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Quantum inequality in spacetimes with small curvature
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Quantum inequalities bound the extent to which weighted time averages of the renormalized energy
density of a quantum field can be negative. Such inequalities in curved spacetime can be used to disprove
the existence of exotic phenomena, such as closed timelike curves. Starting with a general result of Fewster
and Smith, we derive a quantum inequality for a minimally coupled scalar field on a geodesic in a
spacetime with small curvature, working to first order in the Ricci tensor and its derivatives. Since only the
Ricci tensor enters, there are no first-order corrections to the flat-space quantum inequality on paths which

do not encounter any matter or energy.
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I. INTRODUCTION

In the context of general relativity all kinds of exotic
spacetimes are allowed. With the appropriate stress-energy
tensor 7', following Einstein’s equations, the spacetime can
contain wormholes and allow superluminal travel and the
construction of “time machines.” However, in quantum field
theory, there are restrictions on 7',. Two examples of these
are the energy conditions and the quantum inequalities.
Pointwise energy conditions bound the stress-energy tensor
at each spacetime point, but they are easily violated, since
quantum field theory allows arbitrary negative energies (e.g.,
in the Casimir effect). On the other hand, averaged energy
conditions bound the stress-energy tensor integrated along a
complete geodesic, and quantum inequalities bound a
weighted time average of the total energy. These have been
proven to hold in a variety of spacetimes.

Energy conditions have been used to address the
possibility of exotic spacetimes. Specifically, Ref. [1]
showed that the achronal averaged null energy condition
(achronal ANEC) is sufficient to rule out most known
spacetimes with exotic curvature. In previous work [2], we
proved achronal ANEC for spacetimes with a classical
source. However, to do that we assumed that with a
timescale small compared to any curvature radius the
quantum inequality for flat spacetime still holds with small
corrections. Ford, Pfenning and Roman [3,4] also have
suggested that the flat-space quantum inequalities can be
used in spacetimes with small curvature. However none of
these results have been explicitly proven.

Quantum inequalities were first introduced by Ford [5] to
prevent the violation of the second law of thermodynamics.
Since then, they have been derived for a wide range of
spacetimes, fields, and weighting functions. We concen-
trate here on quantum inequalities for minimally coupled
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scalar fields in curved spacetime. Some of these, for
example Ref. [6], are difference quantum inequalities,
which bound the difference of T,, between some state
and a reference state. But difference inequalities cannot be
used to rule out exotic spacetimes arising from vacuum
energies.

Fewster and Smith [7] proved an absolute quantum
inequality (i.e., one without dependence on a reference
state) that applies to spacetimes with curvature. Their
bound involves the Fourier transform of differentiated
terms of the Hadamard series up to fifth order. In recent
work [8], we used their result to provide a bound for flat
spacetimes with a background potential. In the same paper
we also showed that is sufficient to consider only terms up
to first order, which makes Fewster and Smith’s result more
practical. Using this result we will now show, in accordance
with our past conjecture and previous work, that in
spacetimes with small curvature, the quantum inequality
is the flat-space one with small corrections that depend on
the curvature.

The present paper closely follows Ref. [8]. We begin by
stating the general absolute quantum inequality of Fewster
and Smith [7] in Sec. II. The inequality bounds the time-
averaged, renormalized energy density using the Fourier
transform of a point-split energy operator applied to H,
which is a combination of the Hadamard series and the
advanced-minus-retarded Green’s function. In Sec. III we
discuss and simplify this operator. In Sec. IV we compute
the Green’s function to first order for a spacetime with
curvature, and in Sec. V we use that result to calculate H. In
Sec. VI we apply the point-split energy operator and
compute H. Finally we perform the Fourier transform,
and find the resulting quantum inequality in Sec. VII. We
conclude in Sec. VIIIL

We use the sign convention (—, —, —) in the classification
of Misner, Thorne and Wheeler [9]. Indices a,b,c,...
denote all spacetime coordinates while i, j, k... only spatial
coordinates.
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II. ABSOLUTE QUANTUM ENERGY INEQUALITY

We consider a massless, minimally coupled scalar field
with the usual classical stress-energy tensor,

1
Ty =V, OV, & — Egathdvc(I)vdq)- (1)

Let y be any timelike geodesic parametrized by proper time
t, and let g(¢) be any smooth, positive, compactly supported
sampling function. In flat spacetime, Fewster and Eveson
[10] showed that

[T araortr 2 s [Taer. @

We will generalize Eq. (2) to geodesics in curved
spacetime.

First we construct Fermi normal coordinates [11] in the
usual way: We let the vector ey(z) be the unit tangent to
the geodesic y, and construct a tetrad by choosing arbitrary
normalized vectors e;(0),i = 1,2, 3, orthogonal to e4(0)
and to each other, and define {¢;(7)} by parallel transport
along y. The point with coordinates (x°, x!, x?, x*) is found
by traveling unit distance along the geodesic given by
x'e;(0) from the point y(0).

We work only in first order in the curvature and its
derivatives, but do not otherwise assume that it is small. We
assume that the components of the Ricci tensor in any Fermi
coordinate system, and their derivatives, are bounded,

|Rab| < Rmax |Rab,cd| < Rgmx |Rab Ld(3| < Rm (33')

These lead to bounds on the Ricci scalar and its derivatives,

|R| SZI'Rmax |R cdl < 4Rmax |R,cde| < 4Rzllax7 (3b)
since we are working in four dimensions.

