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We consider an infrared truncated massless minimally coupled scalar field with a quartic self-interaction
in the locally de Sitter background of an inflating universe. We compute the two-point correlation function
of the scalar at one- and two-loop order applying quantum field theory. The tree-order correlator at a fixed
comoving separation (that is at an increasing physical distance) freezes into a nonzero value. At a fixed
physical distance, it grows linearly with the comoving time. The one-loop correlator, which is the dominant
quantum correction, implies a negative temporal growth in the correlation function, at this order, at a fixed
comoving separation and at a fixed physical distance. We also obtain quantitative results for variance in
space and time of one- and two-loop correlators and infer that the contrast between the vacuum expectation
value and the variance becomes less pronounced when the loop corrections are included. Finally, we repeat
the analysis of the model applying a stochastic field theory and reach the same conclusions.
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I. INTRODUCTION

Quantum field theory (QFT) of the massless, minimally
coupled (MMC) scalar with a quartic self-interaction on a
locally de Sitter background predicts [1–6] several in-
triguing enhanced quantum effects of cosmological inter-
est. A locally de Sitter background provides the simplest
framework for an inflating spacetime. The cosmological
constant Λ drives inflation in this framework, and the scalar
is just a spectator field. The operation of inflation on the
fluctuating quantum vacuum is to rip virtual particle pairs
out of the vacuum by the Hubble flow before they find time
to annihilate each other. After they emerge from the
vacuum, they become real. As in flat spacetime, particles
with smaller masses persist longer. Any massless particle
which happens to emerge from the vacuum with a suffi-
ciently small wave number k≲HaðtÞ, where H is the
expansion rate, aðtÞ is the cosmic scale factor, and t is
the comoving time, can persist forever [7–9]. However,
the particle production rate is suppressed for conformally
invariant particles. Hence, this quantum effect during
inflation is enhanced for the particles that are classically
conformally noninvariant and effectively massless. The
MMC scalars that we consider in this paper are an example
of such particles.
We computed [1–3] the renormalized vacuum expect-

ation value (VEV) of the stress-energy tensor for the MMC
scalars endowed with a quartic self-interaction during
inflation, at one- and two-loop order. We showed that
the renormalized energy density ρren and pressure pren of
the scalar violate the classical weak energy condition
ρþ p ≥ 0 on cosmological scales at two-loop order. The
equation of state parameter w≡ pren=ρren < −1. As a

result, a phase of superacceleration is induced. This effect,
however, is temporary since the field develops [4] a
growing self-mass squared due to quantum processes
and the particle production is cut off. The induced mass
remains perturbatively small and does not go tachyonic
which ensures the stability of the model [5]. We studied
[10] how such a spectator scalar field might affect the
measured curvature power spectrum Δ2

Rðk; tÞ defined in
terms of the Fourier transform of the equal time two-
point correlation function of the derivative stripped three-
curvature scalar field Rðt; ~xÞ

Δ2
Rðk; tÞ≡ k3

2π2

Z
d3xe−i~k·~xhΩjRðt; ~xÞRðt; ~0ÞjΩi: ð1Þ

More recently, we computed [6] the one- and two-loop
corrected power spectrum

Δ2
φðk; tÞ ¼

k3

2π2

Z
d3xe−i~k·~xhΩjφðt; ~xÞφðt; ~0ÞjΩi; ð2Þ

of the spectator scalar in our model. Correlations in various
scalar potential models during inflation have been studied
[11]. In this paper, we compute the one- and two-loop
corrected two-point correlation function of the spectator
scalar

hΩjφ̄ðt; ~xÞφ̄ðt0; ~x0ÞjΩi; ð3Þ

for t0 ≤ t and ~x0 ≠ ~x, in our model. The bar on top of the
scalar indicates that the ultraviolet modes with comoving
wave number k > Ha are cut off the field. Hence, the IR
modes with H < k < HaðtÞ are retained. The IR truncated
field is guaranteed to reproduce the leading IR logarithms*onemli@itu.edu.tr
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of scalar potential models in QFT. The advantage of using
φ̄ðt; ~xÞ is that it is a simple way of recovering the most
important contributions; the disadvantage is that it leaves
out subleading contributions.
Physical wavelengths λphys of the IR modes range from

2π=H to 2πaðtÞ=H. Had the lower limit of the k for the
retained modes been taken to be zero rather than H, the
model would have suffered from IR divergences. To
regulate these divergences we take the spacetime topology
as TD−1 × Rwhere the coordinate toroidal radii ri ¼ 2π=H.
Here, the spatial index i ¼ 1; 2;…; ðD − 1Þ. The VEV of
the field φ̄ðt; ~xÞ is zero at any event; hence the VEV of
variation Δφ̄ðt; t0; ~x; ~x0Þ≡ φ̄ðt; ~xÞ − φ̄ðt0; ~x0Þ vanishes. We
calculate the nonvanishing variance

σ2Δφ̄ðt; t0; ~x; ~x0Þ≡ hΩj½Δφ̄ − hΩjΔφ̄jΩi�2jΩi
¼ hΩjðΔφ̄Þ2jΩi; ð4Þ

at one- and two-loop order, using the two-point correlation
function we compute in this paper. We also examine the
stochastic properties of the IR truncated scalar in the same
model repeating the computations in the context of sto-
chastic field theory (SFT) which is known to be successful
in recovering the most important secular effects [12] in
inflationary QFT. Stochastic formulations of inflation have
also proven useful in studying initial conditions [13], global
structure [14], non-Gaussianity [15], power spectrum of
a spectator scalar [16], and conditions for eternal infla-
tion [17]. Starobinsky developed [18] a stochastic
formalism which reproduces the leading IR logs at each
order in perturbation theory in scalar potential models.
Starobinsky’s formalism has recently been extended
[19–21] to include scalars which interact with fermions
[22] and with gauge particles [23], but the inclusion of
derivative interactions such as those of quantum gravity
[24] and the nonlinear sigma model [25,26] is a major
unsolved problem. In this paper, we use the SFT approach
of Ref. [27] where the annihilation and creation operators in
a quantum field are regarded as two complex conjugate
random variables whose real and imaginary parts follow the
Gaussian probability distribution with mean 0 and standard
deviation 1. Results we achieved by applying the SFTare in
perfect agreement with the ones we obtained applying the
QFT. See also Refs [28,29] comparing different aspects of
quantum and stochastic formalisms.
A technique [30–33] to compute expectation values of

functionals of a stochastic field is to integrate the functional
weighted with a probability density function which obeys a
Fokker-Planck equation. Employing this technique, we
finally note a stochastic check of our two-point correlation
function in the equal spacetime limit.
This introduction is the first of five sections. The

outline of the remainder is as follows. In Sec. II we
specify the background spacetime geometry and present

the Lagrangian of the model. In Sec. III we analyze the
model applying the QFT: We compute the two-point
correlation function and the variance of the IR truncated
scalar field with a quartic self-interaction at one- and two-
loop order during inflation. In Sec. IV we analyze the
model applying the SFT. We summarize our conclusions in
Sec. V. The Appendixes comprise the details of some
computations in the paper.

II. THE MODEL

We consider a MMC scalar with a self-interaction
potential VðφÞ. The Lagrangian density of the model is

L ¼ −
1

2
ð1þ δZÞ∂μφ∂νφgμν

ffiffiffiffiffiffi
−g

p
− VðφÞ ffiffiffiffiffiffi

−g
p

; ð5Þ

where δZ is the field strength counterterm and gμν is the
background metric of locally de Sitter spacetime. The
invariant line element can be expressed in comoving
coordinates as

ds2 ¼ gμνdxμdxν ¼ −dt2 þ a2ðtÞd~x · d~x; ð6Þ

where the scale factor

aðtÞ ¼ eHt ð7Þ

is normalized to unity at the initial time ti ¼ 0. We work
in a D-dimensional spacetime; hence the indices
μ; ν ¼ 0; 1; 2;…; ðD − 1Þ. Thus, xμ ¼ ðx0; ~xÞ, x0 ≡ t, and

∂μ ¼ ð∂0; ~∇Þ in our notation. We use the open conformal
coordinate patch of the full de Sitter manifold where each
of the ðD − 1Þ spatial comoving coordinates xi lies in the
range 0 ≤ xi ≤ H−1.
The equation of motion for the scalar field

φ̈ðt; ~xÞ þ ðD − 1ÞH _φðt; ~xÞ −∇2

a2
φðt; ~xÞ þ V0ðφÞðt; ~xÞ

1þ δZ
¼ 0;

ð8Þ

where a dot denotes the derivative with respect to comoving
time t, has the solution

φðt; ~xÞ ¼ φ0ðt; ~xÞ −
Z

t

0

dt0aD−1ðt0Þ

×
Z

dD−1x0Gðt; ~x; t0; ~x0ÞV
0ðφÞðt0; ~x0Þ
1þ δZ

: ð9Þ

The free field φ0ðt; ~xÞ in Eq. (9) obeys the linearized
equations of motion and agrees with the full field at
t ¼ ti ¼ 0. Green’s function Gðt; ~x; t0; ~x0Þ, on the other
hand, is any solution of the equation
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G̈ðt; ~x; t0; ~x0Þ þ ðD − 1ÞH _Gðt; ~x; t0; ~x0Þ −∇2

a2
Gðt; ~x; t0; ~x0Þ

¼ δðt − t0ÞδD−1ð~x − ~x0Þ; ð10Þ

which obeys the retarded boundary conditions. We con-
tinue studying the model applying the QFT in the next
section. We study it applying the SFT in Sec. IV.

III. QUANTUM FIELD THEORETICAL ANALYSIS

In this section, we analyze the model described in Sec. II
in the QFT point of view. Section III A is reserved for the
noninteracting limit of the model. Section III B considers
the model with a quartic self-interaction potential.

A. Free theory

Recall that the background is homogeneous and iso-
tropic with a topology TD−1 × R and we work on a
comoving coordinate patch where the D − 1 spatial coor-
dinates xi lie in the finite range 0 ≤ xi ≤ H−1. The modes
of fields are, therefore, discrete as they are for any finite
spatial manifold. Hence, we expand the free scalar field in a
spatial Fourier series [27],

φ0ðt; ~xÞ ¼ H
D−1
2

�
Q −

P
ðD − 1ÞHaD−1ðtÞ

þ
X
~n≠0

½uðt; kÞei~k·~xÂ~n þ u�ðt; kÞe−i~k·~xÂ†
~n�
�
;

ð11Þ

where the comoving wave vector ~k ¼ 2πH~n and the

comoving wave number k≡ ∥~k∥. The mode with physical
wave number kphysðtÞ ¼ k=aðtÞ crosses the horizon for
the first time at t ¼ tk. Hence, its physical wavelength
λphysðtkÞ ¼ 2πk−1physðtkÞ ¼ H−1ðtkÞ. The expansion rate H,
however, is constant during de Sitter inflation, HðtkÞ ¼ H.
Therefore, this mode has k ¼ 2πHaðtkÞ ¼ 2πHeHtk . The
Bunch-Davies mode function uðt; kÞ in Eq. (11) is a
solution of the spatial Fourier transform of the linearized
field equation,

~φ̈0ðt; ~kÞ þ ðD − 1ÞH ~_φ0ðt; ~kÞ þ
k2

a2ðtÞ ~φ0ðt; ~kÞ ¼ 0; ð12Þ

for the modes with k ≠ 0. It can be given in terms of the
Hankel function of the first kind as

uðt; kÞ ¼ i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

π

4HaD−1ðtÞ
r

Hð1Þ
D−1
2

�
k

HaðtÞ
�
: ð13Þ

For the k ¼ 0 mode, the two solutions of Eq. (12) are a
constant and a−ðD−1Þ

ðD−1ÞH. Hence, the first two terms in Eq. (11)

represent the zero mode of the quantum field φ0ðt; ~xÞ. The
operators Q and P satisfy the commutation relation

½Q;P� ¼ i: ð14Þ
They can be expressed in terms of the Fourier transforms
of the field and its first time derivative for k ¼ 0, evaluated
at t ¼ 0,

Q ¼
~_φ0ð0; 0Þ þ ðD − 1ÞH ~φ0ð0; 0Þ

ðD − 1ÞHDþ1
2

; ð15Þ

P ¼
~_φ0ð0; 0Þ
H

D−1
2

: ð16Þ

The annihilation and creation operators, Â~n and Â†
~n in

Eq. (11), may change as different Green’s functions are
used in Eq. (9), but their nonzero commutation relation

½Â~n; Â
†
~m� ¼ δ~n; ~m ð17Þ

remains fixed. They can also be expressed in terms of

~φ0ð0; ~kÞ and ~_φ0ð0; ~kÞ. Recall that Eq. (17) and the canonical
commutator

½ ~φ0ðt; ~kÞ; ~_φ0ðt; ~k0Þ� ¼
i

aD−1ðtÞH
D−1δ~n;~n0 ð18Þ

fix the Wronskian

uðt; kÞ _u�ðt; kÞ − u�ðt; kÞ _uðt; kÞ ¼ i
aD−1ðtÞ : ð19Þ

Using Eqs. (11) and (19) we obtain

Â~n ¼
−i
H

D−1
2

½ _u�ð0; kÞ ~φ0ð0; ~kÞ − u�ð0; kÞ ~_φ0ð0; ~kÞ�;

Â†
~n ¼

i

H
D−1
2

½ _uð0; kÞ ~φ0ð0;−~kÞ − uð0; kÞ ~_φ0ð0;−~kÞ�: ð20Þ

The state jΩi annihilated by all Â~n is known as the Bunch-
Davies vacuum. What we assume about the dependence of
vacuum state jΩi on the zero mode operatorsQ and P does
not matter much because there is only one zero mode as
opposed to an ever-increasing number of nonzero modes.
Thus, we neglect them in free field expansion (11).
Free field expansion (11) also includes arbitrarily large

wave numbers which cause ultraviolet divergences.
Therefore, we may consider the expansion obtained by
cutting out the subhorizon (ultraviolet) modes and retaining
only the superhorizon (infrared) ones,

φ0ðt; ~xÞ ¼ H
D−1
2

X
~n≠0

ΘðHaðtÞ − kÞ

× ½uðt; kÞei~k·~xÂ~n þ u�ðt; kÞe−i~k·~xÂ†
~n�: ð21Þ
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In the above expansion, we may further take the IR limit
of the mode function (13) given in terms of the Hankel
function separation dependent function

Hð1Þ
D−1
2

ðzÞ ¼ JD−1
2
ðzÞ þ iYD−1

2
ðzÞ: ð22Þ

Here z≡ k
HaðtÞ, JD−1

2
is the Bessel function of order D−1

2
and

YD−1
2
ðzÞ ¼ JD−1

2
ðzÞ cot

�ðD − 1Þπ
2

�

− J−ðD−1
2
ÞðzÞ csc

�ðD − 1Þπ
2

�
ð23Þ

is the Neumann function of order D−1
2
. Using the series

expansion of the Bessel function

JD−1
2
ðzÞ ¼

�
z
2

�D−1
2

�
1

ΓðD−1
2

þ 1Þ þOðz2Þ
�
; ð24Þ

the reflection formula for the Gamma function

pπ cscðpπÞ ¼ Γð1 − pÞΓð1þ pÞ; ð25Þ

with p ¼ D−1
2

and the identity

Γ
�
D − 1

2

�
¼

ffiffiffi
π

p
2D−2

ΓðD − 1Þ
ΓðD

2
Þ ; ð26Þ

one gets [22,23,31] the leading IR limit of the mode
function

uðt; kÞ⟶ΓðD − 1Þ
ΓðD

2
Þ

H
D
2
−1

ð2kÞðD−1Þ=2

�
1þO

�
k2

H2a2ðtÞ
��

:

ð27Þ

Then, substituting uðt; kÞ in Eq. (27) into Eq. (21) we
obtain the IR truncated free field in D dimensions,

φ̄0ðt; ~xÞ ¼
X
~n≠0

ΓðD − 1Þ
ΓðD

2
Þ

HD−3=2

ð2kÞðD−1Þ=2 ΘðHaðtÞ − kÞ

× ½ei~k·~xÂ~n þ e−i~k·~xÂ†
~n�: ð28Þ

Let us define the first time derivative of the field φ̄0ðt; ~xÞ as

fφ̄0
ðt; ~xÞ≡ _̄φ0ðt; ~xÞ ¼

X
~n≠0

ΓðD − 1Þ
ΓðD

2
Þ

HD−1
2

2ðD−1Þ=2kðD−3Þ=2

× δHaðtnÞ;k½ei~k·~xÂ~n þ e−i~k·~xÂ†
~n�; ð29Þ

where tn ¼ lnð2πnÞ
H and n≡ ‖~n‖. Its stochastic analog

represents stochastic noise in Sec. IV C.

