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For the foreseeable future, the analysis and design of the complex systems needed to generate intense
beams of radiation via the process of coherent emission into free-space will depend on the principles and
methods of classical electrodynamics (CED). But the fields and forces predicted by the currently accepted
CED theory are manifestly incompatible with Maxwell’s equations’ energy integral as applied to the
process of coherent emission into free-space. It is the purpose of this paper to review the evidence for these
limitations of conventional CED, to identify an alternative formulation of CED that does not suffer from
these defects, and to describe how the predictions of this more physically realistic formulation of
electrodynamics, including the role of the advanced interactions allowed by Maxwell’s equations and
thermodynamics, might be tested by experiment and applied to enhance the capabilities of devices and
systems employing the mechanism of “radiation into free-space.”
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I. INTRODUCTION

As the technology of electron beam-based sources of
electromagnetic radiation has advanced, the significance of
the physics of the process of coherent radiation, in which a
number of charges within a fraction of a wavelength are
induced by their synchronized motion to emit electromag-
netic radiation, has increased. In such coherently radiating
systems, the amplitude of the emitted electric and magnetic
fields increases linearly with the number of radiating
charges, leading to radiated powers that increase as the
square of that number, in contrast to powers that increase
linearly with total charge applicable to the emission of
radiation by charges moving in uncorrelated random
motion.
Historically, the first applications of this coherent radi-

ation process involved the radiation emitted by such
coherently moving charges within the reflecting boundary
conditions of radio-frequency, microwave, or optical
cavities [1]. The presence of these reflecting boundaries
made it necessary to implement forms of analysis that
explicitly included the effects of these boundaries on the
fields within the cavities and hence on the dynamics of
the moving charges, typically via the reformulation of the
systems’ equations of motion in terms of the amplitudes of
the cavities’ normal modes as developed by Slater [2]. By
these means, it is now understood that the dynamics of
these systems reflect at every time and spatial scale the
interactions between the moving charges within each of
these cavities and the currents induced by these charges in
the walls of the cavities as determined by the relevant
boundary conditions.

More recently, technology has advanced to the point at
which sources based on the radiation emitted into free-
space by intense, coherently oscillating relativistic electron
beams in free electron laser systems without the resonator
mirrors employed in the earlier cavity-based FEL oscil-
lators have been used to generate unprecedented levels of
power at ultraviolet and x-ray wavelengths [3–8]. But the
presently available field-based classical electrodynamics
(CED) theory available to analyze the dynamics of these
intense coherently radiating charge distributions can be
shown to be deficient, yielding fields and forces that are
incompatible with Maxwell’s equations [9] and relying on
the imposition of boundary conditions that are manifestly
incompatible with the actual physical boundary conditions
for these systems. The existence of these problems was first
described by Kimel and Elias, who also described a
phenomenological but fully covariant modification to the
electrons equations of motion to insure the conservation of
energy in such radiating systems [10,11].
As related in further detail below, the failings of conven-

tional, field-based CED are most easily demonstrated
through consideration of the fields and forces predicted
by conventional CED for an elementary system consisting
of a pair of coherently oscillating charges separated by a
distance on the order of a wavelength at the frequency of
oscillation, including wavelengths and spacings extending
out to the physically macroscopic wavelengths relevant to
radiation at microwave and radio frequencies. The persist-
ence of the failings of conventional field-based CED [12] at
these meter-scale distances makes it clear that the problem
is not the consequence of the limitations of the models used
to analyze the self-forces needed to conserve energy in the
case of single oscillating particles or their equivalent
continuous “fuzz ball” [13–16] charge distributions, but*pardis@hawaii.edu
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rather must be found in the nonlocal forces attributable
to the coherently oscillating charges subject to the
relevant boundary conditions for “radiation into free,
unbounded space.”
It is the first purpose of this paper to establish the

limitations of conventional field-based CED by demon-
strating that the approach is manifestly incompatible with
the requirements implicit in the energy integral of
Maxwell’s equations in the simplest possible case of the
coherent radiation emitted by pairs of synchronously
oscillating charges spaced by distances of the order of a
wavelength.
We will also observe in this section that one of the

potentially relevant limitations of conventional field-based
CED theory is its reliance on the imposition at all spatial
and temporal scales of Sommerfeld’s “radiation condition”
restricting the Green’s function for radiation by isolated
accelerated elementary charges to the “retarded” solutions
allowed, but not mandated, by Maxwell’s equations [17].
The restriction to the retarded solutions of the wave
equation in the case of radiation into free-space stands
in direct contrast to the successful solutions of the radiation
problem in closed, conducting or reflecting cavities in
which there can be no distinction on physical grounds
between the advanced and retarded solutions to the wave
equation in the absence of the irreversible thermodynamic
processes (like dissipation) postulated by Einstein as a
prerequisite for the determination of the direction of the
“arrow of time” [18,19].
Whether it is simply the reliance on Sommerfeld’s

radiation condition that is responsible for the manifest
failings of conventional field-based CED has yet to be
established. But what has recently been established is that a
competing model of CED, the action-at-a-distance model
of Wheeler and Feynman [20], (1) allows for the time-
symmetric inclusion of both the advanced and retarded
interactions allowed by Maxwell’s equations, (2) includes a
plausible if not unique statement of the physical boundary
conditions for the case of radiation into free-space, and
(3) provides a description of the forces generated through
the process of coherent emission that is fully compatible
with the energy integral of Maxwell’s equations in contrast
to the fundamentally flawed solutions of conventional
field-based CED as restricted by Sommerfeld’s radiation
condition.
It is the second key purpose of this paper to demonstrate

that the solutions developed by Wheeler and Feynman in
their model of “radiation into free-space” successfully
predict the forces needed to insure compliance with
Maxwell’s equations. The success of this model does not
necessarily imply the need to abandon the field-based
electrodynamics, but demonstrates the need to reformulate
it. In a mathematical sense it demonstrates the need to
include both Lienard and Wiechert’s “special” solutions
to the inhomogeneous wave equation [21,22] and the

homogeneous solutions needed to satisfy boundary
conditions.
The intriguing implications of the revisions to con-

ventional field-based CED theory (needed to insure
compliance with Maxwell’s equations) suggest an exper-
imental test be undertaken of the effects predicted by
inclusion of both the advanced and retarded fields
allowed by Maxwell’s equations and Wheeler and
Feynman’s assumed “absorbing” boundary conditions.
It is the third purpose of this paper to describe one such
possible experiment.
Finally, we conclude this paper with a description of

how such a revised version of CED might be employed
to optimize the operation of the newly developed free-
space self-amplified spontaneous emission (SASE) FELs
and other devices or systems whose operation may be
subtly altered by the advanced forces of the boundary
conditions that may emerge as the basis of a more
physically realistic version of classical electrodynamics.