Equations (3) are intended as universal bounds which
hold without regard to the specific choice of Fermi
coordinate system above. We will not need a bound on
the first derivative. The reason that we bound the Ricci
tensor and not the Riemann tensor is that, as we will prove,
the additional terms of the quantum inequality do not
depend on any other components of the Riemann tensor.
We will discuss this result further in the conclusions.

Following Ref. [7], we define the renormalized energy
density,

(T57) = T TP ($(x) () ~ H(x.¥)) = 0+ Cy (4)
with quantities appearing in Eq. (4) defined as follows.
T*Plit is the point-split energy density operator,

. l 3 / 1 3
Tspllt — 5 Z egva ® g/; Vﬁ/ = 5 Z aaaa/, (5)
a=0

a=0
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where 0, f or f , denotes the gradient of a function f with
respect to x in the direction of e,(x), and 9, f or f , the
same with x’ in place of x.

We renormalize the energy density according to the
procedure of Wald [12], by taking the difference between
the two-point function, {(¢(x)¢(x’)), and the Hadamard
series,

1 A1/2
H(x,xX')=-— [

7% oy (x,x)

~

v; ol (x, ') In(o (x,x')/£?)

J

I
Dﬂs

J=0

i "o (x, x )} (6)

0

where v j and w; are smooth, real functions, and o is the
squared invariant length of the geodesic between x and X/,
negative for timelike separation. In flat space,

o(x,x') = =g (x = x')4(x = ). (7)

By F(o., ), for some function F, we mean the distributional
limit

F(s,) = lim F(o,), 8)

e—>0"
where
o.(x,x') =0o(x,x —t(xX))+ex  (9)

In some parts of the calculation it is possible to assume that
both points lie on the geodesic, so we define

) + 2ie(t(x)

T=1t-1 (10)
and write
Flo.) = F(z_) = limF(z,) (11)
where
7, =1 — €. (12)

We have introduced a length ¢ so that the argument of
the logarithm in Eq. (6) is dimensionless. The possibility
of changing this scale creates an ambiguity in the definition
of H, but this ambiguity can be absorbed into the ambiguity
involving local curvature terms discussed below. For
simplicity of notation, we will assume we are working
in units where ¢ = 1.

The function A is the Van Vleck-Morette determinant
biscalar, given by

det(V, ® Vyo(x,x)/2)

V=9(x)v/=9(x')

Alx,x') =— (13)
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All the vj;, and the w; for j>1 are determined by
differential equations discussed below, but wy is undeter-
mined. Here we will follow Wald [12] and choose wy = 0.

The term Q is the one introduced by Wald to preserve the
conservation of the stress-energy tensor. Wald [13] calcu-

lated this term in the coincidence limit,

1
Q:T”Zwl(x,x). (14)

The term C,, handles the ambiguities in the definition of the
stress-energy tensor 7 in curved spacetime. We will adopt
the axiomatic definition given by Wald [12], but there
remains the ambiguity of adding local curvature terms with
arbitrary coefficients. From Ref. [14] we find that these
terms include

(1>Hab = 2R;ab - 29abDR - gath/z + 2RRah (153')
(2>Hab = R;ab - DRab - gab[jR/2 - gabRCdRcd/2
4 2RR, (15b)

Thus in Eq. (19) we must include a term given by a linear
combination of Egs. (15a) and (15b) to first order in R,

Cy= a(l)H” =+ b(z)sz

b
= 2aR ;; - 5 (Rite + Riiyy — 3Ry i + Riijj),  (16)

where a and b are undetermined constants.!
From Ref. [7] we have the definition

H(x,x')=-[H(x,xX')+ Hx',x) +iE(x,x)], (17)

N[ =

where iE is the antisymmetric part of the two-point
function, which we calculate in Sec. IV. We will use the
Fourier transform convention

Fk) or A= / defet. (18)

"There are also ambiguities corresponding to adding multiples
of the metric and the Einstein tensor to the stress tensor. The first
can be considered renormalization of the cosmological constant
and the second renormalization of Newton’s constant. We will
assume that these renormalizations have been performed, and that
the cosmological constant is considered part of the gravitational
sector, so neither of these affects T',.
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We can now state the quantum inequality of Ref. [7],

/_ ® dtg(02 (T, (1.0)

[Se]

> - / (g ® g) (O TV ) (1. 1)) (—£.8)
0 T

4 / " A (1)(-0 + Cy). (19)

[Se]

where the operator 8* denotes the pullback of the function
to the geodesic,

(O T (5)) (1) = (TPF1(5) ( (1), 7(F)). (20)

and the subscript (5) means that we include only terms
through j =5 in the sums of Eq. (6). However, as we
proved in Ref. [8], terms of order j > 1 make no con-
tribution to Eq. (19).

Thus we can write Eq. (19) in our case as

[ gty e.0) > - (1)
where
B = /w%ﬁ(—f, &) + /oo drg* (1) <Q —2aR ;
0 )
- g (Rn,n + Rii,tt - 3Rn,ii + Rii.jj)) ’ (22)
F(t.1) = g(0)g(¢) T H 1) ((1,0). (. 0)), (23)

and £ denotes the Fourier transform in both arguments
according to Eq. (18).

