given above, y is the magnetic suscep-
tibility of the quarks, ¢, (u) is the leading twist-2, y" (u),
w(u), A and V are the twist-3, and h,(u), A, T,
(i=1,2,3,4) are the twist-4 photon DAs, respectively,
whose explicit expressions are given in the Appendix. The
measure Dq; is defined as

1 1 1
/Dai:A dan dan da,d(1—az—a,—a,). (15)

EX
qx

(o

9pv 4p%y + 4u%p) | 4a
o)\~ g\ s

1
5 (quv + ('Iyxa) qp

qa-x JF% (1)

eX 1 )
+ <ey—q,, )(gﬂﬂ q q/;x —Q—qﬂxﬂ) q,,]/Daiel(az,+uag)qx7—l(ai)

EX
Ea —qa— gx Gup — q_ (qlrxﬂ + qpXu )

1
Gup — q_ (qu%5 + qpx, )

(14)

|

In constructing the sum rules for the magnetic moments
of heavy sextet baryons it is necessary to equate the
coefficients of the structure peg from the phenomenologi-
cal and theoretical representations of the correlation func-
tion. The following steps in obtaining the final form of
the sum rules for the magnetic moment are: Fourier
transformation, Borel transformation over the variables p>
and (p + ¢)* variables, and continuum subtraction in
order to suppress the contribution of the higher states
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and continuum. After these procedures we get the sum rules
for the magnetic moment of the sextet heavy baryons,
which can schematically be written in the following form:

m% [ M?
By i ¢! = o, (16)
i i

where the function T2’ contain perturbative and non-
perturbative contributions.

The expression for IT#:"r is quite lengthy, and for this
reason we do not present it here.

In order to determine the magnetic moments of heavy
sextet baryons, the value of the overlap amplitude is
needed, which can be found from the analysis of the
two-point correlation function. The residues of the heavy
sextet baryons are calculated in [22], and their expressions
can be found in this paper.

III. RESULTS AND DISCUSSION

Having obtained the sum rules for the magnetic moments
of the heavy sextet spin-1/2 baryons, we are now ready to
perform the numerical analysis. The main input parameters
of the light cone QCD sum rules for the magnetic moments
are the photon distribution functions DAs [21]. Their
explicit expressions are presented in the Appendix.
The values of the other input parameters are: (i), _|Gey =
(dd),_ Gey=—(0.243)>GeV?, (55) ,_ Gey =0.8(iiut) ,_; Gev
[23], m§ = (0.8 £0.2) GeV? [22], A = (0.5 +0.1) GeV
[24] f3, = —0.0039 GeV? [21],
(111 £ 6) MeV [25].

A few words about the magnetic susceptibility involved
in the numerical analysis are in order. Its value is estimated
to have the value (1 GeV) = —4.4 GeV~2in [26]. In [21],
using the vector dominance model ansatz and QCD
sum rules its value is predicted to be y(1 GeV) =
—(3.15 £0.15) GeV~2. Furthermore, from an analysis of
the radiative decays of heavy mesons its value is found to
be y(1 GeV) = —(2.85 4 0.50) GeV~2 [27]. In numerical
analysis we have used all these predicted values of the
magnetic susceptibility.

It should also be remembered that the sum rules for the
magnetic moments involve the following auxiliary param-
eters: the arbitrary parameter ¢ appearing in the expressions
of the interpolating currents, Borel mass parameter M?, and
the continuum threshold s,. The magnetic moment must be
independent of these parameters. In order to find “regions”
of these parameters where magnetic moment exhibits good
stability with respect to their variations we proceed as
follows. First, we try to find the upper and lower bounds of
Borel mass parameter at fixed values of s, and ¢. The upper
bound of M? can be determined by requiring that the
contribution due to the continuum threshold should be less
than half of the contribution coming from the perturbative
part. The lower bound of M? can be found by demanding

Mg (u=2 Gev) =

PHYSICAL REVIEW D 91, 116008 (2015)

that the higher powers of 1/M? contribute less than the
leading twist contributions. Our numerical analysis shows
that these two conditions are satisfied simultaneously if M?
ranges in the following regions:

2.0 GeV? < M?> <3.0 GeV? X,
22 GeV? < M? <34 GeV?  E.
2.5GeV? < M? <40 GeV2 Q.
5.0 GeV? < M? <60 GeV? I,
5.0 GeV2 < M? <64 GeV?>  E|
52GeV?<M? <70 GeVZ Q. (17)

In regard to the continuum threshold s, appearing in the
sum rules, it is known that the values of this arbitrary
parameter are related to the energy of first excited state. The
difference /sy — Mground, Where mgpoung is the ground state
mass of the baryon, is the energy needed to excite the
particle to its first energy state. This quantity usually varies
between 0.3 and 0.8 GeV. Analysis of the mass sum rules
shows that, in order to reproduce the experimental mass of
the sextet baryons the continuum threshold should vary in
the following domain:

(3.1£0.1) GeV X,
(32+0.1) GeV =,
(33+0.1) GeV Q, (18)
(6.6+£02) GeV 3,

(6.7+02) GeV Z,

(6.8+0.2) GeV Q.

