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With the goal of deriving dissipative hydrodynamics from an action, we study classical actions for open
systems, which follow from the generic structure of effective actions in the Schwinger-Keldysh closed-
time-path (CTP) formalism with two time axes and a doubling of degrees of freedom. The central structural
feature of such effective actions is the coupling between degrees of freedom on the two time axes.
This reflects the fact that from an effective field theory point of view, dissipation is the loss of energy of the
low-energy hydrodynamical degrees of freedom to the integrated-out, UV degrees of freedom of the
environment. The dynamics of only the hydrodynamical modes may therefore not possess a conserved
stress-energy tensor. After a general discussion of the CTP effective actions, we use the variational principle
to derive the energy-momentum balance equation for a dissipative fluid from an effective Goldstone action
of the long-range hydrodynamical modes. Despite the absence of conserved energy and momentum, we
show that we can construct the first-order dissipative stress-energy tensor and derive the Navier-Stokes
equations near hydrodynamical equilibrium. The shear viscosity is shown to vanish in the classical theory
under consideration, while the bulk viscosity is determined by the form of the effective action. We also

discuss the thermodynamics of the system and analyze the entropy production.

DOI: 10.1103/PhysRevD.91.105031

I. INTRODUCTION

Effective theories of gapless long-range (Goldstone)
modes are the appropriate framework to systematically
derive hydrodynamics [1-3]. The equations of nondissi-
pative hydrodynamics have previously been generated
using this description at zeroth order in the gradient
expansion for relativistic fluids that are insensitive to static,
noncompressional deformations [1,2] and at second order
by [4]. This was achieved by constructing a gradient-
expanded action describing the long-range scalar modes,
which correspond to spatial excitations around the equi-
librium state of a fluid. The form of the action was
restricted by the identification of appropriate symmetries,
with the volume-preserving diffeomorphisms playing the
central role in the reduction of potential Lagrangian terms.

A serious limitation of this scheme is that dissipative
forces cannot be derived from the variational principle. Our
goal is, however, to develop a systematic scheme for the
construction of hydrodynamics at all orders—including
dissipation. One approach to this problem is to rely on the
linear response theory [5]. A different approach aimed at
computing hydrodynamic correlation functions from an
effective action was recently proposed in [6,7]. In this
work, we will report on another method, which will enable
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us to describe dissipative fluids using the variational prin-
ciple. This will be done by considering a classical effective
action with the characteristics of open system effective
field theories, which emerge in the Schwinger-Keldysh
closed-time-path (CTP) formalism [8,9], first introduced
by Schwinger [8]. The formalism was invented to describe
retarded time evolution of operator expectation values acting
on mixed states, which are specified by density matrices.

We will begin this paper by presenting the CTP formal-
ism as an extension of the usual quantum field theory used
to compute scattering amplitudes between asymptotic
pure states. We will focus on the matrix structure of the
CTP propagators, which arises from the doubling of the
degrees of freedom and the introduction of two time axes:
one evolving from past to future and the other evolving
backwards in time. Effective theories emerge when the
unobserved degrees of freedom, called the environment, are
eliminated. The remaining degrees of freedom, called the
system, follow more involved effective dynamics than in a
theory of pure states. This requires the use of the CTP
formalism, which is able to incorporate interactions and
entanglement between the system and the environment. As
aresult of its original interactions with the environment, the
dynamics of the system cannot conserve energy. This view
is consistent with the effective field theory understanding of
dissipation, as the energy loss of the IR macroscopic
degrees of freedom to the integrated-out, UV microscopic
degrees of freedom of the environment.
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We will argue that, generically, CTP effective field
theories include couplings between the two time axes,
expressed within the influence functional considered first
by Feynman and Vernon in [10], which includes all
effective interactions. The coupling of the two time axes
is a result of the system-environment interactions, after
the environment had been integrated out, with the details of
the effective action depending both on the choice of the
integrated-out degrees of freedom as well as the initial state.
This in turn leads to an effective theory of the low-energy
system, which experiences dissipative dynamics.

This structure descends into a classical low-energy
theory, which we will use to derive dissipative hydrody-
namical equations of motion from the variational principle.
This will be done at a phenomenological level, directly in
terms of an effective classical CTP field theory without a
microscopic derivation, in accordance with the logic used
in [1,2]. By varying the fields on only one of the two CTP
time axes, we will obtain the energy-momentum balance
equation containing a two-tensor that will not be conserved
because of interactions between the IR degrees of freedom
of the fluid and the environment. Near hydrodynamical
equilibrium, however, we will show that this tensor becomes
approximately conserved. We will then discuss the dynami-
cal regime in which this tensor can be identified with
the fluid’s phenomenological stress-energy tensor. Using
the energy-momentum balance equation, we will derive
the equations of motion, which will have the form of the
Navier-Stokes equations. The shear viscosity will be shown
to vanish and a possible cause of this restriction will
be discussed, i.e., the theory’s invariance under volume-
preserving diffeomorphisms. Nonvanishing thermodynami-
cal quantities and the bulk viscosity will be identified in
terms of the coefficient functions of the effective Lagrangian.