We now want to calculate the two-point correlation
function of the IR truncated free field

hΩjφ̄0ðt; ~xÞφ̄0ðt0; ~x0ÞjΩi; ð30Þ

for t0 ≤ t and ~x0 ≠ ~x. It will be needed in Sec. III B where
we compute the correlation function of the IR truncated full
field. Using Eqs. (17) and (28), we obtain

hΩjφ̄0ðt; ~xÞφ̄0ðt0; ~x0ÞjΩi

¼ Γ2ðD − 1Þ
Γ2ðD

2
Þ

H2D−3

2D−1

X
~n≠0

ΘðHaðtÞ − kÞ
kðD−1Þ=2

× ei~k·~x
X
~m≠0

ΘðHaðt0Þ − k0Þ
k0ðD−1Þ=2 e−i~k

0·~x0δ~n; ~m: ð31Þ

Here ~k0 ¼ 2πH ~m. When ~m ¼ ~n we have ~k0 ¼ ~k; therefore,

hΩjφ̄0ðt; ~xÞφ̄0ðt0; ~x0ÞjΩi

¼ Γ2ðD− 1Þ
Γ2ðD

2
Þ

HD−2

22D−2πD−1

×
X
~n≠0

ΘðHaðtÞ −H2πnÞΘðHaðt0Þ−H2πnÞ
nD−1 ei2πH~n·ð~x−~x0Þ:

ð32Þ

The discrete sum over ~n in Eq. (32) can be approximated as
a ðD − 1Þ-dimensional integral

X
~n≠0

ΘðHaðtÞ −H2πnÞΘðHaðt0Þ −H2πnÞ
nD−1 ei2πH~n·ð~x−~x0Þ

≃
Z

dΩD−1

Z
∞

0

dk
k
ΘðHaðtÞ − kÞΘðHaðt0Þ − kÞ

× eikΔx cosðθÞ; ð33Þ

where Δx≡ ‖Δ~x‖ ¼ ‖~x − ~x0‖ and θ is the angle between
the vectors ~n andΔ~x. Evaluating the angular integrations on
the right side of Eq. (33) yields

2D−1π
D
2
−1 ΓðD

2
Þ

ΓðD − 1Þ
Z

∞

0

dk
k
ΘðHaðtÞ − kÞΘðHaðt0Þ − kÞ

×
sinðkΔxÞ
kΔx

: ð34Þ

Because 0 ≤ t0 ≤ t, we have Haðt0Þ ≤ HaðtÞ, and hence,

ΘðHaðtÞ − kÞΘðHaðt0Þ − kÞ ¼ ΘðHaðt0Þ − kÞ: ð35Þ

Therefore, the integral over k in Eq. (34),
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Z
∞

0

dk
k
ΘðHaðt0Þ − kÞ sinðkΔxÞ

kΔx
¼

Z
Haðt0Þ

H

dk
k
sinðkΔxÞ
kΔx

¼
Z

Haðt0ÞΔx

HΔx

dy
y
sinðyÞ
y

¼ ciðaðt0ÞHΔxÞ − sin ðaðt0ÞHΔxÞ
aðt0ÞHΔx

− ciðHΔxÞ

þ sinðHΔxÞ
HΔx

; ð36Þ

where the cosine integral

ciðαÞ≡ −
Z

∞

α
dt

cosðtÞ
t

¼ γ þ lnðαÞ þ
Z

α

0

dt
cosðtÞ − 1

t

¼ γ þ lnðαÞ þ
X∞
n¼1

ð−1Þnα2n
2nð2nÞ! ð37Þ

is an entire function. The Euler’s constant γ ≈ 0.577.
Employing Eqs. (35) and (36) in Eq. (34) we obtain

X
~n≠0

ΘðHaðtÞ −H2πnÞΘðHaðt0Þ −H2πnÞ
nD−1 ei2πH~n·ð~x−~x0Þ

≃ 2D−1π
D
2
−1 ΓðD

2
Þ

ΓðD − 1Þ
�
ciðaðt0ÞHΔxÞ − sin ðaðt0ÞHΔxÞ

aðt0ÞHΔx

− ciðHΔxÞ þ sinðHΔxÞ
HΔx

�
: ð38Þ

We can power expand the time dependent terms in Eq. (38),

ciðαÞ − sinðαÞ
α

¼ γ − 1þ lnðαÞ þ
X∞
n¼1

ð−1ÞnðαÞ2n
2nð2nþ 1Þ! ; ð39Þ

with α≡ aðt0ÞHΔx. Substituting Eq. (39) into Eq. (38)
yields

X
~n≠0

ΘðHaðtÞ −H2πnÞΘðHaðt0Þ −H2πnÞ
nD−1 ei2πH~n·ð~x−~x0Þ

≃ 2D−1π
D
2
−1 ΓðD

2
Þ

ΓðD − 1Þ
�
CðΔxÞ þ lnðaðt0ÞÞ

þ
X∞
n¼1

ð−1Þnðaðt0ÞHΔxÞ2n
2nð2nþ 1Þ!

�
; ð40Þ

where we define the comoving spatial separation dependent
function

CðΔxÞ≡ γ − 1þ lnðHΔxÞ − ciðHΔxÞ þ sinðHΔxÞ
HΔx

ð41Þ

¼ −
X∞
n¼1

ð−1ÞnðHΔxÞ2n
2nð2nþ 1Þ! : ð42Þ

Combining Eq. (32) and the analytic form of the sum
given in Eq. (38) gives the two-point correlation function of
the IR truncated free field as

hΩjφ̄0ðt; ~xÞφ̄0ðt0; ~x0ÞjΩi

≃ HD−2

2D−1πD=2

ΓðD − 1Þ
ΓðD

2
Þ

�
ciðaðt0ÞHΔxÞ − sin ðaðt0ÞHΔxÞ

aðt0ÞHΔx

− ciðHΔxÞ þ sinðHΔxÞ
HΔx

�
: ð43Þ

We can use this analytic form of the correlator to infer
its behavior for a fixed comoving separation (increasing
physical distance) at late t0 when aðt0Þ becomes large.
Equation (43) and the asymptotic form of the function ciðαÞ
for large argument

ciðαÞ ¼ sinðαÞ
α

�
1 −

2!

α2
þ 4!

α4
� � �

�

−
cosðαÞ

α

�
1

α
−
3!

α3
þ 5!

α5
� � �

�
⟶

sinðαÞ
α

ð44Þ

imply that the correlator at a fixed comoving separation
freezes into a nonzero constant value at late times. The
usual result in QFT is for it to go to zero as the physical
separation increases.
Combining Eqs. (40) and (42) in Eq. (32) gives the

correlation function as a series expansion

hΩjφ̄0ðt; ~xÞφ̄0ðt0; ~x0ÞjΩi

≃ HD−2

2D−1πD=2

ΓðD − 1Þ
ΓðD

2
Þ

×

�
CðΔxÞ þ lnðaðt0ÞÞ þ

X∞
n¼1

ð−1Þnðaðt0ÞHΔxÞ2n
2nð2nþ 1Þ!

�
ð45Þ

≃ HD−2

2D−1πD=2

ΓðD − 1Þ
ΓðD

2
Þ

×

�
lnðaðt0ÞÞ þ

X∞
n¼1

ð−1ÞnðHΔxÞ2n
2nð2nþ 1Þ! ða2nðt0Þ − 1Þ

�
: ð46Þ

Equation (43) [or Eq. (46)] can be used to interpret the
correlator at a fixed physical distance. As in Ref. [27], we
may choose Δx so as to keep the physical distance aðt0ÞΔx
a constant fraction K of the Hubble length,

Δx ¼ K
Haðt0Þ ; ð47Þ

and use Eq. (39) in Eq. (43) to obtain
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hΩjφ̄0ðt; ~xÞφ̄0ðt0; ~x0ÞjΩi

≃ HD−2

2D−1πD=2

ΓðD − 1Þ
ΓðD

2
Þ

×

�
lnðaðt0ÞÞ − lnðKÞ þ ciðKÞ − sinðKÞ

K
− γ þ 1

−
X∞
n¼1

ð−1ÞnK2na−2nðt0Þ
2nð2nþ 1Þ!

�
ð48Þ

≃ HD−2

2D−1πD=2

ΓðD − 1Þ
ΓðD

2
Þ

×

�
lnðaðt0ÞÞ þ

X∞
n¼1

ð−1ÞnK2n

2nð2nþ 1Þ! ð1 − a−2nðt0ÞÞ
�
:

ð49Þ

Notice that the time dependent part in the infinite sum of
Eq. (48) [or Eq. (49)] decays rapidly as Oða−2ðt0ÞÞ. Since
lnðaðt0ÞÞ ¼ Ht0, we infer that the correlator at a fixed
physical distance grows linearly with comoving time. This
is because more and more particles are created, which
increases the local field strength. At this point, let us note
that the equal space limit of Eq. (46) yields

hΩjφ̄0ðt; ~xÞφ̄0ðt0; ~xÞjΩi ¼ lim
~x0→~x

hΩjφ̄0ðt; ~xÞφ̄0ðt0; ~x0ÞjΩi

≃ HD−2

2D−1πD=2

ΓðD − 1Þ
ΓðD

2
Þ lnðaðt0ÞÞ;

ð50Þ

and taking the equal time limit of Eq. (50) gives

hΩjφ̄2
0ðt; ~xÞjΩi ¼ lim

t0→t
hΩjφ̄0ðt; ~xÞφ̄0ðt0; ~xÞjΩi

≃ HD−2

2D−1πD=2

ΓðD − 1Þ
ΓðD

2
Þ lnðaðtÞÞ: ð51Þ

The stochastic analog of the two-point correlation
function for the fφ̄0

ðt; ~xÞ will be needed in Sec. IV C.
For the sake of completeness, let us compute it here, in the
context of QFT, as well. Equations (17) and (29) imply that

hΩjfφ̄0
ðt; ~xÞfφ̄0

ðt0; ~x0ÞjΩi

¼ Γ2ðD − 1Þ
Γ2ðD

2
Þ

H2D−1

2D−1

X
~n≠0

X
~m≠0

δHaðtnÞ;k
kðD−3Þ=2

δHaðt0mÞ;k0

k0ðD−3Þ=2

× ei~k·~xe−i~k
0·~x0δ~n; ~m; ð52Þ

where t0 ≤ t, ~x0 ≠ ~x and ~k0 ¼ 2πH ~m. When ~m ¼ ~n, we

have ~k0 ¼ ~k; therefore,

hΩjfφ̄0
ðt; ~xÞfφ̄0

ðt0; ~x0ÞjΩi ¼ Γ2ðD − 1Þ
Γ2ðD

2
Þ

HDþ2

22D−4πD−3

×
X
~n≠0

δHaðtnÞ;Haðt0nÞ
nD−3 ei2πH~n·ð~x−~x0Þ:

ð53Þ

We make the integral approximation to the discrete mode
sum in Eq. (53) to obtain

X
~n≠0

δHaðtnÞ;Haðt0nÞ
nD−3 ei2πH~n·ð~x−~x0Þ

≃
Z

dΩD−1

Z
∞

0

dkk
ð2πHÞ2 δðHaðtÞ − kÞδðHaðt0Þ − kÞ

× eikΔx cosðθÞ: ð54Þ

Evaluating the angular integrations on the right side of
Eq. (54) yields

2DπD=2

ð2πÞ3H2

ΓðD
2
Þ

ΓðD − 1Þ
Z

∞

0

dkδðHaðtÞ − kÞδðHaðt0Þ − kÞ

×
sinðkΔxÞ

Δx
: ð55Þ

Then we perform the remaining integral over k in Eq. (55),

Z
∞

0

dkδðHaðtÞ − kÞδðHaðt0Þ − kÞ sinðkΔxÞ
Δx

¼ sinðaðt0ÞHΔxÞ
Δx

δðHaðtÞ −Haðt0ÞÞ

¼ sinðaðt0ÞHΔxÞ
aðt0ÞHΔx

δðt − t0Þ
H

; ð56Þ

where we used δðHaðtÞ −Haðt0ÞÞ ¼ δðt−t0Þ
H _aðt0Þ ¼ δðt−t0Þ

H2aðt0Þ. Using
Eqs. (55) and (56) in Eq. (54), we find

X
~n≠0

δHaðtnÞ;Haðt0nÞ
nD−3 ei2πH~n·ð~x−~x0Þ

≃ 2DπD=2

ð2πHÞ3
ΓðD

2
Þ

ΓðD − 1Þ
sinðaðt0ÞHΔxÞ
aðt0ÞHΔx

δðt − t0Þ: ð57Þ

Finally, inserting Eq. (57) into Eq. (53) gives the correlation
function we wanted to compute,

hΩjfφ̄0
ðt; ~xÞfφ̄0

ðt0; ~x0ÞjΩi

≃ HD−1

2D−1πD=2

ΓðD − 1Þ
ΓðD

2
Þ

sinðaðt0ÞHΔxÞ
aðt0ÞHΔx

δðt − t0Þ: ð58Þ

The equal space limit of Eq. (58) yields
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hΩjfφ̄0
ðt; ~xÞfφ̄0

ðt0; ~xÞjΩi≃ HD−1

2D−1πD=2

ΓðD − 1Þ
ΓðD

2
Þ δðt − t0Þ:

ð59Þ

This brings our discussion on the free theory to an end.
In the next section, we study the interacting theory with a
quartic self-interaction potential.

B. Interacting theory

The solution of the equation of motion for a MMC scalar
with a self-interaction potential VðφÞ is given in Eq. (9) as

φðt; ~xÞ ¼ φ0ðt; ~xÞ −
Z

t

0

dt0aD−1ðt0Þ
Z

dD−1x0Gðt; ~x; t0; ~x0Þ

×
V 0ðφÞðt0; ~x0Þ

1þ δZ
;

where Green’s function, defined in Eq. (10), is [19]

Gðt; ~x; t0; ~x0Þ≡ iΘðt − t0Þ½φ0ðt; ~xÞ;φ0ðt0; ~x0Þ�

¼ iΘðt − t0Þ
Z

dD−1k
ð2πÞD−1 e

i~k·ð~x−~x0Þ

× fuðt; kÞu�ðt0; kÞ − u�ðt; kÞuðt0; kÞg: ð60Þ

To get the IR truncated full field φ̄ðt; ~xÞ, we need the
leading order IR limit of the Gðt; ~x; t0; ~x0Þ. Combining
Eqs. (13), (22), and (23) we find

uðt; kÞu�ðt0; kÞ − u�ðt; kÞuðt0; kÞ

¼ i
π

2H

cscððD−1Þπ
2

Þ
a

D−1
2 ðtÞaD−1

2 ðt0Þ ½JD−1
2
ðzÞJ−ðD−1

2
Þðz0Þ − ðz↔z0Þ�; ð61Þ

⟶
i
H

�
1

D − 1
þO

�
k2

H2a2ðtÞ ;
k2

H2a2ðt0Þ
��

×

�
1

aD−1ðtÞ −
1

aD−1ðt0Þ
�
: ð62Þ

Equations (24) and (25) have been used in obtaining the
limit in the last line. Hence, plugging Eq. (62) into Eq. (60),
retaining only the leading terms, gives [22,23,31]

Gðt; ~x; t0; ~x0Þ⟶ 1

ðD − 1ÞHΘðt − t0ÞδD−1ð~x − ~x0Þ

×

�
1

aD−1ðt0Þ −
1

aD−1ðtÞ
�
: ð63Þ

When this limit is inserted into Eq. (9), it is multiplied by
the integration measure aD−1ðt0Þ. Then, the first term in the
square brackets, aD−1ðt0Þ=aD−1ðt0Þ ¼ 1, contributes over
the whole range of the integration. The second term

proportional to aD−1ðt0Þ=aD−1ðtÞ, on the other hand,
contributes significantly only for t0 ∼ t, and hence, is
negligible in the leading logarithm approximation we
consider. Thus, Eq. (9) yields the IR truncated full field as

φ̄ðt; ~xÞ ¼ φ̄0ðt; ~xÞ −
1

ðD − 1ÞH
Z

t

0

dt0
V 0ðφ̄ðt0; ~xÞÞ
1þ δZ

: ð64Þ

We consider a scalar field with quartic self-interaction, and
hence

VðφÞ ¼ 1

2
δm2φ2 þ 1

4!
ðλþ δλÞφ4; ð65Þ

where λ is the coupling constant, and δλ and δm2 are the
coupling constant and the mass squared counterterms,
respectively. Counterterms cannot contribute in leading
logarithm order. To see this, let us first note that
δZ ∼Oðλ2Þ, δm2 ∼OðλÞ, and δλ ∼Oðλ2Þ in the model
[4]. In the 1

4!
ðλþ δλÞφ4 term, λ and δλ multiply the same

φ4. Therefore, contributions involving λ
4!
φ4 and contribu-

tions involving δλ
4!
φ4 must have the same IR logarithm

structure. Because the latter are suppressed by at least one
extra factor of λ, with no more IR logarithm, they cannot be
in leading order. Next, let us compare the δm2

2
φ2 and λ

4!
φ4

terms. Although δm2 ∼ λ, it multiplies φ2. Therefore, at a
given order in λ, contributions involving the former cannot
produce as high order IR logarithms as contributions
involving the latter. Finally, the field strength counterterm
δZ appears in the field equations in the form V 0ðφÞ=ð1þ
δZÞ ¼ V 0ðφÞ½1 − δZ þ ðδZÞ2 − � � �� where δZ ∼Oðλ2Þ.
Consequently, exactly the same leading logarithm contri-
butions are obtained from the simplified field equation
without the counterterms,

φ̄ðt; ~xÞ ¼ φ̄0ðt; ~xÞ −
λ

6ðD − 1ÞH
Z

t

0

dt00φ̄3ðt00; ~xÞ: ð66Þ

Iterating Eq. (66) twice, we find the IR truncated full field
in terms of φ̄0ðt; ~xÞ as

φ̄ðt; ~xÞ ¼ φ̄0ðt; ~xÞ−
λ

6ðD− 1ÞH
Z

t

0

dt0φ̄3
0ðt0; ~xÞ

þ λ2

12ðD− 1Þ2H2

Z
t

0

dt0φ̄2
0ðt0; ~xÞ

Z
t0

0

dt00φ̄3
0ðt00; ~xÞ

−
λ3

24ðD− 1Þ3H3

�Z
t

0

dt0φ̄2
0ðt0; ~xÞ

Z
t0

0

dt00φ̄2
0ðt00; ~xÞ

×
Z

t00

0

dt‴φ̄3
0ðt‴; ~xÞ

þ 1

3

Z
t

0

dt0φ̄0ðt0; ~xÞ
�Z

t0

0

dt00φ̄3
0ðt00; ~xÞ

�
2
�
þOðλ4Þ:

ð67Þ
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Using Eq. (67), we can compute the two-point correlation function of the IR truncated full field. Up to Oðλ3Þ we have

hΩjφ̄ðt; ~xÞφ̄ðt0; ~x0ÞjΩi ¼ hΩjφ̄0ðt; ~xÞφ̄0ðt0; ~x0ÞjΩi

−
λ

6ðD − 1ÞH
�
hΩjφ̄0ðt; ~xÞ

Z
t0

0

d~tφ̄3
0ð~t; ~x0ÞjΩi þ hΩj

Z
t

0

dt00φ̄3
0ðt00; ~xÞφ̄0ðt0; ~x0ÞjΩi

�

þ λ2

12ðD − 1Þ2H2

�
hΩjφ̄0ðt; ~xÞ

Z
t0

0

d~tφ̄2
0ð~t; ~x0Þ

Z
~t

0

d~~tφ̄3
0ð~~t; ~x0ÞjΩi

þ hΩj
Z

t

0

dt00φ̄2
0ðt00; ~xÞ

Z
t00

0

dt‴φ̄3
0ðt‴; ~xÞφ̄0ðt0; ~x0ÞjΩi þ

1

3
hΩj

Z
t

0

dt00φ̄3
0ðt00; ~xÞ

Z
t0

0

d~tφ̄3
0ð~t; ~x0ÞjΩi

�
;

ð68Þ

where 0 ≤ t‴ ≤ t00 ≤ t, 0 ≤ ~~t ≤ ~t ≤ t0 and t0 ≤ t. The perturbation theory breaks down when lnðaðtÞÞ ¼ Ht ∼ 1=
ffiffiffi
λ

p
[1,5].