II. HISTORY

By the early decades of twentieth century, attempts to
describe radiation had favored classical field theory over
the idea of action-at-a-distance. In the early 1900s the
derivations by Lienard and Wiechert offered the first
detailed covariant picture of radiation by accelerating point
particles. The boundary conditions applicable to this
solution have traditionally been taken to follow from
Sommerfeld’s analysis of the uniqueness of solutions to
the wave equation. In 1912, Sommerfeld established the
radiation condition [23], a boundary condition applied
outside the volume occupied by radiating charges, which
he applied to analyze the implications of the advanced
solutions to the wave equation. Sommerfeld’s analysis
concluded by requiring that advanced solutions outside
this far off boundary must be excluded to achieve unique-
ness [23], and that result has continued to be relied upon
through present date.
Although the Sommerfeld radiation condition holds a

very strong position in the classical theory of radiation,
there have been cases where it has been enforced unnec-
essarily. For example, the advanced solutions for cases of
radiation in conducting cavities were ignored until Einstein
argued that the advanced and retarded solutions to Maxwell
equations were critical to conservation of energy and
momentum for a radiating particle in a “box” (conducting
cavity) [24] which served as the intellectual basis for the
subsequent treatment of radiation into microwave and laser
cavities by Slater, Lamb and Siegman [25–27]. It is of great
interest to us that Einstein’s original remarks and the
subsequent cavity analyses were not intended to deal with
the case of radiation into free-space [28], therefore most
classical analysis of radiating sources completely ignored
the effect of an absorbing media in the system until the
analysis by Wheeler and Feynman.
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Similarly, it has also been brought to our attention that
the Wheeler and Feynman analysis has been criticized for
not agreeing with Sommerfeld’s radiation condition [29].
However it must be noted that a main requirement of
Wheeler and Feynman’s analysis is that the radiation fields
of all the accelerated charges in the Universe are to be
specified as one half of the advanced plus one half of the
retarded solutions to the inhomogeneous wave equation.
Since the relative contributions of the advanced and
retarded solutions are specified in this model, there can
be no ambiguity regarding the fields that are actually
present in the system, and as further shown by Wheeler
and Feynman, superposition of these fields yields the
retarded field of experience at large distances from the
radiating charge.
Sommerfeld’s condition was intended to restrict solu-

tions to the wave equation to yield only the retarded fields
of experience but Wheeler and Feynman’s assumption of
half-advanced plus half-retarded fields, while leading to the
same retarded field of experience at large distances from
the source, also provides a nonlocal field in the vicinity of
accelerated charges attributable to the advanced fields of
the absorbing boundaries needed to achieve compliance
with Maxwell’s equations. The key failing of Sommerfeld’s
radiation condition is that it rules out this nonlocal field and
thus cannot generate the fields needed to satisfy Maxwell’s
equations for the case of coherent radiation.
The continuing efforts to identify an approach to the

forces needed to insure compliance with Maxwell’s equa-
tions in the case of accelerated single charges, which began
with Abraham and Lorentz [13,14] and continues through
current date [12], also appears to have been limited by the
imposition of Sommerfeld’s radiation condition as exem-
plified by the failure of Larmor’s theorem to account for the
restriction of radiation by such elementary charges to the
eigenfrequencies of the closed conducting or reflecting
cavities in which they find themselves [30], an effect that
cannot be understood without consideration of the effects
of the advanced forces and boundary conditions in these
systems.
Thus, it seems to have been Wheeler and Feynman’s

exploration of the action-at-a-distance model of electrody-
namics that has helped to clarify the physical effects needed
to resolve these problems. Though starting from a model of
the interactions of charged particles that makes no refer-
ences to electric or magnetic fields, only to the forces acting
between these particles, it was established by Gauss [31],
Schwarzschild [32], Tetrode [33] and Fokker [34–36] that
descriptions of electrodynamics based on such action-at-
a-distance models could be developed that were self-
consistent, causal, and fully consistent with Maxwell’s
equations and thus consistent with the experimental basis of
these equations.
To explain the instantaneous loss of energy that must

occur in the course of radiation by an accelerated

elementary charged particle, Wheeler and Feynman noted
in their paper that this objective could only be achieved
through the introduction of an advanced force acting
between the emitting and absorbing particles [37]. In
further consideration of Einstein’s arguments concerning
the role of thermodynamics in determining the direction of
the arrow of time in electrodynamics, Wheeler and
Feynman also postulated that the fields generated by
isolated charges should be time symmetric, including equal
components of the advanced and retarded solutions to
interactions governed by Maxwell’s equations [38].
Wheeler and Feynman’s final step was to evaluate the
forces that would appear in the vicinity of an accelerated
charged particle as a consequence of its interactions with a
surrounding ensemble of passively accelerated—and thus
absorbing—charged particles whose motion responded to
the forces attributable to a single, periodically accelerated
test charge [39].
It has long been known that Wheeler and Feynman’s

approach leads to an expression for a force at the position of
a periodically accelerated charge that is in phase with its
velocity and has an amplitude precisely equal to the
amplitude needed to insure consistency with Maxwell’s
equations and conservation of energy in such systems
without the fundamental divergences of the earlier model
of Abraham and Lorentz [40]. Wheeler and Feynman also
pointed out that the interference of the advanced and
retarded force-fields in such a system would lead to a
final result in which an observer at large distances from
the accelerated charge (compared to a wavelength at the
frequency of oscillation) would see that the propagating
force fields in the system would coalesce to form what
appeared to be a single, retarded force field propagating
towards the absorbing charges with an amplitude and phase
corresponding to the retarded solution of Lienard and
Wiechert. Thus consistency is achieved both with “every
day” experience [41] and Einstein’s hypothesis that the
introduction of an irreversible thermodynamics process—
dissipation—into such an otherwise time-symmetric sys-
tem would unambiguously establish a direction to the arrow
of time in the evolution of the dynamics of the system [18].
What was noted [41] but not identified as significant by

Wheeler and Feynman at the time was the existence in the
vicinity of the periodically oscillating charge of a nonlocal
force field owing its origins to the incomplete interference
of the multiple advanced and retarded forces attributable to
the multiple interacting particles in the system whose
spatially dependent amplitude and phase is precisely that
needed to insure compliance with Maxwell’s equations in
the case of the coherent radiation emitted by pairs of
spatially separated but synchronously oscillating pairs of
the elementary charges.
It is only now with the emergence of powerful new

ebeam radiation sources based on the mechanism of
coherent emission into free-space that we have come to
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appreciate this last consequence of Wheeler and Feynman’s
model. In contrast, absent the advanced forces and
boundary conditions incorporated within Wheeler and
Feynman’s model of electrodynamics, the fields computed
following conventional field-based CED as further
restricted by Sommerfeld’s radiation condition have neither
the spatially dependent amplitudes or phases to achieve
compliance with Maxwell’s equations in the case of
coherent radiation.
While Wheeler and Feynman subsequently discarded

their model based on their inability to find a means by
which it could serve as the basis of a self-consistent
quantized version of electrodynamics [42] along the lines
of the approach subsequently followed by Schwinger,
Feynman and Tomonaga in developing the modern theory
of quantum electrodynamics, that decision may have been
premature given Hoyle and Narlikar’s recent demonstration
that Wheeler and Feynman’s action-at-a-distance model
could in fact serve as the basis of an alternative, divergence-
free version of QED [28,43].
There is obviously motivation in these developments for

further critical analyses and reviews that go far beyond the
objective of this paper, defined pursuant to the abstract and
introduction above to explore by means of analysis and
experiment whether the alternative model of electrodynam-
ics of Wheeler and Feynman can provide a solution to the
description of coherent emission into free-space that is
consistent with Maxwell’s equations, but has so far eluded
the efforts based on the principles and methods of conven-
tional, field-based CED.