In the phenomenological approach based on the CTP
formalism, which we will employ in this paper, the
equations of motion and the energy-momentum balance
equation are closed without thermodynamical considera-
tions. This means that thermodynamical variables can only
be identified by using the algebraic structure of the energy-
momentum balance equation or the full stress-energy tensor
in the nondissipative case. In a self-consistent theory of
hydrodynamics, such considerations should automatically
lead to positive entropy production. What we shall see is
that this is not automatically ensured by the effective action
analyzed in this work and that constraints have to be
imposed on its form even near the hydrodynamical equi-
librium. We will comment on how such considerations can
be avoided in effective theories derived from a unitary
microscopic quantum field theory. Our analysis of entropy
will be performed only near equilibrium, where the stress-
energy tensor is approximately conserved. We will defer a
more complete discussion of entropy in the framework of
the CTP effective actions to future work.

Finally, we will conclude by summarizing our results.
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II. CTP FORMALISM AND EFFECTIVE QFT

The CTP formalism was initially introduced to facilitate
a computation of an expectation value (A, #,|O(t,)|A, t;) at
time #,, given an initial (mixed) state A, or a density matrix
pi, at time ¢ [8]. By inserting two complete sets of states,

(A.1,]0(12)|A, 1y)
= (A, 11]B. ) (B, ,|0(1:)|B, ) (B 1A, 11), (1)

B,B'

expression (1) can be interpreted as an evolution of A from
1, to t, when the trace is evaluated, accompanied by a time
evolution from ¢, backwards in time to A at #;. The two
time axes thus both include information about the physical
system, which leads to the doubling of degrees of freedom.
We introduce notation

= p= (0" 907), (2)

with ¢T and ¢~ propagating on separate time axes.
The fields ¢* are identified at some final time tr > 1,
ie. o (1) = o7 (1)).

Let us consider a scalar field ¢ with the single time axis
action S;[¢]. The doubling of the degrees of freedom leads
to the quantum generator functional,

eWerell] — / D exp {iSs[cp+] —iS,p7]) +i / j@}.

(3)
The full CTP action of @,

Screle™ ¢7] = S,lo™] = Silo7], (4)
possesses the CTP symmetry,
Screle™. 7] = =Sewle™. 9. (5)

The generator functional with two sources, J = (J*,J7),
leads to a 2 x 2 matrix propagator,

A _((Tlex)e)])  (e()ex))
’D(’“”‘( (0 (D00)) <T[¢<y>¢<x)]>*>’ ©)

where 7 denotes the time ordering in the Feynman
propagator and 7 * the anti—time ordering. The bosonic
propagator can be further written in the form of

X D" + (D!
b= )

B -D/ + iDi>
D/ +iD ’

—D" + D

where the near, D", and far, D/, Green’s functions give
the retarded and advanced propagators, D™ = D" + D/
and D* = D" — D/, The free propagator contains the
Feynman propagator as the diagonal block, D', and
the Wightman function,
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(p()p(x)) = =27i6(k* + m*)O(=k%). (8)

The off-diagonal entries of the propagator D induce
interactions between ¢* and ¢~. Finite temperature,
T = 1/p, and density with a chemical potential x, in cases
when ¢ is complex, further modify the free propagator by

a relation, Dy — Dy + lA)T,ﬂ, where
1 ) ©)
1 9

A

iDr (k) = =2mis(k* + m*)ng (k) < 1

and the Bose-Einstein distribution is

__6(=K")
o eﬁ(€k+ﬂ) — 1

O(k°)
e/j(ek_/‘) —_ 1 ’

np(k) (10)

Let us now consider a massive scalar field theory with a
Ap* coupling, where A is treated as a small perturbative
coupling constant. We wish to follow the Wilsonian
approach to effective field theory and integrate out the
UV-degrees of freedom." We introduce a scheme with two
cutoffs in the original bare theory, one for frequency,
|kg| < Ao, and one for momentum, Vk?* + m? = g, < A,.
We then split the fields ¢ = ¢. + @. and integrate out (-,
with frequency or energy in the following regions,

&N < [kol < Ao, CA < g <A, (11)

The UV-mode integrals must thus run over three regions,

I]: {5A0Sk0<A0,0§8k<AS}, (12)
12: {_AO <k0S_§A07OS€k <A6}7 (13)

13: {—AO < k() < AO?CAg < & < As} (14)

In a perturbative expansion of (3), we find various coup-
lings between the two axes, for example, 12(¢pt)?(pl)?
(9=)*(p=)?. In the process of integrating out ¢ and @3, the
on-shell Wightman functions connect vertices on different
time axes, and give rise to nontrivial pZ¢Z couplings in the
effective theory, Sei[¢-]. We find that the effective action
includes the following types of terms,

'In this paper, we only consider the schematic structure of
effective actions and leave the details of the effective Wilsonian
¢* action for future work. We note that the vast enhanced
complexity of the CTP effective actions can be seen from the
fact that a simple ¢* action will include eight real couplings, R,
Sm, NA, A, Spy, Suy, Rusz, and Ips, up to quartic order.
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Sald-] = Senldh2.97) + [ oo
109 + oLz — pelel + ..
(15)

Due to the CTP symmetry, y; and p, have to be purely
imaginary, whereas p3 will be complex. The equations of
motion for g?ﬁ derived from a CTP effective action will thus
also in general be complex. The real part of the equations of
motion, coming from NS, has the property that ¢+ = ¢~
is the solution, which is always true in real CTP actions. The
imaginary terms from JS. will be the complex conjugates
of each other in the equations for ¢ and ¢~. We should note
that the same structure as in the Wilsonian effective action
would also arise in a one-particle irreducible effective action.
In both effective actions the real part of the action is
important for physical Hermitian expectation values,
whereas the imaginary part controls decoherence.