So, for λ ≪ 1, one can have a long period of time during which the perturbation theory and hence Eq. (68) are valid.
The computation is universal in D, and in H, the only scale in the model. In the next three sections, we compute the tree,
one- and two-loop contributions in correlation function (68).

1. Tree-order contribution

The tree-order contribution in the two-point correlation function of the IR truncated full field is just the two-point
correlation function of the IR truncated free field which is obtained in Eqs. (43) and (46) as

hΩjφ̄ðt; ~xÞφ̄ðt0; ~x0ÞjΩitree ¼ hΩjφ̄0ðt; ~xÞφ̄0ðt0; ~x0ÞjΩi

≃ HD−2

2D−1πD=2

ΓðD − 1Þ
ΓðD

2
Þ

�
ciðaðt0ÞHΔxÞ − sin ðaðt0ÞHΔxÞ

aðt0ÞHΔx
− ciðHΔxÞ þ sinðHΔxÞ

HΔx

�
ð69Þ

≃ HD−2

2D−1πD=2

ΓðD − 1Þ
ΓðD

2
Þ

�
lnðaðt0ÞÞ þ

X∞
n¼1

ð−1ÞnðHΔxÞ2n
2nð2nþ 1Þ! ða2nðt0Þ − 1Þ

�
: ð70Þ

Quantum correcting this classical result, however, requires some work. In the following two sections we carry out the
calculations for the one- and two-loop contributions, respectively.

2. One-loop contribution

Computing the one-loop contribution to the tree-order two-point correlation function in Eq. (68) involves evaluations of
two VEVs. The first one is

hΩjφ̄0ðt; ~xÞ
Z

t0

0

d~tφ̄3
0ð~t; ~x0ÞjΩi ¼

Z
t0

0

d~thΩjφ̄0ðt; ~xÞφ̄3
0ð~t; ~x0ÞjΩi: ð71Þ

It can be calculated either by directly inserting free field (28) for each power of φ̄0 in Eq. (71) and using the commutator
algebra (17) or, equivalently, by topologically inequivalent field pairings which yield

Z
t0

0

d~thΩjφ̄0ðt; ~xÞφ̄3
0ð~t; ~x0ÞjΩi ¼

Z
t0

0

d~t3 · 1hΩjφ̄0ðt; ~xÞφ̄0ð~t; ~x0ÞjΩihΩjφ̄2
0ð~t; ~x0ÞjΩi

¼ H2D−4

22D−2πD
Γ2ðD − 1Þ
Γ2ðD

2
Þ 3

Z
t0

0

d~t

�
CðΔxÞ þ lnðað~tÞÞ þ

X∞
n¼1

ð−1Þnðað~tÞHΔxÞ2n
2nð2nþ 1Þ!

�
lnðað~tÞÞ; ð72Þ

where we used Eq. (45), the fact that ~t ≤ t, and Eq. (51). Evaluating the integral in Eq. (72) we obtain
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Z
t0

0

d~thΩjφ̄0ðt; ~xÞφ̄3
0ð~t; ~x0ÞjΩi ¼

H2D−5

22D−1πD
Γ2ðD − 1Þ
Γ2ðD

2
Þ 3

�
2ln3ðaðt0ÞÞ

3
þ CðΔxÞln2ðaðt0ÞÞ

þ 1

2

X∞
n¼1

ð−1ÞnðHΔxÞ2n
n2ð2nþ 1Þ!

�
a2nðt0Þ

�
lnðaðt0ÞÞ − 1

2n

�
þ 1

2n

��
: ð73Þ

The second VEV which contributes at one-loop order in Eq. (68) can be calculated similarly,

hΩj
Z

t

0

dt00φ̄3
0ðt00; ~xÞφ̄0ðt0; ~x0ÞjΩi ¼

Z
t

0

dt003 · 1hΩjφ̄0ðt00; ~xÞφ̄0ðt0; ~x0ÞjΩihΩjφ̄2
0ðt00; ~xÞjΩi

¼ HD−2

2D−1πD=2

ΓðD − 1Þ
ΓðD

2
Þ 3

Z
t

0

dt00hΩjφ̄0ðt00; ~xÞφ̄0ðt0; ~x0ÞjΩi lnðaðt00ÞÞ; ð74Þ

where we used Eq. (51) in the last equality. We have 0 ≤ t00 ≤ t and t0 ≤ t. Therefore, in order to evaluate the remaining
VEV in the integrand we break up the integral into two as

R
t
0 dt

00 ¼ R
t0
0 dt00 þ R

t
t0 dt

00. In the first integral t00 ≤ t0, whereas in
the second t0 ≤ t00. Hence, appropriate use of Eq. (45) in Eq. (74) gives

hΩj
Z

t

0

dt00φ̄3
0ðt00; ~xÞφ̄0ðt0; ~x0ÞjΩi

¼ H2D−4

22D−2πD
Γ2ðD − 1Þ
Γ2ðD

2
Þ 3

�
CðΔxÞ

Z
t

0

dt00 lnðaðt00ÞÞ þ
Z

t0

0

dt00ln2ðaðt00ÞÞ þ lnðaðt0ÞÞ
Z

t

t0
dt00 lnðaðt00ÞÞ

þ 1

2

X∞
n¼1

ð−1ÞnðHΔxÞ2n
nð2nþ 1Þ!

�Z
t0

0

dt00a2nðt00Þ lnðaðt00ÞÞ þ a2nðt0Þ
Z

t

t0
dt00 lnðaðt00ÞÞ

��
: ð75Þ

We evaluate the integrals and find

hΩj
Z

t

0

dt00φ̄3
0ðt00; ~xÞφ̄0ðt0; ~x0ÞjΩi ¼

H2D−5

22D−1πD
Γ2ðD − 1Þ
Γ2ðD

2
Þ 3

�
½CðΔxÞ þ lnðaðt0ÞÞ�ln2ðaðtÞÞ − ln3ðaðt0ÞÞ

3

þ 1

2

X∞
n¼1

ð−1ÞnðHΔxÞ2n
nð2nþ 1Þ!

�
a2nðt0Þ

�
ln2ðaðtÞÞ − ln2ðaðt0ÞÞ þ lnðaðt0ÞÞ

n
−

1

2n2

�
þ 1

2n2

��
:

ð76Þ

Combining Eqs. (42), (73), and (76) in Eq. (68) yields the following total OðλÞ-correction:

hΩjφ̄ðt; ~xÞφ̄ðt0; ~x0ÞjΩi1-loop ≃ −
λ

ðD − 1Þ
H2D−6

22DπD
Γ2ðD − 1Þ
Γ2ðD

2
Þ

�
ln3ðaðt0ÞÞ

3
þ lnðaðt0ÞÞln2ðaðtÞÞ

þ 1

2

X∞
n¼1

ð−1ÞnðHΔxÞ2n
nð2nþ 1Þ!

�
a2nðt0Þ

�
ln2ðaðtÞÞ − ln2ðaðt0ÞÞ þ 2 lnðaðt0ÞÞ

n
−

1

n2

�

− ln2ðaðtÞÞ − ln2ðaðt0ÞÞ þ 1

n2

��
: ð77Þ

As in Eq. (43), to infer the result at a fixed comoving separation at late times during inflation we must fixΔx and then take t0
large. (Recall t ≥ t0.) The asymptotic form of the one-loop correlator is obtained as
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hΩjφ̄ðt; ~xÞφ̄ðt0; ~x0ÞjΩi1-loop ≃ −
λ

ðD − 1Þ
H2D−6

22DπD
Γ2ðD − 1Þ
Γ2ðD

2
Þ

�
4ln3ðaðt0ÞÞ

3

−
�
ciðHΔxÞ − sin ðHΔxÞ

HΔx

�
½ln2ðaðtÞÞ þ ln2ðaðt0ÞÞ� þ 2½ln ðHΔxÞ þ γ − 1�ln2ðaðt0ÞÞ

−
α2

6 3F 4

�
1; 1; 1; 2; 2; 2;

5

2
;−

α2

4

�
lnðaðt0ÞÞ þ α2

12 4F 5

�
1; 1; 1; 1; 2; 2; 2; 2;

5

2
;−

α2

4

�

−
H2Δx2

12 4F 5

�
1; 1; 1; 1; 2; 2; 2; 2;

5

2
;−

H2Δx2

4

��
; ð78Þ

where we used the large argument expansion (44) of the ciðαÞ function with α ¼ aðt0ÞHΔx. The mF n’s are generalized
hypergeometric functions. Equation (78) implies that the one-loop correlator grows negatively for a fixed comoving
separation during inflation.
To obtain the one-loop correlator for a fixed physical distance, we choose aðt0ÞΔx a constant fraction K of the Hubble

length as in Eq. (47),

hΩjφ̄ðt; ~xÞφ̄ðt0; ~x0ÞjΩi1-loop ≃ −
λ

ðD − 1Þ
H2D−6

22DπD
Γ2ðD − 1Þ
Γ2ðD

2
Þ

�
−
2ln3ðaðt0ÞÞ

3

þ
�
ciðKÞ − sinðKÞ

K
−
�
ciðKa−1ðt0ÞÞ − sinðKa−1ðt0ÞÞ

Ka−1ðt0Þ
��

ln2ðaðtÞÞ

−
�
ciðKÞ − sinðKÞ

K
− 2 lnðKÞ þ

�
ciðKa−1ðt0ÞÞ − sinðKa−1ðt0ÞÞ

Ka−1ðt0Þ
�
þ 2 − 2γ

�
ln2ðaðt0ÞÞ

−
K2

6 3F 4

�
1; 1; 1; 2; 2; 2;

5

2
;−

K2

4

�
lnðaðt0ÞÞ þ K2

12 4F 5

�
1; 1; 1; 1; 2; 2; 2; 2;

5

2
;−

K2

4

�

−
K2

12a2ðt0Þ 4F 5

�
1; 1; 1; 1; 2; 2; 2; 2;

5

2
;−

K2

4a2ðt0Þ
��

: ð79Þ

We employ Eq. (39) in this analytic form of the one-loop correlator and get

hΩjφ̄ðt; ~xÞφ̄ðt0; ~x0ÞjΩi1-loop ≃ −
λ

ðD − 1Þ
H2D−6

22DπD
Γ2ðD − 1Þ
Γ2ðD

2
Þ

�
ln3ðaðt0ÞÞ

3
þ lnðaðt0ÞÞln2ðaðtÞÞ

þ ½ln2ðaðtÞÞ − ln2ðaðt0ÞÞ�
X∞
n¼1

ð−1ÞnK2n

2nð2nþ 1Þ!þ lnðaðt0ÞÞ
X∞
n¼1

ð−1ÞnK2n

n2ð2nþ 1Þ! −
X∞
n¼1

ð−1ÞnK2n

2n3ð2nþ 1Þ!

− ½ln2ðaðtÞÞ þ ln2ðaðt0ÞÞ�
X∞
n¼1

ð−1ÞnK2na−2nðt0Þ
2nð2nþ 1Þ! þ

X∞
n¼1

ð−1ÞnK2na−2nðt0Þ
2n3ð2nþ 1Þ!

�
; ð80Þ

where the terms in the last line decay exponentially during inflation. Equation (80) tells us that the one-loop correlator at a
fixed physical distance grows negatively during inflation.
In the next section, we compute the two-loop contribution to the correlation function of the IR truncated scalar field.

3. Two-loop contribution

Computing the two-loop contribution in two-point correlation function (68) involves evaluations of three VEVs, of which
the first is
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hΩjφ̄0ðt; ~xÞ
Z

t0

0

d~tφ̄2
0ð~t; ~x0Þ

Z
~t

0

d~~tφ̄3
0ð~~t; ~x0ÞjΩi ¼

Z
t0

0

d~t
Z

~t

0

d~~t

× f2 · 3 · 1hΩjφ̄0ðt; ~xÞφ̄0ð~t; ~x0ÞjΩihΩjφ̄0ð~t; ~x0Þφ̄0ð~~t; ~x0ÞjΩihΩjφ̄2
0ð~~t; ~x0ÞjΩi

× 3 · 1 · 1hΩjφ̄0ðt; ~xÞφ̄0ð~~t; ~x0ÞjΩihΩjφ̄2
0ð~t; ~x0ÞjΩihΩjφ̄2

0ð~~t; ~x0ÞjΩi
þ 3 · 2 · 1hΩjφ̄0ðt; ~xÞφ̄0ð~~t; ~x0ÞjΩi½hΩjφ̄0ð~t; ~x0Þφ̄0ð~~t; ~x0ÞjΩi�2g; ð81Þ

where we have 0 ≤ ~~t ≤ ~t ≤ t0 and t0 ≤ t. This time ordering makes it easy to read off the VEVs in the integrand from
Eqs. (45), (50), and (51). Substituting the outcomes yields

hΩjφ̄0ðt; ~xÞ
Z

t0

0

d~tφ̄2
0ð~t; ~x0Þ

Z
~t

0

d~~tφ̄3
0ð~~t; ~x0ÞjΩi

¼ H3D−6

23D−3π3D=2

Γ3ðD − 1Þ
Γ3ðD

2
Þ

�Z
t0

0

d~t
Z

~t

0

d~~t2 · 3 · 1

�
CðΔxÞ þ lnðað~tÞÞ þ

X∞
n¼1

ð−1Þnðað~tÞHΔxÞ2n
2nð2nþ 1Þ!

�
ln2ðað~~tÞÞ

þ
Z

t0

0

d~t
Z

~t

0

d~~t3 · 1 · 1

�
CðΔxÞ þ lnðað~~tÞÞ þ

X∞
n¼1

ð−1Þnðað~~tÞHΔxÞ2n
2nð2nþ 1Þ!

�
lnðað~tÞÞ lnðað~~tÞÞ

þ
Z

t0

0

d~t
Z

~t

0

d~~t3 · 2 · 1

�
CðΔxÞ þ lnðað~~tÞÞ þ

X∞
n¼1

ð−1Þnðað~~tÞHΔxÞ2n
2nð2nþ 1Þ!

�
ln2ðað~~tÞÞ

�
: ð82Þ

The results of the integrals in Eq. (82) are given in Appendix A 1. Using Eqs. (A1), (A2), and (A3) in Eq. (82) we obtain

hΩjφ̄0ðt; ~xÞ
Z

t0

0

d~tφ̄2
0ð~t; ~x0Þ

Z
~t

0

d~~tφ̄3
0ð~~t; ~x0ÞjΩi

¼ H3D−8

23D−2π3D=2

Γ3ðD − 1Þ
Γ3ðD

2
Þ

�
9ln5ðaðt0ÞÞ

5
þ 11CðΔxÞ

4
ln4ðaðt0ÞÞ þ

X∞
n¼1

ð−1ÞnðHΔxÞ2n
n2ð2nþ 1Þ!