II1. SIMPLIFICATION OF TPt
The T*P't operator, Eq. (5), can be written

o :
split
T =2 [a,a,d + ; a,-ail . (24)
To simplify it, we will define the following operator:
3
VE=V2+2> 0:0; + V2, (25)

i=1

which in flat space would be the derivative with respect to
the center point. Then Egs. (24) and (25) give
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L1 1
T = 2 10,0, +3 (V3= V2= V)
1
= V340, - + 00 -3 +200,].  (26)

where [, and [J,, denote the D’ Alembertian operator with
respect to x and x’. Because we are using Fermi coordinates
and are on the generating geodesic, the D’ Alembertian and
Laplacian operators have the same form with respect to
Fermi coordinates as they do in flat space. Then using

1
0 =1 [02 - 20,0, + 53], (27)
we can write
N I - : 7
TYH = L [O.H + OuH + V3H) - 2. (28)

Consider the first term. The function H(x,x’) obeys the
equation of motion” in x and so does E(x,x’). Thus

~ 1
O.H = 3 O.H(x, x). (29)

The quantities A(x,x") and v;(x, x") are symmetric, so the
only sources of asymmetry in H are the functions w;, and
the fact that the imaginary part of o, (x,x’) is antisym-
metric. The functions w;, when constructed by the pro-
cedure above, are real but may not be symmetric. Thus

H(x',x)=H(x,x')* +#Z(wj(x’,x) —w;(x,x"))o’ (x,x'),
(30)

where * denotes complex conjugation. Since [, is real,
O,H(x,x")* = 0, and we have

0.H = éDXZ(Wj(x’,x) —w;(x, X))o’ (x,x). (31)

In the coincidence limit Eq. (31) vanishes. There is no j =
0 term because wy = 0. In the j = 1 term, we have ¢, which
vanishes at coincidence unless both derivatives of the [ are
applied to it, in which case w; cancel each other, and for
j > 1, even [0/ vanishes.

The second term in brackets in Eq. (28) gives

OyH = 817Dx/2(wj(x, X)) —w;(x, x))o’ (x, ). (32)

Adding together Egs. (31) and (32), we get something
which is smooth, symmetric in x and x’, and vanishes in the

In general the sums in Eq. (6) do not converge and we should
work only to some finite order in o. In that case H(x, x") obeys the
equation of motion to that order.
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coincidence limit. Following the analysis of Sec. 3 A of
Ref. [8], such a term makes no contribution to Eq. (22) and
for our purposes we can take

Tsplit fy — H V2 - 8%} H. (33)

IV. GENERAL COMPUTATION OF E

The function E is the advanced minus the retarded
Green’s function,

E(x,x') = G4(x,x') — Gg(x,x), (34)

and iE is the imaginary, antisymmetric part of the two-point
function. The Green’s functions satisfy

6W (x = x')
Vg

Following Poisson et al. [15] and adjusting for different
sign and normalization conventions,

OG(x,x') = (35)

G(x,x') = i (2U(x,x")6(6) + V(x,X)O(-0)), (36)

where U(x,x') = AY2(x,x') and V(x,x') are smooth
biscalars.

For points y null separated from x’, V is called V [15] and
satisfies

- 1 .
V.0 + [E Oo + 2} Vv =-0u, (37)

with all derivatives with respect to y. Now V is first order in
the curvature, so we will do the rest of the calculation as
though we were in flat space. Under this approximation, we
will neglect coefficients which depend on the curvature,
and also evaluate curvature components at locations that
would be relevant if we were in flat space. The distance
between these locations and the proper locations is first
order in the curvature, so the overall inaccuracy will always
be second order in the curvature and its derivatives.

Thus we use 0 = —=2(y — x') and Oo = -8 in Eq. (37)
to get

(= X)V 4 0) + V) =3000). (38)

Now suppose we want to compute V at some point x”. We
need to integrate along the geodesic going from x’ to x”. So

let y = x4+ A(x” — x’) and observe that
dav(y) _,dvV(y) |, & s v
=4 V(y) = A(xX" = ")V \%4
7 2 TV =0T =)V + V()
. . 1
= =x)V,+ V) =5000) (39)
SO
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V(e x) = % / ' aou (). (40)

0

The function V obeys [15]
O V(x,x') =0. (41)

Let us consider points x and x’ on the geodesic y, which in
the flat-space approximation means they are separated only
in time, let x = (x+ x’)/2, and establish a spherical
coordinate system (r,@,¢) with origin at the common
spatial position of x and x’. Now V(x,x’) can be found
in terms of V and its derivatives evaluated at the time 7
(the time component of X) using Kirchhoff’s formula,

V(x,x’)zéér/dﬂ[\v/( )+f%V(x x')

3 V)], )

where the derivatives act on the first argument of V, f 12[9)
means to integrate over all spatial unit vectors €2, and we
now set

X"'=x+(7/2)Q, (43)

with the 4-vector Q given by Q with zero time component.