Beyond this proof of principle, which shows that
coupling between ¢ and ¢~ generically arise in effective
actions, we will discus the significance of such effective
coupling in the following section. Furthermore, note that
this type of effective theory, which is constructed with the
full CTP machinery, is able to account for the time
evolution of any pure or mixed state in a closed or open
field theory system. The microscopic generator functional
with a nontrivial initial density matrix would be written as

e = [ D (a0 exp {ism[@] +if m},
(16)

instead of Eq. (3). The details of the effective system we are
describing are thus determined by the degrees of freedom
that were integrated out, i.e., the environment, as well as the
choice of the initial state. The remaining reduced density
matrix of the subsystem encodes all of the information
about the entanglement with the environment and dissipa-
tion of energy from the subsystem. The subsystem can thus
either preserve or break various symmetries of the full
closed system. Of particular relevance to us will be the fact
that energy and momentum are no longer conserved in an
effective theory of such a system. More precisely, one can
no longer find a conserved Noether current, which corre-
sponded to translational invariance in the full microscopic
theory.

III. CTP FORMALISM IN CLASSICAL
FIELD THEORY

A. Closed system

To see how the features presented in Sec. II can also
follow directly from a classical theory, let us consider a
classical field theory for an isolated system, described by
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the field w(x), which is invariant under time inversion.
Instead of deriving the effective theory for an open system
from microscopic dynamics, we can use the CTP formalism
in classical physics [11,12]. This is necessary when
considering a physical problem in which we wish to
specify the initial conditions for the equations of motion
and to have the possibility of introducing effective inter-
actions with dissipative forces into the Lagrangian formal-
ism. From the microscopic point of view, such a theory can
be understood as an effective field theory, a special case of
those considered in Sec. II, which keep the IR dynamics
closed. All of the considerations below would follow
directly from such a derivation.

The procedure again begins by doubling the degrees of
freedom [13],

w o=y, (17)

in a way that both members of the CTP doublet satisfy the
same equation of motion, initial conditions and the relation
w(ty,x) =y (t7,x) at the final time. The action describ-
ing the dynamics of i is defined as in (4),

Screlir] = / YLy - LTy (18)

14

where L[y] = L]y, Oy + iey? differs from the original
Lagrangian in that it splits the degeneracy of the CTP action
for w*(x) = w~(x). In the expression for L, ¢ < 1 is an
infinitesimally small number. The action (18) possesses the
CTP symmetry (5) related to the exchange of the two time
axes, T <> w~, and implies the relation

Screlwt ] = =S¢l v, (19)

which must be obeyed by any classical CTP action.

B. Open systems

In order to describe an open system of the IR gapless
hydrodynamical degrees of freedom in the language of
classical field theory, we first need to consider a question of
how to construct a general classical field theory of a subset
¢ of the degrees of freedom y. The effective dynamics of ¢
can be obtained by eliminating the environment degrees
of freedom by using their equations of motion. Similarly,
from the point of view of QFT presented in Sec. II, the
environment could be seen as the degrees of freedom,
which are integrated out. This view is consistent with the
microscopic view of dissipation in hydrodynamics; it is the
energy loss of the fluid’s IR degrees of freedom coupled to
the UV degrees of freedom of the environment. Only the
total closed system, combining all degrees of freedom,
conserves energy.

In classical CTP theory, one finds that the same structure
arises as in Sec. II. The effective action, which results from
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this procedure, again has a more involved structure than
(18), namely

Sere[d] = $1[#%] = Sil¢p™] + Sa (9. (20)

where the indices 1 and 2 reflect the number of time axes
entering the term in the action. S; and S, can be uniquely
distinguished by imposing

58,
SpTop™

0. (21)

Elimination of the environment generates contributions
both to §; and S,. We would like to point out that in
the original terminology of Feynman and Vernon [10], all
effective contributions to S, were collected into the
influence functional §;,

Serr = Solgp*] — Syl + Sil- (22)

In Eq. (22), S, stands for the original single time-axis action
preceding the elimination of the environment. We find it is
more convenient to separate the influence functional into
terms entering S; and S,. In this language, S, will be
included in §,. This separation is useful because the terms
in §; preserve energy and momentum, while terms in S,
represent dissipative forces. The inclusion of S, into the
classical action for hydrodynamics, discussed in Sec. V,
will thus be our addition to the previous works on deriving
hydrodynamics from an action principle [1,2,4].

In the classical picture, the couplings between ¢ and ¢~
appear due to the boundary conditions for the environment
coordinates at the final time. These contributions arise from
asymptotic long-time excitations of the environment and
are usually approximated by gradient expansion. The
imaginary part of the effective action obtained by elimi-
nating the environment remains infinitesimal, as in the case
of an isolated system. It will be ignored below.

Let us assume that the gradient expansion in terms of
space-time derivatives is applicable in the effective action
(20). We impose identical initial conditions on the two time
axes, 0/ ¢ (1;,x) = 0/'¢p~(t;, x), together with the auxiliary
conditions 97¢p* (t7,x) = 07¢p~(t;,x) for all orders of
derivatives labeled by n > 0.

