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Top quark induced effective potential in a composite Higgs model
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We consider nonperturbative aspects of a composite Higgs model that serves as a prototype for physics
beyond the Standard Model, in which a new strongly interacting sector undergoes chiral symmetry
breaking, and generates the Higgs particle as a pseudo-Nambu-Goldstone boson. In addition, the top quark
couples linearly to baryons of the new strong sector, thereby becoming partially composite. We study the
dynamics leading to the top quark Yukawa coupling as well as the top quark contribution to the effective
potential for the Higgs, obtaining expressions for these couplings in terms of baryonic correlation functions
in the underlying strongly interacting theory. We then show that a large-N limit exists in which the top
quark contribution to the Higgs effective potential overcomes that of the weak gauge bosons, inducing
electroweak symmetry breaking. The same large-N limit also suggests that the baryons that couple to the
top quark may be relatively light. This composite Higgs model, and similar ones, can be studied on the
lattice with the methods developed for lattice QCD.
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I. INTRODUCTION

Since the discovery of a light Higgs boson at the LHC,
interest in beyond-the-Standard-Model scenarios has
focused on models in which the Higgs is naturally light
compared to the typical scale of new physics. One approach
postulates the existence of a new strongly interacting sector,
which we will refer to as hypercolor in this paper. The
Higgs doublet of the Standard Model (SM) emerges among
the Nambu-Goldstone bosons (NGBs) originating from
dynamical symmetry breaking of the flavor symmetry
group G of the hypercolor theory. The electroweak gauge
bosons as well as the SM fermions then couple to these
NGBs, breaking the symmetry group G explicitly to a
smaller group, thereby generating an effective potential for
the NGBs. Under suitable conditions, this radiatively
induced effective potential leads to electroweak symmetry
breaking, with the Higgs field acquiring an expectation
value as in the SM. This framework still allows for many
different possibilities. For reviews that span the evolution
of this field, as well as for generic features of these models,
we refer to Refs. [1-5].

We will be interested in composite Higgs models in
which the sector external to the hypercolor gauge theory,
which includes the SM gauge bosons and fermions, is as
simple as possible. For instance, we do not wish to
introduce any weakly coupled gauge bosons besides the
electroweak gauge bosons, as in little Higgs models [1].
The electroweak gauge bosons have to stay massless at the
dynamical symmetry breaking scale of the hypercolor
theory, and therefore they have to couple to generators
in the unbroken flavor subgroup HCG. As a result, the
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effective potential generated for the hypercolor NGBs by
the electroweak gauge bosons will not lead to electroweak
symmetry breaking, a phenomenon often referred to as
vacuum alignment [6].

Electroweak symmetry breaking must therefore originate
in the effective potential generated by the top quark, being
the SM fermion with the strongest coupling to the Higgs,
and, hence, to the hypercolor theory. We will postulate that
the top quark couples linearly to hyperbaryons (the baryons
of the hypercolor theory), as first proposed in Ref. [7]. This
idea is attractive from the point of view of CP violation and
flavor-changing neutral currents (FCNCs) [4]. Here, we
will limit ourselves to a discussion of the top quark sector,
where the main concerns are to generate the experimentally
measured value of the top quark’s mass naturally,’ together
with a Higgs potential that triggers electroweak symmetry
breaking. It is generally acknowledged that the mass of the
top quark sets it apart from the other SM fermions as it is
the only SM fermion with a mass of the order of the
electroweak symmetry breaking scale, v ~ 250 GeV. This
suggests that the top quark may play an essential role in
generating electroweak symmetry breaking, whereas the
origin of the other SM fermion masses, and the strength of
other symmetry breakings such as CP violation and
FCNCs, might be very different.

The concrete hypercolor theory we will study in this
article was proposed in Ref. [8]. It was preceded by a
general study that highlighted what makes that theory
particularly attractive [10].> The hypercolor theory is a

'Without causing problems for Z — bb decays [8.,9].
*See also Ref. [I1].
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vectorlike SU(4) gauge theory with fermions in two
different irreps (irreducible representations). One of these
irreps, the six-dimensional two-index antisymmetric irrep,
is real. With five Majorana (or Weyl) fermions in this irrep,
dynamical symmetry breaking in that sector of the theory
gives rise to an SU(5)/SO(5) nonlinear sigma model as its
low-energy effective theory. As we will see in detail below,
the Higgs field lives in this nonlinear sigma model.

Generally speaking, composite Higgs models often rely
onan SU(N,,)/SO(N,,) nonlinear sigma model, which can
arise from chiral symmetry breaking in a theory containing
N,, Weyl (or Majorana) fermions in a real irrep. An
alternative coset structure is SU(N,,)/Sp(N,,), for which
the N,, Weyl fermions should be in a pseudoreal irrep [6].
For recent lattice work involving the pseudoreal fundamen-
tal irrep of SU(2) gauge theory we refer to Refs. [12,13]. For
a review on beyond-the-SM lattice work, see Ref. [14].

The most familiar example of a real irrep is the adjoint
representation, which occurs for example in supersymmet-
ric theories [15]. However, five Majorana fermions in the
adjoint irrep would most likely push the theory from being
confining to being conformal, even before the introduction
of any fermions in another irrep.3 Avoiding the adjoint
irrep, the smallest instance of a real irrep is the sextet
of SU(4).

Our goals are as follows. First, a gauge theory such as
this SU(4) hypercolor theory is amenable to investigations
using the methods of lattice gauge theory. The effective
theory below the hypercolor scale, relevant for SM phe-
nomenology, can be parametrized in terms of low-energy
couplings (LECs). These LECs can be expressed in terms
of correlation functions in the hypercolor theory, which, in
turn, allows for their computation on the lattice. While this is
well understood for the electroweak gauge sector, a similar
careful derivation of the LECs controlling the top sector has
to our knowledge not been given to date. We derive the
necessary correspondence using spurion techniques.

Second, once the connection between the effective
theory and the hypercolor theory has been established,
we find that it is possible to obtain semiquantitative
estimates of the size of these LECs, using large-N methods
and factorization. In particular, we show that the contri-
bution of the top quark to the Higgs effective potential
indeed drives electroweak symmetry breaking in a particu-
lar large-N limit.

We expect that the techniques developed in this article
can be easily extended to similar hypercolor models. In this
sense, our choice of the model of Ref. [8] should be
considered as a useful example.

This article is organized as follows. Section II introduces
and reviews the hypercolor theory [8], including its field
content, symmetries, and the effective nonlinear fields that
will be needed for the low-energy effective theory. In

3See Ref. [14] and references therein.
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Sec. III we briefly discuss the contribution of the electro-
weak gauge bosons to the Higgs effective potential. The
main part of this article is Sec. IV, where we discuss the top
quark sector in detail. We introduce the top quark spurions
and the hyperbaryons in Sec. IVA. We discuss the top
Yukawa coupling in Sec. IV B, and the top quark con-
tribution to the Higgs effective potential in Sec. IV C. In
Sec. IV D we define a large-N limit of the model, and show
that for large enough N the top-induced Higgs potential
will lead to electroweak symmetry breaking. For simplicity,
we assume a minimal explicit breaking of the flavor group
of the hypercolor theory by the couplings to the SM. In
Sec. IV E we briefly comment on the more general situation
that arises if we relax this assumption. In Sec. V we discuss
the similarities between the hypercolor theory and QCD,
thus arguing that techniques developed to study QCD on
the lattice should be sufficient for hypercolor theories as
well. Section VI contains our conclusions. A short appen-
dix collects some of our conventions.

II. FERRETTI’S MODEL

In Ref. [10], several requirements were put forward for a
class of composite Higgs models based on a hypercolor
gauge theory as an UV completion. We begin by listing
these requirements. The gauge group is assumed to be
simple, and the dynamical symmetry breaking pattern,
G — H, to be such that

H D SUB)ior XSUR2), xSUQ2)p x U(1)y

> SU(3)color X SU(Z)LX U(l)Y7 (21)
with the SM gauge group in the last line. The group SU(2),
is the familiar custodial symmetry of the SM, and the
hypercharge is Y = T3 + X. The SM Higgs doublet, with
quantum numbers (1,2,2), under SU(3) o, xSU(2), %
SU(2)rxU(1)y, should be contained in the NGB multiplet
associated with the symmetry breaking G — H. In order to
accommodate a partially composite top quark [7], i.e., for
the top quark to acquire its mass through linear couplings to
hyperbaryons, there must exist hyperbaryons with quantum
numbers that match those of the SM quarks. This includes a
set of right-handed, spin-1/2 hyperbaryons with quantum
numbers (3,2),,, of the SM gauge group SU(3)qjor¥
SU(2),xU(1)y, which serve as partners of the SM quark
doublet ¢;, and left-handed, spin-1/2 hyperbaryons with
the quantum numbers (3, 1), /5, to serve as partners of the
SM quark singlet t;. Finally, the hypercolor theory should
be asymptotically free, and both the hypercolor gauge
group and the SM gauge group should be free of anomalies.

