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The first- and second-order forms of gauge theories are classically equivalent; we consider the
consequence of quantizing the first-order form using the Faddeev-Popov approach. Both the Yang-Mills
and the Einstein-Hilbert actions are considered. An advantage of this approach is that the interaction
vertices are quite simple, being independent of momenta. However, it is necessary to consider the
propagator for two fields (including a mixed propagator). We derive the Feynman rules for both models and
consider the one-loop correction for the thermal energy momentum tensor.
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I. INTRODUCTION

The covariant quantization of the classical Yang-Mills
(YM) field only became possible when it was realized that
nonphysical modes of the vector field had to be canceled by
contributions from so-called “ghost” fields that had non-
trivial interactions [1–5]. Even then, computations are quite
involved in large part because vertices arising from the
classical second-order Yang-Mills Lagrangian

Lð2Þ
YM ¼ −

1

4
ð∂μAa

ν − ∂νAa
μ þ gfabcAb

μAc
νÞ2 ð1Þ

are quite complicated; there is a momentum-dependent
three-point vertex as well as a four-point vertex.
The second-order Lagrangian of Eq. (1) is classically

equivalent to the first-order Yang-Mills Lagrangian,

Lð1Þ
YM ¼ −

1

2
Fa
μνð∂μAaν − ∂νAaμ þ gfabcAbμAcνÞ

þ 1

4
Fa
μνFaμν; ð2Þ

as once the equation of motion for the independent fieldFa
μν

is used to eliminate it from the Lagrangian of Eq. (2), the
Lagrangian of Eq. (1) is recovered. The advantage of
working directly with the Lagrangian of Eq. (2) is that
there is now only a relatively simple three-point vertex
F� A� A. However, it is necessary to work with not only
propagators A� A and F� F for the fields Aa

μ and Fa
μν, but

also a mixed propagator A� F. This has been considered in
Ref. [6] using background field quantization.
The second-order Einstein-Hilbert (EH) Lagrangian

written in terms of the metric is

Lð2Þ
EH ¼ −κ

ffiffiffiffiffiffi
−g

p
gμνRμνðΓÞ; ð3Þ

where

Rμν ¼ Γρ
μρ;ν − Γρ

μν;ρ − Γσ
μνΓ

ρ
σρ þ Γρ

μσΓσ
νρ ð4Þ

with

Γρ
μν ¼ 1

2
gρλðgμλ;ν þ gνλ;μ − gμν;λÞ: ð5Þ

If we now set ffiffiffiffiffiffi
−g

p
gμν ¼ hμν; ð6Þ

Gλ
μν ¼ Γλ

μν −
1

2
ðδλμΓσ

νσ þ δλνΓσ
μσÞ; ð7Þ

then Eq. (3) becomes

Lð2Þ
EH ¼ κhμν

�
Gλ

μν;λ þ
1

d − 1
Gλ

μλG
σ
νσ − Gλ

μσGσ
νλ

�
; ð8Þ

where d is the space-time dimension.
The “Faddeev-Popov” (FP) quantization procedure of

Refs. [2–5] has been applied to the action of Eq. (3) with
either gμν [7–9] or

ffiffiffiffiffiffi−gp
gμν [10,11] being treated as the

independent field. (The FP procedure has to be extended
to accommodate the “transverse-traceless” gauge [12]).
Background field quantization is employed [13–15], with
gμν being expanded about a classical background field such
as the flat metric ημν. This leads to exceedingly complicated
vertices as g and gμν now both become infinite series in the

quantum field. The part of Lð2Þ
EH that is just bilinear in the

quantum field is a free second-order spin-two Lagrangian.
If in Eqs. (3) and (4) gμν and Γρ

μν are taken to be
independent fields, then for d > 2 the equation of motion
for Γρ

μν results in Eq. (5) [16]. (This was noted by Einstein
[17]; it is often a result credited to Palatini [18].) We will
consider the first-order Einstein-Hilbert (1EH) Lagrangian

Lð1Þ
EH as being identical to Lð2Þ

EH in Eq. (8) with hμν and Gλ
μν
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being taken as independent fields. We then have only
one relatively simple momentum-independent vertex
G� G� h, with the propagators h� h, G� G, and h� G.