Variational equations can thus still be derived in the CTP
theory because the boundary contributions arising from
partial integration cancel, due to the above conditions.
Furthermore, the solutions of the open system’s Euler-
Lagrange equations of motion give

¢*(x) = ¢~ (x). (23)

The CTP symmetry (24) implies that any effective action
must also obey the same symmetry,
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Sertlp™. ¢7] = =Selo™. &71. (24)
From the point of view of effective field theory, relation
(24) can be seen as a constraint on the form of terms one
can write down in the effective action.

As an example of this formalism, it is instructive to
consider a nonrelativistic one-dimensional particle whose
effective theory is defined by the Lagrangians

L) == (mx* — mw’x?), (25)

N[ =

Ly =L (it —xtio), (26)

N IR

where y is an arbitrary coupling constant. The correspond-
ing equations of motion describe a damped harmonic
oscillator,

2.+

mit + yx¥ + mo’x*t =0, (27)

and hence
x=xt=x". (28)

The coupling constant y in the influence functional is thus
controlling the friction term inside the on-shell equation of
motion,
mx + yx + mw’x = 0. (29)
It is clear that the conservation of energy is violated by £,.
In CTP, the naive application of the Noether theorem to
the action (20) gives, due to the CTP symmetry, an
identically vanishing stress-energy tensor for fields that
satisfy the equations of motion. However, the trivial
cancellation between the time axes can be avoided and

the balance equation can be derived by varying only one of
the CTP doublet fields,

¢ (x)
¢~ (x)

¢t (x+ a(x)),
¢~ (x).

_)
- (30)
The equation of motion for a(x), the balance equation, can
then be written in the form of a tensor divergence as

9,T" = R". (31)
Note that the dynamics of ¢* and dynamics of the ¢~
degrees of freedom on the two time axes are related to each
other by the CTP symmetry, (24). Either time axis could
thus be used in this construction. In this work, we will

always choose to treat the positive axis with ¢p* fields as the
one directly relevant to physical observations.
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IV. HYDRODYNAMICS

An effective field theory describing hydrodynamics has
recently been developed in terms of a gradient expansion of
the gapless IR Goldstone modes arising from the broken
spatial boost invariance [1,2]. Reference [14] used the coset
construction of a space-time symmetry breaking pattern to
show that three scalar modes were sufficient in parametriz-
ing the low energy effective theory. The dynamics of the
scalar modes ¢’, with I = {1,2,3}, in flat 3 + 1 dimen-
sional space-time with metric #,, = diag(—1,1,1,1) dis-
plays internal symmetries under rigid translations,

1

' — @' +a!, with o = const, (32)

rotations,
P - Rﬁd)’, with Rj € S0(3),

and volume-preserving diffeomorphisms (reparametriza-
tions), which we abbreviate by SDiff(R!:3),

(33)

P = E(p), with det<g§,> =1. (34

The SDiff symmetry, which is imposed here, deserves
special attention. Arnold showed that nondissipative ideal
hydrodynamical equation on a manifold M, i.e., the Euler
equation, can be generated as the coadjoint orbit on the
Lie group manifold of SDiff(M) [15,16]. This symmetry
should be broken by dissipation, but this mechanism has
not been understood. We will proceed by making use of it
and comment at the end on why this symmetry is most
likely too restrictive to construct the full equations of
viscous fluids.

Returning to the setup of [1,2], we note that in equilib-
rium, the fields equal the spatial coordinates ¢/ = const - x/.
Furthermore, relativistic hydrodynamics also requires the
Poincaré symmetry. The gradient expansion is constructed
by counting the number of derivatives acting on the vector
field,

1
Kt = 8 ﬂalazageleaa]¢18a2¢Jaa3¢K

= PO, , (35)
which is a combination of gradients of the Goldstone modes
allowed by the symmetries in three spatial dimensions. The
vector field is conserved because of its antisymmetric
structure,

0,K* =0, (36)
and keeps the comoving coordinates constant along its
direction, K*0,¢" = 0. We can introduce a scalar field b,
such that
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K" = but. (37)
The norm uu, = —1 then implies that b = —K*K,,.

Two useful projector identities can be derived for P4’ as
defined in (35) by using the properties of K*,

PROPK =~ (K*AY — KYAM), (38)

W] =

PR OO, K = %aﬂKﬂ, (39)

with A" =p* 4 u#u’. The zeroth and first-order
Lagrangians for the uncharged fluid are then

LO+ LW = F(b) + g(b)K*K*0,K,,. (40)

At zeroth order [2], the conserved stress-energy tensor of
the closed system takes the form of an ideal fluid,

T

o = ewtu + pAr, (41)

where the energy density &(x) and pressure p(x) are space-
time dependent functions, which are directly determined by
the function F(b) in the Lagrangian by

e=-F, (42)

Further thermodynamic analysis reveals that the temper-
ature is given by

T = —0,F. (44)

Finally, the vector field K# was interpreted at this order as
the conserved entropy current of ideal hydrodynamics [2],

K* = but = S = su*, (45)
with
s=b (46)

being the entropy density. This identification was performed
in [2] because K* is parallel to #* and is by construction
conserved, which is consistent with the entropy conservation
in an ideal fluid, i.e., in zeroth-order relativistic hydro-
dynamics. The above results are also consistent with the
usual thermodynamical relations, € + p = sT, T = Je/0s,
and s = dp/0T.

In Ref. [4], the authors considered nondissipative sec-
ond-order hydrodynamics by using the same identification
of the entropy current, noting that the construction should
be understood as being done in the entropy frame, in
which $# = su# to all orders in the absence of dissipation.