The hypercolor model with the smallest gauge group
that satisfies all these requirements is an SU(4) gauge
theory [10]. The hyperfermion content consists of five
Majorana fermions y;, i = 1, ..., 5, transforming in the six-
dimensional two-index antisymmetric irrep of hypercolor,
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which is a real representation, and three Dirac fermions v,
a=1,2,3, in the fundamental representation. The
Majorana field y can be written in terms of a Weyl fermion

T as
P T upi
ABi = = 3
l %€ABCD€(T1CD)T
1

ZAB _ _ LABCD,T ( _ 1 LABCD T, YAB
i o€ ZCDiC*(—ze (Yepi)'e T )

(2.2a)

(2.2b)

We use capital letters for the SU(4) hypercolor indices,
with lower indices for the fundamental irrep, and upper
indices for the antifundamental irrep. Several lower or
upper indices will always be fully antisymmetrized. A
Dirac fermion y in the fundamental itrrep can be written in
terms of two right-handed Weyl fermions, ¥ in the

fundamental irrep and U in the antifundamental, as

\IIAa _A ~ 4 -
Yaa = < =T )’ Ve = (_(\Ila)Tg ‘1’3)

2.3
€\IJAa ( )

We suppress spinor indices. C is the charge-conjugation
matrix, € = io, is the two-dimensional € tensor acting on
the Weyl spinor index, and the superscript 7 denotes the
transpose in spinor space. With the lattice in mind, we work
in Euclidean space, choosing our Dirac matrices to be
Hermitian and using the chiral representation; see the
Appendix.

The hypercolor theory possesses a flavor symmetry

group

G =SU(5)xSU3)xSU(3)xU(1)yxU(1),  (2.4)
with quantum numbers (5,1, 1), _, for T, (1, 3 1)1/35/3)
for ¥, and (1,1,3)_, 353 for 0.*

We assume that dynamical symmetry breaking takes
place, generating a condensate (7;y;)xd;; that breaks
SU(5) — SO(5). Consistent with the general considera-
tions of Ref. [6], the Majorana bilinear y;y; is antisym-
metric on its spinor indices and symmetric on its hypercolor
indices, and so it is symmetric on its flavor indices. In
addition, there is a condensate (¥ ,y,)xd,, that breaks
SU(3)xSU(3)" to its diagonal subgroup, which we identify
with SU(3),o,- Both condensates also break U(1)". The
unbroken group is

H =S0(5)xSU(3)01orxU(1)y. (2.5)
For heuristic arguments supporting this pattern of sym-
metry breaking, see Refs. [6,8]. Of course, whether this is

4Compare Table I of Ref. [8].
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the actual symmetry breaking pattern is something that can
be investigated on the lattice. Indeed the symmetry break-
ing pattern of the Dirac fermions, with SU(3)xSU(3)
breaking to the diagonal SU(3) subgroup, is consistent
with all known lattice results. A first study of the real- irrep
symmetry breaking pattern, in a similar theory except with
four, instead of five, Majorana fermions, has recently
appeared in Ref. [16].

The effective theory at energy scales much below the
hypercolor scale Ay thus contains NGBs parametrizing
the U(1)" group manifold, and the cosets SU(3)x
SU3)'/SU(3).010r and SU(5)/SO(5), amounting to 1, 8,
and 14 NGBs for each of these factors, respectively. These
NGBs are massless when all couplings of the hypercolor
theory to the SM are turned off. A nontrivial effective
potential is induced both by the SM gauge bosons, as we
briefly review in Sec. III, and by the coupling to the third-
generation quarks. The latter, which is the main subject of
this paper, will be studied in Sec. IV.

The Higgs doublet is a subset of the NGB multiplet
parametrizing the coset SU(5)/SO(5). In more detail, the
14 NGBs corresponding to the generators in this coset are
described by anonlinear field > €SU(5)/SO(5) obtained by
considering fluctuations around the vacuum (X) = %, = 1,

Y = uZgul = exp(ill/f)Z exp(ill/f)T = exp(2iI1/f),
(2.6)

with®

r=3x=nu=1. (2.7)
Under g € SU(5), T transforms as £ — gZg’.

At the level of the algebra, SU(2); xSU(2)z in Eq. (2.1)
is equivalent to the SO(4) C SO(S5) associated with the first
four rows and columns. The explicit form of the generators
is given in the Appendix. With this choice, the field IT can
be written as

M=0+06"+&,+ &, + o+, (2.8)

with © containing the Higgs doublet H = (H_, H,)’,

0 0 0 0 —iH /2
0 0 0 0 H./V2
0= 0 0 0 0  iHy/V2
0 0 0 0 Hy/\2
—iH,/v2 H./V2 iHy/V2 Hy/V2 0
(2.9)

Note that in Ref. [8], the notation X is used for the field u of
Eq. (2.6).
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For the explicit parametrization of the rest of I, we refer to
Ref. [8], as we will not need it here. The Higgs doublet
comprises four of the NGBs, and the SU(2), triplets ¢,
¢, and ¢_ = (¢,)" comprise nine more NGBs.® Finally,
IT has a component 7 proportional to the generator
diag(1,1,1,1,—4), which is neutral with respect to the
entire SM model gauge group, and which completes the
multiplet of 14 NGBs.

While they play only a small role, we will need also the
nonlinear fields associated with the other broken sym-
metries. We account for the SU(3)xSU(3)"/SU(3)coor
coset by a nonlinear field QeSU(3) transforming as Q —
gQh" for geSU(3) and heSU(3)'. A similar nonlinear field
arises in the familiar chiral Lagrangian of three-flavor
QCD, but the reader should keep in mind the different
physical roles of the various SU(3) groups in the case at
hand. Throughout most of this paper, we will assume that
the only source of explicit breaking of SU(3)xSU(3) to
SU(3)coior arises from the coupling of the SU(3).gior
currents to the SM gluons. A wider range of possibilities
than what is the main focus of this article is allowed if we
relax this assumption. This is briefly discussed in Sec. IV E.
The eight NGBs associated with the nonlinear Q field
transform in the adjoint irrep of SU(3).,.. They are
singlets under both SU(2), and U(1)y.

Finally, to account for the spontaneous breaking of U (1)’
we introduce a nonlinear field ®€U(1) with unit charge
under U(1)". The associated NGB #' is neutral under the
SM gauge interactions. Using an ~ sign to indicate iden-
tical transformation properties under the entire flavor group
G, we thus have

D%y ~ FiPryj ~ €BP(Tepi)TeX pp;, (2.10a)

O-10BQ .~ Py, ~ \Pge(@Ah)T- (2.10Db)

III. HIGGS EFFECTIVE POTENTIAL FROM
ELECTROWEAK GAUGE BOSONS

In this section, we briefly review the contribution from
the SM gauge bosons to the effective potential for the
NGBs, starting with the effective potential for the
SU(5)/SO(5) nonlinear field £ generated by the electro-
weak gauge bosons. This part of the effective potential
takes the form

VEV(Z) = Cra)_tr(QEQ"YY), (3.1)
o

if we work to leading (i.e., quadratic) order in the SM gauge
couplings. The sum over Q runs over the SU(2),

®In the notation of Ref. [8], o = (¢5. d)g, ¢¢) with ¢8 real and
d§ = (¢g)*, while ¢, = (¢7,¢%, ¢7), with all components
complex.
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generators g¢7¢ with 7¢ given in Eq. (A5), and the
hypercharge generator ¢Y = ¢ (T3 + X), with X = 0 for
the IT field. Here

3 0
Cun= (o [ AP Tel?). 62)

and
(qzémz - qﬂqv)nLR(qz)
- / e ey, Pl (OO Pl OF()]).  (33)

where [y(x)z(y)] is the Majorana-fermion propagator for
the field y of Eq. (2.2), and (...) indicates the expectation
value with respect to the hypercolor gauge fields. This type
of effective potential goes back to the well-known formula
for the mass difference between the charged and neutral
pions in QCD. For further explanations and a derivation of
this result in the present context we refer to the review
article Ref. [4] and to the Appendix of Ref. [17].7

The proof of Ref. [19] that Cr > 0 applies also in this
case. Using the explicit form (AS), the minimum of
VEV(Z) is equal to —C1z(3¢%> + ¢*), which is attained
at ¥ = 1. This part of the effective potential does not rotate
the vacuum of the hypercolor theory, exhibiting the
phenomenon of vacuum alignment [6].

Expanding X to quadratic order in IT inside VEY, we find
the mass terms

2y C 16
Vfgy( )= % {(392 +9?) <2HTH + ?¢1¢+)

; 8924)2;450}. (3.4)

The explicit symmetry breaking by the electroweak gauge
bosons produces a positive mass squared for all compo-
nents of the NGB multiplet IT except #.