Now define null coordinates u =¢t+r and v =t —r.
Then x” has u =z, v = 0. The derivative d/0u can be
written (0/0t + 9/0r)/2 and so

Vi) = [ dol V(/200 ) ()

where Q, is Q with unit time component. From Eq. (40),

uV(%Q,x’) _%/ 4 (OU) (! /2)Q0, 7)), (45)

0

with the D’Alembertian applied to the first argument,
and so

1
V(x,x') = S—/dQDx//U(x”,x’). (46)

T

We are only interested in the first order of curvature,
so we can expand U, which is just the square root of the
Van Vleck determinant, to first order. From Ref. [16],

1

A2 (x,x') =1 _5/1 ds(1 = s)sR,(sx + (1 —s5)x)

0

x (x —x)(x —

so in the case at hand we can use

x')? + O(R?), (47)
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A1/2(x//7x/)
1

=1 _EAI ds(1 —s)sR,,(y)X*X>  (48)

UX',x') =

where y = sx”" = (su”,sv”,0",¢") is a point between 0
and x”, and the tangent vector X = dy/ds. We are
interested in O, U(x”,0). To bring the [ inside the
integral, we define ¥ = sX = (su”, sv”,0,0), and

1 1
OUG.0) = = [ ds(1 = 5)sThe[Ras(y)X"X"

0

__%‘/Olds(l—S)SDy[Rab(y)Yayb]. (49)

For the rest of this section, all occurrences of u, v, 8, ¢, and
derivatives with respect to these variables will refer to these
components of y or Y.

Now we expand the D’ Alembertian in Eq. (46), in terms
of an angular part,

Y Sy (VRPN U S
27 (v —u)?sin0 00 90)  (v—u)?sin@ 0gp?’
(50)

and a radial and temporal part, which we can write in terms
of derivatives in u and v,

0? 4 g 0
461}0u_u—v<%_%)' (1)

The angular part vanishes on integration, leaving

V(x,x’):—i/dg/ldss(l )

[aa L, fm}( L)Y, (52)

Outside the derivatives, we can take » = 0 and change
variables to u = s7, giving

V(x,x") dQ du (t—u)
[uaa -0, +8 [(Ra(y)Y9Y?)
4”1 dQ/ du(t —u)
X Dul(u), = 1) (R (5) YY), (53)

We can integrate by parts with no surface contribution,
giving
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—% [ do [*aut - o) (ko )vr)
/dQ/ dur®[—uR,, ,(y) — 2R,,(y)
+ RW y))- (54)
Now
Rup = Gap = (1/2)94G, (55)

where G, is the Einstein tensor and G its trace. Thus

V(X, xl) - 4t dQ /)T duuz[_uGuu.v(y) - 2Gub(y)
)G(

+ (1/2)G(y) + G (v)]- (56)
Now define a vector field Q,(y) = G,;,(y)Y”. Then
Qa;c = Gab;c(y) Y? + Gab(y> Yb;C‘ (57)

We write the covariant derivative only because we are
working in null-spherical coordinates, rather than because
of spacetime curvature, which we are ignoring because we
already have first-order quantities.

PHYSICAL REVIEW D 91, 104005 (2015)

In Cartesian coordinates, Y = y?, and y”.. = 5%, which
means that (in any coordinate system)

7“Quc. =G. (59)

Explicit expansion gives

gaCQa;c = 2’(QU,L[ + Qu,v) - U (Qu - Qb)
4 1 0 ,.
" o= w? [singog "0 T G Qe
(60)

but the angular terms vanish on integration. Now we

expand the derivatives in # and v and set v = 0, giving
Qv,u = uGuv,u =+ Guv (618.)

Qu,v = uGuu,v + GIMJ’ (61b)

SO

/ dQ(2uG,, , + 2uG,, , + 8G,, — 4G,,) = / dQG.

Since the covariant divergence of G vanishes, (62)
9 Oue = 9Gup(»)Y".c. (58)  Substituting Eq. (62) into Eq. (56), we find
|
Vi) = s [ 49 [T au 1Gnal) + 2600 5) = Gl (63)
and integration by parts yields
! 1 " 1 4 2
V(.X,X ) = E ds Gmi(x ) _? duu (Guv(y) + Guu(y)) : (64)
0

Now

/dQ/ duri® (G, (y) + G (y

/dQ/ duu®(G,(y) + G, (y

—-G"(y), (65)

/dQ/ duu? (G"(y

which is 4 times the total flux of G'* crossing inward through the light cone. Since this quantity is conserved, G'., = 0, we
can integrate instead over a ball at constant time 7, giving
/dQ/ drr*G"(x + rQ) /dQ/ dss*G"(x + 5(¢/2)Q) (66)
SO
/ 1 1 " /" : 2 "
V(x’x) = e dQ E[Gtt<x ) — Grr(x )} - dss Gzt(xs) ) (67)
n 0

where x] = X + s(7/2)Q, and
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o 1
Gr(x,x') = A'/z(x,x’)ﬂ—l-

! !
Blxx!) — a1z 2E =X = X1) =800 +x = x')

1

31606 = G - [ asw6, ) . (68)

dQ
2r  32x% / {

4r|x — x| *

V. COMPUTATION OF H

We now need to compute H (x, x') and apply T°P'", First we
consider the term in H(x, x') that has no dependence on the
curvature. It has the same form as it would in flat space [7,8],

- 1

H_y(x,x') = H_(x, %) = (70)

dn’c, (x,x')
In Sec. VI, we will apply the fully general 7*P* from Eq. (33)
with V; defined in Eq. (25) to H_; (x, x’).

All the remaining terms that we need are first order in the
curvature, so for these it is sufficient to take V; as the flat-
space Laplacian with respect to the center point, x. For this
we only need to compute H at positions given by time
coordinates ¢ and ¢ but the same spatial position. _

As we discussed, we only need to keep terms in H with
powers of 7 up to 72, but we need E exactly. The terms from
H alone give a function whose Fourier transform does not
decline fast enough for positive & for the integral in Eq. (22)
to converge. Thus we extract the leading order terms from
iE and combine these with the terms from H. This
combination gives a result that has the appropriate behavior
after the Fourier transform.