In d ¼ 2 dimensions, Lð1Þ
EH and Lð2Þ

EH are inequivalent; an
extra vector field arises when solving the equation of motion

for Γλ
μν [19,20]. The Lagrangian L

ð2Þ
EH in d ¼ 2 dimensions is

not a total divergence although its equations of motion are
trivial and the constraint structure reveals that the gauge
invariance is simply δgμν ¼ ϵμνðxÞ for and arbitrary tensor
ϵμνðxÞ [21]. This shows that no physical degrees of freedom
reside in Lð2Þ

EH when d ¼ 2. When d ¼ 2, a canonical

analysis of Lð1Þ
EH also possesses no physical degrees of

freedom, but it does possess an unusual local gauge
invariance that is distinct from the manifest diffeomorphism

invariance [22,23]. Furthermore, upon quantizing Lð1Þ
EH when

d ¼ 2 using the FP procedure, it can be shown that all
perturbative radiative effects vanish [24].

We will now consider the quantization of Lð1Þ
YM and Lð1Þ

EH
when d > 2.

II. FIRST-ORDER YANG-MILLS ACTION

The Lagrangian of Eq. (2) is invariant under an infini-
tesimal local gauge transformation,

δAa
μ ¼ Dab

μ θb ≡ ð∂μδ
ab þ gfapbAp

μ Þθb; ð9aÞ

δFa
μν ¼ afapbFp

μνθb; ð9bÞ

which necessitates the introduction of a gauge-fixing
Lagrangian Lgf and its associated ghost Lagrangian Lgh

[1–5]. Working with the covariant gauge-fixing Lagrangian

Lgf ¼ −
1

2α
ð∂ · AaÞ2; ð10Þ

one has

FIG. 1. Feynman rules for first-order Yang-Mills.
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Lgh ¼ c̄a∂ ·Dabcb; ð11Þ

where c̄a and ca are the usual Fermionic scalar ghost fields.
The terms in Lð1Þ

YM þ Lgf þ Lgh that are bilinear in the fields Aa
μ and Fa

λσ are

1

2

�
Aμ; Fa

λσ

� 1
α ∂μ∂ν 1

2
ð∂ρηκμ − ∂κηρμÞ

− 1
2
ð∂λησν − ∂σηλνÞ 1

4
ðηλρησκ − ηλκησρÞ

! 
Aν

Fa
ρκ

!
: ð12Þ

The inverse of the matrix appearing in Eq. (12) is

Δð∂Þ ¼
0
@ 1

∂2
�
ημν − ð1−αÞ

∂2 ∂μ∂ν
�

− 1
∂2 ð∂ρηκμ − ∂κηρμÞ

1
∂2 ð∂λησν − ∂σηλνÞ 2

�
Iλσ;ρκ − 1

∂2 L
λσ;ρκ

�
1
A; ð13Þ

where

Iλσ;ρκ ¼ 1

2
ðηλρησκ − ηλκησρÞ; ð14aÞ

Lλσ;ρκð∂Þ ¼ 1

2
ð∂λ∂ρησκ þ ∂σ∂κηλρ − ∂λ∂κησρ − ∂σ∂ρηλκÞ: ð14bÞ

The propagators are given by iΔðipÞ and the F� A� A

vertex follows from the interacting part of Lð1Þ
YM,

−
1

2
gfabcFa

μνAbμAcν: ð15Þ

The Feynman rules appear in Fig. 1.
We now turn to examining the 1EH Lagrangian.