To summarize, when we couple the hypercolor theory to
the SM gauge bosons, an effective potential for the non-
linear field X is generated. At lowest order, it is proportional
to the squares of the electroweak couplings ggw = ¢ for
SU(2),, or ggw = ¢ for U(1),, where it is understood that
all SM couplings are evaluated at the hypercolor scale Ayc.
Because of vacuum alignment, the expectation value X,
will remain equal to 1, but the Higgs doublet and the three
SU(2), triplets will acquire a mass proportional to ggwf,
while the singlet n will remain massless. To avoid

"The factor of 3 in Eq. (3.2) comes from tracing over the
transversal projector. This factor is erroneously missing in the
published versions of Eqs. (Alla) and (A11b) of Ref. [17], and
Eq. (AS) of [18]. Also, in the published versions, the term
gW, Q4 J,ua in Eq. (A2) of Ref. [17] should be multiplied by i,
and similarly for the term gW,( Q% JL, + Q% JR,) in Eq. (A2) of
Ref. [18].
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confusion, the contribution to the effective potential from
the top quark has not yet been included, and will be
discussed in the next section.

Similarly, when we turn on the QCD interactions, an
effective potential for the Q nonlinear field is generated,

VED(Q) = -CEPY r(0Q0Q"),  (35)
0

where now @ runs over the eight generators g, of
SU(3)o10r» and g is the QCD coupling (at the hypercolor
scale). In the underlying hypercolor theory, CSISD has a
representation analogous to Eq. (3.2), except that the
Majorana-fermion propagator in Eq. (3.3) is replaced by
the Dirac-fermion propagator [y (x)y(y)]. Once again
there is vacuum alignment nailing down the vacuum at
(Qg5) = 8,5, and giving the octet of NGBs a mass of order
gsf - Thus, as long as f is much larger than the electroweak
scale, both the SU(2); triplet NGBs and the color-octet
NGBs are much heavier than the electroweak gauge bosons
or the top quark.

As already noted, the NGB #' of the spontaneously
broken U(1)’ is inert under all the SM gauge interactions.
Moreover, the coupling of the hypercolor sector to the SM
considered in the next section does not break U(1)’
explicitly. Therefore, no effective potential will be gen-
erated for the associated nonlinear field ®, and 7 will
remain exactly massless.

IV. THE TOP QUARK SECTOR

We now proceed to the main part of this article, which is
the study of the dynamics arising from the coupling of the
top quark to the hypercolor theory. There are two aspects of
interest: the contribution of the top quark to the effective
potential for the nonlinear field X containing the Higgs
field, analogous to the contribution from the weak gauge
bosons in Eq. (3.1), and the mass of the top quark itself.

We will begin with the coupling of the top quark to
the hypercolor theory at the “microscopic” level, which
involves only the elementary fields: the hypercolor gauge
fields, and the hyperfermions of Egs. (2.2) and (2.3). We
introduce fermionic spurions which transform in complete
representations of the flavor group G of Eq. (2.4), and which
contain the SU(2), doublet ¢; of the left-handed top and
bottom quarks #; and b;, as well as the right-handed top
quark 7. Following the mechanism proposed in Ref. [7], the
spurions will be coupled linearly to suitable hyperbaryon
fields, which are three-fermion operators in the hypercolor
theory. We demand that the spurion-hyperbaryon inter-
actions are invariant under G, because the microscopic
theory does not know about the dynamical breaking G — H.

The spurion-hyperbaryon interaction terms are four-
fermion operators, and are assumed to arise from some
extended hypercolor (EHC) sector with a dynamical scale
Agnce > Age, the origin of which we will not specify. We
will return to this point in the conclusion section. The
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hyperbaryon operators and the four-fermion couplings are
constructed in Sec. IVA.

We then turn to the effective low-energy theory. We
demand that also the effective theory is invariant under
G, but it can now depend on the effective fields: the
SU(5)/SO(5) coset field X, which plays a central role
since it contains the Higgs field, as well as the
SU(3)xSU(3)'/SU(3) 010 field Q and the U(1)-valued
field ®. Note that we do not allow the effective theory to
contain any effective fields for hyperbaryons. This strategy
generalizes the standard construction of the chiral
Lagrangian for QCD.?

We proceed in two steps. First, in Sec. IV B, we consider
the coupling of the SM quarks ¢; and 7y to the effective
nonlinear fields, integrating out all other states in the
hypercolor theory. This will lead to an expression for
the top Yukawa coupling in terms of a hyperbaryon
two-point function in the hypercolor theory.

Next, in Sec. IV C, we consider the contribution to the
effective potential obtained by integrating also over the
third-generation quarks to leading order in the top Yukawa
coupling. This involves restricting the spurions to their SM
values, in which all components except those corresponding
toq; = (#, b;) andto t are setequal to zero, and integrating
over ¢q; and tp. Like the coupling to the SM gauge bosons
(Sec. I0I), this breaks explicitly the flavor group G. However,
in the approximation in which we work, only SU(5) is broken
explicitly, whereas all other factors in Eq. (2.4) are not. As a
result, no effective potential is generated for Q or .

The explicit breaking of SU(5) generates an effective
potential for . This new contribution is parametrized by
one new LEC Cy,, analogous to C;p in Eq. (3.1). We will
show that C,,, can be expressed as an integral over a
hyperbaryon four-point function convoluted with two free,
massless fermion propagators.

Up to this point, our analysis is from first principles. In
Sec. IVD we turn to physical but nonrigorous consider-
ations. We show that a large-N limit exists [where N =4
for the hypercolor group SU(4) we consider here] in which
the hyperbaryon four-point function factorizes, leading to a
simple result for Cy,, and ultimately to a nontrivial
expectation value for the Higgs field.

Finally, in Sec. IVE we comment on the phenomeno-
logical consequences of our analysis. This includes a brief
discussion of the more general situation where the explicit
breaking of SU(3)xSU(3) to its diagonal subgroup
SU(3)coior is allowed to come from sources other than
the QCD gluons.

A. Top quark spurions and hyperbaryons
We begin with introducing the top quark spurions, a left-

handed spurion 7;, which we choose in the 5 irrep of

8See for instance Ref. [20].
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TABLE I. Local hyperbaryon operators. The leftmost column
gives the Weyl-fermion content, and the rightmost column is the
notation used for the operator. The remaining columns list the
quantum numbers.

SU(S)  SU(3)xSU(3)  SU(3). U(1)y U(1)
T(w) 5 3.1)x(3.1)-@3.1) 3 2/3 7/3 By
Yoo 5 (LIx(L3I) - (13) 3 2/3 -13/3B
YOO 5 3.1)x(3.1)-@3.1) 3 -2/3 -7/3 By
TP 5 1.3)x(1,3)-(1.3) 3 -2/3 13/3 B
Tww) 5 3.1)x(3.1)-@3,1) 3 2/3 13/3 B,
O 5 LIx(13I)-(1,3) 3 2/3 -1/3 B
TP 5 3.1)x@3.1)-(3.1) 3 -2/3-13/3B,
T@E) 5 (1,3)x(1.3)-(13) 3 -2/3 7/3 B

SU(5), and a right-handed spurion T, which we choose in
the 5 irrep. Both irreps reduce to the 5 of SO(5). This
choice ensures that terms like 7,7 in the effective
potential are disallowed by SU(5), but allowed by
SO(5).” Both T, and Ty will have U(1)y charge 2/3,
as this will yield the correct hypercharges for ¢; and 7.
The SM values for these spurions are

ib; 0
| b, 0
T, =T,=— | it; |, Te=Te=| 0 4.1
L L \/E tL R R 0 ( )
L
0 ity

Using Eq. (A5), it is straightforward to verify that the pair
(ty,by) transforms as an SU(2), doublet, and has hyper-
charge Y = 1/6. The SU(2), singlet t; has hypercharge
Y = 2/3. The quantum numbers of the spurions under the
remaining flavor symmetries will be discussed shortly.

The spurions couple to the hypercolor theory through the
G-invariant Lagrangian

‘CEHC :llTLBR +}“TBRTL +12TRBL +AEBLTR’ (42)
where B; r are hyperbaryon fields with appropriate
quantum numbers. Setting the spurions 7; » equal to their
SM values (4.1) then tells us how the SM quarks #;, b;,
and f couple to the hypercolor theory. Since we will use
three-hyperfermion local interpolating fields for the hyper-
baryons, the four-fermion interactions in Lgyc have engi-
neering dimension six. Lgye originates from some other
sector with scale Agpc > Aye, with effective couplings
A2 ~ O(Aghc) just below that scale.