Having determined the sum rules, input parameters, and
working regions of all auxiliary parameters, we perform
numerical analysis to calculate the magnetic moment s, of
the heavy sextet spin-1/2 baryons, whose results we can
summarize as follows. As examples, in Figs. 2 and 3 we
present the dependence of y5 , on M 2 at several fixed values
of ¢ and at the fixed value of s listed above for the baryons
T/ and X, respectively. We observe from these figures
that the magnetic moments of X, show good stability with
respect to the variation of the Borel mass parameter in the
aforementioned domains. The next step in finding the
values of the magnetic moments of the baryons under
consideration is to determine the working region of the
arbitrary parameter ¢, where up, is practically independent
of its variation. For this purpose, in Figs. 4 and 5 the
dependence of Mz, On cos 0, where tan 0 = ¢ for the =1
and 22 baryons, at several fixed values of the Borel mass
parameter M? and at the predetermined value of the
continuum threshold sy, are presented, respectively. It
follows from these figures that the magnetic moments of
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FIG. 2. The dependence of the magnetic moment of the =7 baryon on M?, at several fixed values of ¢, and at s, = 9.0 GeV>.

the heavy sextet spin-1/2 baryons seem to be practically
independent of the arbitrary parameter ¢ in the domain
—0.9 <cos@ < —0.6. We also perform a similar analysis
for the f* and X) baryons at sy = 11.0 GeV? and
5o = 43.0 GeV?, respectively. It is observed that the results
change about 5% in both cases, which can be concluded
that the results are practically insensitive to the variation in
the values of the continuum threshold s,. Our final results
on the magnetic moments of the heavy sextet spin-1/2
baryons are presented in Table II. For comparison, in the
same Table we present the predictions of other approaches

on the magnetic moments of the relevant baryons, such as
nonrelativistic quark model [11], bag model [9], phenom-
enological relativistic quark model [12], quark model with
confinement law potential [ 13], relativistic quark model [4],
hypercentral model [6], chiral constituent model [14], and
QCD sum rules method [10]. The total uncertainty coming
from the quark condensates, m%, continuum threshold s,
parameters entering into the photon DAs, variation of the
Borel parameter M? is maximally around 35%. Moreover,
in order to test the convergence of the operator product
expansion terms, we perform a numerical analysis and find

1~OrnAA.AA‘AAAAA.AALAAAA--A.AAAL-AAVA.-A(A T
@O
....... N EEEEEEERLEEEE R e ee oo 00000000000
0.0
z am
omd H0-0-00-0-0000000000-0000000-000-00006000000-0000-0000040000aD
S 10 b=—5 —=—
a0l S ]
=] ae ‘
= 1 5 50 = 41.0 GeV?
= 3 --e--
—_
_QIOﬁ]DDG;D;DEADDEEEDDDDDGEDDDGDDDDDDDEDDDDDDGDDDDDDDmi
-3.0 | L L I I ]
5.0 5.1 5.2 5.3 5.4 5.5
M? (GeV?)
FIG. 3. The same as Fig. 1, but for the X0 baryon, at s, = 41.0 GeV>.
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= 8¢
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#
g
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-10.0 | g | | 1 -
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FIG. 4. The dependence of the magnetic moment of the }* baryon on cos , at several fixed values of M2, and at sy = 9.0 GeV2.

M?=55GeV? —a—
1.0 F M? =6.0 GeV? —o-- |
0.0
S 10}
2.0 F
-3.0 ¢ ‘ ‘ ‘
-1.0 -0.8 -0.6 -0.4 -0.2
Ccos 6

FIG. 5. The same as Fig. 3, but for the X0 baryon, at s, = 41.0 GeV>.

out that the perturbative term (after subtraction of the
continuum contribution) constitutes approximately 75%
and 73% of the total result for the =+ (at so=11GeV?,
M? =3 GeV?) and X0 (at 59 = 43 GeV?, M? = 6 GeV?),
respectively. In other words we observe very good con-
vergence of the operator product expansion terms.

We observe from this Table that almost all approaches
give, more or less, similar predictions, except the results of
[9] and [4] (especially for the charmed baryons), which are
smaller.