III. FIRST-ORDER EINSTEIN-HILBERT ACTION

It is tempting to consider directly applying the FP
quantization procedure to the 1EH action of Eq. (8) when
hμν andGλ

μν are treated as independent fields. However, it is
soon discovered that no choice of gauge leads to bilinears
in the effective Lagrangian that can be inverted so as to
result in a suitable propagator. However, if we write
hμν ¼ ημν þ ϕμν, where ημν ¼ diagðþ − − − � � �−Þ is a flat
background and ϕμν is a quantum fluctuation, then Eq. (8)
becomes (with κ ¼ 1=2)

Lð1Þ
EH ¼ 1

2

	
ϕμνGλ

μν;λ þ ημν
�

1

d − 1
Gλ

λμG
σ
σν −Gλ

σμGσ
λν

�


þ 1

2

	
ϕμν

�
1

d − 1
Gλ

λμG
σ
σν −Gλ

σμGσ
λν

�


≡ Lð1Þ2
EH þ Lð1Þ3

EH : ð16Þ

The infinitesimal form of diffeomorphism invariance
associated with the action of Eq. (8) is

δhμν ¼ hμλ∂λθ
ν þ hνλ∂λθ

μ − ∂λðhμνθλÞ; ð17aÞ

δGλ
μν ¼ −∂2

μνθ
λ þ 1

2
ðδλμ∂ν þ δλν∂μÞ∂ρθ

ρ − θρ∂ρGλ
μν

þ Gρ
μν∂ρθ

λ − ðGλ
μρ∂ν þ Gλ

νρ∂μÞθρ; ð17bÞ

which means that for Lð1Þ
EH in Eq. (15) we have the gauge

transformation of Eq. (17b), while Eq. (17a) now implies
that

δϕμν ¼ ∂μθν þ ∂νθμ þ ϕμλ∂λθ
ν þ ϕνλ∂λθ

μ − ημν∂ · θ

− ∂λðϕμνθλÞ: ð18Þ

(Indices are now raised using ημν.)
If we now choose the gauge-fixing condition

Lgf ¼ −
1

2α
ð∂μϕ

μνÞ2; ð19Þ

then the Faddeev-Popov ghost contribution to the effective
Lagrangian would be [10,11]

LFP ¼ d̄μ½∂2ημν þ ð∂ρϕ
ρσÞ∂ση

μν − ð∂ρϕ
ρμÞ∂ν

þ ϕρσ∂ρ∂ση
μν − ð∂ρ∂νϕρμÞ�dν: ð20Þ

The terms bilinear in ϕμν and Gλ
μν that follow from

Eqs. (16) and (19) are

Lð2Þ
eff ¼

1

2

h
ϕμν; Gλ

αβ

i	Aμνρκ Bγδ
μνσ

Cαβ
ρκλ Dαβ

λ
γδ
σ


	
ϕρκ

Gσ
γδ



; ð21Þ

where
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Aμνρκ ≡ 1

4α
ð∂μ∂ρηνκ þ ∂ν∂ρημκ þ ∂μ∂κηνρ þ ∂ν∂κημρÞ;

ð22aÞ

Bγδ
μνσ ≡ 1

4
ðδγμδδν þ δγνδδμÞ∂σ; ð22bÞ

Cαβ
ρκλ ≡ −

1

4
ðδαρδβκ þ δβρδακ Þ∂λ; ð22cÞ

Dαβ
λ

γδ
σ

≡ 1

4

	�
1

d − 1
δαλδ

γ
σηβδ − δασδ

γ
λη

βδ þ α ↔ β

�
þ γ ↔ δ



:

ð22dÞ
Using the blockwise matrix inversion	
A B
C D



−1

¼
	

X−1 −X−1BD−1

−D−1CX−1D−1 þD−1CX−1BD−1



;

ð23Þ
where

X ¼ A − BD−1C ð24Þ

and A, B, C, and D have tensor representations given by
Eqs. (22), we can obtain the propagators in a straightfor-
ward way. (Some of the following steps were carried out
using computer algebra.) First, we compute the inverse of
Dαβ