"We may switch 5 with 5, but the key point is that the two
spurions are chosen to be in different SU(5) irreps.
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Limiting ourselves to local hyperbaryon fields, all
operators that can be used in the construction of a
G-invariant Lgye are listed in Table 1. The schematic
structure in terms of Weyl fields is indicated in the first
column of the table, followed by the quantum numbers
under the flavor group G. The column labeled as SU(3),
gives the SU(3) o, itrep. The spinor index of the hyper-
baryon field is always carried by the Majorana fermion y.
Using Egs. (2.2) and (2.3), explicit expressions for the
unprimed operators in Table I are

1
Bgia = _5eABCDeabcPR)(ABi(l//gbCPRl//Dc) (4.3a)
1
= 5GABCD%};CTABI'(‘I’&G‘I’DC),
_ 1 _ _ _
Bpia = §€ABCD€abc)(?BPL (V’;?CPL(V/?)T) (4.3b)
1 _ _ -
= EGABCDeabcT?B(\IIge(\IICD)T)’
1
Bris = _EGABCDeuthL)(ABi(l//gbCPRl//Dc) (4.3¢)
= eabce(T?B)T(qjgbeqch)7
_ 1 _ _ _
Bris = EGABCDeach?BPR(WgCPL w2)") (4.3d)
= €abcT£Bi€(\TJ?€<@f)T)' (436)

The primed operators in Table I are obtained from Eq. (4.3)
by interchanging Py <> P; inside the yy and yy bilinears.
When the spurions T’y are restricted to their SM values,
the phases of 4, in Eq. (4.2) can be removed by (non-
anomalous) SU(2), and SU(2)g transformations on the
spurion fields, implying that, from now on, we may take
A1 to be real and positive. This allows us to require that the
Lagrangian (4.2) be CP invariant. The CP transformation
acts as
yor, oy, (4.4)
for both Dirac and Majorana fermions (see the Appendix
for our Dirac matrices conventions). The sign choices we
have made in Eq. (4.3) imply that a CP transformation
applied to the elementary fields y, y, and y induces a CP
transformation of the same form on the hyperbaryon fields
as well, thereby ensuring the CP invariance of Lgyc.
The unprimed fields in Table I transform nontrivially
under SU(3) and are singlets under SU(3)’, whereas for the
primed fields the opposite is true. Choosing either the
primed or the unprimed version for each hyperbaryon field
gives rise to a total of four different possibilities for Lgyc.
The quantum numbers of the spurions 7; and T are
chosen accordingly, so as to ensure the G invariance of
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Lenc. The SM quark fields ¢; and f are endowed with the
same SU(3)xSU(3)'xU(1)yxU(1)" quantum numbers as
their parent spurion. This construction is consistent with the
SM, since the resulting quantum numbers under SU(3) g0
will always be the same. In addition, it follows that the
entire theory, including the hypercolor sector, the SM
Lagrangian, and their coupling via Lgyc, is invariant under
both SU(3) and SU(3)’, provided that the QCD interactions
can be neglected. This is indeed the case in this section,
because we calculate the Higgs effective potential to second
order in all SM couplings, and since the result will be
quadratic in the top Yukawa coupling, any corrections that
involve an additional dependence on the QCD coupling g
are neglected.

Note that we cannot generalize Eq. (4.2) to include,
simultaneously, terms that couple a given spurion to both of
the unprimed and primed hyperbaryons, as this will not
allow for any consistent assignment of SU(3)xSU(3)
quantum numbers. For example, T, can couple to either By
or Bj, but not to both. It is because of this fact that Lryc
depends on only two coupling constants 4 5. This will lead
to considerable simplification in our analysis. In Sec. IV E
we briefly comment on the more general case, where Lgyc
is restricted only by SU(3)

color*

B. The top quark Yukawa coupling

Our next task is to construct the electroweak effective
field theory. As a first step, we integrate only over the gauge
fields and fermions of the hypercolor theory, and obtain an
effective theory that depends on the spurions 7; and Tk,
and on the nonlinear fields, including in particular the
SU(5)/SO(5) field £. We assume that the electroweak
scale my ~ m, is much smaller than the hypercolor scale
f~M ~ Ayc, where M is of order the mass of the hyper-
baryons which are assumed to couple to the top quark in
Eq. (4.2). This provides us with a power counting, and, in
particular, the effective theory can be organized according
to a derivative expansion. We will be concerned with the
lowest nontrivial order in this expansion.

Demanding full G invariance, the leading-order spurion
potential is

Viep = O TRE Ty + pug®2T ET. (4.5)
Terms like 7, T vanish because of chiral projectors, while
terms like 7,7% are not allowed by U(1)y symmetry.
Bilinear terms independent of X are possible, but thanks to
SU(5) invariance, they have an LL or RR structure, and
need an insertion of i Therefore, they contain at least one
derivative, and their role is to renormalize the kinetic terms
for the top and bottom quarks, which are present when
these SM fields are made dynamical. It can be checked that
the correction is of order y, where y is the top quark
Yukawa coupling introduced in Eq. (4.12) below.
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Viop depends on two effective fields, X and ®. The role of
® is to reinstate U(1)’ invariance [cf. Eq. (2.10)]. When we
choose both hyperbaryons in Eq. (4.2) to be unprimed ones,
the hyperbaryons and the spurions transform nontrivially
only under SU(3), and are singlets of SU(3)’. Therefore,
Viop is invariant under SU(3)xSU(3)' as it stands, without
having to introduce any dependence on the effective
field Q.

If we set & = ® = 1, and substitute the SM values 7,
and T’ defined in Eq. (4.1) for T} and T, we find that V,,
vanishes. ¥ will need to develop a nontrivial expectation
value for the SM top quark to acquire a nonzero mass. This
will be discussed in Sec. IV C below.

In order to find the LECs y; x in Eq. (4.5), we consider
the second derivatives

2 2

——— log Z, ———— log Z,
aT, ()07 x(x) OTR(0)0T,(x)

(4.6)

where Z is the partition function of either the effective or
the microscopic theory. Requiring the effective theory to
match the microscopic theory (and noting that the fer-
mionic spurions are Grassmann) yields the relations

—up Pr(®*E)S(x —y) + -+ = 414 Pr (B (x)Br(y)) Py
—urPr(P?E)S(x — y) + - - - = A1 Pr(Bg(x)BL(y))Pp.
(4.7)

The ellipses on the left-hand side indicate that the leading-
order low-energy theory given by V,,, reproduces the
correlation functions on the right-hand side only to leading
order in a derivative expansion.

By assumption, symmetry breaking in the hypercolor
theory yields (7;x;) « (X;;) = 6;;, up to a symmetry trans-
formation. (When the SM fields become dynamical we may
in general have (X;;) #6;;, but these corrections are of
higher order in the SM gauge and Yukawa couplings.)
Setting (Z;;) = 6;; and (®) = 1 in Eq. (4.7) provides us
with expressions for the parameters yu; ;. Assembling the
chiral baryon fields together as

B =By + B, B =By +B,, (4.8)
where B is a Dirac field with quantum numbers (5, 3) under
the unbroken SO(5)xSU(3) and writing

color»

d'p

BOBL) = [ Sher Isip). (@9)

we find, to leading order in the momentum expansion of the
effective theory,
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urLPp = —/11/12PLSB<O)PL,

HrPr = =212, PgSp(0)Pg. (4.10)
Apart from the chiral projectors, these two expressions
must be equal, because any hyperbaryon fields occurring in
Eq. (4.2) can only have a Dirac mass; Majorana masses
(such as BheBy or BleB;) are forbidden by U(1)y
symmetry. Therefore,

H=p = pr = —412,85(0), (4.11)
where we have used that at zero momentum Sz(0) is
proportional to the unit matrix in spinor space.

We may now introduce the top quark Yukawa coupling y
by writing

w=yf/2,

with f the decay constant of the hypercolor theory. If the
Higgs field will now develop a nonzero expectation value,

(4.12)

(Ho) = (Hp) = h/ V2, (4.13)
this will induce a top quark mass
yfsin@h/f)m Geyh. (414)
m, = ——yf sin ~ —vyh, .

where we have used Egs. (2.6), (2.9), (4.1), and (4.5), and
the approximate equality holds for //f < 1.

We may introduce an effective hyperbaryon field B
which is canonically normalized by writing

B = f3\/ZyB. (4.15)

We define M as the zero-momentum mass of the canoni-

cally normalized B field corresponding to a term MB B. In
other words, Sz(0) = f6Z;/M. This gives
We comment that the field B does not necessarily corre-
spond to any baryon mass eigenstate of the hypercolor
theory. Still, generically we might expect it to couple to the
lightest hyperbaryon with quantum numbers that match
those of the SM quarks, in which case M will be a quantity
of the order of this smallest hyperbaryon mass.

We conclude this subsection with a technical comment.
If in Eq. (4.2) we choose one unprimed and one primed
hyperbaryon field, this implies that one of the spurions
transforms nontrivially under SU(3) while the other under
SU(3)". In this case, Vi, will depend on Q. For definite-
ness, replacing B; in Eq. (4.2) by B} implies that now T
transforms nontrivially under SU(3)’, and Eq. (4.5) gets
replaced by

PHYSICAL REVIEW D 91, 094506 (2015)
Viep = U@ BT QT + pup®3T, 2QT,.  (4.17)

This hardly changes our analysis, because, in order to
obtain expressions for the parameters y; p in Eq. (4.5) we
are setting all nonlinear fields equal to the identity anyway.

In the next subsection, we will work out the effective
potential after integrating over the third-generation quarks.
In this calculation, any dependence on both Q and ¢ will
drop out regardless of our choice of hyperbaryon fields in
Eq. (4.2), as it must be because both SU(3)xSU(3)’ and
U(1) are not explicitly broken in the top sector to the order
we work, and therefore no effective potential can be
generated for those nonlinear fields. In particular, when
Viop depends on € as in Eq. (4.17), then expression (4.19¢)
below, which is the only term that will contribute to the
effective potential, gets multiplied by tr(QQ") = trl, show-
ing that indeed the Q dependence cancels out.