Following the notation of Ref [8], we let H;(t,7),
j=0,1,..., denote the term in H involving 7%/ (with or
without In 7), and H ) denote the sum of all terms from H_,
through H;. We will split up E(x, x’) in similar fashion,
define a “remainder term”,

Ri=E-> E (71)
p—
and let
~ 1
Hj(x,x') = 5 [H;(x,x") + H;(x',x) +iE;(x,x")]  (72a)

Using the expansion for A!/? from Eq. (47) gives

3272
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/ dQ{% G(x") = G, (x")] - A ldssze,,(xg)}sgm.
(69)

~ 1 .
H(j)(x,x’) :—[Hm(x,x’)+H(j>(x’,x)—HE(x,x’)].

5 (72b)

A. Terms with no powers of 7

First we want to calculate the zeroth order of the
Hadamard series. The Hadamard coefficients are given
by the Hadamard recursion relations, which are the
solutions to

OH(x,x") = 0. (73)

The recursion relations for the massless field in a curved
background are [7]

OAY2 + 204 4,06 + 4y + vo06 = 0, (74)

Oo; + 20+ 1) vj1..0 = 4j(J + Doy
To find the zeroth order of the Hadamard series we need
only vy (x, x), which we find by integrating Eq. (74) along
the geodesic from x’ to x. Since we are computing a first-
order quantity, we can work in flat space by letting y' =

x" 4+ A(x — x') and using the first-order formulas (o = —8
and 6% = =2(y' — x')?. From Eq. (74), we have

1
O =¥)gq +vo = ZDA'/Z(%X’), (76)
and thus

vo(x, x') = % A DA+ A(x - ), X)) (77)

by the same analysis as Eq. (40).

et == [an [Cas(1 =950 Raplsy' + (1= )0 = X))

1 [1 1 5 , — N (x = ) (x — x)P
__§A dﬁA ds(1 = 5)s[(As)2(OR ) (¥ + sAx = x'))(x = x')(x = x)

+ 2R ;(x' + sA(x — X)) (x = x')? + 2R(x + sA(x —x'))]. (78)
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We can combine the s and A integrals by defining a new variable ¢ = s4,

/Oldl[)lds(l —5)sf(ds) = Aldﬂllda(
:/Oldaf(a) {7

Then, changing o to s, we find

1

o 0'2
2P

7o) = [ dosto) [ a (%— j—f)
271

%] - %Al dof(o)(1 - o). (79)

o) == [ ds(1= PR ORI + = 2)) = ) (x =)
+ 28R (X' + s(x — X)) (x = X')P + 2R(x + s(x — x'))] (80)

or when the two points are on the geodesic,

1 /1
vo(t, 1) = ——/ ds(1 = 5)?[s>(0R,,) (X' + s7)7> + 457 R, 4(x' + s7)T + 2R(xX' + 57)]. (81)
0

16

In the second term we use the contracted Bianchi identity, n”dRC,,d =R,/2, giving

1 I d
2/ ds(1 —5)2s7R (X' + s7) = 2/ ds(1— s)zsd—
s

0 0

so the final expression for vy is

R(Y + 57) = —2/'ds(1 — (1 =39)R(W +57),  (82)

0

no(t, 1) = —ill ds(1 = 5)[s(1 = )R, (% + (s — 1/2)2)2% + 4sR(x + (5 — 1/2)7)]. (83)

16

To calculate H, we only need the zeroth order in 7 from v, so the first term does not contribute. In the second term, we

make a Taylor series expansion,

R(5 4 (5= 1/2)8) = RE) + R, (8)els = 1/2) + 3 Ry(£)23(s — 1/2)2 + O(F), (84)

but only the first term is relevant here. Thus

1

vo(t, ) = ‘;;/Ol ds(1 = $)sR(x) = ~ 2 R().  (89)

We also need to expand the Van Vleck determinant
appearing in the Hadamard series. From Eq. (47),

1 _
Ry (%) ™+ 0(76) .

1 )
—Rl‘t(‘x)T - 480
(86)

A2 (1) =1-
(&%) 12

Keeping the first-order term from Eq. (86) and using
Eq. (85), we have

Hy(x, ) = — R()‘c)—%R()‘c)ln(—ﬁ). (87)

- 4872 |1

Now we can add the Hy(x', x) which is the same except that
t and ¢ interchange,

Hy(x,x') + Hy(x',x) =

[Ryy(%) — R(¥) In z[]. (88)

247?