III. RADIATED POWER AND ELECTRIC
FIELDS OF PERIODICALLY
OSCILLATING CHARGES

When in equilibrium, the electromagnetic time-averaged
energy stored within a spherical shell surrounding a
periodically oscillating charge is constant, requiring that
the time-averaged surface integral of the Poynting vector
must be equal to the time-averaged volume integral of E · j
within the sphere.
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The surface integral of the Poynting vector can thus be used
to infer the amplitude of the electric field acting on the
electrons in phase with their velocities. The equilibrium
between the time-averaged radiated power as calculated
using Poynting’s vector and the work done on the radiating
charges by the electric field they generate subject to the
relevant boundary conditions is thus a requirement that
follows directly from Maxwell’s equations [44,45], and
requires the rigorous detailed balance of these two
quantities.
Equations (1) and (2) are exact and complete without the

addition of any other fields or forces. More general state-
ments of energy conservation can be and have been
developed through the use of these equations in combina-
tion with the Lorentz force law. Although in this paper we
do not rely on these more general statements, we have cited
several authors who have used such theorems in their
analysis.
Consider the geometry of the case presented in Fig. 1,

where two charged particles are oscillating in phase and are
separated by distance r in the direction parallel to the
direction of their oscillation, λ (wavelength of the oscillat-
ing motion) is approximately a micron, [x1ðtÞ and x2ðtÞ are
the amplitude of of oscillation, and r is the magnitude of r].
The power radiated by this system, P ¼ R

E ×H · da,
integrated over the surface of a large diameter sphere
centered on midpoint between the two charges is

P ¼ e2ẍ20
c3

Z
π

0
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�
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c
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2

�
dθ;

¼ e2ẍ20
c3
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−
2 cos½ωrc �
ðωrc Þ2
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When the separation r ¼ 0, the total time-averaged power

radiated by the two electrons is 4e2ẍ2
0

3c3 which is used to
normalize Eq. (3) in the subsequent plots. The normalized
power radiated by these two coherently oscillating charged
particles is shown in Fig. 2 as a function of their separation.

FIG. 1 (color online). Two coherently oscillating charged
particles with distance r between the centers of their oscillation,
and amplitude of oscillation of xðtÞ, where r is parallel to the
direction of oscillation [x1ðtÞ ¼ x2ðtÞ ¼ xðtÞ ¼ x0 cosðωtÞŷ].
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Since, as shown in Fig. 2, the time-averaged power
radiated by the particles varies with their separation, there
must be an electric field acting on the two electrons that
oscillates in phase with their velocities and has an ampli-
tude that varies with spacing to match the variation with
spacing of their radiated power [46]. We can then ask the
question of whether any of the existing theories for the
radiation reaction field provide an estimate of that force,
which agrees with the electrons’ radiated power and has the
same variation of power with the vector separation of the
two charges.

A. Role of the induction field

According to Sommerfeld’s retarded only formulation of
electrodynamics, the electric fields generated by the peri-
odically oscillating charges in the model of coherent
radiation shown in Fig. 1 include the charges’ individual
Abraham-Lorentz-Dirac self-fields, their retarded Lienard-
Wiechert radiation and the induction fields. For the
assumed case of radiation into free-space, the only charges
whose fields can contribute to the integrals of Eqs. (1)
and (2) are the two charges shown in Fig. 1, with no
contribution from any of the possible boundaries which
might be present in a more physically realistic model.
Since, for the alignment of the charges shown in Fig. 1,

there is no component of the particles’ radiation fields
along the axis on which they are positioned, the particles’
radiation fields cannot contribute to the radiation reaction
force needed to conserve energy for the case of radiation
into free-space. The retarded electric induction field,
however, does include an oscillating component when
evaluated for oscillations of small amplitude compare to
the wavelength and the distance separating the oscillating
charges (x0 ≪ λ and x0 ≫ r). The retarded induction field
acting on one of the particles due to the other is

Eðx; tÞ ¼ e

�
n̂ − β

γ2ð1 − β:nÞ3R2

�
ret

ð4Þ

[47] where

R ¼ rþ δr; ð5aÞ

δr ¼ x1ðtÞ − x2ðtretÞ; ð5bÞ

tret ¼ t −
R
c
¼ t −

rþ δr
c

: ð5cÞ

In Eq. (5a), R is the retarded distance of the two particles
from the perspective of the first particle at present time and
the second particle at tret ¼ t − R

c. Expanding terms in the
denominator of Eq. (4) and keeping only the lowest order
terms in x0 and δr we evaluate the volume integral of E · j
(see Appendix B),

Pind ¼ heE2ret
· _x1ðtÞi; ð6Þ

which has a dependence on particle spacing r and is plotted
in Fig. 3. Here and in the rest of the paper, we use the hi
notation instead of the

R
B
A dt for integer intervals in Eqs. (1)

and (2).
As is evident from Fig. 3, the force due to the induction

field fails to comprise a component of the radiation reaction
force, not only because it is much weaker than the required
radiation reaction force as inferred by Fig. 2, but also
because it diverges as the particles’ separation approaches
zero. The only way to cancel this divergence is to add a
component to the field equal to the advanced component of

0 5 10 15 20
0.0

0.2

0.4

0.6

0.8

1.0

1.2

Wave Number Charge Separation
2

r

N
or

m
al

iz
ed

R
ad

ia
te

d
Po

w
er

FIG. 2. Plot of normalized total radiated power from two
coherently oscillating charged particles showing dependence
on the separation between the center of oscillation of two charges.
When r ≪ λ the radiated power has twice the magnitude
compared to when r ≫ λ.
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FIG. 3 (color online). The figure shows the volume integral of
E · j attributable to the component of the retarded induction field
generated by one charge (in Fig. 1) and oscillating in phase with
the velocity of the other charge. This result diverges as 1=r2 at
small separations. The amplitude of this plot is matched to the
amplitudes in Figs. 2 and 4–7, showing that the amplitude of the
volume integral of E · j generated by the induction field is far too
small compared to the amplitude of the time-averaged surface
integral of the Poynting vector.
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the Lienard-Wiechert induction fields which has a diver-
gence of the opposite sign. However, if that advanced
component is also added to the two particles’ radiation
fields, the two particle system no longer emits any induced
radiation (see Appendix C).
In principle, Sommerfeld’s retarded only formulation of

electrodynamics could be extended to include the fields
generated by reflection of the outgoing radiation fields of
the oscillating charges in Fig. 1 from the physical bounda-
ries that might exist in more physically realistic situations.
But those fields could not appear at the position of the
oscillating charges in Fig. 1 until the retarded radiation
fields of the oscillating charges in Fig. 1 had enough time to
propagate outwards (towards those boundaries), and the
retarded radiation fields of the charges and currents in the
physical boundaries had the time needed to propagate back
towards the oscillating charges in Fig. 1. For distant
boundaries, the “out and back” propagation delay times
would foreclose the possibility of satisfying the constraints
that follow from Eqs. (1) and (2) at intermediate times. For
such shorter times, the outcome would still manifestly
violate the strict equivalence of the time-averaged volume
integral of E · j and the time-averaged surface integral of
E ×H. Sommerfeld’s retarded only formulation of electro-
dynamics is thus fundamentally incapable of achieving
consistency with Maxwell’s equations for the case of
coherent emission.