C. Higgs effective potential induced by the top quark

We now integrate over the SM top quark in order to
obtain the associated contribution Vit () to the effective
potential. Adding this to Eq. (3.1) gives the complete
effective potential for Z to second order in the SM gauge
and Yukawa couplings. We will disregard all the other SM
fermions, including the bottom quark, on the grounds that
their Yukawa couplings are much smaller, and so their
contribution to the effective potential will be much smaller
as well.

We begin by splitting the spurions 7 z as follows'’:
(4.18)

Tp(x) =ty (x)vg, Tr(x) = tg(x)vg.

The new global spurions v, p carry the SU(5) quantum
numbers, which contain the SM symmetry SU(2),. We
also assign U(1)y to these spurions, because the hyper-
charge Y is the sum of the charge X and the third
component of SU(2)g, with the latter being a subgroup
of SU(5) as well. The (Grassmann) fields #; p carry the spin
index. They also inherit the SU(3) and SU(3)" quantum
numbers from 7', . We promote ?;, p to dynamical fields by
adding tree-level kinetic terms 7; dt; + 1zd1t.

The effective potential Vi at order y is obtained by
substituting Eq. (4.18) into V,, of Eq. (4.5), and integrat-
ing over the top quark, leading to a contribution with the
form of ® 27, Xvg + H.c. This contribution vanishes,
however, because the only nonzero tree-level top propa-
gators are (7,7, ) and (tglg).

The leading contribution to V(¥ is of order y2. It involves
four global spurions. Momentarily suppressing any
dependence on the Q and & fields, the possible terms that
depend on X are

"“Whether or not 7, in Eq. (4.18) coincides with the component
with the same name of 7', in Eq. (4.1) depends on the value we
choose for v;, as we will see below.
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(v.Zvg)? + Hec., (4.19a)
(350, )2 + Hee., (4.19b)
(@LE’UR)(T}RZ*UL). (419(:)

The tree-level top propagators allow for the generation of
the last term only. If the effective potential (4.19c¢) arises as
the product of the two interactions in Eq. (4.5), the ®
dependence evidently cancels out. Moreover, as we have
explained in the previous section, regardless of the choice
of hyperbaryon fields we make in Eq. (4.2), Vi will be
independent of Q and &, because, to the order we are
working, SU(3), SU(3)’, and U(1)" are not broken
explicitly.

Promoting the fields #; and 7z in Eq. (4.1) to be
dynamical amounts to setting

0 0
0 0
v, = @LE% i |, vg="0=10|, (4.20)
-1 0
0 i

with v LR = 17; &- The resulting contribution to the effective
potential is

¥ Ciop (V. Z0g) (0 Z*D,)
y . .
=7 Ciop(Z3s — iZ45)(Z35 + iXjs).
Ciop 1s a new LEC. We have factored out the square of the
Yukawa coupling y to make explicit the order at which
we work.

However, we are not done yet. In order to arrive at this
result we have used Eq. (4.20) for the global spurions,
which projects onto a particular component of the SU(2),
doublet g, , the one denoted #; in Eq. (4.1). In order to add
the contribution of the other component denoted b;, we
replace 9, of Eq. (4.20) by (i,1,0,0,0)7/+/2 (the right-
handed singlet spurion 95 is unchanged). Adding the two
contributions together we arrive at the SU(2), invariant
effective potential

(4.21)

2
y . .
Ve = 7Cmp(‘235 — %>+ [T +iZys %), (4.22)

This is the leading contribution of dynamical third-
generation quarks to the effective potential. Expanding
the nonlinear X field to quadratic order in the NGB fields
gives

C

top(2 to +
Vi@ — 42 f—sz‘H. (4.23)
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When the Higgs field H = (H ., H)" acquires an expect-
ation value, conventionally it is assigned to the lower
component H, as in Eq. (4.13). This selects #; (rather than
any other linear combination of the doublet fields #; and
b;) as the left-handed field that, together with the right-
handed field ¢, forms the physical top quark.

Let us pause to consider these results. The full effective
potential V() is the sum of Egs. (3.1) and (4.22). If C,,
is positive, the global minimum is attained for X = %; =1
(with X;5 = 0 for i = 1, ..., 4). For electroweak symmetry
breaking to take place, Cy,, must therefore be negative. To
second order in the NBG fields, the effective potential is the
sum of Egs. (3.4) and (4.23). As already observed in
Ref. [8], the curvature at the origin can become negative
only in the direction of the H field. This happens when

Cop _ 30 +9% _

2m}, + m} ~
Crr 2)’2 th

07, (4.24)

triggering a nonzero expectation value for the Higgs field.

If we use Eq. (4.13) and, moreover, assume that all other
NGB fields in Eq. (2.8) remain zero, the total effective
potential is

Vee(h) = =Crr(3g% + g'*)cos?(h/f)

2
+ % CopSin® (20/ f). (4.25)
While the global minimum of V.x(X) must occur at
nonzero h if Eq. (4.24) is satisfied, due to the complexity
of V.(X) we have not been able to prove that, given
arbitrary values of the SM couplings or the LECs, the
global minimum will never involve nonzero expectation
values for any other NGBs.

We next turn to the calculation of the low-energy
constant Cy,,. As in the previous subsection, this is done
by matching the effective potential (4.22) to the underlying
theory with top-hyperbaryon couplings as given in
Eq. (4.2). The difference is that now we also integrate
over the SM top quark field. After splitting the 7,
spurions as in Eq. (4.18), the matching will involve taking
four derivatives, one with respect to each of the global
spurions vy g and 17L’R.“ Once again we will set £ = 1.
This implies that we must take into account terms inde-
pendent of X that have a similar dependence on the global
spurions as Eq. (4.19¢). There are two such terms,

Y2Ci (D0 ) (Dgvg) + y2Cao(D 0%) (VgL ). (4.26)

where we introduced new LECs C; and C,, and, for
convenience, separated out a factor of y?, as we did in

"'We will discuss later on what values to choose for the global
spurions in Eq. (4.18), or equivalently, with respect to which
component of each global spurion one would choose to
differentiate.
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Eq. (4.21). Taking the four derivatives in the effective
theory we find, after setting X =1,

64

5'1_}Ll-811Rj5'17Rk81}Lf

log Zsr = _y2V(Ct0p5ij5kf + C16i0k
+ C28i8j¢), (4.27)

where V is the volume. In the microscopic theory we find

o

317L,01)Rj817Rk3va

logZ

= (1112)2/d4x1d4x2d4x3d4x4

X <(BthL)(x4><;LBRi)(xl)(BthR)(x2><;RBLk)(x3)>

—(/11/12)2/(14)61 d4)C2d4X3 d4X4

4 4
/ (‘21 1)7 (‘21 ‘)1 Pry yip(ri=s)+ia(sr—s)
T /3 p q

X ((Bre(x4)7,PrBRi(x1))(BLj(x2)y,PLBLi(x3))).
(4.28)

In the last equality we have integrated over the top quark,
substituting free massless fermion propagators for its two-
point functions. The remaining expectation value on the last
line is to be computed in the pure hypercolor theory. We
may now project onto the Cg, term in Eq. (4.27) by
choosing i = j # k = ¢, obtaining

(414)?

y2

Ciop = v / d*x,d*x,d*xyd*xy

4,
AP d°q Pudy ip(ix)+iglerx)
()} (2n)* P2 4
X ((Bri(%4)7,PrBri(x1)) (BLi(X2)1, PLBL(X3)))
(4.29)

In terms of the Fourier transform
Bre(ky ®Bri(k1))(Brj(ka)y,PLBri(ks
((Bre(kq)r,PrBri(k1))(BL;(k2)yr,PLBri(k3)))
_ /d4x1d4x2d4x3d4x4e—ik1x]+ik2x2—ik3X3+ik4x4

X <(BRK’<x4)7ﬂPRBRi(x1))(BLj(x2)7vPLBLk(x3))>’
(4.30)

. . 12
we may write this in momentum space as

"In finite volume, the momentum integral f d*p/(2r)*istobe
understood as a momentum average, V= IZ . Alternatively, in

infinite volume, V is to be interpreted as (271)46(0) in momentum
space.
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(Mz)zl/ d'p d*q puq,
V) @a)@2a)tp? e
X <(BRk(P)}’,4PRBRi(P))(BLi(fI)VuPLBLk(‘I))>,~¢k-
(4.31)

Ctop =

This is our main result.

The top sector effective potential Eq. (4.22) depends on
the experimentally known top Yukawa coupling, and on
Ciop- Using Eq. (4.16), we may reexpress the ratio ;4,/y in
Eq. (4.31) in terms of quantities that are calculable in the
pure hypercolor theory. This determines Vi completely.
The dependence on the extended hypercolor sector coming
from the couplings 4, has dropped out.

Diagrammatically, each term on the right-hand side of
Eq. (4.27) originates from diagrams of the microscopic
theory with a distinct topology. This is shown in Fig. 1,
where we have kept only the propagators of the top quark
(solid lines) and of the Majorana fermions y (dashed-dot
lines). All other fields including the Dirac fermions in the
fundamental irrep of hypercolor have been suppressed.
With these conventions, C, arises from the class of
diagrams represented by Fig. 1(a), while C; and C, arise
from Figs. 1(b) and 1(c) respectively.