Next we must include E from Eq. (69). We can expand
the components of the Einstein tensor around X,

Gap(x") = G (%) + G (), (89)

where GEZIZ is the remainder of the Taylor series,

7/2 )
G (&) = Gop(x") = Gy (%) = / drG oy (3 + rQ)Q.
0
(90)
To find E), we put the first term of Eq. (89) into the second

term of Eq. (69). We use G,, = G;;Q'Q/ and [ dQQ'Q/ =
(47/3)8" and find
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1 (1 1 _ 1 _
Ey(x,x') . {EG,,(x) _gGii(x) —A dss*Gy(%) }ng

1 1
=—G(¥)sgnt = ———R(¥)sgnr. 1
4éger(Jc)sgm' pry (x)sgnz (91)

For the remainder term R, we put the second term of
Eq. (89) into the second term of Eq. (69),

1 1
Rox) = 550z [ a0{ 516 ) - 6 )
I
- / dssZGE,”(x’s’)}sgm. (92)
0
Using
21n |z| + misgnt = In (—72), (93)

we combine Egs. (88) and (91) to find

Ho(e.1) =

=152 R(x)In(=72)]. (94)

_ 1
R,(%) - B

Combining all terms through order 0 gives

~ ~ 1
Hy(t,0) = H_y(t.1') + Ho(t,7) + EiRo(t, 7). (95)

B. Terms of order 72

Now we compute the terms of order 7> in H and E. To
find v, at this order we take Eqgs. (83) and (84) and include
terms through second order in 7. The first-order term
vanishes, leaving

vo(x,x") = —ﬂR()"c) _BAI ds(1—s5)[s*(1=s)0R,,(x)
+2s(s—1/2)R ,,(X)]7> + -
— _iR(x) _Kio <DR,,()‘C) +%R,n()—c)>72 +ee
(96)

Next we need v; but since it is multiplied by 7> in H we
need only the z-independent term. From Eq. (75),

Ovg + 20 4,0 + v,06 = 0. (97)

Atx=x, 0 =0 so

1
vi(x,x) = 3 im0, vg(x, x7). (98)

x—x'

Using Eq. (80) in Eq. (98), the only terms that survive in the
coincidence limit are those that have no powers of x — x
after differentiation, so
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1
by (x,x) = -11—6/0 ds(1 — 5)25200R (%) — —ﬁmm).

(99)

Equations (83), (96) and (99) agree with Ref. [17] if we
note that their expansions are around x instead of X.
The w; at coincidence is given by Ref. [13],

3 1 _
wi(x,x) = —Evl(x,x) = ﬁDR(x).

(100)

Combining Egs. (96), (99), and (100), and the fourth
order term from the Van Vleck determinant of Eq. (86), and
keeping in mind that ¢ = —7> when both points are on the
geodesic, we find

H(56) = s [ Rua®) = 5OREE)
- % (DR,-i()"c) + %R_n()"c)> In (—T%):| 2.
(101)

Then H,(x',x) is given by symmetry, so
H,y(x,x') + Hy (¥, x)
1 1 1 _
= 16072 {6 Ry u(X) — ZDR(X)

_é (DRH()_C) + %R‘,,()‘c)> In |T|} 2. (102)

The calculation of E is similar to E,, but now we have to
include more terms to the Taylor expansion,

1.2

8 Gah,ijQin ()_C)

Gup(X") = Gup(X) +%Gah,i(x)gi +

+ G (), (103)

where the remainder of the Taylor series is

T

3) 1 [/2 2 ..
G,y (x") = 5/ drG g iji (% + rQ) o QQIQk
0

(104)

Now we put Eq. (103) into Eq. (69), and again use G,, =
G,;;Q'Q/. The first term of Eq. (103) gives E, which we
computed before, and the second term gives nothing, because
[dQQ! = [dQQIQY/QF = 0. Using [ dQQIQ/ = 4r/387
and [dQQ'Q/Q*Q! = (4n/15)(575K + 5§/ + 515%), the
third term gives
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T ) ]
1927 [E Giijj(%) + 5 Gijj (%) = 5 Gua(X)
I
+/ dss4G,t.,»i(5c)]Tzsgm
0

1 |1 _ 1 _ 1 -
= " 320m [6 Giiji(X) + gGij,ij(x) - EGn,n(x)

El(x’x/) ==

x 72sgnt. (105)

Using the conservation of the Einstein tensor, 0 =

”lahGia,b =G, — Gu] and 0 =7 bGta b =Gy — Gy we
can write
Gz‘j.ij()_‘) = Gn.tt()_c)~ (106)
So
, 1 1 3 _
E(x,x') = ~ 9607 lljj(x) + Gyu(X) = 2Gtt,ii(x)
x 72sgnr. (107)
Now G,, = R, — (1/2)R, so
= (3/2)Rtt - (1/2)Rii (1083)
th = (1/2)Rtt + (1/2)R11 (IOSb)

Putting these in Eq. (107) gives

1 B 1 _ 1 _
E, (x,x’) = - (Rii,jj(x) +_Rtl.tl(x) +_Rii,tt(x)>

9607 2 2
X 72sgnt
_ ! (DR,,( )+1R,t( ))Tzsgnr. (109)
9607 2

The fourth term of Eq. (103) gives the remainder,

321 / dQ{ S1G () = 61 ()

: (3)
— [ dss*G;;’ (x) psgnz.
0

To calculate H 1, we combine Eqs. (102) and (109) and use
Eq. (93) to get

Ri(x,x") =

(110)

- 72 1 1
i (x0) = o [ Ryal®) 5 OR(3)
= <DRi,~()‘c) + %R,n(x)> In (-ﬁ)} .