B. Dirac’s Solution

In his 1938 “Classical Theory of Radiating Electrons”
[48], Dirac proposed an expression for the “radiation
reaction field (rrf)” of a single particle, needed to insure
energy conservation:

FDirac−rrf ∝
½expðiuÞ − expð−iuÞ�

u
; ð7Þ

where u ¼ kr for our physical interpretation. While this
seems to have been a key step in the right direction for
explaining the phenomena of radiation in free-space, Dirac
did not disclose the physical basis for his radiation reaction
field. Dirac’s motivation for expressing Eq. (7) as half the
difference of the advanced and retarded components of the
field seems purely mathematical.
Dirac noted that the real part of the radiated Lienard-

Wiechert field at the position of the particle is 90 deg out of
phase with the particle’s velocity. The imaginary part, on
the other hand, is in phase with the particle’s velocity and is
therefore capable of reducing the particle’s kinetic energy
during the process of radiation. By evaluating half the
difference of the advanced and retarded solutions for the
field equations he was able to demonstrate that the electric
field at r ¼ 0 had precisely the value required to insure
conservation of energy. Although Dirac’s radiation reaction
field at finite values of r in the near field is also defined by

Eq. (7), these values are only close to what is required for
energy balance for coherent emission in vicinity of the
particle.
Dirac’s field fails in two ways to account for the power

actually radiated by a pair of coherently oscillating
charged particles. Since such charges emit no electric
fields along the direction of their acceleration, the Dirac
model is not capable of satisfying Eq. (2) for vector
displacements parallel to the direction of the charges’
oscillation as in Figs. 1 and 2. So in the case of two
particle oscillating coherently with r being parallel to
direction of oscillation, Dirac’s formula does not provide
a suitable solution as demonstrated in Fig. 4 (see
Appendix D). Also as stated, the Dirac field for two
coherently oscillating charges,

PDirac−rrf;2e ¼ h2FDirac−rrfð0; tÞ · _xðtÞi

þ
D
2FDirac−rrf

�ωr
c
; t
�
· _xðtÞ

E
∝
1þ sinðωr=cÞ

ωr
c

2
;

ð8Þ

does not match the variation of coherently radiated power
by particles with vector separations r normal to the
direction of acceleration as shown in Fig. 5.

C. Wheeler and Feynman approach

Fortunately, Dirac’s radiation reaction field inspired
Wheeler and Feynman to more directly explore the physical
basis of the radiation reaction field for point particles. In
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FIG. 4 (color online). Comparison of the volume integral of
E · j attributable to the Dirac coherent radiation force with the
power radiated by the two oscillating charged particles’ for
displacements parallel to their vector accelerations. The nonlocal
component of the Dirac coherent radiation reaction force falls to
zero for any finite displacement of the two charges along this
direction, leaving only each particle’s single point radiation
reaction force to oppose their oscillating velocities.
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their 1945 paper, Wheeler and Feynman were able to
demonstrate that, when formulated in the language of
covariant action-at-a-distance, the solution of the boundary
value problem corresponding to an oscillating particle
within a spherical absorbing shell (representing free-space)
of arbitrary composition and at an arbitrary distance from
the radiating charge was dominated by the interference of
the retarded and advanced forces originating in the accel-
erated and absorbing particles. By including both advanced
and retarded solution for the source and absorber they were
able to define a radiation reaction force exactly equal to that
needed to match the power carried by radiation to the
particles in the absorbing shell (see Appendix A for details)
that was independent of the positions of the absorbing
boundaries, in contrast to the out and back delay that
characterizes the interactions of radiating charges and
boundary conditions in Sommerfeld’s retarded only for-
mulation of electrodynamics.
Wheeler and Feynman identify Eq. (A1a) as the force

field for the rrf for a single particle which is also finite when
r ¼ 0. They explicitly note that the adjunct field they had
derived converged to Dirac’s radiation reaction field at
r ¼ 0 and also at large distances from the accelerated
particle. However they do not mention that their adjunct
radiation reaction field diverged from Dirac’s radiation
reaction field at distances between a few tenths of a
wavelength and 4–5 wavelengths. Nevertheless, based on
Eq. (A1a), the total power of FWF−rrf for the system of two
coherently oscillating charged particles is

PWF−rrf;2e ¼ h2FWF−rrfð0; tÞ · _xðtÞi

þ h2FWF−rrf

�
ωr
c
; t

�
· _xðtÞi: ð9Þ

To evaluate PWF−rrf;2eðωrc Þ explicitly for the case shown in
Figs. 1 and 2, we start from Eq. (A1a). In this case,
P2ðcosða; rÞÞ ¼ 1. Because cosða; dÞ is the cos of the angle
between a (acceleration of the oscillating charges with
amplitude a0) and r and since the particles are oscillating
parallel to the direction of motion cosða; rÞ ¼ 1 and
P2ðxÞ ¼ 1

2
ð−1þ 3x2Þ ⇒ P2ð0Þ ¼ 1, therefore Eq. (A1a)

becomes

FWF−rrf

�
ωr
c
; t

�
¼ 2e2

3c3
ð−iωa0Þ expð−iωtÞ

×

�
F0

�
ωr
c

�
− F2

�
ωr
c

��
: ð10Þ

Evaluating Eqs. (A1b) and (A1c) and substituting in
Eq. (10), we will have

FWF−rrf

�
ωr
c
; t

�

¼ 2e2

3c3
ð−iωa0Þ expð−iωtÞ

×

�
sin½ωrc �
ðωrc Þ

−
3 cos½ωrc �
ðωrc Þ2

þ ð3 − ðωrc Þ2Þ sin½ωrc �
ðωrc Þ3

�
; ð11Þ

which simplifies to

FWF−rrf

�
ωr
c
; t

�
¼ 2 � 3 � e2

3c3
ð−iωa0Þ expð−iωtÞ

×

�
−
cos½ωrc �
ðωrc Þ2

þ sin½ωrc �
ðωrc Þ3

�
: ð12Þ

The term in the bracket at r ¼ 0 converges to

limx→0½sin½x�x3 − cos½x�
x2 � ¼ 1

3
. Therefore, for a periodic oscilla-

tion with _x ¼ −ωx0 sinðωtÞ

h2FWF−rrfð0; tÞ · _xðtÞi ¼
2e2ωa0
3c3

ωx0 ¼
2e2ẍ20
3c3

; ð13Þ

and for any value of r we have

�
2FWF−rrf

�
ωr
c
; t

�
· _xðtÞ

	
¼ 2e2ẍ20

c3

�
−
cos½ωrc �
ðωrc Þ2

þ sin½ωrc �
ðωrc Þ3

�
:

ð14Þ
For comparison, the total power for the system of two
coherently oscillating charged particles separated by the
distance r is

PWF−rrf;2e ¼
e2ẍ20
c3

�
2

3
−
2 cos½ωrc �
ðωrc Þ2

þ 2 sin½ωrc �
ðωrc Þ3

�
; ð15Þ

which is identical to the result from Eq. (3). Both Eq. (3)
and Eq. (15) are compared in Fig. 6. The results for the total
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FIG. 5 (color online). Comparison of the volume integral of
E · j attributable to the Dirac coherent radiation force with the
power radiated by the two oscillating charged particles’ for
displacements perpendicular to their vector accelerations.
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radiated power of two oscillating charged particles with
displacements at right angles to their vector accelerations is
evaluated and plotted in Fig. 7.
Figures 6 and 7 suggest that the Wheeler-Feynman

model is significant with respect to the process of coherent
radiation in free-space, for in contrast to Dirac’s field, the
Wheeler-Feynman adjunct radiation reaction field—owing
its existence to the radiating particle’s interactions with the
advanced fields of the absorbing boundaries—accounts
exactly for the force needed to satisfy Eq. (2) when
compared with the strongly enhanced radiated power

emitted by two coherently oscillating charged particles at
varying spacings and angular displacements in their mutual
near fields.
It is also important to note that their approach is not

offensive to our naive understanding of causality. In the
analysis of Wheeler and Feynman, the advanced field of the
absorber must be added to half-retarded and half-advanced
field of the source. But in their analysis [41], the advanced
field of absorber is equal to the difference between the half-
retarded and half-advanced fields of the source. Therefore,
the superposition of the half-advanced, half-retarded fields
of the source and advanced field of the absorber produces
the fully retarded field familiar from experience at large
distances from the radiating charge.