×

�
a2nðt0Þ

�
ln3ðaðt0ÞÞ þ 3ln2ðaðt0ÞÞ

4n
−
21 lnðaðt0ÞÞ

8n2
þ 33

16n3

�
þ 3ln2ðaðt0ÞÞ

8n
−
3 lnðaðt0ÞÞ

2n2
−

33

16n3

��
: ð83Þ

The second VEV which contributes at two-loop order in correlation function (68) is evaluated similarly,

hΩj
Z

t

0

dt00φ̄2
0ðt00; ~xÞ

Z
t00

0

dt‴φ̄3
0ðt‴; ~xÞφ̄0ðt0; ~x0ÞjΩi

¼
Z

t

0

dt00
Z

t00

0

dt‴f2 · 3 · 1hΩjφ̄0ðt00; ~xÞφ̄0ðt0; ~x0ÞjΩihΩjφ̄0ðt00; ~xÞφ̄0ðt‴; ~xÞjΩihΩjφ̄2
0ðt‴; ~xÞjΩi

þ 1 · 3 · 1hΩjφ̄2
0ðt00; ~xÞjΩihΩjφ̄0ðt‴; ~xÞφ̄0ðt0; ~x0ÞjΩihΩjφ̄2

0ðt‴; ~xÞjΩi
þ 3 · 2 · 1½hΩjφ̄0ðt00; ~xÞφ̄0ðt‴; ~xÞjΩi�2hΩjφ̄0ðt‴; ~xÞφ̄0ðt0; ~x0ÞjΩig; ð84Þ

where 0 ≤ t‴ ≤ t00 ≤ t and t0 ≤ t. Employing Eqs. (50) and (51) in Eq. (84) we get

hΩj
Z

t

0

dt00φ̄2
0ðt00; ~xÞ

Z
t00

0

dt‴φ̄3
0ðt‴; ~xÞφ̄0ðt0; ~x0ÞjΩi ¼

H2D−4

22D−2πD
Γ2ðD − 1Þ
Γ2ðD

2
Þ

×

�Z
t

0

dt00
Z

t00

0

dt‴2 · 3 · 1hΩjφ̄0ðt00; ~xÞφ̄0ðt0; ~x0ÞjΩiln2ðaðt‴ÞÞ

þ
Z

t

0

dt00
Z

t00

0

dt‴1 · 3 · 1hΩjφ̄0ðt‴; ~xÞφ̄0ðt0; ~x0ÞjΩi lnðaðt00ÞÞ lnðaðt‴ÞÞ

þ
Z

t

0

dt00
Z

t00

0

dt‴3 · 2 · 1hΩjφ̄0ðt‴; ~xÞφ̄0ðt0; ~x0ÞjΩiln2ðaðt‴ÞÞ
�
: ð85Þ
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Because the ordering between t0 and t00 and between t0 and t‴ are unknown in the double integrals, we cannot just read off the
VEVs from Eq. (45). We can, however, decompose the double integrals so that a definite ordering between the time
parameters exists. That makes the evaluation of the integrals, using Eq. (45), possible; see Appendix A 2. Substituting
Eqs. (A6), (A11), and (A13) into Eq. (85), we find

hΩj
Z

t

0

dt00φ̄2
0ðt00; ~xÞ

Z
t00

0

dt‴φ̄3
0ðt‴; ~xÞφ̄0ðt0; ~xÞjΩi

¼ H3D−8

23D−2π3D=2

Γ3ðD − 1Þ
Γ3ðD

2
Þ

�
11ln5ðaðt0ÞÞ

20
− ln4ðaðt0ÞÞ lnðaðtÞÞ − ln3ðaðt0ÞÞ

2
ln2ðaðtÞÞ þ 11½lnðaðt0ÞÞ þ CðΔxÞ�

4
ln4ðaðtÞÞ

þ
X∞
n¼1

ð−1ÞnðHΔxÞ2n
nð2nþ 1Þ!

�
a2nðt0Þ

�
2ln5ðaðt0ÞÞ − 2ln4ðaðt0ÞÞ lnðaðtÞÞ − 5ln4ðaðt0ÞÞ

8
þ 11ln4ðaðtÞÞ

8

−
3ln2ðaðt0ÞÞ

4
ln2ðaðtÞÞ − 1

n

�
11ln3ðaðt0ÞÞ

4
− 3ln2ðaðt0ÞÞ lnðaðtÞÞ − 3 lnðaðt0ÞÞ

4
ln2ðaðtÞÞ

�

þ 1

n2

�
33ln2ðaðt0ÞÞ

8
− 3 lnðaðt0ÞÞ lnðaðtÞÞ − 3ln2ðaðtÞÞ

8

�
−

1

n3

�
33 lnðaðt0ÞÞ

8
−
3 lnðaðtÞÞ

2

�
þ 33

16n4

�

þ 3ln2ðaðtÞÞ
8n2

−
3 lnðaðtÞÞ

2n3
−

33

16n4

��
: ð86Þ

Finally, the third VEV which contributes at two-loop order in correlation function (68) is

hΩj
Z

t

0

dt00φ̄3
0ðt00; ~xÞ

Z
t0

0

d~tφ̄3
0ð~t; ~x0ÞjΩi ¼

Z
t

0

dt00
Z

t0

0

d~tf3 · 1 · 1hΩjφ̄0ðt00; ~xÞφ̄0ð~t; ~x0ÞjΩihΩjφ̄2
0ðt00; ~xÞjΩihΩjφ̄2

0ð~t; ~x0ÞjΩi

þ 2 · 3 · 1hΩjφ̄2
0ðt00; ~xÞjΩihΩjφ̄0ðt00; ~xÞφ̄0ð~t; ~x0ÞjΩihΩjφ̄2

0ð~t; ~x0ÞjΩi
þ 3 · 2 · 1½hΩjφ̄0ðt00; ~xÞφ̄0ð~t; ~x0ÞjΩi�3g; ð87Þ

where 0 ≤ t00 ≤ t, 0 ≤ ~t ≤ t0, and t0 ≤ t. The integrand on the right side of Eq. (87) consists of three terms that are added
together. Notice that the second term is twice the first term. Using Eq. (51) in Eq. (87) we get

hΩj
Z

t

0

dt00φ̄3
0ðt00; ~xÞ

Z
t0

0

d~tφ̄3
0ð~t; ~x0ÞjΩi ¼

Z
t

0

dt00
Z

t0

0

d~t
�
9hΩjφ̄0ðt00; ~xÞφ̄0ð~t; ~x0ÞjΩi

H2D−4

22D−2πD
Γ2ðD − 1Þ
Γ2ðD

2
Þ lnðaðt00ÞÞ lnðað~tÞÞ

þ 6½hΩjφ̄0ðt00; ~xÞφ̄0ð~t; ~x0ÞjΩi�3
�
: ð88Þ

As in the evaluation of the second VEV given in Eq. (84), we need an ordering of the time parameters t00 and ~t to evaluate
the expectation values in the integrand on the right of Eq. (88). Therefore, we similarly break up the double integral into
two parts:

R
t
0 dt

00 R t0
0 d~t ¼ R

~t
0 dt

00 R t0
0 d~tþ R

t
~t dt

00 R t0
0 d~t where in the first part on the right t00 ≤ ~t, whereas ~t ≤ t00 in the second.

Hence, employing Eq. (45) appropriately, we obtain

hΩj
Z

t

0

dt00φ̄3
0ðt00; ~xÞ

Z
t0

0

d~tφ̄3
0ð~t; ~x0ÞjΩi

¼ H3D−6

23D−3π3D=2

Γ3ðD − 1Þ
Γ3ðD

2
Þ

�Z
~t

0

dt00
Z

t0

0

d~t

�
9

�
CðΔxÞ þ lnðaðt00ÞÞ þ

X∞
n¼1

ð−1Þnðaðt00ÞHΔxÞ2n
2nð2nþ 1Þ!

�
lnðaðt00ÞÞ lnðað~tÞÞ

þ 6

�
CðΔxÞ þ lnðaðt00ÞÞ þ

X∞
n¼1

ð−1Þnðaðt00ÞHΔxÞ2n
2nð2nþ 1Þ!

�
3
�

þ
Z

t

~t
dt00

Z
t0

0

d~t

�
9

�
CðΔxÞ þ lnðað~tÞÞ þ

X∞
n¼1

ð−1Þnðað~tÞHΔxÞ2n
2nð2nþ 1Þ!

�
lnðaðt00ÞÞ lnðað~tÞÞ

þ 6

�
CðΔxÞ þ lnðað~tÞÞ þ

X∞
n¼1

ð−1Þnðað~tÞHΔxÞ2n
2nð2nþ 1Þ!

�
3
��

: ð89Þ
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Now, we need to evaluate the four double integrals in Eq. (89) to get the VEV. Results of the integrals are given in
Appendix A 3. Adding up Eqs. (A14), (A15), (A17), and (A18) and substituting the sum into Eq. (89), we find

hΩj
Z

t

0

dt00φ̄3
0ðt00; ~xÞ

Z
t0

0

d~tφ̄3
0ð~t; ~x0ÞjΩi

¼ H3D−8

23D−2π3D=2

Γ3ðD − 1Þ
Γ3ðD

2
Þ 3

�
−
4

5
ln5ðaðt0ÞÞ þ ln4ðaðt0ÞÞ lnðaðtÞÞ

þ ln3ðaðt0ÞÞln2ðaðtÞÞ − 2CðΔxÞ
�
ln4ðaðt0ÞÞ − 2ln3ðaðt0ÞÞ lnðaðtÞÞ − 3ln2ðaðt0ÞÞ

4
ln2ðaðtÞÞ

�

− 2C2ðΔxÞ½ln3ðaðt0ÞÞ − 3ln2ðaðt0ÞÞ lnðaðtÞÞ� þ 4C3ðΔxÞ lnðaðt0ÞÞ lnðaðtÞÞ

þ 3
X∞
n¼1

ð−1ÞnðHΔxÞ2n
n2ð2nþ 1Þ!

�
a2nðt0Þ

�
½lnðaðtÞÞ − lnðaðt0ÞÞ�

�
5ln2ðaðt0ÞÞ

4
þ
�
2CðΔxÞ − 9

8n

�
lnðaðt0ÞÞ

þ lnðaðt0ÞÞ
4

lnðaðtÞÞ − lnðaðtÞÞ
8n

�
þ 3ln2ðaðt0ÞÞ

2n
þ EðΔx; nÞ lnðaðtÞÞ − F ðΔx; nÞ lnðaðt0ÞÞ þ GðΔx; nÞ

�

− EðΔx; nÞ½lnðaðtÞÞ þ lnðaðt0ÞÞ� þ ln2ðaðtÞÞ
8n

þ ln2ðaðt0ÞÞ
8n

− GðΔx; nÞ
�

þ 3

2

X∞
p¼2

Xp−1
n¼1

ð−1ÞpðHΔxÞ2p
pnðp − nÞð2nþ 1Þ!½2ðp − nÞ þ 1�!

�
a2pðt0Þ

�
½lnðaðtÞÞ − lnðaðt0ÞÞ�

�
lnðaðt0ÞÞ þ CðΔxÞ − 1

2p

�

þ lnðaðt0ÞÞ
p

þ CðΔxÞ
p

−
1

p2

�
−
�
CðΔxÞ − 1

2p

�
½lnðaðtÞÞ þ lnðaðt0ÞÞ� − CðΔxÞ

p
þ 1

p2

�

þ 1

4

X∞
q¼3

Xq−1
p¼2

Xp−1
n¼1

ð−1ÞqðHΔxÞ2q½a2qðt0ÞðlnðaðtÞÞ − lnðaðt0ÞÞ þ 1
qÞ − lnðaðtÞÞ − lnðaðt0ÞÞ − 1

q�
qðq − pÞ½2ðq − pÞ þ 1�!nðp − nÞð2nþ 1Þ!½2ðp − nÞ þ 1�!

�
; ð90Þ

where we defined new functions of comoving spatial separation Δx and index n

F ðΔx; nÞ≡ C2ðΔxÞ − 3CðΔxÞ
n

þ 13

4n2
and GðΔx; nÞ≡ C2ðΔxÞ

n
−
2CðΔxÞ

n2
þ 15

8n3
: ð91Þ

Recall that the function CðΔxÞ is expressed as a power series in Eq. (42). The square and the cube of CðΔxÞ that appear in
Eq. (90) can also be expressed as series expansions

C2ðΔxÞ ¼
X∞
p¼2

Xp−1
n¼1

ð−1ÞpðHΔxÞ2p
4nðp − nÞð2nþ 1Þ!½2ðp − nÞ þ 1�! ; ð92Þ

C3ðΔxÞ ¼ −
X∞
q¼3

Xq−1
p¼2

Xp−1
n¼1

ð−1ÞqðHΔxÞ2q
8ðq − pÞ½2ðq − pÞ þ 1�!nðp − nÞð2nþ 1Þ!½2ðp − nÞ þ 1�! : ð93Þ

We have completed evaluating each of the three VEVs that yields anOðλ2Þ correction to tree-order two-point correlation
function (70) of the IR truncated scalar full field. Substitution of those VEVs given in Eqs. (83), (86), and (90) into Eq. (68)
yields the total two-loop correction as
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hΩjφ̄ðt; ~xÞφ̄ðt0; ~x0ÞjΩi2-loop
≃ λ2

ðD − 1Þ2
H3D−10

23Dπ3D=2

Γ3ðD − 1Þ
Γ3ðD

2
Þ

�
31ln5ðaðt0ÞÞ

60
þ ln3ðaðt0ÞÞ

6
ln2ðaðtÞÞ

þ 11 lnðaðt0ÞÞ
12

ln4ðaðtÞÞ þ CðΔxÞ
�
11ln4ðaðtÞÞ

12
þ ln4ðaðt0ÞÞ

4
þ 4ln3ðaðt0ÞÞ

3
lnðaðtÞÞ

þ ln2ðaðt0ÞÞ
2

ln2ðaðtÞÞ
�
− C2ðΔxÞ

�
2ln3ðaðt0ÞÞ

3
− 2ln2ðaðt0ÞÞ lnðaðtÞÞ

�
þ C3ðΔxÞ 4 lnðaðt

0ÞÞ
3

lnðaðtÞÞ

þ
X∞
n¼1

ð−1ÞnðHΔxÞ2n
nð2nþ 1Þ!

�
a2nðt0Þ

�
2½lnðaðtÞÞ − lnðaðt0ÞÞ�

�
−
ln4ðaðt0ÞÞ

3
þ ln2ðaðt0ÞÞ

n

þ
�
CðΔxÞ
n

−
1

n2

�
lnðaðt0ÞÞ þN ðC; nÞ

2

�
þ 5

24
½ln4ðaðtÞÞ − ln4ðaðt0ÞÞ� þ 1

4
½ln2ðaðtÞÞ − ln2ðaðt0ÞÞ�

×

�
ln2ðaðtÞÞ þ 2 lnðaðt0ÞÞ

n
−

1

n2

�
þ 2ln3ðaðt0ÞÞ

3n
þ 2ln2ðaðt0ÞÞ

n2
þ
�
2CðΔxÞ

n2
−

9

2n3

�
lnðaðt0ÞÞ þ PðC; nÞ

�

þ ln2ðaðtÞÞ
4n2

þ ln2ðaðt0ÞÞ
4n2

−N ðC; nÞ½lnðaðtÞÞ þ lnðaðt0ÞÞ� − PðC; nÞ
�

þ 1

2

X∞
p¼2

Xp−1
n¼1

ð−1ÞpðHΔxÞ2p
pnðp − nÞð2nþ 1Þ!½2ðp − nÞ þ 1�!

�
a2pðt0Þ

�
½lnðaðtÞÞ − lnðaðt0ÞÞ�

�
lnðaðt0ÞÞ þ CðΔxÞ − 1

2p

�

þ lnðaðt0ÞÞ
p

þ CðΔxÞ
p

−
1

p2

�
−
�
CðΔxÞ − 1

2p

�
½lnðaðtÞÞ þ lnðaðt0ÞÞ� − CðΔxÞ

p
þ 1

p2

�

þ 1

12

X∞
q¼3

Xq−1
p¼2

Xp−1
n¼1

ð−1ÞqðHΔxÞ2qfa2qðt0Þ½lnðaðtÞÞ − lnðaðt0ÞÞ þ 1
q� − lnðaðtÞÞ − lnðaðt0ÞÞ − 1

qg
qðq − pÞ½2ðq − pÞ þ 1�!nðp − nÞð2nþ 1Þ!½2ðp − nÞ þ 1�!

�
; ð94Þ

where we defined

N ðC; nÞ≡ C2ðΔxÞ
n

−
CðΔxÞ
n2

þ 1

n3
and PðC; nÞ≡ C2ðΔxÞ

n2
−
2CðΔxÞ

n3
þ 13

4n4
: ð95Þ

To get the result for a fixed physical distance, one can choose the comoving separation Δx ¼ K=Haðt0Þ so that the physical
distance aðt0ÞΔx remains as a constant fraction K of the Hubble length, as in Eq. (47).
Adding up tree, one- and two-loop correlators (70), (77), and (94) yields the two-point correlation function of the IR

truncated full field at one- and two-loop order,

hΩjφ̄ðt; ~xÞφ̄ðt0; ~x0ÞjΩi≃ hΩjφ̄ðt; ~xÞφ̄ðt0; ~x0ÞjΩitree þ hΩjφ̄ðt; ~xÞφ̄ðt0; ~x0ÞjΩi1-loop
þ hΩjφ̄ðt; ~xÞφ̄ðt0; ~x0ÞjΩi2-loop: ð96Þ

To save space we do not write the result of addition explicitly. The equal spacetime limit of Eq. (96), however, does not
occupy much space. At Oðλ2Þ, we have

hΩjφ̄2ðt; ~xÞjΩi ¼ hΩjφ̄2ðt; ~x0ÞjΩi≃ HD−2

2D−1πD=2

ΓðD − 1Þ
ΓðD

2
Þ lnðaðtÞÞ

−
λ

ðD − 1Þ
H2D−6

22D−23πD
Γ2ðD − 1Þ
Γ2ðD

2
Þ ln3ðaðtÞÞ þ λ2

ðD − 1Þ2
H3D−10

23D−35π3D=2

Γ3ðD − 1Þ
Γ3ðD

2
Þ ln5ðaðtÞÞ: ð97Þ

Note that the renormalized hΩjφ2ðt; ~xÞjΩi for the untruncated full field φðt; ~xÞ was computed in Ref. [5] (using the results
of Ref. [4]), in the same model, applying closed time path (Schwinger-Keldish) formalism. The result is
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hΩjφ2ðt; ~xÞjΩi ¼ H2

4π2
lnðaðtÞÞ þ λH2

26π4

�
−
4

9
ln3ðaðtÞÞ þ 13

18
ln2ðaðtÞÞ þ

�
ln

�
H
2μ

�
þ 8

3
− γ −

2

9
π2
�
lnðaðtÞÞ − 238

81
þ 13

54
π2

þ 4

3
ζð3Þ þ a−3

81
−
X∞
n¼1

ðnþ 5Þ
ðnþ 1Þ3 a

−ðnþ1Þ þ 4
X∞
n¼1

a−ðnþ2Þ

ðnþ 2Þ3 þ 4
X∞
n¼1

a−ðnþ3Þ

nðnþ 3Þ3
�
þOðλ2Þ: ð98Þ

See Eqs. (62) and (64) of Ref. [5]. Equation (98) agrees
with Eq. (97), as it should, in the leading logarithm order
when D ¼ 4. This agreement provides a check of our
computation (96) in the equal spacetime limit at OðλÞ.
Another check, in this limit, is provided in Sec. IV C at
Oðλ2Þ in the context of SFT via the Fokker-Planck
equation.
Computation of correlation function (96) was one of the

goals of this paper. We use it, in the next section, to obtain
the variance of the IR truncated scalar at one- and two-
loop order.