PHYSICAL REVIEW D 91, 105031 (2015)

In standard phenomenological hydrodynamics, one instead
of the entropy frame usually chooses either the Landau
frame or the Eckart frame [17]. The physical meaning of the
Landau frame is that there is no energy flow in the local rest
frame of the fluid. The Eckart frame, useful for a descrip-
tion of charged fluids, means that there is no charge flow in
the local rest frame.

The first-order contribution to the Lagrangian (40) can
be rewritten as a total derivative and hence does not
contribute to 7. As a final point in this construction,
note that the chemical potential is vanishing in the absence
of a conserved U(1) Noether current [2], which we will not
consider in this work.

V. HYDRODYNAMICS WITH DISSIPATION
A. The setup

Variational methods in the usual effective theory for-
malism cannot describe dissipation. However, this limita-
tion can be avoided by using the CTP scheme as introduced
above. Firstly, the degrees of freedom are doubled,
giving us six Goldstone fields ¢*/. The action must be
invariant under pairs of translations, rotations, and volume-
preserving diffeomorphisms, each acting independently on
@' and ¢'~. The diffeomorphisms act as

¢ = & (%), (47)

with two independent conditions on the determinants,

oet!
det (W = 1,
&t
det| — | =1. 48
) <a¢-f> )
The field content and symmetries allow for two indepen-
dent currents K, both with the same Lorentz structure

as before, where {i,j. k,...} € {0,3} correspond to the
number of ¢ fields inside K,

. 1
Kt = g Ho1onas eleaal ¢allaaz ¢62J6a3 ¢03K’ (49)

with  (610503) = {(=—=).(+++)} for i={0,3}.
Both K* are still conserved,
8,k =0, (50)

and both K’* = K* after X = ¢~ is imposed. It is useful
to define, as in Eq. (35),

K¥* = PY9 K. (51)

Furthermore, we can introduce
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P¥* =0, (52)
which will make it clear that the transformation 6 acting
on K% gives a vanishing contribution.

We can now write down the CTP action for the first two
orders in the gradient expansion of K,

L0, = F(K3K*) — F(KOKY) + G(KiK77),  (53)
Lo =S fiuKLK™K#K¥9,KE. (54)

i.j.k

Small latin indices are always summed over {0,3}. The
single axis contributions, i.e., S|, to £ remain the same as
in (40) and the zeroth-order action S,, which includes
couplings between the two time axes, is parametrized by G.
It mixes K*’s with different CTP indices. We include no
single axis action at first order, as it would be a total
derivative [2], so £(!) is purely a part of S,, as classified by
Eq. (20). This means that f333 cannot be a function of only
K3* and foy cannot be a function of only K%. The real
coefficient functions F, G, and f;; can depend on any
Lorentz-contracted combination of K, but may include no
derivatives. At first order, we thus have 23 = 8 coefficient
functions f;j;, which are reduced to four independent
functions by the CTP symmetry (24).

B. Energy-momentum balance equation

The variation of the current K with respect to ¢p* results
in an expression that is weighted by the number of ¢* fields
inside of K,

55K = iPE 057K, (55)

The zeroth-order Euler-Lagrange equations of motion are

(F+G)
8228 KLK7?)

i<j

iPY K]+ jKLPEY) = 0. (56)

To find the energy-momentum balance equation for the
open system, we vary the space-time dependence of ¢
by x — x + a(x). This results in 5] ¢+ X = a#9,¢**, while
leaving 57 ¢~% = 0. By using the definitions of K as
stated in Eqgs. (49), (51), and (52), it follows that

STK™ = iPH(8,a,0 K + a,00,41K).  (57)
After we identify ¢*X = ¢, which is implied by the
equations of motion, and use projector identities (38) and
(39), the form of the left-hand side of (31) remains that of
T’(‘OD) in (41). The energy density and pressure are now

e=—F, (58)

PHYSICAL REVIEW D 91, 105031 (2015)

p=F—bO,F +— ZG i+ ), (59)
i<j
and the nonconserved part of the balance equation is
= Gji(i + j)bd*b/3. (60)

i<j

Throughout this work, we define the barred functions as
being evaluated on the equations of motion ¢*X = p=K,

Gl = Gyl jro_yor. (61)

Furthermore, we have defined the derivatives of G;; by

0G
[A—
G = 5 vk (62)

The first-order equations of motion for SST)P are

0, {ifinPt K70,k
i.j.k
+ Jf K" PR 0, KE = kf K0, KPR
+ Zfl]k Im lPIKMK;n + mK;P?M)KiﬂK/Da”KIIS

I<m

— k9, (KLK"")K**KPi|} = 0, (63)

where

af ijk
OKLK™®”

fijk.lm =

(64)

The calculation of T’Zf) goes through as it did for T’(‘(’)’),

resulting in a nonsymmetric tensor 7#* on the left-hand side
of (31),

T = eu'u’ + pA*Y — n utu0,u”

+ (i + o' ut)Out + put b, (65)
where the coefficient functions are given by
b’ -
m=3 (= k) fijws (66)
ik
X1 =2+ bp, (67)
b? -
X2 = ?Z Z [ = &) fije = Cijkam]- (68)
i.j.k I<m
b2
ﬂ 3 Zlfl]k? (69)
i.j.k
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with