IV. EXPERIMENTAL VALIDATION

Based on past critical reviews, the Wheeler-Feynman
model of radiation into free-space has been found to be
fully compatible with Maxwell’s equations, quantum
electrodynamics and causality. Therefore, there can be
no objection on theoretical grounds to its implication for
the reformulation of the more widely accepted field-based
CED theory to include the model’s half-advanced, half-
retarded time-symmetric interactions as required to assure
consistency with Maxwell’s equations. Objections to this
reformulation can only be based on experiment. As we
describe below, the elementary process of coherent emis-
sion provides a good opportunity to perform such a test. We
describe one such a test in Sec. IVA (below).
From the theoretical standpoint, the results demonstrated

in Sec. III C (Figs. 6 and 7) strongly suggest that the
limitations of established CED radiation theory with
respect to the case of coherent radiation in free-space are
due to the omission of the radiating particles’ interactions
via the advanced terms included in the general solution of
the inhomogeneous wave equation with the distant charges
and currents that absorb that radiation.
This failure is fully consistent with our understanding of

the nature of the solutions to inhomogeneous linear differ-
ential equations like Maxwell’s equations. The general
solutions to such inhomogeneous problems are composed
of a particular solution to the inhomogeneous equation plus
the homogeneous solution needed to satisfy boundary
conditions [49]. Accordingly, in field theory, the general
solution to radiation problems requires the inclusion of the
boundary conditions that fix the values of the solution at the
boundaries of the region surrounding the source. Those
conditions will differ depending on the nature of the
boundary. In the case of conducting cavities, the discrete
spectrum of solutions to the homogeneous wave equation
which need to be added to the solution of the inhomo-
geneous wave equation to satisfy the boundary conditions
at the conducting walls of the cavity define the nature of the
radiation that can be emitted by oscillating charge distri-
butions in the cavity.
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FIG. 6 (color). Comparison of the volume integral of E · j
attributable to the Wheeler-Feynman coherent radiation force
with the dependence of the two oscillating charged particles’
radiated power for displacements parallel to their vector accel-
erations.
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FIG. 7 (color). Comparison of the volume integral of E · j
attributable to the Wheeler-Feynman coherent radiation force
with the dependence of the two oscillating charged particles’
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The fields which have traditionally been ascribed to the
radiation emitted by a single oscillating charge into free-
space constitute a “special solution” to the inhomogeneous
wave equation for that problem, but do not include any of
the solutions to the homogeneous wave equation needed to
fulfill the boundary conditions applicable to the problem,
presumably those appropriate to the distant absorbing shell
assumed in the Wheeler-Feynman model for free-space. It
is thus not a surprise that the fields traditionally attributed
to a single oscillating charge without consideration of the
relevant boundary conditions, either those of the con-
ducting microwave or reflecting optical cavities long
familiar from cavity electrodynamics, or the absorbing
walls the anechoic chambers used to simulate radiation into
free-space should manifestly fail to comply with the test
represented by Maxwell’s energy integral in the case of
coherent radiation into free-space. Absent the inclusion of
the specific homogeneous terms needed to satisfy the
boundary conditions applicable to radiation into free-space,
there obviously can be no confidence that any special
solution to the wave equation for this case can accurately
define the fields acting on other oscillating charges in the
vicinity of the assumed source charge [50].
Although fully consistent with the generally accepted

means of solutions for such inhomogeneous linear differ-
ential equations, the results presented in this paper, if
verified by experiment, will require a significant extension
of our understanding of the nature of the radiative inter-
actions that occur in the limit of classical electrodynamics.
In particular, since the influence of the absorber at the time
the source has just started to radiate is what is responsible
for compliance with Maxwell’s energy integral, we need to
imagine that at the very moment the source begins to
oscillate, it is also subject to a connection between itself
and its surrounding medium through which energy can be
transmitted or shared. Although suggested by theory as
elaborated by Wheeler and Feynman, such a radical
revision of our understanding of the process of radiation
can only be based on experiment.

A. Measurement of the advanced radiation
reaction field

The radiation emitted by macroscopic antennas bears
many similarities to the radiation emitted by elementary
oscillating charges [51]. Further, it has long been known
that the driving point impedance of an antenna is affected
by presence of other antenna systems (resonant or non-
resonant) surrounding them. In particular, it has recently
been shown in general that if both advanced and retarded
Green’s functions are included for the case of a single
antenna, a single antenna in free-space will not radiate [52]
analogous to the case of the isolated oscillating charges
considered by Wheeler and Feynman. Radiation only
becomes possible when dissipative elements are introduced
into the corresponding boundary value problem [53].

In Sec. III we discussed radiation from two oscillating
charged particles and showed the variation of the radiation
reaction fields with distance between the oscillating
charged particles in the presence of absorbing boundary
conditions. Now if we consider a small dipole antenna, it
will generate a field attributable to the superposition of the
many oscillating elementary charges set in motion along
the surfaces of its conducting elements by its signal source
[54]. We assume that the current along the elements of the
dipole decreases linearly from a maximum at the feed point
to zero at the ends of the dipole as is conventional in
analysis of short antennas [55].
For the purpose of the proposed experiment, it is

important to note that if the elementary oscillating charged
particles comprising the superposition are not closely spaced
or not limited to a small volume in space, the interference of
their individual coherent radiation reaction forces will
generally result in a net force field that bears little resem-
blance to the force fields of the antenna’s individual
oscillating charged particles. To minimize this distortion,
we have determined that the functional form of the Wheeler-
Feynman radiation reaction field for an antenna (modeled by
the superposition of single oscillating particles) converges to
the form of the single-particle radiation reaction field as the
dimensions of the antenna are reduced to λ=10 or less. The
current distribution of the antenna can be constructed by
adjusting the amplitudes and positions of the single oscillat-
ing particles to match the known current distribution for such
a short dipole antenna as shown in Fig. 8. The advanced

FIG. 8 (color online). Drawing showing the distribution of
elementary oscillating charged particles used to derive the form of
the Wheeler-Feynman coherent radiation reaction field for the
short dipole antenna with constant current I distributed along the
length l of the antenna which is located at distance r from the field
probe or test charge. Here r is the distance between the probe and
the antenna and the axes of the probe and antenna are parallel.
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radiation reaction field predicted for the antenna from the
radiated power and that of single oscillating particles as a
function of distance r perpendicular to the direction of the
current for absorbing boundaries is shown in Fig. 9; they are
nearly identical. By measurement of the power attributed to
these fields present in this antenna’s vicinity it should
therefore be possible to test the existence and functional
form of the nonlocal coherent radiation reaction field of the
Wheeler-Feynman model.
Although we live an era of technology where minimally

perturbing multiaxis electric field probes are now com-
mercially available for use in the characterization of new
antenna systems, the additional means needed to measure
only that component of the field that oscillates in phase
with the velocity of the oscillating charged particles in
the nearby radiation source appears to represent a new
requirement for these field probes. We nonetheless believe
that the design of such a phase sensitive field probe is
within the current state of the art, though requiring a
significant commitment with respect to engineering and
commissioning.
Also, it will be required in any such measurement to

implement the boundary conditions surrounding the trans-
mitting antenna and field probe which should match as
closely as possible the absorbing boundary conditions
assumed in the Wheeler-Feynman analysis. This challenge
can be overcome through the use of a high quality anechoic
chamber with absorbing walls of the kind used in the field
of antenna research and development.