λ
γδ
σ . Using Eq. (22d), we obtain

D−1 λ
αβ

σ
γδ ¼

1

2
ηλσ
�
ηαγηβδ þ ηαδηβγ −

2

d − 2
ηαβηγδ

�

−
1

2
ðδλδδσβηαγ þ δλγδ

σ
βηαδ þ δλδδ

σ
αηγβ þ δλγδ

σ
αηβδÞ:

ð25Þ

Then, substituting Eqs. (22a), (22b), (22c), and (25) into the
tensor form of Eq. (24), we obtain (i∂ ¼ p)

Xμνρκ¼
p2

8

�
2ημνηρκ
d−2

−ημρηνκ−ημκηνρ

�

þ
�
1

8
−

1

4α

�
ðpμpρηνκþpνpρημκpμpκηνρþpνpκημρÞ:

ð26Þ

Computing the inverse of this expression, we obtain

X−1μνρκ ¼ 1

p2
½ð4−αÞημνηρκ −2ðημρηνκþ ημκηνρÞ�þα−2

p4
½2ðpμpνηρκ þpρpκημνÞ−pμpρηνκ −pνpρημκ −pμpκηνρ−pνpκημρ�

≡Dϕ2

μνρκ; ð27Þ

where we have identified the result with the graviton propagatorDϕ2

μνρκ (notice that for α ¼ 2,Dϕ2

μνρκ has the same structure as
the DeDonder gauge propagator in the second-order formulation).
Substituting Eqs. (22b), (22c), (25), and (27) into the tensor form of the off-diagonal blocks of Eq. (23), we obtain

DGϕ λ
αβ

ρκ ¼ i
2p2

½pαððα − 4Þδλβηρκ þ 2δρβη
λκ þ 2δκβη

λρÞ − 2pλδκαδ
ρ
β þ α ↔ β�

−
iðα − 2Þ

p4
½pκpρðpβδ

λ
α þ pαδ

λ
βÞ − pαpβðpρηκλ þ pκηρλÞ þ pαpβpληκρ�; ð28Þ

DϕGμν σ
γδ ¼ −DGϕσ

γδ
μν ð29Þ

The propagator for theGλ
μν field can similarly be obtained by computing the second diagonal block of Eq. (23) with the help

of Eqs. (22b), (22c), (25), and (27), which yields

DG2 λ
αβ

σ
γδ ¼

α − 2

2p4
½pαpβpλðpδδ

σ
γ þ pγδ

σ
δÞ þ pγpδpσðpαδ

λ
β þ pβδ

λ
αÞ − 2pαpβpγpδη

λσ�

þ 1

4p2

	
2pλpσ

�
2ηαβηγδ
d − 2

− ηαγηβδ − ηβγηαδ

�
þ 2pλðpγðδσαηβδ þ δσβηαδÞ þ pδðδσαηβγ þ δσβηαγÞÞ

þ 2pσðpαðδλγηβδ þ δλδηγβÞ þ pβðδλγηδα þ δλαηαγÞÞ − 2pαðpγðηλσηβδ þ δλδδ
σ
βÞ þ pδðηλσηβγ þ δλγδ

σ
βÞÞ

− 2pβðpγðηλσηαδ þ δλδδ
σ
αÞ þ pδðηλσηαγ þ δλγδ

σ
αÞÞ þ ð4 − αÞðpγδ

σ
δ þ pδδ

σ
γ Þðpαδ

λ
β þ pβδ

λ
αÞ



−
ηλσ

2

�
2ηαβηγδ
d − 2

− ηαγηβδ − ηβγηαδ

�
−
δσα
2
ðηβγδλδ þ ηβδδ

λ
γÞ −

δσβ
2
ðηαγδλδ þ ηαδδ

λ
γÞ: ð30Þ
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There is only one interaction vertex which can be read from Eq. (16). The symmetrized result can be written as