(111)

All terms through order 1 are then given by
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Hyy(t.) =H_,(t.0) + Ho(t.0) + H,(1.1)

1
+§iR1(t, ). (112)

VI. THE T*itH

We can easily take the derivatives of H, and H; using
Eg. (33), because they are already first order in R. However
in the case of the term VzH | we have to proceed more
carefully. From Eqgs. (25) and (70) we have

- 1S a 9 o2 1
2 - E R Y
Vi = 7o ( 0 5‘x”+6(x”')2) (0+>

i:( o n Do )
25 8x ‘ox't T o(x')? )’
(113)

where we used do/0x' = do/0x"" = 0 when the two points
are on the geodesic. From [17], after we shift the Taylor
series so that the Riemann tensor is evaluated at x, we have

0o 2 1 _
B(x’) = =2n; — 3 ttlt(x)Tz - ERIZII,I('X)T’;
1
- gRitit.ttT4 + 0(75> (1 143)
% 2 0, 1 N
B2 = =2 — §Rim(x)7 + ERitit,t(x)T
1
- gRitit,tﬂA + 0(75) (114b)
0*c 1 o 1 4 5
szﬂii_gRitit<x)T —%Rim,nf +0(v).  (114c)
From Egs. (113) and (115), and using R;,;, = —R,; we have
~ 1 [2 .3 _
v)‘ch—l = a2 {ER”(X) +1Rtt,tt(x) . (115)
From Egs. (23) and (33), we need to compute
d(f .
JALC) (116)
0 T

where

FU.0) = o0)0(0) [ T30 0.0) = 32 (10)|
(117)

In the first term in brackets it is sufficient to use H o6 1),
because higher order terms in H are smooth, even in 7, and
vanish at coincidence, and so they do not contribute, as
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discussed in Sec. 3 A of Ref. [8]. In the second term, two powers of 7 are removed by differentiation, so we need H 1) (1,7).
Using Eqgs. (70), (92), (94), (95), (110), (111), (112) and (115) we can combine all terms in F to write

F(t.7) = g(g(?) Y fit,7), (118)
=1
with
3
fr= 2n2tt (1192)
1 _ _
/2 Bl [Rii(X) — TR, (%)] (119b)
I I B 3 ,
fi= 3842 an,n(x) + gRii,tt(x) = Ry i(X) + gRii,jj(x) In (—72) (119¢)
1 43 _ 7 _ 1 _
fa= 32072 |:_?Rtt,tt(x> + gRtt,ii(x) - ERii,jj(x>] (119d)
1 2 Ly [y ! 2~y -
fs = 5562 dQVsz E[G” (x") = G (x")] = | dss*G,,’ (x) pisgnzt (119e)
1 1
fo=-m / dgaZ{ G (x") - G (x")] - / dss2G§,3>(x{;)}isgm. (119f)
0

VII. THE QUANTUM INEQUALITY
We want to calculate the quantum inequality bound B, given by Eq. (22). We can write it

B = Z:B,-, (120)

where
/ df/ dt/ drg(t)g(t)fi(t.1)e " ’):/)oo§/_:dr/_:d?g(f—%)g(?—k%)f,-(f,r)e"ff i=1...6
(121a)
B, —/_ dtg*(1)Q(t) = 38410 / dtg?(1)OR() (121b)
By =— /_ : dig (1) {zaze,,.,.(x)—lz’ (Rup () + Ry (%) — 3R,,,i,-()‘c)+R,-,»,_,-ﬂ,»()‘c))} (121¢)

using Eqs. (14), (16), (22) and (100). The first 6 terms have exactly the same 7 dependence as the corresponding terms in
Ref. [8]. So the Fourier transform proceeds in the same way, except that instead of dependence on the potential and its
derivatives, we have dependence on the Ricci tensor and its derivatives. After the Fourier transform, we see that B, and B
have exactly the same form so we merge them in one term. Thus

B—_1 1+11 11+11+11 L (122)
TS 2 ) 12° 7240 "16x 0 4 | T

where
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I = / " dtg'(1)? (123a)
I, = /_: di[R;;(%) = TR, (%)](9(7)g" () — ¢ (1) (7)) (123b)

o0 o 1 1 3 _ _
= [ drnelsene [ 1| Ry + R0 = Rua®) + 3R o(1- D)o (14) 1230

(5]

I, = / iD= 171R (%) = iy (%) + 13R 0 4(%) — SRy (%)) (123d)

5= [Taet [ gt o2+ 172 | dQ%{%[GEP(x”) -aw- [ dss2[G£:><xf:>1}sgm (123¢)

0

Is = /_ Ve /_ " di? E g(f—r/2)g(?~|—r/2)} / dQ{;[GS) (") = GD ()] - A 1 dss2G§3>(xg)}sgm (123f)

= [P0 [20R 4 (5) = (R0 + R () = 3R(5) + Ri 0] (123¢)

o]

If we only know that the Ricci tensor and its derivatives are bounded, as in Egs. (3), we can restrict the magnitude of each
term of Eq. (122). We start with the second term

12| < /_: di|R;;(xX) = TR, (X)[|9()g"(7) = ¢ ()9 ()] < 10Rmax /_: dilg(D)|g"(D)] + ¢ ()*]. (124)

Terms 15, I, and I, are similar. For /5 and I, we need bounds on the components of G. From Eq. (108b), |G,,| < 2R ax-
Since Eq. (3) holds regardless of rotation, we can bound G,, at any given point by taking the x-axis to point in the radial
direction. Then G,, = G, = (1/2)[R,, = R,, — R,, + R,] and |G,,| < 2R,,,. Taking derivatives of G just differentiates
the corresponding components of R, which are also bounded. In particular, since there are 3 terms in V2, we have
|V2G,,|. |V2G,,| < 6R.,. Using these results and Eq. (90) for the remainder we have