Using our results one can easily deduce the following
relations among the magnetic moments of heavy
baryons:

Hsg+ + pso = 2psy,
P+ + pgo = 2pzr,
P+ + 2p=0 = pyo + 2pzr,
My + Hy; = 2p50,
Hsr + Hoy = 2z,
sy + 2p=- = ps; + 2uzp.
The direct measurement of the magnetic moments of

heavy baryons is unlikely in the near future. Therefore, any
indirect estimations of the magnetic moments of the heavy
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TABLE II.  Magnetic moments of the heavy sextet, J© = * baryons in units of the nuclear magneton p,.

L
2

[4] [6] [9] [10] [11] [12] [13] [14] Our paper
%0 —1.04 -1.015 —1.043 -1.6+£0.2 -1.37 —1.38 -1.39 -1.6 -1.5+0.35
=F 0.36 0.5 0.318 0.6 +0.1 0.49 0.49 0.525 0.3 0.5+0.15
P 1.76 2.279 1.679 2.1+03 2.35 2.36 2.44 2.22 24405
=00 —0.95 —0.966 -0.914 -1.18 -1.12 -1.12 -1.32 -12+£03
= 0.47 0.711 0.591 x 0.89 0.75 0.796 0.76 0.8+0.2
Q0 —0.85 —0.96 —0.774 e —0.94 —0.86 —0.85 -0.9 —-0.9+0.2
z, -1.01 —1.047 —0.778 -1.22 —1.256 -13+03
x) 0.53 0.592 0.422 e 0.64 e 0.659 e 0.6+0.2
= 2.07 2.229 1.622 e 2.5 e 2.575 - 24405
gy —-0.91 —0.902 —0.66 e -1.02 e —0.985 e -1.2+03
=0 0.66 0.766 0.556 e 0.9 cee 0.930 e 0.7+£0.2
Q —0.82 —0.96 —0.545 e -0.79 e -0.714 e —-0.8 +0.2
baryons could be very useful. For example, it could help In conclusion, the magnetic moments of the heavy sextet

extracting information about the mass spectrum of the  J” =1 baryons are calculated in the framework of the
heavy baryons. As is well known, experimentally measured  light cone QCD sum rules method. Empirically, linearly
mass difference is attributed to the hyperfine splitting. independent relations among the magnetic moments of the

Moreover, the magnetic moments of quarks are propor- sextet baryons are obtained. Comparison of our results with
tional to the Chromomagnetic moments, which determine the predicﬁons of other approaches is presented_

the hyperfine splitting in the baryon spectrum. Following
this reasoning, the magnetic moments of the A, and A,
baryons are estimated in [28]. Hence, this approach could
be an essential tool in estimating the magnetic moments of
the heavy baryons. Explicit forms of the photon DAs [21]:

APPENDIX: PHOTON DISTRIBUTION
AMPLITUDES

0, (1) = 6uii[1 + g ()5 (u — )],

w'(u) =3[32u—-1)*-1] —|—63—4(15w}‘,/ =5wh)[3-30(2u —1)* +352u—1)*,

w(u) = [1 = (u—1)?][5Q2u—1)* - 1]% (1 +126W 136W?>’

A(a;) = 360a,a;a; |1+ wy %(7(1 - 3)]

V(a;) = 540wy (a, — ag)a,az0,
h,(u) = —10(1 + 2K+)C§(u — i),
A(u) = 40u2i* 3k — k" + 1) + 8(&5 — 3¢y) [uit(2 + 13uit) + 2u® (10 — 15u + 6u?) In(u) + 24> (10 — 15 + 642) In(i)],
T (o) = =120(3¢; + &5 ) (ag — ag)agagay,
To(a;) =302 (g — a,)[(k — k) + (& = &) (1 =2a,) + 5,(3 — 4ay)],
T(a;) = —120(38, — &5 ) (g — a,)aga,ay,
T4(a;) =300z (ag — a,)[(k + k) + (&1 + &) (1 = 2a,) + 6 (3 —4ay)],
Sla;) = 30ag{ (k + ) (1 =) + (&1 + 1) (1 =) (1 = 2ay) +&[3(ag — ay)* — ay(1 - )]}
S(ar) = =30a2{ (x = k) (1 = ay) + (&1 = &) (1 = @) (1 = 2a,) + $2[3(a; — @) — ay(1 - a,)]}.

The parameters entering the above DA’s are borrowed from [21] whose values are ¢,(1 GeV) = 0, w}‘,/ =3.8+1.38,
=-21+£10,k=02,k"=0,¢{;,=04,¢=03,¢ =0,and ¢ =0.
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