Vμν
λ
αβ

σ
γδ ¼

1

8

�	�
ημβηνδδ

λ
αδ

σ
γ

d − 1
− ημβηνδδ

σ
αδ

λ
γ þ μ ↔ ν

�
þ α ↔ β



þ γ ↔ δ

�
: ð31Þ

The ghost propagator and vertex, which can be read from Eq. (20), are given by

Dgh
μν ¼ −

ημν
p2

ð32Þ

and

Vgh μν
σβðp1; p2; p3Þ ¼

δðp1 þ p2 þ p3Þ
2

½ηαβðpμ
2p

ν
3 þ pν

2p
μ
3Þ − p2βðpμ

1δ
ν
α þ pν

1δ
μ
αÞ�: ð33Þ

Using Eqs. (27)–(33), we put together in Fig. 2 all of the
Feynman rules for first-order gravity.
As an example of the effectiveness of the perturbative

first-order formalism, let us now consider an explicit
perturbative calculation which makes use of the
Feynman rules in Fig. 2. We will consider a simple one-
loop calculation which takes into account the coupling of
the graviton field to the energy-momentum tensor of a

thermal gravitational plasma. Since this is a well-known
result which has been obtained in the usual formulation of
thermal gravity [25] as well as in the transverse-traceless
gauge-fixing formulation [12], it provides a simple test of
the consistency of the first-order formalism.
The energy-momentum tensor Tμν and the one-graviton

function Γμν are related by

Γμν ¼
δΓ
δϕμν ¼ −

1

2

ffiffiffiffiffiffi
−g

p
Tμν; ð34Þ

where Γ is the one-loop thermal effective action. In the
Fig. 3 we shown the one-loop diagrams that contribute to
Γμν. Using the imaginary-time formalism [26], the thermal
part of each of these diagrams can be written as

Z
dd−1k
ð2πÞd−1

Z
i∞þδ

−i∞þδ

dk0
2πi

NBðk0Þ½fIμνðkÞ þ fIμνð−kÞ�; ð35Þ

where NBðk0Þ is the Bose-Einstein thermal distribution
function. For convenience, we are considering the more
general case of a d-dimensional space-time. The integrand
of each contribution from Fig. 3 is denoted by
fIμνðkÞðI ¼ a; b; cÞ.
Let us first consider the diagram with a mixed propa-

gator, as shown in Fig. 3(a). Using the Feynman rules in

FIG. 2. Feynman rules for first-order gravity.

FIG. 3. Diagrams that contribute to the thermal energy-mo-
mentum tensor. The loops in diagrams (a), (b) and (c) represent
the mixed, ghost and G field contributions, respectively.
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Fig. 2, we obtain

faμνðkÞ ¼ −i
	
ðα − 2Þ k

λkαkβ
k4

−
ð3αþ 2d − 4Þkληαβ − dðkαδλβ þ kβδλαÞ

2k2



ðDB−1XÞαβλμν; ð36Þ

where the factor ðDB−1XÞαβλμν produces the corresponding
amputated Green function. Since faμνðkÞ is an odd function
of k the net result in Eq. (35) will vanish trivially.
We are then left with the ghost loop and the G-loop

contributions. From Figs. 3(b) and 3(c) we obtain

fbμνðkÞ ¼ −d
kμkν
k2

ð37Þ

and

fcμνðkÞ ¼
1

4

	
dðd − 1Þημν þ dðdþ 1Þ kμkν

k2



: ð38Þ

Since we are using dimensional regularization, the first
term in Eq. (38) produces a vanishing contribution when
inserted into Eq. (35). Adding the nonvanishing contribu-
tion from fbμνðkÞ and fcμνðkÞ, and using Eq. (35), we obtain

Γtherm
μν ¼ dðd − 3Þ

2

Z
dd−1k
ð2πÞd−1

Z
i∞þδ

−i∞þδ

dk0
2πi

NBðk0Þ
kμkν
k2

;