B. Advanced interactions in SASE FELs

Although Kimel and Elias have previously described the
derivation of a covariant force field capable of preserving

energy conservation when added to the locally sourced
electric and magnetic fields in free electron lasers emitting
coherent radiation into free-space [10,11], the Wheeler-
Feynman model is the only known analysis to date to
explain that force field on the basis of clearly defined and
physically plausible first principles. The interaction of
radiating charges and the “targets” that absorb that radiation
in the Wheeler-Feynman model suggest, in particular, the
possibility of enhancing the capabilities of the new SASE
FELs by altering the structure of their “targets” to alter the
nature of the advanced forces acting on the radiating
electrons and optimize the spectrum of the emitted coherent
radiation, for example, by “backing up” a nonresonant
target with a strongly dispersive multilayer x-ray mirror or
Mössbauer reflector to subject the radiating electrons to the
highly coherent advanced field of these mirrors during the
critical process of bunch formation [56].
Such a resonant target reflects only those Fourier

components that fall within its high reflectance passband.
When illuminated by a beam containing a broader range of
Fourier components, only the components within the
target’s high reflectance passband are reflected. In a
time-symmetric world, the advanced field of the target
converges on the target with the same amplitude, phase, and
wavefront curvature as the retarded reflected wave. And
that narrow-band advanced wave will pass through the
electrons moving through the undulator as the electrons
generate their broad band spontaneous radiation. The fields
that impart the velocity modulation to the electrons that
result in their subsequent bunching and strong coherent
radiation therefore would include both the electrons’ broad
band spontaneous radiation and the more coherent
advanced field of the target. Although the amplitude of
the field attributable to the electrons spontaneous radiation
would clearly be stronger, the advanced field of the target
would be more coherent and hence potentially more
effective in inducing the velocity modulation needed for
bunching. Such a resonant target might therefore constitute
the means needed to improve the coherence of the now
intense but only partially coherent radiation generated by
SASE FELs.

V. CONCLUSIONS

We have shown that the Wheeler-Feynman analysis of
the radiation emitted by a moving charge interacting with
absorbing boundary conditions provides a perfect match to
the radiated power and radiation reaction fields for the case
of two coherently oscillating particles. Therefore, even
though some aspects of the model remain controversial and
it has been considered a conceptually demanding theory
[57], it is unique amongst the possible physical models in
providing for compliance with Maxwell’s energy integral
for coherently radiating pairs of particles. This suggests that
the action-at-a-distance concept presented by Tetrode,
Wheeler, Feynman and others may be capable of providing

Solid Green Coherent Radiation Reaction for a Single Oscillating Charge

Dashed Blue Small
10

Antenna Consist of 12 Coherently Oscillating Charges

with Amplitude Adjusted to Match Kraus' Current Distribution

0 5 10 15 20
0.0

0.2

0.4

0.6

0.8

1.0

1.2

Charge Separation
2

r

N
or

m
al

iz
ed

T
ot

al
R

ad
ia

tio
n

fo
r

D
ip

ol
e

A
nt

en
na

s

FIG. 9 (color). Comparison of the amplitude of the Wheeler-
Feynman coherent radiation reaction force for a single oscillating
particle with the superposed and scaled Wheeler-Feynman fields
of an array of individual oscillating particles distributed along the
length of the elements of a short dipole antenna shown in Fig. 8
according to the known distribution of current in these elements.
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a valid and more intrinsically realistic picture for the
problem of radiation in classical electrodynamics. We have
also shown that it is possible to experimentally test the
ideas presented in this paper with an extension of existing
technology.
In any event, the manifest failure of conventional

retarded electrodynamics make it clear that existing
retarded CED theory must be reformulated to achieve
consistency with Maxwell’s equations in the general case
including the further specific requirements imposed by
Maxwell’s equations on the fields in the vicinity of the
radiating particles in the case of the coherent emission of
radiation by multiple moving charges.
Classical electrodynamics still serves as basis of our

understanding of the dynamics of complex, macroscopic
systems of charges and currents in the strong signal regime
subject to complex, realistic boundary conditions. Classical
electrodynamic’s treatment of radiation will therefore
remain the foundation for theoretical advancements in
the future development of light sources where systems
including as many as 1010 radiating electrons may need to
be considered. We hope that by experimentally testing the
relevant physics for these sources presented here we can
take a step toward the more physically valid analysis of
these sources as well as better understanding of the most
fundamental aspects of radiation.
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APPENDIX A: SUMMARY OF THE WHEELER
AND FEYNMAN APPROACH AND THE

RESULTANT FORMULAS

Wheeler and Feynman’s 1945 paper [20] illustrates how
advanced forces from a far off absorber can be employed to
build an action-at-a-distance model of radiation that
intrinsically includes the radiation reaction force in a
covariant and causal formulation consistent with observa-
tion. Wheeler and Feynman present four increasingly
complex derivations using an absorber of arbitrary density.
First, they derive an expression for the radiation reaction
force on a nonrelativistic accelerated source charge.
Second, they derive the fields responsible for the radiation
reaction force on that source charge and show how the

advanced forces cancel everywhere except at the source
charge leading to retarded only radiation at long distances
from the source, consistent with experience. Third, they
consider the source charge to be moving with arbitrary
velocity, and forth they take a completely general approach.
The result established in the second derivation, Eq. (A1a),
constitutes the analytic basis of our analysis of the coherent
radiation reaction problem for this paper. Here we sum-
marize how Wheeler and Feynman arrive at this formula.
To calculate the effect of distant absorbers on the

forces in the vicinity of an accelerating source charge,
first the assumed retarded field of the charge traveling
outbound is used to calculate the motions of the absorber
particles, then the sum of the advanced forces from the
absorber near the source is calculated. It is shown that
addition of this field to the actual half-advanced plus
half-retarded field of the source gives the assumed fully
retarded field of the source while producing the correct
radiation reaction force at the position of the source.
Using their formulation, the force on a particle of charge
e at distance d from the source charge is

FWF−rrf

�ωd
c

; t
�
¼ 2e2

3c3
ð−iωa0Þ expð−iωtÞ

×
h
F0

�ωd
c

�
− P2ðcosða; dÞÞF2

�ωd
c

�i

ðA1aÞ

F0ðuÞ ¼
1

2

Z
1

−1
expðiu cos θÞd cos θ ðA1bÞ

F2ðuÞ ¼
1

2

Z
1

−1
expðiu cos θÞP2ðcos θÞd cos θ: ðA1cÞ

For a large d both the F0 and F2 terms reduce to

½expðiuÞ − expð−iuÞ�
2iu

ðA2Þ

and FWF−rrf becomes FDirac−rrf indicating that the
advanced field of the absorber in the vicinity of a source
charge is equal to the half-advanced minus half-retarded
field of the source itself.