C. Fluctuations in spacetime

The variation Δφ̄ of the IR truncated scalar φ̄ is defined
as the difference of fields at two events

Δφ̄ðt; t0; ~x; ~x0Þ≡ φ̄ðt; ~xÞ − φ̄ðt0; ~x0Þ: ð99Þ
Because the VEV of field φ̄ is zero at any event, the
VEV of variation Δφ̄ also vanishes. However, the
variance

σ2Δφ̄ðt; t0; ~x; ~x0Þ≡ hΩj½Δφ̄− hΩjΔφ̄jΩi�2jΩi ¼ hΩjðΔφ̄Þ2jΩi
¼ hΩjφ̄2ðt; ~xÞjΩi− hΩjφ̄ðt; ~xÞφ̄ðt0; ~x0ÞjΩi
− hΩjφ̄ðt0; ~x0Þφ̄ðt; ~xÞjΩi þ hΩjφ̄2ðt0; ~x0ÞjΩi

ð100Þ

is not necessarily zero. The VEVs in the middle of the
second line in Eq. (100) are just the two-point correlation
function of the IR truncated scalar obtained in Eq. (96). The
VEV hΩjφ̄2ðt; ~xÞjΩi is obtained from this function in
Eq. (97). The remaining VEV,

hΩjφ̄2ðt0; ~x0ÞjΩi ¼ hΩjφ̄2ðt0; ~xÞjΩi ¼ lim
t→t0

hΩjφ̄2ðt; ~xÞjΩi;
ð101Þ

can be read off from Eq. (97) as well. Thus, using Eqs. (96),
(97), and (101) in Eq. (100), one obtains the variance
σ2Δφ̄ðt; t0; ~x; ~x0Þ. In the next two sections, we consider its
equal time and equal space limits, respectively.

1. Fluctuations in space

The spatial variation of the IR truncated scalar is the
difference of fields at equal time events Δφ̄ðt; ~x; ~x0Þ ¼
φ̄ðt; ~xÞ − φ̄ðt; ~x0Þ. It derives from the fact that inflationary
particle production is a randomprocess, like everything else in
quantum mechanics. At some places the field strength is
positive, at others it is negative; at some places themagnitude
of the field strength increases, and at others it decreases.
Although the expectation value of the spatial variation
Δφ̄ðt; ~x; ~x0Þ vanishes, the spatial variance σ2Δφ̄ðt; ~x; ~x0Þ, which
can be obtained by taking the equal time limit of Eq. (100),
does not.We employ Eqs. (96) and (97) in Eq. (100) to obtain

σ2Δφ̄ðt; ~x; ~x0Þ ¼ hΩj½Δφ̄ðt; ~x; ~x0Þ − hΩjΔφ̄ðt; ~x; ~x0ÞjΩi�2jΩi ¼ hΩj½φ̄ðt; ~xÞ − φ̄ðt; ~x0Þ�2jΩi
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þOðλ3Þ: ð102Þ
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Tree-order spatial variance in Eq. (102),

σ2Δφ̄tree
≃ HD−2

2D−2πD=2

ΓðD − 1Þ
ΓðD

2
Þ

×

�
lnðaðtÞÞ þ sin ðaðtÞHΔxÞ

aðtÞHΔx
−
sinðHΔxÞ
HΔx

− ciðaðtÞHΔxÞ þ ciðHΔxÞ
�
; ð103Þ

agrees with the tree-order result obtained in Ref. [27] when
D ¼ 4. For a fixed comoving separation (increasing physi-
cal distance) it asymptotes to

σ2Δφ̄tree
→

HD−2

2D−2πD=2

ΓðD − 1Þ
ΓðD

2
Þ

×

�
lnðaðtÞÞ þ ciðHΔxÞ − sinðHΔxÞ

HΔx

�
: ð104Þ

[We used Eq. (44) in Eq. (103) to get Eq. (104).] Time
dependence of tree-order spatial variance (104) implies that
the magnitude of spatial variation increases with time. This
fact is a crucial argument of some cosmologists against
putting any trust in results for expectation values. They
argue that an expectation value, which is a measure of
average effect, is misleading since the actual effect that
would be perceived by any local observer is either an
increase or a decrease in the field strength as fluctuations
happen. Reference [27], on the other hand, argues that,
while there is certainly spatial and temporal variation in
the actual effects, one can, under certain circumstances,
roughly trust what expectation values are telling us. See
also Ref. [34] which mentions the problems some cosmol-
ogists have with using expectation values and gives con-
ditions under which we can trust them.
To infer our result (102) for a fixed physical distance

we take comoving spatial separation Δx ¼ K=HaðtÞ as in
Eq. (47). Then, the function in the curly brackets of tree-
order variance (103) becomes

fðK; aðtÞÞ ¼ lnðaðtÞÞ þ ciðKa−1ðtÞÞ

−
sin ðKa−1ðtÞÞ

Ka−1ðtÞ þ sinðKÞ
K

− ciðKÞ; ð105Þ

so that

σ2Δφ̄tree
≃ HD−2

2D−2πD=2

ΓðD − 1Þ
ΓðD

2
Þ fðK; aðtÞÞ; ð106Þ

for a fixed physical distance. Plots of the function
fðK; aðtÞÞ versus the scale factor aðtÞ for K ¼ 1=2 and
K ¼ 1 are given in Fig. 1. (K ¼ 1=2) K ¼ 1 corresponds to
the case where the physical distance taken as (half) the
Hubble length. We see from the plots that tree-order

variance (106) rapidly freezes into a not especially large
value during inflation. Numerically, for K ¼ 1=2, we
have fð1=2;50Þ≃0.020695 and fð1=2; e50Þ≃ 0.020704,
whereas for K ¼ 1, we have fð1; 50Þ≃ 0.081249 and
fð1; e50Þ≃ 0.081283. One can also see this freezing using
Eq. (39) in Eq. (103) which yields

σ2Δφ̄tree
≃ HD−2

2D−2πD=2

ΓðD − 1Þ
ΓðD

2
Þ

�
lnðKÞ þ sinðKÞ

K
− ciðKÞ

þ γ − 1þ
X∞
n¼1

ð−1ÞnK2na−2nðtÞ
2nð2nþ 1Þ!

�
: ð107Þ

The infinite sum in Eq. (107) decays exponentially during
inflation and, therefore, can safely be neglected after a few
e-foldings. The remaining terms in the curly brackets are
just constants that add up to 0.020704 for K ¼ 1=2 and to
0.081283 for K ¼ 1.
The one-loop variance in Eq. (102) is

σ2Δφ̄1-loop

≃−
λ

ðD− 1Þ
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FIG. 1. Plots of the function fðK; aðtÞÞ, defined in Eq. (105),
versus aðtÞ. Solid (dashed) curve is for K ¼ 1=2 (K ¼ 1). The
scale factor aðtÞ runs from 1 to 50. Extending it to e50 does not
alter the plots any significantly; see the discussion in the text.
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where α ¼ aðtÞHΔx. For a fixed physical distance
aðtÞΔx ¼ K=H, the function in the curly brackets of
one-loop variance (108) becomes

gðK;aðtÞÞ¼
�
ciðKa−1ðtÞÞ− sinðKa−1ðtÞÞ

Ka−1ðtÞ

− lnðKa−1ðtÞÞþ1− γ
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4a2ðtÞ
�
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ð109Þ

so that

σ2Δφ̄1-loop
≃ −

λ

ðD − 1Þ
H2D−6

22D−2πD
Γ2ðD − 1Þ
Γ2ðD

2
Þ gðK; aðtÞÞ:

ð110Þ
Plots of the function gðK; aðtÞÞ versus the scale factor aðtÞ
for K ¼ 1=2 and K ¼ 1 are given in Fig. 2. (K ¼ 1=2)
K ¼ 1 corresponds to the case where the physical distance
taken as (half) the Hubble length. We infer from Fig. 2 that
gðK; aðtÞÞ grows monotonically—in fact logarithmically,
as is shown below—during inflation. Numerically, after 50
e-foldings, gð1=2; e50Þ≃ 1.02802 for K ¼ 1=2, whereas
gð1; e50Þ≃ 4.07372 forK ¼ 1. This implies that, due to the
overall minus sign, one-loop variance (110) grows neg-
atively during inflation. One can see that this negative

growth is logarithmic using Eq. (39) in Eq. (109) which
yields

σ2Δφ̄1-loop
≃ −

λ

ðD − 1Þ
H2D−6

22D−2πD
Γ2ðD − 1Þ
Γ2ðD

2
Þ

×

�
K2

12 3F 4

�
1; 1; 1; 2; 2; 2;

5

2
;−

K2

4

�
lnðaðtÞÞ

−
K2

24 4F 5

�
1; 1; 1; 1; 2; 2; 2; 2;

5

2
;−

K2

4

�

þ
X∞
n¼1

ð−1ÞnK2na−2nðtÞ
2nð2nþ 1Þ!

�
ln2ðaðtÞÞ − 1

2n2

��
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The infinite sum in Eq. (111) decays exponentially during
inflation and, therefore, can safely be neglected after a few
e-foldings. The first term in the curly brackets has the
coefficient function,

K2

12 3F 4

�
1; 1; 1; 2; 2; 2;

5

2
;−

K2

4

�
¼

X∞
n¼1

ð−1Þnþ1K2n

2n2ð2nþ 1Þ! ;

ð112Þ

which gives 0.020768 (0.082303) for K ¼ 1=2 (K ¼ 1).
The second term in the curly brackets, on the other
hand,

−
K2

24 4F 5

�
1; 1; 1; 1; 2; 2; 2; 2;

5

2
;−

K2

4

�

¼ −
X∞
n¼1

ð−1Þnþ1K2n

4n3ð2nþ 1Þ! ; ð113Þ

gives −0.010400 (−0.041408) for K ¼ 1=2 (K ¼ 1).
Hence, one-loop variance (111) grows logarithmically
and negatively. Therefore, the spatial variation does not
grow as large as tree-order variance (107) implies. Thus, the
VEV describes the behavior of the field better when the
loop corrections are included. Next, we study the temporal
fluctuations of the scalar field in our model, considering the
difference of fields at equal space events.

2. Fluctuations in time

The temporal variation is the difference of fields at equal
space events Δφ̄ðt; t0; ~xÞ≡ φ̄ðt; ~xÞ − φ̄ðt0; ~xÞ whose VEV
vanishes. The temporal variance can be obtained by taking
the equal space limit of Eq. (100). Using Eqs. (96) and (97),
we find
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FIG. 2. Plots of the function gðK; aðtÞÞ, defined in Eq. (109),
versus aðtÞ. Solid (dashed) curve is for K ¼ 1=2 (K ¼ 1). The
scale factor aðtÞ runs from 1 to e50. gðK; aðtÞÞ grows logarithmi-
cally during inflation; see the discussion in the text.
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σ2Δφ̄ðt; t0; ~xÞ ¼ hΩj½Δφ̄ðt; t0; ~xÞ − hΩjΔφ̄ðt; t0; ~xÞjΩi�2jΩi ¼ hΩj½φ̄ðt; ~xÞ − φ̄ðt0; ~xÞ�2jΩi

¼ HD−2
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�
þOðλ3Þ: ð114Þ

The one-loop correction tells us that the temporal variation
does not grow as fast as the tree-order result implies. [A
way to see this is to use the fact that lnðaðtÞÞ ¼ Ht. Since
t0 < t, let t0 ¼ t=c where the real number c > 1. Then,
the sum of the three terms inside the square brackets in the
one-loop correction ðHtÞ3½2c3−3c2þ1

3c3 � > 0, for any c > 1.
Because of the overall minus sign, however, the one-loop
correction is negative as opposed to the positive tree-order
result.] Thus, the VEV describes the behavior of the field
better, when the quantum corrections are included. In the
next section, we study the IR truncated scalar in the same

model applying the SFT instead of the QFT. We will see
that it yields the same two-point correlation function and
hence the same statistical properties we infer from it.

IV. STOCHASTIC FIELD THEORETICAL
ANALYSIS

Although the free field in Eq. (21) involves only the IR
modes, it is still a quantum field in the sense that the
commutator of the field and its first time derivative does not
vanish:

½φ0ðt; ~xÞ; _φ0ðt; ~x0Þ� ¼ HD−1
X
n≠0

ΘðHaðtÞ −H2πnÞ½uðt; kÞ _u�ðt; kÞ − u�ðt; kÞ _uðt; kÞ�ei~k·ð~x−~x0Þ ð115Þ

¼ iπ−D=2
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ΓðD

2
Þ

ΓðD − 1Þ
n
ðD − 3ÞðaðtÞHΔxÞD−4 sin ðaðtÞHΔxÞ þ ðHΔxÞD−3 cos ðHΔxÞ

− ðaðtÞHΔxÞD−3 cos ðaðtÞHΔxÞ − ðD − 3ÞðHΔxÞD−4 sin ðHΔxÞ

− ðD − 3ÞðD − 4Þ
Z

HaðtÞΔx

HΔx
dyyD−5 sinðyÞ

o
: ð116Þ

See Appendix B for the derivation of Eq. (116). Recall that
we replaced the mode function in Eq. (21) with its constant
leading IR limit (27) to obtain the IR truncated free field
φ̄0ðt; ~xÞ in Eq. (28). Thus, Eq. (115) implies that the
commutator ½φ̄0ðt; ~xÞ; _̄φ0ðt; ~x0Þ� vanishes when the replace-
ment is made. That means that φ̄0ðt; ~xÞ behaves like a
classical variable ϕ̄0ðt; ~xÞ in which the associated annihi-
lation and creation operators are just random variables.
Such a field is called stochastic. The full stochastic field
ϕðt; ~xÞ in our model obeys

ϕðt; ~xÞ ¼ ϕ0ðt; ~xÞ −
1

ðD − 1ÞH
Z

t

0

dt0V0ðϕðt0; ~xÞÞ; ð117Þ

first obtained by Starobinsky in Ref. [18]. Note that
Eq. (117) has the same form as Eq. (64), up to the field
strength renormalization factor ð1þ δZÞ−1.

A. Free theory

As discussed earlier, we take the IR limit of the mode
function and retain only the superhorizon modes—
except the zero mode, to obtain IR truncated stochastic
free field

ϕ̄0ðt; ~xÞ ¼
X
~n≠0

ΓðD − 1Þ
ΓðD

2
Þ
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ð2kÞD−1
2

ΘðHaðtÞ − kÞ

× ½cosð~k · ~xÞα~n − sinð~k · ~xÞβ~n�; ð118Þ

where ~k ¼ 2πH~n as in Eq. (28). The annihilation and
creation operators Â~n and Â

†
~n in Eq. (28) are considered [27]

to be two complex conjugate stochastic random variables

A~n ≡ 1

2
ðα~n þ iβ~nÞ and A�

~n ≡
1

2
ðα~n − iβ~nÞ: ð119Þ
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The real random variables α~n and β~n are governed by a Gaussian probability distribution function

ρðα~n; β~nÞ ¼
e−

1
2
α2
~nffiffiffiffiffiffi

2π
p e−

1
2
β2
~nffiffiffiffiffiffi

2π
p ; ð120Þ

with mean 0 and standard deviation 1. Note that the factors of
ffiffiffiffiffiffi
2π

p
in the denominators exist for each mode ~n.

Now, let us apply the stochastic formalism to compute the two-point correlation function of the IR truncated stochastic
free field

hϕ̄0ðt; ~xÞϕ̄0ðt0; ~x0Þi ¼
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where ~k0 ¼ 2πH ~m. When ~m ¼ ~n, we have ~k0 ¼ ~k. Therefore, we obtain

hϕ̄0ðt; ~xÞϕ̄0ðt0; ~x0Þi ¼
Γ2ðD − 1Þ
Γ2ðD

2
Þ

HD−2

22D−2πD−1

X
~n≠0

ΘðHaðtÞ − kÞΘðHaðt0Þ − kÞ
nD−1 cos ð~k · ð~x − ~x0ÞÞ: ð122Þ

Using the fact that

cos ð~k · ð~x − ~x0ÞÞ ¼ 1

2
ðeikΔx cosðθÞ þ e−ikΔx cosðθÞÞ; ð123Þ

where θ is the angle between ~k ¼ 2πH~n and Δ~x ¼ ~x − ~x0, and making the integral approximation to the discrete mode sum
over ~n as in Eqs. (33)–(36) we find

X
~n≠0

ΘðHaðtÞ − kÞΘðHaðt0Þ − kÞ
nD−1 cos ð~k · ð~x − ~x0ÞÞ

≃ 2D−1π
D
2
−1 ΓðD

2
Þ

ΓðD − 1Þ
�
ciðaðt0ÞHΔxÞ − sin ðaðt0ÞHΔxÞ

aðt0ÞHΔx
− ciðHΔxÞ þ sinðHΔxÞ

HΔx

�
ð124Þ

≃ 2D−1π
D
2
−1 ΓðD

2
Þ

ΓðD − 1Þ
�
CðΔxÞ þ lnðaðt0ÞÞ þ

X∞
n¼1

ð−1Þnðaðt0ÞHΔxÞ2n
2nð2nþ 1Þ!