Cijkim = bzﬂjk,lm(l +m = 2k). (70)

The contribution to the nonconserving R* from the first-
order action is

RI(/l) = }711,10[801,[/181/14/1 —l—%@,m%?"b —g@lba”u’l. (71)

C. Stress-energy tensor, the Navier-Stokes equations,
and the bulk viscosity

The most important remaining question is how the
energy-momentum balance equation (31) relates to viscous
phenomenological hydrodynamics, which can be obtained
from the symmetric stress-energy tensor

WU v Ty
Tr,,= ot T

pn T T (72)

The form of T%*

(0)pn €quals that of T’ in Eq. (41) and

(0)

T

(1pn = —n0" = CA Ot + (¢u + q*ut). (73)

The tensor ¢** is the transverse traceless symmetric tensor
2 A
(Fm/ = A”aAyﬂ 8al/t/j + aﬂua - gﬂaﬂaﬂl . (74)

The tensorial structures in Eqs. (41) and (73) directly
follow from stress-energy tensor 777, which can be
written as

T, = Eutut + P + (g + u'q) + 1. (75)

with ¢# and ¢ transverse, and #* transverse, symmetric,
and traceless. Because of the symmetry of the phenom-
enological hydrodynamic stress-energy tensor, it is clear
that g¢* = ¢*. The two scalars £ and P, the vector ¢* and the
tensor ¥ are then constructed in terms of the gradient
expansion in temperature, chemical potential and velocity
fields: T(x), u(x), and u*(x) (see, e.g., [17,18]). In our
discussion of neutral fluids, p(x) = 0.

Despite the fact that the tensor 7+ we derived in (65) is
not conserved, we can write it in the form of (75). It is
important to note that T’(’f) is not symmetric, and thus

g" # ¢". At this point, the fact that 7% is not symmetric
means that we cannot interpret it as a stress-energy tensor,
in the absence of the Belinfante-Rosenfeld procedure
[19,20]. However, we will see below that within an
approximate scheme, a simple symmetrization of T+
can lead to a hydrodynamic stress-energy tensor, which
reproduces exactly the same physical equations as the ones
we have derived from the energy-momentum balance
equation (31).
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The tensor structure of (75) allows us to identify the
coefficient functions of (65) as

E=uu,T" =e, (76)
P=A,T"/3=p+y0u, (77)

q/t = _A;,tﬂuaTaﬁ
= fp0o,b — bﬁuﬂaﬂu’i - mu’laﬂuﬂ, (78)

éu =-A u[)’Taﬂ =0, (79)

Ha

1 2
b =5 AuDys + Dyl — 3 AL A | T =0. (80)

The phenomenological stress-energy tensor is by con-
struction conserved. Its conservation equations,

0,Th, =0, (81)
0,1, = 0. (82)

give the continuity equation and the Navier-Stokes equa-
tion, respectively. They can be reduced to their standard
compressible form by using the nonrelativistic scaling [21]:
t—t/el, x = x/e,, v\ = €, v, and p - €2,p,

dop + 0i(pv') =0, (83)

p(0g +v/0,)v' = =0'p+nd*v' + ({+n/3)0'0,v7,  (84)

where ' is the velocity field, p = & + p with ¢ the energy
density and p pressure, and 9> = #/0;. In the scaling
relations above, €,, is an infinitesimally small parameter
that is taken to zero in order to find the dominant non-
relativistic terms.

To show how (83) and (84) arise in our construction, we
first note that the effective Goldstone action (53), (54) for
@™ fields describes an out-of-equilibrium theory in which
the gradient expansion is organized by counting derivatives
of currents K at some IR hydrodynamic scale A,. To
understand the near-equilibrium limit, we study the energy-
momentum balance equation (31) by introducing a near-
equilibrium parameter ¢, so that

¢! (x) = by (x! + £ (x)). (85)
Expanding around a constant equilibrium current
K§ = (by,0,0,0), (86)
it follows that

b=by+Ab+ -, (87)
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ut = uly+ vt - (83)
with

W= (1,0,0,0), v = (0, ). (89)

In terms of the fluctuation fields z¢, we find that
Ab = boaiﬂ'i, (90)
v = —0yn'. (91)

The conservation equation (36) then implies the order-#
relation

boaﬂ)i == —aoAb (92)

At the leading order in #, the force of the environment
acting on the fluid that is encoded in the nonconserving R’(’1>

vanishes. The first-order T’(‘f) is thus approximately con-

served near equilibrium and can be treated as the viscous
contribution to the total fluid’s conserved two-tensor TH.

Since first-order contributions are suppressed in the
double expansion by £ as well as a derivative acting on
v', we expand the zeroth-order energy-momentum balance
equation to order #2. The contribution from R’(’O) remains
nonvanishing, but it can be absorbed into the small
O(¢)-suppressed shifts of the fluid’s energy and pressure,

e—e+€py,  p—p—=po (93)

where the unshifted expressions are those of Egs. (58)
and (59). Furthermore, p, is given by the expression

(i + j) I _
with Gﬁ-j evaluated at b = b, and the expression summed
over i and j.