D. Large-N estimate of y*>C,,

Determining Cy,, using Eq. (4.31) requires knowledge of
the ratio 4;4,/y, and a strong-coupling calculation that can
be done using lattice gauge theory. Such a lattice calcu-
lation, however, would be a major undertaking (see Sec. V).
In this subsection, we resort to analytic techniques hoping
to shed some light on the most interesting question, which
is whether Cy,, could indeed be negative, and large enough
in size to cause electroweak symmetry breaking.

We will first consider what can be said if we assume that
the hyperbaryon four-point function in Eq. (4.31) factorizes
into the product of two hyperbaryon two-point functions.
We will show that C,, is negative in this case. We will then
argue that a large-N limit exists in which the factorized
contribution dominates, and thus the Higgs field acquires a
nonzero expectation value.

Assuming factorization, and using13

Pr(Bri(p)Br;(q))Pr = (2m)*6(p — q)8;;PrS5(p) Pk
P (B1i(q)Bgi(p))P = (27)*6(p — q)5,;P.Sp(p) P
(4.32)

where Sg(p) was defined in Eqgs. (4.8) and (4.9), Eq. (4.31)
leads to

On the right-hand side, & ; follows from SO(5) invariance.
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(@) (b) (©)
FIG. 1. The three possible Majorana-fermion contractions

contributing to Eq. (4.28), corresponding to (a) Cyop, (b) Cy,
and (c) C,. Only the top quark (solid lines) and Majorana
fermions (dashed lines) are shown. The vertices xi,...,x; of
Eq. (4.28) correspond to a clockwise motion starting at the lower
left corner.

fact _
Ctop -

(’11)“2)2/ d4p pﬂpl/
(

’ 27)* (p?)?

y te(y, PrSp(P)r.PLSE(P))-

(4.33)

Using a dispersive representation for the hyperbaryon
propagator,

i /5
S = — , 4.34
o0 = [ Sanle) ZH (4.34)
with p(s) >0 for all s >0, this becomes
] Vi
thgpt = 2 ) 1 g_
(4.35)

This result is negative, because the integrand is manifestly
positive.'* As a simple example, if we take p(s)=
2nfZpd(s — M?), Eq. (4.35) reduces to

1 ()’

Cli =g o

222 =~ PMP (4.36)

322

where we used Eq. (4.16).

We next consider a large-N limit in which factorization
can be shown to hold. Of course, in the model of Ref. [8],
the number of (hyper)colors is N = 4. What makes this
generalization nontrivial is that, unlike the SU(4) case
where the two-index antisymmetric irrep is real, for any
N > 4 this irrep is complex. This means that the Majorana
condition (2.2b) cannot be imposed without violating
gauge invariance. In order to cope with this, in addition
to Weyl fields T 4p; in the antisymmetric representation of

SU(N), we introduce Weyl fields T42 belonging to the irrep
made out of the antisymmetrized product of two

14Only the factorizable contribution appears to have been
considered in Refs. [4,8].
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antifundamentals."” Instead of Majorana fermions, we
now construct Dirac fermions out of these Weyl fields

according to
. Yani
Wapi = =T )
€T api

ot = (~(Tre T, (4.37)
as well as their charge conjugates
ot =) = ( w )
(T
Dap; = 5)£B,C = (_(TABi)Te FfABi)' (4.38)

The index i = 1,...,N ¢ NOW counts the number of Dirac
fermions. Going back to the SU(4) theory, we have been
forced to consider an even number, 2N, of Majorana
fermions. There is no large-N generalization that would
involve the desired odd number of five Majorana fermions
for the SU(4) theory. Even more, for any N >4 the
symmetry breaking pattern becomes that of complex- irrep
Dirac fermions, namely, SU(N ;) xSU(N ;) — SU(N/) [6].

We have shown in Fig. 1 the contractions of the
antisymmetric- irrep fermions that contribute to Cyy.
According to Eq. (4.31), we should choose fixed values
i # k. The minimal number of Dirac fermions we need in
order to distinguish Fig. 1(a) from Figs. 1(b) and 1(c) is
two, and so we will take N = 2 Dirac fermions in the
antisymmetric irrep. For N =4, this is equivalent to a
theory with four Majorana fermions (instead of five). This
is the best we can do in terms of a large-N generalization.
According to Eq. (4.31), for the left side of Fig. 1(a) we
need the contraction Pg(w;®;)Pg, whereas for the right
side we need P; (wy@;)P;. Once these contractions have
been fixed we can drop the indices i and &, and forget about
the flavor index. This suggests that the number of flavors is
not crucial if our goal is to obtain a large-N estimate of the
class of diagrams depicted in Fig. 1(a), and thus that the
necessary transition from Majorana fermions to Dirac
fermions for N > 4 is inconsequential.

We are now ready to give the generalization of the
hyperbaryon operators. In the N > 4 theory with Ny =2
Dirac flavors they are defined by

Bria = €apeProo® (W) ,eWp,),
Bria = €apc®inpPr (P Pe(UE)T),
Briq = €apcPLar}P (V) ,eVp,),
Bria = €apc®iapPr(¥ P e(W5)T). (4.39)

This is the same as the antisymmetric product of N —2

. “AB
fundamentals, since Y7 ~ eAiA2---Av-2ABYY .
Ay Ay
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FIG. 2. A hyperbaryon in large N: diagrams without hyper-
gluons (a, b) and with them (c, d). Diagrams (a) and (c) are
leading, while (b) and (d) are subleading.

We have used index conventions similar to the previous
sections. For N =4 we may impose the Majorana
condition @ = @, and then these definitions repro-
duce Eq. (4.3).

Before we work out the more complicated case of
Fig. 1(a), let us consider the behavior of a single hyper-
baryon in large N. The hyperbaryons are bound by
interchanging hypergluons between their elementary con-
stituents. The situation here is different from the conven-
tional large-N limit of baryons made only of fundamental-
irrep fermions, where the number of constituents grows
linearly with N [21]. For our hyperbaryons, the number of
elementary constituents (as well as the number of hyper-
color indices of each field) is fixed. This resembles the
behavior of mesons within the usual large-N treatment.

In Fig. 2 we show a few examples. The bottom end of
each diagram represents a hyperbaryon, say Bj [first line of
Eq. (4.39)], and the top end the corresponding antibaryon,
say B, [last line of Eq. (4.39)]. Starting with Fig. 2(a) the
two vertical lines in the middle represent the propagation of
the double-indexed fermion of the antisymmetric irrep, and
the lines on the sides the propagation of the two funda-
mental- irrep fermions, one on each side. The lines are
oriented: the arrows point from a superscript index to a
subscript index. Figure 2(b) shows an alternative index
contraction, still without hypergluon fields. Note that
Fig. 2(a) dominates over Fig. 2(b) in large N, since the
former is of order N2 and the latter of order N. In Fig. 2(c)
we have added hypergluon interactions. Introducing the
‘t Hooft coupling A= ¢’N it follows that the planar
diagram is again of order N2. The factors of g = \/A/N
from each hypergluon vertex are compensated by a
matching increase in the number of index loops. While
the diagram appears disconnected to the eye, this is really
not the case, because the two central vertical lines corre-
spond to the two-point function of a single two-index

fermion, (w*B&cp). Figure 2(d) shows a different
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arrangement of hypergluon interactions. The hypergluon
that is exchanged at the center of the diagram represents a
self-energy correction for (w*Z@¢p), which, to be consis-
tent with the directionality of the index lines, gives rise to a
nonplanar diagram. This diagram is subleading in the large-
N counting.

The upshot is that, in large N, the dominant diagrams
that bind the hyperbaryon are planar diagrams of order N2,
such as for example those in Figs. 2(a) and 2(c). The
hyperbaryon two-point function in Eq. (4.9) will exhibit
this large-N behavior, much like the two-point function of
NGBs made out of antisymmetric- irrep fermions [16],
which, in turn, leads to f~N for large N 6 Using
Egs. (4.15) and (4.16), it follows that M is independent
of N, while Zgz~1/N*, and the top Yukawa coupling
behaves like y ~ N. In contrast to QCD, where m,,c1con/
f. grows like v/N, we find that M/ f decreases like 1/N. If
M is indeed related to the mass of the lightest hyperbaryon
in the theory, this suggests that the lightest hyperbaryon
could be relatively light compared to Ayc.

With the contractions of the double-index hyperfermions
fixed to be those in Fig. 1(a), let us now study the large-N
behavior of the various possible contractions of the single-
index, fundamental- irrep fields. Since U(1)y is not broken
spontaneously, the Wick contractions have to comply with
this symmetry. Let us start, for example, with the two ¥
fields of the By hyperbaryon at the bottom left of Fig. 1(a).
They can be contracted with the corresponding fields in the
top left or the bottom right, but not with those in the top right.
There are three possibilities: (1) both U fields are contracted
with those at the top left, (2) both are contracted with those at
the bottom right, or (3) one is contracted with a field at the
top left and the other with a field at the bottom right.