1 1
[aewn{iichw-alw+ [aselu |
0

1 1 ) 15 . 45
< |i| dQs = Hszrr,i()_C” + |v2Gtt,i()_C)” + dss3|v2Gtt~i<)_C)| |QI| < R:gax |T| Z dQ|Ql| = —7[ ‘T|Rﬁ{dx
2 2 0 4~ 2

(125)

For Is we use Eq. (104) for the remainder,

1 1
\ / d9{2 G -6+ [ dsszGS?><x:f>H
0

z/°

1 ) ) ! N
SK/dQ{EHGrr,[jk(xﬂ + 1[G iji(X)]] +A dSSSGtt,ijk(x)|}|Q Q7] Q|

7|73 R T2z +1
<k LS [aoieioe =22 pry, (126)
i,j.k

After we bound all the terms and calculate the derivatives in /5 we can define

I = / g0/ ()] + 1)) (127a)
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s= [T [T arlg@)lgompe o) 1270
1= [ argtoy

\g:[mmlmwmmmq (127d)

(127c¢)

Jo= / Cr / "arlg (a0l = (1276)

J; = /_: dt/_: arlg(Ng" (1) + ¢ (NG ()](# = 1)?

(127f)
and find

|12| < loRmax.lz (1283)

46
18 S?Rﬁmh (128b)
|1, < 258R!.Js (128¢)

45
15| <=7 Rijus (1284)

7127+ 1

10 < 2T D R (i vasgr ) (128e)
17| < (24]a] + 11]b])RiuxJ 4 (128f)

Thus the final form of the inequality is
| dsalop . (1.0

>_ 1 J +5R J
= o2 | e M2
30 40

1637 + 14 127+ 1)
9%z ° 1927

23 43
+ R« [—J3 + <— + 167%(24]a| + 11|b|)>J4}

LRI [

(476 + m] }
(129)

Once we have a specific sampling function g, we can
compute the integrals of Egs. (129) to get a specific bound.
In the case of a Gaussian sampling function,

g(t) = e/, (130)

we computed these integrals numerically in Ref. [8]. Using
those results the right-hand side of Eq. (129) becomes

PHYSICAL REVIEW D 91, 104005 (2015)
1
2
- m {376 + 2'63Rmaxt0

+ [3.42 + 197.9(24|a| + 11|b])|Riaty + 6.99R 13}
(131)

The leading term is just the flat spacetime bound of
Ref. [10] for g given by Eq. (130). The possibility of
curvature weakens the bound by introducing additional
terms, which have the same dependence on 7, as in Ref. [8],
with the Ricci tensor bounds in place of the bounds on the
potential.

VIII. CONCLUSION

In this work, using a general quantum inequality of
Fewster and Smith [7], we derived an inequality for a
minimally coupled quantum scalar field on spacetimes with
small curvature. We calculated the necessary Hadamard
series terms and the Green’s function for this problem to
first order in the curvature. Combining these terms gives H,
and taking the Fourier transform gives a bound in terms of
the Ricci tensor and its derivatives.

If we know the spacetime explicitly, Egs. (21), (122), and
(124) give an explicit bound on the weighted average of the
energy density along the geodesic. This bound depends on
integrals of the Ricci tensor and its derivatives combined
with the weighting function g.

If we do not know the spacetime explicitly but we know
that the Ricci tensor and its first 3 derivatives are bounded,
Egs. (129) and (129) give a quantum inequality depending
on the bounds and the weighting function. If we take a
Gaussian weighting function, Eq. (131) gives a bound
depending on the Ricci tensor bounds and the width of the
Gaussian, #.

As expected, the result shows that the corrections due to
curvature are small if the quantities R 73, Rinalg, and
R}l 13 are all much less than 1. That will be true if the
curvature is small when we consider its effect over a
distance equal to the characteristic sampling time #, (or
equivalently if 7, is much smaller than any curvature
radius), and if the scale of variation of the curvature is
also small compared to .

In all bounds, there is unfortunately an ambiguity
resulting from the unknown coefficients of local curvature
terms in the gravitational Lagrangian. This ambiguity is
parametrized by the quantities a and b.

Ford and Roman [3] have argued that flat-space quantum
inequalities can be applied in curved spacetime, so long as
the radius of curvature is small as compared to the sampling
time. The present paper explicitly confirms this claim and
calculates the magnitude of the deviation. The curvature
must be small not only on the path where the quantum
inequality is to be applied but also at any point that is in
both the causal future of some point of this path and the
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causal past of another. All such points are included in the
integrals in Eqs. (123e) and (123f).

Is is interesting to consider vacuum spacetimes, i.e., those
whose Ricci tensor vanishes. These include, for example, the
Schwarzschild and Kerr spacetimes, and those consisting
only of gravitational waves. In such spacetimes, the flat-
space quantum inequality will hold to first order without
modification. There are, of course, second-order corrections.
For the Schwarzschild spacetime, for example, these were
calculated explicitly by Visser [18-20].

In Ref. [2] we proved a theorem ruling out achronal
ANEC violation, given a conjecture that paths with small
acceleration in spacetimes with small curvature obey the
same null-projected timelike-averaged quantum inequality

PHYSICAL REVIEW D 91, 104005 (2015)

as in flat space [21], with corrections of the form discussed
here. The present result is a step toward proving that
conjecture. In future work we intend to extend the present
result to null-projected instead of timelike-projected quan-
tum inequalities and to handle slightly nongeodesic curves.
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