�
; ð125Þ

where we used Eqs. (39) and (41) in the last equality. Let us note here that the equal space and equal spacetime limits of
Eq. (125) yield

X
~n≠0

ΘðHaðtÞ − kÞΘðHaðt0Þ − kÞ
nD−1 ¼

X
~n≠0

ΘðHaðt0Þ − kÞ
nD−1 ¼ 2D−1π

D
2
−1 ΓðD

2
Þ

ΓðD − 1Þ lnðaðt
0ÞÞ; ð126Þ

where t0 ≤ t. Using Eqs. (124) and (125) in Eq. (122), we find

hϕ̄0ðt; ~xÞϕ̄0ðt0; ~x0Þi≃ HD−2

2D−1πD=2

ΓðD − 1Þ
ΓðD

2
Þ

�
ciðaðt0ÞHΔxÞ − sin ðaðt0ÞHΔxÞ

aðt0ÞHΔx
− ciðHΔxÞ þ sinðHΔxÞ

HΔx

�
; ð127Þ

≃ HD−2

2D−1πD=2

ΓðD − 1Þ
ΓðD

2
Þ

�
CðΔxÞ þ lnðaðt0ÞÞ þ

X∞
n¼1

ð−1Þnðaðt0ÞHΔxÞ2n
2nð2nþ 1Þ!

�
; ð128Þ
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respectively. Results (127) and (128) are the same as results (43)–(45) obtained in the context of QFT. Hence,

hϕ̄0ðt; ~xÞϕ̄0ðt0; ~x0Þi ¼ hΩjφ̄0ðt; ~xÞφ̄0ðt0; ~x0ÞjΩi: ð129Þ

Because it will be needed in Sec. IV C, let us compute the two-point correlation function for the first time derivative of the
IR truncated stochastic free field,

fϕ̄0
ðt; ~xÞ≡ _̄ϕ0ðt; ~xÞ ¼

X
~n≠0

ΓðD − 1Þ
ΓðD

2
Þ

HD−1
2

2ðD−1Þ=2kðD−3Þ=2 δHaðtnÞ;k½cosð~k · ~xÞα~n − sinð~k · ~xÞβ~n�; ð130Þ

which is

hfϕ̄0
ðt; ~xÞfϕ̄0

ðt0; ~x0Þi ¼
Y
~q≠0

Z þ∞

−∞

dα~qffiffiffiffiffiffi
2π

p e−
1
2
α2
~q

Z þ∞

−∞

dβ~qffiffiffiffiffiffi
2π

p e−
1
2
β2
~qfϕ0

ðt; ~xÞfϕ0
ðt0; ~x0Þ

¼ Γ2ðD − 1Þ
Γ2ðD

2
Þ

H2D−1

2D−1

X
~n≠0

X
~m≠0

δHaðtnÞ;k
kðD−3Þ=2

δHaðt0mÞ;k0

k0ðD−3Þ=2 δ ~m;~nðcosð~k · ~xÞ cosð~k0 · ~x0Þ þ sinð~k · ~xÞ sinð~k0 · ~x0ÞÞ:

When ~m ¼ ~n we have ~k0 ¼ ~k, and hence we obtain

hfϕ̄0
ðt; ~xÞfϕ̄0

ðt0; ~x0Þi

¼ Γ2ðD − 1Þ
Γ2ðD

2
Þ

HDþ2

22D−4πD−3

×
X
~n≠0

δHaðtnÞ;Haðt0nÞ
nD−3 cos ð2πH~n · ð~x − ~x0ÞÞ: ð131Þ

Employing Eq. (123), making the integral approximation to
the sum as in Eqs. (54)–(56), we find

X
~n≠0

δHaðtnÞ;Haðt0nÞ
nD−3 cos ð2πH~n · ð~x − ~x0ÞÞ

≃ 2DπD=2

ð2πHÞ3
ΓðD

2
Þ

ΓðD − 1Þ
sinðaðt0ÞHΔxÞ
aðt0ÞHΔx

δðt − t0Þ: ð132Þ

This result is the same as the one in Eq. (57). Thus,
substituting Eq. (132) into Eq. (131) we obtain

hfϕ̄0
ðt; ~xÞfϕ̄0

ðt0; ~x0Þi

≃ HD−1

2D−1πD=2

ΓðD − 1Þ
ΓðD

2
Þ

sinðaðt0ÞHΔxÞ
aðt0ÞHΔx

δðt − t0Þ; ð133Þ

which is the same result obtained in Eq. (58) applying QFT.
The equal space limit of correlation (133) is the limit given
in Eq. (59); hence fϕ̄0

is a stochastic white noise. The limit
enters the Fokker-Planck equation as a source term in the last
section. In the next section, we study the self-interacting
theory in the context of SFT.

B. Interacting theory

Here also we consider the VðϕÞ ¼ λ
4!
ϕ4 theory in D

spacetime dimensions. Equation (117) implies for the
stochastic scalar

ϕðt; ~xÞ ¼ ϕ0ðt; ~xÞ −
λ

6ðD − 1ÞH
Z

t

0

dt00ϕ3ðt00; ~xÞ: ð134Þ

Iterating this equation twice for the IR truncated field ϕ̄
yields

ϕ̄ðt; ~xÞ ¼ ϕ̄0ðt; ~xÞ −
λ

6ðD − 1ÞH
Z

t

0

dt0ϕ̄3
0ðt0; ~xÞ þ

λ2

12ðD − 1Þ2H2

Z
t

0

dt0ϕ̄2
0ðt0; ~xÞ

Z
t0

0

dt00ϕ̄3
0ðt00; ~xÞ

−
λ3

24ðD − 1Þ3H3

�Z
t

0

dt0ϕ̄2
0ðt0; ~xÞ

Z
t0

0

dt00ϕ̄2
0ðt00; ~xÞ

Z
t00

0

dt000ϕ̄3
0ðt000; ~xÞ

þ 1

3

Z
t

0

dt0ϕ̄0ðt0; ~xÞ
�Z

t0

0

dt00ϕ̄3
0ðt00; ~xÞ

�
2
�
þOðλ4Þ: ð135Þ

Analogous to Eq. (68), the two-point correlation function of the IR truncated stochastic full field is
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hϕ̄ðt; ~xÞϕ̄ðt0; ~x0Þi ¼ hϕ̄0ðt; ~xÞϕ̄0ðt0; ~x0Þi

−
λ

6ðD − 1ÞH
�	

ϕ̄0ðt; ~xÞ
Z

t0

0

d~tϕ̄3
0ð~t; ~x0Þ



þ
	Z

t

0

dt00ϕ̄3
0ðt00; ~xÞϕ̄0ðt0; ~x0Þ


�

þ λ2

12ðD − 1Þ2H2

�	
ϕ̄0ðt; ~xÞ

Z
t0

0

d~tϕ̄2
0ð~t; ~x0Þ

Z
~t

0

d~~tϕ̄3
0ð~~t; ~x0Þ




þ
	Z

t

0

dt00ϕ̄2
0ðt00; ~xÞ

Z
t00

0

dt000ϕ̄3
0ðt000; ~xÞϕ̄0ðt0; ~x0Þ



þ 1

3

	Z
t

0

dt00ϕ̄3
0ðt00; ~xÞ

Z
t0

0

d~tϕ̄3
0ð~t; ~x0Þ


�
þOðλ3Þ;

ð136Þ

where 0 ≤ t000 ≤ t00 ≤ t, 0 ≤ ~~t ≤ ~t ≤ t0, and t0 ≤ t. The first term is the tree-order contribution calculated in Eq. (128). The
OðλÞ contribution involves two expectation values each of which has four free fields multiplied together. Recall that, in the
quantum field theoretical analysis of Sec. III, we reduced the computation to that of the topologically inequivalent pairings
of free fields. These pairings originated directly from the commutator algebra ½Â~n; Â

†
~m� ¼ δ~n; ~m of the annihilation and the

creation operators and the fact that Â~njΩi ¼ 0 which exclude any higher order groupings of the free fields. In the stochastic
analysis, on the other hand, the Gaussian integrals over the random variables α~n and β~n do not vanish when an even power of
the variables α~n and β~n is considered. Thus, one needs to exclude those combinations to allow only the pairings of the α~n’s
and of the β~n’s. This can be achieved by a projection operator P. Let us now compute the OðλÞ contribution in Eq. (136).

1. OðλÞ contribution
The first of two expectation values which contribute at OðλÞ in Eq. (136) is

	
ϕ̄0ðt; ~xÞ

Z
t0

0

d~tϕ̄3
0ð~t; ~x0Þ



¼

Z
t0

0

d~thϕ̄0ðt; ~xÞϕ̄3
0ð~t; ~x0Þi

¼
Z

t0

0

d~tP
Y
~q≠0

Z þ∞

−∞

dα~qffiffiffiffiffiffi
2π

p e−
1
2
α2
~q

Z þ∞

−∞

dβ~qffiffiffiffiffiffi
2π

p e−
1
2
β2
~q ϕ̄0ðt; ~xÞϕ̄3

0ð~t; ~x0Þ: ð137Þ

Inserting free field expansion (118), for each ϕ̄0, into Eq. (137), evaluating the Gaussian integrals using
R
∞
−∞

dxffiffiffiffi
2π

p e−x
2=2 ¼R∞

−∞
dxffiffiffiffi
2π

p x2e−x
2=2 ¼ 1 and projecting out quartic combinations of the random variables yields

	
ϕ̄0ðt; ~xÞ

Z
t0

0

d~tϕ̄3
0ð~t; ~x0Þ



¼ H2D−4

24D−4π2D−2
Γ4ðD − 1Þ
Γ4ðD

2
Þ 3

×
Z

t0

0

d~t
X
~n≠0

ΘðHaðtÞ − kÞΘðHað~tÞ − kÞ
nD−1 cos ð~k · ð~x − ~x0ÞÞ

X
~m≠0

ΘðHað~tÞ − k0Þ
mD−1 ; ð138Þ

where ~t ≤ t0 ≤ t. At this point, we employ sums (125) and (126) in Eq. (138) and find

	
ϕ̄0ðt; ~xÞ

Z
t0

0

d~tϕ̄3
0ð~t; ~x0Þ




¼ H2D−4

22D−2πD
Γ2ðD − 1Þ
Γ2ðD

2
Þ 3

Z
t0

0

d~t

�
CðΔxÞ þ lnðað~tÞÞ þ

X∞
n¼1

ð−1Þnðað~tÞHΔxÞ2n
2nð2nþ 1Þ!

�
lnðað~tÞÞ: ð139Þ

This result is the same as the one obtained in Eq. (72). Performing the remaining temporal integration yields the result given
in Eq. (73) in the context of QFT. Thus,

	
ϕ̄0ðt; ~xÞ

Z
t0

0

d~tϕ̄3
0ð~t; ~x0Þ



¼ hΩjφ̄0ðt; ~xÞ

Z
t0

0

d~tφ̄3
0ð~t; ~x0ÞjΩi: ð140Þ
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The remaining expectation value which contributes at OðλÞ in Eq. (136),

	Z
t

0

dt00ϕ̄3
0ðt00; ~xÞϕ̄0ðt0; ~x0Þ



¼

Z
t

0

dt00P
Y
~q≠0

Z þ∞

−∞

dα~qffiffiffiffiffiffi
2π

p e−
1
2
α2
~q

Z þ∞

−∞

dβ~qffiffiffiffiffiffi
2π

p e−
1
2
β2
~qϕ̄3

0ðt00; ~xÞϕ̄0ðt0; ~x0Þ; ð141Þ

can be computed similarly. For each free field in Eq. (141) we insert expansion (118) and evaluate the Gaussian integrals
projecting out quartic combinations of the random variables, to obtain

	Z
t

0

dt00ϕ̄3
0ðt00; ~xÞϕ̄0ðt0; ~x0Þ



¼ H2D−4

24D−4π2D−2
Γ4ðD − 1Þ
Γ4ðD

2
Þ 3

Z
t

0

dt00
X
~n≠0

ΘðHaðt00Þ − kÞ
nD−1

×
X
~m≠0

ΘðHaðt00Þ − k0ÞΘðHaðt0Þ − k0Þ
mD−1 cos ð~k0 · ð~x − ~x0ÞÞ: ð142Þ

We then substitute the sum computed in Eq (126) into Eq. (142),

	Z
t

0

dt00ϕ̄3
0ðt00; ~xÞϕ̄0ðt0; ~x0Þ



¼ H2D−4

23D−3π3D=2−1
Γ3ðD − 1Þ
Γ3ðD

2
Þ 3

Z
t

0

dt00 lnðaðt00ÞÞ

×
X
~m≠0

ΘðHaðt00Þ − k0ÞΘðHaðt0Þ − k0Þ
mD−1 cos ð~k0 · ð~x − ~x0ÞÞ: ð143Þ

Because we have 0 ≤ t00 ≤ t and t0 ≤ t, we decompose the integral into two parts:
R
t
0 dt

00 ¼ R
t0
0 dt00 þ R

t
t0 dt

00 to evaluate the
remaining sum in the integrand. In the first integral on the right t00 ≤ t0, whereas in the second t0 ≤ t00. Employing Eq. (123)
in Eq. (143) appropriately, we get

	Z
t

0

dt00ϕ̄3
0ðt00; ~xÞϕ̄0ðt0; ~x0Þ




¼ H2D−4

22D−2πD
Γ2ðD − 1Þ
Γ2ðD

2
Þ 3

�
CðΔxÞ

Z
t

0

dt00 lnðaðt00ÞÞ þ
Z

t0

0

dt00ln2ðaðt00ÞÞ þ lnðaðt0ÞÞ
Z

t

t0
dt00 lnðaðt00ÞÞ

þ 1

2

X∞
n¼1

ð−1ÞnðHΔxÞ2n
nð2nþ 1Þ!

�Z
t0

0

dt00a2nðt00Þ lnðaðt00ÞÞ þ a2nðt0Þ
Z

t

t0
dt00 lnðaðt00ÞÞ

��
: ð144Þ

This result is the same as the one obtained in Eq. (75). We then perform the remaining temporal integrations and find the
result given in Eq. (76) in the context of QFT. Thus,

	Z
t

0

dt00ϕ̄3
0ðt00; ~xÞϕ̄0ðt0; ~x0Þ



¼ hΩj

Z
t

0

dt00φ̄3
0ðt00; ~xÞφ̄0ðt0; ~x0ÞjΩi: ð145Þ

Equations (140) and (145) imply the equivalence of the OðλÞ-stochastic and the one-loop QFT correlators

hϕ̄ðt; ~xÞϕ̄ðt0; ~x0ÞiOðλÞ ¼ hΩjφ̄ðt; ~xÞφ̄ðt0; ~x0ÞjΩi1-loop; ð146Þ

where the latter was obtained in Eq. (77). In the next section, we show that the same equivalence also holds for the
Oðλ2Þ-stochastic and the two-loop QFT correlators.

2. Oðλ2Þ contribution
Three expectation values contribute at Oðλ2Þ in the two-point correlation function of the stochastic scalar full field in

Eq. (136). Each will be computed in this section. Let us start evaluating the first one:

V. K. ONEMLI PHYSICAL REVIEW D 91, 103537 (2015)

103537-22



	
ϕ̄0ðt; ~xÞ

Z
t0

0

d~tϕ̄2
0ð~t; ~x0Þ

Z
~t

0

d~~tϕ̄3
0ð~~t; ~x0Þ



¼

Z
t0

0

d~t
Z

~t

0

d~~tP
Y
~q≠0

Z þ∞

−∞

dα~qffiffiffiffiffiffi
2π

p e−
1
2
α2
~q

Z þ∞

−∞

dβ~qffiffiffiffiffiffi
2π

p e−
1
2
β2
~qϕ̄0ðt; ~xÞϕ̄2

0ð~t; ~x0Þϕ̄3
0ð~~t; ~x0Þ;

ð147Þ

where the ordering of the time parameters is 0 ≤ ~~t ≤ ~t ≤ t0 ≤ t. We follow the same steps as in the evaluation of Eq. (137) or
Eq. (141). For each free field we insert expansion (118) into Eq. (147) and evaluate the Gaussian integrals over the random
variables projecting out quartic and hexic combinations. We find

	
ϕ̄0ðt; ~xÞ

Z
t0

0

d~tϕ̄2
0ð~t; ~x0Þ

Z
~t

0

d~~tϕ̄3
0ð~~t; ~x0Þ




¼ H3D−6

26D−6π3D−3
Γ6ðD − 1Þ
Γ6ðD

2
Þ

Z
t0

0

d~t
Z

~t

0

d~~t

�
6
X
~n≠0

ΘðHaðtÞ − kÞΘðHað~tÞ − kÞ
nD−1 cos ð~k · ð~x − ~x0ÞÞ

×
X
~m≠0

ΘðHað~tÞ − k0ÞΘðHað~~tÞ − k0Þ
mD−1

X
~r≠0

ΘðHað~~tÞ − k00Þ
rD−1

þ 3
X
~n≠0

ΘðHaðtÞ − kÞΘðHað~~tÞ − kÞ
nD−1 cos ð~k · ð~x − ~x0ÞÞ

X
~m≠0

ΘðHað~tÞ − k0Þ
mD−1

X
~r≠0

ΘðHað~~tÞ − k00Þ
rD−1

þ 6
X
~n≠0

ΘðHaðtÞ − kÞΘðHað~~tÞ − kÞ
nD−1 cos ð~k · ð~x − ~x0ÞÞ

×
X
~m≠0

ΘðHað~tÞ − k0ÞΘðHað~~tÞ − k0Þ
mD−1

X
~r≠0

ΘðHað~tÞ − k00ÞΘðHað~~tÞ − k00Þ
rD−1

�
; ð148Þ

where k00 ¼ 2πHr. The sums in Eq. (148) are evaluated in Eqs. (125) and (126). When their outcomes are substituted, the
expectation value becomes

	
ϕ̄0ðt; ~xÞ

Z
t0

0

d~tϕ̄2
0ð~t; ~x0Þ

Z
~t

0

d~~tϕ̄3
0ð~~t; ~x0Þ




¼ H3D−6

23D−3π3D=2

Γ3ðD − 1Þ
Γ3ðD

2
Þ

Z
t0

0

d~t
Z

~t

0

d~~t

�
6

�
CðΔxÞ þ lnðað~tÞÞ þ

X∞
n¼1

ð−1Þnðað~tÞHΔxÞ2n
2nð2nþ 1Þ!