Let us consider these three cases in turn. First we
contract both U fields at the lower left corner with the
U fields of the B; hyperbaryon at the upper left corner, i.e.,
case (1) above. Remembering that also the two-index field
at the lower left corner of Fig. 1(a) is contracted with the
two-index field at the upper left corner, this gives a
contribution proportional to

(6258 — 6408) (8568 — 6R85) =2N(N - 1),  (4.40)
where we label the SU(N) indices as o*BW, W, at the
lower left corner and as @¢pWE WP at the upper left corner.
We get a similar factor from the right side of the diagram, so
that the total diagram is of order (N(N —1))?>~N* In
Fig. 3(a) we show as an example the order-N* contribution
coming from using twice the diagram of Fig. 2(a).

For case (2), the W fields at the lower left corner are both
contracted with the corresponding fields at the lower right
corner. Using SU(N) indices AB at the lower left, CD at the

"®Note the difference with QCD, where the decay constant f,
of the fundamental- irrep NGBs scales like V/N.
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P T~
R
(a) (b) ()
FIG. 3. Different large-N contributions to Fig. 1(a). The curved

lines at the top and the bottom represent the two top quark
propagators. The diagrams scale like (a) N*, (b) N2, and (c) N>.

upper left, EF at the lower right, and GH at the upper right
corners, this contraction leads to a contribution of order

55851055l 5 550 ~ N2, (4.41)
The notation |...| denotes antisymmetrization in the pair of
indices inside the brackets. An example is shown in
Fig. 3(b).

Finally we consider the mixed case (3), where one of the
W fields is contracted with the lower right corner, and the
other with the upper left one. It is straightforward to see that
this gives a contribution

S5 58519 515  sDIslE st ~ N3 (4.42)
An example is shown in Fig. 3(c).

We should also consider diagrams “dressed” with hyper-
gluons. The interesting case is that of Fig. 3(a), where
hypergluons exchanged between the two hyperbaryons on
the left and on the right make these hyperbaryons interact.
Such interactions would spoil the factorization of the four-
point function in Eq. (4.29). However, these interactions are
suppressed in large N for the same reason that meson-
meson interactions are suppressed in large-N QCD. Any
hypergluon connecting the left and right sides of Fig. 3(a)
will reduce the number of hypercolor loops by one, in
addition to adding a factor of ¢g?/N. The key point here is
that the number of hyperfermion constituents of the hyper-
baryons is fixed to three, in contrast to the case of baryons
in QCD, where the number of constituent quarks grows
linearly with N.

We conclude that the factorizable part of Fig 1(a), which
grows like N*, is the dominant large-N contribution of the
top quark sector. Cy,, itself grows like N2, since Vi is
proportional to y? Ciop and y scales like N [this is consistent
with the large-N behavior of the right-hand side of
Eq. (4.36)]. According to the discussion in the beginning
of this subsection, this produces a negative value for Cy,,
which, in turn, generates a negative curvature for the Higgs
field in Eq. (4.25).

We recall that the other contribution to the effective
potential (4.25) for the Higgs field is coming from a single
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electroweak gauge-boson exchange. This contribution,
which is parametrized by C;p, always produces a pos-
itive-curvature term in the effective potential. It is easily
seen that C;p is subleading in the large-N counting. The
electroweak gauge group SU(2), is a subgroup of SU(5),
whereas hypercharge is a subgroup of SU(5)xU(1)y.
Therefore all the electroweak gauge bosons interact with
the antisymmetric- irrep hyperfermions, from which the
SU(5)/SO(5) coset fields are formed. C;p involves a
single closed fermion loop, and so for the antisymmetric-
irrep fields it is of order N2. (For the fundamental irrep, C; g
would be of order N. Observe that the electroweak gauge
bosons do not carry hypercolor, and therefore their
exchange has no effect on the large-N counting.) This is
subleading to the factorizable contribution of the top sector,
which is of order N*. It follows that, in large N, Eq. (4.25) is
dominated by the contribution of the top quark sector,
developing a negative curvature at the origin that triggers
electroweak symmetry breaking.

E. Phenomenological consequences

Our analysis in this section was based on the Lagrangian
(4.2). While Lgyc depends on two coupling constants 4,
and 4,, only their product enters the determination of the
top Yukawa coupling in Sec. IV B, and of the induced
effective potential for the Higgs studied in Sec. IV C. An
additional free parameter of the model is the scale of the
hypercolor theory itself, Ayc. Using the results of
Secs. IV B and IV C, we may in principle perform a lattice
calculation that will fix the values of 4,4, and of Ay in
terms of the experimentally known values of the top
Yukawa coupling y, and of the Higgs field’s expectation
value, provided that Cy,, turns out to be large enough
compared to C; p to trigger condensation [see Eq. 42417

The only remaining uncertainty then arises from the four
different choices for the hyperbaryon fields (that each can
be a primed or an unprimed one, cf. Table I) in Eq. (4.2).
This gives rise to a discrete fourfold ambiguity in the
predicted values of 44, and of Ayc. For each of these four
possibilities, one can proceed to compare other predictions
of the hypercolor theory with experimental constraints,
which can in principle rule out, or rule in, that particular
version of the hypercolor theory.

A less-constrained hypercolor model can be obtained by
relaxing the assumption that SU(3)xSU(3)" is broken
explicitly to SU(3)., Only by the QCD interactions.
There are at least two alternative ways to introduce such
an explicit breaking.

First, one can introduce a Dirac mass term myy for
the fundamental- irrep hyperfermions, with m 2 Ayc. We
may think of m as arising from the expectation value of a
three by three global spurion M, = mé,,,, where M ,;, has

"We are assuming that none of the SU(2), triplet NGBs
acquire an expectation value.
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the same transformation properties as the SU(3)x
SU(3)'/SU(3)o10r coset field €,,. Using the global spu-
rion M ,, allows for the coupling of each SM spurion field
T, g to both of the unprimed and primed hyperbaryon
fields from Table I. In fact, if the hyperbaryon field is
assumed to have well-defined transformation properties
under SU(3),.,, only, some additional operators besides
those shown in Table I may occur. For their structure, see
Table II of Ref. [8]. The bottom line is that Lgyc can now
depend on four (or more) coupling constants, instead of
just two.

An alternative mechanism involves the introduction of
two more spurions 7 , and assuming that the unprimed
hyperbaryon fields and spurions transform under SU(3),
while the primed ones transform under SU(3)". Twice as
many terms are then allowed by SU(3)xSU(3)’ invariance
of Lgyc, with each term involving either unprimed or
primed fields. The explicit breaking to SU(3)., then
occurs by assigning to all spurions, both primed and
unprimed, the same SM values as in Eq. (4.1).

In any one of these more general schemes, the matching
of the top Yukawa coupling and of Cy,, to the underlying
theory can be done using the same techniques as before.
However, the predictive power will be reduced, since this
analysis would still provide just two constraints on the
larger set of parameters, which includes Ayc and all the
coupling constants that may now occur in Lgyc.

Finally, note that if we expand both X and ® in Eq. (4.5)
to first order in the NGB fields, and use the SM values TL, R
we obtain the dimension-five operator (y/f")n'trH,€;;q;
and its Hermitian conjugate, where f” is the decay constant
of #'. This couples #' to the SM fields. If we set the Higgs
field to its vacuum expectation value, the above operator
reduces to (m,/f)n'Txt;. The phenomenological implica-
tions of these interactions have to be looked into. If they
turn out to be incompatible with experiment, this would
necessitate the introduction of an explicit breaking of U(1)’
that makes the #’ sufficiently heavy. One possible source for
this explicit breaking is the Dirac mass term myy dis-
cussed above.

V. LATTICE ASPECTS

In this short section, we explain why a lattice compu-
tation of Cy,, would be a “QCD-like” computation. The
question to address is why the lattice formulation of
hypercolor theories such as considered here resembles
the lattice formulation of QCD, in view of the well-known
complications with fermion doubling and chirality on the
lattice. The fermion doubling problem has its roots in the
observation that a single Weyl fermion cannot live on the
lattice [22,23]. Since the hypercolor theory contains an odd
number of Weyl fermions in the two-index antisymmetric
irrep, this might seem to imply that the model we consider
here cannot be easily discretized.
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The first observation is that the integration over the SM
quark fields g; and 5 is done analytically, as we did in this
article. The results for the top Yukawa coupling y
[Egs. (4.11) and (4.12)] and for C, [Eq. (4.31)] are
obtained in terms of pure hypercolor correlation functions.
Hence only the hypercolor theory needs to be considered
on the lattice, and the lattice action does not contain the
four-fermion Lagrangian Lgyc of Eq. (4.2).