APPENDIX B: DERIVATION OF THE ELECTRIC
INDUCTION FIELD FOR SMALL

OSCILLATIONS

To calculate and plot the volume integral of E · j at the
position of particle 1 due to the induction field of particle 2,
we use Eqs. (4) and (5a)–(5c). Since ẍ∥r, (β∥nÞ and β ≪ 1,
(γ−2 ≈ 1), Eq. (4) can be rewritten as

E2ðx; tÞ ¼ e

�
n̂ð1þ 2βÞ

R2

�
ret
: ðB1Þ
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The first order approximation of Eq. (5a) also reduces the
R−2 term to r−2ð1 − 2 δr

r Þ, which reduces Eq. (B1) to

E2ðx; tÞ ¼ e
�
n̂ð1þ 2βÞð1 − 2 δr

r Þ
r2

�
ret
; ðB2Þ

where β ¼ _x
c. Since now we have δt ¼ ðrþ δrÞ=c, Eq. (5b)

can be rewritten as

δr ¼ x1ðtÞ − x2

�
t −

r
c

�
þ δr

c
_x2

�
t −

r
c

�
: ðB3Þ

Since δr, x1, x2, and _x2 are all in the same direction (ŷ) we
drop the vectors notation. Solving for δr:

δr ¼ x1ðtÞ − x2ðt − r
cÞ

1 − 1
c _x2ðt − r

cÞ

≈
�
x1ðtÞ − x2

�
t −

r
c

���
1þ 1

c
_x2

�
t −

r
c

��
; ðB4Þ

and keeping only the first order term, we have

δr ¼ x1ðtÞ − x2

�
t −

r
c

�
; ðB5Þ

and

δt ¼ 1

c

�
rþ x1ðtÞ − x2

�
t −

r
c

��
: ðB6Þ

So Eq. (B2), the retarded induced field due to the 2nd
particle will become

E2retðx; tÞ ¼
en̂ð1þ 2 _x2

c Þð1 − 2
x1ðtÞ−x2½t−ðr=cÞ�

r Þ
r2

; ðB7Þ

where _x2 is evaluated at tret. We consider the general
oscillating motion where uo ¼ ωxo and ao ¼ ω2xo:

x ¼ xo cosðωtÞ ðB8aÞ

u ¼ −uo sinðωtÞ ðB8bÞ

a ¼ ao cosðωtÞ: ðB8cÞ

Then explicitly evaluating the retarded E2 in terms of x1
and x2, we have

E2retðx; tÞ ¼
en̂
r2

�
1 −

2ωxo
c

sin

�
ω

�
t −

r
c

��

þ 2x0
r

�
cosðωtÞ − cos

�
ω

�
t −

r
c

����
: ðB9Þ

Using Eq. (6), we evaluate the induced power using

heE2ret : _x1ðtÞi ¼
�
e2ωxo sinðωtÞ

r2

�
1 −

2ωxo
c

sin
�
ω

�
t −

r
c

��
þ 2x0

r

�
cosðωtÞ − cos

�
ω

�
t −

r
c

����	

¼
�
e2ωxo sinðωtÞ

r2

�
1 −

2ωxo
c

sin

�
ω

�
t −

r
c

��
þ 2x0

r

�
cosðωtÞ − cosðωtÞ cos

�
ωr
c
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− sinðωtÞ sin

�
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e2ωxo sinðωtÞ
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sinðωtÞ cos
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− cosðωtÞ sin

�
ωr
c

��
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2x0
r

�
sinðωtÞ sin

�
ωr
c
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e2ωxo sinðωtÞ
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c

�
sinðωtÞ cos

�
ωr
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��
−
2x0
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�
sinðωtÞ sin

�
ωr
c

���	
ðB10Þ

and after expanding and dropping all the cosðωtÞ terms in E2ret that result from hcosðωtÞ sinðωtÞi ¼ 0 for those terms,
shown by (B10) we have

Pind;ret ¼
2πe2ωx2o

r2

�
−
ω

c
cos

�
ωr
c

�
−
1

r
sin

�
ωr
c

��
; ðB11Þ

which is plotted in Fig. 3.
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APPENDIX C: ADVANCED COMPONENT OF
THE RADIATION REACTION FORCE FROM

THE INDUCTION FIELD

Now consider the advanced term:

E2ðx; tÞ ¼ e

�
n̂ð1þ 2βÞð1 − 2 δr

r Þ
r2

�
adv

: ðC1Þ

For

tadv ¼ −t − δt; ðC2Þ

the advanced induced field due to the 2nd particle is

E2advðx; tÞ ¼
en̂ð1þ 2 _x2

c Þð1 − 2
x1ðtÞ−x2½−t−ðr=cÞ�

r Þ
r2

; ðC3Þ

where _x2 is evaluated at tadv. Then Pind;adv can be calculated
just as Pind;ret was in (B10).

Pind;adv ¼
2πe2ωx2o

r2

�
ω

c
cos

�
ωr
c

�
þ 1

r
sin

�
ωr
c

��
: ðC4Þ

Since Pind;adv yields the exact value as the Pind;ret except
with an opposite sign (Pind;adv ¼ −Pind;ret) therefore
Pind;total ¼ 0. So when including E2adv in calculating
heE2 · _x1ðtÞi, the power extracted from the oscillating
charge is zero.

APPENDIX D: FORMULA FOR THE RADIATED
POWER BY TWO COHERENTLY OSCILLATING

CHARGED PARTICLES DISPLACED
BY DISTANCE r IN AN ARBITRARY

DIRECTION

If the two coherently oscillating charged particles are
displaced by distance r at angle α to their direction of
motion, the integral of Poynting vector becomes Eq. (D1).
When the charges oscillate perpendicular to the direction of
their separation vector, α ¼ π=2, and the power is given by
Eq. (D2),

PRadiatedðαÞ

∝ 2

Z
2π

0

Z
π

0

sin3ðθÞcos2

×

�
krðcosðθÞ cosðαÞ þ sinðθÞ sinðαÞ cosðϕÞÞ

2

�
dθdϕ

ðD1Þ

PRadiatedðα ¼ π=2Þ ∝ 2

Z
2π

0

Z
π

0

sin3ðθÞcos2

×

�
krðsinðθÞ cosðϕÞÞ

2

�
dθdϕ ðD2Þ

where k ¼ ω
c.

[1] J. M. J. Madey, Phys. Rev. ST Accel. Beams 17, 074901
(2014).

[2] R. E. Collin, Foundations for Microwave Engineering,
2nd ed. (Wiley-IEEE Press, New York, 2001) pp. 284–290.

[3] A. M. Kondratenko and E. L. Saldin, Part. Accel. 10, 207
(1980).

[4] Y. Derbenev, A. Kondratenko, and E. Saldin, Nucl. Instrum.
Methods Phys. Res. 193, 415 (1982).

[5] J. Murphy and C. Pellegrini, Nucl. Instrum. Methods Phys.
Res., Sect. A 237, 159 (1985).

[6] J. B. Murphy and C. Pellegrini, J. Opt. Soc. Am. B 2, 259
(1985).

[7] M. Xie and D. A. Deacon, Nucl. Instrum. Methods Phys.
Res., Sect. A 250, 426 (1986).

[8] Z. Huang and K.-J. Kim, Phys. Rev. ST Accel. Beams 10,
034801 (2007).

[9] P. Niknejadi and J. M. J. Madey, in Proceedings of Free
Electron Laser Conference (JACoW, Basel, Switzerland,
2014).

[10] I. Kimel and L. R. Elias, Phys. Rev. Lett. 75, 4210 (1995).
[11] I. Kimel and L. Elias, Nucl. Instrum. Methods Phys. Res.,

Sect. A 375, 565 (1996).