�
ln2ðað~~tÞÞ

þ 3

�
CðΔxÞ þ lnðað~~tÞÞ þ

X∞
n¼1

ð−1Þnðað~~tÞHΔxÞ2n
2nð2nþ 1Þ!

�
½lnðað~tÞÞ lnðað~~tÞÞ þ 2ln2ðað~~tÞÞ�

�
: ð149Þ

This result is the same as the one in Eq. (82). We, after integration, obtain the result given in Eq. (83). Thus, we conclude
that

	
ϕ̄0ðt; ~xÞ

Z
t0

0

d~tϕ̄2
0ð~t; ~x0Þ

Z
~t

0

d~~tϕ̄3
0ð~~t; ~x0Þ



¼ hΩjφ̄0ðt; ~xÞ

Z
t0

0

d~tφ̄2
0ð~t; ~x0Þ

Z
~t

0

d~~tφ̄3
0ð~~t; ~x0ÞjΩi: ð150Þ

Next, we consider the second expectation value which contributes at Oðλ2Þ in Eq. (136),

	Z
t

0

dt00ϕ̄2
0ðt00; ~xÞ

Z
t00

0

dt000ϕ̄3
0ðt000; ~xÞϕ̄0ðt0; ~x0Þ




¼
Z

t

0

dt00
Z

t00

0

dt000P
Y
~q≠0

Z þ∞

−∞

dα~qffiffiffiffiffiffi
2π

p e−
1
2
α2
~q

Z þ∞

−∞

dβ~qffiffiffiffiffiffi
2π

p e−
1
2
β2
~q ϕ̄2

0ðt00; ~xÞϕ̄3
0ðt000; ~xÞϕ̄0ðt0; ~x0Þ: ð151Þ

Proceeding as before, we perform the Gaussian integrals projecting out quartic and hexic combinations of the random
variables to obtain
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	Z
t

0

dt00ϕ̄2
0ðt00; ~xÞ

Z
t00

0

dt000ϕ̄3
0ðt000; ~xÞϕ̄0ðt0; ~x0Þ




¼ H3D−6

26D−6π3D−3
Γ6ðD − 1Þ
Γ6ðD

2
Þ

Z
t

0

dt00
Z

t00

0

dt000
�
6
X
~n≠0

ΘðHaðt00Þ − kÞΘðHaðt000Þ − kÞ
nD−1

×
X
~m≠0

ΘðHaðt00Þ − k0ÞΘðHaðt0Þ − k0Þ
mD−1 cos ð~k0 · ð~x − ~x0ÞÞ

X
~r≠0

ΘðHaðt000Þ − k00Þ
rD−1

þ 3
X
~n≠0

ΘðHaðt00Þ − kÞ
nD−1

X
~m≠0

ΘðHaðt000Þ − k0Þ
mD−1

X
~r≠0

ΘðHaðt000Þ − k00ÞΘðHaðt0Þ − k00Þ
rD−1 cos ð~k00 · ð~x − ~x0ÞÞ

þ 6
X
~n≠0

ΘðHaðt00Þ − kÞΘðHaðt000Þ − kÞ
nD−1

X
~m≠0

ΘðHaðt00Þ − k0ÞΘðHaðt000Þ − k0Þ
mD−1

×
X
~r≠0

ΘðHaðt000Þ − k00ÞΘðHaðt0Þ − k00Þ
rD−1 cos ð~k00 · ð~x − ~x0ÞÞ

�
: ð152Þ

Now, we use Eqs. (122) and (126) to rewrite Eq. (152) as

	Z
t

0

dt00ϕ̄2
0ðt00; ~xÞ

Z
t00

0

dt000ϕ̄3
0ðt000; ~xÞϕ̄0ðt0; ~x0Þ



¼ H2D−4

22D−2πD
Γ2ðD − 1Þ
Γ2ðD

2
Þ

Z
t

0

dt00
Z

t00

0

dt000
�
6hϕ̄0ðt00; ~xÞϕ̄0ðt0; ~x0Þiln2ðaðt000ÞÞ

þ 3hϕ̄0ðt000; ~xÞϕ̄0ðt0; ~x0Þi lnðaðt00ÞÞ lnðaðt000ÞÞ

þ 6hϕ̄0ðt000; ~xÞϕ̄0ðt0; ~x0Þiln2ðaðt000ÞÞ
�
: ð153Þ

Recall that the stochastic and quantum formalisms are equivalent at tree order; see Eq. (129). Thus, Eq. (153) is identical to
Eq. (85),

	Z
t

0

dt00ϕ̄2
0ðt00; ~xÞ

Z
t00

0

dt000ϕ̄3
0ðt000; ~xÞϕ̄0ðt0; ~x0Þ



¼ hΩj

Z
t

0

dt00φ̄2
0ðt00; ~xÞ

Z
t00

0

dt000φ̄3
0ðt000; ~xÞφ̄0ðt0; ~x0ÞjΩi: ð154Þ

The final expectation value that contributes at Oðλ2Þ in Eq. (136) is

	Z
t

0

dt00ϕ̄3
0ðt00; ~xÞ

Z
t0

0

d~tϕ̄3
0ð~t; ~x0Þ



¼

Z
t

0

dt00
Z

t0

0

d~tP
Y
~q≠0

Z þ∞

−∞

dα~qffiffiffiffiffiffi
2π

p e−
1
2
α2
~q

Z þ∞

−∞

dβ~qffiffiffiffiffiffi
2π

p e−
1
2
β2
~q ϕ̄3

0ðt00; ~xÞϕ̄3
0ð~t; ~x0Þ: ð155Þ

We carry on evaluating the Gaussian integrals projecting out quartic and hexic combinations of the random variables and get

	Z
t

0

dt00ϕ̄3
0ðt00; ~xÞ

Z
t0

0

d~tϕ̄3
0ð~t; ~x0Þ




¼ H3D−6

26D−6π3D−3
Γ6ðD − 1Þ
Γ6ðD

2
Þ

Z
t

0

dt00
Z

t0

0

d~t

�
6
X
~n≠0

ΘðHaðt00Þ − kÞ
nD−1

×
X
~m≠0

ΘðHaðt00Þ − k0ÞΘðHað~tÞ − k0Þ
mD−1 cos ð~k0 · ð~x − ~x0ÞÞ

X
~r≠0

ΘðHað~tÞ − k00Þ
rD−1

þ 3
X
~n≠0

ΘðHaðt00Þ − kÞΘðHað~tÞ − kÞ
nD−1 cos ð~k · ð~x − ~x0ÞÞ

X
~m≠0

ΘðHaðt00Þ − k0Þ
mD−1

X
~r≠0

ΘðHað~tÞ − k00Þ
rD−1

þ 6

�X
~n≠0

ΘðHaðt00Þ − kÞΘðHað~tÞ − kÞ
nD−1 cos ð~k · ð~x − ~x0ÞÞ

�
3
�
: ð156Þ
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At this stage we employ Eqs. (122) and (126) in Eq. (156),

	Z
t

0

dt00ϕ̄3
0ðt00; ~xÞ

Z
t0

0

d~tϕ̄3
0ð~t; ~x0Þ



¼

Z
t

0

dt00
Z

t0

0

d~t

�
9hϕ̄0ðt00; ~xÞϕ̄0ð~t; ~x0Þi

H2D−4

22D−2πD
Γ2ðD − 1Þ
Γ2ðD

2
Þ lnðaðt00ÞÞ lnðað~tÞÞ

þ 6½hϕ̄0ðt00; ~xÞϕ̄0ð~t; ~x0Þi�3
�
: ð157Þ

The final step is to make use of the identity (129) which implies that Eq. (157) is identical to Eq. (88),
	Z

t

0

dt00ϕ̄3
0ðt00; ~xÞ

Z
t0

0

d~tϕ̄3
0ð~t; ~x0Þ



¼ hΩj

Z
t

0

dt00φ̄3
0ðt00; ~xÞ

Z
t0

0

d~tφ̄3
0ð~t; ~x0ÞjΩi: ð158Þ

Equivalence of the individual stochastic expectation values to their corresponding quantum analogs, Eqs. (150), (154),
and (158), yields

hϕ̄ðt; ~xÞϕ̄ðt0; ~x0ÞiOðλ2Þ ¼ hΩjφ̄ðt; ~xÞφ̄ðt0; ~x0ÞjΩi2-loop: ð159Þ

Thus, Eqs. (129), (146), and (159) show that the stochastic field theory gives the same two-point correlation function (96) of
the IR truncated scalar obtained applying QFT

hϕ̄ðt; ~xÞϕ̄ðt0; ~x0Þi ¼ hΩjφ̄ðt; ~xÞφ̄ðt0; ~x0ÞjΩi: ð160Þ
The variance of the stochastic field ϕ̄ðt; ~xÞ defined analogously to Eq. (100) also yields the same quantum field theoretical
result whose equal time and equal space limits are given in Eqs. (102) and (114), respectively. In the next section, we give a
stochastic check of the two-point correlation function of the IR truncated scalar in the equal spacetime limit.

C. A check of the limx→x0 hΩjφ̄ðt;~xÞφ̄ðt0;~x0ÞjΩi via the Fokker-Planck equation

Recall that we computed the two-point correlation function hΩjφ̄ðt; ~xÞφ̄ðt0; ~x0ÞjΩi in Sec. III using QFT inD dimensions.
We have just shown in Sec. IV that the same result is obtained when SFT is used. In this section, we want to give another
stochastic check of our result for the correlation function.
Recall that the equal spacetime limits of Eqs. (96) and (160) imply Eq. (97) which we copy here,

hΩjφ̄2ðt; ~xÞjΩi ¼ hϕ̄2ðt; ~xÞi ¼ HD−2

2D−1πD=2

ΓðD − 1Þ
ΓðD

2
Þ lnðaðtÞÞ − λ

ðD − 1Þ
H2D−6

22D−23πD
Γ2ðD − 1Þ
Γ2ðD

2
Þ ln3ðaðtÞÞ

þ λ2

ðD − 1Þ2
H3D−10

23D−35π3D=2

Γ3ðD − 1Þ
Γ3ðD

2
Þ ln5ðaðtÞÞ þOðλ3Þ: ð161Þ

One can also calculate the expectation values of functionals of a stochastic field ϕ̄ as

hF½ϕ̄ðt; ~xÞ�i ¼
Z þ∞

−∞
dωϱðt;ωÞFðωÞ; ð162Þ

where the probability density ϱðt; ϕ̄Þ is a solution of the Fokker-Planck equation

∂
∂t ϱðt; ϕ̄Þ ¼

∂
∂ϕ̄

�
V0ðϕ̄Þ

ðD − 1ÞH ϱðt; ϕ̄Þ
�
þ 1

2

∂2

∂ϕ̄2
½hfϕ̄0

ðt; ~xÞfϕ̄0
ðt; ~xÞiϱðt; ϕ̄Þ�: ð163Þ

The expectation value we want to check in Eq. (161) is of the form

hϕ̄2nðt; ~xÞi ¼
Z þ∞

−∞
dωϱðt;ωÞω2n; ð164Þ

in D dimensions with n ¼ 1. The computation of Eq. (164) was done in Ref. [31] for D ¼ 4. Here, we need to do the
computation for an arbitraryD. Taking the derivative of both sides of Eq. (164) with respect to t, using Eqs. (133) and (163),
and then integrating the result by parts, we find
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∂
∂t hϕ̄

2nðt; ~xÞi

¼
Z þ∞

−∞
dωω2n ∂

∂t ϱðt;ωÞ

¼
Z þ∞

−∞
dω

�
−2nω2n−1 V 0ðωÞ

ðD − 1ÞH

þ nð2n − 1Þω2n−2 ΓðD − 1Þ
ΓðD

2
Þ

HD−1

2D−1πD=2

�
ϱðt;ωÞ

¼ nð2n − 1ÞΓðD − 1Þ
ΓðD

2
Þ

HD−1

2D−1πD=2 hϕ̄2n−2ðt; ~xÞi

−
2n

ðD − 1ÞH hϕ̄2n−1ðt; ~xÞV 0ðϕ̄Þi: ð165Þ

Defining new variables

α≡ 1

2D−1πD=2

ΓðD − 1Þ
ΓðD

2
Þ lnðaðtÞÞ;

λ̄≡ 2D−1πD=2 ΓðD
2
Þ

ΓðD − 1Þ
HD−4

3ðD − 1Þ λ;
ð166Þ

and choosing Vðϕ̄Þ ¼ λ
4!
ϕ̄4 in Eq. (165), we obtain

∂
∂α

	�
ϕ̄2ðt; ~xÞ
HD−2

�n

¼ nð2n − 1Þ

	�
ϕ̄2ðt; ~xÞ
HD−2

�n−1


− nλ̄

	�
ϕ̄2ðt; ~xÞ
HD−2

�nþ1


: ð167Þ

This equation has the same form obtained in Ref. [31]. So
does its solution
	�

ϕ̄2ðt; ~xÞ
HD−2

�n

¼ ð2n− 1Þ!!αn

h
1− λ̄

n
2
ðnþ 1Þα2

þ λ̄2
n
280

ð35n3 þ 170n2 þ 225nþ 74Þα4

þOðλ̄3Þ
i
;

which yields
	�

ϕ̄2ðt; ~xÞ
HD−2

�

¼ α − λ̄α3 þ λ̄2

9

5
α5 þOðλ3Þ ð168Þ

for n ¼ 1. Employing Eq. (166) in Eq. (168) reproduces
Eq. (161). The equal spacetime limit of our result (96) is
indeed correct.

V. CONCLUSIONS

We considered infrared truncated massless minimally
coupled scalar field φ̄ðt; ~xÞwith a quartic self-interaction on
a D-dimensional locally de Sitter background of an inflat-
ing spacetime. In Sec. III, we computed the two-point
correlation function hΩjφ̄ðt; ~xÞφ̄ðt0; ~x0ÞjΩi of the scalar at

one- and two-loop order applying quantum field theory.
The tree-order correlator at a fixed comoving separation
that is at increasing physical distance approaches a constant
nonzero value. It grows linearly with comoving time at a
fixed physical distance. This is because more and more
particles are created out of vacuum during inflation which
increases local field strength. The dominant (one-loop)
quantum correction, however, grows negatively at a fixed
comoving separation and at a fixed physical distance.
We used our correlation function to compute the variance

σ2Δφ̄ðt; t0; ~x; ~x0Þ≡ hΩj½Δφ̄− hΩjΔφ̄jΩi�2jΩi ¼ hΩjðΔφ̄Þ2jΩi
¼ hΩjφ̄2ðt; ~xÞjΩi− hΩjφ̄ðt; ~xÞφ̄ðt0; ~x0ÞjΩi
− hΩjφ̄ðt0; ~x0Þφ̄ðt; ~xÞjΩiþ hΩjφ̄2ðt0; ~x0ÞjΩi;

andobtained corrections for thevariance, in space and time, of
one- and two-loop correlators. Time dependence of the tree-
order variance implies that the magnitude of spatial variation
Δφ̄ðt; ~x; ~x0Þ ¼ φ̄ðt; ~xÞ − φ̄ðt; ~x0Þ increases with time and
freezes into, for a fixed physical distance, a not especially
large value. This spatial variation is the main reason for some
cosmologists to argue that using expectation values gives a
misleading description of physical processes because fluctu-
ations about the mean value change the entire picture. A local
observer detects either an increase or a decrease in the field
strength as the fluctuations take place. The expectation value
measures merely the average effect. The authors of Ref. [27],
on the other hand, argue that one can roughly trust implica-
tions of expectation values under certain circumstances,
despite the spatial and temporal variation in the real effects.
The key issue in this paper is that whether the tree-order
comparisons between expectationvalues and variances found
in Ref. [27] become better or worsewhen loop corrections are
included. We found out that the one-loop variance grows
negatively for fixed physical distance in our self-interacting
model. This means that the spatial variance does not grow as
large as the tree-order variance indicates. Thus, the contrast
between the expectation value and variance decreases when
we include the loop corrections.
In Sec. IV, we examined the model by repeating the

computations of Sec. III applying a stochastic field theory
where the annihilation and creation operators of the free
quantum field are considered to be two complex conjugate
stochastic random variables. The real and imaginary parts
of the random variables are governed by a Gaussian
probability distribution function. We computed the two-
point correlation function of the IR truncated stochastic
field in our model. The result we found is the same as the
one in Sec. III. Thus, the analogously defined variance in
the context of stochastic field theory is in perfect agreement
with the variance obtained using quantum field theory.
Finally, we presented a check of our computation for the
correlation function. Expectation values of functionals of a
stochastic field can be calculated by integrating the func-
tional weighted with a probability density function which
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satisfies a Fokker-Planck equation. Employing this tech-
nique, we computed the expectation value of the stochastic
field squared hϕ̄2ðt; ~xÞi inD dimensions. The result is what
our two-point correlation function yields in the equal
spacetime limit.
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APPENDIX A: COMPUTING THE TWO-LOOP
CONTRIBUTION TO THE TWO-POINT

CORRELATION FUNCTION hΩjφ̄ðt;~xÞφ̄ðt0;~x0ÞjΩi
Two-loop contribution to the two-point correlation

function of the IR truncated scalar full field consists of
three terms each of which is proportional to a VEV; see
Eq. (68). The VEVs are computed in Sec. III B 3. In this
appendix, we give the details of the computation for each of
the VEVs in Secs. A 1, A 2, and A 3, respectively.