With this redefinition of € and p, the tensor 7+ in (65)

becomes approximately conserved near equilibrium and
mimics the expected behavior of a stress-energy tensor,

0,T" = 0. (95)

A further requirement for a genuine identification of 7+
with the hydrodynamic stress-energy tensor of the fluid
described by our CTP construction is that 7% needs to be
symmetric. We can show that to the order of £ we are
working at, a symmetrized T*) obeys

0, = 9, T = 5ay(Tm +TH) +O(f*) ~0. (96)

The symmetrization of T#° does not work in the same way.
However, in the nonrelativistic limit, only zeroth-order,
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ideal hydrodynamic terms of the T#° components contrib-
ute to the continuity equation (83). Thus, for a non-
relativistic, near-equilibirum Navier-Stokes fluid, we can
identify the symmetrized version of our tensor 7#* with the
phenomenological stress-energy tensor,

TW) x TV, (97)

One should be aware that beyond the aesthetic desire to
exactly match the phenomenological stress-energy tensor,
what is important for the physics are the dynamical
equations of motion. Those follow from Eq. (31), which
is approximately conserved and does not require 7** to be
symmetric. The dynamical equations derived in the near-
equilibrium limit of our CTP construction are thus com-
pletely equivalent to those derived from phenomenological
hydrodynamics with the use of conservation laws.

The Navier-Stokes equations (83) and (84) again follow
from the near-equilibrium expansion to O(¢£?) at zeroth
order, and O(¢) at first order in gradient expansion,
followed by a nonrelativistic scaling limit ¢,, — 0. From
this expansion, or directly from (80), we find that the shear
viscosity 7 vanishes while the bulk viscosity is nonzero,

{=-n |b:b0- (98)

Note that the vanishing of the shear viscosity is most likely
caused by the very large symmetry group of volume-
preserving diffeomorphisms, under which our fluid is invari-
ant. In fact, viscosity in [5] resulted from a Lagrangian term
that explicitly broke this symmetry. Furthermore, the non-
dissipative construction of second-order hydrodynamics
invariant under SDiff (R!) in [4] also resulted in a smaller
number of independent transport coefficients compared to
the phenomenological classification, which is based on the
counting of independent tensor structures.

Because of the near-equilibrium expansion, the hydro-
dynamic coefficient ¢ becomes an equilibrium,
by-dependent constant. In terms of the four undetermined
coefficient functions in the Lagrangian (54),

{=—=b}(f333 + f300 = f303 + 3]7330)|h:b0
= 263 (F333.03+F303.03 = F330.03 = F300.03) lb=b,
— 4b;, (f§33,00 + f%oz.,oo) lb=b,
+453(F3033 + F30033) lb=by- (99)

n=0,

D. The entropy current

Lastly, let us turn our attention to the entropy current
S#, which can be associated with the system.2 In standard
relativistic hydrodynamics with a conserved stress-energy
tensor, the entropy current can be written as a sum of two
terms,

*We thank the anonymous PRD referee for insightful com-
ments on the topic of the entropy current.
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SH = Stan + Storr- (100)
The first term, Stay,, is the canonical part that must satisfy
the covariant relativistic generalization of the thermody-
namical relation € + p = sT [17],

TSt = pu* — Tu,. (101)

It is important to note that the canonical entropy current
is invariant to first order in d,u, and 9,T under the frame
redefinitions " — w" + 6u" (Oyup, 0,T) and T — T+
5T(3auﬁ, 5aT).

In the spirit of the gradient expansion of hydrodynamics,
one should be allowed to add the most general series of
corrections [22,23], as terms in Sk, that are consistent
with the symmetries of the vector current $* and ensure the
positivity of the entropy production,

9,8 > 0. (102)
However, for our purposes, S, is irrelevant as it has
long been known that corrections to S, can only arise
at the second order in the derivative expansion of the
stress-energy tensor, which are beyond the scope of this
work [22-26].”

Although associating an entropy current is difficult in our
situation when the full nonlinear theory is considered, the
linearized stress-energy tensor was shown to be approxi-
mately conserved near equilibrium; cf. (95). If we restrict
ourselves to work only within that regime, then Eq. (101)
implies that

M M
Sﬂ_suuq__(%_l?)uuq?

. (103)

By using the standard thermodynamical expressions
e+ p=sT, T=0e/0s, and s =0p/IT, along with
Eqgs. (58) and (59), we find the temperature and the entropy
density to be

T=exp{—-InC+7T}, (104)

s = exp { [ Cbo,F —§Cb2g] }, (105)

where C is an integration constant and we have defined

Is/db HF =36 ~350;
OpF —1bG |

(106)

*In more general hydrodynamic frames, not considered in this
work, first-order corrections to (101) may appear in the expansion
of the entropy current. For some recent discussions on those
topics and various related hydrodynamic extensions, see [27-29]
and references therein.
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g= ZGU i+ j).

i<j

(107)

In the absence of dissipation, when G(K,K’') =0, the
expressions (104) and (105) reduce to the previously
derived nondissipative results, T = —0,F and s = b, after
we set C = —1.

Let us proceed by considering the implications of
imposing Eq. (102), i.e., the positive entropy production
condition. A conserved hydrodynamical stress-energy
tensor (75) with g# =¢* #0 and n =0 leads to an
equation of motion, u,d, ™ oh = = 0, which can be written

out in terms of the entropy densny,

0

 (su) =

%C(aﬂu")z - %6ﬂq" + % u,u'd,q".  (108)

Equation (108) can now be used to eliminate the entropy
density term from the divergence of (103). The resulting
inequality can be written out purely in terms of the
constituents of the CTP Lagrangian. Although we will
not consider this expression here in detail, what is impor-
tant is that the action itself does not guarantee the entropy
production to be positive and additional constraints must be
imposed on the form of G and f;j to ensure a physically
sensible effective theory.