ð39Þ

where the factor dðd − 3Þ=2 counts the degrees of freedom
of a graviton in d dimensions. Closing the contour of
integration on the right-hand side of the plane, the pole at

k0 ¼ j~kj gives the following contribution [there is a minus
sign from the clockwise contour integration and the pole

from 1=k2 at k0 ¼ j~kj yields a factor 1=ð2j~kj)]:

Γtherm
μν ¼ −

dðd − 3Þ
4

Z
∞

0

dj~kj j
~kjd−1
e
j~kj
T − 1

Z
dΩd−1

ð2πÞd−1 k̂μk̂ν

¼ −
dðd − 3Þ

4
ζðdÞΓðdÞTd

Z
dΩd−1

ð2πÞd−1 k̂μk̂ν; ð40Þ

where k̂μ ¼ ð1; ~k=j~kjÞ. This result can be expressed in terms
of the heat bath four-velocity uμ ¼ ð1; 0Þ as follows:

Γtherm
μν ¼ dðd − 3Þ

4ðd − 1Þ ζðdÞΓðdÞ
�Z

dΩd−1

ð2πÞd−1
�
Tdðημν − duμuνÞ

¼ dðd − 3Þ
4ðd − 1Þ ζðdÞΓðdÞ

2π
d−1
2

Γðd−1
2
Þ

Td

ð2πÞd−1 ðημν − duμuνÞ:

ð41Þ

For d ¼ 4 we obtain

Γtherm
μν jd¼4

¼ π2T4

90
ðημν − 4uμuνÞ; ð42Þ

which is in agreement with the known result obtained using
the second-order formalism [25].

IV. DISCUSSION

We have examined how the first-order form of both
the Yang-Mills and Einstein-Hilbert actions can be used to
compute quantum effects. In both cases, using the first-
order form of the action simplifies the vertices encountered
when using the Faddeev-Popov quantization; unfortu-
nately, the propagators become more involved.
The first- and second-order form of the actions can be

shown to be classically equivalent by examining the
classical equations of motion. To show that the path
integrals associated with Lð2Þ

YM and Lð1Þ
YM are equivalent,

we only need to take

Lð2Þ
eff ¼ Lð2Þ

YM þ Lgf þ Lgh ð43Þ

[using Eqs. (1), (10), and (11)], and to insert into the path
integral

Zð2Þ
eff ¼

Z
DAa

μDcaDc̄a exp i
Z

dxLð2Þ
eff ð44Þ

the constant

Z
DFa

μν exp i
Z

dx

�
1

4
Fa
μνFaμν

�
: ð45Þ

Upon performing the shift

Fa
μν → Fa

μν − ð∂μAν − ∂νAμ þ gfabcAb
μAc

νÞ; ð46Þ

we convert Zð2Þ
eff into Zð1Þ

eff , where

Zð1Þ
eff ¼

Z
DAa

μDFa
μνDcaDc̄a exp i

Z
dxLð1Þ

eff ; ð47Þ

where Lð1Þ
eff is identical to Lð2Þ

eff of Eq. (43), except that now

Lð1Þ
YM of Eq. (2) replaces Lð2Þ

YM.
Unfortunately, it is not so straightforward to show that

when the Faddeev-Popov quantization procedure is used in

conjunction with Lð1Þ
EH, the same result is obtained as when
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Lð2Þ
EH is treated this way. In any case, it is not clear that

the Faddeev-Popov procedure is appropriate for Lð1Þ
EH as the

constraint structure of this Lagrangian implies that the
functional measure receives a nontrivial contribution from
second-class constraints [27]. Such contributions also have
a significant effect when quantizing a model with an
antisymmetric tensor field that interacts with a non-
Abelian vector field and that possesses a pseudoscalar
mass [28].

The problem of renormalizing the divergences that arise
when using the Faddeev-Popov approach to quantizing

Lð1Þ
YM and Lð1Þ

EH is quite delicate on account of the presence of
mixed propagators. We are currently considering this issue.
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