Let us start from the sector that resembles QCD most
closely, namely, the Dirac fermions y, in the fundamental
irrep of SU(4) hypercolor. These can be treated in exactly
the same way as the quark fields of N y-flavor QCD. In the
Wilson formulation of the theory, the gauge invariant
Wilson mass term removes the fermion doublers at the
price of breaking the symmetry group SU(N); xSU(N)g
of the continuum theory explicitly to its diagonal SU(N)
subgroup. Tuning the bare mass appropriately, one then
recovers the massless theory with the full chiral symmetry
group in the continuum limit [22]. In the hypercolor theory
we have N, = 3 Dirac fermions. The chiral flavor group
SU(3), xSU(3)y has been renamed SU(3)xSU(3),
and the unbroken diagonal subgroup was identified
with SU(3) g 10r-

We next turn to the novel feature of the hypercolor
theory, which is the five real- irrep Weyl fermions Y 4p;.
The key point is that each of these Weyl fermions can be
assembled together with its antifermion into a Majorana-
fermion field y,p;. A Majorana mass term of the form
728y 4pi is allowed by the SU(4) gauge symmetry, just like
a Dirac mass term is allowed in the familiar case of
fundamental- irrep fermions. Therefore, a Wilson formu-
lation of the Majorana fermions is possible, with a Wilson
mass term that once again removes fermion doublers
without breaking gauge invariance. The hypercolor theory
is chiral with respect to the SU(5) flavor symmetry of the
Majorana or Weyl fields, and consequently, the Majorana-
Wilson mass term breaks SU(5) explicitly down to SO(5).
Again, the full SU(5) chiral symmetry should be recovered
in the continuum limit after appropriate tuning of the bare
mass.'®

The situation with respect to (complex-irrep) Dirac
fermions and to (real-irrep) Majorana fermions is thus
completely parallel. In both cases, what we anticipate as the
spontaneous symmetry breaking pattern of the continuum
theory turns into an explicit breaking in the Wilson
formulation. The explicit breaking disappears, and the full
chiral symmetry group can be recovered, in the continuum
limit by tuning the bare mass terms. In particular, the
flavor group SO(5) of the Majorana-Wilson fermion action
in the hypercolor theory enlarges to SU(5) in the con-
tinuum limit, much like the diagonal SU(N ;) symmetry of

"®The lattice formulation of an adjoint Majorana fermion was
studied extensively in the context of supersymmetric theories;
see, e.g., Ref. [15].
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the Dirac-Wilson action of QCD enlarges to the full
SU(N;) xSU(Ny)g symmetry in the continuum limit.

In short, it is precisely the unbroken flavor symmetry
group H of Eq. (2.5) that is preserved in a lattice
formulation with Wilson fermions. It is actually possible
to gauge the SM group SU(3).1orXSU(2), xU(1)y in this
lattice formulation, because this group is contained in H.
The difficulties caused on the lattice with chiral gauge
symmetries'’ would only appear were one to couple also
the SM fermions to this model.

The lattice formulation of the hypercolor theory is not
without technical challenges. First, two fermion irreps need
to be introduced simultaneously. While clearly a coding
task, this is something that to our knowledge has not been
done to date. Also, the computation of a four-point function
as in Eq. (4.29) would be very demanding. Because there
are two independent momentum variables, the cost is
expected to grow like the square of the 4-volume of the
lattice. The computation of Sz(0) in Eq. (4.11), and of the
factorizable contribution to Cy,,, would already be inter-
esting. Here only the hyperbaryon two-point function is
required, and the cost grows linearly with the 4-volume.

VI. CONCLUSION

In this article, we discussed a recently proposed
composite Higgs model [8], concentrating on the top quark
sector. This “hypercolor” model is an SU(4) gauge theory,
with a quintuplet of two-index antisymmetric Majorana
fermions and a color triplet of SU(4)-fundamental Dirac
fermions. We considered the top Yukawa coupling and the
top contribution to the effective potential for the Higgs,
showing how to match the relevant low-energy constants
u=yf/2 and C, to correlation functions of the hyper-
color theory.

This matching is the starting point for any nonperturba-
tive evaluation of the low-energy constants. The needed
computations can in principle be done on the lattice, using
methods that are much the same as those employed in
lattice QCD. The main differences are that now the gauge
group is SU(4) instead of SU(3), and that there are
fermions in more than one irrep of the gauge group. For
the Higgs effective potential, a four-point hyperbaryon
correlation function needs to be considered; this appears to
have been overlooked in at least some of the literature on
models of this type. A lattice calculation of this four-point
function would be very demanding, and how to do it
efficiently is a question that goes beyond the scope of this
paper. As mentioned in Sec. V, only a two-point function is
needed for the low-energy constant u, as well as for the
factorizable contribution to Cy,p,. This computation would
be comparable in scope with a lattice computation of C; g,

19 .
For a review, see [24].
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the LEC controlling the contribution to the Higgs effective
potential from the SM gauge bosons (cf. Sec. III).

We found that a large-N limit exists in which the
factorizable contribution to the hyperbaryon four-point
function dominates Cy,,. We also showed that the factor-
izable contribution generates a negative curvature at the
origin. This is a necessary condition for electroweak
symmetry breaking, because the effective potential induced
by the SM gauge bosons does not break the SM sym-
metries, a manifestation of vacuum alignment.

For very large N, the top sector dominates the whole
Higgs effective potential. This maximizes the symmetry
breaking, with the minimum of V(%) presumably occur-
ring for sin(24/f) = 1 in Eq. (4.25). Phenomenologically,
this is not allowed [4,8]. The hope is that for N =4,
electroweak symmetry breaking with a phenomenologi-
cally acceptable value of i/ f takes place. Only the lattice
can address this question quantitatively.

In order to couple the SM fermions to the hypercolor
theory, an extended hypercolor sector is necessary. While
the detailed structure of the EHC theory is very important
for phenomenology, the lattice setup is largely blind to
these details. At energy scales much below Agyc, the
coupling of SM and hypercolor fermions is summarized by
the four-fermion Lagrangian Lgyc of Eq. (4.2). Much like
the familiar treatment of hadronic matrix elements of the
electroweak interactions, Lgyc is not taken as part of the
lattice action. Instead, one evaluates the hypercolor-theory
correlation functions that arise from working to leading
order in the four-fermion Lagrangian Lgyc.

In the most constrained case, which is the one we have
worked out in detail in this paper, Lgyc depends on only
two couplings 4;,. A lattice computation can then in
principle determine their product 1,4,, together with the
hypercolor scale Ayc, in terms of the experimental values of
the top Yukawa coupling and the Higgs expectation value,
up to a fourfold ambiguity. In a less-constrained setup, a
similar lattice computation would supply two constraints
among the parameters of the hypercolor theory.

The parameters 4, , have mass dimension two. According
to naive dimensional analysis, their values would be of order
(Anc/ Agnc)?, making the top Yukawa coupling of order
y ~ (Age/Aguc)*. For comparison, we recall that in classic
(walking) technicolor, the top Yukawa coupling is naively of
order (Arc/Agrc)?, where Are and Agpe are the scales of
the technicolor and of the extended technicolor theories.
Naively, the case for a partially composite top seems even
worse than for technicolor. On the other hand, it might be
that the experimental constraints allow Agyc to be much
closer to Ayc than Agrc to Apc. We also found that the
hyperbaryons that couple to the top quark in Lgyc might
be relatively light, as suggested by large-N counting, and
this helps boost the value of the top Yukawa y as well. The
key reason for the possible lightness of these hyper-
baryons is that they are composed of hyperfermions in
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two different irreps of the gauge group. As far as large-N
counting goes, these hyperbaryons behave more like
mesons than like baryons in the usual large-N limit
of QCD.

Yet another feature that may be needed for a phenom-
enologically viable partial-compositeness model is large
anomalous dimensions for the hyperbaryon fields [4]. It
should be possible to study on the lattice whether or not this
is the case.
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APPENDIX: CONVENTIONS

We choose our y matrices to be Hermitian, and we use
the chiral representation

O iUk 0 1
= N = 5 Al
Yk (—iak 0 ) V4 (] O) ( )

00 0 -1 0
oo -1 0 o
TizéOlOOO,
10 0 0 0
00 0 0 0
0 -1 0 0 0
11 0 0 0 o
Tiz%OOO—lO,
00 1 0 0
00 0 0 0
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with oy, kK = 1,2, 3, the Pauli matrices. The chiral projec-
tors are Pr = (1 +y5)/2, Pp = (1 —ys5)/2, where

1 0
Vs = —V172V3V4 = .

0 —1 (A2)

The charge-conjugation matrix occurring in Eq. (2.2) is
C = —y,y4. It satisfies

C},ﬂ = _},;Y;Cv (A3)

and C~' =C' =T = -C.

For the invariant SU(2) subgroups of SO(4) we may
choose the generators as the following tensor products of
Pauli matrices and the 2 x 2 identity matrix 1,

2T} = o,%0y,
2T% — —0,X03,
2Tz = IXO'Q,
2T} = 6,%0,,
2T% = 6,%1,

ZT% = 03X03. (A4)

Identifying SO(4) with the upper-left 4x4 block, the
SU(2), generators and the third SU(2), generator

(which is used to construct the hypercharge Y) are given
explicitly by

0 01 0 0
1o o0 -1 0
T%z%—lOOOO,

0 10 0 0

0 00 0 0

0 -1 0 0 0

11 0 0o 00
T;:%OOOIO (AS)
0 0 -1 0 0

00 0 00
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