1. Computing the VEV hΩjφ̄0ðt;~xÞ
R
t0
0 d~tφ̄2

0ð~t;~x0Þ
R
~t
0 d

~~tφ̄3
0ð~~t;~x0ÞjΩi

In Eq. (82) computation of this VEV is reduced to the evaluations of three double integrals. The first double integral is

Z
t0

0

d~t
Z

~t

0

d~~t2 · 3 · 1

�
CðΔxÞ þ lnðað~tÞÞ þ

X∞
n¼1

ð−1Þnðað~tÞHΔxÞ2n
2nð2nþ 1Þ!

�
ln2ðað~~tÞÞ

¼ 1

2H2

�
4

5
ln5ðaðt0ÞÞ þ CðΔxÞln4ðaðt0ÞÞ þ

X∞
n¼1

ð−1ÞnðHΔxÞ2n
n2ð2nþ 1Þ!

×

�
a2nðt0Þ

�
ln3ðaðt0ÞÞ − 3

2n

�
ln2ðaðt0ÞÞ − lnðaðt0ÞÞ

n

�
−

3

4n3

�
þ 3

4n3

��
: ðA1Þ

The second double integral in Eq. (82) is

Z
t0

0

d~t
Z

~t

0

d~~t3 · 1 · 1

�
CðΔxÞ þ lnðað~~tÞÞ þ

X∞
n¼1

ð−1Þnðað~~tÞHΔxÞ2n
2nð2nþ 1Þ!

�
lnðað~tÞÞ lnðað~~tÞÞ

¼ 1

2H2

�
2ln5ðaðt0ÞÞ

5
þ 3CðΔxÞ

4
ln4ðaðt0ÞÞ þ 3

4

X∞
n¼1

ð−1ÞnðHΔxÞ2n
n3ð2nþ 1Þ!

×

�
a2nðt0Þ

�
ln2ðaðt0ÞÞ − 3 lnðaðt0ÞÞ

2n
þ 3

4n2

�
þ ln2ðaðt0ÞÞ

2
−

3

4n2

��
: ðA2Þ

The third double integral in Eq. (82) is

Z
t0

0

d~t
Z

~t

0

d~~t3 · 2 · 1

�
CðΔxÞ þ lnðað~~tÞÞ þ

X∞
n¼1

ð−1Þnðað~~tÞHΔxÞ2n
2nð2nþ 1Þ!

�
ln2ðað~~tÞÞ

¼ 1

2H2

�
3ln5ðaðt0ÞÞ

5
þ CðΔxÞln4ðaðt0ÞÞ þ 3

2

X∞
n¼1

ð−1ÞnðHΔxÞ2n
n3ð2nþ 1Þ!

×

�
a2nðt0Þ

�
ln2ðaðt0ÞÞ − 2 lnðaðt0ÞÞ

n
þ 3

2n2

�
−
lnðaðt0ÞÞ

n
−

3

2n2

��
: ðA3Þ

2. Computing the VEV hΩj R t
0 dt

00φ̄2
0ðt00;~xÞ

R
t00
0 dt000φ̄3

0ðt000;~xÞφ̄0ðt0;~x0ÞjΩi
In Eq. (85) computation of this VEV is reduced to the evaluations of three double integrals. Let us evaluate the first one.

Because t0 ≤ t, we can break up the double integral into two [to be able to use Eq. (45)]:

Z
t

0

dt00
Z

t00

0

dt000 ¼
Z

t0

0

dt00
Z

t00

0

dt000 þ
Z

t

t0
dt00

Z
t00

0

dt000: ðA4Þ

In the first double integral on the right side we have 0 ≤ t00 ≤ t0, whereas t0 ≤ t00 ≤ t in the second double integral. Thus,
using Eqs. (45) and (A4) we can write the first double integral in Eq. (85) as
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6HD−2

2D−1πD=2

ΓðD − 1Þ
ΓðD

2
Þ

�Z
t0

0

dt00
Z

t00

0

dt000
�
CðΔxÞ þ lnðaðt00ÞÞ þ

X∞
n¼1

ð−1Þnðaðt00ÞHΔxÞ2n
2nð2nþ 1Þ!

�
ln2ðaðt000ÞÞ

þ
Z

t

t0
dt00

Z
t00

0

dt000
�
CðΔxÞ þ lnðaðt0ÞÞ þ

X∞
n¼1

ð−1Þnðaðt0ÞHΔxÞ2n
2nð2nþ 1Þ!

�
ln2ðaðt000ÞÞ

�
ðA5Þ

¼ HD−4

2DπD=2

ΓðD − 1Þ
ΓðD

2
Þ

�
−
ln5ðaðt0ÞÞ

5
þ ½lnðaðt0ÞÞ þ CðΔxÞ�ln4ðaðtÞÞ þ 3

2

X∞
n¼1

ð−1ÞnðHΔxÞ2n
nð2nþ 1Þ!

×

�
a2nðt0Þ

�
ln4ðaðtÞÞ − ln4ðaðt0ÞÞ

3
þ 2ln3ðaðt0ÞÞ

3n
−
ln2ðaðt0ÞÞ

n2
þ lnðaðt0ÞÞ

n3
−

1

2n4

�
þ 1

2n4

��
: ðA6Þ

Let us now evaluate the second double integral in Eq. (85). To break up the double integral appropriately, consider
the three cases that we may have depending on t0: (i) 0 ≤ t0 ≤ t000 ≤ t00 ≤ t, (ii) 0 ≤ t000 ≤ t0 ≤ t00 ≤ t, and
(iii) 0 ≤ t000 ≤ t00 ≤ t0 ≤ t. In cases (i) and (ii) we have t0 ≤ t00; therefore, the second double integral in Eq. (A4) can be
written as

Z
t

t0
dt00

Z
t00

0

dt000 ¼
Z

t

t0
dt00

Z
t0

0

dt000 þ
Z

t

t0
dt00

Z
t00

t0
dt000: ðA7Þ

In case (iii), on the other hand, we have t00 ≤ t0. Thus, in this case, the second double integral in Eq. (A4) can be written as

Z
t

t0
dt00

Z
t00

0

dt000 ¼
Z

t

t0
dt00

Z
t0

0

dt000 −
Z

t

t0
dt00

Z
t0

t00
dt000 ¼

Z
t

t0
dt00

Z
t0

0

dt000 þ
Z

t

t0
dt00

Z
t00

t0
dt000: ðA8Þ

Note that the last equality in Eq. (A8) is the same as the one in Eq. (A7). Combining Eqs. (A4)–(A8), we conclude that we
can break up the double integral in Eq. (A4), in all possible cases, as

Z
t

0

dt00
Z

t00

0

dt000 ¼
Z

t0

0

dt00
Z

t00

0

dt000 þ
Z

t

t0
dt00

Z
t0

0

dt000 þ
Z

t

t0
dt00

Z
t00

t0
dt000: ðA9Þ

Thus, using Eqs. (45) and (A9) the second double integral in Eq. (85) becomes

3HD−2

2D−1πD=2

ΓðD − 1Þ
ΓðD

2
Þ

�Z
t0

0

dt00 lnðaðt00ÞÞ
Z

t00

0

dt000
�
CðΔxÞ þ lnðaðt000ÞÞ þ

X∞
n¼1

ð−1Þnðaðt000ÞHΔxÞ2n
2nð2nþ 1Þ!

�
lnðaðt000ÞÞ

þ
Z

t

t0
dt00 lnðaðt00ÞÞ

Z
t0

0

dt000
�
CðΔxÞ þ lnðaðt000ÞÞ þ

X∞
n¼1

ð−1Þnðaðt000ÞHΔxÞ2n
2nð2nþ 1Þ!

�
lnðaðt000ÞÞ

þ
Z

t

t0
dt00 lnðaðt00ÞÞ

Z
t00

t0
dt000

�
CðΔxÞ þ lnðaðt0ÞÞ þ

X∞
n¼1

ð−1Þnðaðt0ÞHΔxÞ2n
2nð2nþ 1Þ!

�
lnðaðt000ÞÞ

�
ðA10Þ

¼ HD−4

2DπD=2

ΓðD − 1Þ
ΓðD

2
Þ

�
3ln5ðaðt0ÞÞ

20
−
ln3ðaðt0ÞÞ

2
ln2ðaðtÞÞ þ 3

4
½lnðaðt0ÞÞ þ CðΔxÞ�ln4ðaðtÞÞ

þ 3

8

X∞
n¼1

ð−1ÞnðHΔxÞ2n
nð2nþ 1Þ!

�
a2nðt0Þ

�
ðln2ðaðtÞÞ − ln2ðaðt0ÞÞÞ2 þ 2 lnðaðt0ÞÞ

n
ðln2ðaðtÞÞ − ln2ðaðt0ÞÞÞ

−
ln2ðaðtÞÞ

n2
þ 3ln2ðaðt0ÞÞ

n2
−
3 lnðaðt0ÞÞ

n3

�
þ ln2ðaðtÞÞ

n2
þ 3

2n4
ða2nðt0Þ − 1Þ

��
: ðA11Þ
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The third double integral in Eq. (85) is obtained similarly. Using Eqs. (45) and (A9) we obtain

6HD−2

2D−1πD=2

ΓðD − 1Þ
ΓðD

2
Þ

�Z
t0

0

dt00
Z

t00

0

dt000
�
CðΔxÞ þ lnðaðt000ÞÞ þ

X∞
n¼1

ð−1Þnðaðt000ÞHΔxÞ2n
2nð2nþ 1Þ!

�
ln2ðaðt000ÞÞ

þ
Z

t

t0
dt00

Z
t0

0

dt000
�
CðΔxÞ þ lnðaðt000ÞÞ þ

X∞
n¼1

ð−1Þnðaðt000ÞHΔxÞ2n
2nð2nþ 1Þ!

�
ln2ðaðt000ÞÞ

þ
Z

t

t0
dt00

Z
t00

t0
dt000

�
CðΔxÞ þ lnðaðt0ÞÞ þ

X∞
n¼1

ð−1Þnðaðt0ÞHΔxÞ2n
2nð2nþ 1Þ!

�
ln2ðaðt000ÞÞ

�
ðA12Þ

¼ HD−4

2DπD=2

ΓðD − 1Þ
ΓðD

2
Þ

�
3ln5ðaðt0ÞÞ

5
− ln4ðaðt0ÞÞ lnðaðtÞÞ þ ½lnðaðt0ÞÞ þ CðΔxÞ�ln4ðaðtÞÞ

þ 3
X∞
n¼1

ð−1ÞnðHΔxÞ2n
nð2nþ 1Þ!

�
a2nðt0Þ

�
2ln4ðaðt0ÞÞ

3
ðlnðaðt0ÞÞ − lnðaðtÞÞÞ þ ln4ðaðtÞÞ − ln4ðaðt0ÞÞ

6

þ ln2ðaðt0ÞÞ
n

ðlnðaðtÞÞ − lnðaðt0ÞÞÞ þ lnðaðt0ÞÞ
n2

�
3 lnðaðt0ÞÞ

2
− lnðaðtÞÞ

�
þ lnðaðtÞÞ

2n3
−
3 lnðaðt0ÞÞ

2n3
þ 3

4n4

�

−
lnðaðtÞÞ
2n3

−
3

4n4

��
: ðA13Þ

3. Computing the VEV hΩj R t
0 dt

00φ̄3
0ðt00;~xÞ

R
t0
0 d~tφ̄3

0ð~t;~x0ÞjΩi
In Eq. (89) computation of this VEV is reduced to the evaluations of four double integrals.
The first double integral in Eq. (89) yields

Z
~t

0

dt00
Z

t0

0

d~t9

�
CðΔxÞ þ lnðaðt00ÞÞ þ

X∞
n¼1

ð−1Þnðaðt00ÞHΔxÞ2n
2nð2nþ 1Þ!

�
lnðaðt00ÞÞ lnðað~tÞÞ

¼ 9

8H2

�
8ln5ðaðt0ÞÞ

15
þ CðΔxÞln4ðaðt0ÞÞ

þ
X∞
n¼1

ð−1ÞnðHΔxÞ2n
n3ð2nþ 1Þ!

�
a2nðt0Þ

�
ln2ðaðt0ÞÞ − 3 lnðaðt0ÞÞ

2n
þ 3

4n2

�
þ ln2ðaðt0ÞÞ

2
−

3

4n2

��
: ðA14Þ

The second double integral in Eq. (89) yields

Z
~t

0

dt00
Z

t0

0

d~t6

�
CðΔxÞ þ lnðaðt00ÞÞ þ

X∞
n¼1

ð−1Þnðaðt00ÞHΔxÞ2n
2nð2nþ 1Þ!

�
3

¼ 3

H2

�
ln5ðaðt0ÞÞ

10
þ CðΔxÞ

2
ln4ðaðt0ÞÞ þ C2ðΔxÞln3ðaðt0ÞÞ þ C3ðΔxÞln2ðaðt0ÞÞ

þ 3

2

X∞
n¼1

ð−1ÞnðHΔxÞ2n
n3ð2nþ 1Þ!

�
a2nðt0Þ

�
ln2ðaðt0ÞÞ

2
þ
�
CðΔxÞ − 1

n

�
lnðaðt0ÞÞ þDðΔx; nÞ

2

�

− nEðΔx; nÞ lnðaðt0ÞÞ −DðΔx; nÞ
2

�

þ 3

8

X∞
p¼2

Xp−1
n¼1

ð−1ÞpðHΔxÞ2p
p2nðp − nÞð2nþ 1Þ!½2ðp − nÞ þ 1�!

�
a2pðt0Þ

�
lnðaðt0ÞÞ þ CðΔxÞ − 1

p

�
− ½2pCðΔxÞ − 1� lnðaðt0ÞÞ

− CðΔxÞ þ 1

p

�
þ 1

16

X∞
q¼3

Xq−1
p¼2

Xp−1
n¼1

ð−1ÞqðHΔxÞ2q½a2qðt0Þ − 2q lnðaðt0ÞÞ − 1�
q2ðq − pÞ½2ðq − pÞ þ 1�!nðp − nÞð2nþ 1Þ!½2ðp − nÞ þ 1�!

�
; ðA15Þ
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where

DðΔx; nÞ≡ C2ðΔxÞ − 2CðΔxÞ
n

þ 3

2n2
and EðΔx; nÞ≡ C2ðΔxÞ − CðΔxÞ

n
þ 1

2n2
: ðA16Þ

The third double integral in Eq. (89) yields

Z
t

~t
dt00

Z
t0

0

d~t9

�
CðΔxÞ þ lnðað~tÞÞ þ

X∞
n¼1
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2nð2nþ 1Þ!

�
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8H2

�
−
4ln5ðaðt0ÞÞ

5
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þ CðΔxÞ½2ln2ðaðt0ÞÞln2ðaðtÞÞ − ln4ðaðt0ÞÞ�
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2n
þ 3

4n3
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þ ln2ðaðtÞÞ

2n
−

3

4n3

��
: ðA17Þ

The fourth double integral in Eq. (89) yields

Z
t

~t
dt00

Z
t0

0

d~t6
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CðΔxÞ þ lnðað~tÞÞ þ
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8
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�
: ðA18Þ

APPENDIX B: COMPUTING THE COMMUTATOR ½φ0ðt;~xÞ; _φ0ðt;~x0Þ�
Here, we compute the commutator of the free scalar field given in Eq. (21) and its first time derivative

½φ0ðt; ~xÞ; _φ0ðt; ~x0Þ� ¼ HD−1
X
n≠0

ΘðHaðtÞ −H2πnÞ½uðt; kÞ _u�ðt; kÞ − u�ðt; kÞ _uðt; kÞ�ei~k·ð~x−~x0Þ

¼ iHD−1

aD−1ðtÞ
X
n≠0

ΘðHaðtÞ −H2πnÞei2πH~n·ð~x−~x0Þ: ðB1Þ

Making the integral approximation to the discrete mode sum in Eq. (B1) we obtain
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X
n≠0

ΘðHaðtÞ −H2πnÞei2πH~n·ð~x−~x0Þ ¼
Z

dΩD−1

Z
dkkD−2

ð2πHÞD−1ΘðHaðtÞ − kÞeikΔx cosðθÞ

¼ π−
D
2

HD−1
ΓðD

2
Þ

ΓðD − 1Þ
Z

HaðtÞ

H
dkkD−2 sinðkΔxÞ

kΔx
: ðB2Þ

Making a change of variable kΔx≡ y in the integral of Eq. (B2) we obtain

Z
HaðtÞ

H
dkkD−2 sinðkΔxÞ

kΔx
¼ 1

ðΔxÞD−1

Z
HaðtÞΔx

HΔx
dyyD−3 sinðyÞ; ðB3Þ

where

Z
dyyD−3 sinðyÞ ¼ ðD − 3ÞyD−4 sinðyÞ − yD−3 cosðyÞ − ðD − 3ÞðD − 4Þ

Z
dyyD−5 sinðyÞ: ðB4Þ

Finally, using Eqs. (B2), (B3), and (B4) in Eq. (B1) we get the commutator as

½φ0ðt; ~xÞ; _φ0ðt; ~x0Þ� ¼
iπ−D=2

ðaðtÞΔxÞD−1
ΓðD

2
Þ

ΓðD − 1Þ
�
ðD − 3ÞðaðtÞHΔxÞD−4 sin ðaðtÞHΔxÞ

þ ðHΔxÞD−3 cos ðHΔxÞ − ðaðtÞHΔxÞD−3 cos ðaðtÞHΔxÞ − ðD − 3ÞðHΔxÞD−4 sin ðHΔxÞ

− ðD − 3ÞðD − 4Þ
Z

HaðtÞΔx

HΔx
dyyD−5 sinðyÞ

�
: ðB5Þ
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