[12] D. J. Griffiths, T. C. Proctor, and D. F. Schroeter, Am. J.
Phys. 78, 391 (2010).

[13] M. Abraham, Ann. Phys. (Berlin) 315, 105 (1902).
[14] H. A. Lorentz, Proc. K. Ned. Akad. Wet.: Nat. Sci. 6, 809

(1904).
[15] L. D. Landau and E. M. Lifshitz, Sec 75, 4th ed. (Addison-

Wesley, Reading, MA, 1975), pp. 206–222.
[16] S. E. Gralla, A. I. Harte, and R. M. Wald, Phys. Rev. D 80,

024031 (2009).
[17] J. D. Jackson, Classical Electrodynamics, 3rd ed. (Wiley,

New York, NY, 1975), p. 245.
[18] W. Ritz and A. Einstein, Phys. Z. 10, 323 (1909).
[19] W. K. H. Panofsky and M. Phillips, Classical Electricity and

Magnetism, 2nd ed. (Courier Dover Publications, Mineola,
NY, 2012), pp. 394–395.

[20] J. Wheeler and R. Feynman, Rev. Mod. Phys. 17, 157
(1945).

[21] A. M. Liénard, L’Éclairage Électrique 16, 5 (1898).
[22] E. Wiechert, Arch. Neerl. Sci. Exactes Nat. 5, 549 (1900).
[23] S. H. Schot, Historia mathematica 19, 385 (1992).
[24] A. Einstein, Phys. Z. 10, 185 (1909).
[25] J. Slater, Rev. Mod. Phys. 18, 441 (1946).

RADIATED POWER AND RADIATION REACTION FORCES … PHYSICAL REVIEW D 91, 096006 (2015)

096006-13

http://dx.doi.org/10.1103/PhysRevSTAB.17.074901
http://dx.doi.org/10.1103/PhysRevSTAB.17.074901
http://dx.doi.org/10.1016/0029-554X(82)90233-6
http://dx.doi.org/10.1016/0029-554X(82)90233-6
http://dx.doi.org/10.1016/0168-9002(85)90344-4
http://dx.doi.org/10.1016/0168-9002(85)90344-4
http://dx.doi.org/10.1364/JOSAB.2.000259
http://dx.doi.org/10.1364/JOSAB.2.000259
http://dx.doi.org/10.1016/0168-9002(86)90920-4
http://dx.doi.org/10.1016/0168-9002(86)90920-4
http://dx.doi.org/10.1103/PhysRevSTAB.10.034801
http://dx.doi.org/10.1103/PhysRevSTAB.10.034801
http://dx.doi.org/10.1103/PhysRevLett.75.4210
http://dx.doi.org/10.1016/0168-9002(96)00050-2
http://dx.doi.org/10.1016/0168-9002(96)00050-2
http://dx.doi.org/10.1119/1.3269900
http://dx.doi.org/10.1119/1.3269900
http://dx.doi.org/10.1002/andp.19023150105
http://dx.doi.org/10.1103/PhysRevD.80.024031
http://dx.doi.org/10.1103/PhysRevD.80.024031
http://dx.doi.org/10.1103/RevModPhys.17.157
http://dx.doi.org/10.1103/RevModPhys.17.157
http://dx.doi.org/10.1016/0315-0860(92)90004-U
http://dx.doi.org/10.1103/RevModPhys.18.441


[26] W. Lamb, Phys. Rev. 134, A1429 (1964).
[27] A. E. Siegman, Lasers (University Science Books,

Sausalito, CA, 1986), pp. 923–931.
[28] C.Mead,Collective Electrodynamics: Quantum Foundations

of Electromagnetism (MIT Press, Boston, 2000), pp. 65–77.
[29] K. McDonald (private comunication).
[30] S. Haroche, Rev. Mod. Phys. 85, 1083 (2013).
[31] C. F. Gauss, Werke 5, 629 (1867).
[32] K. Schwarzschild, Göttinger Nachrichten 128, 132 (1903).
[33] H. Tetrode, Z. Phys. 10, 317 (1922).
[34] A. D. Fokker, Z. Phys. 58, 386 (1929).
[35] A. D. Fokker, Physica 9, 33 (1929).
[36] A. D. Fokker, Physica 12, 145 (1932).
[37] J. L. Synge, Proc. R. Soc. A 177, 118 (1940).
[38] J. Wheeler and R. Feynman, Rev. Mod. Phys. 17, 160

(1945).
[39] J. Wheeler and R. Feynman, Rev. Mod. Phys. 17, 162

(1945).
[40] H. A. Lorentz, The Theory of Electrons and Its Applications

to the Phenomena of Light and Radiant Heat (Columbia
University Press, New York, 1909), pp. 251–254.

[41] J. Wheeler and R. Feynman, Rev. Mod. Phys. 17, 165
(1945).

[42] F. Hoyle and J. Narlikar, Rev. Mod. Phys. 67, 113 (1995).
[43] J. G. Cramer, Phys. Rev. D 22, 362 (1980).
[44] W. K. H. Panofsky and M. Phillips, Classical Electricity and

Magnetism, 2nd ed. (Courier Dover Publications, Mineola,
NY, 2012), p. 179.

[45] D. J. Griffiths, Introduction to Electrodynamics, 3rd ed.
(Prentice Hall, Upper Saddle River, NJ, 1999), pp. 346–347.

[46] I. Howe, Ph.D. thesis, University of Hawaii at Manoa,
2014.

[47] J. D. Jackson, Classical Electrodynamics, 3rd ed. (Wiley,
New York, 1975), p. 664.

[48] P. A. M. Dirac, Proc. R. Soc. A 167, 148 (1938).
[49] J. Mathews and R. L. Walker, Mathematical Methods of

Physics, 2nd ed. (Addison Wesley, Redwood City, CA,
1970), p. 219.

[50] J. M. J. Madey (unpublished).
[51] The similarities of the radiation emitted by antennas and by

isolated elementary charges should not be surprising given
that the mechanism responsible for the radiation by antennas
at the microscopic scale is precisely the same accelerated
motion of the charges that carry the macroscopic current in
these devices.

[52] Using Eqs. (1)–(25) on pp. 389–393 from Ref. [54].
[53] S. Smith (to be published).
[54] J. D. Kraus, Antennas, 2nd ed. (McGraw-Hill, New York,

NY, 1988) p. 127.
[55] J. D. Jackson, Classical Electrodynamics, 3rd ed. (Wiley,

New York, NY, 1975) p. 413.
[56] P. Niknejadi and J. M. J. Madey (to be published).
[57] S. Gregson, J. McCormick, and C. Parini, Principles

of Planar Near-Field Antenna Measurements (The
Institution of Engineering and Technology, London,
2007), pp. 352–353.

NIKNEJADI, MADEY, AND KOWALCZYK PHYSICAL REVIEW D 91, 096006 (2015)

096006-14

http://dx.doi.org/10.1103/PhysRev.134.A1429
http://dx.doi.org/10.1103/RevModPhys.85.1083
http://dx.doi.org/10.1007/BF01332574
http://dx.doi.org/10.1007/BF01340389
http://dx.doi.org/10.1098/rspa.1940.0114
http://dx.doi.org/10.1103/RevModPhys.67.113
http://dx.doi.org/10.1103/PhysRevD.22.362
http://dx.doi.org/10.1098/rspa.1938.0124