The same conclusion can be drawn by studying the sign
of the bulk viscosity ¢ in Eq. (99), which would have to be
non-negative in a physical fluid.* Again, imposing ¢ > 0
results in constraints on the form of the f;; functions.

The fact that we need to impose additional restrictions on
the form of the effective action in order for the system to
produce positive entropy and have non-negative energy
density, temperature, bulk viscosity, etc. is not an unex-
pected feature of our construction. It results from the fact
that the “phenomenological” effective action with the
Lagrangian (53) and (54) was not derived from a unitary,
microscopic quantum field theory. Had we done this, the
structure of the Schwinger-Keldysh propagators would
ensure that such problems would not be present in the
effective infrared theory.’

Finally, as a simpler example, consider a very special
family of Lagrangians (or fluid flows) in which
G(K,K") = 0, so that the zeroth-order part of the entropy

4Microscopically, the positivity of the two viscosities (17 and {)
is ensured by the structure of the real-time two-point Green’s
functions, which appear in the Kubo formulas. For a more
detalled discussion, see, e.g., [6].

3See [30] for a recent derivation of an effective CTP action for
the Noether current from quantum electrodynamics and discus-
sions therein on how the structure of the Schwinger-Keldysh
propagators ensures a consistent IR effective theory. The precise
mechanism for how this microscopic structure should be imple-
mented in effective theories of the type studied in this work
remains to be understood. Recently, some of these issues were also
discussed in [31].
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current remains equals to K*, which is conserved by
construction. The positivity of the divergence of (103)
would then require us to only impose

qﬂ
5. () 20

It is now easy to show that at the leading order in # and in
the nonrelativistic limit, that the positive entropy produc-
tion condition (109) demands that

(109)

B(by)0'0;,Ab > 0. (110)
Since B(bo) = b3>_;;4ifijk(bo)/3, Eq. (110) explicitly
shows that we need to supply additional constraints on
fijk to ensure positive entropy production.

It is interesting to note that the expression (110) is
consistent with the following fact pertaining to incom-
pressible fluids, which are characterized by the condition

o' =0. (111)
According to the definitions (88) and (89), the incompress-
ibility condition (111) implies the relativistic relation,
d,u* =0, to first order in Z. The conservation of K*
[cf. Eq. (36)] then implies that » must be a space-time
independent constant. Given the definition (87) of b to
order 7, the fact that » must be constant means that we may
absorb a constant value Ab into b, and set Ab = 0. Finally,
Eq. (110) shows that incompressibility implies conserva-
tion of entropy. These findings are therefore consistent with
the fact that an incompressible nonrelativistic fluid with
n =0 behaves as an ideal fluid without any entropy
production. In such cases, the presence of the bulk viscosity
¢ alone cannot influence the solutions of the Navier-Stokes
equation (84).

VI. CONCLUSION

In this work, we showed how phenomenological rela-
tivistic hydrodynamics with dissipation can be constructed
using a classical CTP effective action. We were able to
derive closed-form equations describing the fluid from an
action principle, containing dissipative effects triggered by
the presence of the nonzero bulk viscosity.

Of central importance were terms collected into S,,
which coupled fields living on the two time axes and
reflected quantum and classical interactions between the
open (sub)system and the integrated-out, UV degrees of
freedom of the environment. Such terms were argued to
generically arise in an effective CTP field theory.
Dissipation thus manifested itself in the energy loss of
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the low-energy degrees of freedom to the UV microscopic
degrees of freedom. We note that this physical interpreta-
tion is in accordance with the usual phenomenological view
of dissipation. However, in that approach one is able to
maintain all conservation laws. Despite the immense
historical success of such a phenomenological approach,
the fact that energy should not be conserved in a theory
describing only the relevant hydrodynamic modes is a
natural result of interactions among all degrees of freedom
before a choice is made to eliminate some of them from our
description of the system. Our future plan is to explore how
this effective theory point of view could be related in a more
precise and quantitative manner to the phenomenological
assumption of conservation laws.

Despite the lack of energy conservation in our open
effective field theory, the two-tensor 7" we derived was
shown to be conserved in the near-equilibrium regime, thus
approaching the behavior of the phenomenological stress-
energy tensor in that limit. This enabled us to identify the
bulk viscosity of the family of fluids that could be described
by the action we constructed. The shear viscosity, however,
vanished in this setup, which is most likely the result of a
large amount of symmetry, namely, the volume-preserving
diffeomorphisms that were used to construct the effective
action. We defer a further study of this problem, i.e.,
the identification of the correct symmetries for a description
of dissipative fluids, as well as the classification of different
fluids described by the presented formalism, to a future
work.

The systematic treatment of dissipation we presented in
this paper can be applied to any effective theory derived
from a quantum field theoretical model. The thermody-
namical considerations of the usual phenomenological
approach are thus completely replaced by the assumption
about the applicability of the Wick’s theorem and the
gradient expansion. We saw that the positivity of the
divergence of the dissipative entropy current, as defined
in this work, was not automatically ensured and additional
restrictions would need to be imposed on the form of the
effective action. A more detailed future investigation into
how the microscopic CTP structures constrain infrared
effective theories will be required to fully resolve this
problem.
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